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ON ISOSPECTRAL DEFORMATIONS OF
RIEMANNIAN METRICS

Ruishi Kuwabara

1. Introduction

Let M be an n-dimensional compact orientable C* manifold, and g
be a C” Riemannian metric on M. It is known that the Laplace-
Beltrami operator A, = —g7V,V; acting on C” functions on M has an
infinite sequence of eigenvalues (denoted by Spec(M, g))

O=A<AM=lh=s ==+

each eigenvalue being repeated as many as its multiplicity.

Consider the following problem [1, p. 233]: Let g(t) (—e <t <e€, € >
0) be a 1-parameter C* deformation of a Riemannian metric on M.
Then, is there a deformation g(f) such that Spec(M, g(t)) =
Spec(M, g(0)) for every t? Such a deformation is called an isospectral
deformation.

First, we give some definitions to state the results of this article.
The deformation g(t) is called trivial if for each t there is a
diffeomorphism n(t) such that g(t) = n(t)*g(0) (the pull-back of g(0)
by mn(t)). For a deformation g(t) the symmetric covariant 2-tensor
h=g'(0) is called the infinitesimal deformation (i-deformation, for
short) [2]. By Berger-Ebin [3] & is decomposed as

h=h+ Lxg(0),

where V‘ﬂ,-i =0 (V being the connection induced by g(0)) and Ly is the
Lie derivative with respect to X. The i-deformation h is called trivial
if h=0.
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The main result of this article is the following.

THEOREM A: There is no non-trivial isospectral i-deformation of a
metric of flat torus.

ReEMARK: Concerning the isospectral deformation of a metric of
constant curvature, we can easily get the following: There is no
non-trivial isospectral deformation of a metric of constant curvature
Kif 2=dimM <5, or dim M =6 and K > 0. This result is obtained
by combining the results of spectral geometry [1], [4] and those
concerning the non-deformability of a metric of constant curvature,
the latter being directly derived from the results of Berger-Ebin [3],
Mostow [5] and Koiso [2]. (See Tanaka [6], for the case dim M =2
and K <0.) In the case of flat metrics Sunada [7] showed that there
are only finitely many isometry classes of flat manifolds with a given
spectrum.

The author wishes to thank Professor M. Ikeda for carefully
reading the manuscript and offering valuable comments. Thanks are
also due to Mr. N. Koiso, Osaka University, for helpful discussions.

2. Proof of Theorem A

The main part of the proof is to study the variation of the
coeflicients of Minakshisundaram’s expansion:

® 1\ & .
;::0 exp(—AsS) s:o(ﬁ) Z,) ajs’.
If g(¢) is an isospectral deformation, the coefficients a;(f) must be
constants.
For a Riemannian metric g on M, dV(g), Rin, R;j and 7 denote the
volume element, the curvature tensor, the Ricci tensor and the scalar
curvature, respectively. The coefficients a; (j =0, 1, 2) are given by

ay = vol(M, g) = fM dV(g), ar=1 fM +dV(g),
@ =% fM @IRP-2|pP+51) dV(g),

where |R> = Rjj,R™™ and |p|> = R;R".
Let g(¢) be a deformation and h(t) = g'(t) the i-deformation of g(t)
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at t. Let a;(t) be the Minakshisundaram’s coefficients for (M, g(t)).
Then the following formulas are obtained by straightforward cal-
culation.

@.1) al(n) = f hs dV(g(t)),
M
2.2) al(t) =+ fM (A7hs — Rsh") dV(g (1)),
2.3) ai(t) =3 f [12(V;Vir)h# — 6(V, V*R;)h' + 8RyR*h'
M

— 4RymiR“" ¥ — 4Ry R¥™ h¥ + 9(AT)hS
—107R;h% +|R[*hs — |p[*hs +$72h31 A V(g(2)).

Let (M, go) be a flat manifold. Then we have

LemMA 2.1: If g(t) is an isospectral deformation with g(0) = g,
and V'h; =0 holds at t =0, then

(2.4a,b) h;=0, Vih; =0
hold at t = 0.

Proor: Starting from (2.3), we have by tedious calculation,
2.5) aj0) =1k IM [(ViV*R* )V, V") + 3(AR$)*] A V(go).

(Note that Vh; =0 and Rj, =0 at t=0.) From (2.1) and (2.5),
ay(0) = a5(0) = 0 holds if and only if (2.4a, b) hold good. Q.E.D.

LeEMMA 2.2: Let g(t) be as in Lemma 2.1. Then
2.6) | hiswvis) dvig =0

holds for each eigenfunction ¢ of Agq)-

Proor: For the eigenvalue A, () of 4,), the following was obtained
by Berger [8]:

2.7 Ai(0) = JM [hid(V'VI) + (Vihy — 1V S(Vid)] d V(go),
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where ¢ is the eigenfunction for A,(0). Therefore, (2.6) follows from
2.4). Q.E.D.
Now, let us prove Theorem A. Let (M, gy) be a flat torus given by
R"/L, where L is a lattice, i.e., a discrete abelian subgroup of the
group of Euclidean motions in R". Let L* denote the dual lattice,
consisting of all x € R" such that (x, y) =27, x‘y’ is an integer for all
y € L. Then the sets of eigenfunctions and eigenvalues are given by
{b:(y) =cos 2w (x, y), ¥ (y) =sin2m(x, y); x € L*} and {47Xx, x); x €
L*}, respectively. Recalling (2.4b), we see that h; are constants in the
coordinates induced from R". Therefore, from (2.6) we have

472 hyx'x! f {cos2m(x, y)Pdy=0, x€E€L*
R"L

hence h;x'x’ = (hx, x) = 0 for x € L*. This leads to h =0, because the
set {x/|x||; x € L*} is obviously dense in {x € R"; ||x|| = 1}. Q.E.D.

3. Conformal deformations
In this section we restrict our study to the conformal deformation,
@3.D g(t)=e*Yg,, with p(0)=0.

Set o(t) = p'(t), and straightforward calculation gives

(32) alt)=¥n-1)(n-2) f gAo dV(g(t))+in— 2)2f 02 dV(g(t))
M M
+in-2) fM . i’g dV(g()).

LeEMMA 3.1: Assume that (M, gy) has a constant scalar curvature.
If g(t) is a volume-preserving deformation, we have

(3.3) ai0)=in—-1)(n-2) f oAo dV(gy) —in—-2)r [ o?dVi(gy).
M M
Proor: It is easy to see that a{(0) =0 is written as

%2 4v(g) +n f o2 dV(go) = 0.
M M
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By this equation and 7 = const., (3.2) is led to (3.3). Q.E.D.

From now on, we assume n =dim M > 2.
By virtue of the above lemma we have the following theorem.

THEOREM B: Let (M, go) have a constant scalar curvature and A,
be the non-zero first eigenvalue of A,q,. If

r
n—1

(3.4) A >
holds, there is no conformal isospectral deformation of g.

ProoOF: Let g(t) be a conformal isospectral deformation of g.
Since a{(0) =0, we have [y o dV(go) =0. Therefore,

f oo dVig) = A, f o2 dV(go)
M M

holds (see [1, p. 186], for example). Accordingly, if (3.4) holds, we
have a’(0) >0 unless o0 =0, i.e., h =0. Q.E.D.

The condition (3.4) is obviously satisfied if 7 <0. Further, as shown
by Obata [9], it is also satisfied for an Einstein space not isometric
with a sphere. In the case of a sphere, A, = 7/(n — 1), hence a{(0) =0
holds. The equality holds only when o is the eigenfunction for A4,
which is equivalent to V,;Vjo +{r/n(n — 1)} og; =0 (see [9]). There-
fore,

1) V,'VjO'.

hi = 20g; = — 2_'197___

Thus h is trivial.
As a consequence we have the following theorem.

THEOREM C: Suppose (M, g) is an Einstein space, or a space of
non-positive constant scalar curvature. Then there is no non-trivial
conformal isospectral i-deformation of g,.

ReMARK: In the case of dim M =2, it follows from the Gauss-
Bonnet formula that the coefficient a,(t) is invariant.
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