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GLOBAL INFINITE ENERGY SOLUTIONS
FOR THE CUBIC WAVE EQUATION

BY NICOLAS BURQ, LAURENT THOMANN & NIKOLAY TZVETKOV

ABsTrRACT. — We prove the existence of infinite energy global solutions of the cubic
wave equation in dimension greater than 3. The data is a typical element on the support
of suitable probability measures.

REsuME (Solutions globales d’énergie infinie pour l’équation des ondes cubique)

On considére ’équation des ondes cubique sur un tore de dimension supérieure a
3, et on montre I'existence de solutions globales d’énergie infinie. La condition initiale
de ’équation est un élément typique du support d’une mesure de probabilité.
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302 N. BURQ, L. THOMANN & N. TZVETKOV

1. Introduction

This paper is a higher dimensional sequel of the recent article [10] by the
first and the third authors (and also of [8, 9, 5]). As such it aims to construct
global in time solutions of the cubic wave equation with low regularity (infinite
energy) random initial data. To the best of our knowledge such a regularity
is out of reach of the present deterministic methods. The major difference
between the present paper and [10] is that here we only establish existence
results and in particular no uniqueness statement is proven. Let us recall that
in [10] a suitable uniqueness and a probabilistic continuity of the flow were
proven. This result was followed by more recent results by Nahmod-Pavlovic-
Staffilani [15] on the 2 and 3-dimensional homogeneous Navier-Stokes equation,
where the authors obtain strong (in 2-d) and weak (in 3-d) results, and in turn,
here we are inspired by this latter 3-d weak-existence result. Related weak-
existence results had been already used in the context of the randomly forced
Navier-Stokes equation by Da Prato-Debussche [12] and the Euler equation by
Albeverio-Cruzeiro [1], using more sophisticated probabilistic tools (Prokhorov
and Skorohod Theorems). This approach may be seen as the analogue in the
random setting of the Leray compactness method for constructing solutions of
nonlinear evolution equations. It has the advantage to require less regularity
on the initial data, one allows infinite energy while the Leray method requires
finite energy of the data. It should however be emphasised that as in the Leray
method our approach still makes a crucial use of the energy functional. In
this paper we will only need an invariance property for the linear evolution
combined with large deviation estimates on the nonlinear part which are much
easier to achieve than the invariance properties as in [12, 1. Let us now describe
our model. Let d > 4 and consider the cubic wave equation on the torus T? =
(R/2r7Z)%
(L.1) {Bfu—Au—FuS:O, (t,r) € R x T,
’ (u,@tu)(O,) = (UO,UI) Eﬂs,
where A := Anqa is the Laplace operator and

H* =H*(T?) := H*(T?) x H~H(T?).
Denote by s. = (d — 2)/2 the critical (scaling) Sobolev index for (1.1). Then
one can show that (1.1) is well-posed in #° for s > s, ([13]) and ill-posed when
s < s¢ (|13, 11, 14]). See the introduction of [10] for more details. The energy
of (1.1) reads

E(u) = %/T (1Vul? + (Bu)?) Jri/qr ut

thus with deterministic compactness methods due to Leray (see e.g. Lebeau
[14, Section 6] for the application of the method in the context of (1.1)), we
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GLOBAL INFINITE ENERGY SOLUTIONS FOR THE CUBIC WAVE EQUATION 303

can construct global weak solutions to (1.1) so that
(u, 0pu) € G (R HY(T?) N LY(T)) x G (R; L2(T?)),

(here G, means weak continuity in time) and &(u)(t) < &(u)(0) for all ¢t € R.
Observe that for d > 4 one has 1 < s. and thus the construction of weak
solutions works for data of supercritical regularity with respect to the scaling
of the equation. However it requires finite energy of the initial data. The main
goal of this paper is to show that weak solutions still exist for infinite energy,
almost surely with respect to a large class of probability measures.

Let us now describe precisely the initial data sets (statistical ensembles)
that we shall consider in this article. Here we follow [10]. Let 0 < s < 1 and let
(vo,v1) € H*° with Fourier series

z)=a; + Z bnjcos(n-z) +cnjsin(n-z)), j=0,1,
nezd

where Z¢ = Z%\{0}. Then let (a;(w),Bn,; (W), ¥n,;(w)), n € Z2, j = 0,1 be
a sequence of independent real random variables given on a probability space
(Q, F,p) with a joint distribution € satisfying

Jde>0, VvyeR, / edl(z) < e,

— 00

We then define the random variables vy by
vi (z) = aj(w)a; + Z (Bn,j(W)by,j cos(n - ) + v j(w)en j sin(n - z)),
nezd
and we define the measure fi(,,,,,) On H° as the image of p under the map
wr— (vg,vy) € H°.
We then define U° by
= U b}
(vo,v1)€EH?®
For (ug,u1) € #°*, denote by
sin (t\/j)

(1.2) S(t)(ug,u1) = cos (tV—A) (ug) + A

(u1)7
the free wave evolution. Then our result reads

THEOREM 1.1. — Letd > 4,0 < s < 1 and i = p(yy0,) € M°. Then there
exists a set X of full p measure so that for every (ug,u1) € X C H* the equation
(1.1) with initial condition (u(0), d:u(0)) = (ug,u1) has a solution

u(t) = S(t)(uo, u1) + w(t),
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304 N. BURQ, L. THOMANN & N. TZVETKOV

where for any € > 0
(w,8,w) € G(R; H (T x H(T%)).

Moreover, for allt € R
1

([ (w(t), Opw ()| g1 (ray < C(M + [t]) =
lw®)lLacrey < C(M + It)) = T,

S 4e
)

with (M > X) < Ce=>" for some § > 0.

REMARK 1.2. — Let us recall (see [10]) that if the measure u € M°® is con-
structed using data (vg,v;) € H#°(T?), then u(#°) = 1, while if for some s < o,
we have (vg,v1) ¢ #(T%), then as soon as the random variables (a;, Bn.;, Vn,j)
do not accumulate at 0 (for example, in the case where they are non trivial
and identically distributed, then p(#7) = 0. On the other hand, under rather
weak assumptions, u(B*) > 0 for any non empty open ball BS C #° (see [10,
Proposition 1.2]).

Let us now mention two possible extensions of our result. In the case d = 4
one may expect to get uniqueness by combining the analysis of [10] with the
critical H' theory for (1.1). One may also expect to include the case s = 0
by elaborating on the arguments developed in [10] to treat this case. It is not
clear to us what happens for s < 0 (and in [10] as well). In particular we do
not know whether s = 0 is the optimal regularity one may achieve by our
approach. Invariant Gibbs measures for dispersive equations were extensively
studied (see e.g. [20, 3, 2, 18, 19, 17, 16, 6] ). In these papers the Gibbs measure
is combined with a suitable local in time result (which can sometimes be quite
involved) to get global existence and uniqueness on the support of the measure.
By an extension of the method (using in particular Skorohod and Prokhorov
theorems) we use in this paper one may construct a dynamics (without any
uniqueness) on the support of a Gibbs measure and prove its invariance. We
plan to give several relevant examples of this observation in [7]. We however
do not see how to make work such an approach in the context of (1.1). Indeed,
the present methods of renormalization of Gibbs measures are restricted to
dimensions < 2 (see [3]). Let us also recall that as mentioned above a global
existence based on Gibbs measures only works for a very specific choice of the
initial distribution. On the other hand, it has of course the advantage to give
a quite remarkable dynamical property of the flow.

The rest of the paper is organised as follows. In Section 2 we recall stochastic
properties of the linear flow which were proven in [10]. In Section 3 we study
the dynamics of an approximation of (1.1). Section 4 is devoted to the proof of
Theorem 1.1.
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2. Stochastic estimates on the linear flow

Once for all we fix 0 < s < 1 and p = pi(yy,0,) € M°. Recall the definition
(1.2) of the linear wave propagator S(t). In this section we prove estimates
which reflect the invariance of i under S(¢). This is the only measure invariance
aspect used in this paper.

2.1. The projectors. — Denote by ZZ = Z4\{0}. For a Fourier series u

u(r) = a+ Z (bn cos(n - ) + ¢, sin(n - z)),
neZd
we denote by IIp(u) = a and for N > 1

Iy(u) =a+ Z (bncos(n-z) +cysin(n-z)) and IV =1-TIIy.
1<|n|<N

Let x € €5°(—1,1), so that x = 1 on (—1/2,1/2). Let us also introduce the
smooth spectral projector

Sn(u) = x(—N =a+ Z ( ) b cos(n - ) + ¢, sin(n - 7)),
nezd

which will be needed in the next section. This operator has the following prop-
erty (see e.g. [4] for a proof).

LEMMA 2.1. — Let M be a compact Riemannian manifold. Let A be the
Laplace-Beltrami operator on M. Let 1 < p < oo and denote by LP = LP(M).
Then Sy = x(—N"2A) : LP — LP is continuous and there exists C > 0 so
that for every N > 1,

ISnllzr—rr < C.
Moreover, for all f € LP, Syf — f in LP, when N — +00.
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306 N. BURQ, L. THOMANN & N. TZVETKOV

2.2. The estimates. — Following [10], we introduce the following sets for

§>1/2,6>1/3,6>0,e>0

(o, ur) [ Thag (uto, un) g ey < M52,

(&) S (o, w)) | oy p ray) < M}
wo,un) + (65 S(0)T (ug, )| s sz crayy < M}
RM::{mmuo TSSO (g, wn) | e oz (rayy < M},

and Ey; = Fyy NG N Hpy N Ky N Ryy. Then the following result holds true.

=

v = {uosun) + Mas (o) ey < M},
{uo u1)

=

LEMMA 2.2. — For anye > 0, there exists g9 > 0 such that there exist C,c > 0
such that for every M > 1

u(Fs) < Ce ™M™ (Gy) < CemeM™,
W(HS;) < Cemo™™ u(K§y) < ™™, u(R) < Ce ™™™,

Proof. — This result is very close to [10, Lemma 4.2]. Indeed, the only new
point is the bound on the measure of R, whose proof follows the same lines as
the proof of the bound on K s, once we notice that by (1-d) Sobolev injection,
with p sufficiently large and such that § > %, o> %, o <s,

(2.1) 1) =3 S (OTIM (ug, u )| oo s 1 ra)
< Ol + D)) ()2 ST (ug, ua) || o (r; s vy
<A+ |D¢])? ST (wo, w1 || po (s (ray)
< OB (1 + 1Dal) ST (ug, ua)l| o (izs(ray). O

3. Uniform bounds on the Sobolev norms, s > 0

For N > 1 we consider the following truncation of (1.1)

(3 1) 8fuN—AuN+SN((SNuN)3) =0, (t,l‘) e R x Td,
' (un, Oun)(0,-) = (uo,u1) € H°.
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In fact, equation (3.1) is an ODE in low frequencies, and is the linear wave
equation in high frequencies. Indeed, if K is large enough so that IIx Sy = Sy,
then the equation (3.1) is equivalent to the uncoupled system
3?HKUN—AHKUN+SN((SNUN)3) =0, (t,x) ERXTd,
(Mxun, 0llkun)(0, ) = (Mxuo, xu1),
(Id - HK)(UN) = S(t)( (Id - HK)U(), (Id - HK)u1 )
Then from the conservation of the energy
1

5N(HK(’LLN))(t) = 5 /er ((8,5HKUN)2 + |V$HKUN|2 + %(SNUN)4>dSC,

we deduce that, for all N > 1, (3.1) admits a global flow ®x(¢). The goal of
this section is to prove the following statement.

PROPOSITION 3.1. — Let 0 < s < 1 and pu € M°. Then for any € > 0 there

exist C,§ > 0 such that for every (ug,u1) € X, there exists M > 0 such that
the family of global solution (un)nen to (3.1) satisfies
UN(t) = S(t)HO(Uo,U,l) + wN(t),

1—

(wn (£), Bwn (D))l gr < C(M® + [¢])
ISn (un) | pscray < C(M* + [¢])”

S4e
)

3 Te
with p(M > X) < Ce=>".

Proof. — We only give the proof for positive times, the analysis for negative
times being analogous. Fix € > 0 and ¢; > 0 such that

s 7 1-s5+4+¢ < 1-s
2 s—2 ~ s

and fix § > 1/2,6 > 1/3 such that

(3.2) €< + €1,

1 ~
(3.3) (6 — 5)3 < 20¢, o< 1.
We have the following statement.

LEMMA 3.2. — For every ¢ > 0 there exists C > 0 such that for every t > 1,
every integer M > 1 such that t < cM?®~2, every (ug,u1) € Epr the solution
of (3.1) with data (ug,u1) satisfies

lun (8) = ST (o, ua) [l g1 ey < CM' 5P,
In particular, thanks to (3.2), if t ~ M*72¢ then
lun(t) — S(t)HO(u07U1)||ﬂ1(Td) < prt e
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308 N. BURQ, L. THOMANN & N. TZVETKOV

Proof. — For (ug,u1) € Ep we decompose the solution of (3.1) with data
(ug,u1) as
un (t) = ST (ug, u1) + WN, M
where wy ps solves the problem
{ (07 — Apa)wn, v + Sn ((Svww,ar + S ST (ug, u1))?) = 0,
(wN7M(0), 8th,M(0)) = HM(U(), U1).
Then thanks to an integration by parts and the fact that Sy is self adjoint, we
get

(34) £N(wN,M) =

dt
= / <3wa,M3th,M + Vown p - O:Vawn v + (SNwN,M)35tSNwN,M)d$
']I‘d

= dath’M (awa,M —AWN,M+SN((SN1UN7M)3))dm
T

= |, dwon (Sn ((Svwwan)?) = Sy ((SwSHOIM (o, ur) + Sywy,)?) ) da.

Denote by
gar(t) = (IS (o, ur)[Fo(pay and  far(t) = SO (ug, ur)|| oo (pa)-
Therefore from (3.4) and the Cauchy-Schwarz inequality, we deduce that

S n(unan) < CEY wnan)(Swwxar)
— (SnSEIM (uo, u1) + Sywn,ar) |l 12 vy
< C’é’%z(wN,M)(HS(t)HM(Uo’U1)||?£6(qrd)
+ SO (uo, ur) || Lo (ry | SN w N, |74 (pa))
< O (wwan) (ane (0) + Far()EY* wivan) ),

and with the Gronwall lemma, we obtain

t
NP an)(0) < O T (42 )0+ [ (1)
0

. T
(3.5) < CeCfo fM(T)dT(é}V/z(wN,M)(O) +/0 gM(T)dT) = ﬁM(T)

(notice that since wy, ar(0) does not depend on N, the right-hand side in the last
inequality is also independent on N). We now observe that for (ug,u1) € En

t o~ ~
’/ gM(T)dT’ < CMB(—s+€)<t>36 < CMBs++386-20) < o
0
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GLOBAL INFINITE ENERGY SOLUTIONS FOR THE CUBIC WAVE EQUATION 309

provided
—s4+e406(s—2)<0.
The last condition can be readily satisfied according to (3.3).
Next, we have (using Cauchy-Schwarz inequality in time) that for (ug,u;) € Ep,

¢
| / Pu(m)dr| < ) farllzaey (5 + < Mo+ )+
0

< CM—s+€+(6+%)(s—2€) < C,
provided —s+ ¢+ (6 + 3)(s — 2¢) < 0, a condition which is satisfied thanks to
(3.3).

For (ug,u1) € En, we have
% (w0 (0)) < C(ITar (uo, w1 + s (o) [74) < OM'—2F,
and coming back to (3.5), we get
(3.6) EV2 (wn (1)) < CMIote,
Recall that
un(t) = wn,m(t) + S(t)HM(’U,o,ul) = S(t)HO(U(),U1) + wN,M(t) — S(t)HMHO(uO,ul).
We have that for a solution to the linear wave equation the linear energy
IV zullZzpay + 18sull72 pay

is independent of time and that if (u,0;u) is orthogonal to constants
((u,8u) = TI°(u,dyu)), then this energy controls the #'(T%)-norm, we
deduce for (ug,u1) € Epr C Fpy that

”S(t)HMHO (UO, U]_) ||5‘(1 (Td) S CM1_8+6
and therefore

v (£) = ST (uo, ) 1 pay < CM' ¥

This completes the proof of Lemma 3.2. [
Next we set
EM = () Ek,
K>M

where the intersection is taken over the dyadic values of K, i.e. K = 27 with j
an integer. Thus u(EM) tends to 1 as M tends to infinity. Using Lemma, 3.2,
we obtain that there exists C' > 0 such that for every ¢t > 1, every M, every
(ug,u1) € EM, and every N € N,

lun (£) = ST (uo, wr) || 1 (pay < C (M5 4757 Fer)
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Furthermore, by (3.6) and the definition of Rjs, we get that for (ug,u1) € Eny,
and t < cM5™2%

1SN (un)ll pacray () < (1SN (wn, )|l acray(t) + ||5N(S(t)HM(U0,Ul))||L4(1rd)(t)
1—s+e

< EY M wnm)(t) + Mt < oM T

Finally, we set

o0
E=|J EM.
M=1
We have thus shown the y almost sure bounds on the possible growths of the
Sobolev norms of the solutions established in the previous section for data in
FE which is of full p measure. This completes the proof of Proposition 3.1. [J

4. Passing to the limit

4.1. Some deterministic estimates. — We now need an interpolation result. De-
fine the space W, > by the norm lull 1o = llullzge + [|Osullzse, and denote
T

T?
by H? = H°(T?).
LEMMA 4.1. — LetT > 0, —o0 < 03 < 01 < 400 and assume that
ueL‘X’([—T,T];H‘”), 8tu€L°°([—T,T];H"2).
Then for all 6 € (0,1), and all t1,t; € [-T,T]

i) = w(to)lloesscr-res < Clts = o'l o el -

Proof. — By Hélder we get
ta
lu(t) = ult)llmes = || | Oru(r)drliaes < [ts — talldeull g sres.

ty

Next we clearly have
lu(ts) — u(t2) |z < 2[|ullLgmes,
and we conclude using that

lll oo ra-mven < [l sl O

Now for ¢ € R and a € (0,1), let us define the space G7H’ =
&“([-T,T); H°(T?)) by the norm

N (O (I
T t1,to€[=T,T],t1 %t [t1 — ta]®

+ llullog ag -

According to Ascoli theorem, we obtain
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LEMMA 4.2. — For any T > 0, any a > 0 and any € > 0, the embedding
GrH? — C((0,T); H ™)

is compact.

4.2. The compactness argument. — According to Proposition 3.1, we know that
almost surely, there exists M > 1 such that the family of solutions to (3.1)

un (t) = ST (uo, u1) + wn (),
is such that
1w (1), B () 2 pay < CM® + [t) =
1S (un)ll s o,y xmay < C(M® + [¢]) = F=[¢[1/4,

We apply Lemma 4.1 with 07 = 1 and o3 = 0 and we deduce that the sequence
€/2
T

+e

wy is for any € > 0 bounded in &7 °H'~¢/2. According to Lemma 4.2 we can
almost surely extract a sequence converging for any T in i?((O, T);H 1_6), to a
limit that we denote by w. On the other hand, the sequence Sy (uy) is, for any T
bounded in L;ﬁm and we can consequently extract a sequence converging weakly
in Lﬁ)c,t’z to a limit that we denote by u. But for any K € N, if K < N — 2,
we have

Sk(Sn(un)) = Sk(un) = Sk (S’ (ug, u1) + wn (1)),

and we deduce that (in distribution sense), Sk (Sn(un)) is converging to Sk (u)
on the one hand and to Sk (S(t)(ug,u1) + w) on the other hand. Hence

VK €N, Sk(u)=Sk(S(t)(uo,ur) +w).

We deduce that (in distribution sense) u = S(t)(ug,u1) + w. Now we deduce
that Sy (un) is converging weakly in Lﬁm,t’w and strongly in L1200,t,w to u (here
b et We mean that the convergence is strong on any
compact set). By interpolation, we deduce that Sy (uy) is converging strongly
to w in Lfoc,t’z for 2 < p < 4. In particular using this property for p = 3, we
can pass to the limit in (3.1) (here we use Lemma 2.1 to pass to the limit in
the nonlinear term) and obtain that u satisfies (1.1). To prove the convergence

of dwy in G((0,T); H¢(T?)), we estimate
awa = Awy — SN((SN'U)N + SNS(t)HO(uo,ul))?’),

by strong convergence in L

in L>((0,T); H-(T?)) with 7 = max(d/4,1) (here we use L*3(T¢) C
H~%4(T?)), and we can conclude thanks to Lemma 4.1 with o; = 0 and
09 = —T.
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