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ON TRANSVERSE FOLIATIONS
by ITiRo TAMURA and Atsusar SATO

The structure of foliations displays a high degree of variability, and is generally
far less rigid in contrast to complex structures. Thus, it is virtually impossible to give
a precise description which characterizes effectively all foliations on a manifold, and
the consequent lack of appropriate classification theorems seems to constitute a barrier
to the derivation of precise results in foliation theory. However, if we fix some foliation
on a manifold, and restrict our considerations to foliations having a definite relation
with the given foliation (i.e. a structure of foliations on a foliated manifold), then a
characterization of this class of foliations can often be obtained.

This paper deals with subfoliations of, and foliations transverse to, a given foliation.
We shall establish classification theorems for codimension one foliations transverse to
the Reeb component of S! x D2, and to the Reeb foliation of S2 respectively (Theorems 1,
2, 3, 4 and §5).

Furthermore, as an application of Theorem 1, we shall prove that the foliations
of codimension one of S?® constructed from fibred knots do not admit any transverse
foliation of codimension one (Theorem 6).

In Section 1, we define subfoliations, superfoliations, and transverse foliations.
In Section 2, we consider a generalization of a result due to Reinhart, Davis and Wilson;
this constitutes the starting point of our work. 1In Sections 3, 4 and 5, we study foliations
of codimension one transverse to the Reeb component &, the set of which is denoted
by ¢ (%). The existence of the half Reeb component and the TS components in
F'et,(#) are proved in Sections 3 and 4, respectively. In Section 5, we give classi-
fication theorems for ¢,(%). As a direct consequence of these theorems, the classi-
fication for foliations of codimension one transverse to the Reeb foliation of S? is derived
in Section 6. In Section 7, we prove the non-existence of a foliation of codimension
one transverse to a foliation of S® constructed from a fibred knot. The problems raised
by the results of this paper are given in Section 8.

We wish to thank T. Mizutani, T. Tsuboi and K. Yano for valuable discussion s

1. Subfoliations, superfoliations and transverse foliations

Let M" be an n-dimensional C® manifold with or without boundary. Denote
by F® a Cr foliation of codimension & of M" (r20), where, in case IM"=+g,

FW | oM* ={LnoM; Le F "}
205



6 ITIRO TAMURA AND ATSUSHI SATO

is a O foliation of codimension k—1 or £ of &M". Two (' foliations #* and £
of codimension % of M" are called usomorphic if there exists a G’ diffeomorphism
f: M"—>M" which preserves the leaves of #® and F*.

Let #® and #'*) be Cr foliations of codimensions % and % of M" respectively.
Then F'*) is called a subfoliation of F® and FW is called a superfoliation of F'*),
denoted by F'*¥)< F®  if the following conditions hold:

Q) k<k sn.
(ii) For any leaf L’ of #'¥), there exists a leaf L of #® such that L'CL, and
the restriction of #'%*) on a leaf L of #® is a C" foliation of codimension 2’ —# of L.

In case r>1, it is obvious that, if F'*<F® and F"F)I<F'®) then
F'E) <« F®_ Therefore the relation < is an order in the set of C foliations of M"
(rz1). ‘

Two subfoliations Z#/*) and %, *) of #® are called strongly isomorphic, if there
exists a C" diffeomorphism f: M"—M" which preserves #* and maps #'*) onto
F),

Let ©(#®) denote the subbundle of the tangent bundle t(M") of M" consisting
of vectors tangent to leaves of #®, In order that #® has a G subfoliation of codi-
mension %', it is necessary that t(#®) has a (k'—£k)-dimensional subbundle if r>1.

A C foliation #'*) of codimension &’ of M" is called transverse to a C foliation ®
of M" (rz1), denoted by F'®*)5F® if the following conditions hold:

(i) k+E <n.

(ii) Any leaves L of #® and L’ of &#'¥) intersect transversely in case LNL'+o.

Let FW N F'®) denote {LNL'; LeF ¥ L'e# ¥}, thenitisclear that F® M F'*)
is a Q" foliation of codimension % -+ %’ which is a common subfoliation of #® and &'/,

Two C foliations #*) and %) which are transverse to #®* are called strongly
isomorphic, if there exists a C7 diffeomorphism f: M"->M" which preserves F® and
maps % '*) onto F¥).

We note that the transversality F®f%'*) is invariant under a small pertur-
bation of #® and Z#'*) respectively.

In order that #* admits a transverse C’ foliation of codimension %', it is necessary

that ©(M") has an (n—£’)-dimensional subbundle which is transverse to t(#®) at each
point of M" if rx1.

Example 1. — It is well known that a C" foliation #™ of codimension 1 of M"
always admits a transverse C” foliation of codimension n—1 (r=1).

Example 2. — Let F® be a Cr foliation of codimension 2 of the 3-sphere S consisting
of compact leaves (r=1). Then there exists no G foliation of codimension one which

is transverse to Z®, Because, if there exists a C" foliation of codimension one transverse
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ON TRANSVERSE FOLIATIONS 7

to F%, say FU, then F contains a Reeb component by Novikov’s theorem ([4])
which implies that #® should contain non-compact leaves.

Example 3. — Let #® be a C’ foliation of codimension 2 of S* which admits a
superfoliation of codimension one, then #® has a compact leaf. That is to say, the
conjecture of Seifert holds in this case. Because a C’ foliation F*) of codimension
one of $* having #® as a subfoliation contains a Reeb component ([4]), and any subfo-
liation of a Reeb component has a compact leaf (see Proposition 2 of Section 2).

For a family {##},., of C’ foliations of codimension k¥ of M", we denote by
£(M", {FF}) or simply by t({F¥}) the family {F ¥}, .y of C" foliations of codi-
mension %’ such that j=n—% —%’ and that there exists % transverse to #,*), Further
we denote by {"({#¥}) the m fold iteration £(#(...(#({F*})...) of . It is obvious
that the iterations of # have the property

P A { AR (mz ).

Now we give a sufficient condition for the existence of transverse plane fields for
a C’ foliation:

Proposition 1. — Let M" be a compact orientable n-dimensional C* manifold and F®
a C foliation of codimension k (r=1) such that, in case OM"+o, F®|oM" is a C" foliation
of codimension k—1. Then, in order that M™ admits a (k -+ 1)-plane field transverse to ©(F®)),
it is sufficient that

HM" m;,_(S* " ))=o0, j=1,2,...,n

In particular, any CT foliation FY of codimension one of S* admits a 2-plane field transverse
to ©(FW).

Proof. — The obstruction to construct a non-zero cross section of ©(F®) lies in
H/(M"; m;_,(S**")) ([1; Theorem (1.1)]). The (k+1)-plane field generated by the
vector field of ©(#®) and a k-plane field transverse to ©(#®) has the required property.

2. Subfoliations of a foliation of codimension one defined by a fibering over S!

In the following sections, we fix an orientation on the circle S. The Reeb
component of St x D2 constructed by turbulizing ([4]) a collar of the boundary S x ¢D?
in the minus (resp. plus) direction of S! is called the plus Reeb component (resp. the minus
Reeb component) and denoted by FP (resp. 7)) (Fig. 1). That is, S!xdD? has a
contracting holonomy in the minus (resp. plus) direction of S for F™) (resp. F 7).
We define the plus Reeb component " (resp. the minus Reeb component F™) of S!x D!
similarly (Fig. 2). We understand that Z*, %* mean standard ones (i.e. leaves
are “symmetric” with respect to an ‘“axis” and {*}XxD? (resp. {*}XxD?) is tangent to
exactly one leaf of Z* (resp. #*) at one point).

207



8 ITIRO TAMURA AND ATSUSHI SATO

=N\

Fic. 1

A C* foliation of codimension one of S!x D! constructed by turbulizing a collar
of S1x{—1} and S*x{1} in different directions is called a slope component and denoted
by &, (Fig. 2). The set of vertices (i.e. maximal or minimal points) of leaves of Z*
(resp. #7)) is denoted by ™) (resp. =) (Fig. 2).

AL 2T
NERAY \
AR

Fic. 2

Let E be a compact connected orientable g-dimensional C® manifold with
boundary 0E =T? (torus) and let =:E—S! be a C® fibering over S!' with fibre
G — Int D2, where G is an orientable closed surface of genus g and D2 is a 2-disc imbedded
in G. The C*® foliation of codimension one of E constructed by turbulizing the

fibers in a collar of the boundary ¢E in the minus (resp. plus) direction is denoted by
FH) (resp. F).

208



ON TRANSVERSE FOLIATIONS 9

The following proposition is a generalization of a result of Reinhart, Davis and
Wilson about tangent vector fields of the Reeb component ([1], [6]).

Proposition 2. — Let F® be a C* foliation of codimension 2 of E whick is a subfoliation
of FM).  Denote by F®|T? the C° foliation of codimension one of OE =T* which is the
restriction of F® to the compact leaf T of FF). Then the following holds:

(i) F|T? has a compact leaf.

(ii) F@| T is isomorphic to a C™ foliation consisting of p copies of the plus Reeb component,
q copies of the minus Reeb component (with respect to the orientation induced naturally from that
of SY), a countable number of slope components, and compact leaves (Fig. 3), for which, letting the
homology class [Liyyyy] of H (T2; Z) represented by a compact leaf Ly, of FO|T? with a
suttable orientation be ax +bB (a=o0), the equation

a(p—q)=2(1—2g)
holds, where « (resp. B) is the homology class represented by a cross section of ™ with the orientation
compatible with that of the base space S (resp. by 9(G —Int D2)).

(i) In particular, if G =382 then we have

a=1, p—q=2 o a=2, p—qg=1,

and ©(F®) is orientable if and only if a=1.

comp

The number a in Proposition 2, (ii) is called the longitudinal number of F®|T2

f—(Z) T2

A

Fic. g

Proof. — Let F be the line field on T? determined by & |T% then F induces
a homomorphism

F,: Hy(T% Z) > Hy(P%; 2)
([6]). If F, is not a zero map, then #®|T? has a compact leaf ([6; Corollary 3]).
Letting ¢: T2xI—E be a collar of T? such that ¢(x,0)=x (xeT?), we define a pro-
jection P:¢(T2xI)—T? by P(c(x,¢))==x. Let L be a leaf of £ and let
t: G=IntD*->L
209
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10 ITIRO TAMURA AND ATSUSHI SATO

be an imbedding such that
(0(G —Int D%) C¢(T2x1).

Let F’ be the line field on (G —Int D* determined by #®@|(G—1IntD?). If
F,([Pot(é(G—Int D%))])=o0, then the line field F’|.(d(G —Int D?)) should be homo-
topic to the line field tangent to :(0(G—1IntD?)). This implies that the Euler
number x(G) must be 1. This is a contradiction. Thus F, is not a zero map and
F®|T? has a compact leaf.

As is easily verified ([1]), the existence of a compact leaf implies that & |T?
is isomorphic to a C® foliation consisting of p copies of the plus Reeb component,
g copies of the minus Reeb component, a countable number of slope components, and
compact leaves. Therefore we may choose the imbedding . defined above so that it
satisfies that Pot(8(G —Int D?)) intersects & ® transversely except at a(p-¢) points
corresponding to =) or =), Let G be the double of «(G —Int D2), then F’ defines
a continuous line field on G with ap singular points of plus type and aq singular points
of minus type. Therefore, by computing the Euler number (G —Int D2), we have

a(p—q)=2(1—2g).
Thus (ii) is proved. The proof of (iii) is obvious.

3. Half Reeb components

Let D% denote the half 2-disc {(x,)eD?;y=0}. The restriction of the plus
(resp. minus) Reeb component Z*) (resp. ™) of S'xD? to S'xD? is called the plus
(vesp. minus) half Reeb component and denoted by FE) (resp. Fp). Let F (resp. F.)
denote the C* foliation of codimension one of S!x D? obtained from two copies of Z}
(resp. ') by identifying their compact leaves (Fig. 4).

(+)
Fan

Fic. 4

It is well known that &, (resp. &) is transverse to FH) (resp. FAT).  (See,
for example, [7].)
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ON TRANSVERSE FOLIATIONS 1

In Sections 3, 4 and 5, we let #’ be a G* foliation of codimension one of S!x D?2
transverse to Fg " :

F'et,(F).

The C> foliation F WOV F’ of codimension 2 of S!'xD? is a subfoliation of Z "
(Section 1). Denote by #" the restriction of 'O F’ to S'xéD% Then, by Propo-
sition 2, the C* foliation %’ ={LN(S*xS!); Le#'} is isomorphic to a C* foliation F
consisting of p copies of the plus Reeb component, ¢ copies of the minus Reeb component,
a countable number of slope components, and compact leaves, for which Propo-
sition 2, (iii) holds. Therefore there exists a C* diffeomorphism f: S!xS1—S1x St

isotopic to the identity such that f maps # to &' and that, for any xeSL, f({x}xS?)
intersects .Z transversely except at a(p-+¢) points f(({x}xSY)N(EHUZ)), where
S (resp. £)) denotes the union of =) (resp. (7)) of each plus (resp. minus) Reeb
component contained in & (Fig. 5).

We fix a natural product Riemannian metric on S'xD2. Let U be a neighborhood

of S1xS! in S1x D2 and let V={V(z); 26U} be a C® vector field on U satisfying the
following conditions:

(@) V()] =13

(i1) V(z) is tangent to the leaf of &’ containing z;

(iii) for zeS'xS!, V(z) is inward and normal to the leaf of #’ containing z.

The existence of such a G* vector field V is obvious.

For 2eS'xSY, let ¢(t, z2) (0=t<e,) denote the integral curve with the initial
condition ¢(o, z)=2. Let £>0 be sufficiently small and let €: S'—]o, [ be a C* func-
tion. Then, by a suitable choice of g, zys‘cp(é(x), f(%,9,)) is transverse to Z*). Denote

by L(x,9,) ((x,2)eS1xS8%) the leaf of H*) containing ¢(g(x), f(#,5,)). Then there
exists a unique G* function

Y. . S1—]Jo, 1|
such that
Yx(.yo)zé(x)> @(Yx(y),f(x,)’))EL(x,)’o)

and that y951cp(yx( ), f(x,9)) is a simple closed curve in L(x, ,). Now we define
A=8'xD*—{o(t,f(%,9)); 0=t<v,(»), (x,») ST X §'}.

Then A is a g-dimensional C® manifold diffeomorphic to S'xD2? and ANL is a closed
2-disk for each non-compact leaf L of F*'. Let F"={0ANL';L'e#’}, then F"
is a C® foliation of codimension one of dA. The CG* diffeomorphism g:S!xS!—0A
which maps (x,) to ¢(y,(»),f(,)) gives an isomorphism from & to "

Denote by A the intersection ANL,, where L, is the leaf of ) containing
(¥, 0)eS1x D2 By the construction above, 2A® is a simple closed curve intersecting F"
transversely except at a(p-+¢) points 6A(’)ng(§(+)ui‘.(‘)).

211



12 ITIRO TAMURA AND ATSUSHI SATO

Obviously there exists a G diffeomorphism from A to S! X D2 which maps A® to
{x}xD?2 Thus, making use of the identification by this diffeomorphism, we may assume
that

A=S'xD? AW={x}xD?
and that the plus and the minus Reeb components in &' of A =S1xS! are standard
(as in Fig. 2). So we use the same notations 5+, £() for "' as for &

The intersection A®NL’ (L'e#"’) defines a family of C* simple curves {6}, c )
of A®, where we understand that £ is a closed set of A® and #?nInt A® is connected.
We note that there exists a G vector field on the manifold (with corner) obtained by
cutting S X D? at {x,}xD? such that integral curves are sz{[(f)}xe Alg)-

Lemma 1. — (i) &2 is tangent to 8A® at (x, y) if and only if yedADAZ), yetld,

(i) 42 is reduced to a point at (x,y)edADASH),

iii) {42 orms a family of concentric half circles with (x,y) as center near
A SAEA(2) 24 J

(%, y)e(’)A"‘)ni‘.(“ and upper part of a family of confocal parabolas with (x,y) as focus near
(x,9)€dAPNZ) (Fig. 4 and 5).

This lemma is clear, because the situation of {f{%}, ., near (x,y)e€dA@NEH
(resp. (x,)€dAPINZT)) is similar as the situation of leaves of the plus (resp. minus)
Reeb component Z{*) (resp. %)) near a point of =+ (resp. (7).

family of concentric
half circles

i

F1G. 5

upper part of a family
of confocal parabolas

For yedD?, let #%(y) denote a simple curve of {/%}, - Az) containing (x,y). If
(x, _y)¢§(+’ui(‘), £9(y) exists and is unique, and if (x, y)eS(") there exist two kinds
of £9(y), say #%(y) and £(y). The following lemma is an immediate consequence
of the Poincaré-Bendixson theorem:

212



ON TRANSVERSE FOLIATIONS 13

Lemma 2. — For (x,9)¢3%™), the simple curve L@ (y) (resp. £5(y) (=1, 2)) inter-
sects 0A®) at exactly two points.

We denote by [£%)(y)] the intersection point different from (x, y).

Let X={X(z); zeA} be a C” vector field on A=S!xD? satisfying the following
conditions:

(i) X(2)%0 if zeA—(EHUET); X(z2)=o0 if zeZHUS),

(i) X(z) (2¢SHUSD), z=(x, y)eS'xD?) is transverse to A® ={x}xD? and
lies in the positive direction of Si.

(i) X is tangent to &’ and hyperbolic at each point of 50,

(iv) X|2A is tangent to 0A =St'xoD2

The existence of such a G® vector field X is obvious.

Let T:RxD2?—StxD? denote the covering map such that T—1({*}xD?)=Z x D?
and T|(RXx{*#*}): R —>S! is orientation-preserving with respect to the natural orien-
tation of R. Let )A('={}~('('E') ; ZeRxD?} be the C* vector field on R xD? such that
%(X(7))=X(R(7)), and §(¢, 7) denote the integral curve of X with the initial condi-
tion (0, 7)=% (for ZeR x D?).

X R xD?

917 case (iii)

—

hyperbolic

O1Z] case (i)

%M%" (2

-1 (S) @[3 case (ii)

FiG. 6

For ?eRxDZ—%_i(}i(*)Uﬁ(_)), we define a subset ¢[Z] of RxD? as follows
(Fig. 6):

(i) if (¢, 7) does not approach to a point of ¥ 1{(EHUE) for t20, we define
F[7]1={3(t 7); 0=t<oo};

213



14 ITIRO TAMURA AND ATSUSHI SATO

(ii) if §(¢, 7) approaches to a point of %*1(2(‘”) for t=20, we define
BIY1={50 7); ost<w} U Jim3(t, 7))

(ifi) if (s ¥) approaches to a point of x=1(E7)) for ¢=o0, we define
t’

FITI={3(,7); 05 < oobulim G, 7)}U{Fs lim F(4 %) =lim §(, 7))
For s>o0, ze A=S'xD? we define a subset @ (z) of A (possibly @, (z)=2) by
®,(2) =R((F[Z]) n({¥+s}xD?)),
where T(Z)=2z and Ze{¥}xD2 ®,(2) consists of one or two points unless @ (z)=o.
If ®,(z)CE®) for zef9(y), then, by Lemma 1, (iii), we have

D, (x, )= @,([£9(»)])=D,(2) (s>0),

which implies that y and [¢/*)( y)] belong to the interior of the same plus Reeb component.
Thus, if one of the points #7N8A® is not contained in the interior of a plus Reeb
component in &, then we have

D,()NSH =5 (zef9, 5= 0),

that is, ®,(z)+o for zefl®, s=o.
The image U ®(2) of £ with respect to ®, bifurcates at @, (z) if and only
)

X,

zel()\
if ®,(z2)C AFE+)A\S() (Fig. 7). Thus, in general, the image of £ with respect
to @, consists of a finite number of simple curves of {/%Z+)}, . - . because the
number of values s'e€[o,s] at which ®, bifurcates are finite (Fig. 7).

~ A

A(7t(x+s))

A(x.‘

Fic. 7
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ON TRANSVERSE FOLIATIONS 15

Lemma 3. — Let L. be a compact leaf of F"' of A and let (x, 5) e L.O0A®), then [£9(5)]
is an intersection point of a compact leaf of F'' and dA.

Proof. — Let us consider the case where the longitudinal number a of #" is 1.
Thus {£7},crw is a family of integral curves of a C* vector field on A.

First assume that the image of #%(j) with respect to ®, does not bifurcate for
0<s<1. Then ®,z) moves continuously for o<s<1, ze/®(3). Since jisa point of
a compact leaf L, we have ®,(x,7)={(x,7)}. Thus, by the uniqueness of £7(3), the
image of /() with respect to ®, agrees with itself:

D ([£2(5)]) ={[£"(5)]}-

This shows that [/¥(%)] is contained in a compact leaf of &".
Suppose that the image of /() with respect to @, bifurcates at a finite number
of values of 0<s<1, and the image of ¢#”() with respect to @, is given by

N F)VER(F)U .. U3,

where j,=3 and ¢®(3) (i=o,1,...,m) are simple curves in {£{?}, ., such that
[£9(%;)] and (x, 7, ,) belong to the interior of the same minus Reeb component in F"’
(i=0,1,...,m—1) (Fig. 7). Assume that m=1. Then, [/?(3)]=["(5,)] should
belong to the interior of a minus Reeb component in &#". However, according to
properties of the minus Reeb component, it is easy to see that {[/®( 35 )]}=®,([{?()])
and [£)(5,)] belong to different connected components of A®—¢@(3,). On the other
hand, [/®(5,)] and [{¥(3,)] should be connected by a connected continuous curve
in A® oriented by the following order

LULD (5 UELUED(F)U. . uE, _ulD(5)

m

such that £, is contained in the interior of a minus Reeb component (i=1, 2, ..., m—1),

and that, if ; is contained in the minus Reeb component to which ¢#%(3,) belongs, the
_ _—
orientation of 4 is consistent to [/)($,)](x, ;). This is a contradiction. Therefore

#®)(%) does not bifurcate for o<s<1. Thus this lemma is proved in case a=1.
In case a=2, the same arguments hold by considering the double covering of
A=8'xD2 Thus Lemma g is proved. (See also [9; p. 61].)

Lemma 4. — Let Loea compact leaf of F'' of 0A =S!x dD? and let L be the leaf of F'
containing L. Then LA is compact, and it is an annulus in case a=1 and is an annulus
or a Mibius band in case a=2, where a is the longitudinal number of F". LNAY consists
of a simple arc in case a=1 and of one or two simple arcs in case a=-2.

Proof. — According to Lemma g, it is easy to see that there exists a diffeomorphism

from LxI or Mobius band LXI/Z, to LNA.

Lemma 5. — Let Z" be a plus Reeb component in F'' of 0A =S1x 0D?* and let | |
denote the underlying submanifold of Fit) in 0A. Denote by L, L' the compact leaves of
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16 ITIRO TAMURA AND ATSUSHI SATO
FH 8|.”/7;{+)|=iui’, where it may happen that L=1' in case the longitudinal number
of ' is 2. Then, for {c¢}eLNdA®, we have
[£9(c) el noA®,
Proof. — Let oe|ZEP|N0ADNEH), We denote I/'N3A® by . We fix an

orientation on 8A® so that the oriented arcs ¢’s, oc have the orientation compatible
—~ —_
with that of 9A®, where ¢'scnac={s} (Fig. 8).

vi Y O piy

A(X)

Fic. 8

Let h:oc—>9A® be the map (not necessary continuous) defined by

R)=["(]  (reor).
Then, by Lemma 1, (iii), there exists a neighborhood U, of ¢ in A™ such that £ is
continuous on UynInt oc.

—~ ~~
Assume that there exists a point »;ecc such that & is continuous on ¢y, —{ 7}
and is not continuous at y,. This is equivalent to that ##( y) intersects JA* transversely

at h(y)=[#9())] for yeap—{yy} and #=)(y) is tangent to 9A® at h(yy)=[t"(sy)]
(Fig. 8, 9). Thus we have A(y,)eZ".
Denote by £~ the minus Reeb component such that k(y,)e|% )|, where
| %) is the underlying submanifold of ). Let d, d’ denote the boundary points
J— ——— . . J—
(| AT INAY) such that oriented arcs d'h(y;) h(y;)d contained in |F{)|NA® have
the orientation compatible with that of A (Fig. 8).

Suppose that /7 y,) is tangent to dA® at h(y,) in the inverse direction of A",
then, it is easy to see that

—_ o~ ——
kloyy: ayy—~h(y)o
216



ON TRANSVERSE FOLIATIONS 17

is an onto homeomorphism (Fig. 8). Thus A *(d) exists in Int c;»; which should be
contained in a compact leaf of #'' by Lemma g. This is a contradiction. Therefore
£9(y,) is tangent to @A at h(y,) in the direction of 9A® (Fig. g).

Thus there exists a neighborhood U, of y; in 6A® such that & is continuous on
—_ —~~ —
U,;NnInt y;c. If & is not continuous at a point of y,c, then there exists y,eInt y;¢ such

—_
that 4 is continuous on Int y, y, and is not continuous at y,. By the same argument
used above, #)( y,) is tangent to 9A"™ at k(y,) in the direction of 9A™ (Fig. g).

Since the number of minus Reeb components is finite, by repeating this process,

there are a finite number of points y;, %5, ..., 5, of Int oc situated in this order such
— m

that 4 is continuous on oc—{s}— U y and discontinuous at y; (i=r1,2, ..., m) and
i=1

that £ 3,) is tangent to @A™ at h(3)eZ") in the direction of A" (Fig. g). Suppose
. I~
that A(y,) is contained in a minus Reeb component ‘%~ and let d.d, be the arc

|"Z4)|nA® having the orientation compatible with that of 2A®:
—_—

h( ) €drd,,.

—

- SN —~ —
Then % maps y,¢ into ck(y,)—{c}. If k(y,c) Cd, k(,)—{d,}, then d, k(,)—{d,}
must contain the point A(c) of a compact leaf of #’ by Lemma 3. This is a contra-
diction. Further, if h(Int_;;c) Dd@), then Int_;m\c must contain the point A~ !(d))
of a compact leaf of #'' by Lemma 3. This is also a contradiction. Thus 4(c)=d,,
holds. This implies that ¢ and d,, lie on a compact leaf L. of #’ by Lemma 4.
However, since ¢ is a point of a compact leaf of the boundary of a plus Reeb
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component, L. has a contracting holonomy in the negative direction of S! in this side,
and, on the other hand, since d,, is a point of a compact leaf of the boundary of a minus
Reeb component, L has a contracting holonomy in the direction of S! in the same side.

This is a contradiction. Therefore there exists no discontinuous point of 4 on oc and
—_ —_ I
k| (cc—{o}) : cc—{o}— h(c)o—{o}
is a G® diffeomorphism. The point A(c) must belong to a compact leaf of F'' by
Lemma 3. Thus, making use of the same argument as above, we have

hic)=c'".

This completes the proof of Lemma 5.

Proposition 3. — (i) Let L be a compact leaf of F' of 6(S'x D?) and let L be the leaf of F'
containing L. Then L is compact and an annulus in case a=1 and an annulus or a Mdibius
band in case a=2 such that dL=LNa(S!xD2) consists of two compact leaves of F' in case
a=1 and of one or two compact leaves of F' in case a =2, where a is the longitudinal number of F'.

(ii) For a plus Reeb component F*) in F', there exists a plus half Reeb component F Ly
in F' such that F{) is the restriction of FLy) to | F*)|, where it may happen that the compact
leaf of FLF) forms a Mibius band in F' identified by a free Z, action in case a=2. LetA = ';J A
be as in Section 2, then {AWNL'; L'e FLh)} consists of concentric half circles.

Proof. — There is a natural isomorphism from &' to %" of dA and the compact
leaves corresponding by this isomorphism are the boundary of an annulus which is the
restriction of a leaf of #’ to S1xD2—1Int A. Thus the first part of (i) is an immediate
consequence of Lemma 4. For a compact leaf L of the boundary of |Z{*)|, there exists
a compact leaf L containing L as above. According to Lemma 5, &L consists of the
two compact leaves of Z*)in case a=1 and of one or two compact leaves in case a=2.
Thus the second part of (i) is proved.

Now we prove (ii). Let L be the compact leaf of &’ containing a compact leaf
of 8| Z*)|. Assume L is annular. Let R denote the closure of a connected component
of S1x D2—L which contains Int|#*)|. Since, as was shown in the proof of Lemma 5,
RN A® consists of concentric half circles, #'|R is a plus half Reeb component. Thus
Proposition g is proved. In case L is a Mobius band, the same arguments hold by
considering the double covering of S!x D2

4. TS components

First we prove the following lemma.

Lemma 6. — Let L be a compact leaf of F' which is a boundary of a minus Reeb compo-
nent F7) or a slope component Fg and let L be the compact leaf of F' containing L (Propo-
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sition 3, (i)). Let B denote the closure of a connected component of S'x 6D%*— 0L which contains
Int| #{7)| or Int|Fy|, where | F 7|, | Fg| denote underlying submanifolds. Then L'=oL—L
is a compact leaf of F' which is a boundary of a minus Reeb component or a slope component
contained in B, unless oL = L.

Proof. — First assume that the longitudinal number @ is 1. Suppose that there
exists a family of compact leaves {i{ } of #'|B which accumulates to /. Then, by
Proposition 3, (i), we have a family of compact leaves {L;} of &' such that

oL, =TL,UL] =L,n(S'x éD2).

Thus {L;} accumulates to L. which contradicts the assumption on L. Thus I/ is a
boundary of a plus or minus Reeb component, or of a slope component. But L’ cannot
be a boundary of a plus Reeb component by Proposition g, (ii). In case a=-2, the
same arguments hold by considering the double covering of S'xD2. Note that it may
happen that oL=1L in this case. Thus this lemma is proved.

In the following % denotes a minus Reeb component or a slope component
contained in F'. # and %, are called to be connected by a compact leaf L, denoted by
H ~ F,, if there exists a compact annular leaf (resp. a Mobius band in case a=2) L
of ' with dL=LUL’ (resp. dL=L) such that LC|# |, L'C|%,]| (resp. LC|#],
LC|%,|) and that Int|#,| and Int|.%,| are contained in the same connected component
of S!xoD2—L—L’ (resp. $1xoD2—L) (Fig. 10).

Further, %, and &, are called to be connected if there exists a sequence %, &,
%, _, such that

Fi~Fiy (=0,1,...,m—1I)
1

9+ ey

for some compact leaves L, (¢=o0,1,...,m—1) of &'

By Lemma 6, ¢ copies of the minus Reeb components in &' are divided into
connected components.

Lemma 7. — Let %:_{3?].(*);]': 1,2, ...,m} be a connected component of q copies of
the minus Reeb component in F'. Then there exist two slope components FV, FP in FV such
that {F s j=1,2, ..., m}U{F" FP} is a connected component of the set of q copies of
the minus Reeb component and slope components in F'. Further, F and F&) are connected by
a compact leaf.

Proof. — First we assume that the longitudinal number a4 is 1. Let
(=), » ’ 7 (8) .
{(F75i=1,2, ...,mym+1, ..., mPU{F; 5eA}

be a connected component of the set of ¢ copies of the minus Reeb component and slope
components in %' containing ¥. Let L be an arbitrary compact leaf of &, then
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LNA®@ js asimple curve in A® and LNA® divides A® into two connected components,
say A and AY. Since the Euler number y(A?) is equal to 1 (i=1, 2), we have

AINSH gy (=1, 2).

Since "’ contains only a finite number of plus Reeb components, this observation shows
that A is a finite set, say A={§;;i=1,2,...,7}.

Let L, (k=o,1,...,74+m —1) be compact leaves which connect

(Fj=1,2, .. ,m}O{FPi=1,2,...,71}
r+m —1

and let Q™ denote the closure of a connected component of A®— U L, intersecting
k=0

Int |#7)| and Int |#{)|. Denote by Q@ the double of Q¥ obtained by pasting
Q“N2A®, Then the Euler number %(Q®) is equal to 2—(m'+7r). On the other
hand, a C* vector field on Q@ introduced naturally by {£&'}, .., is tangent to 2Q®
and has exactly m’ singular points of index —1. Thus we have r=2.

Further compact leaves having contracting holonomy in the negative direction
of S! are only contained in Z{® and F{®). In order to be connected by a compact
leaf, compact leaves in &) or in #{® should have the same holonomy. Therefore
F{) and F{® should be connected by a compact leaf which implies that m=m’.

In case a=2, the same arguments hold by considering the double covering of
Stx D2 Thus this lemma is proved.

Let € be as in Lemma 7, then, by Lemma 7, there exists slope components F!,

F and compact leaves L, (k=o,1,2,...,m+1) of &' such that
FN —~ F, F) —~ F) ((=1,2,...,m—1),
Ll Lz+1
F o TP, FP — FP.
'm+1 0

Let Q(%) or simply Q denote the closure of a connected component of
m+1

StxD?*— U L; containing Int |#7)| (j=1,2,...,m). The C* foliation #’'|Q of
UL g 1 G

codimension one which is the restriction of &’ to Q (%) is called a TS component of type m
with respect to ¥ and denoted by TS,. We denote by |TS,| the underlying sub-
manifold Q of TS,.

Proposition 4. — There exists a C* foliation F' of codimension one of S'XD? transverse
to the plus Reeb component such that F' contains a TS component of type m.

Proof. — Figure 5 and Figure 10 show the existence of a TS component of type 1.
Similary a TS component of type m exists for any m=1.

220



ON TRANSVERSE FOLIATIONS 21

f;u)
L N
(\ L,

~ ~

N \‘~\

Fs Zas
Fic. 10

The following proposition is an immediate consequence of Lemma 7.

Proposition 5. — For a minus Reeb component F\7) in F', there exists a TS component TS,
of type m such that |TS,|D|F 7.

Proposition 6. — The TS component TS,, of type m with respect to
C={Fj=1,2,...,m}
has the following properties:

(1) The underlying submanifold | TS,,| of S'xD? is a compact connected 3-dimensional
C® manifold with corner, where the corner consists of the boundaries of compact leaves L,
(k=o,1,...,m+1) andis C* diffeomorphic to S xD? by straightening the corner. The set
| TS,,| N (S* x @D?) consists of minus Reeb components 3‘_;(_) (j=1,2,...,m) and slope

components F{ (i=1, 2).

(i1) The intersection |TS,|N({x}xD?) (xeSY) 1is a polygon with 2(m -+ 2) vertices
(resp. a polygon with 4m -+ 4 vertices or two disjoint polygons with 2(m -+ 2) vertices) if the longi-
tudinal number a is 1 (resp. 2).

(iii) The compact leaves in ‘TS, are exactly L, (k=o, 1, ...,m+1). They are annular
in case a=1 and one of them may be a Mobius band in case |'TS,|N({x}xD?) isa polygon
with 4m+ 4 vertices. The compact leaf L, has a contracting holonomy in the positive (resp.
negative) direction of S* if k=1,2,...,m+1 (resp. k=o).
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22 ITIRO TAMURA AND ATSUSHI SATO
(iv) Every non-compact leaf L of TS, meets Int | F7)| (j=1,2, ..., m) and Int |F),
Int | F{)|.
(v) Let H denote the subset of R2 defined by
H=[o,2m 4 1] xR

I
—{(%,9);9—¢> yhR<x<k41,k=1,3,...,2m—1},
(%,9);9—¢, Ty pr— x<<k+1 1,3 am—1

where ¢, is a constant; then every non-compact leaf in TS, is C* diffeomorphic to H (Fig. 11).

Cq Cq

F1G. 11

Proof. — Properties (i), (ii), (ili) are obvious. So we prove (iv), (v) here. A
non-compact leaf L of #’'|Q meets A® for some xeS!l. Then LNA® contains a
simple curve &7 of {}, .\, Let (r,7) be an end point of £, then (x,y) belongs
to the interior of one of | %7)| (j=1,2,...,m) or |#{| (i=1,2) by the identification
of 6A and S1x oD% Assume that (x,)e|%7)|, then it is easy to see that Ln|Z 7]
contains a point (x, ') and (x”, »"') which lie near to L; and L, , respectively. Since
{7 (y) CL, é’(_x”)(y") CL, we have Ln|#)|+0, Ln|F)|+e. By iterating this
process for |#(7)| and |#{")|, (iv) is proved.

Let L’ be a non-compact leaf of #{" and let L'CL’ (L'e&#’). For (x, y)eL’
(xeSt, yedD?), making use of the identification S'XxXD2?=A, we consider a simple
curve /() in A®. If (x,) is near to Ly, then [£®)(y)] is a point of |#™)| because
£9( y) lies near to L;. Let (x, »;) denote a point of | #~)| which is symmetric to [£¥( )]
with respect to ('n|F )|, then it is obvious that (,3,)eL’. Thus £7(y)CL/.
Therefore, in general, for a point (r,y)eL’, there exists a sequence £#7( y,), #9(y,), ..
/¥ y,) of simple curves in A® (s<m) such that
1) (% 90)=(x ) el F|, [F()]e|FE),

2) () CL" (k=o0,1,...,9),
3) ()] and (%, are points of [
0| Z0),

*

| which are symmetric with respect to
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Further if (x,y) is sufficiently near to Ly, then s=1 and the above sequence
consists of a simple curve £7(y) such that [/%(y)]e|Z{)|.
By these observations, we can define a G diffeomorphism f from H onto L'nA

such that f maps Hn([o, 2m+1]x{u}) onto U £%(y,). Obviously L’ is diffeomorphic
to H. Thus (v) is proved. k=0

Let TS, be a TS component of type m with respect to % as above, |/T\S;| the

~

universal covering of |TS,| and T: ]?S:]»[TSMI the projection. For the natural
projection p, : | TS, |—S! which is the restriction of the projection to the first factor
StxD2->S!, there exist the covering map %’ and the natural projection 7 satisfying the
following commutative diagram:

ITS,| > |TS,]

5 P1
\

R-—nl———>Sl.

Denote by Z' the C* foliation of codimension one of ['fé:,[ defined by
{F7YL); L’eTS,,}. Let AY (resp. A?) be a C® diffeomorphism from the open
interval Jo, 1[ onto a connected component of T !(Int|F{|N ({x}xdD?)) (resp.
T (Int | FP| N ({x}x D)), then {AV(1)} (0<t<1) is an index set for leaves of
F'|% Y| FM)). The leaf T, of F' containing AV(f) intersects 'T‘E_I(EA‘.‘_)nL??j‘“)])
(resp. T (| FP| Nk (Jo, 1[))) at one point, say f() (resp. AP(f(t))) for o<i<r.
Then it is easy to see that

ﬁojg: Jo,1[-R (j=1,2,...,m)
f:Jo,1[—>]o, 1]

are G diffeomorphism. The maps f; (j=1,2,...,m) and f are called lag functions
for TS,,. The lag functions depend on the choice of {x} and A" (i=1, 2).

Now we define a standard TS component of type m. Let P, , denote the regular
polygon of 2m + 4 vertices and let Q (m) be a compact connected orientable g-dimensional
C® manifold with corner obtained from P,,, ,xI by identifying P,, ,,x{o} and
P,, . x{1} after twisting of 4 times, where & is an integer. The boundary 3Q(m)
consists of 2m+4 annuli, say (S'xI); (:=o,1,...,2m+3), whose boundaries are
corners of Q (m).

By the turbulization of Int Q (m) in neighborhoods of m+1 annuli (S'xI),
(i=1,...,m+1) along (S'xI), in the direction of S' for i=1,2,...,m+1 and
in the negative direction of §' for ¢=o0, a G* foliation Z (m) of codimension one of Q(m)
is constructed. Compact leaves in % (m) are (S'xI),; (i=o,1,...,m+1) and
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ﬁ(m)|(Sl><I)2i+1 is the minus Reeb component if i=r1,2,...,m and the slope
component if i=o0,m+4 1. The foliation % (m) is called the standard TS component of

type m and denoted by '/I’\Sm. Clearly the lag functions f; of TS,, satisfy
fi=f=...=f,.

5. Classification theorems for foliations transverse to the Reeb component

Theorem 1. — Let F' be a C® foliation of codimension one transverse to the plus Reeb
component FT) of S'x D% F'et,(S'xD? F)). Then the following conditions hold:

(1) Let [Lc%p] =aa-+bB be the homology class of H,(S'x0D2; Z) represented by a compact
leaf Loy, in F'=F"|(8'x0D?, where o=[S'X{*}] with the given orientation,
B=[{*}x0D?] and azo0. Then we have a=1 or 2 (the number a is the longitudinal number
of F).

(i1) F consists of p copies of the plus half Reeb component, s, copies of the TS component
of type m for m=1, 2, ..., u, and a finite number of foliated I-bundles over S* x 1 in case a=1
and over S' X1 or the Mibius band in case a=2 such that

ms,=2 if a=I,

ms,=1 if a=2,
and that the foliated 1-bundles are trivial I-bundles in case a=1.

Proof. — (i) and a part of (ii) concerning plus and minus half Reeb components
and TS components are direct consequences of Proposition 2 and Proposition 5.

Let (FR): (i=1,2,...,p) and (TS)); (j=1,2,...,5,) be the plus Reeb
components and the TS components of type m in &' respectively, and let

14 U Sm
M =8'xD*—( U Int | (#{");])—( U (U Int|(TS,),])).
1=1 m=1 j=1
Let C be a connected component of M, then, by Proposition 3, (ii) and Propo-
sition 5, the family of simple curves formed by the intersection of A and leaves of #'|C
are transverse to 9A®. This implies that #'|C is a foliated I-bundle isomorphic to

Fix1 or Fx1]Z,, where Z; denotes the restriction of &' =%'|9A to one of the
connected components of CN(S!'x¢D? and % denotes its double covering. Since
Z, is a foliated I-bundle over S! such that this bundle is trivial if a=1 and is trivial

or a Mdobius band if a=2. Thus this theorem is proved.
In order to state the classification theorem for #, (™), we introduce the concept

~

of TS diagram. TS diagrams consist of finite number of smooth simple arcs ¢
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(i=1,2, ...,7) in the 2-disc D? and symbols +, —, X and || on 2r arc intervals of sD?
divided by o, (:=1,2,...,r) satisfying the following conditions (Fig. 12, 14):
(1) Z ((=1,2,...,r) are mutually disjoint smooth simple arcs in D? intersecting
oD? transversely such that
ENeDA=0l,  (i=1,2,...,7).
(ii) Let N; (¢=1,2,...,7r+1) denote the closures of connected components

of D?— U Z’; . Then the symbols are given as follows:
i=1

(a) if N;néD? consists of one connected component, then the symbol (+) is given
on this arc interval;

(b) if N;noD? consists of two connected components, then the symbol || is given on
each arc interval of N;NnoD?;

(c) if the number % of connected components of N;N9D? is =3, then the symbol (—)
is given for £ —2 arc intervals of N;NdD? and the symbol x is given for the rest
two arc intervals. Further two arc intervals with symbol X are contained in a
connected component of

0D®—[(k—2) arc intervals with symbol (—)].

(iii) Let p and ¢ denote the numbers of arc intervals having the symbol (4)
and (—) respectively. Then p—g=2.

(+)

(+)

Fic. 12

The TS diagram of Figure 12 corresponds to &' illustrated in Figure 5.
Two TS diagrams are usomorphic if and only if there exists a CG* diffeomorphism

of D? preserving simple arcs {Z} and symbols. Let A=UA® be as in Section 2, then
the TS diagram illustrates A®NL’ (L'e#’) (see Fig. 5).

[}
Q0
[
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The following theorem is an immediate consequence of Theorem 1 and the
definition of TS diagrams.

Theorem 2. — Let F'et,(S'x D% FT)). Then a pair (a, b) of integers and an iso-
morphism class of TS diagrams satisfying the following conditions correspond uniquely to F'.

(i) a=1 or 2. The homology class [Liyy,] of Hy(S'x 8D?; Z) represented by a compact
leaf Loy in F' =F'|S'x0D? is an+bB. In case a=1, F' is transversely orientable.
In case a=2, F' is transversely non-orientable. The TS diagram should be invariant under
the action of order 2 if a=2.

(ii) Are intervals of 0D with symbols 4+, —, X and || represent the plus, the minus Reeb
components, the slope components and foliated I-bundles over S' (i.e. union of slope components
and compact leaves) contained in F' respectively.

(i) In case a=1 (resp. a=2), N; (resp. a pair of N; whick is invariant under the
action of order 2) represents the plus half Reeb component or the TS component of type m or a
Joliated T-bundle over S*X I (resp. S'X 1 or the Mdibius band) if N;N0D?® consists of one or
m-+2 or 2 connected components respectively.

(iv) Each simple arct’: represents a compact leaf diffeomorphic to S' X1 in case a=1 and
to S'x1 or the Mibius band in case a=2.

In the following we consider the topological classification for ¢,(S!xD? F").

Lemma 8. — Any TS component TS, of type m is topologically isomorphic to the standard TS
component ‘TS, of type m if the longitudinal number is 1.

Proof. — Let Ly, L,, ..., L, (resp. L, L,..., im+1) be compact leaves of TS,
(resp. TS,). We fix G* diffeomorphisms
n: S'xI—=L, (resp. %;: S'xI—>L) (i=o,1,...,m+1).

m+1 m+1
Then it is easy to see that there exists a collar ¢ (resp.Z) of U L; (resp. U L;) in | TS,
i=0 i=0

(resp. | TS, |):

c: ('?l_lei)x[o, 1] - |TS,|, ¢(z0)=z2 (zen?LjJILi)
(resp. ¢: (%lj:ii)x[o, 1] - [fgmz, ¢(z,0)=z (ze"‘LL:]:fﬁ))

such that

m-+1 m+1

(a) ¢ ’l_JOL,'X{I}) (resp. ¢( 'L—Jo L,x{1})) is transverse to TS, (resp. fgm),

(b) c¢|({z}x[o, 1]) (resp. ¢|({z}x[o, 1])) is transverse to TS, (resp. ﬁm), )
(c) c(n;({x}x1I),t) (resp. ¢(%;({#}xI), t)) is contained in a leaf of TS, (resp. Tgm),
where tefo, 1].
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Since, by Proposition 6, the restriction of TS,, (resp. ﬁm) to

m+1 o~ m+1A
Q.'=ITSm|—0((i|;JOL.:)><[0, 1[)  (resp. Q' =|TS,|—2(( ,l_JO L;)x[o, 1[))
is a G* foliation of codimension one whose leaves are the regular polygon P, ., of
2m + 4 vertices, it follows from the Reeb stability theorem [5] that TS, | Q’ (resp. ?S;,,] Q)
is a product foliation. Thus, as is easily verified, there exists a C* diffeomorphism
hy: Q—~Q
such that
(i) hg preserves the foliations TS, |Q’ and TSm[Q',
(i) hq(Lix{1}) =Lix{1}.
Further, letting /g (2, 1)=(2', 1) (2€Ly;), we define surjective homeomorphisms
ki e(Lix[o, 1]) > &(L; %[0, 1]), i=o0,1,...,m+1,
by bz, )= (2, (1)),
where £,: [0, 1]—[o0, 1] is a surjective homeomorphism depending continuouslyon z. By
a suitable choice of £,, the homeomorphisms #; preserves the foliations TS, |¢(L;x[o, 1])
and TS, |Z(L;x[o, 1]).
Then the homeomorphism

ki |TS,|—>[TS,|
defined by £|Q =hy and k|c(L;xI)=#h; (¢=o0,1,...,m+1) is asurjective homeo-

morphism preserving foliations TS,, and TS,,. Thus this lemma is proved.
The following theorem is an immediate consequence of Theorem 2 and Lemma 8.

Theorem 3. — Let F/, Z,et,(S'xD? Fit)).  Suppose that F, and F, satisfy the
Sollowing conditions:
(i) & and F, have the same longitudinal number,
(i) there exists an isomorphism between their TS diagrams, say f;
(iii) for foliated I-bundles in F, and in F, corresponding by f,, there exists an isomorphism
between them compatible with f,.

Then &, and F, are topologically isomorphic.

Let us consider % 'et,(S'xD?% ")) consisting of g copies of the half Reeb
component and one TS component of type 1 (Fig. 12). We represent % by illustrating
F/NA" and Z|(S'x D% by dotted curves in Figure 13.

Let %" be an element of £,(S'x D? Z*)) represented by real curves illustrating
F/' nA® and ZF!"|(S'x ¢D? in Figure 13. The foliation % consists of 2 copies of
the half Reeb component and a foliated I-bundle over S'x I, and is transverse to % :

F'RF .
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half Reeb component in #;"

foliateq I-bundle
in %,

half Reeb
component
in %

Fic. 13

For F'et,(S'xD? A{t) consisting of m copies of the half Reeb component and
one TS component of type m—1, we can construct %' et (S'xD? A{") such that
F"®F' by similar methods. It seems to us that, for any F'et,(S'x D? F™)), there
exists always F''et,(S'xD? 1) such that F'FF". However, in general, F'' is
not unique, because %' above is also transverse to % et (S'xD? ™) consisting
of 2 copies of the half Reeb component (Fig. 4).

6. Foliations transverse to the Reeb foliation of S?

Let S*=(S}x D} th (D2xS;) be the decomposition of the 3-sphere into the union
of two solid tori, where A:S!xoD?—0D2x S} is given by h(x,y)=(x,).

Let Z denote the Reeb foliation of S%. We fix orientations on S} and Sj so
that 'Fp=Z|(S|xD}) and ""Fp=%|(D5xS;) are the plus Reeb components.

Let &’ be a C® foliation of codimension one of S* transverse to . Then
we have

F'|(Six DY), Z'| (D x Sy) et,(S' x D*, F{*).

Since &’ is transversely orientable, their longitudinal numbers are both 1. The
restrictions Z# | (S; x D}) and #”| (D} x S}) must be isomorphic by % on their boundaries.
Thus it is obvious that the homology class [L,,,,] of H,(S{xéD}; Z) represented by
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a compact leaf L, of F'=F"|9(S!xD? having the orientation compatible with
the orientations of S and S}is « + B, where a=[S}x{*}], B=[{**}xS}] ({*},{**}edD?)
with given orientations (Theorem 1, (i)).

Conversely from two elements %, %, et (S'xD? Z{™)) with the longitudinal
number 1 such that % |8(S' x D?) is isomorphic to %, | 9(S' x D?) by the map (x, ) — (1, #),
we obtain an F'ef(S°, %) by identifying their boundaries. Thus the following
theorem holds:

Theorem 4. — Let F' be a C* foliation of codimension one transverse to the Reeb foliation F
of 8% F'et,(S% Fg). Then F' is obtained from two foliations F|, F, et (S'xD? FH)
with longitudinal number 1 such that F|0(S'x D?) is isomorphic to Z; |0(S* < D?) by the map
(x, 9)—> (9, x) identifying their boundaries.

Let D} (¢i=o0,1,...,m+1) be 2-discs imbedded disjointly in the 2-sphere S?

m-+1

and let C=(S*— U IntD})xS!. We fix an orientation on S'. A full TS component
i=0

of type (m; r), denoted by _'lTS(m;,), is a G~ foliation & of codimension one of C having
the following properties:
(i) Compact leaves of Z#; are dDIxS' (i=o0,1,...,m-+1).

m+1
(ii) Interior leaves of #; are transverse to {x}xS' (xeS*— U D3.

1=0

(i) #; has a contracting holonomy in the negative direction of S' on 9D?x S!
(i=o0, 1, ...,r) and in the positive direction of S' on éDx S* (i=r+1,7+2, ..., m+1),
where o<r<m. We note that a full TS component contains compact leaves having
contracting holonomy in different directions of S'.

Example A. — Let us consider two copies of
Fret,(S'x D%, FP)  with  [Lggg,] =+ B.

We may suppose that % gives an isomorphism Z{* | (S!x dD?) — ()| (Sx éD?. Thus
the C® foliation %’ obtained from two copies of & identifying their boundaries by 4
is an element of #(S® %). If F' consists of p copies of the plus half Reeb component,

s, copies of the TS component of type m (m=1, 2, ..., u), then F" consists of p copies
of the Reeb component and s, copies of the full TS component of type (m; o).

Example B (Koichi Yano). — Let &, #, be elements of #,(S'xD? Z*)) with
[Lompl = +@ such that their TS diagrams are given by Figure 14, (a), (b) respec-
tively and that % gives an isomorphism % | (S'x oD?) — ] |(S'x@D? (thus, the
symbol || in their TS diagrams represent slope components). The C® foliation F#’
obtained from 5}1’ and 5/':'2' identifying their boundaries by % is an element of ¢,(S3 %)
consisting of 7 copies of the Reeb component, a full TS component of type (1; 1) and
a full TS component of type (3; 1).
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(+)

(+)

Fic. 14

Theorem 5. — Let F'et,(S3, F), then F' consists of a finite number of Reeb components,
Sull ‘TS components and foliated T-bundles over S'xSl. Furthermore, let {y, etc. (resp. fng)
denote a closed curve in a Reeb component (resp. a full TS component) in F' homotopic to the
longitude and transverse to F', then {y and lrg are both unknotted and the linking number of lg
and f is +1.

Progf. — Let 5}1', ﬁ;’ be as in Theorem 4: %’ :Jﬁ'uﬁ*’z’. First assume that
the number of compact leaves contained in 3%1' (thus also in 5’%’) is finite. This is
equivalent to the assumption that foliated I-bundles in f/?l' and in ﬁAZ’ contain only a
finite number of compact leaves. For a compact leaf L, in 3_:1', L,Nn(S'x 2D? consists
of two compact leaves in 5%2' (S'x oD%, say L,, il. Then there exists a unique compact
leaf in .9?2', say L, (resp. Lj), which contains L, (resp. il) Thus the set of compact
leaves in .9%1' and 5}2’ forms a finite number of compact leaves in &’ which are diffeo-
morphic to St xS!. By Proposition 2, (iii), the numbers of plus half Reeb components
in .9%1' and in 3"/\'2' are the same and they form the same number of Reeb components
in &#'.
and in ./”’:'2’ form a finite number of full TS components and foliated I-bundles over S* x St
with finite compact leaves in &’ (Examples A, B). Since [Lgy,]=a48, it follows

Further, as is easily verified, TS components and foliated I-bundles in .9?1’

from the construction as above that #; and ;4 are unknotted and the linking number
of %z and 4 is + 1. Thus the theorem is proved in this case.

Now suppose that %’ (thus also 97;') contains foliated I-bundles with infinite
numbers of compact leaves. We denote A, A® and {£{’'}, c(, of Section g for F!
(resp. 3_/:2') by A, AP and {7}, cpw (resp. Ay, AP and {4, canw).  Since
[Loomp) =+ B, the diffeomorphism £ induces naturally a diffeomorphism

h: 3A(1’”‘)—>3A(212)
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such that k(y)eh(L) for yeL. Let S be the 2-sphere obtained from A® and A
identifying their boundaries by 2. Then we may consider that

L ={"tentn VU D e nw
is a family of integral curves of a C* vector field Y on S which is non-singular except
8AA (SHUS)), Here & represents the leaves of #’. If there exists a sequence
of an infinite number of compact leaves LV, LP L® LH . . LV 12
such that

e, e

LE 9nL+o, LYNLE 4o (s=1,2,3,...),

and that the union (U L¥~Y)u( U L)) is a non-compact leaf of &', then, letting

s=1 s=1

(=)
L&A AR = =1 12N AP =42 the union /= U #* is a non-compact integral

s=1
curve of Y. By the Poincaré-Bendixson theorem, the w-limit set of Fisa circle, say o.
We denote by L, the leaf of #’ containing » and by L, a connected component of
L,NoA,. Then, it is obvious that L, cannot be a non-compact leaf (i.e. an interior
leaf of a slope component) of 5‘:'1' |0A,. This implies that L, is a compact leaf of &’
diffeomorphic to S'xS!, say L, ,=wxS'. Let L®~Y (resp. L®) denote a connected
component of L& ~VNoA, (resp. LE¥)NaA,), then there exists a sequence of compact
leaves L), L Ted, ... of %/ |0A, =7 |2A, such that this sequence converges
to L. If, for a given integer ¢’, there always exists an integer ¢>¢’ such that a slope
component of 3?'1' |6A, (maybe contained in a foliated I-bundle of 3'21’ |0A,) situated
between Lt and LV, then L, has contracting holonomy in both [w], [{*}xS']
(¥ew). Since F'is of class C®, this contradicts to the Kopell’s theorem [2]. Therefore,
for a compact leaf L of the boundary of a slope component of 3‘21' |0A,, the saturation
of Lin &' is a compact leaf of #’. Thus, as is easily verified, for a slope component ZF

in %/ |0A,, one of the following occurs:

(i) The saturation of |F| in #’ contains a TS component of &%, or %, .
(ii) The saturation of |#| in F' forms a foliated I-bundle over S'xS' with two
compact leaves.

Further, let & be a subset of 3%1' |0A, which satisfies the following:

(a) F consists of compact leaves;
(b) the union of the leaves in F is diffeomorphic to S!xI;

(¢) the boundary of |# | consists of two compact leaves which belong to the boundaries
of slope components.

Then the saturation of |#| in &' is a foliated I-bundle over S!xS!.
It is obvious that the union of two foliated I-bundles over St x St with a common
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compact leaf forms a foliated I-bundle over S1xSl. Moreover, let F be the saturation
in &’ of a sufficiently small subset of #A; such that the boundary of F consists of two
compact leaves, then we can show that &' |F is a foliated I-bundle over S!xS! by
constructing a vector field transverse to %' |F.

By the observation above, there exist foliated I-bundles %', &, ..., &, over

u

S'xS'in #" such that $3— U Int |#/| contains only a finite number of compact leaves.
i=1
So the theorem reduces to the case above. Thus the theorem is proved.

Remark. — The properties of the full TS component in %’ depend mainly on
the lag functions of two TS components contained in it. For example, see [10] for
the Godbillon-Vey classes of TS components.

7. Foliations of codimension one of $? admitting no transverse foliation of
codimension one

Let % be a fibred knot in S%. That is, letting N(&) be a tubular neighborhood
of k, E=S8*—1Int N(k) is a C* fibre bundle over S!, =:E--S' with fibre G—Int D?
where G is a closed surface of genus g and D? is a 2-disc imbedded in G. For example,
the intersection & of S*={(z, 2,); |z |*+|2%|*=1} and {(z, %); 2§+ 2{=o0} is a fibred
knot [3].

Let & be a C* foliation of codimension one of S® constructed by the spinnable
structure having the fibred knot as the axis ([8]). That is, by choosing suitable orien-
tations on S! of S!xD? and on S! of E—S!, & is the union of the plus Reeb compo-
nent Z{) of N(k)=S!xD? and the G foliation #,*)of Proposition 2: F = F{TUZH),
Then we have the following theorem.

Theorem 6. — Let F be a C* foliation of codimension one of S* defined from a fibred knot k

as above, where the genus g is 21. Then F does not admit any transverse C° foliation of
codimension one:

4(S? F)=0.

Proof. — Suppose there exists F'et,(S% F). Let « and B denote the homology
classes of H,(9E ; Z) represented by a meridian of N(k) and 2(G — Int D?) with orientations
chosen as above respectively. Then, by Proposition 2, a compact leaf Ly, of #'|JE
represents a homology class @+ bp (a=0), and &'|0E contains p copies of the plus
Reeb component and ¢ copies of the minus Reeb component, where

a(p—gq)=2(1—2g).
On the other hand, also by Proposition 2, (iii), since &' is transversely orientable,

F"|ON(k) contains ' copies of the plus Reeb component and ¢’ copies of the minus
Reeb component with

(+) p—q=2
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and b=x+1. Since
p—g=+(p"—¢),
it follows that
(%) p—qg=—2, a=28—1.

Z' has a Reeb component ([4]), say F,|F|CS% If | |CN(k), then
obviously | % |CInt N(k). Thus & ||%;| consists of compact leaves. On the other
hand, since F || % |et(F), F ||F%| must contain non-compact leaves by Theorem 1.
This contradiction implies that

| P | N ().
Similarly we have
| Z | ¢ E.

Since F'|N(k)et,(N(k), Z1), F'|N(k) satisfies the conditions of Theorem 1.
Now we consider % | (N(R)N|ZF|). If there exists a TS component in

Fr | (N(R)N [ FR]),

say TS,,, then the longitude of |TS,| and that of |#; | must coincide. This contradicts
that TS,, contains compact leaves having the contracting holonomy in both positive
and negative directions (Proposition 6). Thus % |(N(k)n|Z;|) does not contain
a TS component. Similarly, by the fact that [L,y,,]=(2g—1)a£p, F|N(E)N|FH])
does not contain a foliated I-bundle. Therefore, % |(N(k)N|%;|) should consist
of half Reeb components.

Since & || % | is transverse to a Reeb component %, % |(EN|%|) consists
of half Reeb components, TS components and foliated I-bundles over S X I by Theorem 1.
If #|(En|#]|) contains a TS component, say TS, , then, since compact leaves
of TS, have contracting holonomy, they must be subsets of dE. However, & has
the contracting holonomy in one direction on ¢N(k) in the side of E. This contradicts
the property of TS components about contracting holonomy. Thus % |(En|Z]|)
cannot contain a TS component. Similarly, by the fact that [Lyy,]=(2g—1)a£B
F | (ENn|#|) cannot contain a foliated I-bundle. Thus & |(EN|%;|) must consist
of half Reeb components. This shows that En|%;| is diffeomorphic to the disjoint
union of a finite number of copies of S'xD?. Further, since Z |(N(k)n|FH|)
consists of half Reeb components, & |(EN|%;|) is a half Reeb component, and, thus,
| (N(R)n|ZF|) is also a half Reeb component.

Moreover, since % | (éN(k)N|F;|) is a plus Reeb component in F'|dN(k),
it follows from (), (x*) that % | (0EN| % |) is a minus Reeb component in &' |dE.

Let ¢(9E) be a sufficiently small collar of JE in E and denote Ay=E —¢(E).
Then, for a non-compact leaf L of & |(En|%|), LnAg is a half-disc. Thus the
Euler number y(LNAg)=1.
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We may consider that the family of curves {LNA;NL"; L'e #'} is that of integral
curves of a C® vector field V, on LNAg such that V| is tangent to LNAzno|Z |
and is non-singular except at one point of LN@Ag, say p. The singularity of Vi,
at $ is of minus type, because % | (JEN|Z;|) is a minus Reeb component in & |JE.
Let D(LNAg) denote the double of LNAy obtained from two copies of LNAg by
pasting at LNoAg, then the Euler number of D(LNAg) is —1. On the other hand,
it follows from y(LNAg)=1 that y(D(LNAg))=1. This is a contradiction. Thus
there exists no #’'. This completes the proof.

As a corollary of Theorem 6, we have the following theorem.

Theorem 7. — Let F be a C% foliation of codimension 2 whick is a subfoliation of F of
Theorem 6. Then F does not admit any transverse C* foliation of codimension one:

1,(S%, F)=o.

Proof. — Clearly & exists (cf. Proposition 1). Suppose F'et,)(S?, #). Then
it is obvious that Z’e¢(S% &#). This contradicts the result of Theorem 6.

8. Problems

The following are some problems raised by the results of this paper.

Problem 1. — Classify or characterize C* subfoliations of codimension 2 of the
Reeb component (S!'xD? (). In case the restriction of the subfoliation to S'x&D?
consists of two copies of the half Reeb foliation, do they coincide with Z{'OF’
(F'et,(FT) of Fig. 4)?

Problem 2. — Determine "(S'xD? ) for m=2,3,.... Does there exist a
stability: #"(S'xD? %) ="T23(S'x D% F) =. .. =1 TH(S'xD?, Fp)=...?
Problem 3. — Classify or characterize C* subfoliations of codimension 2 of the

Reeb foliation (S% Z).

Problem 4. — Characterize C” foliations of codimension 2 of S* which have super-
foliations of codimension one.

Problem 5. — Does there exist a C* foliation # of codimension one of S* such
that &(F)+o and §(F)NH(F')=¢ for some F'et(F).

Problem 6. — Characterize C® foliations contained in the limit of the sequence
{(S% F) C 4 (S3 F) C... CH(S% #) C.... Does there exist a stability for this

sequence? Is £(S° F)=1,(S% F#)?

Problem 7. — Does there exist a C® foliation of codimension one of S* such that
4,(S% F) (or the limit of the sequence #(S% .#)C...C#(8% F)C...) is equal to the
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set of C® foliations of codimension one which admit transverse C® foliations of codi-
mension one.

Problem 8. — For (S3, F')et,(S% F), isit true that « the Godbillon-Vey number

zero ”’ implies ““ cobordant to zero ”’?
Problem 9. — Consider the deformation classes in ¢(S% %).
Problem 1o. — Find conditions for C* foliated manifolds to admit transverse
foliations.
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