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Abstract. We propose a reconstruction method to solve the inverse gravimetric problem with constant mass density.
The method is based on the computation of the harmonic moments of the unknown domain. Convergence results
are proved and numerical experiments are provided to illustrate the method and show its efficiency.
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1. Introduction

1.1. Problem setting

Let ® be an open and bounded set in R? with Lipschitz boundary. We assume that @ is included in
the open unit disk B and we denote by I' the boundary of B (see Figure 1.1).

FIGURE 1.1. Geometry of the problem

The gravitational potential generated by a uniform mass distribution in w is given by the Newtonian
potential -

Us(X) = (G [y)(x) = G(x—y)dm(y), forall x [RF,
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where G(X) := —1/(2m) In |X| is the fundamental solution of the Laplacian in R? and m is the Lebesgue
measure. We can easily verify that the function U, satisfies the Laplace equation

and admits the following behavior at infinity (|| stands for the area of ®):
1
Up(X) = —ﬁ|w|ln [X] + O (1/]x]) . (1.2)

The inverse problem we are interested in is often referred to as the inverse gravimetric problem and
reads as follows: how to reconstruct w from the knowledge of [UJon I'?

Remark 1.1. Two comments are in order. First, it is natural to assume that the available measurement
is [0l (and not Uy,) on T since this quantity represents the gravitational field, the actual quantity
measured in real experiments, typically in geophysics. Second, it is possible to recover Uy, on I' from
the knowledge of [yl Indeed, integrating the identity (1.1) over B and applying Green’s formula

leads to the expression of the area of w: -

r

Then, the expression of Uy, in B* = R?\B follows by remarking that Uy = u+|0|G in B* where the
function u is the unique solution of the following exterior Neumann problem (see [29, Theorem 8.18]
for the well-posedness): -
@u =0 in B

%U = anUw - |(.l)|anG onI
u=0 (1/|x])

as |X| — +oo.

1.2. Background on uniqueness and stability

The inverse problem stated above is known to be severely ill-posed as proved in [20, Section 3.4], since
even uniqueness is not guaranteed in general. Nonetheless, uniqueness results can be established under
either one of the following assumptions:

(S) w is star-shaped with respect to its center of gravity.

(C) w is convex in one direction (say Xi), i.e the intersection of any straight line parallel to the
X1-axis with @ is an interval.

More precisely, it holds [20, Theorem 2.2.1]:

Theorem 1.2. Assume that w1 and w; are two domains both satisfying either (S) or (C). If [Ty =
Ol on T, then w; = wy.

It is worth mentioning that these uniqueness results have been improved by Gardiner and Sjodin [9,
10] that proved that for solid domains, uniqueness is ensured if we know that one of the two domains
is convex.

A stability result can also be found in the literature, at least in the specific class of star-shaped
domains having the same center of gravity. This common center of gravity is assumed to be 0 for the
rest of this subsection for the sake of simplicity. In polar coordinates, any such a domain & can be
described by means of a function p, : [0, 2n[—- R™ defined by:

Pu(6) =max{p >0 : (pcosB,psinb) Cal for all 6 [0, 2m].
Using this notation we can state the following logarithmic-type stability estimate [20, Theorem 3.6.1]:
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Theorem 1.3. Let M; ; 4 and be four positive constants and let:

n [0}
R= 2C%* ([0:2): < < +; kkopz 6M

Then, there exists > 0 such that for all star-shaped domaind ; and! , satisfying 1,; 1, 2R we
have

ki, 1,k 6 jin"j ¥ (1.3)
provided kr Uy, r U;zkl_l() 6 ".

1.3. Overview of the method

The aim of this paper is to develop an algorithm that generates a sequence of domairisy )y converg-
ing (in some sense) to the unknown domain , or at least whose gravitational elds t the targeted one
(i.e, is graviequivalent to ! ). To achieve this goal, we only make use of the harmonic moments df,
guantities that can easily be deduced from the measurements. Indeed, for every function harmonic
in B, Green's formula yields:

Y4 Z

vdm= (@vU @U v)d; (1.4)
!
where we recall thatr U, and U, are both supposed to be known on (see Remark 1.1). Thus, we are
led to study a general shape-from-moments problem which can be stated as followsow to reconstruct
a domain! from the knowledge of its harmonic moments?

Throughout the paper, any complex numberz = x3 + ix 2 will be identi ed with the point (x;x2) of
the plane. Let us denote byz (* > 0) the harmonic monomials in the plane. Given an integerN > 1,
the main idea of this work is to construct a sequence of domaing! y )N such that:

zZ z
z dm(z) = z dm(z); forall *=0;:::;2N 1

! I'n

To achieve this goal we proceed in two steps. For any positive integeN :

Step 1 Construction of a quadrature formula associated with the datai.e. computation of weights

Ci;::::cy 2 C and nodeszy;:::;zn 2 C such that:
z X
z dm(z) = Ck Zy; forall " =0;:::;2N 1 (1.5)
! k=1
The values of thec; and z; (j =1;:::;N) will be obtained by means of the so-called Prony's
method.

Step 2 Construction of a quadrature domain associated with the previous quadrature formujai.e.
determination of a domain! y (if any) satisfying identity (1.5) but for any harmonic polynomial

this time:
z X
z dm(z) = Ck Zy; forall * > O:
PN k=1
Such a domain is called a quadrature domain and for givence and zx (k = 1;:::;N),

its existence is not guaranteed in general. We shall test two approaches to reconstruct this
domain: the rst one rests on purely complex analysis tools while the second one, called
partial balayage , is formulated as a convex minimization problem.

199



A. Gerber-Roth, A. Munnier, et al.

Notice that our method may be applied to any shape-from-moments problem, though we are able
to obtain convergence results only for the gravimetric problem.

Our method is based on an original combination of classical notions. The relation between grav-
itational potential and quadrature domains is natural (see for example [12]). On the other hand,
although Prony's method (and related approaches) is a classical tool in signal processing (particularly
in exponential tting), its use for the reconstruction of quadrature domains is not very common.

1.4. Related works

Inverse gravimetric problems may play an important role in future practical applications (primarily

in geophysics), more especially since recent advances in gravitational eld measurements [39]. As far
as theoretical questions are concerned, the book by Isakov [20] remains an essential reference. Let us
also mention the monograph of Cherednichenko [6]. Following Potthast in his survey paper [32], it is
relevant to classify the methods for solving geometric inverse problems in two main categories: direct
and iterative ones.

Our strategy belongs to the rst category, and has similarities with those presented in [11, 13].
In these articles, the authors address the problem of reconstructing an unknown domain from its
moments. Only polygonal shapes are considered in the former while all the moments (and not only
the harmonic ones) are required for the reconstruction in the latter.

Moments methods were also used in [33] to recover the Fourier expansion of the boundaries'
parametrizations of domains having the property (S). Finally, let us also mention [5], in which a
ball tting approach, evoking our ball representation of quadrature domains, is used.

In the class of iterative methods, a rst glance shows the predominance of those based on level-
set optimization [21, 22, 26, 27, 28, 40]. Before the spreading of this powerful general tool, Hettlich
and Rundell [18] tackled the problem using shape derivatives coupled to a Newton-type method, while
Zidarov implemented a least squares approximation, as described in his classic book [41]. Finally, Kress
and Rundell [25] proposed an original rewriting of this problem using boundary integral equations.

1.5. Outline of the paper

The paper is organized as follows: Step 1 and Step 2 are elaborated in Section 2 and 3 respectively.
Next, we establish convergence results in Section 4 and nally we present some numerical experiments
and give some details about their implementation in Section 5.

2. Construction of the quadrature formula

Recall that Step 1 of our method consists in seeking, for any positive integeN , weightscy;:::;¢cy 2 C
and nodeszi;:::;zn 2 C such that:
X .
CkZ = - forall " =0;:::;2N 1; (2.2)
k=1
where the quantities in the right hand side are the harmonic moments of the domairi de ned by:
Z
.= zdm(z); forall *=0;:::;2N L (2.2)

The non-linear system (2.1) turns out to be a so-called Prony's system. Prony's systems have been
extensively studied, as they appear in several elds of theoretical and applied mathematics, such as
Padé's approximants, signal processing or error correction codes.

200



A reconstruction method for the inverse gravimetric problem

Remark 2.1. Obsergle that (2.1)ann be rewritten as:
zdn= z1 (2)dm(2); forall " =0;:::;2N 1, (2.3)

where the measure y is equal to the linear combination of Dirac massesp M1 Ck 2. Intuitively,
identity (2.3) suggests that we are trying to approximate the measurel, with point masses. It is
thus natural to expect the weights ¢« to be positive for all k. However we do not add this physical
constraint, for the resulting constrained system may have no solution.

We formulate the problem of solving (2.1) as follows:

8 P . .
Let N be a positive integer and ¢;:::; on 1 2 C be given. Determine for some
% positive integer p, z3;:::;2p 2 C pairwise distincts and ¢;;:::;¢, 2 Cnf0g such
that
50 \ (2.4)
CZ = forall “=0;:::;2N 1L
k=1

Let us emphasize that in this statement, the - are arbitrary complex numbers and do not need to be
harmonic moments as in (2.2).

2.1. Existence and uniqueness

When pis allowed to be as large a2N, Problem (2.4) admits always a solution, as proved for instance
in the rst theorem in [31, Section 2]. However, this does not meet our requirement in (2.1), which
is p 6 N. Moreover, the nodesz, of this solution lie on the unit circle, which is not satisfactory for
our purpose. Indeed, we want to reconstruct the unknown domaint (compactly contained in the unit
disk by assumption), so we expect the nodes to be located ih (this intuition will become obvious in
Section 3).

The next results stated in this subsection might have been already proved, but we have not been
able to nd them in the literature. The proofs are given in Appendix A.

We begin with introducing the matrix:
0 e 1

0 1 i
1 2 Ll
HEY =% 0 iy ;: (2.5a)

N 1 N v 2N 2
This Hankel structure plays a central role in the analysis, as illustrated by the following uniqueness
result:

Proposition 2.2.  Assume that Problem(2.4) admits a solution with p6 N. Then, if H(()N) is invert-
ible, this solution is the unique solution for whichp 6 N and necessarilyp= N.

From this proposition, we deduce:
Corollary 2.3. Problem (2.4) admits at most one solution such thatp= N.

The statement of the existence result requires introducing the following polynomial:

N 1 N
N N +1

Pn(2) = : :
N 1 N 2N 2N 1

1 z 2NN
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Theorem 2.4. Problem (2.4) admits a solution for which p = N if and only if the polynomial Py

of Py .

2.2. Numerical solutions

A review of available methods to solve (2.1) can be found in [19]. Roughly speaking (see, e.g., [38, Sec-
tion 4]), one can distinguish direct nonlinear minimization methods (typically nonlinear least squares
methods), recurrence-based methods (such as the original Prony's method), and subspace methods
(such as Pisarenko's method, MUSIC, ESPRIT and matrix pencil methods). In this work, we apply
the matrix pencil method, as described in [11].

Let us introduce another Hankel matrix of size N (obtained by applying a shift to the indices

of HIM):

0 1
1 2 N
2 3 N +1
HY = % S0 ; ;% : (2.5b)
N N+1 o 2N 1
First we denote by z;;:::; zy the (complex) eigenvalues that verify the following generalized eigenvalue

problem:
9 2cVnfog; HM =zHN) .
Then, if the linear system:

0 10 1 0 1
1 1 1 C1
z1 Z; N Co
22 2z i Zg Ca = ;
N1 N 1 ... N1
Z; %) AN Cn N 1
admits solutionscy;:::; ¢y, one can verify thatzg;:::;zy andcy;:::;cy solve (2.1) (see [11, Section 3]).

Since the inverse gravimetric problem is ill-posed, it is not surprising that it leads to Prony's systems
which are generally ill-conditioned as well (see [3]). Actually, the above numerical method involves
solving two ill-conditioned problems: a generalized eigenvalue problem with Hankel matrices [35] and
a Vandermonde system. To improve the overall condition number, we use in our implementation
the regularization techniques detailed in [11, Section 4]. It is worth mentioning also that numerical
instabilities increase along with N .

2.3. An example of Prony's system without solution

In this section, we provide an example of domain whose moments lead to a Prony's system that
does not have a solution (and hence for which the rst step of our reconstruction algorithm fails).
Consider the domain! whose boundary is described in polar coordinates by( ) = 1+2 acos( ) with
O<a< 1=2 (see Figure 2.1).

For every N > 1, let the Hankel matrix HE,N) and the polynomial Py be de ned as in Section 2.1,
where the measurementg -)-q are given by (2.2).

Proposition 2.5. The following assertions hold true.

(1) P2 has a double root.

2) rankH(()N) =2, forall N > 2.
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Figure 2.1. A pathological domain with a=0:35.

Proof. Forall > O, direct computati%ns lead to:
1 2 . . 2
= 1+a(e +e' e d; 2.6
7 . ( ) (2:6)
and since: o Lo
w2 XZX 42

1+ae +e') = de i@k ).
j=0 k=0
we end up with:
= a “+1+2a%:
Consequently,detH? = 2a2 and
1+2a® a 2+2a® a’ 3+2a’
Po(z)= 2a2+2a? a2 3+2a? a3 4+2a2 = 2a%(z a)?;
1 z v
which proves the rstopoint. Concerning the second point, we have:
1+2a? a2+2a® aVl' 1 N +2a?
a 2+2a? a’? 3+2a? aN N+1+2a?
BN — :
O - .
aV' 1 N+2a? aV¥ N+1+2a? a?N 2 2N 1+2a?

Multiplying the k-th row by a & 1 and the j-th column by a ( 1 we obtain that this matrix has

the same rank as 0 1
1+2a? 2+2a? N +2a?
2+2a? 3+2a? N +1+2a? E
N+2a> N+1+2a? 2N 1+2a?
which has the same rank as 0 1
1+2a2 1 1
% 2+2a% 1 1E
N+2a® 1 1
as it can be seen by replacing columi€; by C; Cj forallj > 2. [ ]
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We are now in position to prove:

Proposition 2.6. For every N > 2, Problem (2.4) has no solution for whichp6 N.

Proof. The result is proved by induction on the index N. For N =2, ng) is invertible, so it follows
from Proposition 2.2 that every solution for which p 6 2 would actually be such that p = 2. However,
since P, has a double root, Theorem 2.4 asserts that Problem (2.4) has no such solution.

Assume now that the claim of the Proposition holds true for someN®> 2. We rst notice that the
coe cient in front of the monomial zN™! in Py is

( DV detH{N ™Y =0;
since rank Hg\' RIS Consequently, Pyosq cannot have N%+ 1 simple roots and it follows that
Problem (2.4) for N = N9+ 1 has no solution for whichp = N+ 1. If a solution with p < N %+1

existed, it would be also a solution to Problem (2.4) forN = NZ© yielding a contradiction with the
assumption. n

Pathological domains, like the example provided in this subsection, seem to be interesting mainly
from a theoretical point of view. In practice, we have never encountered this type of situation. However,
the cancellation of detHéN) for some values ofN (at least in the oating-point precision sense) is
common and arises typically whenN is too large (see also Remark 4.8 for a related discussion).

3. Construction of the quadrature domain

We adress now the second step of our method summarized in Section 1.3. This step consits in construct-

tailed in Section 2), we want to construct a domain! 5 such that for all harmonic functions v on
! N -
4 X
vdm = cV(zZk): 3.1)
' k=1

Obviously, such a domain will satisfy in particular:

Z Z
zdm(z)= zdm(z)= -; forall > =0;:::;;2N 1 (3.2)
!

'n

The domains satisfying quadrature identities in the genus of (3.1) are called quadrature domains. The
simplest quadrature domain is provided by the diskD(a;R) of centera 2 C and radius R > 0 for
which, according to the mean value property:

Z

vdm = R ?v(a);
D (a;R)

for every function v harmonic in D (a; R). Let us now collect some of the main properties of quadrature
domains that will be needed in the sequel (for a complete introduction to quadrature domains, we
refer the interested reader to [16] and references therein).
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3.1. De nitions and properties

De nition 3.1. A planar domain is called a quadrature domain associated to a complex Radon
measure when: 7

vdm = (v); (3.3

for all complex analytic integrable function v in . The set of all domains satisfying this property
is denoted by Q( ;AL 1). Replacing complex analytic by harmonic in this de nition leads to the
de nition of harmonic quadrature domains which form the set Q(;HL 1).

Eventually, a domain  satisfying: Z

vdm > (v); (3.4)

for all subharmonic integrable function v, is called a subharmonic quadrature domain. The set of all
the subharmonic quadrature domains is denoted byQ( ; SL 1).

Remark 3.2. The following inclusions hold:

Q(;SLYH Q(GHL Y Q(;AL Yy; (3.5)

(the latter is obvious and for the former, notice that when v is a harmonic function, v and v are
both subharmonic).

Returning to our main concern, that is to construct domains satisfying (3.1), we shall focus in the
sequel on the particular case where is an atomic measure. More precisely, we assume from now on
that:

X
= N= oz (3.6)
k=1
where N is a positive integer, z;;:::;zy are pairwise distinct complex numbers (the nodes), and

Remark 3.3. Depending on the type of quadrature domain considered, the weights, must satisfy
additional constraints:

(1) If 2 Q( n;HL?Y), then all the weights ¢, are real. Indeed, taking the imaginary part in (3.3)
leads to:

Im(ck)v(zk) =0;
k=1
for all harmonic function v, and thus Im(ck) = 0.

(2) If 2 Q( n;SL%Y), then ¢ > 0 for all k. Indeed, letk be given inf1;:::;Ng and for every
"> 0 de ne the subharmonic function (borrowed from [36, p. 37]):

u(2) = Injz  zj !f !z ij. >
In" ifjz zj6 "™
Using this function in (3.4) (with = ) and letting " go to 0, we get the result.

As already mentioned, the disks are quadrature domains and it can be shown that they are the
only ones for whichN = 1 [34, Example 1.1]. Rather counter-intuitively, there are many quadrature
domains. Actually, every domain whose boundary consists in non-intersectingz’ Jordan curves is
arbitrarily close to a quadrature domain (see [4, Section 2]).
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Given a set of nodes and weights, existence of a subharmonic quadrature domain is asserted by
Gustafsson in [12, Theorem 2.4(vi)], providing that the weights are positive (recall that every sub-
harmonic quadrature domain is also a harmonic quadrature domain by (3.5)). The construction of
this domain from | is strongly related to partial balayage of measures [14] and free boundary prob-
lems [15]. Things are more complicated when it comes to the question of uniqueness. Focusing again
on subharmonic quadrature domains, uniqueness is proved in the already mentioned paper [12, The-
orem 2.2]. In view of (3.4), uniqueness means up to a set of null Lebesgue measure and in [12,
Theorem 2.2], the author claims that this domain can be chosen open. This uniqueness property is
lost when we move to harmonic quadrature domains. Indeed, even in the simplest case of an atomic
measure like n (with positive weights), uniqueness does not hold in general. An example is provided
in the paper [1], to which we refer for general questions related to uniqueness.

We shall now present two numerical methods allowing the construction of a quadrature domain
from the knowledge of a given set of nodes and weights: a conformal mapping method and a convex
minimization method. It is worth noticing that these methods won't always succeed if we do not
assume thecy to be positive. In particular, characterizing nodes and weights for which there exists a
guadrature domain is an open problem for general complex weightsy.

3.2. Conformal mapping

to recover a quadrature domain from these numbers is taken from the recent article [1]. It allows for
complex weights but is able to yield only quadrature domains! \ that are connected and solid (i.e.
an open set such that! § = RZnty is connected and@ R = @N).

More precisely, let us consider y as introduced in (3.6) and assume that at least one solid domain
Iy containing the origin belongs to Q( n:AL1). Then it can be obtained as the image of the unit
disk B by a conformal map' y taking the form:

X! z
"n(2) = Xk —— for all z 2 B; (3.7)
k=1 1 kZ
wherexq;:::;Xy and 1;:::; N are complex parameters (withj j < 1for eveyk). These parameters
are related to the nodesz;;:::;zy and the weightscy;:::;cy through the identities:
X xy X xx
Zk = Ak and C = ‘7"72 forall k=1;:::;N: (3.8)
j=1 1 kK j j=1 1 k j)

To solve this system we use the pre-implemented Matlab functiorisolve , which is based on an iterative
method. Singe the nodes and weights are supposed to be the harmonic moments of the domaig, it

follows that = _; ¢ = j! nj is real and positive. We initialize the method with the parameters:
P —
1
Y=0; xf(’:p%q%; forall k=1;:::;N; (3.9)
j=1 i

wherery = P jckj= . With these values for the parameters, the image of the unit disk by the conformal
mapping ' n is a disk of areaj! \j i.e. with the same rst harmonic moment as ! y .

3.3. Convex minimization

in (3.6). We aim to construct a solid element ofQ( n;HL 1). For this purpose we introduce a balayage
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operator that will provide, under some conditions, the characteristic function of the quadrature domain
I N . This balayage operator can be evaluated by solving a convex minimization problem. This will be
done using Finite Element Method (FEM).

In the following, we denote by M. the set of real Radon measures with compact support and by
Ll the set of compactly supported functions inL! (RN). As already mentioned, we will identify two
domains when they di er only by a set of measure zero.

It will be more convenient to deal with the following regularized version of the measure y :

_ X g .
en = 1B (3.10)
k=1 k
for given 1;:::; N > 0. The next result shows that ey and  yield the same quadrature domains.

Proposition 3.4. We have:
Q( n;HLY = Q(en;HLY):

Proof. By the mean value property, for every harmonic functionv we can write
Z W Z

% vdm

k Bz «)

vdey =
k=1
X

CkV(zk)
fl

= vd y;

and the result follows. n

We de ne now the balayage operatorF:

De nition 3.5. For every 2 M, we set
n

F = u2DYRV):u6 U and u6 1 ;

and we de ne:
Q) V =supF ,
@ F()= VvV,
(3 ( )=RVnsupp(@ F()).

Some properties of the balayage operatoF are collected in the next proposition (a more complete
analysis can be found in [12, 14]).

Proposition 3.6. Let 2 Mg, then
1) FC)61

@ if 2L andF( )=1 ,then =( )and ( )2 Q(;SLY.
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Proof.
(1). This point follows from the de nition.
(2). This is [14, Formula (2.40)].

(3). From, [14, Example 2.2], we obtain = () up to a null set, and
UB6U inR? and U =U outside ;:
which implies that 2 Q(;SL 1) from [12, Proposition 1.2]. ]

The cornerstone of our method consists in noticing that whenF (ey ) is a characteristic function of
a domain! y:
F(en)= 11 (3.11)
then we can deduce that:
I'n 2 Q(en;SLY)  Q(en;HLY) = Q( niHLY):
If in addition ! \ is solid, it is a solution to our problem. Let us emphasize that it is crucial to work
with the regularized measureey because results from [12, 14] dFP not apply to the singular measurey .
From now, in the de nition (3.10) of ey, we set | = j&j= = r g, with 2 (0;1], for

measureey . When =1, e}, can be thought of as an overlap of weighted disks with a uniform mass
distribution equal to 1.

Proposition 3.7. Let 2 (0;1).
Q) If N >0, then
Flen)=FON)=1( o) (3.12)
and ( n)2Q( n;SLY).

(2) Conversely, if (3.12) holds, then necessarily y > 0.

Proof.

(1). Following [14, Example 3.2] we obtainF(ey) = F( ~), which according to Proposition 3.6,
leads to:
F(ey) = l( e,) + eNl( e,)° 6 1

But ey > 1 on its support, and thus e 1 e ) = 0. Sinceey > 1 on its support, it follows from [12,
Corollary 2.3] that ( ey) 2 Q(eZj :SLY). Finall%, taking v subharmonic, we have
vdm > vdey
(&)
1N 2

2
k=1 B(z:r k)

vdm

> (),
k=1
by the mean value property for subharmonic functions. Hence,( ey) 2 Q( n; SLY) which implies
(ey)=( n~)uptoanullsetby[l2, Theorem 2.2] and completes the rst point of the Proposition.
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(2). If (3.12) holds, then

U y=UFtn=vvgunw;
which implies that:
z X

( )G(x y)dx 6 aG(Xk Y); forall y 2 RN nfxq;::::XnQ:

N k=1

Now, take 1 6 k 6 N and choosey such that jxx yj < 1. Remarking that G(xx y) > 0 we can
write R p
( )X y)adx e GG(X )

G(xk Y)
and letting y !  xy yields ¢, > 0. [ |

6 C;

Thus, when y > 0 (i.e. ¢« > O for all k), computing F(ey) directly provides the characteristic
function of an element of Q( n;HL ') (and even ofQ( n;SLY)).

Now we focus on the practical evaluation ofF. Keeping in mind that F( ) = V , this can be
achieved by solving a convex minimization problem to determineV .

Proposition 3.8. Let 2 M, and assume thatsupp( ) and ( ) are compactly contained in the

unit ball B. Then V jg is the unique minimizer of the convex functionald de ned by
z

J(v) = % jr vj2dm vdm; for all v2 H(B); (3.13a)
B B
over the following closed convex subset éf(B):
n 0
K = v2H!B):vj =Uj andv6 U onB : (3.13b)

Proof. We follow the lines of the proof of [12, Theorem 2.3]. Let us denote by the unique minimizer
of (3.13), then according to (for instance) [2, Example 11.1.1],u admits the following equivalent
characterization: nd w2 K such that 7

rur(v udm> (v u)dm; forallv2 K : (3.14)
B

B
Takingv=u ' in(3.14),with ' 2 D(B),' > Oleadsto u6 1. Thus, recalling the de nition of
K ,weseethatu2 F and henceu 6 V . Since ( ) is compactly contained inB, by [14, Section 2]
we can write that

vV =U on : (3.15)

Thus, V uis nonnega%'ve and belongs taH(B). és a consequence, since V 6 1, we have:

rv r (v u)ydm = V (V u)dm
B ZB
6 (Vv u)dm:
B
4
rur (Vv wdm> (V u)dm:
B B

Now, choosingv =V in (3.1%) shows that
Taking the di erence between the twoiast inequalities leads to:

ir (Vv u)j?dm6 0;
B

which implies u = V jg and concludes the proof. [ |
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We recognize in (3.13) the classical obstacle problem which is known to be well-posed [8]. Summa-
rizing, if n > 0, we have:

1 w=F(nN)= V& (3.16a)
where V& jg is the unique solution of the variational inequality:
Z 4
rur(v udm> (v u)dm; forall v2 K®n; (3.16b)
B B
with:
n [0}
K& = v2HYB):vj = US| andv6 U% onB : (3.16¢)

We are now in position to numerically evaluate F using a FEM on B. We refer to [23] for a Newton-
like method designed to nd an approximate solution for this kind of problem. One can notice that
U® belongs toH(B) (and hence can be discretized on a nite elements space) whereas ¥ does
not, this is another argument for considering a regularization of .

We implemented this method usingFreeFEM++417]. We initialize the method with the gravitational
potential UG\ . This choice is motivated by the fact that, in the special case where the disk8 (zx; rk)
are pairwise disjoint, UG turns out to be the minimizer we are looking for (indeed, in this case
US 2F g ).

When y is not positive, F (e, ) may not be an indicator function. However, it is sometimes possible
to tune  in such way that supp(ey) ( ey) (see Proposition 3.6). Furthermore, adjusting this
parameter can result in a solid domain, whereas in general, a domain resulting from an evaluation of
F may not be simply connected. Figure 3.1 illustrates the in uence of the parameter on F(ey).
We choose for y a sum of two Dirac masses, one with positive weight and the other with negative
weight. The measureey, is therefore the weighted sum of two indicator functions of disks (with the
same centers as the Dirac masses). The boundaries of these disks (and hesopp(ey, )) is represented
with a green dashed line. On Figure 3.1a and Figure 3.1bE (e, ) is the indicator function of a non
simply connected domain, while on Figure 3.1c, the balayage of, is the indicator function of a solid
domain.

@ =0:99 (b) =0:8 (c) =05

Figure 3.1. Representation ofF (e, ) for di erent values of
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4. Convergence results

4.1. Basic elements from potential theory

For reader's convenience, we recall in this subsection some basic properties from potential theory used
in the sequel. We shall focus on the single layer potential and we refer to the monograph [29] for a
thorough presentation of potential theory and boundary integral operators.

Let D be a bounded Lipschitz domain whose boundary is a Jordan curve. Letn be the unit normal
directed towards the exterior of D. We denote by and * the one-sided trace operators respectively
from the interior and the exterior of D. We use a similar convention for the normal derivatives@ .

De nition 4.1.  The single layer potential is the weakly singular integral operator de ned for any
q2 L2(C) by: 2

Scq(x) = CG(x y)q(y)dy  forall x 2 R°nC;

and extended by density as a bounded operatoBc : H z(C) ! HZL_(R?). Forany q2 H 72(C),
the function Scqis harmonic in R>nC.

According to [29, p. 261], the single layer potential admits the following asymptotic expansion as
jXj goes to in nity:

Scq(x) = zil'q;lic Injxj + O (15xj); (4.2)

where h ; i¢ stands for the duality pairing on H %(C) H %(C) extending the L? scalar product.
For every q 2 H 172(C), the outer trace *$cq and inner trace  $cq coincide on C. We denote
by Scq this common value and we recall that the operatorSc : H 72(C) ! H(C) is bounded.
Regarding the inner and outer normal traces, the single layer potential satis es the so-called jump
relation , namely:

@Scq @Scq=q forall g2 H ¥2(C): 4.2)
Let us recall the following result involving the operator Sc, referred to as Theorem 8.16 in [29].

Theorem 4.2. If diam(D) < 1, then S¢ is an isomophism fromH %(C) onto H %(C).

Let us emphasize that the assumption on the diameter oD is not restrictive (otherwise, it su ces
to rescale the problem) and simply ensures that the capacity ofC is less than 1 (see, for instance,
[37, p. 143] and references therein). We shall also require the following uniqueness result (see [29,
Lemma 8.14)):

Theorem 4.3. Givenf 2 H %(C) and b2 R, there exists a unique(q;9 2 H %(C) R such that
Scq+c=f and hg;lic = b:

4.2. Main results

The main steps of our algorithm are summarized in Algorithm 4.1.

At the end of this process we then obtain a domain! y such that
z z

z dm(z) = z dm(2); forall > =0;:::;2N 1 (4.3)

! I'N

We denote by U, the Newtonian potential G 1, , and we claim:
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Algorithm 4.1  Summary of the method
Require: N 2 N and the Cauchy dataU, and @QU, on ,whereU, = G 1,.

(1) Using (1.4), comput% the harmonic moments of! :

c=  z dm(2) forall > =0:::::2N 1

X .
CkN ZN = ° forall " =0;:::;2N L
k=1

the methods described Subsection 3.2 (conformal mapping) and in Subsection 3.3 (partial
balayage).

Theorem 4.4. Assume that there exists a compact seK included in the open unit diskB and a
constant M > 0 such that, for allN > 1

'~ K,
(2) 'n 2Q( n;HLY),
® 7 s joni 6 M.
Thenkr Uy r Uk ! OasN!  +1.

Proof. Let 0<r < 1be suchthat! and K are contained inB;, = B(0;r) and denote by , the
boundary of @B. Let O, and O be two bounded open sets such that ; O ., O and the sets
O, O and K are pairwise disjoint (see Figure 4.1).

O
O

Z1:N K
Z4N
Z3:N

Figure 4.1. The compactK, the open setsO and O, and the boundaries and ..

The function G( ; ) (we use here the notationG(x;y) for G(x y)) and all its derivatives are bounded
on the compact setK  O;. It follows that there exists a constant Co > 0 such that:

kG(x; )kHz(Or) 6 Co; for all x 2 K;
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and next, by continuity of the trace operator, there exists a constantC; > 0 such that:

kG(x; )kH%( ) 6 Cq; for all x 2 K:
Now, sincex ! G(x;y) is harmonic wheny 2 , we can write (recall that ¢,y 2 R from Remark 3.3)
X
KU kH%( )= CcN G(XKkN 5 ) 6 MCy; forall N > 1: (4.4)
Tk HE( )

On the other hand, according to Theorem 4.3, there exists a uniquéq ;¢ ) 2 H %( r) R such that

S.qg+a=U on and hg ;i = jlj:
Comparing (4.1) and (1.2) we deduce that:
S.a 1 = 0(15xj); asjxj! +1; (4.5)

and thanks to [29, Theorem 8.10] (uniqueness result for the exterior Dirichlet problem), we conclude
that ¢ =0 and

S.ag () =U(x) for all jxj>r:

It follows that for evety harmonic function v inZH L(B):
u@v @uvd = (5,9)Qv (@S ,q)vd:

Integrating by parts over B, the rst term in the integral, and taking into account the jump rela-
tion (4.2), we end up with:

Z
Uu@v @UuUvd =h;vi,: (4.6a)

The very same computations can be carried out replacing with !  and we get as well:
U,@v @U,vd =hy,;vi; (4.6b)

where g, 2 H () is such that § ,q , (x) = U/, (x) for every jxj > r. Setting v-(X1;Xp) =

(x1+ ix») for every positive integer* and every (x1;X») 2 R2, we obtain, combining (1.4) and (4.3):
hg;vi |, = hgsvi g forall " =0;:::;2N 1

Returning to (4.4) and invoking the compact embedding of H372( ) into H2( ), we can assume

that, up to a subsequence extraction, the traces of the functiongJ; , strongly converge inH %( r) as
N goes to+1 . SinceS , has a bounded inverse (as asserted by Theorem 4.2 above), the sequence

(a )N converges inH %( r) to some densityqg and for every * > 0 we have:
+1
5

hg;vi = hysvi g for all N >
Letting N goto+1 , we get:
hg q;vi, =0 forall * > O: 4.7)

r

The subspace of trigonometric polynomials being a dense subset id %( r) (see [24, Theorem 8.2]),
the identity (4.7) leads to g= q .

Notice now that the function G( ; ) and all its derivatives are bounded on the compact seOD Oy,
which entails the existence of a constaniC, > 0 such that:

kr xG(x; )Kn1(o,) 6 Co2 for all x 2 O:
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By continuity of the trace operator, it foIIov%s that there exists a constant C3 > 0 such that:
jruy r U (x)j= rxGOGy)ay, a)ydy

6 kr XG(X, )kHl:2( I,)kql N q' kH l=2( r)
6 Cka, aky 1=2(

The conclusion follows by lettingN !  +1 and noticing, by a classical argument, that the uniqueness
of the limit ensures that the convergence holds for the whole sequendgJ; , )n and not only for a
subsequence. [ |

Remark 4.5. Condition 3 in Theorem 4.4 holds, for example, when all thec,.n are positive, since

X .
aeN =0 forall N > 1
k=1
As expected, the previous theorem gives a convergence result only for the gravitational elds.
However, adding the hypotheses of Theorem 1.3 we can prove the following result regarding the
domains.

Corollary 4.6. Under the hypotheses of Theorem 4.4 assume in addition thdt and ! y both sat-
isfy (S) from Section 1.2 and that their polar representations ; and , belong to the setR for all
N > 1, whereR is de ned in Theorem 1.3. Then, (! y)n converges to! in the sense of

! | in LT :

| H
"NUNT #1

Proof. Note that, thanks to (4.3), ! and all the ! y have the same center of gravity and then apply
Theorems 1.3 and 4.4. ]

In the special case where the unknown domain is a subharmonic quadrature domain the above result
can be strongly improved, as an exact reconstruction of can be achieved in a nite number of steps.

Theorem 4.7. Assume that! is a subharmonic quadrature domain associated to a nite sum of
point masses. Let(! y)n be the sequence of subharmonic quadrature domains constructed with the
algorithm 4.1, using partial balayage. Then there exists a positive intege such that! y = !.

Proof. By assumption, there,gxists a positive integeM , nodesz,;:::;zy and weightscy;:::;cy such
that ! 2 Q(;SL %) with = {}":1 Ck z - Next, by Corollary 2.3, applying step (2) of Algorithm 4.1,
with N = M vyields exactly the nodeszy;:::;zy and weights ci;:::;cm . Then, step (3) generates

I'm 2 Q(;SL 1), by Proposition 3.7, and the claimed result follows by uniqueness irQ(;SL ). m

According to [7, Lemma 2], the value ofM can be determined by noticing that:
rank HY =M;  8n> M; (4.8)
where H{" is de ned in (2.5a).

Remark 4.8. Theoretically, increasing the number N of nodes in our algorithm should increase
the accuracy of the reconstruction. In practice, it also increases the numerical errors (mainly in the
resolution of Prony's system). Hence takingN as large as possible does not always result in a successful
strategy. Inspired by (4.8), we could take forN the number of signi cant singular values of the matrix

H" with n large enough.
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5. Numerical experiments

We present in this section some numerical experiments. For every simulation, we choose a domdin
to be reconstructed and compute its gravitational potential U, and gravitational eld r U, to which
we apply a white gaussian noise. These data are then taken as inputs in Algorithm 4.1 for di erent
values ofN.

The harmonic moments are computed from these boundary data using the Fast Fourier Trans-
form (FFT). In order to reduce the impact of noise on the measurements, we use a large number of
guadrature points to evaluate the moments.

From the harmonic moments, we construct the Hankel matrices (2.5) and solve the corresponding

Finally we compute a quadrature domain using one of the two methods previously introduced (in
Section 3.2 and Section 3.3). The results are presented in the following two subsections.

5.1. Conformal mapping

As this method presents convergence issues, we restrict our experiments to the cases whersatis es
Property (S) and we use noiseless data. The boundary of the target domain is parameterized in polar
coordinates by a function :] ; ]! R, taking the form of a Fourier series with a nite number
of modes:

X
()=1+ ax cosk )+ b sin(k ) forall 2] ; 1

k=1
We test the conformal mapping reconstruction method with the domains depicted on Figure 5.1. We
represent on the rsgI row of Figure 5.2 and Figure 5.3, the union of the disks centered at the nodes
zx.n and with radii  jRe(cen )j= (if Re(cen) 6 0, we color the corresponding disk in red). On the
second row, we plot the image of the unit disk by the computed conformal mapping n, as introduced
in (3.7), for several values ofN. We can notice that the quality of the reconstruction improves with
N and that we obtain a fairly accurate approximation of the target shape.

However, let us emphasize that the nonlinear solver is quite sensitive to the shape of the target
domain and to the initial guess. For example, on Figure 5.2d and Figure 5.3e, the algorithm failed to
converge. It is not clear whether this failure is due to the lack of existence of solutions to System (3.8)
or to a poor choice of initial guess. Nevertheless, one may notice that a partial balayage applied to the
measure obtained by replacing the complex weights by their real parts, would provide a fairly good
approximation of the target shape. This can be seen by considering the disks representation (see next
subsection).

() (b)

Figure 5.1. Two star-shaped domains to be reconstructed.
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(@ N =2 (b) N =4 ) N =11 d) N =17 (e) N =19

Figure 5.2. Reconstruction of the domain presented in Figure 5.1a

(@ N =2 (b) N =4 ) N =6 (d) N =12 (e) N =13

Figure 5.3. Reconstruction of the domain presented in Figure 5.1b

Besides its sensitivity to the initial guess, this algorithm is limited to the cases of solid domains.
Its main advantage is that it allows for non-real (and non-positive) weights. However, in our tests, the
imaginary parts of the weights were systematically close to zero. For all these reasons, in most of the

cases, the partial balayage method should be preferred.

5.2. Convex minimization

We focus hereafter on the partial balayage method (described in Section 3.3). Since we need the
computed weightscy.y to be real, we replace them by their real part if necessary. In our tests, though,
this choice turned out to be of little importance because we observed that the imaginary part was
always very small with respect to the real part. We recall that the problem to be solved is summarized
in (3.16). We follow the approach described in [23] to solve the variational inequality involved in this
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convex minimization problem and we implemented this algorithm using FreeFEM+417]. We useP
nite elements in order to compute the laplacian of the minimizer, and hence evaluate an approximation
of the operator F. In the tests of this subsection, we use the regularization parameter = 0:99.

We begin with a domain having the property (S) (see Figure 5.4). On each picture is displayed the
targeted domain (in red), the disks (B (zx;rx))k associated with the solution of Prony's system (the
centers are materialized by small markers), and a nite element approximation ofF (~ ), for di erent
values of N . These tests are performed without noise and allow a fairly accurate reconstruction of the
domain. One may notice that some centers lay outside the domain (foN = 15), but they correspond
to nodes for which the weight is zero.

(@ N =1 () N =5 ) N =10 d) N =15

Figure 5.4. Reconstruction of a star-shaped domain (without noise).

We wish now to investigate the in uence of noise through some examples: simple ones (the previous
star-shaped domain in Figure 5.5, a domain convex in one direction in Figure 5.6 and a set of disjoint
disks in Figure 5.7) and more sophisticated ones (a rabbit-shaped domain in Figure 5.8 and Figure 5.9,
and a plane-shaped one in Figure 5.10 and Figure 5.11). For these two last examples, we represent
only the tests with a reasonable ratio between the truncation parameterN and the noise. For all
these cases, even in the presence of noise, we observe that the algorithm generates very few positive
mass outside the targeted domain. Although the noise has a deteriorating e ect on the details, the
raw reconstruction of the domain contour seems to be relatively robust. In Figure 5.7, note the good
quality of the reconstruction on the last image, which is unusual at this noise level.

One limitation of our method is the condition number of the rst step, as invoked in Section 2.3.
Indeed, for some values ofN the computations may conduct to totally wrong reconstructions. We
illustrate this fact in Figure 5.12, for which we deal with the same unknown domain as in Figure 5.6.
We remark that in Figure 5.12a, all the weights are almost equal to zero. Of course, searching for an
associated quadrature domain do not yield a satisfactory approximation of . However, such situations
can be avoided by choosing another value foN, as visible in Figure 5.12b.
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@) 1% (b) 3% (©) 5%

Figure 5.5. Reconstruction of a star-shaped domain with noisy data N = 15)

(@ 0% (b) 1% (c) 2% (d) 3%
Figure 5.6. Reconstruction of a domain convex in one direction with noisy data
(N =12)

(@) 0% (b) 5% (c) 8% (d) 10%

Figure 5.7. Reconstruction of disks with noisy data (N = 10)

6. Conclusion
In this work, we propose an algorithm to solve the planar gravitational inverse problem. The approach

is based on an original combination of Prony's method and generation of quadrature domains. Under
some technical hypotheses, we are able to prove that the sequence of reconstructed domains converges
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Figure 5.8. A rabbit-shaped domain.

N =10 N =15 N =20 N =25

0 %

1%

3%

5%

Figure 5.9. Reconstruction of the rabbit-shaped domain shown in Figure 5.8
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Figure 5.10. A plane-shaped domain.

N =10 N =15 N =20 N =25

0 %

1%

3%

5%

Figure 5.11. Reconstruction of the plane-shaped domain shown in Figure 5.10
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