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Abstract. Splines form an elegant bridge between the continuous real world and the discrete computational world.
Their tensor-product form lifts many univariate properties effortlessly to the surfaces, volumes and beyond. Ir-
regularities, where the tensor-structure breaks down, therefore deserve attention – and provide a rich source of
mathematical challenges and insights.

This paper reviews and categorizes techniques for splines on meshes with irregularities. Of particular interest
are quad-dominant meshes that can have n 6= 4 valent interior points and T-junctions where quad-strips end.
“Generalized” splines can use quad-dominant meshes as control nets both for modeling geometry and to support
engineering analysis without additional meshing.
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Keywords. splines, irregular, classification.

1. Introduction

The spline control net forms an intuitive geometrical bridge connecting the essentially discrete world
of meshes to the continuum of geometric modeling and analysis: the vertices of the control net are
the coefficients of B-splines in the linear combination that forms the spline; and since the basis of
B-splines form a non-negative partition of 1, the control net outlines the spline’s shape.

This paper focuses on surfaces generated by generalized splines, short G-splines, whose control nets
form quad(-rilateral) meshes with irregularities. Irregularities encompass extraordinary mesh nodes
where less or more than four quads meet and T-junctions where a quad-strip ends and two finer quads
meet a coarser one at a node (a T-node). These generalized quad-meshes are still structured in the
sense that irregularities are expected to be few and not concentrated near each other.

(a) faceted model (b) BB-nets (c) G-spline surface

Figure 1.1. Irregularities in a surface model. (A) T-junctions under the chin, an ex-
traordinary point inside the red curve. (B) A generalized spline surface using the mesh
in (A) as control net to generate smoothly joining regular bi-3, multi-sided extraordi-
nary and T-junction patches in Bernstein–Bézier (BB) form. (C) smooth rendering of
the generalized spline.
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Overview and Disclaimer. The material is based on a presentation at the 9th International Con-
ference on Curves and Surfaces in Arcachon, France. While the paper aims to clarify recent concepts
and constructions, it makes no claim to provide an exhaustive survey of spline-based curves and sur-
faces. Rather the paper emphasizes concepts and results that the author considers valuable and is very
familiar with. Hence the reference list is biased towards the author’s own work.

Section 2 motivates and illustrates the use of splines on meshes with irregularities and Section 3 is a
brief review of basic notions and concepts for splines on meshes with irregularities. The centerpiece of
the paper is a classification of splines on meshes with irregularities in a Venn diagram (Figure 4.1). This
classification is followed by highlights of the state-of-the-art. Section 4.1 discusses some pros and cons
of the dominant trimmed NURBS representation, Section 4.2 surveys some recent progress in smooth
surface constructions via the concept of geometric continuity. This is followed by several key facts
and a brief review of literature of the three singularly-parameterized classes of polynomial G-splines:
Section 4.3 the subdivision surfaces (face collapse), Section 4.4 the polar surfaces (edge collapse) and
Section 4.5 the singular jet surfaces (collapse of the low-order Taylor expansion at a vertex). Section 5
concludes with a look at solving higher-order differential equations on G-spline manifolds.

Figure 1.2. Irregularities in a faceted automobile design sketch (courtesy S. Eberwein;
The control net has been mapped onto a Catmull–Clark subdivision surface).

2. Why splines for meshes with irregularities are needed

While Euler’s formula for quad meshes implies the existence of a minimal number of irregularities
that varies according to the topological genus, the majority of irregularities in faceted (polygonal,
polyhedral) modeling serve to align the mesh with feature and curvature lines. For example, in the
faceted model of a girl’s head in Figure 1.1(A), several T-junctions provide varying feature density
(near the ear and under the chin) and extraordinary nodes allow a transition between different preferred
parameter lines (circular around the mouth to the rectangular partition aligned with the cheek bones).
Used as a G-spline control net, the mesh in Figure 1.1(A) defines the G-spline surface of Figure 1.1(C).
Figure 1.1(B) shows the partition of this G-spline surface into polynomial pieces. The finer meshes
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are the BB-nets [14] that connect the coefficients of a patch in tensor-product Bernstein–Bézier form
(BB-form) [18]. In the design study shown in Figure 1.2, the irregularities are strategically placed
and labelled by the designer: the irregularities enable changes in parameter direction (extraordinary
points) and density (T-junctions). Just as for a standard tensor-product spline, the G-spline surfaces
follow the mesh, interpreted as a control net.

(a) valence n = 3 (b) near n = 3 (c) near n = 5 (d) near n = 5 and
n = 3

(e) boundary G-
spline

Figure 2.1. Some piecewise polynomial G-spline basis functions: the quad-meshes act
as G-spline control nets, i.e. the figures show the result of lifting exactly one quad-mesh
node (not shown) out of the plane of the disk.

Figure 2.1 shows several G-spline basis functions with abscissae placed on a planar disk. The spread-
out tail in Figure 2.1(D) serves to include information from all five neighbor quads of the n = 5-valent
mesh node. Only where the mesh admits a directional decomposition of the smoothness constraints,
namely for tensor-product configurations, is the familiar smaller footprint of tensor-product NURBS
possible.

A first advantage of using G-splines is their ability to capture smoothly curved shape. This abil-
ity is not just important for aesthetic purposes; it also diminishes the error inherent in any faceted
approximation: the splines’ ability to non-linearly expand towards the true shape deliver higher ap-
proximation order. Conversely, spline surfaces can use far fewer elements to represent curved geometry
or to guarantee accurate numerical solutions than their linear straight-edge counterparts.

(a) (b) (c)

Figure 2.2. Splines allow infinite resolution under zoom. The scene uses models and
is an adaptation of Blender’s opensource movie “Elephant’s Dream”.

A second desirable effect of associating G-splines rather than a fixed triangulation with a mesh is
infinite resolution towards the curved shape. Figure 2.2 is a frame from an adaptation of Blender’s first
opensource movie “Elephant’s Dream” [19]. Based on tight slefe estimates of spline curvature [67, 85,
86], the tessellation factor is set automatically to ensure pixel-accurate rendering [110] at interactive
speeds. That is the silhouettes are always smooth at pixel-resolution and the adaptive triangulation
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(a) G-spline control net (b) spline surface (c) heat propagation on surface

Figure 2.3. G-splines allow direct engineering analysis as finite elements in Galerkin’s
setting. An additional coordinate at each point of the control net provides degrees of
freedom (here to compute the heat propagation on a bicycle helmet under the Florida
sun).

provided by the OpenGL or similar graphics pipeline’s tessellation engine enables accurate per-pixel
lighting. This performs well also in industrial codes [21].

A third desirable feature of G-splines is that (the coordinates of) their control net nodes can be
used both for modeling geometry and as coefficients of functions on the surface, e.g. as degrees of
freedom for engineering analysis [26]. Especially when the net is refinable and the spline spaces are
nested, computing with the control net avoids imprecise and costly re-approximation or conversion, say
to a triangulation. G-spline can therefore support an efficient and high-precision design-and-analysis
cycle. In particular, for differential equations requiring higher-order continuity, e.g. Kirchhoff–Love
shell problems, G-splines offer a smooth and graded parameterization for stability and convergence of
solvers. Figure 2.3 shows the progression from a G-spline control net, to modeling the smooth surface,
to computing heat propagation on the helmet’s surface by employing the one family of splines both
for the shape and the temperature function.

3. Basic Notions and Concepts

Both mathematical and aesthetic concepts enter into surface modeling. Stylists, the professionals who
translate high-end design into computer-based models, focus on the shape of surfaces via visualization.

Aesthetic assessment. Highlight lines [6] are a commonly-used tool of surface interrogation; high-
light lines approximate the effect of parallel arrangement of tube lights in an automobile show room,
see Figure 3.1(A). They differ from reflection lines in that the observation point is fixed. Unless ex-
plicitly intended as a surface feature, abrupt changes in the highlight line distribution are undesirable,
because distorted reflections make the product appear less carefully engineered. Uniform, parallel
highlight lines can qualify a surface as “class A”. Plotting the (normal) curvature along planar cuts,
so-called curvature profiles, yield an alternative tool to detect oscillations.

“Class A surface” is a term in the automotive design industry [105], describing spline surfaces with
aesthetic, non-oscillating highlight lines. “Class A” surfaces satisfy, depending on the application area
and contractual agreement, certain hard geometric constraints [1]. In particular, they allow, due to
manufacturing tolerances, a mismatch of normals along a curve between two surface pieces of one
tenth of a degree. Of the four constructions displayed in Figure 3.2 only (F) qualifies as “class A”.
This is remarkable since (F) is the only construction that is not mathematically smooth. Surface (F)
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