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AN OVERVIEW OF THE WORK OF K. FUJIWARA,
K. KATO, AND C. NAKAYAMA ON LOGARITHMIC ETALE
COHOMOLOGY

by

Luc Illusie

Abstract. — This paper is a report on the work of K. Fujiwara, K. Kato and
C. Nakayama on log étale cohomology of log schemes. After recalling basic terminol-
ogy and facts on log schemes we define and study a class of log étale morphisms of
log schemes, called Kummer étale morphisms, which generalize the tamely ramified
morphisms of classical algebraic geometry. We discuss the associated topology
and cohomology. The main results are comparison theorems with classical étale
cohomology and log Betti cohomology, a theorem of invariance of Kummer étale
cohomology under log blow-ups (for which we provide a complete proof) and a local
acyclicity theorem for log smooth log schemes over the spectrum of a henselian
discrete valuation ring, which implies tameness for the corresponding classical nearby
cycles. In the last section we state results of K. Kato on log étale cohomology, where
localization by Kummer étale morphisms is replaced by localization by all log étale
morphisms.

These notes are a slightly expanded version of lectures given at the Centre Emile
Borel of the Institut Henri Poincaré in June, 1997. Their purpose is to present a survey
of the theory of log (= logarithmic) étale cohomology developed by Fujiwara, Kato,
and Nakayama in the past few years. Though the results obtained in this field are
not of the same magnitude as those pertaining to log crystalline cohomology and the
p-adic comparison theorems, reported on at other places of these proceedings ([Tsul],
[Br-M]), they shed a new light on classical questions of étale cohomology, such as
the tameness of nearby cycles. The log techniques provide more natural proofs to
known theorems as well as interesting generalizations and refinements. In order to
give a flavor of these, let us fix some notations. Let S = Spec A be a henselian
trait, with generic point 7 = Spec K and closed point s = Speck. Let p be the
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272 L. ILLUSIE

characteristic exponent of s and let A = Z/nZ where n is an integer invertible on S.
Fix a geometric point 77 = Spec K above 7 and let I (resp. P) denote the inertia
(resp. wild inertia) subgroup of G = Gal(K/K). Let X be a scheme over S. By a
theorem of Rapoport-Zink [R-Z], it is known that if X is regular, the generic fiber
Xy, is smooth and the special fiber X is a divisor with simple normal crossings and
multiplicities m;’s prime to p, then P acts trivially on the sheaves of nearby cycles
RI¥A. As a consequence of the theory of logarithmic étale cohomology, Nakayama
[Na 2] shows that this conclusion still holds in cases where some of the m;’s are
divisible by p but X underlies a log smooth and vertical log scheme over S (1.5, 8.3).
Another striking corollary is that under the same assumption the complex of nearby
cycles RUA, as an object of the derived category of A-modules on the geometric special
fiber with continuous action of G, depends only on the special fiber X, endowed with
its natural log structure, and in particular, when X has semistable reduction, depends
only on the first infinitesimal neighborhood of X, in X. In this latter case, this implies
the degeneration at Ey of the weight spectral sequences of Raporport-Zink [R-Z] and
Steenbrink ([Ste 1], [Ste 2]).

The paper is organized as follows. For the convenience of the reader we have
collected in section 1 some basic terminology on log schemes, whose language we will
use freely. The basic reference for this is [Ka 1] (see also [I1]). The definition and
main properties of the Kummer étale topology, which replaces, on fs log schemes,
the classical étale topology on schemes, are discussed in section 2. The theory of the
corresponding log fundamental group is sketched in sections 3 and 4. In section 5 we
begin the study of Kummer log étale cohomology. We compare it both to classical
étale cohomology and, in the case of log schemes over C, to the “log Betti” cohomology
developed by Kato-Nakayama [K-N]. Section 6, the longest of this paper, is devoted
to a fundamental result of Fujiwara-Kato [F-K], namely the invariance of Kummer
étale cohomology under log blow-up. Because of the key role this result plays in the
applications to nearby cycles — and also because [F-K] as it stands is still unpublished
— we give the proof in detail, with a simplification due to Ekedahl, who suggested
it to us during the lectures. Nakayama’s results on nearby cycles mentioned above
are discussed in section 8, after some premiminaries on (log) cohomological purity in
section 7. One drawback of Kummer étale cohomology is that unlike classical étale
cohomology it lacks good finiteness and base change theorems, as Nakayama pointed
out in [Na 1]. In section 9 we present an attempt of Kato to remedy this by working
with a finer topology, in which localization by any log étale map is permitted, and
discuss some open problems in this direction.

1. Log schemes

1.1. All monoids are assumed to be commutative with units and maps of monoids
to carry the unit to the unit. The group envelope of a monoid P is denoted P&P. A
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monoid P is called integral if the canonical map P — P#P is injective, and saturated
if it is integral and for any a € P8P, a is in P if and only if there exists n > 1 such that
a™ € P. If P is a monoid, we denote by P* the subgroup of its invertible elements
and we set P = P/P*; thus P*° = Coker(P* — P®P). We say P is sharp if P* = {1}.

1.2. A pre-log structure on a scheme X is a pair (M, @) where M is a sheaf of monoids
on the étale site of X and « is a homomorphism from M to the multiplicative monoid
Ox. A pre-log structure (M, a) is called a log structure if o induces an isomorphism
from a~1(0%) to O%. The log structure defined by the inclusion O% C Ox is called
the trivial log structure. A log scheme is a triple (X, M, c), usually simply denoted X,
consisting of a scheme X and a log structure (M, a) on X. The sheaf of monoids of
a log scheme X is generally denoted by Mx, and the sheaf O% is considered as a
subsheaf of Mx by means of . To avoid confusion, it is sometimes convenient to
denote the underlying scheme by X. For any pre-log structure (M, &) on a scheme X
there is defined a log structure (M*, a®) and a map M — M (compatible with a and
a*) which is universal in the obvious sense; this log structure is called the associated
log structure. A map of log schemes f : (X, M,a) — (Y, N, ) is a map of schemes
f: X — Y together with a map of sheaves of monoids f~*N — M compatible in
the natural way with  and 8. f Y = (Y, N, ) is a log scheme and f : X — Y
is just a map of schemes, then the log structure on X associated to (f~'N, f~13)
is called the inverse image log structure and denoted f*N. A map of log schemes
f:X=(X,Ma) -Y =(Y,N,p) is called strict if the natural map from f*N to
M is an isomorphism.

1.3. If P is a monoid, the inclusion P C Z[P] defines a pre-log structure on Spec Z[P),
whose associated log structure is called the canonical log structure. A (global) chart,
modeled on P, of alog scheme X is a strict map of log schemes X — Spec Z[P] for some
monoid P, where Spec Z[P] is endowed with its canonical log structure. Giving such a
chart is the same as giving a monoid P and a homomorphism from the constant sheaf
of monoids Px on X to Mx inducing an isomorphism on the associated log structures.
A log scheme X is called integral if the stalk of Mx at each geometric point of X
is integral, fine (resp. fine and saturated, or fs for short) if in addition, locally for
the étale topology it admits a chart modeled on a finitely generated and integral
(resp. finitely generated and saturated) monoid. Any fs log scheme admits (étale
locally) a chart modeled on a torsionfree, fs (i.e. finitely generated and saturated)
monoid (such monoids are the basic stones of the theory of toric varieties). A log
point is an fs log scheme whose underlying scheme is the spectrum of a field k. It is
called trivial if its log structure is trivial, standard if its log structure is associated
to(N->k,1—0). If f: X - Y is a map of fine log schemes, a chart of f is a
triple (a,b,u) where a : X — SpecZ[P] and b : Y — SpecZ[Q)] are charts of X and
Y and u : Q@ — P is a map of monoids such that the corresponding square of log
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274 L. ILLUSIE

schemes commutes; a chart of f exists étale locally (and P and @ can be chosen to be
fs if X and Y are fs). It turns out that fs log schemes are the most useful objects of
log geometry. The category of fs log schemes admits finite inverse and direct limits;
in particular one can perform base change in this category (the result being slightly
different from that in the category of fine or arbitrary log schemes).

1.4. If X is an fs log scheme, there is a largest open Zariski subset of X (possibly
empty) on which the log structure is trivial, i.e. a : M — O* is an isomorphism. It is
called the open subset of triviality of the log structure of X and is sometimes denoted
Xirive This is the first basic geometric invariant of X. For example, if X is the
toric scheme Spec Z[P] (with P a torsionfree, fs monoid), endowed with its canonical
log structure, Xy is the torus T = Spec Z[P8P] canonically embedded in X. Finer
invariants are obtained by considering M = Mo /O*, which is a constructible sheaf
of torsionfree abelian groups, and the stratification

X=XyD---D2X;D---

where X is the closed (Zariski) subset of X where rk M= > i; in particular, Xy =
Xo— X1: in the toric case above, this is just the stratification by the closures of orbits
of the action of T on X.

1.5. f: X — Y be a map of fine log schemes. One says that f is log smooth
(resp. log étale) if étale locally (on X and Y) f admits a chart ¢ = (a,b,u: Q — P)
such that the kernel and the torsion part of the cokernel (resp. the kernel and the
cokernel) of u8P are finite groups of order invertible on X and the map from X to
X Xgpecz[p)SPec Z[Q)] deduced from c is a smooth (resp. étale) map on the underlying
schemes. (For an intrinsic definition, in terms of local infinitesimal liftings such as in
the classical case, see [Ka 1].) Log smooth (resp. log étale) maps are stable under
composition and arbitrary base change (either in the category of fine or fs log schemes).
If X and Y are log étale log schemes over a log scheme S, any S-morphism from X to
Y is log étale. if f : X — Y is a map of schemes, viewed as a map of log schemes with
trivial log structures, then f is log smooth (resp. log étale) iff f is classically smooth
(resp. étale).

1.6. A map h: @ — P of fs monoids is said to be Kummer if h is injective and for
all a € P there exists n € N, n > 1, such that na € h(Q) (the monoid laws written
additively). A map f : X — Y of fs log schemes is said to be Kummer if for all
geometric point T of X with image 7 in Y, the natural map My — M7z is Kummer. A
map f: X — Y of fs log schemes is said to be Kummer étale if it is both log étale and
Kummer. If f is log étale, then f is Kummer if and only if f is exact, which means
that f*My — My is exact at each stalk (a map h : @ — P of integral monoids is
called ezact if Q = (h®)~1(P) in Q&P) (|[Na 1], 2.1.2). One can also show that f is
Kummer étale if and only if f is étale locally deduced by strict base change and étale
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localization from a map SpecZ[h] : Spec Z[P] — SpecZ|Q)], where h : Q — P is a
Kummer map such that nP C h(Q) for some integer n invertible on X ([Vi 1], 1.2).
Log blow-ups provide other examples of log étale maps, see 6.1.

1.7. Let X be a locally noetherian regular scheme and let D C X be a divisor with
normal crossings. Let j : U = X — D — X be the corresponding open immersion.
Then the inclusion Mx = Ox N 5.0}, — Ox is an fs log structure on X, which is
said to be defined by X — D (or, sometimes, by D); in the case the pair (X, D) is that
of a trait and its closed point, this log structure is called the canonical log structure.
Etale locally X has a chart modeled on N" (if ngigr ti* is a local equation of D
where (t;)1<i<r s part of a system of local parameters on X, N” — Ox, (n;) — [[t;"
is a local chart).

Let S = Spec A be a trait endowed with the canonical log structure and let X be
an fs S-log scheme locally of finite type. Then X is log smooth over S if and only if
étale locally X is strict (1.2) and smooth over T' = Spec A[P]/(z — 7), where 7 is a
uniformizing parameter of A, P is an fs monoid, x is an element of P such that the
order of the torsion part of P&P/(z) is invertible on X and the log structure of T is
associated to the canonical map P — A[P]/(z — w). It follows from the theory of
resolution of singularities for toric varieties (cf. [Ka 4] and [Na 2]) that after some
log blow up (see 6.1) we may obtain a local model as above with P = N" (which model
is then regular, generically smooth, with reduced special fiber a divisor with normal
crossings). The case of semistable reduction correspondsto P = N"and z = (1,...,1).

2. Kummer étale topology
2.1. Let X be an fs log scheme. The Kummer étale site of X, denoted

X ket

is defined as follows. The objects of Xy are the X — fs log schemes which are
Kummer étale (1.6). If T', T are objects of Xye;, a morphism from T to T’ is an
X-map T — T'; any such map is again Kummer étale ([Vi 1], 1.5). The category
Xyet admits finite inverse limits. The Kummer étale topology is the topology on Xjet
generated by the covering families (u; : T; — T);cs of maps of Xye such that T is
set theoretically the union of the images of the u;; the Kummer étale site of X is the
category Xyket equipped with the Kummer étale topology; the Kummer étale topos
of X, denoted Top(Xyet) (or simply Xer again when no confusion can arise) is the
category of sheaves on Xyet (we shall not use the more standard notation )?ket for
we will later need the tilda to denote some other object); here and in the sequel we
neglect questions of universes, which should be treated as in the classical case of étale
topology (cf. [SGA 4] VII 1), see [Na 1].
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276 L. ILLUSIE

The datum for each object T' of Xyey of the set of covering families of T' as above
defines a pretopology on Xy in the sense of ([SGA 4] II 1.3), and as a result (loc.
cit.) the Kummer étale topology is simple to describe (the sieves generated by the
covering families are cofinal in the set of covering sieves of T'). In the verification
of the axioms of a pretopology the only nontrivial point is to check the stability of
covering families under base change, in other words, since “Kummer étale” is stable
under fs change, to check the universal surjectivity of covering families. This follows
from Nakayama’s “fourth point lemma” :

Lemma 2.2 ([Na 1], 2.2.2). — Let

XIL)X

(2.2.1) f/l g lf

Y —Y

be a cartesian square of fs log schemes, and let y' € Y’', s € X such that g(y') = f(x).
Assume that f or g is exact (1.6). Then there exists ' € X' such that h(z') = z and

@)=y

See (loc. cit.) for the proof.

2.3. Let f: X — Y be a morphism of fs log schemes. Base-changing by f in the
category of fs log schemes defines an inverse image functor

-1
f Yiet — Xiet,

which commutes with finite inverse limits, and by 2.2 is continuous (i.e. transforms
covering families into covering families). Therefore by ([SGA 4] IV 4.9.2) f~! defines
a morphism of topoi

Jxet : Top(Xket) — Top(Xket)

(also denoted simply f) such that f,(E)(T) = E(f~'T) for any sheaf E on Xye; and
any object T of Yiet. If g : Y — Z is a second morphism of fs log schemes, we have
as usual canonical isomorphisms (go f)™' = f~1o g™, (g0 f)ket = Gket © fiet-

2.4. Let X be a scheme. Let us endow X with the trivial log structure. If u : T — X
is an object of Xyet, then w is strict, the log structure of T is trivial and u is étale in
the classical sense. It follows that the Kummer étale site Xyt can be identified with
the classical étale site X of X, an identification which we will do in the sequel.

Let now X be an fs log scheme, and let X denote the underlying scheme equipped
with the trivial log structure. We have a natural map of log schemes

E:X—»)of,
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which, by 2.3, defines a map of sites (resp. topoi)
€: Xket — Xet -

We shall sometimes call X, the classical étale site (resp. topos) of X and denote it
by X.. If F is a sheaf on the classical étale site of X, e~ 1F induces on the classical
étale site of any Kummer étale u : Y — X the classical inverse image u=!F. As we
shall see later 5.2, ¢ cohomologically behaves as a constructible fibration in tori.

2.5. Let X be an fs log scheme. Denote by fs/X the category of fs log schemes over
X. We define the Kummer étale topology on fs/X as the topology generated by the
covering families which are surjective families of Kummer étale maps T; — T' (as before
such families define a pretopology on fs/X). The corresponding site (resp. topos),
denoted

(f8/X ket

is called the big Kummer étale site (resp. topos) of X, in contrast with Xyet sometimes
called the small Kummer étale site (resp. topos). Similar to 2.4 we have a natural
“forgetful” map of topoi

€:(fs/X)ket — (/X )et -

The relations between the big and small sites (resp. topoi) are as good as in the case of
the classical étale topology ([SGA 4] VII 2, 4). This is due to the following theorem
of Kato:

Theorem 2.6 ((Ka 3],3). — Let X be an fs log scheme. The Kummer étale topology
on fs/X is coarser than the canonical topology.

This means that representable functors on fs/X are sheaves for the Kummer étale
topology, namely, if Y is an fs log scheme over X, the functor T — Homx(T,Y) on
fs/X is a sheaf for the Kummer étale topology. Kato in fact shows that this functor is
a sheaf for a finer topology on fs/X, the log flat topology, which we will not consider
in these notes.

2.7. . Let X be an fs log scheme. By 2.6 any fs log scheme Y over X defines a sheaf
Homyx (—,Y) on (fs/X)ket, hence on Xt by restriction. Here are some important
examples.

(a) The sheaf O. Let Y be the affine line A} endowed with the inverse image log
structure by the canonical projection onto X. The sheaf on (fs/X )ket (resp. Xiet)
corresponding to Y is just the structural sheaf O@. Indeed, for any fs log scheme T
over X, we have

Homx (T, Y) = Hom (T, V) = (T, Or).
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278 L. ILLUSIE

More generally, let £ be a quasi-coherent sheaf on X , and let Y = V(&)
(:= SpecSym(£)), endowed with the inverse image log structure of X. Then
the sheaf corresponding to Y is (u : T — X) — I'(T,u*E).

(b) The sheaf M. Let Y be the affine line A} endowed with the log structure
obtained by fs pull-back by X — SpecZ from that of A} = Spec Z[N] endowed with
the canonical log structure; in other words, A_IX is the product X Xgpecz SpecZ|N]
in the category of fs log schemes over SpecZ with trivial log structure. Then the
sheaf corresponding to Y is the structural sheaf of monoids M. Indeed, for any fs log
scheme T over X, we have

Homx (T,Y) = Hom(T, Spec Z|N]) = I'(T, Mr).

(Actually (a) and (b) are the key cases to which Kato reduces the proof of 2.6.)

(c) The sheaf M®P. Consider the functor T'— I'(T, M£P) on fs/X. Though one
can show that this functor is not representable (as soon as X is nonempty), it is easy to
deduce from (b) that it is still a sheaf for the Kummer étale topology (cf. [Ka 3], 3.6,
[Ka 2], 2.1.3).

(d) The Kummer exact sequence. Let n be an integer inversible on X. Let Z/n(1) =
Un, denote the sheaf on (fs/X)ket induced by the sheaf of n-th roots of unity on the
classical big étale site of X, i.e. T — {z € I'(T,Or); 2™ = 1}. Then the following
sequence of sheaves on (fs/X ket (resp. Xket) is exact (Kummer ezact sequence)

O———»Z/n(l)—»MgpL»Mgp———»O

([K-N], 2.3): one is reduced to showing that a section a € I'(X, M) is Kummer étale
locally an n-th power, but such a section corresponds to a map a : X — A} (cf. (b))
and the map X’ — X deduced from the n-th power endomorphism of Al by base
change by a is a surjective Kummer étale map which makes a an n-th power.

Let f : X — Y be a morphism of schemes. If f is a universal homeomorphism,
which means that f is a homeomorphism on the underlying spaces and remains so after
any base change Y’/ — Y, or equivalently ([EGA IV] 18.12.11) is radicial, integral
and surjective, then the inverse image functor f=! : Y,; — X, is an equivalence
([SGA 4] VIII 1.1). This result (topological invariance of the étale site) plays a key
role in the foundations of étale cohomology. The following analogue and generalization
in the Kummer étale context has been established by I. Vidal :

Theorem 2.8 ([Vil},4.2,[Vid]). — Let f : X — Y be a morphism of fs log schemes.
Assume that f is Kummer (1.8), is a homeomorphism on the underlying spaces and
remains so after any fs base change Y' — Y. Then the inverse image functor f~! :
Yiet — Xket 18 an equivalence.

2.9. We shall say that a morphism f : X — Y of fs log schemes is a universal
Kummer homeomorphism if it satisfies the hypotheses of 2.8. Here are some examples.
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(a) Assume that f is strict and induces a universal homeomorphism on the un-
derlying schemes. Then since fs base change by strict maps commutes with taking
the underlying schemes, f is a universal Kummer homeomorphism. An important
particular case is that of a thickening [Ka 1]. In this case, the conclusion of 2.8 is a
consequence of the existence and uniqueness of infinitesimal liftings of log étale maps
(loc. cit.).

(b) Assume that Y is an F,-log scheme, and that f is purely inseparable in the
sense of Kato ([Ka 1], 4.9) and induces a universal homeomorphism on the underly-
ing schemes. Then f is a universal Kummer homeomorphism ([Vi 1], 2.10). Basic
examples are absolute Frobenius and ezxact relative Frobenius maps ([Ka 1], 4.12).

3. Finite Kummer étale covers

Definition 3.1. — Let X be an fs log scheme. A (finite) Kummer étale cover of X is
an fs log scheme Y over X such that the sheaf it defines on Xyt (2.6) is finite locally
constant, i.e. there exists a Kummer étale covering family (X; — X);er of X such
that for each ¢ € I the log scheme Y; over X; deduced by base change is a finite sum
of copies of X;. If G is a finite étale group scheme over X (in the classical sense), a
Kummer étale Galois cover of X of group G is a Kummer étale cover Y of X endowed
with an action of G by X-automorphisms such that Y is a G-torsor on X.

When X has the trivial log structure, a Kummer étale cover of X is an étale cover
of X in the classical sense, with the trivial log structure. We shall sometimes say
“cover” instead of “Kummer étale cover”, when no confusion can arise. If a finite étale
group scheme G acts on a cover Y of X, for Y to be Galois of group G means that Y is,
locally for the Kummer étale topology on X, isomorphic to G (with the log structure
inverse image of that of X), G acting on itself by left translations; this is equivalent
to saying that the map G xxY — Y xx Y, (g9,y) — (v, gy) is an isomorphism (where
fiber products are taken in the fs sense). In this case, X is a sheaf-theoretic quotient
of Y, i.e. the sequence Y xx Y = Y — X is exact as a sequence of sheaves on Yiet.

Here is a basic example ([Ka 3], 2.5).

Proposition 3.2. — Let X be an fs log scheme, endowed with a global chart X —
SpecZ[P|, where P is an fs monoid. Let u : P — Q be a Kummer map of fs
monoids (1.6), such that Q8P /u(P®P) is annihilated by an integer n invertible on X .
Let Y = X Xgpecz(p] SPecZ[Q]. Then the natural projection f : ¥ — X is a
Kummer étale Galois cover of group the (classical) étale diagonalizable group G =
D(Q®P /u(P®P))x = Spec Ox[Q8P/u(P8P)]. Moreover, f is open, finite and surjec-
tive on the underlying schemes, and remains so after any fs base change X' — X.

The key point is the following elementary lemma (cf. [Vi 1], 1.8]):
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280 L. ILLUSIE

Lemma 3.3. — Let v : P — Q be a map of fs monoids, such that T := Q8P /u(P¢&P)
is annihilated by an integer n > 1. Then the natural map

(3.3.1) QerQ)® —TaQ, (a,b)— (b,a+b)

is an isomorphism, where the left hand side denotes the amalgamated sum in the
category of fs monoids and (7) the class in T of an element of QEP.

For the convenience of the reader we insert a proof of 3.3. We have natural maps

QerQ — (QorQ)™ — (QaprQ)®

where M := (Q ®p Q)™ is the amalgamated sum in the category of fine monoids and
(Q ®p Q) is the saturation M®3t of M. We know that M is the image of Q ® Q in
(RQ®PQ)EP = QP D per QBP and that M P = Q8PP per QEP. Now the homomorphism

Q¥ ®Q® —T'® Q% (a,b) — (ba+b)

induces an isomorphism

(%) QB ®per QP 5T @ QFP,
as is shown by the commutative diagram with exact rows
(—’LL, u)

p&p —— Qgp o) Qgp — Qgp @ng Qgp —0

(a,b)
Idl \[ 1 l
(u’ 0) (b,a+b)

ng_)QgPGBQgP___)F@QgP____)O
We shall identify the two sides by (x). Thus M is the submonoid of " & Q8P
consisting of pairs (z,y) of the form (b,a + b) for a, b € Q. Hence we have M3t C
I' ® Q. Conversely, let (z,y) € ' & Q. Let n > 1 such that nQ8 C u(P®&P). Then
n(z,y) = (0,ny) € M, so (z,y) € M and M*** =T @ Q.

Remark 3.4

(a) Following Kato ([Ka 2], 3.4.1), let us call small a morphism v : P — Q of
integral monoids such that Coker u8P is torsion. When @ is fine (a fortiori, fs), this
is equivalent to saying that Coker u®P is annihilated by a positive integer. Here are
examples of small morphisms : (i) a Kummer morphism of fs monoids; (ii) a “partial
blow-up” (cf. 6.1) : let P be an fs monoid, I C P a nonempty ideal, a € I, @ the
saturation of the submonoid of P8P generated by P and the elements b—a forbe I ;
then the inclusion P — @ is small: P8 — Q8P is an isomorphism.

(b) Lemma 3.3 shows the interest of working in the category of fs monoids, for
the analogous statement with the push-out taken in the category of fine monoids
would not hold. For example, for P = @ = N, u the multiplication by n > 1, the
amalgamated sum Q ®p @ is an integral monoid strictly contained in N @ Z/nZ.

(c) The map

ROEQ —QDQ, (a,b)— (ba+b)
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corresponds to the map

D(Q) x D(Q) — D(Q) x D(Q) , (9,2) — (=, 97)

on the associated diagonalizable monoid schemes. The map (3.3.1) deduced by passing
to the quotients corresponds to the induced map

D(I') x D(Q) — D(Q) xpp) D(Q) , (9,2) — (z,9%),

which is an isomorphism (the fibered product on the right hand side being taken in
the category of fs log schemes).

Let us prove 3.2. By construction, f : Y — X is Kummer, and since Coker u 8P is
killed by n invertible on X, f is log étale. By 3.4 (c), the action of D(I') on D(Q)
induces, by base change by X — D(P), an action of G on Y such that G xx Y —
YxxY, (g9,y) — (z,gy) is an isomorphism. So Y is a Kummer étale Galois cover of X
of group G. As for the last assertions, it is enough to prove that f is finite, open and
surjective. Since base change by a strict map commutes with taking the underlying
schemes, we may replace X by D(P), which we shall denote by X again. We follow
the argument of Kato ([Ka 3], 2.5). Since Cokeru®P is killed by n, Y := D(Q) is
finite over X, and since u is injective, the projection f : Y — X is surjective. Thus
X has the quotient topology of Y. Let U be an open subset of Y. To show that f(U)
is open, we have to show that f~!(f(U)) is open. But by Nakayama’s fourth point
lemma (2.2), f~1(f(U)) = pra2(pr;*(U)), where pry, pro: Y xx Y — Y are the two
canonical projections from the fs fibered product. Composition with the isomorphism
GxxY ->YxxY, (9,9) — (y,9y) (where G := D(Coker u8P)x transforms pry into
the action of G on Y. Since G xx Y = D(T") x Y (the product on the right hand side
being taken over SpecZ), f~1f(U) is therefore the image of U by the action of D(T")
onY,p: D(I')xY —Y, (9,y) — gy. But the map

DT) xY — D) xY , (9,y) — (9,9y)
is an isomorphism, which transforms pro : D(I') x Y — Y into p. Now, since D(T') is

fppf over Spec Z, prs is fppf, too, and in particular, open, so f~1f(U) is open, which
concludes the proof.

Definition 3.5. — Let X be an fs log scheme. By a standard Kummer Galois cover
of X, we shall mean a Kummer cover Y — X of the type defined in 3.3.

The existence, locally for the classical étale topology, of charts of Kummer étale
maps X — Y subordinate to Kummer maps u : P — @ with Coker 48P annihilated
by an integer invertible on X, combined with 3.3, shows:

Corollary 3.6. — Let X be an fs log scheme. The Kummer étale topology on X is
generated by the surjective classical étale families and the standard Kummer Galois
covers.
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Corollary 3.7. — Let f : X' — X be a Kummer étale map of fs log schemes. Then
the induced map f on the underlying schemes is open.

The property of being open being local for the classical étale topology, we may
assume that f is a standard Kummer Galois cover. Then the conclusion follows
from 3.2.

3.8. Let S be a locally noetherian fs log scheme. Denote by

fs'/s
the full subcategory of fs/S consisting of fs log schemes over S which are locally of
finite type over S as schemes. Consider a property P of morphisms f : X — Y in

fs'/S. We shall say that P is local for the Kummer étale topology if the following
conditions are satisfied:

(i) if f : X — Y satisfies P, then so does the morphism f': X’ — Y’ deduced from
f by any Kummer étale base change S’ — S;

(ii) if (S; — S)ier is a covering family for Xyt (2.1), and if f; : X; — Y; deduced
from f by the base change S; — S satisfies P for every ¢, then so does f.

When (i) is fulfilled, to check (ii) it is enough, in view of 3.6, to check the following:
(a) P is local for the classical étale topology (b) if fv is deduced from f by a classical
étale base change V. — S, and if after base change by a standard Kummer Galois
cover V! =V, fyr = f xy V' satisfies P, then fy satisfies P.

Here is an example:

Proposition 3.9. — Let S be a locally noetherian fs log scheme. The property for a map
fin fs'/S of inducing a separated (resp. proper, resp. finite) map on the underlying
schemes is local for the Kummer étale topology.

Since the property of being separated (resp. proper, resp. finite) on the underlying
schemes is local for the classical étale topology ([SGA 1] IX 2.4), it suffices to show
the following. Let f : X — Y be a map of fs log schemes, with Y locally noetherian
and f locally of finite type, and let g : Y/ — Y be a standard Kummer étale Galois
cover of Y. Then f is closed (resp. quasi-finite) on the underlying schemes if and only
if f’ deduced by fs base change by g is so. But this follows from Nakayama’s fourth
point lemma 2.2 and the fact that g makes Y’ a quotient topological space of Y.

In particular:

Corollary 3.10. — Let Y be a locally noetherian fs log scheme, and let f : X — Y be
a Kummer étale cover 3.1. Then f is finite and surjective.

Remark 3.11. — One can show ([Ka 3] 10.2, [Vi 2] 1.2, [Vi 2]) that conversely, if
f: X — Y is a Kummer étale map of locally noetherian fs log schemes which induces
a finite map on the underlying schemes, then f is a Kummer étale cover (in the sense
of 3.1).
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Here are some other examples of properties which are local for the Kummer étale
topology:

Proposition 3.12. — Let S be a locally noetherian fs log scheme. The property for a
morphism in fs'/S of being log smooth (resp. log étale, resp. Kummer étale) is local
for the Kummer étale topology (2.8).

See [Vi 2] for a proof.
Moreover, the following descent result, stated in ([Ka 3] 10.2), holds (see [Vi 2]
for a proof):

Proposition 3.13. — Let S be a locally noetherian fs log scheme. Let Kcov(S)
(resp. Lef(Sket)) denote the category of Kummer étale covers of S (resp. the category
of sheaves on Syet which are locally constant with finite fibers). Then the natural
functor Kcov(S) — Lcf(S) is an equivalence of categories.

4. Log geometric points and fundamental groups

Definition 4.1

(a) A log geometric point is a log scheme s which is the spectrum of a separably
closed field k£ such that M, is saturated and for every integer n > 1 prime to the
characteristic of k, the multiplication by n on M, (= M,/k*) is bijective.

(b) Let X be an fs log scheme. A log geometric point of X is a map of log schemes
z :s — X, where s is a log geometric point. If £ : s — X is a log geometric point, a
Kummer étale neighborhood of z is a map of X-log schemes s — U where U — X is
Kummer étale.

A log geometric point = : s — X defines a (classical) geometric point

%:8— X of the underlying scheme, and a point Z(8) of X. We say that z is over
or localized at Z($). As in the classical case, we will often make the abuse of notation
consisting in denoting by the same letter the log geometric point x and its source.
Also, when y is a point of X, we will often denote by ¥ a log geometric point over y
and J the corresponding (classical) geometric point.

4.2. Let X be an fs log scheme, given with a global chart
X — SpecZ[P]

where P is an fs monoid. Let N' = Nx be the set of integers > 1 which are invertible
on X, ordered by divisibility. For n € A denote by P, a copy of P, and for m < n let
Umn be the multiplication by n/m. Write P for P, and u, for u;, = multiplication
by n: P — P,. Let

Xpi=X XSpecZ[P) SpeCZ[Pn]
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(with SpecZ[P,] — SpecZ[P] given by uy). The (Pp,umy,) form an inductive sys-
tem indexed by A and correspondingly the (Xn,vmn = X Xgpecz(p] SPEC Z[timn]) &
projective system indexed by N. Each transition map

VUmn : Xn — Xm

is a standard Kummer cover of group D(P& ® Z/dZ)x = Hom(P®P, (uq)x) (3.5)
where d = n/m. In particular, X,, is a standard Kummer cover of X of group
Hom(P#P, (un)x).

These projective systems can be used to construct log geometric points. Let s =
Speck be an fs log point, where k is separably closed of characteristic p, and let
s — Spec Z[P)] be a chart modeled on the sharp fs monoid P := M, associated to a
chosen splitting M, = k* @ P, so that the log structure of s is associated to P — k,
a+— 0if a # 0. Let P be the limit of the inductive system P, as above, indexed by
N =N, and let §: (s Xgpecz(p] SPEC Z[P))red, With its natural log structure. Then
M; = k*® Pis saturated, the log structure of § is associated to P> k, a — 0if
a # 0, and multiplication by n in A on P = M5 is invertible, so that the natural
map § — s is a log geometric point over s (which is the identity on the underlying
schemes).

Definition 4.3. — Let T be a log geometric point of the fs log scheme X, and let F be
a sheaf on Xyet. The set

Fz :=ind.lim F(U),
where U runs through the category of Kummer étale neighborhoods (4.1) of Z (where
maps are pointed maps), is called the stalk of F at Z.

Proposition 4.4

(a) Let T be a log geometric point of the fs log scheme X. The functor F — Fz is
a fibre functor (or point) ([SGA 4] IV 6.1, 6.2) of the topos Xiet.

(b) Every fibre function on Xyt is isomorphic to one of the form described in (a).

(c) The fibre functors of the form described in (a) make a conservative system.

Let V(Z) be the category of Kummer étale neighborhoods of . Using 2.2 one
checks that V(Z)° is filtering, whence (a). We have seen in 4.2 that for any classical
geometric point Z of X there is a log geometric point  over Z. This implies (c). By
the known description of the points of the classical étale topos ([SGA 4] VIII 7.9),
to check (b) we are reduced to the case where the underlying scheme of X is the
spectrum of a separably closed field. The proof is then similar to that of (loc. cit.).

Remark 4.4.1. — If 5§ — s is the log geometric point constructed in 4.2, then the
S$m — s for m € N form a cofinal system of Kummer étale neighborhoods of s.
Therefore for a sheaf F on syet we have

fg = ind. lim F((Sm)ketvf)'

ASTERISQUE 279



OVERVIEW 285

4.5. Asin the classical case, one can consider log strictly local log schemes, log strict
localizations, specializations of fibre functors associated to log geometric points, and
eventually get a stronger statement than 4.4 (b), in the form of an equivalence similar
to that of ([SGA 4] VIII 7.9). Here is a brief sketch. Details are left to the reader.
A log scheme S is called log strictly local if S is saturated, the underlying scheme
S is strictly local (in the classical sense), and for every integer n > 1 invertible on
S, multiplication by n on M, (where s is the closed point) is bijective. If 3 is a log
geometric point of the fs log scheme X, the log strict localization of X at T is defined
as the inverse limit, in the category of saturated log schemes, of the Kummer étale
neighborhoods of Z. It is usually denoted by X () or X(z). It is a log strictly local

log scheme over X. Let x, y be points of X such that z is a specialization of y,
i.e. z € {y}~, and let T (resp. ¥) be a log geometric point over x (resp. y). Then a
specialization map s : § — T is defined as an X-map X (y) — X(Z), or equivalently
an X-map § — X(Z). Given Z and y there exists at least one specialization map
s : §y — T with ¥ a log geometric point over y. To such a specialization map s is
associated a map of the corresponding fibre functors

s*:(=)z — (Hg»
given by “inverse image by s”: F(U) — Fj for U a log étale neighborhood of 2. We
obtain in this way a category Pt(X) of log geometric points of X and a functor from

Pt(X) to the category Pt(Xyet) of points of the topos Xyet, which turns out to be an
equivalence, as in ([SGA 4] VIII 7.9).

4.6. Let S be a locally noetherian, connected, fs log scheme and let s be a log
geometric point of X. Using 3.13 it is easy to see ([Vi 2]) that the pair formed by
Kcov(S) (3.13) and the fiber functor

F :Kcov(S) — fsets, X — F(X):= X5

(where fsets denotes the category of finite sets) satisfies the axioms (G1) to (G6)
of ([SGA 1] V 4). Therefore, by (loc. cit.) the functor F'is pro-representable by a
pro-object S of Kcov(S) and if
mo%(S,3)
denotes the profinite group Aut(F') (opposite to Aut(S)), then F' induces an equiva-
lence
Kcov(S) —— 718(S,3) — fsets ,

where the right hand side denotes the category of finite sets on which 7°5(S, 3) acts
continuously. The group 7'°8(8,3) is called the log fundamental group of S at 5, and
S a log universal cover of S. As in the classical case (loc. cit.), for X in Kcov(S),
i.e. a Kummer étale cover of S, its connected components are again Kummer étale
covers of S; X is connected if and only if 7r11°g(S, 3) acts transitively on the stalk X5. If
G is a finite group, Kummer Galois covers of S of group G are pushed-out from S by

SOCIETE MATHEMATIQUE DE FRANCE 2002



286 L. ILLUSIE
(continuous) homomorphisms wiog(S, 5) — G surjective homomorphisms correspond
to connected covers. The log fundamental group is functorial with respect to pointed
maps (and as usual, the definition — and the functoriality — can be extended to non
necessarily connected, pointed log schemes). If 5§ — t is a specialization map between
log geometric points of S (4.5), the corresponding map 7\°8(S,3) — m\°8(S, ) is an
isomorphism. If 5 is the (classical) geometric point defined by 3, the map ¢ : § — S
induces a surjective homomorphism

wllog(S, 5) — m(S,3),
called the forgetful homomorphism.

Examples 4.7
(a) Let s = Speck be an fs log point (1.3), and let 5 = Speck be a log geometric
point over s. Then the forgetful homomorphism defines an exact sequence

(4.7.1) 1 — I'98(5,3) — 71%5(s,3) — m1(s,3) — 1,

where I = I'°8(s,3) is called the log inertia group of s. Moreover, there is a natural
isomorphism

(*) 1'% (s,3) & Hom(My", Z/ (1) (k)
and hence a noncanonical isomorphism
1'% (s,3) = 2 (1)(k)',

where r = tk M2~ and Z/(1) denotes the product of Z(1) for ¢ different from the
characteristic exponent p of k; the isomorphism (x) is given by the “tame character”
pairing
1'% (s,3) x Mz — Z'(1)(F)
associating to o € I'°8(s,3) and a € My the projective system (o(al/™)/a'/™), €
A (1)(k) where (a'/™), is a compatible system of n-th roots of a in Mz (written
multiplicatively), n running through the integers > 1 and prime to p. This follows
from 4.2 and 4.4 (b).
The fiber functor F — F3 defines an equivalence of categories

Top(sket) —— m°5(s,3) — sets

where the right hand side denotes the category of sets endowed with a continuous
action of 7.°%(s, ). For £ prime, we get an equivalence

{Q¢ — sheaves on sket} — Repg, (1),

where the right hand side denotes the category of continuous finite dimensional Q,-
representations of T = 71'110g (s,3), and Q,-sheaves on the Kummer étale site of s are
defined as in the classical case (see below). For ¢ # p, k “not too big” (i.e. no finite
extension of k contains all the roots of unity of order a power of £), and T/ff P of
rank 1, the argument of Grothendieck ([S-T] Appendix) applied to the sequence
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(4.7.1) shows that any V in Repg, () is quasi-unipotent, i.e. an open subgroup of
I'°8(s,3) acts on V by quasi-unipotent automorphisms, and in this way V gives rise
to a representation of a Weil-Deligne group associated to 7 (cf. [Vi 3] for details and
further developments).

(b) Let S = Spec A be an henselian trait, with closed point s = Speck and generic
point n = Spec K. Fix an algebraic closure K of K and denote by A the normalization
of A in k, a valuation ring whose residue field % is an algebraic closure of k. We put

= SpecA, 5 = Speck, 7 = Spec K. Endow S (resp. S) with the natural log
structure associated to the inclusion A — {0} — A (resp. A — {0} — A) and denote
by S (resp. S) the resulting log scheme. While S is an fs log scheme, S is not, but is
an integral and saturated log scheme, log strictly local 4.5, which is the inverse limit
of the fs log schemes S; associated to the normalizations of A in the finite extensions
K; of K. With the induced log structure s (resp. 3) is a discrete valuative log point
(resp. a log geometric point above s), which we will denote by s (resp. 5). The maps
of log schemes

n— 8§ — 8¢
pointed by the log geometric point 77 induce surjections
G = Gal(K/K) = m(n) — G := mi°8(S) — Gal(k/k) = m1(S) = m1(s%)
(we omit the base point 77 for brevity), with kernels
P =Ker(G — GY), I=Ker(G— Gal(k/k)), I'=ZKer(G'— Gal(k/k)) = Z'(1),

the wild inertia, the inertia and the tame inertia respectively. The identification of
G with the tame quotient G/P (P the pro-p-Sylow) comes from the calculation in
(a) together with the following two facts: (i) the specialization map 77 — § induces an
isomorphism
G' = m(8,m) = 75 (S, 5),
(ii) the pointed map (s,3) — (5,3) induces an isomorphism
5(5,3) o 7%(5,3)

In other words, restriction from S to 1 defines an equivalence between Kummer étale
covers of S and tame extensions of K, while restriction from S to s defines an equiv-
alence between Kummer étale covers of S and Kummer étale covers of s.

(c) More generally, let X be a locally noetherian, regular scheme and let D C X
be a divisor with normal crossings, and U := X — D. Endow X with the log structure
defined by D. Let Z be a log geometric point of X above x € D, with image T as a
geometric point of D. Then one can show that there is a natural isomorphism

™% (X, ) = 14 (U,F),

SOCIETE MATHEMATIQUE DE FRANCE 2002



288 L. ILLUSIE

where the right hand side is the tame fundamental group of Grothendieck-Murre
[G-M], classifying the finite Galois covers of U tamely ramified along D ([Ka 3],
10.3) (see 7.6 for a generalization).

(d) The isomorphism in (b) (ii) holds without assuming S to be a trait. More
precisely, let S be the spectrum of a local henselian ring with closed point s and let
5 be a log geometric point over s. Then the pointed map (s,3) — (S,3) induces an
isomorphism

m%(s,3) > m8(S,3),

compatible with the classical isomorphism 71(s,3) — 71(S5,3) (and therefore an iso-
morphism on the corresponding log inertia groups). It is indeed easily seen, by reduc-
ing to the strictly local case and taking a chart S — SpecZ[P] with P = M, that
the Kummer covers S, — S constructed in 4.2 form a cofinal system ([Vi 1], A 3.2).
One checks moreover that when S is classically strictly local, for any sheaf F on Siet
the stalk map I'(Sket, F) — F5 induces an isomorphism I'(Sket, F) — (Fz)!, where
I = 7i°8(S,3) is the log inertia group.

(e) Grothendieck’s specialization theorem and calculation of the prime to p fun-
damental group of a proper and smooth curve over an algebraically closed field
([SGA 1}, X 3.10) can be revisited at the light of log fundamental groups: see Fu-
jiwara [F], where this calculation is reduced to that of the prime to p fundamental
group of the projective line minus three points, thanks to a log Van Kampen theorem
and the fact that the prime to p log fundamental groups of the (log) geometric fibers
of a semistable family of curves form, in a suitable sense, a locally constant family.

4.8. Let A be a noetherian ring. Let X be a locally noetherian fs log scheme and let
F be a sheaf of A-modules on Xyet. One says that F is constructible if locally for the
Zariski topology X is set theoretically a finite disjoint union of strict log subschemes
Y; over which F is locally constant and of finite type for the Kummer étale topology.
(Note that in view of Vidal’s result 2.8, the suscheme structure of the Y’s does not
matter.) Constructible sheaves of A-modules form a full subcategory of the abelian
category of all A-modules, which is stable under kernel, cokernel, extension, tensor
product and inverse images (see ([Na 1], 3.1). They don’t enjoy, however, the nice
stability properties of the classical constructible sheaves with respect to the usual
operations of homological algebra, e.g. they are not in general stable under R?f, for
f proper, even for ¢ = 0, c¢f. ((Na 1], B 3 (i)). This defect can be partially corrected
by either making further hypotheses on f ([Na 1], 5.5.2) or working with the full log
étale site (see 9 below).

A formalism of Q,-sheaves and L-functions on fs log schemes can be developed
similar to the classical one, see [Vi 3].
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5. Comparison theorems

(A) Kummer étale vs classical étale cohomology

Fix an integer n > 1 and let A = Z/nZ.

5.1. Let X be an fs log scheme. Consider the canonical map
€1 Xket — Xal

from the Kummer étale site to the classical étale site of X (2.4). Assume that n is
invertible on X. Recall that we then have the Kummer exact sequence of abelian
sheaves on Xyt (2.7 (d))

(5.1.1) 0— A(1) — Me> by pree 0,

where M®P (resp. A(1) = p,) is the sheaf on Xye; defined by Y — I'(Y,MEP)
(resp. I'(Y, pr)). Consider the composite map of abelian sheaves on X;:

c: M® — e, M® — Rle, A1),

where the first map is the adjunction map and the second one is the boundary map
coming from (5.1.1). It is the sheafification of the map M8P(U) — H*(Ukes, A(1))
associating to a section s of M &P over an object U of X the A(n)-Kummer étale
torsor s1/™ of its nth-roots (M &P written multiplicatively). When s is a section of O*,
s/ comes from a classical étale torsor, and hence ¢ vanishes on O*, thus inducing a
map of sheaves of A-modules, still denoted '

c: M® @ A(-1) — Rle,A .
By cup-product, we get maps
(5.1.2) c: (RIM®) ® A(—q) — Rle.A
for all integers ¢ > 0. The following basic result, due to Kato-Nakayama ([K-N] 2.4),
is easy:
Theorem 5.2. — The maps ¢ (5.1.2) induce isomorphisms

c: (AMM®) @ A(—q) —— Rie,A .

Lemma 5.3. — Let S be an fs log scheme whose underlying scheme is strictly local. Let
log

S be a log geometric point over the closed point s, and I = m°%(S,3) the corresponding
log inertia group. Then the stalk map induces an isomorphism
RT(Siet, E) — RI(I, E5)

for E in Dt (Sket, A) (E — FE5 being viewed as a functor from D*(S,A) to D*(A[I])
(derived category of A-modules endowed with a continuous action of I)).
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This follows from 4.7 (d).

Let us prove 5.2. The assertions that ¢ (5.1.2) factors through A? and that the
factored map is an isomorphism can both be checked on the stalks. So we may assume
X = S is classically strictly local. With the notations of 5.3 we then have

(R%4A)s = HY(Sket, A) = HY(I,A).
By 4.7 (d) we have I = 7\°%(s,3), and by 4.7 (a) we have
I =Hom(M2 Z/(1)) 2 Z'(1)", r =tk M.
Therefore the cup-product H(I,A)®? — HY(I,A) factors through an isomorphism
AHY(I,A) = HI(I,A) and
H'(I,A) = Hom(Hom(M=,Z/'(1)),A) = M @ A(-1).

It only remains to check that this last canonical isomorphism corresponds to ¢, which
follows from its description in 4.7 (a) in terms of the tame character pairing.

5.4. For E € D*(X.,A) we have, by the projection formula,

L
E ® Re A = Ree*E

(note that by 5.2 Re,A is stalkwise perfect), hence for E concentrated in degre 0, we
have a natural isomorphism

(A? M*) ® E(—q) — Rie,&*E .

Intuitively, Xiet over X behaves like a (constructible) fibration in tori with fiber
(Gm)‘f'(:z:) over T with r(z) = I‘k(ﬁgp)i

(B) Kummer étale vs log Betti cohomology

5.5. Let X be an fs log scheme locally of finite type over C. Kato and Nakayama
[K-N] associate to X a topological space X'°8 together with a continuous map

Xl X,

where X,, = X(C) is the analytic space associated to X (in the case of normal
crossing varieties a similar construction had been done independently by Kawamata
and Namikawa [Kaw-Nam]). As a set of points, X'°€ is the set of maps of log spaces
(SpecC, ) — Xan, where 7 is the polar log structure R>o x S* — C, (r, z) — 72); the
map T is given by forgetting the log structures. A point x of X!°8 can be viewed as
a pair ¢ = (y, h) where y € X,, and h is a homomorphism h : MgP — S! extending
the “angle” homomorphism f — f(y)/|f(y)| on Oj.

When P is an fs monoid, and X = Spec C[P], with the canonical log structure,
X8 = Hommonoids(P, Rz0 x S'), and for z € X'°8, 7(z) € X is the point oz :
P — C of X with value in C; thus X'°8 has a natural topology of locally compact
space (it’s even a C™ manifold with corners), and 7 is proper, with fiber 771(y) at

y € X a product of r(y) copies of S*, where r(y) is the rank of (P/P,)# = Mﬁp,
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P, = y~1(C*) C P being the face associated to y: P — C. In general, using charts,
one defines a topology on X!°8 which is functorial in X, and is characterized by the
following properties: (i) for X = SpecC[P] it is given by the above; (ii) for a strict
map X — Y, the square (with vertical maps 7)

Xlog Ylog

l !

Xan —— Yan

is a cartesian square of topological spaces. In particular, 7 : X8 — X,, is proper,
and for z € Xan, 7-1(z) is a product of 7(z) copies of S, where r(z) = rk M2’

5.6. One can view 7 : X!°¢ — X, as an analogue of the map € : Xyt — Xai
discussed in (A). Kato-Nakayama prove for 7 a result similar to 5.2.
Consider the exponential sequence on X8

0 — Z(1) — 171 (0x,,) —2 771(0%..) — 0,

with the usual notation Z(n) = (27¢)"Z. Kato-Nakayama embed it in a larger one

exp

0 > Z(1) » 77 10x,,) —— 7 1 (0%,.) ——0
(5.6.1) lld J l
0 —— 7Z(1) » L2y 7 (MEP)x,,) — 0

Here X,, is endowed with the log structure naturally induced by that of X, and £
is a certain sheaf of “logarithms” of local sections of 7~ !(M8P) consisting of pairs
(i6, s) where @ is a local continuous R-valued function on X!°8 and s a local section of
7~} (M ®P) such that exp(i6) = h(s), in the notation of 5.5. The middle vertical map
in the diagram above is given by f — (iIm(f),exp(f)), and exp : £ — 7~} (M®P) is
given by the second coordinate.

Using that for any sheaf F on X,, the adjunction map F — 7.7*F is an iso-
morphism, one deduces from the bottom exact sequence of (5.6.1) a map c: M¥ ®
Z(—1) — RT.Z of abelian sheaves on X,,, hence by cup-product a map

(5.6.2) ¢: (®IM°®")(—q) — RIT.Z

for all ¢ > 0. Since 7 is proper with fibers products of S*, one obtains the following
analogue of 5.2:

Theorem 5.7 ([K-N], 1.5). — The maps c (5.6.2) induce isomorphisms
c: (AM*)(—q) = RIT,Z .

Corollaries similar to 5.4 hold.

SOCIETE MATHEMATIQUE DE FRANCE 2002



292 L. ILLUSIE

5.8. Let X be a scheme locally of finite type over C. Because an étale map U — X
induces a local analytic isomorphism U,, — Xan, we get a map of ringed sites (or
topoi)
7 : Xan — Xet,

such that (N F)(U) = F(Uan) for any sheaf F on X., and U étale over X. Let
n be an integer > 1 and A = Z/nZ. The basic comparison theorem of Artin-
Grothendieck ([SGA 4] XVI 4.1) asserts that for G € DF(Xe, A) (the full sub-
category of Dt (X, A) consisting of complexes with bounded below, constructible
cohomology), the adjunction map

a:G— Rnn*G
is an isomorphism, and consequently the natural map
Hq(Xet, g) — Hq(Xan, n*g)

from étale to Betti cohomology is an isomorphism.

Kato and Nakayama establish a similar comparison theorem between Kummer étale
cohomology and log Betti cohomology (by the latter we mean cohomology of the spaces
X'°8). Asin 5.5, let now X be an fs log scheme locally of finite type over C. The fact
that the m!* power map on S! is a local homeomorphism implies, by taking charts,
that any Kummer étale map U — X induces a local homeomorphism U'°8 — X108
Therefore we get a map of ringed sites (or topoi)

n: X log - Xket

such that (n.F)(U) = F(U™®) for any sheaf F on X'°. When the log structure of
X is trivial this is but the map defined above.

Theorem 5.9 ((K-N],2.6). — With X and A = Z/nZ as above, for any G €
D (Xyet,A) (the full subcategory of D} (Xket,A) consisting of complexes with
bounded below, constructible cohomology (4.8)), the adjunction map
a:G — Rnn*G
is an isomorphism (and consequently the natural map
H(Xie1,G) — HY(X'8,7°G)

is an isomorphism).

The proof is formal from 5.2, 5.7 and Artin-Grothendieck’s comparison theorem
quoted above. Here’s a sketch of the main steps.

(a) By looking at the stalks at a log geometric point of X, one sees that it is enough
to prove that the map deduced from a by applying Re, is an isomorphism.

(b) One may assume that G is a single constructible sheaf and even further that G
is of form e*F with F constructible on X (this follows from general facts on Kummer
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étale constructible sheaves, namely that any such sheaf is Zariski locally the cokernel
of a map Ay, x — Ay,x with U and V Kummer étale of finite presentation over X).
(c) Applying Artin-Grothendieck’s comparison theorem K —— Rn.n*K to K =
Re,.e*F, the statement that Re.(c) is an isomorphism boils down to the fact that
the base change map
n*Re.G — RT.n*G

for G = €*F, associated to the commutative square

X108 — Xt

TJV va
U
Xan ? Xcla

is an isomorphism. By the projection formula one is reduced to the case G = A, i.e. to
showing that

n*Rie, A — RIT A
is an isomorphism for all ¢g. By 5.2 and 5.7 it is enough to check it for ¢ = 1, and
this follows from the compatibility between the classes ¢ defined by the Kummer
and exponential sequences: for any integer n > 1, n~' (Mg ) (resp. £) is n-divisible
(resp. uniquely n-divisible) and one has a morphism of exact sequences

0 — Z(1) L ——F s (ME) —— 0
(5.9.1) l l l
0 > bhn i (ME) (M) ——0

where Mg" is the sheaf M 8P on the Kummer étale site of X (4.1) and the middle
vertical map is s — image of exp(s/n).

6. Acyclicity of log blow-ups

6.1. Let X be an fs log scheme endowed with a global chart X — SpecZ[P], with
P fs, P®P torsionfree, and let I be an ideal of P (i.e. a subset of P such that PI C I.
The log blow-up
f:Xr—X
of X along I is the map of fs log schemes defined as follows. Let X’ := Spec Z[P] and
T C Ox: the ideal generated by I. Let Y’ := Proj(®,enI™) — X’ be the blow-up of
the scheme X’ along Z. The scheme Y’ is covered by affine open pieces U, indexed
by a € I,
U, = Spec Z[P,],

where P, is the submonoid of P8P generated by P and the set of b/a for b € I. Endow
Y’ with the unique log structure inducing the canonical one on each U,. Note that
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this structure is not necessarily saturated. Let Y’52* be the saturation of Y’, which
is an fs log scheme over X’. Finally, define Y = X to be the fs pull-back of Y’sat
by X — X' and let f : Y — X be the resulting map. This map is log étale (1.5)
since each U, and hence each (U,)%* is so over X’. The ideal J = IMy C My
generated by I is invertible (i.e. locally monogenous), and one can show ([Ni]) that
this property characterizes Y among the fs log schemes over X, namely for any map
g : T — X such that I My is invertible, there exists a unique morphisme h: T'— Y
such that fh =g.

More generally, if X is any fs log scheme, a sheaf of ideals J C Mx is said to be
coherent if étale locally it is of the form IMx, where X — Spec Z[P] is a global chart
as above and I an ideal of P. One defines the log blow-up of X along J, by patching
the local constructions above, using for example the universal property, cf. [F-K],
[Ni].

Fujiwara-Kato prove the following striking result:

Theorem 6.2 ([F-K],2.7). — As in 6.1, let f : Y — X be the log blow-up of X along
a coherent sheaf of ideals J of Mx whose geometric stalks Jz are nonempty. Let
A = Z/nZ, where n is an integer > 1 (not necessarily invertible on X ). Then, for
any F € DY (Xyet, A), the adjunction map

a:F — Rf.f*F
is an isomorphism.

The statement with Xyet replaced by X, is of course false, as the blow-up of the
origin in the standard affine space A" already shows.

For the proof of 6.2 we need a few preliminaries. First we need the following base
change result:

Proposition 6.3. — Let A be as in 6.2, and let

X/L)X

rlo s
YI i} Y

be an fs cartesian square of fs log schemes, where } is proper and g s strict. Then
for F € DY (Xyet, A), the base change map

g*RfsF — Rf.h*F
is an isomorphism.

By looking at the stalks at a log geometric point of Y, one is reduced to the case
where the log structures of Y and Y’ are trivial. Factoring f into f = f o€ and
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using the classical proper base change theorem ([SGA 4] XII 5.1) one may assume
further that f = e, in which case the conclusion follows from 5.2.

Nakayama ([Na 1], 5.1) shows that for f proper the conclusion holds under a
weaker hypothesis than the strictness of g, which is satisfied for example if f or g is
ezact. However, under the sole assumption of properness of f, the conclusion can fail
(loc. cit. B4), but holds again provided that one replaces the Kummer étale sites by
the full log étale sites, as Kato has shown (see 9.5).

6.4. Next, we need to recall the (well known) structure of the (classical) étale coho-
mology of tori. Fix an algebraically closed field k of characteristic exponent p, and
let A = Z/nZ where n is assumed to be prime to p.

Let A! and G,, be respectively the affine line and the multiplicative group over k,
and let j : G,, — A! be the canonical inclusion. We have

Aifg=0
0if ¢ > 1,
where {0} is the origin in A! and the canonical isomorphism for ¢ = 1 comes from the
Kummer sequence 0 — A(1) — O* — O* — 0 on G, by sending 1 € A to §(t) where
t € (j«O*){0y is the image of the standard coordinate on Al and ¢ is the coboundary
map. Since HY(G,,A) = H°(A!, R%j,A), we get
Aifg=0
HY(Gm,A=qA(-1)ifg=1
0if ¢ > 1.

Let now T/k (=2 G!,) be a torus, let L = Hom(T,G,,) (& Z") be its character
group and LY = Hom(L,Z) = Hom(G,,,T) be its cocharacter group. We have
T = Speck[L]. The pairing

HY(T,A) x LV — A(=1)
(@, f) — f*(2) € H'(Gm, A) = A(-1)

defines an isomorphism

By Kiinneth ([SGA 4 1/2], Th. finitude, 1.11), the cup-product ®IH(T,A) —
HY(T, A) factors through an isomorphism AYH(T,A) —— HY(T,A), so that from
(%) we get an isomorphism

(6.4.1) HY(T,A) — AL ® A(—q)
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for all ¢ > 0. This isomorphism is functorial with respect to group-scheme homomor-
phisms T/ — T'. In particular, multiplication by d on T' induces multiplication by d?
on HY(T,A).

As in 4.2, let N be the set of prime to p integers > 1 ordered by divisibility, and
let

T :=inv.lim T},
where m runs through N, T, is a copy of T and for m | m’, the transition map
T — Tp is the multiplication by d = m//m, a classical Kummer étale cover of
group LY ® Z/dZ (1). The scheme 7T over T is a prime to p universal cover of T, with
group the prime to p fundamental group of T,
(6.4.2) (T = LY @ Z'(1).
The (descent) spectral sequence
EY = Hi(x, HY(T,A)) = H*(T, A),
where m = 7}(T'), yields an isomorphism
(6.4.3) HY(T,A) = H(m,A).
Indeed we have
HY(T,A) =inv.lim HY(T,,, A),

with transition map from m to dm given by multiplication by d?, hence

A f =0
(6.4.4) HUT,A) =" 1

0forq>1,

since the inductive system is essentially zero for ¢ > 1. The isomorphism (6.4.3),
combined with (6.4.2), gives an alternate way to derive (6.4.1).

As Ekedahl observed, the vanishing (6.4.4) is easily extended to toric varieties.
This leads to a (slight) simplification of Fujiwara-Kato’s original proof of 6.2. His
observation is based on the following result:

Lemma 6.5 (Ekedahl). — Let k and A be as in 6.4, let P be an fs monoid such that
PeP s torsionfree, and let X = Spec k[P], X* = Speck[P*]. Then the map X — X*
defined by the inclusion P* C P induces an isomorphism

HY(X*,A) = HYX,A)
for all q.
First recall the well-known homotopy lemma (¢f. [SGA 7] XV 2.1.3) :

Lemma 6.6. — Let S be a connected k-scheme of finite type, let so, s1 be two rational
points of S, let Y, Z be k-schemes of finite type and let f : S xY — Z be a k-map.
Let f; == fo(sixIdy):Y — Z. Then

fo = fi : HI(Z,A) — HY(Y,A)
for all q.
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By Kiinneth we have
H*(S xY,A) = H*(S,A) ® H* (Y, A).
Since S is connected,
sy =5} : H°(S,A) (= A) — H°(Speck,A) (= A),

from which the conclusion follows.
Let us prove 6.5. Since P8P is torsionfree, a splitting of the extension 0 — P* —
Per —, P® _, 0 gives a decomposition

P=P xQ,

with Q fs, Q8P torsionfree and Q* = {1}. Therefore, by Kiinneth we may assume P
to be sharp, i.e. P* = {1}. We have then to prove that H9(X,A) = A for ¢ = 0 and
zero otherwise. To do this we apply 6.6 to S =Y = Z = X (which is connected, being
integral) and the product map f : X x X — X, corresponding to the comultiplciation
P — k[P]® k[P], a — a ® a. As rational points s; € X (k), we take s; to be unit
element {1} in X, i.e. the point corresponding to the homomorphism P — k sending
any element a to 1, and s¢ the vertex {0} corresponding to the homomorphism P — k
sending a to 0 for a # 1 and 1 for a = 1 (this map is well defined because P is sharp).
Then (with the notations of 6.6) f; = Idx while fo : X — X sends X to {0}, and
fo = fi implies the conclusion.

When k& = C, by Artin-Grothendieck’s comparison theorem, 6.5 follows from the
well known stronger fact that the topological space underlying (Spec C[P])an is con-
tractible when P is sharp ([Fu], 3.2).

6.7. In order to state Ededahl’s generalization of (6.4.4) we need to review some
standard definitions (¢f. ([Ful, 1.4, [Od], 1.2, [KKMS], I). Let k be as in 6.4 and let
T be a torus over k, with character group L. A fan in LV is a finite set A of rational
strongly convex polyhedral cones o in LY ® R such that for any o in A, every face of
o belongs to A, and for any pair (o,0’) of elements of A, 0 N ¢’ is a face of both &
and ¢’. Then for 0 € A, P, := ¢V N L is an fs submonoid of L with P8 = L, and
if 7 is a face of o, P, C P is a localization map, defined by inverting a face of P,,
namely (Pr)* N Py; if U, := Speck[P,], U- is open in Uy, and the torus 7' = Uygy is
equivariantly embedded in each U,. The toric variety X (A) associated to A is the
union of the schemes U,, U, and U, being glued along U, N Uy = Uyngr. A toric
variety over k, with torus T, is a scheme X/k of the form X(A). Such a scheme
X is of finite type over k, separated, integral, and normal; the torus T acts on X
and equivariantly embeds into X as a dense open orbit. The fan A can be recovered
from the action of T' on X, namely, o — U, is a bijection from A to the set of open
affine equivariant subschemes of X ([KKMS], I, th. 6), the equivariant embedding
T C U, determines P, and in turn 0 = (P,)Y @ R>o. Conversely, if X is a separated,
integral, normal scheme of finite type over k endowed with an action of T and an
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equivariant embedding of 7" into X as an open orbit, then X 2 X(A) for a unique
fan A ([KKMS], loc. cit.), [Od], 1.5).

Let X/k be a toric variety with torus T', associated to a fan A. Let d be an integer
> 1. For each o € A, multiplication by d on the monoid P, induces an endomorphism
of U,. When ¢ runs through A, these endomorphisms glue to an endomorphism of X,
still denoted d. Now let A/ be as in 4.2 and similar to the construction in 6.4 define

X :=inv.lim X,, ,

where m runs through N, X,, is a copy of X and for m | m/, the transition map
Xm' — Xm is the multiplication by d = m’/m. Ekedahl’s generalization of (6.4.4) is
the following formula, where A = Z/nZ, n prime to p:

Aforg=0
(6.7.1) HU(X,A) =1
0 for g > 1.
Let us prove (6.7.1). We have
HI(X,A) =ind. lim HY(X,,, A),

where m runs through AN and the transition map from m to m’ = dm is d* :
HY(X,A) — HI(X,A). Let U be the open cover of X by the U,, 0 € A. Con-
sider the Leray spectral sequence of U:

(6.7.2) EY = @H (Uyyn.noy, A) => HI(X, A),

where Uyon...00; = Ug, N -+ - N Uy, and (0g,-..,0;) runs through A+l For X = X,,,
these spectral sequences form an inductive system indexed by A/. Its limit is a spectral
sequence

(6.7.3) EY(X) := inv.lim E¥Y (X,,) = H" (X, A).
By 6.5 the natural map
Hj(U;oﬂ-nﬂai ) A) - Hj(Uaoﬂ“'ﬂUi ) A)

is an isomorphism. When X runs through X,, these isomorphisms are compatible
with the transition maps d*. Passing to the limit and applying (6.4.4), we get

() = { Dleomonearnih for j =0
0forj>0.
Therefore (6.7.3) degenerates at E; and gives
HY(X,A) = HY(E(X)) = HY(C"(A, A)),

where C'(A, A) is the Cech complex, with coefficients in A, of the open cover, by the
complements of its vertices, of the standard simplex S spanned by A. Thus (6.7.1)
follows from the contractibility of S.
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6.8. Let X/k be a toric variety as above, with associated fan A and torus T'. There
is a unique log structure on X inducing the canonical one on each U,, 0 € A. The
resulting log scheme, still denoted X, is fs and log smooth over k. The open subset of
triviality of the log structure is the torus T', and by ([Ka 4], 11.6), Mx = Ox Nj.O%,
where j : T — X is the inclusion. The key ingredient in the proof of 6.2 is the
following result (which is in fact a special case of a general purity result stemming
out of 6.2, see 7.5):

Proposition 6.8.1. — For A = Z/nZ, n prime to p, the restriction map
J°  H(Xyet, A) — H¥(Tiet, A) = H(Ta1, A)
s an isomorphism for all q.

Let L be the character group of T. By 3.2, for d € N/, multiplication by d: X — X
is a (log) Kummer étale cover of group LY ® Z/dZ (1). Denote by Xiet the 2-inverse
limit (in the sense of ([SGA 4] VI) of the topoi (X )ket, where (X,,) is the inverse
system considered in 6.7. Then Xyet/ Xket plays the role of a prime to p universal (log)
Kummer cover of X, with group the prime to p log fundamental group 7 = LY ®Z'(1)
of X, the same as that of T (6.4.2). We have again a descent spectral sequence

(6.8.2) EY = Hi(n, H (Xiet, A)) = H™ (Xyer, A),
with
(6.8.3) H(Xyet, A) = ind. lim HI((X )ket, A),

with transition map from m to dm given by the endomorphism d* of H?(Xyet, A). It
turns out that this limit is actually the same as that obtained by working with the
classical étale topology instead of the Kummer étale one:

Lemma 6.8.4. — The restriction maps H1((Xm)e1, A) — HI((Xm)ket, A) define an
isomorphism

ind. lim H9((Xm)e1, A) — ind. lim H9((Xm )xet, A).

In fact, a stronger statement holds: the natural map Xy — X is an equivalence
of topoi. Indeed, any Kummer étale map U — X of finite type becomes classically
étale after an fs base change by multiplication by d : X — X, for a suitable d € N.
Hence the classical étale maps U — X, generate the topology of Xyt defined in the
standard way from those of the (X, )ket’s.

From 6.8.4 and 6.7.1 we get

Aforg=0
(6.8.5) H(Xget, A) =
Oforg>1.
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Thus the spectral sequence (6.8.2) yields an isomorphism
(6.8.6) HY(Xyet, A) —> HI(m, A).

By construction this isomorphism is compatible with (6.4.3), i.e. we have a commu-
tative square

HY9(Xyet, A) —— HI(m, A)

7| lm

HY(Ty,A) —— HI(m, A),
with horizontal maps given by (6.8.6) and (6.8.3), which proves 6.8.1.

6.9. Let us — at last — turn to Fujiwara-Kato’s proof of 6.2. We have to show that
for any log geometric point Z of X, the following holds:

(*)z oz : Fz — (Rf f"F)z
is an isomorphism. We prove (*)z by induction on
r(z) = rk(M*)z

(where x (resp. T) is the point (resp. geometric point) of X image of Z). Let r € N.
Assume (*)z holds for all (X, J,Z) such that r(z) < r, and let us prove it for r(z) = r.
Applying 6.3 to the base change by the strict map Z — X, we may assume that
the underlying scheme of X = z is Speck, with k an algebraically closed field of
characteristic exponent p, and that X is equipped with a chart X — Spec k[P], with
P fs, sharp (i.e. P* = {0} (the monoid law written additively)), P8 = Z" and
J = IMx. By dévissage on F we reduce to the case F = A. Now let X be the affine
toric variety Spec k[P], with vertex {0} corresponding to the map P — k sending a
to 0 for a # 0 and 0 to 1, and torus T' = Spec k[P®P], of rank r. Endow X with its
canonical log structure and let f : Y — X be the log blow-up of X along I. Applying
again 6.3, this time to the base change by the strict map z — X sending z to {0},
we are reduced to showing that the stalk of « : A — Rf.A at a log geometric point
{0}~ above {0} is an isomorphism. Let K € D (Xet, A) be the cone of e, defined
by the exact triangle

A2 RE A — K — A1),
We have to show
(6.9.1) K~ =0.
By the induction hypothesis we know that
(6.9.2) Kz=0

for all log geometric points T over a point z of X distinct of {0}, since r(z) < r for
such a point. Consider again the inverse system (X,;)men used in 6.7 and 6.8, and
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the inverse system ({0},,) it induces on {0} endowed with the induced log structure.
By 4.4.1, we have
Hi(K()~) = ind. lim H*(({0}m)iet, K)-
Therefore, to prove (6.9.1) it suffices to prove that
RP({O}ket, K) = 0 .

But by (6.9.2) we have

RF({O}ket) K) = RP(Xketa K) .
Hence it suffices to show that the inverse image map

f* : Hq(Xketa A) — Hq(Yket) A)

is an isomorphism for all q.

Suppose first that n is prime to p (A = Z/nZ). The log-blow up Y of X along
I is a toric variety, with torus 7', covered by the open affine equivariant subschemes
(U,)%* = Spec k[(P,)%?*] considered in 6.1. The projection f : Y — X is T-equivariant
and induces an isomorphism on T'. That f* is an isomorphism then follows from 6.8.1.

That concludes the proof of 6.2 in the case n prime to p. In the general case
the proof proceeds in the same way, except that to dispose of the case where n is
a power of p, it is necessary to replace the affine toric variety X = Speck[P] by a
T-equivariant compactification X, that is a toric variety with torus 7', containing X
as an equivariant dense open subset, and which is proper over k. It is a standard
fact that such compactifications exist: if A is the fan of X (the set of faces of PV),
it suffices to choose a complete fan A containing A, and X(A) is a T-equivariant
compactification of X ([Od], 1.12). If Z is the closed subscheme of X defined by I,
the schematic closure Z of Z in X is defined by a T-equivariant sheaf of ideals Z of
Ox and even by a coherent sheaf of ideals J of M. Let f : Y — X be the log
blow-up of X along J. Then Y is a toric variety with torus T, and f is equivariant
and induces an isomorphism on 7'. Again, one has to show (6.9.1), where K is the
cone of o : A — Rf,A. This time, the induction hypothesis only gives us that there
exists a finite number of closed points z; (1 < i < N) of X (including {0}) such that

(6.9.3) Kz=0

for all log geometric points T over a point z of X not belonging to the set of z;’s. As
above, we have
@ HIKg,)) = @ ind limHY(((Zi)m)ket,A),
1IN 1IN
and by (6.9.3),
@ RI((zi)ket, K) = RT(Xiet, K),

1N
so that again it is enough to show that

f* : Hq(ykehA) — Hq(?ketaA)

SOCIETE MATHEMATIQUE DE FRANCE 2002



302 L. ILLUSIE

is an isomorphism for all g. Writing A = Z/p"Z x Z/n'Z with n’ prime to p, and using
the case treated above, we may assume A = Z/p"Z. The result is then a consequence
of the following lemma.:

Lemma 6.9.4. — Let X/k be a proper toric variety, with k algebraically closed of

characteristic p > 0, and let A = Z/p"Z, h > 1. Then we have
Aifg=0

HY(Xpery A) =4 1 1
0ifg>0.

By dévissage we reduce to A = Z/pZ. Since X is proper we have

k f =0
Ho(X,05) = { 171
Oforg>0.
(((KKMS], p. 44) or ([Od], 2.8) in the case k = C). Hence, by Artin-Schreier,
Aifg=0
H(Xa,A) =" 1
0if¢g>0.

By 6.8.4 (where n needs not be assumed to be prime to p), we get again (6.8.5) and
(6.8.6), and since 7 is of pro-order prime to p, the conclusion follows. This concludes
Fujiwara-Kato’s proof of 6.2.

Fujiwara-Kato ([F-K] 2.4) also prove a noncommutative variant of 6.2 :

Theorem 6.10. — Let f : Y — X be a log blow-up as in 6.2. Then for any log
geometric point y of Y, with image T by f, the natural map

7rllog(Y7 y) S 7"-llog (X7 5)
is an isomorphism.

We will not attempt to explain their proof. Let us just say that the key point is
to replace 6.8.1 by a Zariski-Nagata type purity result, namely that in the situation
of 6.8.1, restriction to T" defines an isomorphism between wiog(X ) and the quotient of
m1(T) classifying the étale covers tamely ramified at the generic points of X — T.

7. Purity

Recall Grothendieck’s absolute purity conjecture (([SGA 4] XVI 3.10 b),
([SGA 5] I 3.1.4)), now a theorem of Gabber [Ga]:

Theorem 7.1. — Let d be a positive integer, X a regular locally noetherian scheme,
1:Y — X a regular closed subscheme, everywhere of codimension d, and A = Z/nZ
with n invertible on X. Then

R%'(A) =0 for ¢ # 2d ,
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and the cohomology class of Y ([SGA 4 1/2], Cycle 2.2) defines an isomorphism
R4 (A) = A(—d) .
This statement implies — and in fact is equivalent to — the following one:

Theorem 7.2. — Let X be a regular locally noetherian scheme and let D =
Z1<m< N Dm be a divisor with normal crossings on X, with Dy, regular for all i. Let
jm :Un=X—Dp— X, j:U=X—D — X be the inclusions, and let A = Z/nZ
with n invertible on X. Then:
(a) RYjmsA = 0 for ¢ > 1, jm«A = A, and the Kummer sequence defines an
isomorphism RYjm«A = Ap_ (—1);
(b) the natural map
é ij*A — Rj*A
1<mgn
is an isomorphism, which is equivalent to the conjunction of (i) and (i):
(i) the restriction map
D R'ym«A — RYA
1<mgn
is an isomorphism;
(i) for all ¢ > 0, the cup-product map ®? R'j.A — RIj.A factors through an
isomorphism
ARV, A =5 RIGA .

To see that 7.1 and 7.2 are equivalent one can argue as follows: from 7.1 one gets
7.2 by induction on N; conversely, one can assume X strictly local, one can factor
% into 4y - - - 44, where i, : Y,, — Y,,_1 is of codimension 1, Y, is regular, Yy = Y,
Yy = X;; it then suffices to apply 6.2 repeatedly to the regular divisors i,,’s.

7.3. Using 6.2, Fujiwara-Kato prove a Kummer étale variant (and generalization) of
7.2 for log regular log schemes.
Let X be an fs log scheme. One says that X is log reqular (cf. ((Ka 4], 2.1) if the

underlying scheme X is locally noetherian and the following condition holds:

(7.3.1) for any (classical) geometric point Z of X above z, if Jz is the ideal of Ox z
generated by the image of Mxz — O% ; by o, Ox z/Jz is regular and

dim Ox z/Jz + 1k M5 z = dim Ox 3.

Log regularity was first defined by Kato ([Ka 4], 2.1) for schemes equipped with
log structures defined for the Zariski topology and satisfying “condition (S)” (similar
to fs). The definition we make here is adapted to the context in which we are working.
For the links between the two notions, see [N1i].

Here are some examples and properties which follow easily from ([Ka 4], 2.1).
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(a) If X has the trivial log structure, X is log regular if and only if X is regular.

(b) If X is regular and X has the canonical log structure given by a divisor with
normal crossings D C X, then X is log regular. In this case, J\_IX,E =~ N7(®) at all
geometric points Z, where r(z) = rk M—)ggi. Conversely, if X is log regular and if at
some geometric point T, M x 7 = N"(®) | then étale locally around Z, X is regular and
the log structure of X is given by a normal crossings divisor (this can be seen by taking
a chart X — SpecZ[N"(®)] around %, and using (7.3.1) together with ([EGA IV]
17.1.7).

(c) If Y is log smooth over X and X is log regular, then Y is log regular. If X is
an fs log scheme separated and of finite type over the spectrum of a perfect field k
endowed with the trivial log structure, then X is log regular if and only if X is log
smooth over k.

(d) If X is log regular and j : U — X is the open subset of triviality of the log
structure, then U is dense and the log structure of X is the direct image of that of
U, i.e. Mx = Ox N 5:.0f ([Ka 4], 11.6).

(e) If X is log regular, X is Cohen-Macaulay and normal.

Theorem 7.4 ([F-K], 3.1). — Let X be a log regular fs log scheme, let j : U — X be
the open subset of triviality of the log structure, and A = Z/nZ with n invertible on
X. Then the adjunction map

A— Rjket* A

is an tsomorphism.

First we treat the case where X is regular and the log structure of X is given
by a normal crossings divisor D. We may assume that D has simple normal cross-
ings, t.e. D = El<m< N Dm, with the D, regular. The proof exploits the analogy
between the formulas for R%,A (5.2) and R%j,A (7.2). More precisely, consider the
commutative square

jket
Uket —— Kiet

{z l
jcl
Ug—— Xa -

In the same way as in step (a) of the proof of 5.9 we see by looking at the stalks at
log geometric points that to prove that the adjunction map & : A — Rjket«A is an
isomorphism, it is enough to prove that the map

B = Re.(a) : RexA — RjciA
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is an isomorphism (we have identified Uge; to Uq by €). Since U = X — D and
M = Mx = Ox N j,.Of;, we have
M® = @ Zp, .
1<m<N
Consider the square

M® ® A(-1) ——— Rle,A

o |

1<7€nB<N Ao, (-1) _~, RljasA

where the top horizontal map is the isomorphism given by 5.2, and the bottom one
is the isomorphism given by 7.2 (a), (b) (i). This square commutes because both
horizontal maps are given by a Kummer sequence. Therefore

B: Rie,A — RIj. . A

is an isomorphism for ¢ = 1, hence for all ¢ by 5.2 and 7.2 (b) (ii).

In the general case, working classically étale locally on X, we may assume, thanks
to Kato’s resolution of toric singularities ([Ka 4], 10.4), that there exists a log blow-
up f:Y — X of X along some coherent sheaf of ideals of Mx such that MY@ ~ Nr(®)
for all geometric points 7 of Y. Since f is log étale, Y is log regular (7.3 (c)), hence
by 7.3 (b) Y is regular and the log structure of Y is given by a divisor D with normal
crossings. Moreover f induces an isomorphism from the open subset of triviality
V =Y — D for the log structure of Y to U. Let h: V — Y be the inclusion. By the
particular case treated above the adjunction map A — Rhgets«A is an isomorphism.
Applying R fret« and taking into account that the adjunction map A — R fiet« A is an
isomorphism by Fujiwara-Kato’s basic theorem 6.2, we get the conclusion.

Corollary 7.5. — Under the assumptions of 7.4, the restriction map
B : ResA — Rjc A

(deduced from the adjunction map of 7.4 by application of Rex) is an isomorphism,
and consequently the restriction map

HY(X* A) — HY(Uq,A)
s an isomorphism for all q.

Fujiwara-Kato also establish a noncommutative, Zariski-Nagata type variant of 7.4,
which is a generalization of the key lemma used in their proof of 6.10, namely:

Theorem 7.6 ([F-K],3.1). — Let X be a log reqular fs log scheme, and let U C X be
the open subset of triviality of the log structure. Then the functor

Kcov(X) — Etcov(U), Y — Y xx U
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from the category of finite Kummer étale covers of X (3.1) to the category of finite
classical étale covers of U induces an equivalence between Kcov(X) and the full sub-
category of Etcov(U) consisting of covers V. — U which are tamely ramified along
X — U, i.e. such that if Z is the normalization of X in V', at all points x € X — U
with dim Ox ; = 1, the restriction of Z to Spec Ox 5 is tamely ramified.

There are analogues of 7.4 and 7.6 for log Betti cohomology. The main result is
the following one, whose proof is elementary:

Theorem 7.7 ([Og], 5.12, [K-N], 1.5.1). — Let X be a log smooth, fs log scheme over
C, let j : U — X be the open subset of triviality of the log structure, and j°8 :
Uan = U8 — X'°8 pe the corresponding inclusion (5.5). Then any point x € X'°8
has a fundamental system of neighborhoods V' such that V N U,, is contractible. In
particular:

(a) the adjunction map Z — Rj.°87Z is an isomorphism;

(b) the restriction to Ua, = U8 defines an equivalence between the category of
locally constant sheaves on X'°® and the corresponding category on Usy.

8. Nearby cycles

8.1. Let S = Spec A, where A is a henselian discrete valuation ring with fraction field
K and residue field £ with characteristic exponent p. Let s = Speck, n = Spec K.
We fix an algebraic closure K of K and denote by A the normalization of A in K, a
valuation ring whose residue field k is an algebraic closure of k. We put S = Spec 4,
5 = Speck, 7j = Spec K.

Asin 4.7 (b), we endow S (resp. S) with the natural log structure associated to the
inclusion A — {0} — A (resp. 4 — {0} — A). We denote by S (resp. S) the resulting
log scheme, and similarly by s (resp. s) the point s (resp. 3) with the induced log
structure. We will keep the notations of 4.7 (b) for the various fundamental groups
associated to these data. In particular, the full Galois group G = Gal(K/K) acts on
S and 3 (by transportation of structure). A basic fact is that G acts on § through its
tame quotient

Gt = 7°8(S,3) = 7i°%(5,3) = G/P .

In order to see this it is convenient to consider the log scheme S* = Spec(A*) (with
the log structure associated to the inclusion A* — {0} — A!), where A? is the union of
the normalizations of A in the tamely ramified extensions of K contained in K. Let s*
be the closed point of S* with its induced log structure. Then S* — S (resp. st — s)
is a log universal cover of S (resp. s), with (opposite) automorphism group G*. On
the other hand, the canonical projection 3 — st is a limit of fs universal Kummer
homeomorphisms (cf. 2.8), and therefore s-automorphisms of s* extend uniquely to
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s-automorphisms of § ([Vi 1], A4), ([Na 1], 3.1.3)). The tame inertia
It = 1'°%(5,3) C Gt

acts on s (hence on 3) through the tame character
t: It =5 7/(1)(k)

as explained in 4.7 (a).

8.2. Let A = Z/nZ, with n prime to p. Let X be an fs log scheme over S. We
define X and X5 by the fibered products in the category of integral and saturated log
schemes:

)?ZXXSg, XgZX X§§=Xs ng.
Note that though by definition S and S have the same underlying schemes, the un-
derlying scheme of X isin general different from the pull-back X of X by S — S in
the category of schemes. A similar remark applies to X3 and X3. We have cartesian
squares (in the category of integral and saturated log schemes)

n)] ——
W — )
(_

7.
For £ € D (X}, A) we define the complex of log nearby cycles R¥'6L by
(8.2.1) RUY8(L) = 7kt Ryket(£| X;)

where the superscript “ket” means that the inverse and direct images are taken with
respect to the Kummer étale topologies (defined as limits since X is an inverse limit of
fs log schemes). The functor RU'°8 a priori goes from D*(XE%, A) to D+ (Xket, A),
but as usual, with a little more care, one can define it as going from D (X}°t, A)
to DF (XX x4 n, A), where, using Deligne’s notation in ([SGA 7] XIII), Xkt x, 7
denotes the topos of (Kummer étale) sheaves on X7 endowed with a continuous action
of G compatible with that of G on X3.

Log nearby cycles are related to the classical ones as follows. Let 4, j be defined
by the cartesian squares of schemes

1

X5 X X5

3 S 7.
Denote by R¥! the classical nearby cycles functor ([SGA 7] XIII), defined by
(8.2.2) RY(F) =7 R}, (F|Xz)
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for F € D*(X,, A) (this is a functor from D*(X,,A) to D (X, xs n,A)). Consider
the commutative diagram

Xéget ? )'Z’ket J XﬁkEt

2| dl |

xa 2, X x,,

where for brevity we write X§1 for Xs x5 n, etc. and the middle (resp. left) vertical
map is the canonical projection, i.e. the composition

)’Zket € )’ch YCI

(resp. Xket £, X — X&), By 6.3 applied to the left square (strict base change by
i) and a standard limit argument we have, for £ € DT (X%, A),

—ket —ket

i REL(R},." (L1 X7)) = R&.i*(R7. (L] X7)),
and therefore,
(8.2.3) R Re, L = RE,RUSL .

In particular, when the log structure of X is vertical, by which we mean that the log
structure of X, is trivial (i.e. X, coincides with the open subset of triviality of the
log structure of X), we have X! = X and

RUCL >~ RE, RO L .

By analogy with the classical case, for £ € DT(X!°8 A), one can also define the
complex of vanishing cycles R®'°6L € D+ (Xket x, n,A), which sits in an exact
triangle (of DT (Xket x, n,A))

(8.2.4) L — RUSL —, Roloss T,
and is related to the classical one by
(8.2.5) RO®°'Re, L = RE,RO'EL .

When X is proper over S, then by 6.3 applied to the strict base change by s — S,
we get, for F € DT (X¥, A), a canonical isomorphism

(82.6) RT(XE, RUSF) = RI(XE, F),
from which by (8.2.4) we derive, for £ € D (X*et A), a specialization map

(8.2.7) sp : RT (XX, 7" L) — RI(XE, 57 L),

which is an isomorphism if and only if RP(X%‘et, RO98L) = 0.
Concerning R¥'°8, the main result so far is the following theorem of Nakayama:
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Theorem 8.3 ([Na 2],3.2). — Let X be a log smooth fs log scheme over S. Then
RO6A =0 .

This is a simple application of the purity theorem 7.4. Indeed, let v : U — X,
be the open subset of triviality of the log structure of X, (which is also that of X).
Let S’ be the normalization of S in a finite extension K’ of K contained in K, s’ its
closed point, and put the standard log structures on S’ (resp. s’). Let

sl ! /
X Z—)X' 4‘7— Xk & U’

be the diagram deduced by fs base change by S’ — S from the given diagram
X, x L xg Lu.

Because U’ is the open subset of triviality of the log structures of both Xk and X',
we have, by 7.4,

R(j'W)%*A = Ax/ , Ru*'A = Ax,,,
hence
(%) Rj**A = Ax/,
and therefore

Z—/ket*Rj/ ketA — AX .

By definition we have

RIU'8(A) = ind. lim 3% RY5.keEA |

where K’ runs through the finite extensions of K contained in K, and the conclusion
follows.

In [Na 2] Nakayama gave a proof of (x) independent of Gabber’s purity theorem
(which is the key ingredient in 7.4). Kato gave an alternate proof as a corollary of a
log smooth base change theorem (see 9.6).

Corollary 8.4. — Let X be a log smooth fs log scheme over S. Then we have a canon-
ical isomorphism in DT (Ss xsn, A):
(8.4.1) RV (Re,A) = REL(A|X3),
and in particular, if the log structure of X is vertical (8.2.3),
RUA = RE,.(A|X3).

A striking consequence of 8.4 is that, when X is log smooth over S (resp. log
smooth and vertical over S), RU°'Re, A (resp. RUCA), as an object of D¥(Xsx4n, A),
depends only on X, endowed with its log structure. It has been shown by Kisin [Ki 2]
(and independently by Vidal) that if the log structure of X is vertical, the log structure
of X5 depends only on some infinitesimal neighbourhood of X s in X , in the following
sense: if X3, Xy are fs log schemes over S which are log smooth and vertical, there
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exists an integer m > 1 such that if X; ® A/m™+! and X, ® A/7™*! are isomorphic
(as schemes over A/m™*1) then so are (X1)s and (X2)s (as log schemes over s); here
7 is a uniformizing parameter of A. In the case of semistable reduction, m = 1 suffices
(cf. ([Na 2], Ad).

Since the wild inertia P acts trivially on X3 (8.1), it also acts trivially on
RYY(Re,A) = RE.(A|X3) (resp. R¥C(A)), so we have

RU(Re, A) = RT(P, RU(Re,A)),
RIUY(Re, A) = (P, RIU(Re,A))

(note T'(P, —) is exact on the category of A[P]-modules on X3). Therefore, when the
log structure of X is vertical, we have

RU(A) = RT(P, R¥(A))
RIUY(A) = T(P, RITY(A)).
The tameness of the R?¥ A had been proven by Rapoport-Zink [R-Z] in the case X is

(8.4.2)

étale locally of the form S[z1,...,z,]/(2]" -+ - 2% — m), with 7 a prime element in A
and a; prime to p for all . By (8.4.1), this tameness holds even if some a; are divisible
by p but ged(ay,...,arp) = 1. When a; = --+ = a, = 1 — the case of semistable

reduction — the whole inertia I acts trivially on the RIWA (loc. cit.), a result which
also follows from 8.4 as we shall see later.
Combining (8.4.2) with (8.2.6) and 7.5 we get:

Corollary 8.4.3. — Let X be a proper and log smooth fs log scheme over S, and let
U — X; — X be the open subset of triviality of the log structure of X. Then the wild
inertia P acts trivially on HY (Uﬁc-l, A) and the specialization map (8.2.7)

sp: HY(XZ, R&,A) — HI(UE, A)
is a (Galois equivariant) isomorphism for all q.
Unraveling (8.4.1) yields the following description of the sheaves of nearby cycles
RIUY(Re,A) (= RIVA when X is vertical):

Corollary 8.4.4 ((Na 2],3.5). — Let f: X — S be a log smooth fs log scheme over S,
and let F := Re.A = Rj&A € DY (X,,,A) (where j : U — X, — X is the open subset
of triviality of the log structure of X ). Let C be the (classically) locally constant sheaf
of finitely generated abelian groups on X, defined by

C := Coker(f*(M*") i» (Mi‘:)) /torsion,

where @ is the canonical map. Then:
(a) There is a natural, Galois equivariant isomorphism

ROUIF @ AY(Cs ® A(~1)) — RIVF
for all ¢ > 0.
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(b) The stalk of ROU'F at a (classical) geometric point T overs is (noncanonically)
isomorphic to A[Ez], where Ex := Coker f, : I%Og — Iéog (a finite abelian group,
isomorphic to Coker Hom(®z,Z' (1)) with ¢ as above). The tame inertia It = Z/(1))
acts on (ROULF)z by the reqular representation, i.e. through the composite map It =
I8 s A[1°8] — A[Eq].

When X has semistable reduction over S with special fiber X = D a divisor with
simple normal crossings ¥D;, then U = X,, F = Ax, C = CokerZp — ®Zp;,
ROUCIA = A, and one recovers the classical global formula for RIWA (cf. [Na 2] and
[I2]). The global structure of the constructible sheaf ROWCLF is controlled by the
projection

a: X F— X 53
it can be proved that « is a finite map, which is the composition of a closed surjective
immersion with a finite map with separable residual extensions, such that ROWC F is
just the direct image by « of the constant sheaf A (see [Ka 7], [Vi 3]). In particular,
with the notation above, if we set d; = card Ez, then dz = 3y, [k(y) : k(z)]. If
N = supd,, then TN =1 on RIWF for any T € I, and therefore, in the situation
of 8.4.3

(8.4.4.1) (TN - 1)7 |HIUZ,A) =0

where ¢’ is the minimum of ¢ + 1 and the rank of MY (= suprk(M)z, T running
through the geometric points of X).

The proof of 8.4.4 from (8.4.1) is an application of 5.2, using either one of the two
factorizations of £: X¥°* — X'in82asé=aoe=co0f3:

Xket L Xket
s s

&'l lE
X_c_l ¢ « Xket
s s

(see([Na 2], 3.5) and [Vi 3]).

8.5. Let X be a scheme over S, which is proper and has semistable reduction with
special fiber X, = D a divisor with simple normal crossings D = ) D;. Then there
is defined the Rapoport-Zink-Steenbrink double complex realization A~ of RUCIA and
its associated weight spectral sequence [R~Z]

(8.5.1) ET™™7T — H™(X7,A),
where
E;™MT = @ HT20(DUH420 g F A)(=r—q)
ri%go
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and D("+t1%29) js the disjoint sum of the intersections r + 1 + 2¢ by 7 + 1 + 2q of the
components D; of the divisor D.

It follows from (8.4.1) that these can be constructed purely in terms of X as a
log scheme with the log structure induced from the canonical one on X (associated
to D). Indeed the whole construction stems out from the choice of a complex of
A[I*]-modules on X5 with nonnegative degrees, representing RU°'A; the point is that
the inertia acts trivially on the cohomology sheaves RIWCIA.

By letting A = Z/¢¥Z, ¢ prime invertible on S, taking the inverse limit when v
varies, and tensoring with Q, one deduces from (8.5.1) a spectral sequence

(8.5.2) BT s B (X, Q2)
where
El—r,n+'r — @ Hn—r—2q(D('r‘+l+2q) ®E, Qf)(_r _ Q)-
q20
r4+¢=0

When £ is a finite field, the Weil conjecture [D1] implies that the initial term of (8.5.2)
is pure of weight r, and consequently (8.5.2) degenerates at E». This degeneration
holds even if k is not finite. Indeed, because (8.5.1) can be defined purely in termes of
the log scheme X, a specialization argument due to Nakayama [Na 3] enables one to
reduce to the finite field case. When k = C, using the standard comparison theorems
between Betti and classical étale cohomology, one recovers the degeneration results of
Steenbrink ([Ste 1], [Ste 2]).

8.6. In the situation of 8.5, the complex R¥°'Qy[d], where d = dim X/S, is a per-
verse sheaf, of which the logarithm of the monodromy N = logT ® T (where T is a
topological generator of Zy(1)) is a nilpotent endomorphism. Up to a shift, the weight
spectral sequence (8.5.2) is associated to the monodromy filtration of this perverse
sheaf (cf. [I2]). It is conjectured that if X is projective, then the abutment filtration
of (8.5.2) coincides with the monodromy filtration. This is the so-called monodromy-
weight conjecture. This has been proven by Deligne in equal characteristic p > 0
(more precisely, for S equal to the henselization at a closed point of a smooth curve
over a finite field), and by Rapoport-Zink in mixed characteristic for d < 2.

8.7. The perversity of RU°'Q[d] holds for any scheme X flat over S, generically
smooth, of pure relative dimension d. As Gabber observed, it is not hard to show,
using de Jong’s theorem over a discrete valuation ring ([dJ], 6.5), that the monodromy
of this perverse sheaf is quasi-unipotent, so that one can define its logarithm N and
the corresponding spectral sequence of monodromy filtration associated to N. Again,
for X/S proper, because of Gabber’s results (see [Bry| and [I2]) one expects its
degeneration at E, and for X, projective, the coincidence of the abutment filtration
with the monodromy filtration. As for the construction of the spectral sequence and
its degeneration at Fs, one can hope that the case where X underlies a vertical, log
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smooth log scheme over S is within reach. At least, the problem can be reduced to one
over a standard log point (1.3). The monodromy-weight conjecture in the same case
for X/S projective and in equal characteristic p > 0 should also be accessible, though
not being a trivial consequence of Deligne’s results in Weil II [D1] (the problem is to
pass from the henselization at a closed point of a smooth curve over a finite field to
an arbitrary henselian trait of char. p).

8.8. There is a more or less classical relation between the monodromy-weight con-
jecture and the local invariant cycle problem. Let X be a proper, flat scheme
over S, of relative dimension d, generically smooth, with special fiber X projective
over s. Assume that the quasi-unipotence of the monodromy of the perverse sheaf
VU := RU°Q,[d] has been established. Consider its logarithm N and the correspond-
ing kernel filtration K; = Ker N**! : ¥ — W. This filtration defines a quasi-filtration
of ¥ in D%(X5,Qy), in the sense of ([Sa], 5.2.17), and hence a spectral sequence ((loc.
cit.), see also ([D2], Appendice)):

(8.8.1) EY = H™ (X5, gt ¥) = H'V (X5, ¥) = HH (X7, Q).

Assume furthermore that X satisfies the monodromy-weight conjecture (8.6). Then,
by analogy with Saito-Zucker’s results over C ([Sa-Z], 0.4), one can expect that
(8.8.1) degenerates at Ey and that its abutment filtration is the kernel filtration K; =
Ker N**! on H*(X7, Q). By an elementary lemma of homological algebra ([Sa-Z],
1.4.1), it would indeed be enough for this to establish the degeneration at Eo of an
auxiliary spectral sequence, namely the spectral sequence of hypercohomology of Xz
with coefficients in grg ¥, filtered by the filtration M induced by the monodromy
filtration of W:

(8.8.2) BY = H™ (X, griygrg V) = H'™ (X5, 815 0).
If the expectation above about (8.8.1) is fulfilled, then we get an exact sequence
(8.8.3) H™(Xs5,gr§ U[—d]) — H™(X7,Q¢) — H™ (X7, Qe).

This exact sequence is to be compared with the local invariant cycle property, which
asserts that the specialization map

(8.8.4) sp: H™(X5,Qe) — H™(X7,Qe)'

is surjective. Assume that X has strict semistable reduction (i.e. semistable reduction
and X, is a divisor with strict normal crossings in X). Then the Rapoport-Zink
calculation of ¥ by a Steenbrink-type double complex [R-Z] (see also ([I2], 3.11) shows
that the kernel filtration on W[—d] coincides with the canonical filtration defined by
the canonical truncations 7¢;, so that (8.8.1), after a suitable shift and renumbering,
coincides with the usual spectral sequence of vanishing cycles

(8.8.5) EY = H'(X5 R10Qq) = H™ (X7, Q).
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Moreover, at least when s is the spectrum of a finite field, it follows from Rapoport-
Zink’s description of ¥ and of the Weil conjectures [D1] that (8.8.2) degenerates
at Ep. Therefore when the monodromy-weight conjecture holds, (8.8.5) degenerates
at E3 and has the kernel filtration as abutment filtration, (8.8.3) holds and can be
rewritten

m N m
(8.8.6) H™(X5,Q¢) — H™(X7,Q¢) — H™ (X7, Q).
Finally, since I acts unipotently on H™ (X5, Q) in this case, we have
(8.8.7) Ker(N : H™(X7,Q¢) — H™(X7,Q¢)) = H™ (X7, Qo)

and (8.8.6) is but the local invariant cycle property (8.8.4). One can perhaps expect
that the results of this discussion still hold when X underlies a vertical, log smooth
log scheme over S instead of having strict semistable reduction. In general, however,
(8.8.7) does not hold, the kernel filtration on ¥ is not the canonical filtration, and
the local invariant cycle property may be true while the exactness of (8.8.6) fails. To
illustrate this, consider the following example, which was communicated to me by
Gabber.

Let k be an algebraically closed field of characteristic exponent p, let d be an integer
> 3, prime to p, let S be the henselization at the origin of the affine line over k, with
local parameter ¢, and let X C P% be the hypersurface defined by the equation

ta:g+x‘1i+xg=0,

where (z9, z1,22) are homogeneous coordinates on P2. Then X is smooth over k, and
is a relative (twisted) Fermat curve over S. After base change by t — t¢, X becomes
constant over 7, so the inertia I acts on H'! (X7, Q¢) through pg (by the standard action
of ug on the Fermat curve zd + z¢ + 24 = 0 given by a(zo,1,z2) = (azo,T1,T2)).
Hence (as is well known and elementary)

H (X7,Qe)' =0.

On the other hand, the special fiber X, consists of the bunch of lines z¢ + 2§ = 0,
and in particular is reduced; since X/S is flat, we thus have ROUQ, = Q,, hence

HY(X,,R°¥Q,) = H'(X,,Q¢) =0.

Therefore we cannot have the degeneration of (8.8.5) at E3 with kernel filtration as
abutment, since (8.8.6) fails, N being zero, and H*(Xz, Q¢) of dimension (d — 1)(d —
2) > 0. However, the local invariant cycle property holds, which agrees with Deligne’s
general result ([D1], Weil II, 3.6.11). Note that X, equipped with the log structure
given by the special fiber is not log smooth over S; indeed X is not log regular, since
the rank of M’ at the singular point of X, is d > 3.
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8.9. Let X/S and U be as in 8.4.3 and assume X5 connected. Let 7r§p ’)(Uﬁ) denote
the maximal prime to p quotient of the fundamental group of U (relative to some ge-
ometric base point). Then G = Gal(K/K) acts on 7r§p ’)(Uﬁ) by outer automorphisms:
we have a representation

p:G— Out(ﬂpl)(Uﬁ)).

Using Fujiwara-Kato’s purity result 7.6, Kisin has proven the following theorem, which
complements 8.4.3:

Theorem 8.10 ([Ki 1],1.16). — The homomorphism p above factors through the tame
quotient G/ P, and depends only on the log scheme X, (with log structure induced by
that of X ).

9. Full log étale topology and cohomology
9.1. Let X be an fs log scheme. The (full) log étale site of X

X loget

(abbreviated to Xet when no confusion can arise) is defined as follows. The objects
of Xioget are log étale maps of fs log schemes T' — X (1.5). Morphisms are X-maps
T’ — T (such a map is automatically log étale (1.5)). Covering families are maps
f:T" — T of Xjoget such that f is universally surjective, which means that after any

base change by a map S — T of fs log schemes, the underlying map of schemes f’ of
f' = f xS (base change taken in the category of fs log schemes) is surjective. These
covering families form a pretopology whose associated topology, called the log étale
topology, defines the log étale site of X.

Here are two typical examples of covering families:

(i) a Kummer log étale map f : T/ — T (1.6) such that } is surjective (then f is
necessarily universally surjective, as observed in 2.1);

(ii) a log blow-up f : Tt — T (6.1); note that a Zariski open subset U of T can
surject to T" but, since f x7 Ty : Ty x7 Tt — Ty is an isomorphism by 3.3, it universally
surjects to T if and only if U = T7.

Actually it is not hard to show (Nakayama) that coverings of type (i) and (ii)
generate the log étale topology: if f : T — T is a log étale map such that T' admits a
chart T' — Spec Z[P] and T is quasi-compact, then there exists an ideal I in P such
that f xp T is Kummer.

Because log blow-ups are covering families, it may happen, in contrast with 2.6,
that, for a map Y — X of fs log schemes, the functor Homx (—,Y") on Xjoget is not a
sheaf. For this functor to be a sheaf it is necessary and sufficient that Y (U) —— Y (U;)
for any log blow-up Uy — U with U log étale over X.
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Nakayama shows that the topos associated to X.¢ admits enough points: as a
conservative family, one can take the functors F — F; := ind. lim F(X’), where z is
a log geometric point of X (4.1 (b)) such that M, is valuative and X’ runs through
the log étale, z-pointed fs log schemes X’ over X (a monoid P is called valuative if
it is saturated and for any a € P8P, either a or ¢! is in P; Kato has developed a
vast theory of valuative log schemes, see [Ka 2| (and [I1] for a survey)). Another
way — perhaps more conceptual but essentially equivalent — of constructing points of
Xet is the following. For = a geometric point of X, choose a chart U — Spec Z[P] of
X in a (classical) étale neighborhood of z. For each finitely generated and nonempty
ideal I of P, let Ur be the log blow-up of U along I (6.1). These U form an inverse
system indexed by the set Z(P) of finitely generated and nonempty ideals I, partially
ordered by divisibility. Choose a compatible system (z(-) = (z(I)) of log geometric
points () of Uy above z. If F is a sheaf on X, define F,(.) = ind. lim ;) where
I runs through Z(P) and F(;) is defined as in 4.3. Then F +— F,(py is a point of X,
and such points form a conservative system.

9.2. Let f: X — Y be a map of fs log schemes. As in 2.3, base-changing by f in
the category of fs log schemes defines an inverse image functor

f_l 1Yoy — X,

which is continuous and commutes with finite inverse limits, hence defines a morphism
of sites (resp. topoi)
fet + Xey — Yes.

These morphisms satisfy the usual transitivity isomorphism for a composition.

9.3. Let X be an fs log scheme. As the log étale topology is finer than the Kummer
étale one, we have a natural map of sites (resp. topoi)

K Xet b Xket-

When the log structure of X has the property that M*® is of rank < 1 at each
geometric point of X, then « is an equivalence. This is the case in particular when X
is a trait (with its canonical log structure) or a standard log point (1.3).

Since the full log étale topology is obtained from the Kummer one by adding the
log blow-ups, the cohomological properties of x are controlled by Fujiwara-Kato’s
theorems 6.2, 6.10. As Nakayama showed (private communication), it is easy to
derive from them the following results:

Theorem 9.4. — Let X be an fs log scheme, and let A =Z/nZ, n > 1.

(a) The inverse image functor k* (9.3) induces an equivalence from the category of
finite locally constant sheaves on Xyet to the category of finite locally constant sheaves
on Xet.
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(b) For any F € Dt (Xyet, A), the adjunction map
F — Rr.k*F
s an isomorphism (and therefore the inverse image map
k* 1 HY(Xyet, F) — HI(Xet, k*F)
is an isomorphism for all q).

Part (a) of 9.4 can be reformulated by saying that for every valuative log geometric
point x of X (9.1), if one defines the fundamental group 71 (Xet,z) of X at z, in
the usual way, as the (profinite) automorphism group of the fiber functor F — F; on
the category of finite locally constant sheaves on X, then the natural map (4.6)

71 (Xety @) — 1 (Xiet, ) = 1 5(X, )
is an isomorphism. It is not known whether the statement analogous to (a) with
“finite” removed holds.

As we mentioned after 6.3, proper base change for the Kummer étale cohomology
requires extra assumptions on the morphisms. These restrictions can be removed if
one works with the full log étale cohomology, as was shown by Kato:

Theorem 9.5 ([Ka 5]). — Let A be as in 9.4. Let

Xl_h_)X

(9.5.1) f,l g Jf

Y —Y

o

be an fs cartesian square of fs log schemes, where f is proper. Then for F €
Dt (Xe, A), the base change map

g*Rf.F — Rf.R*F
is an isomorphism.

The proof consists of a rather long reduction to the proper base change theorem
for classical étale cohomology ([SGA 4] XII 5.1), using 9.4 (b) as a key ingredient.

Nakayama’s result on vanishing cycles 8.3 is a local acyclicity statement for a log
smooth map over a trait. In classical étale cohomology any smooth map is locally
acyclic and this in turn implies a smooth base change theorem and (combined with
the finiteness theorem) a specialization theorem for proper smooth maps ([SGA 4],
XV, XVI). Unfortunately, no such generalizations hold for Kummer étale cohomology
([Na 2], 4.3, B1). In this respect, however, the full log étale cohomology behaves
much better. Indeed, Kato proved the following log smooth base change theorem:
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Theorem 9.6 ([Ka 5]). — Consider a cartesian square (9.5.1), where g is log smooth

and ;‘ is quasi-compact and quasi-separated. Let A = Z/nZ with n invertible on Y.
Then for F € Dt (Xes, A), the base change map

9*RfsF — Rf.h*F
is an isomorphism.

The crucial case to which Kato reduces the proof of 9.6 is the case where g is the
affine line over Y, with its standard log structure. This requires a delicate global
argument inspired from Nakayama’s proof of 8.3 in [Na 2].

Note that 8.3 is an immediate corollary of 9.6. Indeed, thanks to 9.4 (b), 9.6
reduces the verification of 8.3 to the trivial case where X = S.

9.7. Amap f: X — Y of fs log schemes is said to be compactifiable if Y is quasi-
compact and quasi-separated and f can be factored into f = g o ¢ where § is proper
and i is an open immersion (in other words, if } is ?—compactiﬁable in the sense
of ([SGA 4] XVII 3.2). By the proper base change theorem (9.5), the composition
Rg. o4 : DY (Xet, A) — DT (Yer, A) does not depend, up to a transitive system of
isomorphisms, on the factorization f = g o ¢ (here i is defined as i’ Ri,, when i is
factored as i”i’ where i” is a strict open immersion and i is the identity). As usual,
one defines

(9.7.1) Rfi: DY (Xet, A) — D1 (Yer, A)

as the corresponding limit. The proper base change theorem then implies that R fi
commutes with any base change.

A theory of Rf) was first developed by Nakayama in the Kummer étale framework
[Na 1]. Working with the full log étale sites has great advantages as regard to finite-
ness theorems. For f : X — Y proper and n invertible on X, it is not true that if F is
a constructible sheaf of A-modules on X, R’ f,F is constructible, unless f satisfies the
additional hypothesis of being log injective (i.e. for all geometric point T of X with
image § in Y, My — Mgz is injective) ([Na 1], 5.5.2, B3 (i)). This restriction can
be lifted in the context of full log étale cohomology. Namely, we have the following
theorem of Kato:

Theorem 9.8 ([Ka6]). — Let f : X — Y be a compactifiable (9.7) map of fs log
schemes, with Y locally noetherian, and let A be as in 9.4. Then for F € DF (X, A),
we have RfiF € D} (Ye, A), where Rfy is the functor defined in (9.7.1).

Here a sheaf G of A-modules on X is called constructible if, locally for the log étale
topology on X, there exists a finite decomposition of X into locally closed subsets X;
such that the restriction of G to X; is locally constant with fibers of finite type over
A, and DF(—A) denotes the full subcategory of D*(—, A) consisting of complexes F
such that H*(F) is constructible for all 4.
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The key point in the proof of 9.8 is that f may be rendered exact (1.6) by log étale
localization on Y. Standard dévissages using the proper base change theorem then
reduce to the case where f is exact, ;‘ is the identity, F consists of a constant and
constructible sheaf, and n = ¢, with £ prime, either invertible or zero on X. This
case is treated by a direct argument using the comparison theorems 5.2 and 9.4 (b).

As in the case of classical étale cohomology ([SGA 4] XIV), combining the smooth
base change theorem 9.6 with the finiteness theorem 9.8, one gets a specialization (or
proper smooth base change) theorem:

Theorem 9.9. — Let f : X — Y be a proper and log smooth map of fs log schemes,
with Y locally noetherian. Let A = Z/nZ with n invertible on Y. Let F be a locally
constant and constructible sheaf of A-modules on Xe;. Then RIf,F is locally constant
and constructible for all q.

In view of 9.4, 9.9 implies the same result for X, replaced by Xyt (a particular
case of this consequence had been previously proven by Nakayama ([Na 2], 4.3).

Proceeding as in ([SGA 4] XVII), one can define a partial right adjoint Rf'
to Rfi, giving rise to a global duality formula of the form Rf,RHom(K,Rf'L) =
RHom(Rfi,K, L) (see [Na 1] in the Kummer étale case). The problem, however, is
to calculate Rf'. Some cases have been treated by Nakayama. For example, we have
the following result, reminiscent of the classical Poincaré duality theorem ([SGA 4]
XVIII 3.2.5):

Theorem 9.10 (Nakayama). — Let f : X — S be a compactifiable, log smooth, vertical
(8.2.3) map, with S as in 8.3, and let A = Z/nZ with n invertible on S. Then

. Rf!ASket = Ax,..(d)[2d],
where d is the relative dimension of f.

A similar result holds with S replaced by a trivial or standard log point (1.3). See
([Na 1], 7.5), ([Na 2], 4.4) for more general statements.

9.11. Unfortunately, if f : X — Y is a map of fs log schemes over a trivial log
point s (1.3), with X and Y separated and of finite type over s, and A = Z/nZ, n
invertible on s, it is not true in general that Rf, carries DF (Xet, A) into DF (Yet, A),
as one would expect, by analogy with Deligne’s finiteness theorem in ([SGA 4 1/2],
Th. finitude). Nakayama gives the following counterexample: let S be a standard log
point over s (1.3), Y = AL = S x, Al the affine line over 9, with the log structure
pulled back from the standard log structure of Al, and f : X — Y the inclusion
(a strict open immersion) of the complement of the zero section. Then f.A is not
constructible: there is no log blow-up Y’ of Y at the origin over which f,A becomes
classically (or Kummer) constructible; indeed, taking again one blow-up Y of Y’ and
a point y of Yy above the origin in Y’, but factoring through a geometric point of the
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exceptional divisor of Y distinct from the origin (see the construction of points of
the log étale topos at the end of 9.1), we would find that the stalk of f,A at y is zero,
while the stalk of f.A at the trivial point of Y located at the origin (corresponding
to a constant inverse system of log points, in the language of loc. cit.) is A.

Finding a more flexible definition of constructibility giving rise to a formalism of

six operations & la Grothendieck (é), RHom, Rf., f*, Rfi, Rf') in suitable categories
D?((—)et, A) on fs log schemes separated and of finite type over a trivial log point (or
a standard log point, or a trait with its canonical log structure) looks like a difficult
— perhaps intractable — problem.

Log étale cohomology is still largely an unknown territory. Transposing into it stan-
dard topics of classical étale cohomology such as cycles classes, perverse sheaves, trace
and Euler-Poincaré formulas raises more or less difficult questions, which have not yet
been taken up. Their study should hopefully cast a new light onto old problems, as
the results in section 8 have already illustrated.
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