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Abstract. In this article, we propose a formal method for evaluating the asymptotic behavior of a shape functional
when a thin tubular ligament is added between two distant regions of the boundary of the considered domain.
In the contexts of the conductivity equation and the linear elasticity system, we relate this issue to a perhaps
more classical problem of thin tubular inhomogeneities: we analyze the solutions to versions of the physical partial
differential equations which are posed inside a fixed “background” medium, and whose material coefficients are
altered inside a tube with vanishing thickness. Our main contribution from the theoretical point of view is to
propose a heuristic energy argument to calculate the limiting behavior of these solutions with a minimum amount
of effort. We retrieve known formulas when they are available, and we manage to treat situations which are, to the
best of our knowledge, not reported in the literature (including the setting of the 3d linear elasticity system). From
the numerical point of view, we propose three different applications of the formal “topological ligament” approach
derived from these expansions. At first, it is an original way to account for variations of a domain, and it thereby
provides a new type of sensitivity for a shape functional, to be used concurrently with more classical shape and
topological derivatives in optimal design frameworks. Besides, it suggests new, interesting algorithms for the design
of the scaffold structure sustaining a shape during its fabrication by a 3d printing technique, and for the design of
truss-like structures. Several numerical examples are presented in two and three space dimensions to appraise the
efficiency of these methods.
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1. Introduction

In line with the growing interest raised by shape and topology optimization within the academic and
industrial communities, various computational paradigms have emerged, with competing assets and
drawbacks; see [95] for an overview. Among them, relaxation-based topology optimization frameworks
feature designs as density functions and (possibly) microstructure tensors, describing the local ar-
rangement of material and void at the microscopic scale; see for instance [30, 99] about the SIMP
method, and [2] about the homogenization method. Another popular optimal design framework is
that of “geometric” shape and topology optimization, where the optimized shape is rather represented
as a true “black-and-white” domain. Several mathematical tools are then available to evaluate the
sensitivity of the optimized criterion with respect to variations of the design, notably the notions of
shape derivative and topological derivative. This article focuses on another, less considered type of
sensitivity for functions of the domain which evaluates the effect of gluing a thin tubular ligament to
the optimized shape. The proposed approach to address this question relies on a formal connection
between this geometric shape and topology optimization setting and the mathematical field of small
inhomogeneities asymptotics, which has been the focus of much attention from the inverse problems
community, as we shall recall below.
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1.1. Foreword: various means to evaluate the sensitivity of a function with respect to the
domain

Let us consider a model shape and topology optimization problem of the form:

thé%dJ(Q), (1.1)
where the objective function J(2) depends on the optimized design €2, which is sought within a set
Uag of admissible shapes in RY (d = 2,3 in applications). A great deal of optimization algorithms
dedicated to the resolution of eq. (1.1) (starting from the gradient method) rely on the “sensitivity” of
J(2) with respect to “small variations” of 2. These notions are usually understood from two different,
complementary viewpoints:

» Hadamard’s boundary variation method is perhaps the most popular framework for geometric
shape optimization. It features variations of a shape 2 of the form

Qg := (Id+6)(£2), where 8 : RY — RY is a “small” vector field.

Intuitively, 8 encodes the deformation of Q (and particulary, its boundary 02) at each point;
see Figure 1.1 (top, right). The shape derivative JQ)(8) of J at € is accordingly defined as
the Fréchet derivative of the underlying mapping 8 B J(€g) at 8 = 0, so that the following
expansion holds in the neighborhood of 8 = 0:

J(Q) = I(Q) +IHQ)(8) + 0(8), where O[(B?I):I_) 0asB - 0;

see Section 7.2.1 for a little more detailed presentation. We refer generally to e.g. [12, 72,
86, 102] for the mathematical theory underlying Hadamard’s boundary variation method, and
to [8, 96] for implementation issues.

e The concept of topological derivative is based on variations of €2 of the form

Qor := 2\ B(Xop, r) where B(Xo, r) is the open ball with center Xg and radius r.

In other terms, Qx, r is obtained from 2 by nucleation of a hole centered at Xo [} with
small radius r > 0; see Figure 1.1 (bottom, left) for an illustration. The topological derivative
dIT(Q)(Xo) of I at Q is the first non trivial term in the asymptotic expansion of J(Qx,.r) as
r - 0; typically:

J(Dxo,r) = I(Q) + r¥dIr (2)(xo) + o(r?).

We refer to [26, 64, 93, 101] for more details about topological derivatives.

There is also a third notion of sensitivity of J(€2) with respect to 2, seldom considered in the
literature, which accounts for the addition to €2 of a ligament wg¢ with “small” thickness € around
a base curve 0; see Figure 1.1 (bottom, right). More precisely, let ¢ : [0, [1- RY be a curve, whose
endpoints 0(0) and o(Odbelong to 052, and which otherwise lies completely outside €2; one considers

the variations (g ¢ of €2 defined by:
1 1

Qo"g = Q m)"g, Whel“e (J.)o"g = X I:RF, d(X, 0) < € f (12)

the thickness € [CT-df the ligament tends to 0, and d(X,0) = mingrg{X — p| is the usual Euclidean
distance from X to 0. One then looks for an asymptotic expansion of J(2g,¢) of the form:

J(Qoe) = I(Q) 4 €971dIL(Q)(0) + o(e47D). (1.3)

Note that the decay rate €971 of the first non trivial term in this expansion is proportional to the
measure |Wge| of the vanishing ligament as € — 0. The sign of the “ligament derivative” dJ_(2)(0)
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The topological ligament in shape optimization

Figure 1.1. (Top, left) One shape RY: (top, right) deformation of via the
di eomorphism (ld+ ); (bottom, left) variation 4, of by nucleation of a hole with
radius r around Xg; (bottom, right) variation « of by addition of a thin ligament
with base curve and thickness".

then indicates whether grafting the thin tube ! -~ to is benecial in terms of the performance
criterion J() .

Variations of a domain of the form eq. (1.2), and the associated asymptotic expansions eq. (1.3) of
related shape functionals, have been originally analyzed in the series of articles [87, 88, 89]. Unfortu-
nately, the derivation of an expansion of the form eq. (1.3) is far from being an easy task, especially
when the shape optimization problem eq. (1.1) under scrutiny originates from mechanical applica-
tions: J() then depends on via the solution u to a partial di erential equation posed on  (e.g.
the conductivity equation, or the linear elasticity system), which characterizes its physical behavior.

In this spirit, the asymptotic analysis of partial di erential equations posed on domains of the form

eg. (1.2) has been considered in the seminal works [87, 88, 89], where expansions of the form eq. (1.3)
are proved rigorously. The notion of exterior topological derivative constructed in there involves
partial di erential equations posed on the product set of the shape with the rescaled geometry! . 1

of the ligament. The mathematical justi cation of expansions such as eq. (1.3) is intricate; moreover,
the resulting formulas do not lend themselves to an easy use in numerical algorithms, as the au-
thors themselves acknowledge in the introduction of [87]; see nevertheless [75] for a recent numerical
implementation of related ideas.

1.2. From topological ligaments to thin tubular inhomogeneities

In the present article, we propose a formal change in viewpoints about the means to understand vari-
ations of a shape of the form eq. (1.2). This paves the way to approximate expansions of a shape
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C. Dapogny

functional when a thin tube is grafted to the considered domain, of the form eq. (1.3). Unlike the rig-
orous formulas eq. (1.3) established in the aforementioned contributions, our approximate expansions
are relatively simple to calculate, and they are also very amenable to use in numerical practice.

In order to enter a little more into speci cs, let us slip into the model context of the conductivity
equation; the latter is analyzed more thoroughly in Section 2 below and we stay at the formal level
for the moment. The considered objective functizonJ () of the shape reads:

JO= j(u)dx (1.4)

wherej : R! R is a smooth function and the physical stateu is the potential, solution to:

% ru):f in

u = on p;

@u_ . (1.5)
E on - 9 on n;

@u _— .

@“n_o on

and (x) stands for the inhomogeneous conductivity inside . The parts p and y of @ bearing
homogeneous Dirichlet and inhomogeneous Neumann boundary conditions are non optimizable, and
the functions f and g stand for a body source and a heat ux entering through y, respectively.
The remaining, adiabatic subregion of @ is therefore the only one subject to optimization. The
perturbed version of eq. (1.5) where a thin ligament! . of the form eq. (1.2) is grafted to is
described by the system:

u-=0 on p;
Gur _ , (1.6)
@n - g on N »

e =0 on@ [!)n(ol wn)

where homogeneous Neumann boundary conditions are imposed on the boundary of the grafted liga-
ment ! .~ denedin eq. (1.2).

In our analysis, we propose to approximate eqgs. (1.5) and (1.6); we introduce a large hold-all
domainD RY, containing , such that both regions p and § of @ are also subsets of@ D and
we replace eq. (1.5) by the foIIowing background conductivity equation, posed onD as a whole:

8
E div( ru »)=1f in [}
:

% div( or ug)=f inD;

Hooo on o (L.7)
© 0%i=0 on@Dn( p[ n);

where ((x) is an inhomogeneous conductivity coe cient. Formally, the solution ug to eq. (1.7) is a
good approximation of that u to eq. (1.5) when ¢ is of the form

x) ifx2 ;
(x) otherwisg

o(x) = (1.8)
with 1, thus mimicking void, or when (x) is a smoothed version of eq. (1.8), as we assume
thenceforth for simplicity (see Remark 2.3 below about this point). This is the well-known ersatz ma-
terial method in shape and topology optimization: see for instance [2, 11, 30, 50] about the consistency
of this approach.

As an approximation of eq. (1.6), we then introduce the perturbed version of eq. (1.7) where the
thin tube ! » b D ineq. (1.2) is lled by a material with conductivity  1(x); the perturbed potential

188



The topological ligament in shape optimization

Figure 1.2. (Left) Graft of the ligament ! » with base curve and thickness" to
a shape ; (right) corresponding tubular inclusion inside an approximate background
medium occupying the hold-all domainD.

u- then satis es:
div( »ru)=f in D;

u-=0 on p; 1(x) ifx21! .,

where «(x) = 1.9
% =g on N: () o(x) otherwise (1.9)
@4 =0 on @D;

see Figure 1.2 for an illustration.

Our strategy for calculating approximate topological ligament expansions such as eq. (1.3) now
outlines as follows. We investigate the asymptotic behavior of the perturbed, smoothed potential-
as" ! 0, and that of an approximate counterpart J (") of the objective J( ) in eq. (1.4) of the
form: Z

J ™= j (u~) dx: (1.10)
D
More precisely, we search for a functioru; : D! R and a real numberJ°(0) such that:
u = ug+ "9 tug+o("? 1); andJ (*)=J (0)+ "¢ 13%0) +o("9 1): (1.11)

Note the slight ambiguity in the notation, where the rst non trivial term u; in the above expansion
should not be confused with the solutionu- to eq. (1.9) for " = 1. Finally, we retain the value J°(0)
as an approximation of the ligament derivative dJ, ()( ) featured in the exact expansion eq. (1.3).

Interestingly, we could have considered a wide variety of small inclusion sets! - b D in the
formulation of the problem eq. (1.9), beyond thin tubes! .- of the form eq. (1.2). For instance,!
could be replaced by a ball with radius”, or a collection of such.

The general study of the in uence of low volume inclusiond « within a smooth background medium
has received a considerable attention in the literature. Since the analysis of the approximate asymptotic
expansions eg. (1.11) conducted in the next sections relies heavily on results and techniques involved
in these investigations, we next present this topic with a little more details.

Remark 1.1. The above strategy for evaluating approximately the sensitivity of a functional with
respect to the addition of a thin ligament to the domain is somehow reminiscent of the so-called
Moving Morphable Components method in structural optimization; see [69], and [73] in the context
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C. Dapogny

of density-based topology optimization. In those works, designs are represented as collections of bars,
parametrized by one of their endpoints, their length and orientation. A smooth material coe cient is
calculated thanks to the ersatz material method, approximating the mechanical behavior of the design.
Finally, the optimal design problem is reformulated and solved in terms of these parameters. This idea
could lead to an alternative way to construct a perturbed, smoothed equation such as eq. (1.9), and
thereby a smoothed functional eq. (1.10); see also [27] where a similar process is analyzed in connection
with shape and topological derivatives.

1.3. Sensitivity of a problem perturbed by small inhomogeneities

The e ect of low-volume perturbations in the material coe cients of a partial di erential equation has
been the subject of multiple investigations in the literature. In this section, we mention a few related
facts and interesting results, without claiming for exhaustivity.

The general structure of the expansion of the solutioru- to the conductivity equation eq. (1.9), when
the smooth background medium (x) is perturbed by an arbitrary inclusion set ! - with vanishing
measurej! «j! 0 has been identi ed in %he article [44]; it reads:

u-(x) = uo(x) + j! - M (Y)r uo(y) r N(x;y)d (y)+o(j!+j): (1.12)

Here, d is a measure capturing the limiting behavior of the rescaled inclusionsﬁ! “, M (y) is a
polarization tensor, appraising the limiting behavior of the eld u- inside !, and N(x;y) is the
Green's function of the background conductivity operator in eq. (1.7); see eq. (2.9) below for a precise
de nition. These conclusions have been extended to various physical contexts, such as those of the
linear elasticity system in [31], or the Maxwell's equations in [68].

A few particular instances of the above general question have been thoroughly analyzed, where
more speci ¢ assumptions about the geometry of the vanishing inclusion set+ make it possible to
determine explicitly the limiting measure d and the polarization tensor M (y).

The situation which is best understood is certainly that of diametrically small inclusions,
where! « is of the form

.= xg+ "I; for some xedxg2 D and! b R: (1.13)

The limiting measure d turns out to be the Dirac distribution , at the point xo where! -
shrinks, and the explicit expression of the polarization tensoiM (Xg) involves the solution to an
exterior problem posed inRYnt; see Section 4 below for more precise statements. Among other
contributions in this direction, see [23, 45, 91] in the case of the conductivity equation, [21] as
regards the linear elasticity system, and also [97] when, in this context, several diametrically
small inclusions are connected via a non local term; see nally [24] when it comes to the
Maxwell's equations.

Thin inhomogeneities have also been paid much attentionk - is then a thin sheet of the form
.= fx2R; d(x;S)<"g; (1.14)

around a (open or closed)(d 1) hypersurfaceS RY. In this setting, the limiting measure

d is a Dirac distribution concentrated on the surfaceS and fory 2 S, the polarization tensor

M (y) is diagonal in a local frame obtained by gathering tangent and normal vectors t&S at y;
see Sections 2 and 3 below for a more precise account in two space dimensions. In this context,
we refer to [34, 35] for the rigorous calculation of the expansion of the solutioru- to the
conductivity equation based on variational techniques, and to [74] for an alternative method
of proof based on layer potentials. Interestingly, asymptotic expansions have been derived in
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The topological ligament in shape optimization

the thin inhomogeneities context which areuniform with respect to the conductivity ; lling

I« (the latter may take values arbitrarily close to 0 or 1 ): see [54] in the case wher& is
closed, and the recent two-part paper [46, 47] dealing with the challenging issue of open curves
in 2d. Let us nally refer to [33] about thin inhomogeneities expansions in the context of the
linear elasticity equations in 2d.

One last context of interest in applications is that of tubular inhomogeneities! .- , of the form
eg. (1.2). This situation coincides with that of thin inhomogeneities whend = 2, but it turns
out to be altogether di erent when d = 3. The only rigorous three-dimensional results that we
are aware of arise in the context of the conductivity equation, under the assumption that the
base curve is a straight segment, see [32]. These have been very recently adapted in [43] to
the case of the Maxwell's equations, without such a restrictive assumption on the curve .

In general, the mathematical analysis of such small inhomogeneities asymptotics can be conducted
via di erent techniques. On the one hand, variational methods rely on precise estimates (in the energy
norm, notably) of the eld u- and the di erence betweenu- and ug or several intermediate quantities;
see the aforementioned works [33, 34, 45, 46, 47, 54, 91]. On the other hand, layer potential techniques
are based on a representation of the eldu- as an integral over the boundary of the vanishing se@!,
and on asymptotic expansion formulas for the Green's functionN (x;y) of the background operator
involved in this integral; see for instance [19, 22].

From the numerical point of view, asymptotic formulas of the form eq. (1.12) have been widely used
for the detection or the reconstruction of small inclusions! » inside a known background medium.
Most of these investigations arise in the context of electrical impedance tomography, where a known
current g is injected (or a collection of such), and the corresponding potentialu-, solution to eq. (1.9)
is measured either on all, or only one part of the domainD, with the purpose to retrieve some of the
features of! - (its diameter, the position of its centroid, etc.).

The reconstruction of diametrically small inhomogeneities has been extensively addressed in
the literature, and we refer to Chapter 5 in [18] for an overview. In a few words, a least-
square algorithm was originally proposed in [45] for the reconstruction of the parameters of
the inclusion set! - at play in the asymptotic formula eq. (1.12) when the latter is a collection
of balls (center, shape). More robust approaches were then devised, using particular input
currents g, such as constant [23, 78], linear [18], or exponential functions [22]. The entries of
the polarization tensor M and the locations of the inclusions can then be inferred from the
calculation of integral quantities involving the input and measured data, namely, the values of
g and the measured potentialu- on @D Let us also mention the variant of the linear sampling
method developed in [39] to deal with the identi cation of diametrically small inhomogeneities.

The reconstruction of thin inhomogeneities has been considered in [16] in the context of the
2d conductivity equation; the authors use the knowledge of the rst non trivial term in the
expansion of the potential u- to infer rst the polarization tensor, thus the direction of the
base curve, assumed to be a line segment, then the endpoints of the curve, from the datum of
two boundary measurements. This idea is generalized in [17] to handle inclusions made from
multiple segments in 2d.

To the best of our knowledge, the identi cation of tubular inhomogeneities inside a three-
dimensional medium has only been addressed in [32] and [67], in the context of the conductivity
equation and in [43] in the context of Maxwell's equations. In [32], the asymptotic expansion
of u- is rigorously calculated and used, in the particular case where is a straight segment;
on the contrary, in [67], the author relies solely on the general structure eq. (1.12) of this
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expansion in order to construct an indicator W (x; n) which vanishes onD, except at points
x 2 D which are close to the sought curve and in the directions n which are orthogonal
to at x. In [43], a regularized least-square algorithm is proposed, which consists in nding
the curve minimizing the error between the measured far- eld and that predicted by the
asymptotic formula eq. (1.12).

1.4. Main contributions and outline of the article

The ndings of the present article were partly announced in the preliminary note [51]; our purpose is
twofold.

From the theoretical point of view, our main aim is to calculate the sensitivity of the solution u- to
certain partial di erential equations namely the conductivity equation and the linearized elasticity
system with respect to perturbations of the background material properties inside tubular inclusions
I .« of the form eq. (1.2). As we have mentioned, these expansions have already been computed in
a variety of situations, mainly in 2d; their proof is however quite intricate, and we propose a formal
method to achieve this, inspired by the former works in [54, 85, 91]. With a minimum amount of
technicality, the presented argument allows us to retrieve asymptotic expansions for thin tubular
inhomogeneities in situations where rigorous proofs are already available in the literature (the cases
of the 2d conductivity and linear elasticity equations, and that of the 3d conductivity equation when

is a straight segment); moreover, it allows for a formal calculation of such expansions in situations
which are, to the best of our knowledge, not reported in the literature (such as that of the 3d linear
elasticity system). Furthermore, we show that the expansions ofi- obtained in these di erent contexts
make it possible to calculate the asymptotic behavior of related observabled (") (see e.g. eq. (1.10))
in a convenient adjoint-based framework which is familiar in shape and topology optimization.

From the numerical point of view, we explore several applications in shape and topology optimization
of our asymptotic formulas for thin tubular inhomogeneities. We have indeed exempli ed in Section 1.2
that they make it possible to approximate the sensitivity of a function of the domain when a thin
ligament is grafted to the latter. We show how this strategy can be used to ful ll multiple purposes
in the shape and topology optimization context, such as:

to add bars to structures in the course of a classical shape optimization process driven by
shape derivatives, thereby making the nal design less sensitive to the initial guess;

to calculate an optimized support structure for a shape showing overhang features, in readiness
for its construction by additive manufacturing;

to predict a clever initial guess, made of bars, for the optimization of a truss-like structure
(i.e. whose outline resembles a collection of bars).

The remainder of this article is organized as follows. In Section 2, we discuss the problem of thin
tubular inclusions in the physical context of the two-dimensional conductivity equation. The main
result, Theorem 2.1, describes the rst non trivial term in the asymptotic expansion of the perturbed
state u-. Although this situation is well-understood in the literature, we take advantage of its technical
simplicity to explain carefully how a simple and heuristic energy argument allows to retrieve the correct
expression. The derivative with respect to the vanishing thickness' of a functional depending onu-
is then calculated in Section 2.3 by means of a suitable adjoint method. In Section 3, we adapt
these developments to the case of the 2d linear elasticity system. Our next task is to obtain similar
results in three-dimensional situations. It turns out that this question shares much similarity with the
treatment of diametrically small inhomogeneities. For this reason, we expose in Section 4 how our
heuristic energy argument also allows to handle this well-known case in the literature. We are then in
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position to address the calculation of the asymptotic expansion of the eldu- in the case of tubular
inhomogeneities in 3d, rstin the case of the conductivity equation in Section 5, then in the context of
the linear elasticity system in Section 6. As we have mentioned, the ideas introduced in this article give
rise to various numerical algorithms in connection with the eld of shape and topology optimization.
These are presented in Section 7, and illustrated with concrete physical examples. Eventually, several
theoretical perspectives of our work are outlined in Section 8, as well as promising applications.

2. Asymptotic expansion of the solution to the conductivity equation in 2d

The analyses of this section take place in the setting of the 2d conductivity equation which we have
already encountered in Section 1.2, where the salient points of this article can be conveniently exposed,
with a minimum level of technicality.

2.1. Presentation of the model setting and statement of the results

Let D R? be a bounded Lipschitz domain, lled by a material whose conductivity ¢ 2 C* (D)
satis es:

8x 2 D, o(X) +) (2.2)

for some xed constants0 < +. The boundary @ Dis composed of three disjoint, open subsets:
the voltage potential is kept at constant value 0 on p, while a smooth heat ux g 2 C! (") is
entering D via the subset \; the domain D is insulated from the outside on the remaining part
@Dn( p[ ). Denoting by f 2 C! (D) a source acting in the medium, the voltage potentialug
inside D is the unique solution in the space

n 0
1 — 1y
H* (D):= u2HD);, u=0o0n p

to the following background conductivity equation:

8
E div( or ug)=f inD;
up=0 on p;
(2.2)
3 0Gh=0 on ni
084 =0 on@Dn( p[ n):

Let us already notice that the classical regularity theory for elliptic equations predicts that the solution
Up to eq. (2.2) is smooth in the interior of D; see e.g. [38, Y9.6].

We now consider a version of the above situation wher® is perturbed by a thin tubular inclusion
I« with width "> 0 around a base curve :

n o]
.= x2R% dist(x; )< ; (2:3)

see Figure 2.1 for an illustration. Here, we assume that : [0;']! D is a smooth (open or closed)
connected curve, parametrized by arc length (so that is the length j j of the curve), which does
not intersect @D and is not self-intersecting. Throughout the article, with a slight abuse of notation,
we identify the geometric curve with its parametrization s7! (s). The inclusion! - is lled with
another material with smooth conductivity 1 2 C! (D), which also satis es eq. (2.1) (up to modifying
the values and .). The potential u- in this perturbed situation is the unique solution in H 1D (D)
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to the foIIowmg equation:

% d|v( ru)="f inD, (
= on p; 1(x) ifx2! .~
h “(X) = ’ 2.4
3 o0 %1 =g on n; where - (x) o(x) otherwise (2:4)
C 0@ =0 on@Dn( o[ n);

Figure 2.1. Setting of the perturbed conductivity problem eq. (2.4) in the case of
(left) a closed base curve and (right) an open base curve .

We aim to understand the behavior of u- as the thickness" of the inclusion vanishes. In this
direction, a fairly classical analysis yields the natural convergence result (see Lemma B.1 for a proof):

ul 0 ug strongly in H® (D):

We then wish to identify the next term in the asymptotic expansion of u- as" ! 0; the main result of
interest is the following. It has been proved independently in [34] owing to a variational method and
in [74] by layer potential techniques.

Theorem 2.1. The following expansion holds at any pozimx 2Dn
u-(X) = Uo(x) + "us(x) +o("); whereuy(x):= M (y)r uo(y) r yN(xy)d (y); (2.5)

and the remainder o(") is uniform when x belongs to a xed compact subset dd n . Here, N(X;y)
is the Green's function of the background operator eq(2.2) (see Section 2.2.1 below), and for any
point y 2 , the polarization tensor M (y) is a symmetric 2 2 matrix. Its expression reads, in the
local orthonormal frame ( (y);n(y)) of R? made of a unit tangent vector (y) to aty and its 90°

counterclockwise rotaten(y):
!

2( 1(y) oY) 0

0 20y) 1 2%

Remark 2.2. In the above expression, and throughout this article, we have denoted byl the line
measure on a (smooth enough) one-dimensional subset B, d = 2;3. This measure coincides with
the surface measureds on a (d  1)-dimensional hypersurface ofRY when d = 2, and we shall use
interchangeably either notation in this situation.

M (y) = (2.6)

The conclusion of Theorem 2.1 holds regardless of whether be closed or open. While the latter
situation is the most interesting for our applications, its rigorous mathematical treatment is signif-
icantly more involved. Brie 'y, one has to prove that the contribution of the endpoints of  to the
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asymptotic behavior of u- is of order higher than". This fact is observed in all the situations handled

in the literature, to the best of our knowledge: see [34] for the case of the 2d conductivity equation,
[33] for the case of the 2d elasticity system, and [32] in the context of the 3d conductivity equation,
under some technical assumptions, and [43] for the case of the 3d Maxwell's equations. It even holds
true when, in the 2d conductivity case, the conductivity inside the inclusion is allowed to degenerate
to Oor 1 ; see [46, 47, 54].

In Section 2.2.3 below, we propose a formal method, which can be made rigorous in some cases,
leading to the correct expansion eq. (2.5) obtained in [34, 74] from intuitive considerations. According
to the previous discussion, for simplicity, the presentation of our formal argument proceeds under the
simplifying assumption that the curve is closed.

Our second topic of attention in Sections 2.2 and 2.3 concerns the behavior ds! 0 of a quantity
of interest J (") involving the perturbed potential u-. To set ideas, we consider a function of the form:

Z
J ("= S j (ur)dx; (2.7)

wherej 2 C! (R) satis es the growth assumptions:
BU2R; ji(wji C+ju®); jiYui C@+juj); andji%u)i C; (2.8)

for some constantC > 0. Using Theorem 2.1, we prove in Section 2.3 thatl (") is di erentiable at
" =0, with derivative
Z

3%0) = N Yuo)u; dx:

This expression is somewhat awkward, since it involves the termu; in eq. (2.5), which depends on
in a very non trivial way. This makes di cult the identi cation of a curve such that J°(0) be
as negative as possible. To overcome this drawback, we show that, thanks to the introduction of a

suitable adjoint state pp 2 H 1D (D), this derivative has the alternative form:

Z
J°0)= M (X)r up r pod(x);

which is much more suitable for our purpose.

Remark 2.3. We believe that the aforementioned results, and notably Theorem 2.1, still hold true

in the case where the background conductivity ¢ is only piecewise smooth, with jumps not aligned
with the curve , and also in the case where does intersect@ Din a non tangential way. Although we
have no proof of these facts, we shall see in the examples of Section 7.3 that the use of our asymptotic
formulas when intersects @ Dyields coherent numerical results.

2.2. Asymptotic behavior of the potential u-

Our purpose in this section is to retrieve the conclusion of Theorem 2.1 thanks to a simple formal
argument based on energy considerations, in the particular case whereis a closed curve. To this end,
we rst recall in Section 2.2.1 some elementary facts about the Green's function associated to eq. (2.2)
and we say a few words about the signed distance function to a closed curvein Section 2.2.2.
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2.2.1. Preliminaries about the Green's function to the background conductivity equation eq2.2) in 2d

Let N(x;y) be the Green's function of the mixed boundary value problem in eq. (2.2), that is, for a
given point x 2 D, the functéon y 7! N(x;y) satis es:

gdivy( o(Y)r yN(Xy)) = y=x inD;
oY) Gy (xiy) =0 on @Dn p; (2.9)
"N(x;y)=0 on p;
where -y is the Dirac distribution at y = x. A simple adaptation of the proof of Lemma 2.36 in [62]
reveals that the function N (x;y) is symmetric in its arguments: N (x;y) = N (y; x). Moreover, it has

essentially the same singularities as the (modi ed) fundamental solution of the Laplace operator in
the free space

1
G(xy) = logjx vj: 2.10
(x;y) 2 500 09 VI (2.10)

More precisely, the following decomposition holds:
N(xy) = G(xy)+ R(XY); (2.11)

where forx 2 D, the remaindery 7! R(x;y) satis es:

8 . .
3 divy( oW yROGY)) = 5oy F oY) inD;

o SR(xy) = 5oy C) on @Dn p;

“ROGY) = o 10gix i on p:

Since the right-hand side of the above equation belongs tbP(D) for1 p < 2 and is smooth fory 6 x,
it follows from classical elliptic regularity that, for a given point x 2 D, the functions y 7! R(X;y)
andy 7! N(x;y) are smooth onD n fxg; moreover, for any compact subsets;K °b D, there exists
a constant C such that:

SUPKR(X; )kwap (ko +sup kR(x; )ky1ipy C; (2.12)
x2K x2K

see [38, 66], and also [63] for a more thorough analysis of such Green's functions.

Let now b D be a smooth, connected, open or closed simple curve (i.e.does not present self-
intersections); we denote byn(x) a smooth unit normal vector eld to , whose orientation may be
arbitrary for the purpose of this section. When a(x) is a discontinuous quantity across which is
su ciently smooth from either side of , we denote by

a (x):= IHnOa(x tn(x))
t> 0
the one-sided limits ofa at x 2 . Accordingly,

[a](x):=a"(x) a (x) and fag(x):= a"(x)+ a (x)

are respectively the jump and the mean value ofr across ; see again Figure 2.1.

In the following, we shall require information about the following integrals, involving the GReen's
function N(x;y) to eq. (2.2) and a smooth enough density function' , say ' 2 C%( ) for some
O0<l< 1: Z

8x2Dn; S"(x)=  N(xy) (y)ds(y);
e @N .
8x2Dn; D' (x)= o(y)@—p(x,y) (y) ds(y);

These guantities are respectively the well-knownsingle and double layer potentialsassociated to' ;
see [19, 62, 83] and references therein for related material, and also [76, 77] wheiis open.
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The single and double layer potentialsS ' and D ' satisfy the following jump relations on
@
] - . 1 = 1. 2.1
[S']=0; of@és ) =5 (2.13)
and
[D'"1= 4 0—@AD ") =0; (2.14)
) @ 1

both formulas being obviously independent of the chosen orientation for the normal vecton.
A straightforward calculation based on egs. (2.13) and (2.14) reveals that the rst-order termu; in
the expansion eq. (2.5) of the perturbed potentialu- satis es the following partial di erential equation:

div( or u3) =0 inDn ;
u; =0 on p;
0%:0 on @Dn p; (2.15)
%Lul]:i21 —2% on ;
0%t = 28 (1 0% on:

The function u is equivalently characterized by the integral representation eq. (2.5) or as the solution
to eqg. (2.15). Note however that the functional setting for eq. (2.15) di ers, depending on the nature
of . When is closed,u; is the unique solution in the spaceH 1D (D n ) to this equation. Moreover,
this function is variational in the sense that it is equivalently characterized as the minimizer of
an energy functional whose Euler Lagrange equations precisely yield eq. (2.15). The case whereis
open is more subtle; see [76] for related issues. The functian is no longer variational; it satis es the
various components of eq. (2.15) in the sense that it belongs t6%(D n™), that it has one-sided limits
u; (x) at every point x in the interior of , and that it has logarithmic singularities at the endpoints;
see [16] for precise statements and proofs.

Remark 2.4. The exact counterparts of the above properties hold in the case of three space dimen-
sions, up to the fact that the (modi ed) fundamental solution G(x;y) in eq. (2.10) then reads:

. — l .
COYI= T oo i

2.2.2. Preliminaries about the signed distance function to a closed curve in 2d

As we have mentioned, our formal calculation of the rst-order asymptotic expansion of Theorem 2.1
is considerably simpler when is a closed curve. This situation can indeed be treated with the help
of the notion of signed distance function, whose main properties we recall for the convenience of the
reader, referring to e.g. [42, 55, 66] for details.

Let R? be a smooth, connected, closed simple curve, delimiting an interior and an exterior
domain, O% and O? respectively; see Figure 2.1 (left). We denote byn = (n1;n5) : ! R? the unit
normal vector to , pointing outward O°, and by = (n,; n;) the corresponding tangent vector, so
that for any point x 2, ( (x);n(x)) is a local orthonormal frame of the plane.

De nition 2.5. The signed distance furéctiond to the interior domain O° is de ned by:
3 dx; ) ifx200
8x2R% d (x):= _0 if x 2 ;

“d(x; ) ifx20%
where
dix; )= rgizn X pi (2.16)
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is the usual Euclidean distance function to .

The points p2 achieving the minimum in the de nition eq. (2.16) are called the projections
of x onto . When there exists a unique such point, it is denoted byp (x).

The skeleton of is the set of pointsx 2 R? having at least two projections on

Since is smooth, there existsr > 0 such that the mapping
(nrr) 3(x) 7 x+tn(x)2! (2.17)
is a smooth di eomorphism onto the tubular neighborhood! ., of dened in eq. (2.3). Its inverse
is:
Py 3x70 (d(X);p(X)2( nr) :
see [14] or [103, Thm. 20, p. 467]. Throughout this article, we assume for notational simplicity and

without loss of generality that this property holds for some r > 1. As a consequence, the tangential
and normal vector elds (x) and n(x) can be extended from to the whole set! . ; via the formulas

x)  (p(x); andn(x) n(p (x)); x2!.4; (2.18)

a notation that we consistently employ in the following. In particular, it is possible to de ne the
normal and tangential derivatives %ﬁ and %“ of a (smooth enough) functionu : D ! R on the whole
neighborhood! . ;. Also, whenM :D ! R? 2 is a matrix-valued function, we denote by

M M q
Mn Mnn
its expression in the local basis( ;n), thatis, for x 2! ..: M (xX) = M(x) (x) (X), M, (x) =
M (x)n(x) (x), etc.
The derivatives of the signed distance functiond and the projection p read:

M =

1
8x2!.1; rd(x)= m =n(p (x)); and rp(x)= 1*d ((’)‘) ) (()) ; (2.19)
where the latter matrix is expressed in the local basis( (x);n(x)). Here, : ! R is the mean

curvature of , oriented in such a way that (x) is positive when QP is locally convex aroundx, and
we take the shortcut (x) (p (x)) forx2! .4.

In the following, it will also prove useful to recast integrals over the tubular neighborhood! . 1 as
nested integrals over and ( 1;1); to this end, applying the coarea formula of Lemma A.1 with the
mapping p and using eq. (2.19) yields:

Proposition 2.6.  For any function ' 2 L(! .4), it holds:
z z 7,

o dx= 1(1+t (PN (p+ tn(p)dt d*(p):
L

We conclude this section with a few technical formulas involving the extended normal and tangential
vector elds n; :!.;! R?ineq. (2.18).

We rst calculate the derivatives of n and . Dierentiating the normalization identities | j? =
jnf>=1and n =0, we obtain:

T

r =rn'n=0;andr "n+rn' =0:

Besides, the normal vector readsh = r d , and so the symlmetric matrix r n = r 2d is given by:

rn= 1+ 0

d
I (2.20)
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in the local basis( ;n) of the plane; see e.g. [66], Y14.6. Now, straightforward calculations yield:
T

rn =r ' n=0; rnn=r 'nn=r n" n=0;
as well as:
r =0 and r n=r 'n =r n'
so that we obtain, in the local basis( ;n):
!
0 0
r = 0 (2.21)

1+d

Finally, let v:! .4! R2 be a smooth enough vector-valued function; similar calculations based on
the previous formulas vyield:

r(vnyn=rvin n+t+rn'vn=rvn n; (2.22)
and
r(v. ) n=rvl n+r Tvn=rvn +r n v=rvn : (2.23)
Likewise,
— T T —
r(vn =(rnv+rvn) =rv n+1_'_d v o
and so:
rv n=r(v n) 1+ vV o (2.24)
Finally,
-, T T - - .
r¢v ) =r 'v +rv =rv +r Vv=rv 1+ g vV on;
which yields:
= + 2.25
A U (2.25)

Remark 2.7. Most of the above results actually extend to regions outside the tubular neighborhood
I .1 of . More precisely, the mappingsd and p turn out to be di erentiable on the whole set D n
(see again [42, 55, 66]) and all the formulas in this section hold true in there.

2.2.3. Formal proof of Theorem 2.1 when is a closed curve

We now describe how the asymptotic behavior of the potentialu-, solution to eq. (2.4), which has
been derived rigorously in [34, 74], can be inferred in a relatively simple manner from heuristic energy
considerations. Let us notice that, however formal, this argument can be made rigorous along the
lines of our previous work [54], but this goes beyond the scope of the present article. To simplify
the presentation, we assume throughout this section that the considered curve is closed; see the
discussion following Theorem 2.1 about this point.

Introducing the di erence r- := f(u- ug) 2 H 1D (D), we aim to prove that, as" ! O, r+ converges
to the function u; de ned in eq. (2.5). We proceed in three steps.

Step 1: We represent the error r-(x) at points x 2 D n in terms of the Green's function
N (x;y) and the values of r- inside ! .. To this end, a simple calculation reveals thatr- is the
unigue solution in H 1§ (D) to the following problem:

3 div(»rr)=2div 1,.(1 o)rup inD;
gr-- 0 on p;
- F =0 on @Dn p;

n

©)

0

®
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where - is denedineq. (2.4) and1, . isthe characteristic function of ! .- . The variational form of
this equation is:
4 1 Z
8v 2 HlD(D); orre rvdx = (1 o)fu rvdx (2.26)
D Lo
Let x 2 Dn be a xed point; it follows again from elliptic regularity that r- is smooth in a neigh-
borhood of x for " > 0 small enough. Using the de nition eq. (2.9) of the Green's functionN (x;y),

which holds in the sense of distributions, we obtain:
Z

r-(x) = DZolivy( oY)r yN(x;y))r-(y) dy;

o orr(y) ryNOGy)dy; (2.27)
z z
o W) ryNecy)dy+ G o)) ry) ryN(cy)dy:

In order to rewrite the rst integral in the above right-hand side, we wish to insert y 7! N(x;y) as test
function in the variational formulation eq. (2.26) for r-. Unfortunately, this is not directly possible
since N(x; ) is not a function in H 1D (D). More precisely, it follows from egs. (2.10) to (2.12) that

N (x;y) is in WL1(D) and that it belongs to H1(D nV), whereV is an arbitrary open neighborhood of
X. To achieve our purpose nonetheless, we argue as in [44]. sinc& , for a xed and small enough
", there exists an open neighborhood/ D of x such that:

I« b DnV;

and a sequence of functionsy 2 H 1D (D) satisfying:

1 . — . \7- ki 0 N 11 .
Vk 2H7 (D); w(y)= N(xy) fory2DnV; and vg(y) N (x;y) in WH*(D):

We may now usev = Vi in eg. (2.26) and take limits in the resulting expression because- is smooth

on V. This yields:
4 Z

o W r(y) ryNOey)dy = : G or ue(y) 1 yNOGy)dy;

combining this with eq. (2.27) nally results in:

z yA
1
rx)=a (1 oMruly) ryNeey)dy+ (1 o)(y)rr(y) ryN(xy)dy; (2.28)
which is the desired representation formula forr-(x).
Step 2: We identify the behavior of the rescaled error inside the inclusion set I . Thisis
the part where our derivation becomes formal. Let us introduce the mappingn- :! ., ! ! . de ned
by:
82! .1; m(Xx)=p X)+"d (xX)n(p (x)): (2.29)

Using the material in Section 2.2.2, the derivative ofm- reads, in the local basis( (x);n(x)) of R?:

149 () () g
r m-(x) = 1+d (8) (OO (2.30)

We now seek the limiting behavior of the rescaled erros- := r- m- inside the unit inclusion set! . 1;
this quantity will show up in the course of the third step below.

200



The topological ligament in shape optimization

To this end, applying the classical Lax Milgram theory to the variational problem eq. (2.26) allows

to characterizer- as the unique solution to the following minimization problem:
A

min  E-«(u); whereE-(u) = 1 Wjr uj? dx + } (1 o)rup rudx (2.31)
u2H1_(D) 2 p Ly

Our strategy now outlines as follows: we construct an equivalent minimization problem from eq. (2.31),

which involves both scales(r-; s+) of the problem. The minimized objective F-(u; v) depends on func-

tions u which are dened far from ! . and functions v de ned on the rescaled inclusion! . 1. We

then obtain information about the limiting behavior v of s+ from the intuition that it should minimize

the leading order terms ofF-(u;v) as" ! 0.

More precisely, we transform the integrals on! .- in eq. (2.31) into integrals posed over! .1 by
means of a change of variables via the mappingn-: the couple (r-;s") is then the solution to the
two-scale minimization problem:

(UI;’\T))IE]V" F«(u;Vv); (2.32)

where the spaceV- is de ned by:
(

Vo= (uv)2HL (D) HY .1); 82 ; v+ n()) = ulx+"n (x))

v(x nx)=ux "n(x)

and the two-scale energyF-(u;v) reads:

14 14
Fo(u;v) = = of ujZdx+ = (1 me)jdetr m+j(r m.r m. \)r v r vdx
2 pnrr 2 15
+% (1 o) m-)jdetr m«j(r ug) m- (r m. 'r v)dx:

(]

An elementary calculation based on eq. (2.30) yields:

Z Z " 2
ooy L .9 1+"d @v
Fe(u;v) = 2 o off uj“dx+ > !;1( 1 me) I+d  @n dx
n Z 2 Z
1+d @v @y @v
+ = m) — —  dx+ m-) — m- —dx
2!;1(1 ) 1+ Z@ !;1((1 0) ) @ @
1 1+"'d @y @Qv,
t !;l((l 0) m-) Trd @n m @ndx.
We now expect that the limiting behavior of (r-;s:) as" ! 0, which we denote by (u;Vv), should

minimize in priority the terms weighted by % in the above expression of-(u;Vv). In other terms, the
limiting behavior v of s is the solution to the problem:

Z 2
: ) _ 1 1 @v
van}EP;l)lﬁ(v)’ where B(v) := 5 !;1; 1 p) T+ d an dx
1 \
0 (C1 0 P) Ty %?1 p gndx: (2.33)

LI

Writing down the associated Euler Lagrange equation, we infer that, for any test function ' 2
Z Y4 '

1 @y @

|;1(1 p)1+d @r@ndx-kg;l((l 0 b) 1+d @]p
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We now extract information about the desired limit function v from this equation. Applying the coarea
formula of Proposition 2.6 and using test functions of the form

"(prtn(p)= (p) (); p2;t 2[ L1f
for arbitrary smooth functions 2C! ( )and 2C! ([ 1;1]), we obtain:

z z,

®» ® 3

gt VP tn(p) Wdt d(p)
1
z z

N @y ! -
(1) o) (Mg t)dt d'(p)=0:

As aresult, for any point p2 , the function ( 1;1) 3t 7! v(p+tn(p)) is a ne (i.e. di:g(v(p+ tn(p))) =
0), and §(v(p+ tn(p))) = S¥p+ tn(p)) is the real value given by the relation:

@ Do+ @)+ (1) o) 2P =0;
that is:

SlprmE)= (i@ o) G (2:34)

Note that we have not fully characterized the limiting function v for s+ inside ! . 1, but the above
information is all that will be needed for our purpose; see Remark 2.8 and Section 5.4 about this
point.

Step 3: We pass to the limit in the representation formula eq. (2.28). A change of variables
in eq. (2.28) based on the mappingn- immediately brings into play the rescaled function s-:
1Z
r(x)=< Jdetrmj(C 1 o) m)((ruo) m) ryNm-(y))dy
! -Zl
+ jdetr m-j(( 1 o) Mm)rm.Trs ryNxmM-(y)dy;
Iy
Z 1+
W(( 1 0) m-)((r ug) m-) r yN(x;m-(y))dy
(] |
Z H
@s@N 1+"d @s@N
+ m- "———(x;m- + — X; me dy:
EREI @ @, MO T Gnap M) o

Now using the Lebesgue dominated convergence theorem, together with the (formal) convergence of
s+ to the function v 2 H1(! . 1) partially characterized by eq. (2.34), we obtain:

z 1

!;1l+d

(1 0o PI(rug) p) ryNxp (y)dy

Z
1 N
+ .(1 0)p1+d gvrgp

ji!morn (x)=

(x;p (y))dy; (2.35)
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wherev 2 H1(! . ) is the limiting behavior of s+ derived in the course of the second step. Finally, it
follows from the coarea formula of Proposition 2.6 and eq. (2.34) that:

fim,r+(x)
10 7 7 . @ @N
=2 (1 o(Pruo(p) ryNx;p)d (P+ (1 o)p) @rgp+ tn(p)) dt —(x; p) d*(p);
Z Z
2 (1 O w® CNEREE 2 (1 o 1 2 %‘f](p)( xp)d'(0);
Z Z
o(p) @u

=2 (1 o)(p)f(P) (X pd(P+2  op)

which is the desired expressmn.

D) @n(p)f( .p) d"(p);

Remark 2.8. As we have mentioned, the limiting behaviorv of the rescaled errors- inside the unit
inclusion ! . 1 is not completely determined by our analysis; only the normal derivative eq. (2.34) is.
The main reason is that the near eld v depends on the far eld u, i.e. the limiting behavior of the
error r- far from , in an non trivial way. Actually, injecting the information eq. (2.34) back into the
two-scale minimization problem eq. (2.32) and arguing as in [54] (in particular, pursuing the strategy of
minimizing only leading order terms as" ! Q) would provide another minimization problem satis ed

by the far eld u, which is exactly that associated to the equation eq. (2.15) satis ed by the function
u; in the expansion eq. (2.5). As we shall see in Section 5.4, a completely di erent phenomenon occurs
in 3d, where the near eld function v can be explicitly characterized, independently of the far eld

u.

2.3. Asymptotic expansion of an observable involving the solution to the conductivity
equation

In this section, we investigate more precisely the asymptotic behavior of the quantity of interest] (")
denedin eq. (2.7) as" ! 0. Let us start with a preliminary lemma.

Lemma 2.9. The function J (") is di erentiablze at " =0 and its derivative reads:
J°%0) = jYuo)us dx; (2.36)
D

whereu; is de ned in eq. (2.5).

Proof. Let us rst deal with the di erentiability of J (") at " = 0; a simple use of Taylor's formula
yields:

" Z Zl "
N L T

The previous Theorem 2.1 shows the pointwise convergence of the sequence of functidtis“e. Now
invoking the growth condition eq. (2.8) together with the uniform integrability of the sequence of
functions supplied by Lemma B.1, the Vitali convergence theorem (see e.g. [36]) allows to pass to
the limit " ! 0 in the above expression. As a resultJ (") is di erentiable at " = 0, with derivative
eq. (2.36). ]

dt dx:

The formula supplied by Lemma 2.9 is unfortunately di cult to handle, since it involves the function
u;, which depends on either via the integral eq. (2.5) involving the Green's function N (x;y), or in
an implicit manner, via the solution u; to eq. (2.15) where plays the role of a parameter. This
di culty is classical in shape optimization, and in optimal control in general, and it can be overcome

203



C. Dapogny

thanks to the introduction of a suitable adjoint state, which allows to make explicit the dependence
of J9(0) on

Proposition 2.10.  The derivative J°(0) rewrites:

A
Ormy _ 0 @y@p @u@@
J(O)—ZZ o1 - @n@nd +2 (1 0) @ 237
= Mr up r pod;

where the polarization tensorM is that given in eqg. (2.6), and the adjoint state pg 2 H 1D (D) is the
unique solution to the equation:

8
3 div( or po))= jYuo) in D;
Po=0 on p; (2.38)
3 @p — —.
" 0@n =0 on @Dn p:

Proof. Injecting the integral representation eq. (2.5) for u; into the formula eq. (2.36) for J°(0), we
obtain: I
Z Z

3%0) = 5 i Quo)(x) 2( 1 0)(y)—(y)@y(x y)+2 fcl)( 1 0 (y)f(y) (X y) d(y)dx
z

@y , .
=2 (1 o)(y)f(y)f 5 div( or po)(X)N(x;y)dx d*(y)
VA o VA
+2 fl( 1 0) (y) (y) 5 div( or po)(X)N(x;y)dx d"(y);
where the second line follows from the Fubmi theorem and the rst line in the de nition eq. (2.38)

of Po-
On the other hand, using the de nition eq. (2.9) of the Green's function N (x;y), and its symmetry
with respect to its arguments, itiwlds, for an arbitrary point y 2

5 div( or po)(X)N (x;y)dx = po(y):

Hence, Z

Z
0/ — 0o @u@p ...
J°0)=2 (1 ) . —@n—@nd.

which is the desired formula eq. (2.37). [ |

@y @@d

Remark 2.11. Interestingly, eq. (2.37) can be derived from eq. (2.36) by using the system eq. (2.15)
for characterizing u,, instead of its integral representation eq. (2.5), at least when the curve is
closed. Indeed, under this assumption, injecting the de nition of the adjoint state py into eq. (2.36)
and integrating by parts, we ozbtain:

J00) = Drrcliv( of Po)us dx;

Z @ Z
= 0J4U1] d of Po r ugdx;
7 @ D
@y @p .
=2 1 2 =8FFy r r up dx:
0 . @n@n 5 ol Po 1
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Now using the variational formulation attached to eq. (2.15) (and sincepg 2 H 1D (D) H 1D (D n )),

we get:
g Z 4

of Up r ppdx =

@y
Z O@n
=2 (g (1 @%? bod

Combining both expressions, and using integration by parts on in the last integral of the above
right-hand side, we retrieve eq. (2.37).

pod’;

Remark 2.12. The particular form eq. (2.7) of functionals J (") considered in Proposition 2.10 is
only a means to set ideas, and multiple other functionals could be handled in exactly the same way,
such as integral quantities involving the trace of the perturbed potential u- on a xed region of @D
or stress-based criteria based on the gradientr u-.

With a little anticipation on Section 7, let us nally comment about the practical interest of this
result. The quantities ug and py only depend on the background con guration, and the structure
eq. (2.37) makes it easy to identify a curve making the derivative J°(0) negative, indicating that
a tubular inclusion with small enough width ", lled by a material with conductivity 1 improves
this background con guration, as measured in terms ofJ ("). This task is made even easier by the
straightforward reformulation of eq. (2.37):

Z

3%0) = P 1(x); 200)d(x);
where P(x; ; ) is the bivariate, homogeneous polynomial of degree two de ned fok 2  by:

P(X; 15 2)= 1(X) £+ 2(x) 12+ 3(X) %

with the explicit expressions of the coe cients:

_ @y @p 0o @y@p. _ 2 > @Qy@p 6 @uy@p
=2 SeFP 5, 1 o ZUIP = < S, FUEP
12201 gy T2 0 L @@ 2 't 9 Gyex’ @x@x
and
@y @p @y @p
=2, 1 2 =2=F4» =2=7.
$7e 0 s axax At Yg5ay

where the dependence with respect tx is omitted for brevity.

3. Thin tubular inhomogeneities in the context of the 2d linear elasticity system

In this section, we examine the e ect of thin tubular inhomogeneities inside a background elastic
medium. Up to an increased level of technicality, our analyses are very close in spirit to those conducted
in Section 2, in the context of the 2d conductivity equation. In order to emphasize the parallel between
both situations, we reuse the notations in there insofar as possible.

3.1. Presentation of the 2d linear elasticity setting and statement of the main results
3.1.1. The background and perturbed linearized elasticity systems

In the present context, the bounded and Lipschitz domainD  R? represents a structure which is
clamped on a subset p of its boundary @D traction loads g: n ! R? are applied on a disjoint
subset y of @D and body forcesf : D ! R2 are assumed. The structure is lled with an isotropic,

205



C. Dapogny

linearly elastic material with inhomogeneous, smooth Hooke's tensoA(x): for any elemente in the
set Sp(R) of symmetric 2 2 matrices,

Ao(x)e=2 o(x)e+ o(x)tr(e)l; (3.1)
where the Lamé coe cients ¢ and ¢ belong to Ct (D) and satisfy in addition:
8x 2 D; o(X) +; and o(X)+ o(x) +) (3.2)

for some positive constants0 < < 4.
The displacement eld ug 2 H 1D (D)? in the above situation is the unique solution to the system:

% div(Aoe(ug)) = f in D;

up=0 on p; (3.3)
2 Aoe(Uuo)n = g on n; '
" Aoe(ug)n =0 on@bn( p[ n);

where e(u) := %(r u+ r u'") is the strain tensor associated to a vector eldu: D ! RZ2. Throughout
the sequel, we assume smooth enough dafag; elliptic regularity then implies that the background
displacementug is smooth in the interior of D.

We now consider the situation where the mediumAg is perturbed by a thin tubular inclusion ! .«
of the form eq. (2.3), lled by another elastic material with smooth, inhomogeneous Hooke's law
A1(x), whose coecients 1; 1 2 C! (D) also satisfy eq. (3.2). The perturbed elastic displacement
u- 2 H' (D)? is then characterized by:

% div(A-e(u)) = f in D;

( . _

u-=0 i on D,. where A+ (x) = Ai(x) ifx2 !_ . (3.4)
EAue(u")n =g on n; Ao(x) otherwise
" Are(u)n =0 on@Dn( p[ n);

3.1.2. The Green's function of the linear elasticity system

Like in Section 2, our goal is to obtain an asymptotic expansion for the perturbed displacement eld
u- (and a related quantity of interest) of the form:

U = Uo+ "ug +0(");

where the rst-order term u; has yet to be identi ed. The precise statement of the result involves,
again, the Green's functionN (x;y) of the background operator in eq. (3.3). Here N (X;y) is de ned
forx 6 y2 D asa2 2matrix;for x 2 D andj =1;2, its j! column vectory 7! Nj (x;y) is the
solution to: 8
3 divy(Ao(y)ey(Nj (X;¥))) = y=x j inD;

Ao(Y)ey(Nj(x;y))n =0 on @Dn p; (3.5)
“Nj(x;y)=0 on p;
where | is the " coordinate vector of R2.

The Green's function N (x;y) is naturally related to the (modi ed) fundamental solution of the
linearized elasticity operator in the free space the so-called Kelvin matrix j (x;y), given by:

(x) , (xX) (X yi)(Xj ).

i (Xy) = > logix yj jj > X P2 . x6y2R?% i =1;2
where 1 1 1 1 1 1
=3 70+ ST and =3 o 3.+ g (3.6)
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see [19, 70, 84] for properties of this matrix. More precisely, it holds

N(y)= ( xy)+ R(Xy);
where the remainder R(x;y) is smooth enough it satises eq. (2.12), as in the case of the 2d
conductivity equation.

Again, the structure of the sought expansion of the perturbed displacementu- (see Theorem 3.2
below) builds upon the layer potential operators associated to the base curve. In this context,
we introduce the (vector-valued) single layer potential S ' associated to a (vector-valued) density
function ' 2 C%( )2 (0<I< 1): .

8x2Dn; S'(x)= N(xy) (y)ds(y);

and the double layer potentialD ' of ' is: .
8x2Dn; D" (x)= (Acey(N(xy))n(y))" (y)ds(y):
In the above formula, (Agey(N (x;y))n(y)) is by de nition the 2 2 matrix where the conormal
derivative operator Agey( )n is applied row-wise. Explicitly, using Cartesian coordinates:
0

1

Z ¥ ane xd | .
. @Nhi . @Nhi @M, :

D' m= @ @y (xy) ' n+ Y (xy)+ @V’ (Gy) ni' A ds@);

see [19] about these matters.

The jump relations for the single- and double-layer potentials read, in the present context:
[S']1=0; [Aee(S')n]=" [D']= " and [Aee(D ')n]=0 on : (3.7)

Remark 3.1. Again, the above considerations extend to the three-dimensional case, up to the di erent
de nition of the Kelvin matrix:

x) 1 (x) (xi yi(x )

§ (6y) = 4 jx vy 4 ix yj® B has
where and  are still given by eq. (3.6).
3.1.3. Statement of the asymptotic expansion of the displacement:
The asymptotic behavior of the displacementu- as the thickness" of the ligament ! .« vanishes is

described in the following theorem, whose rigorous proof can be found in [33].

Theorem 3.2. For an arbitrary point x 2 D n , the foIIoZWing asymptotic expansion holds:
u(x) = uo(x) + "uz(x) +o("); whereuy(x)= M (y)e(uo) : &y(N(x;y))d (y); (3.8)

and the o(") is uniform when x is con ned to a compact subsetK D n . The polarization tensor
M (y) reads, for any symmetric2 2 matrix e 2 S,(R):

M(y)e= tt(el+ t(y)e+ t(y)e ) + t(y)(en n)n n;
where the coecients 1; 7; 7 and T are given by:

_ 0t2 o, _ 0.
1=2( 1 0)714_2 o T=4( 1 0)*1,
and 5 )
1+2 1 0 0 10 01
=4 P — — =4 - - =
T=4( 1 o) 72 . LT (1 0)1(1+21)
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One comment is in order about the notation employed in eq. (3.8):M (y)e(uo) : ey(N(x;y)) is the
vector eld with components:

(M (y)e(uo) - (N (x;y))); = M (y)e(uo) : &y(Nj(x;y)); | =1;2

i.e. the j™ component of M (y)e(uo) : ey(N(x;y)) is the Frobenius inner product between the strain
tensors ofug and the | column of the Green's function.

Equivalently, using the jump relations eq. (3.7) for the single and double layer potential operators,
the rst-order term u; in the above expansion can be seen as the solution to the system:

8
div(Ape(uy)) =0 inDn;

up =0 on p;
Aoe(u))n =0 on @Dn p;
uu ]= 41 -2 eUo)n(X) on ; (3.9)
[ur nl= 21 592 eU)(X)mn 2 -+ ) (x) on;
[Ace(un)n] = 293x) on ;

“ [Ape(u)n] n=2 a(x) on ;

where the scalar elda: ! R is dened by:

_ 1 ot 1 01 10 01 10 .

Again, this solution is variational and it belongs to the space HlD (D n )2 when is a closed
curve; when is open, the functional setting is a little more involved, and similar to that outlined in
Section 2.2.1 in the case of the conductivity equation. We do not elaborate on these issues, since they
are not needed in the sequel.

3.2. Formal derivation of the asymptotic expansion of u- when is a closed curve

In this section, we show how the asymptotic expansion eq. (3.8), which was rigorously established
in [33], can be derived from a simple adaptation of the heuristic energy argument exposed in Sec-
tion 2.2.3. Still under the assumption that is closed, we follow the same trail as in there, and for
this reason, we only sketch the calculation.

Let us introduce the dierence r- := (u» Up) 2 H™_(D)?, which is the solution to the following
variational problem:

Z 1 z
sv2 H! (D)% A-e(r+):e(v)dx = = (A1 Ag)e(ug) : e(v) dx: (3.10)
D |

Equivalently, r- is the unique solution to the minimization problem:

Z lZ
A-e(u): e(u)dx + — (A1 Ag)e(ug) : e(u)dx: (3.11)
D I

NI =

min  E-(u); whereE-(u):=
uzH?® (D)2

Like in Section 2.2.3, we proceed in three steps.
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Step 1. We establish a representation formula for the error r«(x) at points x 2 D n
in terms of the Green's function N(x;y) in eq. (3.5) and the values of r- inside ! ». A
calculation analogous to eq. (2.28) yields, for either componengt = 1;2 of the error r«(x):

Z

re (X) = DzdiVy(AO(Y)e\/(Nj(X;y))) r-(y) dy;

o Aoe(r)(y) - &/(Nj (xy)) dy;

Z z

S A E(r)(y) - & (N; Oy dy + - (Ar Ao)(y)e(r)(y) - &/(Nj (x;y)) dy:

Now repeating the argument used in the rst step of our derivation in Section 2.2.3, we may insert
y 7! Nj(x;y) as test function in the variational formulation eq. (3.10) for r-. The rst integral in the
above right-hand side then rewrites:

z z

5 A-(y)e(r)(y) - &(Nj(xy)) dy = } - (A Ao)(Y)e(uo)(y) - &(Nj(xy)) dy;

and so:
Z
SR (A Ao)(Y)e(uo)(y) : ey(Nj(x;y))) dy
» )
o (Ar Ag)(y)e(r-)(y) : ey(Nj(xy)) dy; (3.12)

which is the desired representation formula.

Step 2: We examine the limiting behavior of the rescaled error S :=r« m-inside ! ». To
this end, we construct an equivalent two-scale minimization counterpart for the problem eq. (3.15),
satis ed by the couple (r-;s"), thanks to a rescaling via the mappingm- in egs. (2.29) and (2.30); we
then simplify the involved energy functional by retaining only the leading order terms as” ! 0.

Before we do so, let us recall the following elementary fact from calculus: if : V !'U is a smooth
di eomorphism between two open setsV;U R?andu:U ! R?is a smooth vector eld, then

e(u) '=% ru "y t+r Tr@ )T ;and(@divu) " o=tr(r(u )t b

Hence, a change of variables yields, for an arbitrary vector eldu 2 H 1D (D)?:
Z
Aze(u) : e(u) dx
'z 1 1
= jdetr m+j 2 45 1 vr m. Yvrma Trvt 5 rvem Yvrma Trvt o+ qtr(rovre meh)2 dx;
[T

where we have denotedr = u m-. After some calculation, this rewrites:

Z z " 2

. _ L,1+"d 1+d 1 2

g Aje(u) : e(u)dx = !A12 T g 1+d (rv )+ ;5(rvn n)
' !

+7}rvn +71+OI rv nzdx
2 n 1+Ild
z " 2
1+"d 1+d 1
+ 1" rv + -rvn n dx: (3.13)

p, P 1+d  1+d
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By the same token, we also get:

Z
| (A1 Ao)e(uo) : e(u) dx
Tz
L1+7d 1+d '
) !;12(1 ) T4 1+g (Fuo m)  )(rv ) dx
z 1+"'d 1
" 2(1 0" «+((rup m)n n)(rvn n) dx
Z!;l 1+d
.1+ 1 1+d
¥ !_le( 1 0" g (BU)n m)(Grvn 4 et von) dx
+ ( )u&((divu) m-) i+d o Ll n (3.14)
' ' o 1+4d 0 1+'d T : .

Collecting egs. (3.13) and (3.14), the couplgr-;s-) is the solution to the following two-scale mini-
mization problem:

min F-(u;v); whereF-(u;v) = %F..l(u;v)+ F2(u;v); (3.15)
(u;v)2Ve
and we have denoted
Z
1 1+"d
() = 2 2
F" (U,V) = é - W (2 1+ 1)([’ vn n) + 1([‘ vn ) dX
| z 1+"d
+ 2( 1 00— (((r up m-)n n)(r vn n)) dx
Log 1+d
z 1+"d
+ 201 o)y (eu)n m)(rvn )dx
Lo +d
| z 1+"d .
+ (1 0)———((div ug) m-)(r vn n)dx: (3.16)
[ 1+d
The quantity F2(u;v) in eq. (3.15) is made of terms whose coe cients are of ordeO(1) as" ! 0,

and its explicit ?xpression is not needed in the following. The functional spacé/- is de ned by:

u(x + "n(x)) = v(x + n(x))

u(x  "n(x))= v(x n(x))

We now obtain information about the limiting behavior v 2 H(! . 1)? of s by relying on the intuition

that v should minimize the leading order terms in the formulation eq. (3.15), so that it actually solves
the problem:

Vo= (uv)2HY (D)? HY(11)?% 8x2 ;

z

T E(V); whereB(v) ;:% !.11+1d G e Dun e wrvn ) dx
* Z! LA 0)1+1d ((ruo p)n n)(r vn n)dx
+ Z! 2(a 0)1+ld (e(Uo) n P )(rvn )dx
+ 2! _1( 1 0)1+1d (divup) p)(rvn n)dx: (3.17)

As in Section 2.2.3, we extract the information needed for our purpose abouv by writing down the
Euler Lagrange equations for eq. (3.17).
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Using at rst test functions of the form

8p2 ;t 2( L1); "(pttn(p)= (1) (p) (p);
where 2 C!( )and 2 C!( 1;1]) are arbitrary, and the coarea formula of Proposition 2.6, we
obtain:
Z Zy g4 z zZ,
1 1&“" Jp+ tn(E)z)dt d'(p)+ 2(1  0)&Uo)n 1Zo(t) dt d'(p)=0:

Here, we recall from egs. (2.22) to (2.25) that for a su ciently smooth vector-valued function v : R? !
R2, it holds:

rvn n=r (v n) nandrvn =r (v ) n (3.18)
Taking now  with compact support in ( 1;1), we see at once thatt 7! (v )(p+ tn(p)) is an ane
function. Using then arbitrary functions 2 C! ([ 1;1]), it follows that:

(D) G NP+ mEN+2( 1 o)) n =0;
and so: @
afv dprme)= 21 = e(u)n () (3.19)
1

Now writing down the Euler Lagrange equation for eq. (3.17) with test functions ' 2 H(! . 1)? of
the form

8p2 ;t 2( L1); '"(p+tn(p)= (1) (P)n(p);

1

we obtain similarly:
Sv mpr @)= EDeim 5t (W) +eum) B (320

which is the needed information for our purpose.

Step 3: We pass to the limit in the representation formula eq. (3.12). Using again a change
of variableszvia the mappingm- in eq. (3.12), we obtain:

% ' jdetr m-j((A1 Ao) m-)(e(ug) m-):(ey(N;)(x;m-(y)))dy
L

+ jdetr m\j(2( 1 o) m-) % rsrmi+rmTrs T o (g(N))(x;m-(y)dy
z "

+ jdetr m«j(( 1 o) me)tr(r sor ma ) (divy Nj)(x;m=(y)) dy

o

rej (X)

e 1243

with obvious notations.

A simple calculation based on eq. (2.30) now yields:

5 1+ . . .
= g (A Ag m (o) m): (6N me(v) dy;

and so, taking limits ar%d using the coarea formula of Proposition 2.6:

i (AL A9 p) () )i (8NP () dy;
"

=2 (A1 Ao)e(uo) : &y(Nj(x;p))d (p):

Note that, in the above integrand, as often in the following, we omit the mention to the integration
point p when the latter is obvious, to keep expressions simple insofar as possible.

lim 1+ =
"0
(3.21)
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Likewise, it comes:

Z
12 = 21 o) met(rs ) (ey(NDOGMe(Y) )
vors e 229 e (&y(N))(x;m=(y)) n)
1+d A |
1+"d

+ S sn m(g(N)Gm-()n n) dy;

so that, using again eq. (3.18) and the convergence - to the function v satisfying egs. (3.19)
and (3.20) identi ed during the second step, we obtain:

2(11+do)p S MNP B W+ v (NP ()N n) dy

z
=2 21 o) oy NGMiP) M+ (v NN I n) dE) (3.22)

Finally, by the same token,
Z

lim 12 =
"0

3 _ . 1+"d . ) .
|2 = . (1 o) m- "r s + Wr snn (d|Vy(Nj)(Xam"(y)))dy!
and so: | 7 @
m1i= _1(11+g)'°@rgv n)(divy (NS P (1) dy;

o (3.23)
=2 (1 o)(p)@rgv n)(divy(Nj (x;p))) d " (p)

Putting egs. (3.21) to (3.23) together, and using the explicit expressions egs. (3.19) and (3.20) for the
derivatives @@n(v ) and @@n(v n), a simple, albeit tedious calculation yields the desired asymptotic
expansion eg. (3.8).

3.3. Derivative of a quantity of interest depending on the perturbed displacement Un

In this section, we use the asymptotic expansion ofi- obtained in Theorem 3.2 to appraise the limiting

behavior of a function J (") of the form: .

J (M= S j (ur) dx;

wherej : R?! R is a given smooth function, satisfying the growth conditions eq. (2.8).
The result of interest is the next proposition; we omit the proof, since the arguments developed in
Section 2.3 in the context of the 2d conductivity equation can be applied in an analogous way.

Propositiozn 3.3.  The function J (") is dierentiable at 0, and its derivative reads:

J%0)= M e(po) : e(uo) d’;
z

2 .
= o411 ot 1) 2001t 10+2 o( 1 o) &po) &uo) d
A _ (3.24)
+ 220+ o) 2.+ . e(Po) €(Uo)nn *+ €(Po)mn€(Uo)  d
Z Z
2 o+ .
+ 801 — epo)n eUo)y ds+ 22 0+ o) 1 5 — e(Po)me(Uo)m o
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where M is the polarization tensor de ned in the statement of Theorem 3.2, and the adjoint statgyg
is the unigue solution inH*_ (D)? to the system:
8

3 div(Aoe(po)) = jYuo) in D;
po=0 on p; (3.25)
“ Aoe(po)n =0 on @Dn p:
As in the conductivity case detailed in Section 2.3, the derivative eq. (3.24) can be rewritten in a
way which is easier to exploit in the cont%xt of shape and topology optimization:
3%0) = P 1(x); 2) d(x);
where, for a given pointx, P(x; ; ) is the homogeneous polynomial of degreé given by:
POG 15 2)= 100 £+ 200 £ 2+ 300 £ 3+ a(x) 13+ s(x) 3

Using the shortcutse e(ug) andf  e(pg) (in which the dependence with respect to the pointx is
also omitted for brevity), the coecients ,i=1;:::;5read:

1= 1enf1r+  o(exnf1r+ ennfo)+ zef12+  s€20f 205

2=2 q(enfio+ eppfi)+2 2 efin  enfio+ enfio+ eppfl))
+ 3(en(for fr1)+ fio(en  e11)) 2 a(exnfi2+ enfor);

3= 1(eufoo+4epfin+ enfi1) +2 o(ewafir+ enfrn  4erofi))
+ 3( 2eppfiot(exn en)(fae f11)+  a(ennfor+ exnfi1+4enfio);

4=2 1(exfor+ exnfip) +2 o(enfio+ enfin  efar  exfid)
3(era(faz f11)+ fro(e2  e11)) 2 slenrfiz+ ernfin);
and
5= 1€xnfoo+ o(enafoo+ exnfi1)+ sepfio+  se11fis:
In the above, we have de ned:

2
1=5——41(1 ot 1) 2001+t 10+*2 0(1 0
21+ 1
2=2(2 o+ o) =——2% ; 3=84 1 -2 and 4=202 o+ o 1 20* o
2 1+ 1 1 21+ 1

4. Asymptotic expansions in the context of diametrically small inclusions

As we shall see in more detail from the next Section 5, our mathematical treatment of three-dimensional
tubular inclusions ! .+ (the three-dimensional version of eq. (2.3)) somehow boils down to that of a
two-dimensional diametrically small inclusion, of the form eq. (1.13), a situation which has been
extensively studied in the literature, see notably [19, 45, 74, 91]. We shall indeed see that, roughly
speaking, the situation of a 3d tubular inhomogeneity amounts to that of a 2d diametrically small
inhomogeneity inside each 2d normal plane to the base curve. For this reason, we temporarily pause
our discussion about tubular inhomogeneities to exemplify how our formal energy argument allows
to retrieve the well-known asymptotic expansion formula for the eld u- when the ambient medium
bears a diametrically small inclusion. We focus on the physical context of the conductivity equation
in Sections 4.1 to 4.3 and we handle simultaneously the cases where the space dimension equals 2 and
3. The corresponding derivation in the linear elasticity setting entails no additional di culty, except
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that it is a little more involved as far as calculations are concerned. For this reason, we simply state
the results of interest in Section 4.4.

4.1. Diametrically small inclusions in the context of the conductivity equation

The physical setting of interest is exactly that of Section 2.1: the bounded and Lipschitz domairD is
lled by a material with smooth conductivity ¢ satisfying eq. (2.1), a smooth source ternf :D ! R
is acting inside the medium, and a smooth heat uxg is imposed on the region y @D the voltage
potential ug inside D is the unique solution in H 1D (D) to the equation:

8
% div( or ug)=f in D;

up=0 on p;
@u — . 4.1)
g2 ogn-9 on n;
- 088 =0 on@Dn( o[ n):
Assuming that 0 2 D for simplicity, a small inclusion ! - := "I b D is present insideD, shaped from

a smooth bounded domain!  RY, and lled by a material with smooth, inhomogeneous conductivity
1 which also fullls eq. (2.1). In this context, the perturbed potential u- is the solution in H 1D (D)
to the equation:

8
% div( »ru)=f inD
u-=0 on X) ifx2!.;
@u D where «(x) = 1(x) .
oan=9 on n; o(x) otherwise.
oG = on@Dn( o[ n);

As we shall see, the main di erence between the present situation and that tackled in Section 2 is
that the near eld, i.e. the rescaled behavior of u- near! -, no longer depends on the far eld,
away from ! «. This near eld is a well-de ned function, characterized as the solution to a partial
di erential equation posed on the whole ambient spaceRY.

The adapted mathematical setting to deal with such exterior problems depends on the space
dimension, and we intr(oduce the weighted spaces )

(4.2)

. 1
Wt YR = u2L2.(RY; u2L?%R?; ru2L*R? ;
T @+ ixi2)d log(2 + xj2)
and ( . )
W YR = u2L2(R%; ———u2L?3R%; ru2L3R®
1+ jxj?)?

Let us emphasize that functionsu 2 W% 1(R3) vanish at in nity, while functions u2 W% (R?) do
not in general, since the latter space contains constant functions. To harmonize notations, we introduce
the space (

wt YR?=R ifd=2;
wt L(R3) if d=3;
of functions in W1 1(RY) vanishing at in nity; see [90, Y2.5] for further details about these issues.

Wy H(RY) :=

4.2. Asymptotic expansion of the perturbed potential ur
As we have mentioned, the asymptotic behavior ofu- as " ! 0 in the context of diametrically
small inhomogeneities! - = "! has been extensively studied in the literature, either by variational

considerations or by layer potential techniques; see for instance [45, 74, 91] or [19, Ch. 5]. Our purpose
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in this section is to sketch how the formal technique exposed in Section 2.2.3 may be adapted to deal
with this situation. The result of interest is the following theorem:

Theorem 4.1. For any point x 2 D nf0g, the following expansion holds:
u-(x) = up(x) + "u(x) +o("9); whereus(x) := Mr ug(0) r yN(x; 0); (4.3)
and N (x;y) is the Green's function of the background equation eq4.1); see Section 2.2.1. In eq(4.3),

y4
8 2R% M =( 1(0) 0(0) O () dys (4.4)
where for any 2 RY, is the unique solution in WOL l(RO') to the exterior problem:
g =0 in! [ (R¢nt);
L 00 0% = (o© 10) n e (45)
(it o wheny !'1
Formal derivation of eq. (4.3). We aim to analyze the limiting behavior of the remainder r- :=

L(u ug) 2 H 1D (D) far from the point 0. Our starting point is again the observation that r- is
the unique solution to the following variational problem:

4 4
1
8v 2 HlD(D); 5 rrervdx = o !"( 1 o) Up r vdx; (4.6)
or equivalently to the minimization problem:
14 17
min  E-(u); whereE-(u) := = «jr uj? dx + g (1 o)rug rudx: 4.7)
uzH' (D) 2 p I

According to the formal method presented in Sections 2 and 3, we proceed in three steps.

Step 1: We represent the error r-(x) at a given point x 2 D nf0Og in terms of the values
of r- inside !-. Arguing exactly as in Section 2.2.3 that is, using the Green's functionN (x;y) in
eg. (2.9) for the background equation eq. (4.1), integrating by parts, and injecting y 7! N(x;y) as
test function in the formulation eq. (4.6) to transform the resulting expression we obtain:
zZ z
1

)=, (1 oMruly) ryNOGy)dy+ (1 o)Wr r(y) ryN(y)dy:  (4.8)
Step 2: We study a rescaled version of r- near the inclusion set !.. To this end, let us
introduce the rescaled errors: 2 H1 . (D), de ned by:

si(z)= "9 r.("z) = %(u" uo)("z); a.e.z2 %D;

a quantity which will appear naturally in the course of the third step. The convergence ofs- as" ! 0is
the subject of the next lemma, which is exactly Theorem 1 in [45]; we postpone the formal justi cation
of this formula thanks to our heuristic energy argument to the end of the proof of Theorem 4.1.

Lemma 4.2. The following expansion holds:

kr (s+ V)K 2(1p) c"z;
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wherev(y) 2 Wol; 1(Rd) is the unique solution to the exterior problem:
8

g v=0 in1 [ (R¢nt);
o0ZL 10095 = (00 1(0)r uo(0) n(y) on @ (4.9)
Civy)it 0 asjyj!1

Remark 4.3.

It follows from the theory of exterior problems that eq. (4.9) has a unigue solution inwol; l(RO');
see [90, Y2.5.4]. Without entering into details, let us solely mention that wherd = 2, this fact
holds true because the compatibility condition

4
o uo(0) n(y)ds(y) =0
is obviously satis ed by the right-hand side of the transmission conditions on@!in eq. (4.9).

The function v(y) in eq. (4.9) is exactly the function , ) de ned in eq. (4.5).

Step 3: We pass to the limit in the representation formula eq. (4.8). A change of variables
in eq. (4.8) brings into play the function s-:
z z

H00= (1 (A u(2) TN dzr (1 o2 $(2) T yN(x"2) dz:

Then, applying Lemma 4.2 yields:
Y4

Imr(x)="(10)  oO)(r uo(0) + r v(2)) r yN(x;0)dz;

which is the expected formula eq. (4.3), in view of eq. (4.4). [ |

We eventually provide the missing link in the previous argument.

Formal proof of Lemma 4.2. Using a change of variables in eq. (4.7), the functiors: (z) = "9 r.("z)
is the unique minimizer in Hi . (+D) of the energy functional de ned by:

z Z z !

o("2)jr vj?dz + 1("2)jr vi?dz+ (1 o)("z)r up("z) r vdz
|

=

E(v)=

NI =

2 ipnr !

Removing the multiplicative factor, retaining only the leading-order terms in E-(v), and replacing
the function space H? . (D) by Wol; 1(Rd), we expect that s« converges to the solution of the

approximate minimization problem:

min  E(v);
v2wg' 1(RY)
lZ 1Z Z
where E(v):= = o(Q)jr vj?dz+ = 1(0)jr vj?dz+ ( 1(0)  o(0)r up(0) r vdz:
2 Rinr 2 !

Writing down the Euler Lagrange equation associated to this minimization problem, it is easy to see
that its unique solution is the function v(y) de ned by eq. (4.9), which is the desired conclusion. m
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4.3. Asymptotic expansion of a quantity of interest involving u- and nal comments

Again, the result of Theorem 4.1 allows to calculate the derivative of a functionJ, (") depending on
the size" of the inclusion via the perturbed potezntial u-, say:

i (") = DJ'(U")dX;

wherej : R! R is a smooth function, satisfying the growth conditions eq. (2.8). Since the proof is
completely analogous to those of Proposition 2.10 and Proposition 3.3, we state the following result
without proof.

Proposition 4.4. The function J, (") has the following expansion at = 0:
31 ()= 31 (0)+ "NIP(0) +0("; (4.10)
where the derivative J°(0) reads:
J2(0) = Mr uo(0) r po(0):

Here, M is the polarization tensor de ned by eq.(4.4), and the adjoint state pg is the unique solution
in H1 (D) to:
D

8
3 div( or po))= jYuo) in D;

Po =0 on p;
2 @p —.
" 0@n- 0 on @Dn p:
Remark 4.5. Whend=2 and! is the unit disk, one hasj! j = , and a simple calculation based on
separation of variables yields, for an ar%itrary vector 2 RY:

W=, o o |
T 1(0)# otherwise
Then, the polarization tensor M is the isotropic matrix:
0)  0(0)
M =2 o0)-1~—22; 4.11
O 0+ o0 @4

and so, eg. (4.10) reads:
1(0)  0(0)
1(0) + 0(0)

which is a well-known topological derivative formula in the context of the two-phase conductivity
equation; see e.g. [25].

I ()= 3 (0)+ "2 o0) r Uo(0) r po(0) +o("%;

4.4. Extension to the linear elasticity case

The above calculations and conclusions are readily adapted to the case where the scalar conductivity
equation eq. (4.1) is replaced by thed-dimensional linear elasticity system eq. (3.3). Along the lines
of the previous pages, it can indeed be proved that the following asymptotic expansion holds for the
perturbed displacementu-:

U~ (X) = Ugj (x) + "Yug; (x) +0o("%); whereug;(x):= M e(ug)(0) : &(Nj(x;0)); j=1;:::;d:

The polarization tensor M is de ned by:
4

8 2S(RY); M =(A1(0) Ao(0) j'j + e )2)dz ;
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N (x;y) is the Green's function of the background linear elasticity problem in eq. (3.3) (see Remark 3.1)
and is now the unique solution in Wol; 1(Fed)d to the exterior problem:

: div(Ao(0)e( ))=0 in RAnT
% div(A;(0)e( ))=0 in 1
* = on @! (4.12)
ZAcO )" ALO) )n =(Ai0) AqO)n on@!
SR asjyj ! 1

This polarization tensor M can be calculated explicitly whend =2 and! is the unit disk:
8e2S(RY; Me= str(e)l+ g€
see [19, Y10.3] or [20]. In the above formula,

(o0+2 o)( 1+ 1 (ot o) 20o(1 0 0*2 o)

s” ot 1+ 1 1(o0+3 o)+ ol o+ o)
+2 o)1 o)
and =4 ol 0 0 - (4.13
S=4 ot 0F (o3 9 41
and we have denoted i(0), i i (0) for short.

5. Asymptotic expansion of the solution to the conductivity equation in 3d under
perturbations by thin tubular inhomogeneities

In this section, we begin our investigations about thin tubular inclusions in 3d. The bounded, Lips-
chitz domain D  R3is lled by a material with smooth conductivity  o(x), ful lling the ellipticity
assumption eqg. (2.1), and the potential ug is the unique solution in HlD (D) to the background
conductivity equation:

8
% div( or ug)=f inD;
up=0 on p;
(5.1)
3 0Gh=0 on ni
08 =0 on@Dn( o[ n);

where the homogeneous Dirichlet boundary conditions are imposed on the regionp @D and
f:D! Randg: N ! R are respectively a smooth source and a smooth ux entering through the
region Ny  @Dwhich is disjoint from p.

The constituent material o in D is perturbed by an inhomogeneity
n 0
v = x2R% d(x; )<" b D;
taking the shape of a thin tube with width " around a smooth, simple curve :[0;°]! RS, which
may be open or closed. The inclusiont .~ contains a material with smooth conductivity 1(x) which
also satis es eq. (2.1), so that the perturbed voltage potentialu- is the unique solution in H 1D (D) to
the foIIowing equation:

% div( - =f inD;
»=0 on p; 1(x) ifx21 .
where -(x) = 5.2
3 o%z g on n; (x) o(x) otherwise (5:2)
0%20 on@Dn( p[ n);
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We are interested in the asymptotic expansion ofu- as™ vanishes. As we have mentioned, to the
best of our knowledge, this is still an open question in the literature, although the particular instance
where is a straight line segment (and not a general curve) has been treated in [32]. In the next
sections, we apply our heuristic energy argument to calculate the asymptotic expansion of interest. As
in Sections 2 and 3, our presentation is simpli ed in the case where is closed, which we shall assume
throughout this section, unless stated otherwise. We are con dent that the very same asymptotic
formula holds when is open (and we shall actually use this formula in this context in the numerical
examples of Section 7), since we expect the endpoints ofto contribute only to higher-order terms in
the expansion ofu-.

We initiate our study by recalling in Section 5.1 a few useful properties about the (unsigned) distance
function to , before turning in Sections 5.2 and 5.3 to the derivation of the sought asymptotic
expansions ofu- and related quantities of interest. We close this study with a few comparisons between
the two- and three-dimensional behaviors of tubular inhomogeneities in Section 5.4.

5.1. The unsigned distance function to a three-dimensional closed curve

In this section, we collect some facts about the unsigned distance function to a closed curve in 3d;
although these are admittedly not new, they are not so easily found under this form in the literature.
Throughout this section, :[0;°]! R3is a smooth, closed simple curve. Recall that, without loss of
generality, is assumed to be parametrized by arc length, that isj {s)j=1 for all s2 (0;").

De nition 5.1.

The unsigned distance function to is de ned by:
8x 2 R; (x) = iynzf Xy (5.3)

The skeleton of is the set of pointsx 2 R® for which the minimum in eq. (5.3) is achieved
at least at two distinct points y; 6 y, 2

When x 2 , the unique minimizer in eq. (5.3), denoted byp (x), is called the projection of x
onto

The skeleton admits the following alternative characterization:

Proposition 5.2. The skeleton is exactly the set of pointsx 2 D where 2 fails to be di erentiable.
Since is a Lipschitz function, Rademacher's theorem implies that has null Lebesgue measure.
Actually, the smoothness of implies that the closure also hasO Lebesgue measure.

See [55] for a proof of the rst part of the proposition, and [58] about Rademacher's theorem. The
nal point is delicate, and it is the only one in this statement which requires the smoothness of ;
see [82].

Let us introduce a few additional objects attached to a pointp= (sg) 2 ; see Figure 5.1 for an
illustration:

(p) = Uso) is the unit tangent vector to  at p, with the orientation induced by the
parametrization s 7! (s).
a(p) ;= sp) is the acceleration vector of at p.
N = 22 R3; z (p)=0 is the (vector) plane of directions in R® which are orthogonal
to (p).
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P (p) N (p contains those directionsz 2 N (, such that p+ z has p as unique projection
point: n o
Pm:= z2N @ p(p+t2)=p:
n 0
B (p;r):= B(p;r)\ p+2z;22N (p is the two-dimensional ball with center p and radius
r in the (ane) plane p+ N (.

The next result of interest for our purpose is concerned with the smoothness of and p near the
curve . Itis based on an argument using local charts, and a use of the implicit function theorem; see
in [14, Thm. 3.1] or [13].

Theorem 5.3. There exists"y > 0 such that, forO<" <" o,
the squared distance function 2 is of classC' on the tubular neighborhood - .

The projectionp :! .« ! is well-de ned and of classC! .

For every point p 2 , one hasB (p;") P (p), that is, for any z 2 N () with jzj ,
p(p+z)=p.

For convenience, and without loss of generality, we assume in the following thaty > 1 can be
chosen in the above statement. Like in the case of the signed distance function in 2d discussed in
Section 2.2.2, the squared distance function ? and the projection p happen to be smooth on the
whole setD n ; see again [42, 55, 66]. These facts allow, in particular, to de ne extensions of the
tangent vector and the acceleration vectora from to the neighborhood! . ; (and actually D n ):

8x21.1;  (x) (p(x); and a(x) a(p (x);
a convention that we adopt throughout the following.
In the forthcoming sections, we shall need the expressions of the derivatives of and p . Our rst
step toward this goal is the following simple consequence of the rst- and second-order optimality
conditions for eq. (5.3):

Lemma 5.4. Letx2 R®n andp2 be its projection p (x) onto ; then:

(i) The vector (x p) is normal to at p:
(P (x p)=0:
(i) The following inequality holds:
1 ap) (x p O

Proof. Let sp 2 [0;7) be the parameter value such thatp = (sp); by de nition, and since the curve
is closed (and so, :[0;"]! R3 can equivalently thought of as an’-periodic mapping :R! RS3),
sp is the unique solution to:

in j j2: 4
Sg}g!)Jx (9)] (5.4)

The rst-order necessary condition for optimality then reads:
Ys0) (x  (s0))=0;
which is exactly (i).
In a similar fashion, the necessary second-order optimality condition for eq. (5.4) at = sg reads:

%so) (x  (so)) | Uso)i® O

after rearrangement, this yields (ii). [ ]
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Let us now proceed with the calculation of the gradient of

Lemma 5.5. Let "> 0be as in Theorem 5.3,x be a pointinR3n(" [ ), and p= p (x); then, the
gradientr  (x) reads:
X P,

(x)

ro(x)=

Proof. Thisis a simple consequence of the theorem of di erentiation of a minimum value with respect
to a parameter, see [55, Ch. 10, Thm. 2.1]. [ ]

By analogy with the two-dimensional situation of Section 2.2.2, the unit vector eld * p(x()x), de ned

onR®n(" [ ), pointing from to x, is denoted by n(x); as a consequence of the de nition and

Lemma 5.5, it holds:

rnx)=rn'(x)=r?2

We also introduce the unit vector eld
b:Rn(C [ )! R% bx)= (p) n(x);

so that for any point x 2 R®n(" [ ), ( (p); n(x);b(x)) is a direct orthonormal frame of R3. Note that
(n(x); b(x)) is also the vector basis for the polar coordinates in the planeN (;; see again Figure 5.1.
The next result of interest is about the derivative of the projection mapping p :

Proposition 5.6. Letx 2 R®n  andp= p (x). Then, the derivativer p (x) reads, in any orthonor-

mal basis ofR® with (p) as rst coordinate vector:

0 1 1
1 (x)a(p) n(x)
rp(X)= ® 0 <

oo o

0
0
0 0

Proof. We already know from Theorem 5.3 and the subsequent remark that the mappindR®n~ 3
x 7! p (x) 2 is smooth; hence, it is enough to calculate p (x) for x 2 R®n( [ ), which we do.
Using Lemma 5.5, it holds, forx 2 R®n(" [ ),
p(x)=x  (X)r (x);
and so:
rp)=t r (x)r (x) oQr 2 (x);
in particular, r p (x) is a symmetric3 3 matrix. Also, Theorem 5.3 implies that for any given vector
z2 N (p and for s > 0 small enough,p (x + sz) = p (x), so that, for any such vector:
rp(x)z=0:
Therefore, the proof of the proposition is complete provided we show the following relation:

z (P
8z2R3% rp (X)z = ; 5.5
PMZ P T oo B (5.5)
which is our next task.
To this end, di erentiating the relation
(P (x) (x p(x)=0
at x, in an arbitrary direction z 2 R? yields:
(r Mrpxz) x p+ (M (zr p((x)2)=0; (5.6)
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in which the directional derivative r p (x)z is a tangent vector to at p. On the other hand, by
de nition, for any tangent vector zat at p, it holds:

_d
SCLEENCO N

wherec : ( I;1) ! is an arbitrary local parametrization of  with ¢(0) = p and c{0) = ¢ =
(z (p)) (p). Selecting a curvec with constant velocity jcXs)j satisfying these properties, it follows
from the de nition of a(p) that:

r (PMz=(z (Pa(p:
In particular, taking z=r p (x)z in the above identity, we obtain:
r(@Erp&z=(rp Xz (p)alp): (5.7)
Inserting eq. (5.7) into eq. (5.6) nally yields:
(rp(2) (M (aPE x pP)+ (P (zr p(x)2)=0;

whence eq. (5.5) follows, thus completing the proof of the proposition. [ |

It follows from Proposition 5.6 and the de nition of n(x) that the derivative of the mapping x 7! n(x)
reads, in the local basis( (p); n(x); b(x)):

1
a(p) n(x)
. T wapnex O O
8x2R3n([ ) rn)= B 0 0 0 X: (5.8)
0 0o -1

(x)

Likewise, exploiting the orthonormality relations within the basis ( ;n;b), simple albeit lengthy cal-

culations yield the following formulas (in the same basis):
0

1 0 1
0 00 00 o0
r =B 2o 0 0fK; and rbx=B0 0 5 k: (5.9)
0 00 00 0

Let us now apply the coarea formula of Lemma A.1 to the mappingp :R3n !
Proposition 5.7. Let' 2 LY(D); then,
z z z !

" (x)dx = (1 j zja(p) n(z))' (p+ 2)ds(z) d'(p):
D D\ P (p)

In the above formula, as in the rest of this article, d” stands for the line measure on (that is, the
restriction to  of the one-dimensional Hausdor measure), whileds is the surface measure on each
normal plane N () (the restriction to N () of the two-dimensional Hausdor measure).

We conclude this section with a few useful notations:

The normal componentvy of a vector eld v:R3! R3is given by:
8x2R%n 5 ww(x)= v(x) (V(x) (X)) (%):

Accordingly, the normal component r yu of the gradient of a smooth enough functionu :
R®! RisdenedonR3n by:

u

roau=(ruN=ru g:

The normal part ey of a symmetric matrix e 2 S3(R) is:
en=e (e) (e)+(e )
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Figure 5.1. |lllustration of the main objects attached to the 3d tubular inclusions
considered in Section 5.1.

The normal derivative r y v of a smooth enough vector eldv:R3! R3isdened onR3n
by:
rav=rv (rv) ;

and so thenormal strain tensor of v is:

1

en (V) = E(f NVH(T NV)T):
This strain tensor can be expressed in the local basién; b) of the plane N ;) as:
en(V)=(e(v)n n)n n+(eVv)b bb b+(egv)n b(n b+ b n);

and with a small abuse of notations, we shall either consideey (v) as a3 3 symmetric matrix
with O entries in the indices, or as a2 2 matrix.

Note that egs. (5.8) and (5.9) imply immediately:
en (V) = en(vn):
Also, for smooth enough vector eldsv;w: R3! R3, it holds:
e(v) i e(w) = en(v) ren(w)+2(e(v) )n (e(wW) )n +(rv  )(rw ) (5.10)

5.2. Formal derivation of the asymptotic expansion of U~

In this section, we look for the asymptotic expansion of the perturbed potentialu-, the solution to
eqg. (5.2), as the thickness' of the tubular inclusion ! .+ vanishes. As we have already emphasized, our
argument is formal; even though we believe that it could be made rigorous, along the lines of [54, 91],
this goes beyond the scope of this article. Since the next result has only been proved rigorously in the
literature in a particular case (see again [32]), we state it as a conjecture.
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Conjecture 5.8. The following formula holds, for any pZointx 2Dn

U(x) = Uo(x) + "2u1(x) +o( "?); quadwhereus(x) := M (p)r uo(p) r yN(x;p)d’(p):  (5.11)
Here, N (x;y) is the Green's function of the background equation eq5.1); see Section 2.2.1 and notably
Remark 2.4. For p 2 , the polarization tensor M (p) is the 3 3 matrix de ned by the following
formula, expressed in any orthonormal basis oR® with (p) as rst coordinate vector:

M (p) — ( 1 0 0)(p) M N(’)\l (p) : (5_12)

where the2 2 submatrix M nn (p) is the polarization tensor associated to a disk-shaped, diametrically
small inclusion in 2d: ® ®
M ) 1(P olP I

NN () O(p)—o(p) (D)

see Section 4 and eq(4.11).

Formal argument.  Let us, as usual, consider the erromr- :
unique solution to the following vgriational problem:

(U Ug) 2 H! (D), which is the

1Z
"

8v2H! (D); oo rvdx = (1 orup rvdx

or equivalently, the solution to the minimizatizon problem:

4
. 1 N 1
min  E-(u); whereE-(u) := - «jr uj?dx + > (1 o)up rudx
qulD (D) 2D L

We proceed in three steps.

Step 1. We write a representation formula for the error r-(x) far from , in terms of
the Green's function N (x;y) of the background operator eq. (4.1) and the values of ro
inside ! .. Considering an arbitrary, xed point x 2 D n , one obtains exactly as in the proof of

Theorem 2.1 that, for " > 0 small enough: .

r(x) = iz oG o uey) ryNOGy)dy+ (o o)(y)r e ryNOGy)dy: (5.13)

Step 2: We analyze the limiting behavior of a rescaled version of r- inside ! .« . In order to
carry out this formal part of our argument, let us introduce the mapping m- :! .1 ! | .« de ned by:
m-(x)=p (x)+ " (x)n(x); (5.14)

where we recall the notationn(x) = * p(x()x) from Section 5.1. According to Lemma 5.5 and Proposi-

tion 5.6, the derivative of m- reads, at an arbitrary point x 2 ! . 1:

L (0 g gt
_ E.p 1 (x)a(x) n(x) E )
rm-(x) = 0 " 0K,

0 o "

in any orthonormal basis of R® having (p) as rst coordinate vector. What's more, still using the
material from Section 5.1, m- can be extended to a mappingR®n ! R3n , and we introduce the
rescaled remainders- := "r- m-, which will naturally be involved during the calculations of the third

step. In order to analyze its behavior near the unit inclusion set! . 1, we expresss: as the minimizer
of a rescaled version of the energy functionak- (u), which we subsequently simplify by retaining only
the leading order terms as" ! O.

(5.15)
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Using the coarea formula of Proposition 5.7 E-(u) rewrites, for an arbitrary function u 2 H 1D (D):

zZ z !
E-(u)= % (1 j zia(p) n(2)) -(p+ 2)ir uj’(p+ z)ds(z) d'(p)
D\ P (p) |
z z !
+ iz 5 o) (1 jzia(p) n(2)( 1 o)(p+ Z)r ug(p+ z) r u(p+ z)ds(z) d(p):

We now rescale both inner integrals in the above expression by means of the mappimg-; this yields:

wl Z :
E-(u)= — ) (1 “jzja(p) n(2)) -(p+ "z)ir u M-j2(p+ 2)ds(z) d'(p)
7 22 =D\ P (p) |
+ 5 o @ "izia(p) n@)( 1 o)(p+ "z)r uo(p+ "z) (ru m:)(p+ z)ds(z) d(p):

A simple calculation allows to see that the rescaled versiorv = "u m- of an arbitrary function
u2 H' (D) satis es:

(ruy m-= %r m. Trv
11 an @v 1 )
"1 T an @ W
Hence, the energy functionalE-(u) rewrites:
1
E-(u) = ZF(v);
where we have de ned:
Z Z ..
1 oy w21 ] Zja(2) n(2))* @v 2
F(v) = - " 2 — —
=3 Lo\P (p) (p+72) ™ "jzja(z) n(z) @(IO+ 2)
!
+(1  "jzja(z) n(z)jr nV(p+ )i ds@z) d'(p)
Z Z
+ (1 op+"2) (1 "izia@) n@) Lp+ 2) Slp+ 2)
B (p1) @ @

+1  "jzja(z) n(@)r nuo(pt "z) 1 nV(pt 2) ds(z) d(p): (5.16)

Like in the situations tackled in the previous sections, we expect that the limiting behavior of the
rescaled remainders- = "r- m- near the rescaled inclusion set! .1 can be determined by looking
at the solution to the minimization problem

min F-(v):
Let us emphasize that the above formulation is not mathematically rigorous, and we deliberately do
not attempt to provide an adapted functional framework, which seems a di cult task.
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According to our methodology, we look after the minimization of the approximate energy functional
E(v) obtained from F-(v) by retaining only leading-order terms:
1Z z
FWv) =3 b(p; 2)ir nVj*(p+ 2) ds(z) d*(p)
() 7 7

+ (1 o)(P)r nuo(p) r nv(p+ 2)ds(z)d (p); (5.17)
B (0;1)

where we have de ned, forp2 andz2 N (:

1(p) ifz2B (0;1);

b(p;2) =
(P:2) o(p) otherwise

Note that the formal simpli cation eq. (5.17) from eq. (5.16) and notably the change in domains of
integration for the inner integrals, from (D \ P (p)) to the whole plane N (p) tacitly relies on the
intuition that for a xed point p2 , the function N (,) 3 z 7! v(p + z) vanishes whenjzj ! 1

That the coe cients of the energy F(v) have a tensorized structure with respect to B (p;1)
entices us to search for the limiting behaviorv of s+ in the tubular region ! .1 as" ! 0 under the
form:

8p2 ; 822N (; s(p+2z) Vv(p;2);
n 0

for a function v: (p;2) 2 R z2N m ! Rtobe determined. To achieve this task, we use the

Euler Lagrange equations for the minimization of eq. (5.17), with test functions of the form
8p2 ; 8z2N ) w(pp+2z)="(p (2);

for arbitrary smooth functions * 2 C* (), 2 C! (N (). This immediately yields that for every
point p2 , the mapping N () 3 z 7! v(p;2) is the solution to the following exterior problem posed
on the planeN (p:

% V(p;2)=0 forz2 N () n@B(0;1);

v(p;2)* = v(p;2) forz2 @B(0;1); (5.18)
3 oM (PGE(Pi= (o (P nUo(p) N(2) for z2 @B(O0;1); '
“jv(p;2)j! O whenz!1

In other terms, we recognize that the functionz 7! v(p;z) is
v(p;2) = N uo(p)(z);

where for 2 R2, 2 Wy (R?) is the (radial) cell function attached to a 2d diametrically small,
disk-shaped inclusion; see eq. (4.5). Note that, in the above formula, (and in eg. (5.18) before that), we
have identi ed the plane N ;) with R? (that is, we have identi ed one orthonormal basis of the former
plane with one of the latter). Since both functions z 7! v(p;2z) and o have radial symmetry,
this identi cation can be performed in an arbitrary way, and the forthcoming considerations do not
depend on this choice.

To conclude this second step, we note for further reference that the following identity holds:
Z

M (P nto(p) = (a(P)  o(P) o1 | NUo(P) + 1 N V(P;2) ds(2); (5.19)

as a consequence of the expression eq. (4.4) of the polarization tenskr yn (p) and of egs. (4.5)
and (5.18).
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Step 3: We pass to the limit in the representation formula eq. (5.13). Rescaling both integrals
in the right—zhand side of eq. (5.13) by means of the mappingn-, we obtain:
r(x) = 12 !_1jdet(r m)jC 1 o)(m=(2))(r ug)(m-(z)) r yN(x;m-(z))dz
+ Z' (1 o)(m-(2)jdet(r m-)jr m.Tr (r- m:) r yN(x;m-(2))dz;
| ;i " (2)a(z) n(2)

T ) ny (P M@ W) @) TN (2) dz
z

. @s@N 1 " (2)a(z) n(z)
+ m-(z ——(x;m-(2)) +
where we have used the expression eq. (5.15) of the derivative ai- as well as the de nition of s-.
Now bringing into play the approximation of s+ by the function v in eq. (5.18) inferred in the course
of the second step, then using the coarea formula of Proposition 5.7, it follows:
4

lim 1+ () = L (Z);(Z) (O P ) NP (2)dz
1
Ll @a@ nG

= (1 o)(P)r uo(p) r yN(x;p)ds(z)d (p)
% %Y
. (p-1>( 1 o)(Pr nVv(pi2) 1Ny N (X p)ds(z) d (p);
7 ;
. . @y, ,@N .
B (Di( 1 o)) (P 5-(xp)d (p)
s 7 @ " @y
o ( 1)( 1 0)(p) rnuo(P)+ 1 nv(P;2) T Ny N(X;p)ds(z)d(p):
P
Using nally eq. (5.19) to reformulate the second integral in the above right-hand side in terms of the
two-dimensional polarization tensorM yn , We nally obtain:

rns rn,N(x;m-(z)) dz;

(1 0o PrnvrnNXp (2)dz;

z @y,  @N z
lim r-(x) = (1 )PP xp)d@E+ Munrnuo(p) 1 n,N(Xp)d (p);
10 @ @y
which is the desired result. [ ]
5.3. Asymptotic expansion of a quantity of interest involving u-

We now consider the derivative of a functional depending on the small thicknes$ via the perturbed

potential u- in eq. (5.2) of the form:
z

J (M= 5 j (u-)dx;

wherej : R! R is a smooth function satisfying the growth conditions eq. (2.8). The result of interest
is the following proposition, whose proof is again omitted; see the proof of Proposition 2.10 if need be.

Proposition 5.9. The function J (") has the following asymptotic expansion as! 0,

3 ()= 3 @+ "2°0) +o(");
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where the derivative J°(0) reads:
z

J°0)= Mr ug r podx: (5.20)

In the above formula, M is the polarization tensor de ned in eq. (5.12), and the adjoint state pg is
the unique solution inH 1D (D) to the equation:

8
3 div( of po)= j%uo) in D;
s Po= 0 on p;
- 0%1 =0 on @Dn p:
A more practical version of this result reads:
y4

3%0) = PO 1(x); 2(x); 3(x))d (x);
where forx 2 , =( 1; 2; 3) 7' P(X; 1; 2; 3) is the trivariate polynomial with degree 2:

1(x)  o(x) (1) + o(x))?

P(X 120 3)=2 o(x) L) o) 100+ o)

(r uo(x) r po(x))

r ug(x) r po(x)+

5.4. Comparison between the 2d and the 3d cases

Let us conclude this study of thin tubular inhomogeneities in the context of the three-dimensional
conductivity equation with a few remarks about the di erences between the 2d case analyzed in
Section 2 and the present 3d situation. In order to ease the discussion, we go on assuming that the
curve is closed.

However similar at rst glance, the 2d and 3d asymptotic formulas eq. (2.5) and eq. (5.11) have
actually quite di erent structures. As we have seen indeed, the rst non trivial term u; in the 2d
expansion ofu- is variational , insofar as it can be characterized as the solution to a fairly classical
boundary value problem (or as the minimizer of the corresponding energy functional) and it belongs
to a functional space which is inherited from that associated tou-; see the equation eq. (2.15) and the
comments thereafter.

On the contrary, in the three-dimensional case,u; cannot be characterized in the same fashion:
intuitively, curves in 3d are too small sets to bear boundary conditions in the context of a standard
second-order elliptic problem (they have zero harmonic capacity). This di erence is re ected by the
di erence in order ("? rather than ") at which the correction u; comes up in eq. (5.11).

Another interesting manifestation of this phenomenon lies in the study that we carried out during
the second step of the proofs of Theorem 2.1 and Conjecture 5.8, about the far eld u and the
near eld v, as the limiting behaviors of the error r- = —2:(u~ ug) and its rescaled versions-,
respectively. In our 2d analysis, we have not completely determined the limitv of s+ inside the unit
inclusion set! .1 (and we did not need to do so0). In this case actually, the complete limiting behavior
v would depend on the far eld u; see Remark 2.8. If we were to try and apply verbatim the
methodology used in the context of Conjecture 5.8 in the 2d case, we would have to consider, for each
point p2 , an exterior problem posed on the normal line to at p, that is, a one-dimensional version
of eq. (5.18). This 1d exterior problem has no solution decaying td at in nity, but only solutions
tending to constant values at in nity. These constants are exactly the connection between the limiting
behaviors of the near eld v andthe far eld u thatwe observed in the case of the 2d conductivity
equation. On the contrary, we have seen that in 3d, the 2d exterior problem eq. (5.18) characterizing
the near eld v in each normal plane to has a solution which goes td0 at in nity. As a result, it
is a completely determined function, independently of the far eld.
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6. The linear elasticity case in three space dimensions

In this section, we adapt the previous considerations to analyze the e ects of thin tubular inhomo-
geneities in the context of 3d linearly elastic structures, a situation which has not yet been addressed
in the literature, to the best of our knowledge.

The physical setting is the exact three-dimensional counterpart to that described in Section 3.1.1.
Inside a bounded, Lipschitz domainD, the background and perturbed displacementsug;u- : D ! R®
are the solutions to the 3d versions of the systems eq. (3.3) and eq. (3.4), respectively. The two isotropic
materials featured in these equations are physically described by Hooke's law&y, A1 of the form
eg. (3.1), with respective Lamé parameters o; ¢ and 1; 1.

Using our formal energy method, we derive the asymptotic expansion of the perturbed displacement
u- 2 H 1D (D)2 in terms of ug and a suitable polarization tensorM . Since the derivation is analogous
to that conducted in the 3d conductivity setting in Section 5 (up to an increased level of technicality),
we solely provide the main steps of the argument.

Conjecture 6.1. The following asymptotic expansion ho%ds at an arbitrary pointx 2 D n
U (x) = Ug(x) + "2us(x) +o("?); whereui(x)= M (p)e(uo) : &y(N (x;p)) d(p);

N (x;y) is the Green's function of the background operator in eq(3.3) (see Remark 3.1), and the
polarization tensor M (p) is de ned at any point p2  by:

(1 o o0+2 o)

8e;e2Sy(R); Me:e= Mynen e+
ot 1+

tr(en)(e  )+(e )tr(en)
(1 0?

+4M n(e)n (e)n+  2(1 o+( 1 o) T+ 1+ g

(e )e ) (61)
Here, we have omitted the mention to the pointp under consideration for brevity. We have also
introduced the two tensorsM y (p) and M nn (p), acting on two-dimensional quantities, de ned by:

M n (p) isthe2 2 matrix describing the e ect of a disk-shaped, diametrically small inclusion
in the 2d conductivity setting, where the conductivity coe cients at play equal o(p) and 1(p),
namely:

o) 1P o(P),.

Min (p)=2 (M* o)

(6.2)
see eq.(4.11).

M nn (p) is the isotropic fourth-order tensor describing the e ect of a disk-shaped diametrically
small inclusion in the linear elasticity setting; it is de ned for any symmetric 2 2 matrix e
by:

Mnn (P)e= s(p)tr(e)l+  s(p)e; (6.3)
where the coe cients s(p) and s(p) are given by eq.(4.13); see Section 4.4.

Formal argument.  As usual, let us introduce the errorr- := 3 (u- ug), which is the unique solution

in H! (D)3 to the variational problem
z z

sv2 H! (D)3 A-e(r+) : e(v) dx = (A1 Aog)(x)e(uo) : e(v) dx;
5 .

ﬁ [
equivalently, r- is the unique solution tg the minimization probI%m

min  E-(u); whereE-(u) := 1 5 A-e(u) : e(u) dx + (A1 Aog)e(ug) : e(u)dx: (6.4)

uzH! (D)3 2 "2y,
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Step 1. We construct a representation formula for the error r-(x) far from ! . interms
of the Green's function  N(x;y) of the background equation eq. (3.3) and the values of [
inside ! .« . Considering a xed point x 2 D n and arguing exactly as in the proof of Theorem 2.1
(Step 1), we obtain, forj =1;2;3 and " > 0 small enough:

z
1
()= (Ar Ad(y)e(uo)(y) : &(N;(xy))dy
z
(A AQW)E(r)(Y) &N (xiy) dy: (6.5)
Step 2: Asymptotic behavior of a rescaled version of r-. To conduct this formal step of our
argument, let us introduce the rescaled errors- := "r- m-, where m- is the mapping given by

eg. (5.14). We aim to determine the limiting behavior of s+ near the rescaled inclusion set . ;, and
to this end, we perform a rescaling and a simpli cation of the energy functionalE-(u) in eq. (6.4).

At rst, the coarea formula of Proposition 5.7 yields the following equivalent expression for the
energy E-(u) attached to an arbitrary function u?2 H 1D (D)3:
z z !

o P () (1 j yia(p) n(y))(A-e(u): e(u))(p+ y)ds(y) d'(p)
z z !
(p_“)(l j yia(p) n(y)(A1  Ao)(p+ y)e(uo)(p+y):e(u)(p+ y)dsly) d'(p):

E-(u) =

= NI

+

N

We then rescale both inner integrals in the above right-hand side owing to a change of variables
involving m-; this yields:

wl Z !
sz, 1 “jzia(p) n(2)(A-(e(u) m-):(e(u) m-)(p+ z)ds(z) d'(p)
s #(D\P (p) |
£ oy @A) n@)(AL Ad(p+ "2)e(uo)(p+ '2): (e() m)(p+ D) ds(z) d(p):

Now, elementary calculations based on eq. (5.14) allow to relate the strain tensor of a smooth
enough vector-valued functionu : D ! RS2 to the derivatives of v := "u m-:

e(u) m-

1
= r(u mrm. 1y rm.Tr (u m..)T :
29

1

. 20 e(v) F&+20rv n+irvn F A+20rv b+ irvb

1 1 1 1 .
"% 20 v n+ arvn =e(v)n n =e(v)n b §
1 1 1 1

sl vV b+ zrvb =e(v)n b =e(v)b b

Nl NP

(6.6)
where the above matrix is expressed in the local basié; n; b) of the space. Similarly, it holds:

11 an
n 1 n a n
A series of simple, albeit tedious calculations reveals that:

divu) m-= ev)  + é(e(v)n n+ e(v)b b: (6.7)

E-(u) = éFu(v);
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where we decompose the quantity=-(v) in terms of the powers in" of the coe cients in the featured

integrals:
Fr(v) = Fi(v) + "F2(v) + "2F3(v);

in the above identity, each contribution F.!(v) has coe cients of order O(1) as" !
expression ofF(v) will be needed for our purpose:

0, and only the

zZ Z
Fi(v) = 1 2+« m(1 "jzja n) (e(v)n n)2+(e(v)b b)?+2(e(v)n b)?
2 LD\P (p) |
+ %(r vn )2+ %(r vb )? ds(z) d'(p)
12z X !
+ = m-(1 "jzja n) ev)n n+ eV)b b ds(z) d(p)
2 LD\P (p)
z z
+ 5 (o) 2(1 o m(1 "jzja n) (e(ug)n n)(e(v)n n)+(e(ug)b b)(e(v)b b
’ !
+(e(ug) n)(rvn )+(e(ug) b)(rvb ) ds(z) d(p)
z zZ !
+ (1 "jzja n)( 1 o) m:(divug) m- eVv)n n+ ev)b b ds(z) d (p):

B (p;1)
In the above integrals, as often in the forthcoming calculations, the mention to the integration point

p+ z is sometimes omitted when it is clear, for the sake of brevity.
Our methodology then proceeds as in the case of Conjecture 5.8. We expect that the limiting

behavior v of s near the rescaled inclusion set .1 be dictated by the minimization of the energy
F(v), and, in turn, by that of a simpli ed version F(v) of the latter where only the leading-order
0 are retained. More precisely, we consider the problem:

terms as" !
min B (v); (6.8)
where:
1Z Z
B(v) = > 2b(p;2) (e(v)n n)?+(e(v)b b)?+2(e(v)n b)?
(p)
!
+ %(r vn )2+ %(r vb )? ds@z) d'(p)
12 2 ) !
*5 \ b(p;2) e(v)n n+e(v)b b dsz) d(p)
. . (p)
+ 5 (oD 2( 1 o)(p) (e(uo)(p)n n)(e(v)n n)+(e(uo)(p)b b)(e(v)b b
|
+(e(ug)(p) n)(rvn )+(e(ug)(p) bB(rvb ) ds@) d(p)
z z !
+ . (p-l)( 1 0)(P)(div uo)(p) e(v)n n+ e(Vv)b b ds(z) d(p);
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and we have de ned, forp2 andz2 N (),

ip) ifjzi<

b(p; 2) =
(P:2) o(p) otherwise

Recall that it is quite unclear what would be a rigorous framework for this minimization, and we do
not elaborate on this issue.
Taking advantage of egs. (5.8) and (5.9), the energy®(v) may be reformulated in terms of the
normal and tangential components ofv with respect to
Z Z

1 1 2
B(v) = 2 2b(p;2) key (vn)K? + Ejf N(v )2+ B(piz) tr(en(w)) ds(z) d"(p)
+ 21 0)(P en(uon)(p):en(vn)+ e(ug)(p) r n(v ) ds(z)d (p)
B (pi1) 7 7
+ . (p'l)( 1 o0)(p)(div ug)(p)tr( en (vn)) ds(z) d (p): (6.9)

At this point, judging from the tensorized structure of the integrals and coe cients in the above
expression off(v), we are enticed to seek the limiting behaviorv of s- inside the rescaled inclusion
I .1 under the form:

n8p2 ;2 2B (p;1); s"gp+ z) v(p;2);
for a certain vector eld v: (p;z) 2 R% z2N (5 ! R®tobe determined.

To achieve this purpose, we rely on the Euler Lagrange equations associated to the resolution of
eq. (6.8). Itimmediately follows from the expression eq. (6.9) of the energy®(v) that this minimization
can be conducted in terms of the tangential and normal componentsy  and vy of the unknown
function v, independently.

Let us then write down the Euler Lagrange equations for the minimization of eq. (6.9) by considering
only variations of the tangential component v : for each pointp 2 , the function N ;) 3 z 7!
(v )p; z% 2 R turns out to satisfy the foIIZowing variational problem:

8w, br (v ) r nwds(z) + 2( 1 o)(p)e(uo)(p) ) r nwds(z)=0: (6.10)
N p B (p1)
The above variational problem is well-posed when the unknown and test functions and w are chosen in
the functional spacewol; 1(R2) (see Remark 4.3). It exactly corresponds to the variational formulation
for the 2d pro le eq. (4.9) associated to a disk-shaped diametrically small inclusion in the conductivity
setting, up to the identi cation of the N () with R?; see again the proof of Conjecture 5.8, and notably
the discussion immediately after eq. (5.18). More preciselyy  equals:

8p2 ; 822N (p; (Vv )PiD= 2equop) (02

where for a given vector 2 R?, the function 2 Wy' *(R?) is the solution to:

s =0 in (RZnB(0;1) [ B(O;1);
s % WP Sr= (o® 1P n) on @KO;1)
] (@it O whenjzj!1

which is exactly eq. (4.5), in which ¢(0); 1(0) are replaced by o(p) and 1(p), respectively.
For further reference, we note that the2 2 matrix M y (p) in eq. (6.2) satis es the following
identity:
Z
2M n (p)(e(uo)(P) In = . (p'l)( 1P o(P)2(e(uo)(p) In + 1 n(v )p;2)ds(z): (6.11)
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Let us now consider variations of the normal component/y in the minimization of the energy If:--l(v)
in eq. (6.9). For a xed, arbitrary point p2 , the mapping N (5 3 27! v (p;2) 2 N () satis es:
z
8w; 2ty (viv) : en (w) + Ptr(en (vn))tr( en (W) ds(2)

N
7 (p)

T 1) 2(1 o)(pen(uon)(P):en(W)+( 1 o)(P)(div ug)(p)tr(en(w)) ds(z) =0;

and we decompose/y (p; 2) as:
N (P;2) = wi(p; 2) + wa(p; 2);
where w1 (p; z) and w»(p; z) are de ned as follows:

the vector eld z 7! wi(p;2z) equalsVe, (uey )(p)(2), Where for any symmetric2 2 matrix
v 2 W,y Y(R?)?Zis the unique solution to the variational problem:

4
2t (v ) en (W) + Pr(en (v))tr( ey (w)) ds(z)
N (p)
z
Y e 201 o)) en(W)*+( 12 o)(P)tr( )tr(en(w)) dsz)=0; (6.12)
P
that is, v is exactly the pro le function eq. (4.12) attached to the asymptotic expansion of the
solution to the 2d linear elasticity system in the situation of a diametrically small disk-shaped
inclusion.
The vector eld z 7! wa(p; 2) equalsweyq)p) » Where forh 2 R, wy is the unique solution in
W, (R?) to the variational problem:
Z
L2y (wn)ten(w)+ Ptr(en (wh))t(en (W) ds(2)
(p)
Z
+ (1 o)phtr(en(w)) ds(z) =0:
B (pi1)

By uniqueness of the solution to eq. (6.12), it holds:

Wh = V3 1 0 hl:
21 ot 1 o0

For further reference, we note that, for any symmetric2 2 matrix

Z
Mnn(P) = 5 (D) 21 o +en(v)+( 1 o(Ptr( +ex(v)l ds(); (6.13)
and so: Z
! ! tr M (p) = tr( + en (v ) ds(2): (6.14)
21 ot 1 o B (pil)
Finally, by the same token:
h 1 0 _
21 oF 1 o 2/|NN P =
5 (oD 2(1 oPen(wWh)+( 1 o)(p)(h+tr( en(wh))l ds(z): (6.15)
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Step 3: We pass to the limit in the representation formula eq. (6.5). It follows from a change
of variables based gn the mappingn- in eq. (5.14) (see also eq. (5.15)) that:

re (x) = iz ! _1J'O|et(r m-)j(A1  Ag)(m-(2))&(uo)(m-(2)) : ey(Nj(x;m-(2))) dz
+ ZI jdetr m)j(A1 Ag(m-@)(e(rr) m): ey (Nj(xme(2)dz;  (610)
= |1+ .I 21
with obvious notations. It ig nzow easy to see from the coarea formula of Proposition 5.7 that:
.!i!mol--1 = e e (A1 Ao)(p)e(uo)(p) : &(N;(x;p))ds(z) d"(p): (6.17)

As for the second integrall 2, the formulas eq. (6.6), eq. (6.7) and the convergence & obtained in
the rst step yield:

T2 9P yamioer ) 0
LT (aly) ) o

+(rvb )(ey(Nj(x;p (¥))) B +(e(v)n n)(ey(Nj(x;p (¥))n n)

+(e(v)b b(ey(Nj(x;p (Y))b b)+2(e(v)n b(ey(N;j(x;p (y))n b dy
z

lim 12 =
"I'0

(1 0o P - e .
+ LT ¥aly) nw) e(v)n n+ e(v)b b divy(Nj(x;p (y))dy:
Using the coarea formula of Proposition 5.7, this rewrites:
zZZ
|!i'm0|--2= 201 )P (v ) (ey(Nj(xip)) )+ en(vn) :en, (Nj(x;p)) ds(z)d (p)
: B (p:1) 7 7
. (p'l)( 1 o)(p)tr(en (vn)) divy(Nj(x;p)) ds(z)d"(p): (6.18)
Eventually, combining egs. (6.17) and (6.18), we obtain:
Z Z
lim re; (x) = (A1 Ao)(p)e(uo)(p) : ey(Nj(x;p))ds(z)d (p)
to S B (p:1)
+ 201 )P rn(v ) (ey(Nj(xip)) )+ en(vn):en, (Nj(X;p)) ds(z)d (p)
B (p;1) 7 7
g ey OPulen () divy(N; (xp)) ds(z) d(p):

We now rewrite the above expression by bringing into play the tensordvl yn (p) and My (p) de ned
in egs. (6.2) and (6.3). To this end, expanding the rst integral in the above right-hand side (and
notably using %q.z(5.10)), we obtain after simple, albeit tedious calculations:

lim e (x) = 201 o)(p)(en(wa) + en(uo)(p)) : eny (Nj(X;p)) ds(z) d(p)
: 2 B, (pi2)
+ (1 o(ptr(en(wi) + en (Uo)(P)tr( en, (N (x; p))) ds(z) d”(p)
7 ZB (p;1)
+ 2(1 o)(pen (w2) : eny (N (x;p)) ds(z) d"(p)
7z 7B (P
g (p-1>( 1 o)(P)tr( en (W2)) + e(uo)(p) ) tr(en (Nj(x;p))) ds(z) d”(p)
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Z Z

+ 201 0P rn(v ) *+2(e(uo) In  (ey(Nj(x;p)) In ds(z)d (p)
7z 7B (P

+ (1 o(ptr(en(wi) + en (Uo)(P)(ey(Nj(x;p)) ) ds(z)d (p)
z 72 D

+ @21 P+ 12 o)P)euo)(p)  Ney(Nj(x;p) )ds(z)d (p)
7 78 (1)

g (p_l)( 1 o)(ptr(en (w2))(ey(Nj(x;p))  )ds(z)d (p)

eZ2Z

= j(x;p)ds(z)d(p);
j=1 B (p:1)
with obvious notations. We now calculate the integrands j(x;p), j = 1;:::;8, omitting the mention

to the point p when it is clear:
Using eq. (6.13) yields:
( 1+ 2)(Xp)= M nn (P)en (Uon)(P) 1 en (Nj(X;p)):
Using eq. (6.15), we obtain:

(a+ QP 5 O (o) ) Ml an(N;(p)

taking advantage of the expression eq. (4.13) of the coe cients oM yy , this rewrites:

(i 90o*2 Oy ) t(en(N; G p)):
o* 1% 1

(3+ A)(xp)=

On account of eq. (6.11), one has:
5(X;p) =2M n (2e(uo) In (&y(Nj(x;p)) In =4M n (e(Uo) In  (&y(Nj (X p)) In
From the relation eq. (6.14), we infer that the sixth term equals:

1 0
ot 1

1
s(x;p) = 5 : Otr M nnen (Uon) (ey(Nj(Xp) )
which yields, from eq. (4.13),

(1 o o0+2 o)
o+ 1+

s(X;p) = tr(en (Uon ))(&y(Nj (X;p))  ):

The term 7(x;p) does not need to be reformulated.

Using again eq. (6.14) and then eq. (4.13), g(X; p) rewrites:

2
L O N NPy ):
1 0

g(X;p) = T+

This results in the desired expression.

Remark 6.2. As we have already noticed in the course of the previous calculation, the component
M N of the polarization tensor M in eq. (6.1) coincides with the polarization tensor eq. (4.11) attached
to a disk-shaped, diametrically small inclusion in the situation of the 2d conductivity equation, where
the Lamé parameter plays the role of the conductivity coe cient. This echoes to the well-known
two-dimensional reduction of the 3d linear elasticity system in the particular situation of antiplane
shear; see for instance [100].
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We conclude this study with the calculation of the asymptotic expansion of a quantity depending
on the thickness" via the perturbed displacemegtu-v, say:

J (M= S j (ur)dx;
wherej : R®! R is smooth and satis es the growth conditions eq. (2.8).
Proposition 6.3.  The function J (") admits the following asymptotic expansion:
3 (=13 )+ "23°0) +o("?);

where the derivative J°(0) reads: ,

J%0)= M e(ug): e(po)d:

Here, M is the polarization tensor de ned in eq. (6.1), and the adjoint state pg is the unique solution
in H' (D)3 to the following system:
8

3 div(Aoe(po)) = j%Yuo) in D;
Po=0 on p; (6.19)
~ Ae(po)n =0 on @Dn p:

Again, we provide a slightly di erent, more practical form of the derivative J°(0), emphasizing
its dependence on the curve and its '%mgent vector

J°0) = P(x 1(x); 2(x); 3(x))d (x);

where at a given pointx 2 , = ( 1; 2; 3) 7! P(X; 1; 2; 3) is the trivariate polynomial with
degree 4 de ned hy:

P(X; 1; 25 3)= stretrf+ ge:f + 2s5+8 ¢ l+ 0 (e f)
1 0

(1 o o0o+2 o) (1 o o+2 o)

+ tr e(f +tr f (e + + 2
T s (tre( ) ( ) st s S
|
, !
3 10,5 N (1 o) o ¢ :
. (1 o+ (1 o0 R 1+0( X )

In the above formula, we have taken the shortcutse  e(up), f  e(po); the values s and s depend
on o, 1, o0, 1 Viaeq. (4.13) and the dependence of all the coe cients with respect tox is omitted
for brevity.

7. Numerical illustrations and applications

In this illustrative section, we discuss the practical use of the asymptotic formulas eq. (1.11) for thin
tubular inhomogeneities considered in this article. After verifying the numerical accuracy of these
formulas in Section 7.1, we propose three di erent applications in shape and topology optimization.
At rst, in Section 7.2, we introduce a methodology for grafting a thin ligament to a shape in the
course of a more classical optimal design process, with the aim to make the nal design less sensitive
to the initial guess. Secondly, Section 7.3 is devoted to an algorithm for computing an optimized set
of pillars, serving as the sca old structure of a shape during its construction by means of an additive
manufacturing technique. Eventually, in Section 7.4, we present a strategy for the computation of a
judicious initial design in view of the optimization of a truss-like structure.
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Before proceeding, let us already emphasize that these numerical methods are proposed as prelim-
inary proofs of concept, rather than as fully mature techniques. In particular, several algorithmic
aspects have not been paid much attention in the present article; see in particular Remark 7.1 and
Section 8 for several criticisms and leads towards improving their computational e ciency which will
be considered in a future work.

7.1. Numerical validation

In this rst example section, we appraise numerically the validity of our asymptotic formulas for thin
tubular inhomogeneities in the 2d and 3d conductivity and linear elasticity settings.

The physical con gurations at stake are depicted in Figure 7.1: in two space dimensions, the hold-all
domain D is the rectangleD = ( 1;1) (0;1), p is dened as the left-hand side of@Dand | is

its right-hand gjdg. The base curve D of the considered tubular inclusions is the straight segment
=( %1 1 . In three space dimensionsp is the unit cube D = (0;1)% and the regions p and
N edhe left-hang side and the right-hand side of@D respectively; the base curve is de ned by
- 1 1.3 1
(22

5 -

2

Figure 7.1. Numerical evaluation of the asymptotic formulas for thin tubular inho-
mogeneities in Section 7.1; (top) common physical setting of the test cases (left) in
2d, (right) in 3d; (bottom) computational mesh where the inclusion ! -« is explicitly
discretized (left) in 2d for " = 0:02, (right) in 3d for " = 0:05.

7.1.1. The case of the conductivity equation in 2d and 3d

In the background situation, the domain D is lled by a material with conductivity ¢ 1 a
ux g= 1is applied on N and volumic sourcesf are omitted for simplicity. In the perturbed
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situation, several values of the thickness' are considered for the tubular inclusion! . , as well as for
the (constant) conductivity ; inside the latter.
On the one hand, we evaluate the compliance of the domai in the perturbed situation, that is,

the quantity: 7 7
C("):= gu ds = «f U+ r u-dx;
N D
where u- is the solution to eq. (2.4). The numerical computation relies on the use of the Lagrang®;
nite element method on a conforming mesh ofD where the inclusion! - is meshed explicitly i.e.

a mesh of! .~ appears as a submesh of that ob; see Figure 7.1, (bottom). We rely on the remeshing
library mmgsee [52, 53]) for the construction of such a mesh, and on thEreeFemenvironment [71]
for the nite element calculations.

On the other hand, we compute the approximation of C (") predicted by the asymptotic expansion
of Theorem 2.1 and Conjecture 5.8:

C (0)+ " *c%o):

The solution ug to the background conductivity equation eg. (2.2) and all the depending quantities
involved in the expressions eq. (2.37) (in 2d) and eq. (5.20) (in 3d) of the derivativec®(0) are calculated
on a xed reference mesh oD.

The values of both expressions, associated to di erent conductivities 1 = 10;100, or 1000 and
di erent thicknesses " for the inclusion set are reported on Figure 7.2 in the two-dimensional case,
and on Figure 7.3 in the three-dimensional case.

Figure 7.2. Evaluation of the asymptotic formula for tubular inhomogeneities in
the 2d conductivity case of Section 7.1.1: comparison betwee@ (") and the formula
C (0)+ "CO0) for ¢=1 and (left) ; =10, (middle) 1 =100 and (right) 1 = 1000.

Figure 7.3. Evaluation of the asymptotic formula for tubular inhomogeneities in the
3d conductivity case of Section 7.1.1: comparison betwee@ (") and C (0) + "2C°(0)
for =1 and (left) 1 =10, (middle) 1 =100 and (right) 1 =121000.
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As expected, the asymptotic formulaC (0) + "¢ 1C%(0) provides a fairly good approximation of
the exact, perturbed complianceC (") when " is su ciently small (especially in 3d). Let us notice
however that, for a given value of the thickness", the quality of the approximation deteriorates as
the conductivity i inside! .« (thus the contrast 1= o) gets larger. This observation is in line with
the conclusions of [46, 47, 54], according to which the asymptotic formulas egs. (2.5) and (5.11) far
cannot hold uniformly with respect to the contrast 1= g, i.e. the remainderso(") and o("?) in there
depend on 1= . Actually, it turns out that the limit of u- itself may dier from the background
potential up when the contrast ;= o degenerates to0 or 1 as" ! 0. It would be interesting to
appraise the use of the asymptotic formulas foru- established in these articles, which hold uniformly
with respect to the ratio 1= ¢ (and are unfortunately much more dicult to derive and compute
numerically) to get more robust approximation formulas for u- and C (") with respect to the values
of 1.

7.1.2. The case of the linear elasticity system in 2d and 3d

We perform a similar analysis in the context of the linearized elasticity system: nowug is the solution
to the background elasticity system eq. (3.3), where the Hooke's tensof in eq. (3.1) is characterized
by the Lamé coe cients ¢ =0:5769and ¢ = 0:3846 In the perturbed situation, the displacement
u- is the solution to the system eq. (3.4), and several values are considered for the thickne$f the
inclusion set! .~ and the Lamé coe cients 1, 1 of its constituent material A;. In all cases, body
forcesf are omitted; the surface load readgg=(0; 1)in2dandg=(0;0; 1)in 3d.

On the one hand, we calculate thezperturbed disglacemenun, and the corresponding compliance

c (= g u-ds= A-e(u): e(u)dx (7.2)
N D
on a confoming mesh oD where! .- is explicitly discretized; see Figure 7.1 (bottom row).
On the other hand, we evaluate the asymptotic formula
c (0)+ "9 1c%0) (7.2)

on a xed mesh of D. The results associated to di erent values of the thickness', and di erent values
of the Lamé coe cients 1, 1 are displayed on Figure 7.4 in the 2d case, and on Figure 7.5 in the 3d
case.

Figure 7.4. Evaluation of the asymptotic formula for tubular inhomogeneities in the
2d elasticity case of Section 7.1.2: comparison betwee@ (") and C (0) + "C°(0) for
values of the ratio -+ = - equal to (left) 10, (middle) 100 and (right) 1000

0

Again, a ne matching is observed between both quantities egs. (7.1) and (7.2), which is, perhaps a
little surprisingly, better than in the case of the conductivity equation. As can be expected from the
discussion in the previous Section 7.1.1, for a xed value of, this correspondance deteriorates as the

ratios — and - increase (again, to a lesser extent than in the case of the conductivity equation).
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Figure 7.5. Evaluation of the asymptotic formula for tubular inhomogeneities in the
3d elasticity case of Section 7.1.2: comparison betweed (") and C (0) + "2C%(0) for
values of the ratio X = -+ equal to (left) 10, (middle) 100 and (right) 100Q

0

7.2. Topological ligament for elastic structures

The rst application context of our asymptotic expansion formulas for thin tubular inhomogeneities
is also our initial motivation for the work of this article (see Section 1.1): we intend to use them in
the course of a structural optimization process, as a guide to insert now and then bars of material
between distant regions of the shape, in an optimal way with respect to a function of the domain.

7.2.1. Shape and topology optimization of elastic structures using the boundary variation method of

Hadamard
We deal with the optimization of an elastic structure RY (d = 2;3), whose boundary @ is
composed of three disjoint parts:@= p[ ~ [ . The structure is clamped on p, and surface

loadsg: n ! RY are applied on \; both regions are imposed by the context, so that the remaining,
traction-free region is the only one subject to optimization. Omitting body forces for simplicity,

the displacementu : ! RY of the structure in these circumstances is the solution to the linear
elasticity system

% div(Ae(u ))=0 in ;
u = on p;
EAe(u )n
" Ae(u )n
where the Hooke's lawA of the material reads:
8e2Sy(R); Ae=2e + tr(e)l; with Lamé coecients =0:5769 =0:3846 (7.4)
Our purpose is to solve the shape optimization problem
minC() s.t. Vol()= Vr; (7.5)

(7.3)

g on n,
0 on

where C() is the elastic compliancg of (or the work of e>§[ernal loads), namely:

C()= Ae(u ):e(u )dx = g u ds; (7.6)
N
R

and Vol() = dx is the volume, which is expected not to exceed the threshold valud/r. Note
that the choice of the compliance and the volume as the objective and constraint in eq. (7.5) is only
a matter of simplicity, and that other functionals could be considered instead without much change
to the forthcoming discussion: least-square di erence functions over the displacement, stress-based
criteria, etc.
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Our numerical resolution of eq. (7.5) relies on the boundary variation method of Hadamard, which
we have already evoked in Section 1.1, and whose salient features are now brie y recalled for the
convenience of the reader; see e.g. [12, 72, 86, 102] for further mathematical details and [8, 96] about
implementation issues.

Variations of a given shape are considered under the form

=(d+ )() ; where 2 WY (R%RY); k kw11 (ra:rey < 1

isa small vector eld encoding the deformation of ; see Figure 1.1 (top, right). The shape derivative
of, say, C() is the Fréchet derivative C{) of the underlying mapping 7! C( )at =0:

o() [ 10

Cc( )=cO+ cY)( )+o(); where ——~1 | o: (7.7)
k kwl;l (Rd;Rd)
The shape derivatives ofC()Z and Vol() are well-known to be (see e.qg. [121]):
cY) )= Ae(u ):e(u) nds and VolY)( )= n ds: (7.8)

This allows to calculate a so-called (negative) shape gradient ¢ : R9! RYfor C() (and similarly,
a shape gradient  for Vol() ): ¢ is a vector eld such that the deformed version . of achieves
alesser valueC( ¢ .) <C () of the compliance fort> 0 small enough. One such possibility, among
others, is such that:

c=Ae(u ):eu )non ;
as follows readily from eqgs. (7.7) and (7.8). This information is the main ingredient of shape op-
timization algorithms based on the method of Hadamard, a generic sketch of which is provided in
Algorithm 1.

Algorithm 1 Resolution of Problem eq. (7.5) using the method of Hadamard.

Initialization:  Initial shape ©, intial values 2, 9 of the optimization parameters.

(1) Calculate the elastic displacementu » of .

(2) Calculate negative shape gradients & and {; for the functionals C() and Vol() , re-
spectively.

(3) Calculate the deformation

(4) Deform " along ":
Y R (QRDF
where the pseudo-time step " is chosen small enough so that:
2C( Mhy+ {vol( Mhy< ge( M+ §vol( ")
(5) Update the optimization parameters ¢ and .

end for
return n

In Algorithm 1, the optimization parameters &, 1V, are updated so that the volume constraint is
gradually enforced, while decreasing the value of the compliance, insofar as possible. Several strategies
are available to this end, and in our practical implementation, we rely on the constrained optimiza-
tion algorithm from [60]. As far as the numerical representation of shapes and their evolution are
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concerned, we rely on the level set based mesh evolution method from [6, 7] (see also [59, 61] for
recent developments). Grossly speaking, this method couples a level set representation of the shape
on a xed computational domain D [11, 105] (see also [94] for the seminal reference about the level
set method) with remeshing operations using the open source librarynmd52, 53] to ensure that the
shape is meshed explicitly at each stage of the process: no ersatz material approximation is needed in
our numerical realization of Algorithm 1. Again, all the nite element calculations considered in this
article rely on the FreeFemenvironment [71].

One drawback of the method of Hadamard is that it does not, in theory, leave the room for topo-
logical changes between iterations; indeed, the mappingdd + ) driving the update process are home-
omorphisms. As a result, the quality of the optimized design strongly depends on that of the initial
guess ©. In practice, a little abuse of the above framework authorizes certain topological changes:
for instance, two separate holes can merge, but no hole can appear inside the bulk of the shape. To
alleviate this problem, classical shape optimization algorithms based on the method of Hadamard are
often complemented with the use of topological derivatives, as a mechanism to nucleate holes inside
the optimized shape in an optimal way; see again Section 1.1, and [9, 40].

In the next section, we present another mechanism to enrich the topology of a shape in the course
of its optimization via the method of Hadamard, namely the addition of a thin bar.

7.2.2. Insertion of a material bar

In this section, we explain how a thin bar can be added to a shape arising in the course of Algorithm 1;
for notational simplicity, we drop the mention " to the particular iteration in the present discussion.

To achieve our purpose, we approximate the mechanical behavior of by the displacement ug
supplied by the ersatz material method; the latter is the solution to the following system, posed on
the whole computational domain D

% div(Ape(ug)) =0 in D;

( :
Uo=0 on o where Ag(x) = A ifx2 _’ (7.9)
EAoe(uo)n =g on n; A  otherwise
" Aoe(uo)n =0 on@Dn( p[ n);
and 1is a very small parameter (in all our examples, we take = 10 3). Accordingly, the variation
+ = [ ! . where the thin tube ! . is grafted to is described by the solutionu- to:
8
% div(A-e(u-)) =0 in D; (
- . i [
u=0 on o where A-(x) = A X2 _[ o (7.10)
EAue(u'v)n =g on n; A otherwise
" Are(u)n=0 on@Dn( p[ N);
The complianceC( ) of the perturbed shape [ ! . is then approximated by the quantity:
Z Z
CcC™:= A-e(u-): e(ur)dx = g u-ds;
D N

in particular, C (0) is the approximation of C() supplied by the ersatz material method. Relying on
Proposition 3.3 and Proposition 6.3, this quantity has the following expansion as' ! 0:

C ()=C @+ " 'C0)+o( " *); (7.12)

note that the adjoint state pg in egs. (3.25) and (6.19) featured in those formulas folC(0) is simply
Po = Up in the present context where the compliance functional is considered; see also Remark 2.12.
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On the other hand, the expansion of the volumeVol( .- ) of the perturbed shape is easily calculated
as:
Vol( [ ! ~)=Vol()+ "9 7% j+o("? by, (7.12)
wherej j is the length of
The sensitivities eqgs. (7.11) and (7.12) lead to a simple methodology to add a bar with thickness
" (of the order of the mesh size in our applications) to the shape in order to optimize its behavior
with respect to Problem eq. (7.5). The proposed procedure is summarized in Algorithm 2.

Algorithm 2 Optimal insertion of a bar in the course of one particular iteration of Algorithm 1.

Initialization: ~ Shape , optimization parameters ¢, v, thickness parameter".
(1) Calculate the solution ug to eq. (7.10) inD.

(2) Calculate C°(0) for all the segments of the form = [x!;x?], with x};x?2 @ .
(3) Retain the segment where the quantity
c CO+" %) + v Vol()+ " (7.13)

is the most negative.
return O [

Remark 7.1.

(i) For simplicity, we have only considered the graft of straight bars to a shape , while in
principle, the strategy of Algorithm 2 could feature quite arbitrary base curves . Itis expected,
however, that the search for such a curve minimizing the quantity eq. (7.13) would be di cult
to parametrize and implement.

(i) The strategy of Algorithm 2, running through all segments of the form [x*;x?], where x*; x?
belong to (a discretization of) @ is admittedly naive: even though the evaluation of the
asymptotic formula eq. (7.11) for C°(0) is cheap (the background displacementiy needs only
to be computed once and for all, independently of ), we expect that this procedure could
become computationally expansive when the size of the mesh gets larger, thus raising the need
for a more clever strategy (e.g. a randomized procedure); see Section 8 for further comments
about this point.

Remark 7.2. In the strategy of Algorithm 2, the speci cations of the base curve of the new bar to
be added to are inferred so as to minimize the quantity eq. (7.13), which amounts to assuming that
the inserted bar has an in nitesimal thickness. In practice, we rely on a small (but not in nitesimal)
value " for the thickness, of the order of the mesh size. Therefore, it might happen that the inserted
bar, with thickness ", is not exactly the optimal bar to be inserted with this value of the thickness.
Note that the same issue occurs when using topological derivative formulas (see Section 1.1 for a
glimpse), which are, in principle, relevant only when in nitesimally small holes are considered.

Remark 7.3. In all the considered examples where Algorithm 2 is intertwined with steps of the
boundary variation Algorithm 1, the minimized quantity eq. (7.13) is evaluated before and after
insertion of the bar predicted by Algorithm 2. The insertion of this bar is then retained only if this
value has decreased in the process. In practice, especially when more sensitive functions of the domain
than the compliance are considered, it may be desirable to allow a small tolerance over a possible
(slight) increase of eq. (7.13) as a result of the insertion of the bar.
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7.2.3. An example in 2d: the benchmark cantilever test case

The rst numerical illustration of our topological ligament approach features the benchmark 2d can-
tilever test case, whose details are reported on Figure 7.6 (top, left): the shapes of interest are
contained inside a boxD with size 2 1; they are clamped on their left-hand side p, and a unit
vertical load g = (0; 1) is applied on the region y in the middle of their right-hand side. Starting
from the initial design of Figure 7.6 (top, left), we solve the shape optimization problem eq. (7.5) with
a value Vr = 0:8 for the volume target, while imposing symmetry of shapes with respect to the ;
direction.

In a rst attempt, we rely on Algorithm 1, which solely uses the boundary variation method of
Hadamard. We intentionally select update rules for the optimization parameters ¢; v so that the
volume constraint is very rapidly enforced. It turns out that the optimized shape develops very early
a trivial topology and the optimization path ends in a local minimum with a quite simple topology
and poor structural performance: the compliance of the nal shape equal$3:09; see Figure 7.6 where
several intermediate shapes are represented.

Figure 7.6. (From left to right, top to bottom) Iterations O (with details of the test
case), 20, 40 and 200 in the 2d cantilever test case of Section 7.2.3 solved by using the
boundary variation Algorithm 1.

We then conduct the same experiment, up to an additional ingredient: the optimization process of
Algorithm 1 is periodically interrupted every 10 iteration, from iteration 40 to iteration 100, in order
to try and graft a bar to the optimized shape, according to Algorithm 2. Several snapshots of this
process are depicted on Figure 7.7, and the related convergence histories are reported on Figure 7.8:
obviously, the nal shape has a richer topology, showing a larger number of holes, and the compliance
of the nal shape equals2:61, a lower value than in the previous situation.
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Figure 7.7. lterations 0, 40, 41, 51, 61, 71, 81, 90, 100 and 200 in the 2d cantilever test
case of Section 7.2.3 solved by using a coupling of Algorithm 1 with periodic insertion
of bars owing to Algorithm 2.
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