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Abstract

We establish short-time existence of the smooth solution to the fractional mean curvature flow when the initial set is bounded
and C!-1-regular. We provide the same result also for the volume preserving fractional mean curvature flow.
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1. Introduction

In this paper we study the motion of sets by their fractional mean curvature from the classical point of view. In the
problem we are given a bounded regular set Eg C R”*! and we let it evolve to a family of smooth sets (Eie,T]
according to the law where the normal velocity at a point equals its fractional mean curvature. More precisely this can
be written as

V,=—H,s;, on J0E,, (1.1)

where V; denotes the normal velocity and Hy, is the fractional mean curvature of E C R with s € (0, 1), given by

H (x) :=p.v. B (12)
EWX) =PV ly — x[H1+s x — ypties |- :
¢ E

One motivation to study (1.1) is that it can be interpreted as the gradient flow of the fractional perimeter and is
therefore the evolutionary counterpart to the problem of minimizing the fractional perimeter. The stationary problem
has received a lot of attention since the work [5], where the authors study the regularity of sets which locally minimize
the fractional perimeter. By [5] and [3] we know that the local perimeter minimizers are smooth up to a small singular
set which precise dimension is not known (see [29] and [14] and the references therein). The global isoperimetric
problem in the Euclidian space is also well understood. It is proven in [ 18] that the ball is the solution to the fractional
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isoperimetric problem, and we even have the sharp quantification of the isoperimetric inequality [17,19]. A related
result is the generalization of the Alexandroff theorem [4,13], where the authors prove that the ball is the only smooth
compact set with constant fractional mean curvature. Note that one does not need to assume the set to be connected,
which is in contrast to the classical Alexandroff theorem.

Concerning the evolutionary problem, the first existence result is due to Imbert [24] who defines the viscosity
solution of (1.1) and proves that it exists for all times and is unique. This means that the flow (1.1) has a well defined
weak solution which is unique up to fattening. In [6] Caffarelli-Souganidis construct weak solution by using threshold
dynamics, and in [9] Chambolle-Morini-Ponsiglione use the gradient flow structure to construct weak solution by
using the minimizing movement scheme (see also [8]).

The issue with the weak solution is, as observed in [11] (see also [7]), that the flow may develop singularities even
in the planar case. Cinti-Sinestrari-Valdinoci [12] avoid singularities by studying the volume preserving fractional
mean curvature flow

Vi=—(Hy, —Hp)  ondE, (1.3)

for convex initial sets, where H ]i-r = fa E, H fEI dH". By [10], the fractional mean curvature flow with a forcing term
preserves convexity and thus one expects Huisken’s result [22] to hold also in the fractional case, i.e., the flow (1.3)
remains convex, does not develop singularities and converges to the sphere. This is indeed the main result in [12]
under an additional regularity assumption. We remark that also (1.1) preserves the convexity and therefore one may
expect a result similar to [21] to hold also for (1.1), but to the best of our knowledge no result in this direction exists.
Finally we refer to [28] for interesting analysis of the smooth solution of (1.1).

Here we are interested in the classical solution of (1.1) which means that the sets (E;); are smooth and diffeo-
morphic to Ey. As we mentioned we may expect the classical solution to exist only for a short time interval (0, T')
as the flow will vanish in finite time or it may develop singularities before that. We prove the short time existence
of the classical solution under the assumption that the initial set is C!!-regular, or C!*5T®_close to a C!!-regular
set. The same result holds also for the volume preserving flow (1.3) and we choose to state the result for both cases
simultaneously.

Main Theorem. Let Eq C R"! be a bounded set such that dEq is a CY'-regular hypersurface and let a € (0, 1).
There exists T € (0, 1) such that the fractional mean curvature flow (1.1), and the volume preserving flow (1.3), has
a unique classical solution (E;):c(0,1] Starting from Eo. The flow becomes instantaneously smooth, i.e., each surface
AE; with t € (0, T] is C®-hypersurface. Moreover, there is ¢ > 0 with the property that if the C11* _distance
between Ey and E is less than ¢, then the flow (1.1) (and the flow (1.3)) starting from E also exists for the time
interval (0, T].

We give a more quantitative statement of the main theorem in the last section in Theorem 5.1 and in Theorem 5.3.
We expect the smooth solution of (1.1) to agree with the viscosity solution on the time interval (0, 7] but we do not
prove this.

The proof of the main theorem is based on Schauder estimates on parabolic equations. As in [23] we first
parametrize the flow (1.1) by using the ‘height’ function over a smooth reference surface %, which is close to the
initial surface. This leads us to solve the nonlinear nonlocal parabolic equation

du=ATu+ Q. u,Vu)—H.  on I x (0, T], (1.4)

where A'¥ denotes the fractional Laplacian on ¥ and Q is nonlinear. Following the idea in [16] we prove that
the nonlinear term Q in (1.4) remains small for a short time interval and the equation can thus be seen as a small
perturbation of the fractional heat equation. We then use Schauder estimates and a standard fixed point argument to
obtain the existence of a solution which is C!*$%_regular in space and obtain the smoothness by differentiating the
equation. The right hand side of (1.4) is essentially the parametrization of the fractional mean curvature. Similarly
as in [3] and [14], the main difficulty in our analysis is due to the complicated structure of the nonlinear term Q,
which makes it challenging to estimate its C¥**-norm in a quantitative way. In order to differentiate the equation
(1.4) multiple times we need effective notation and basic tools from differential geometry. We also point out that
the C!!-regularity of the initial set causes additional difficulties, because some of the constants in (1.4) depend on
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the C*-norm of the curvature of X, which we cannot bound uniformly if we want ¥ to be close to d Eq. Finally
another technical issue, although a minor one, is that there is no comprehensive Schauder theory for the fractional
heat equation on compact hypersurfaces in the literature, and therefore we have to prove the appropriate estimates
ourselves (see Theorem 2.2).

The paper is organized as follows. After a short preliminary section (Section 2) we derive the equation (1.4) in
Section 3 by using the parametrization by the height function (Proposition 3.2). In Section 4 we study the spatial
regularity properties of the operator on the right-hand-side of (1.4) and give the proof of the main theorem in Sec-
tion 5. The Appendix contains the Schauder estimates for the fractional heat equation with a forcing term on compact
hypersurfaces, which might be of independent interest.

2. Preliminaries

Throughout the paper we assume that ¥ € R”*! is a smooth compact hypersurface, i.e., there is a smooth bounded
set G C R"*! such that 3G = X. We choose G as our reference set and define the classical solution of (1.1) (and
(1.3)) as in the case of the classical mean curvature flow [26], i.e., we say that (E;);¢(0,7) is a classical solution of
(1.1) starting from Ej if there exists a map W € C(R"*! x [0, T]; R"*)yNn C®R"+! x (0, T]; R"*1) such that W(-, )
isaClts -diffeomorphism for 7 € [0, T'] and smooth diffeomorphism for ¢ € (0, T'], with E; = V(G,t) for t € (0, T],
Ey=V(G,0) and E; satisfies (1.1) (or (1.3) in the volume preserving case).

2.1. Geometric preliminaries

We recall some basic analysis related to Riemannian manifolds. For an introduction to the topic we refer to [25],
from where we also adopt our notation.

Since ¥ is embedded in R”*! it has a natural metric g induced by the Euclidian metric. Then (X, g) is a Riemannian
manifold and we denote the inner product on each tangent space X, Y € Ty X by (X, Y). We extend the inner product
in a natural way for tensors. We denote by T(X) the smooth vector fields on ¥ and recall that for X € T(¥) and
u € C°°(X) the notation Xu means the derivative of u in direction of X. We emphasize that we assume every vector
field to be smooth.

We denote the Riemannian connection on X by V and recall that for a function u € C*°(X) the covariant derivative
Vu is a 1-tensor field defined for X € T(X) as

Vu(X)=Vxu=Xu,

i.e., the derivative of u in the direction of X. The covariant derivative of a smooth k-tensor field F € T% (%), denoted
by VF,is a (k 4 1)-tensor field and is defined for Yy, ..., Y;, X € T(¥) as

VFYy, ..., Y, X)=(VxF)(Y1, ..., Yo,

where

k
(VxF)(Y1,....Y)=XF(Y1,....Y)) = > F(Y1,....VxYi..... Yp).
i=1

Here VxY is the covariant derivative of Y in the direction of X (see [25]) and since V is the Riemannian connection
itholds VxY =Vy X + [X, Y] forevery X, Y € T(X).

We denote the kth order covariant derivative of a smooth function u € C*°(X) by V¥u, which is a k-tensor field de-
fined recursively as Vi = V(VF1u). Let X1, ..., X; € T(X) be vector fields on . Then VFu (X1, ..., Xi) denotes
the covariant derivative applied to X1, ..., X and we often use the notation

VXk...VXluzvku(X1,...,Xk).

We use the fact that T is embedded in R”*! and define the sup-norm and the «-Holder norm, for « € (0, 1), of a
function u € C(X) in a standard way,

l[ullcosy == sup |u(x)]
xXeX
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and
[u(y) —u(x)|
lullcemy = sup ————— + [lullco(x)-
> x,yex ly —x[* )
xXFEy

Moreover, we set |lullck(x) := Zf:o | V! ullcosy for all k € N. We define further the o-Holder norm of a k-tensor
field F € T*(Z) by

I Fllce sy == sup{l| F (X1, ..., X)llce(p) : Xi € T(X) with | Xillcisy <1, i=1...,k}
It is straightforward to check that this agrees with the more standard definition via partition of unity. Using this we
define the C¥*%- norm of function u, with k € N and « € [0, 1), as

k
luell sy = ) IV ullcas).
(
=0

We use the notation u € C¥*(X) for a function u with bounded C*¥*%(£)-norm when « € (0, 1) and u € CH1 (%)
when « = 1. We assume that ¥ = 3G is uniformly C!'!-regular surface and define its C'-'-norm as the smallest
number R such that G satisfies the interior and the exterior ball condition with radius 1/R. Note that this norm also
bounds [[v{|c1(x)- If a constant depends on the C!!-norm of ¥ we choose not to mention it and call such a constant
uniform.

We recall the following interpolation inequality. The proof is essentially the same as [20, Lemma 6.32] (see also

[2D.

Lemma 2.1. Assume ¥ is a compact C"'-hypersurface and let s € (0, 1) and o € (0, 1 —s). For every § € (0, 1) there
is Cs > 0 such that for u € C'1t5+%(%) it holds

||u||cl+a(z) = 5||u||cl+a'+a(2) + C8||M||C0(z;)~

Observe that VZu is symmetric, i.e., VZu(X,Y) = V3u(Y, X) for every vector fields X and Y, while Vku for k > 3
is not. From the definition we see that for X, ..., X; € T(X) with || X; IICk+z(E) <1,i=1,...,kitholds

VouXi, .o Xiy oo X Y = V(X L X X Y 4 05 (2.1)
Here the notation 8'u stands for a function which satisfies

18'ullcr ) < Crylull ez (2.2)
for any y € (0, 2). Note also that in general Vy Vxu # Vy(Vxu) for X, Y € T(X) since Vy(Vxu) =Y (Xu) =Y Xu
and VyVxu =Y Xu — (Vy X)u. On the other hand if X, ..., X} are vector fields with || X; ||Ck+2(2) <l,i=1,...,k,
then it holds

V- Vxu=Xg - Xqu + 8 u, (2.3)
where 9¥~1u denotes a function which satisfies (2.2). It is then straightforward to check that for any y € (0, 2) it holds

sup{l| Xx - - X1ullcr(z) : Xi € T(D), | Xillgkramy <1, i=1,...,k}

1 2.4)
= C—k||u||ck+y():) — Crllull ck-14v (5

where Cy depends on k. B
We may use the fact that ¥ is embedded in R"*! to extend any function F € C!(Z;R™) to F € C'(R"*T!; R™)
such that F = F on X. We define the tangential differential of F by

D F(x)=DF(x)(I —v(x) ® v(x)),

where v denotes the unit outer normal of ¥ = dG (outer with respect to G). We denote vy, if we want to be emphasize
that the normal is related to ¥ and denote by vg(x) the normal of a generic set E. It is clear that D, F (x) does not
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depend on the chosen extension. With a slight abuse of notation we denote the tangential gradient of u € C*°(X) at x
also by D;u(x), even if it is a vector in R"+1,

We may use the embedding to associate the tangent space T, ¥ with the linear subspace {p € R"*!: p - v(x) =0}
by the relation

v(u) = Dru(x)-p forall u e C®° (),

where v € T, X, i.e., a derivation at x, and p € Rt with p - v(x) = 0. The components of the vector p are then
given by p; = v(x;). Indeed, by ‘tangent space’ we usually mean the geometric tangent space, i.e., a linear subspace
of R™*1, but for clarity we use ‘- for the standard inner product of two vectors in R+ while (-,-)” denotes the
inner product on the tangent space. Similarly we may associate a smooth vector field X € T(X) with the vector valued
function X € C° (T, R"t1) which satisfies f((x) -v(x) =0 for all x € X and

Vxu=D.u-X  foral ueC®().

Therefore, by a vector field X we usually mean a vector valued function which values are on the (geometric) tangent
space, X - v =0, with the convention that Xu denotes the derivative of u in direction of X. It is also clear that the
tangential gradient of u € C*°(X) is equivalent to its covariant derivative and for every « € (0, 1) it holds

1
cluleriac) < IDeulco + lullcos) < Cllullcrras).

We denote the divergence of a vector field X € T(X) by div X and the divergence theorem states

/ divXdH" =0.
by
For clarity we denote the divergence of a vector valued function F € C®(R"*!, R"**1) in R**! by divga+1 F. We

may extend the definition of divergence to vector valued functions X € C*°(Z, R"*!) by div X := Trace(D, X). Then
the divergence theorem generalizes to

/div)?d%" :/Hgf( vdH",
b b
where Hy denotes the mean curvature of X, which is the sum of the principal curvatures.

2.2. Fractional Laplacian

We define the fractional Laplacian on X as

s+l u(y) —u(x)

A7 ukx):=2 dH".

ly — x|n+l+s y
This should be understood in principal valued sense, but from now on we assume this without further mention. It is
not difficult to see, and it actually follows from Proposition 4.9, that if u € C°°(X) then A 2 u is a smooth function

on X. It is well known [14,17] that by linearizing the fractional mean curvature at X one obtains the following Jacobi
operator

LIul(x) = AT u(x) + @) ux), 2.5)
where

2 [ —vE

ci(x) = —Iy i dHy.

We note that since X is a smooth surface, cf(~) defines a smooth function on X. Again this is not difficult to see and
it follows from our analysis in Section 4. Moreover, since we assume ¥ is uniformly C!-!-regular, the a-Hélder norm
of cf, for small «, is uniformly bounded (see Lemma 4.3).
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As we mentioned in the introduction, the proof of the main theorem is based on regularity estimates for nonlinear
nonlocal parabolic equation. To this aim we need standard Schauder estimates for the fractional heat equation with a
forcing term

atuzA%u—i—f(x,t)—i—g(x) on X x (0,T] 2.6)
u(x,0) =ug(x) for x € X. '

We prove the following Schauder estimate. We give the proof in the Appendix.

Theorem 2.2. Assume that f : X x [0, T] — R and ug, g : ¥ — R are smooth and fix « € (0, 1 — s). Then (2.6) has
a unique smooth solution and it holds

sup [luC. )l cristaqmy < C+ T (luollcrosreqsy + sup £ CDllcas) + Tlglcresacs)
0 T

O<t<T <t<

and

sup Jlu(, Dllcocsy < lluollcosy + T( sup |IfC, Doz + ||8||c0(z))
T T

O<t< O<t<

The second statement is in fact a simple consequence of the maximum principle.
3. Parametrization of the flow (1.1)

In this section we follow [23] (see also [26]) and parametrize the equation (1.1) by using the height function over
a smooth reference surface. Note first that since d E is a compact C!!-hypersurface we find for any & > 0 a smooth
compact hypersurface ¥ such that we may write d Eg as a graph over X,
0Ey={x + ho(x)v(x) : x € X}
with [lhollcocsy < & and [[hollc2(xy < C. Indeed, we may first fix a smooth surface ¥ such that

dEo = {x + h(x)vg, (x) 1 x € Tp},

where i € C11(Z) (note that ||ﬁ||co(20) is not necessarily small). By standard mollification argument we find hy €
C®°(Xp) with

lhe — h”CO(Zo) <e and ||]’l5||cz(20) <C.

Thus we may define ¥ = {x + ﬁs(x)vzo (x):x € Xo}.

From now on we assume that « is a positive number such that o < (1 — 5)/2. We note that because d E is only
C!!regular we have lvslicisy) < C but [vs|citste(sy < Ce™* 7. This means that we have to be careful in our
analysis whenever we have terms which depend on the norm |[vs || ¢1+s+e(x), because we cannot bound it uniformly if
we want X to be close to d Eg. Note that

l—a -«

”hO”CO‘(E) S ||h0||C0(E)||hO||(é1(E) S &
and therefore even if |[vs || c1+s+a(x) 18 large it still holds
lhollca () IVEllcresta(s) < Ca' 72 (3.1

for o < (1 —s5)/2. Therefore for any § > 0 we may choose & small such that

||h0||cl+5+a(2) + ||h0||C“(E) ||VE||C1+S+01():) < d. (3~2)

In particular, this lmphes ||]’l0 vy ||C1+s+ot(2) < Cs.

Our goal is to write the family of sets (E;);¢(0,7], Which is a solution of (1.1), as a graph over the reference surface
3. To be more precise, we look for a function 2 € C(X x [0, T]) N C*°(XZ x (0, T]) such that the family of sets E;
given by
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0E;={x+h(x,t)v(x):xe X} and h(x,0)=ho(x)

is a solution of (1.1). In this section we provide the calculations which show that this leads to the equation

dh = L[h]+ P(x,h, Vh) — HL(x), (3.3)

where Hy, is the fractional mean curvature of the reference surface ¥ and L[-] is the linear operator defined in (2.5).
The precise formula for the remainder term P is given in Proposition 3.2. Our goal in the next section is then to show
that for § > 0 small the function x — P (x, u, Vu) satisfies

IPCu, Vidllcus) < C8llullcrrsracsy,

when [u||c1+s+e () < 8. This means that we may treat (3.3) as a small perturbation of the fractional heat equation, i.e.,
(2.6) with f =0 and g =0.
In order to calculate (3.3) we define the class of sets hs(X) such that E € hs(X) if its boundary can be written as

JE={x+hp()v(x):x €T}  and [hglciesies <9 (3.4)

In particular, if E € hs(X) then its boundary is a compact C' 5+ hypersurface.
We begin with a standard calculation.

Lemma 3.1. Let E C R™! be a smooth bounded set, let &, be a family of diffeomorphisms such that ®(x) = x,
denote the velocity field by X (x) d _o®: (x) and suppose X € C'H5+(S). Then it holds

= drle

X)) —X@)-vey)
|y — x|t

d S
—r o Ho () (P () =2
IE

.

Proof. Let us denote E; = ®,(E) and k. (z) = (|z]> + 8)J+§+l . It is enough to show that

d
d—|,:0/ke(<1>z(X) —ydy = /ke(x = NXG) — X)) - ve(y)dH.
T
E; IE
Indeed, by repeating the same calculations for the second term in (1.2) and letting ¢ — 0 yields the result. We split
the above term as

d d d
E|T:0/kg<d>f<x> — y)dy = d—r|f:o/ke<x —y)dy+ d—r|r:0/kg<<1>f<x> —y)dy.

E; E; E

=1 =11

Let us denote the Jacobian of ®; by Jg_Rn+1. Since j—t r—oJo, Rr+1 = divRe+1 X, we may write the first term by
change of variables as

d
=, / ke (D0 (3) — ) Ty g1 () dy
E

- / (ke (y — ) (divgst X)) + Dyke(y —x) - X(»)) dy
E

= /diVRzH—] (kg (y - -x) X()’)) dy
E

=/ka(y —x)(X(y) - ve(y) dHy.
E
By symmetry it holds Dyk,(x — y) = —Dyk¢(x — y). Therefore we have for the second term
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1= /(kas(x —y)-X(x))dy
E

__ / divgas1 (ke (y — x) X () dy
E

- —/my — X (X@) - ve()dHL. O
E

We may use Lemma 3.1 to write the fractional mean curvature Hy, over the reference surface . Let £ € h5(%)
with 0E = {x + h(x)v(x) : x € £}. We define the sets E; as 0E, := {x + 'h(x)v(x) : x € X}, with ¢’ € [0, 1], and
family of diffeomorphisms &, : ¥ — 9E, as

Dyp(x) =x + ' h(x)v(x).

Then for x € ¥ we have

d
—Hj(x +h(x)v(x)) =— o7 Q;,/h(z)(q)t/h(x)) dt' — Hy,(x). (3.5)
0

We denote the tangential Jacobian of @, by Jg,, (see [1] for details) and define @ (x) := d>(t/+t)h(d>[_,}1 (x)). Note
that &, : 0 Ey — 90 E, 4, is a diffeomorphism and

d

Lo @) = h(®, ()v(P (x))  for x € IEy.

We apply Lemma 3.1 and change of variables to deduce

d s
_EHCI’:%(E) (D (x))

1
=2 / T (H(@7 A GV () = AP NP () ) - Vi, (1) dH,
AE,
_5 / 1
L 1en@) = @l

(h(Mv () = h)v(x) - vE, (Prn(Y) e, (v) dH)

(h(y) = h(x))

=2 -vg, (Dp Jo, dH"
E/ B o ) VE (B e, () A
W) = V() - VE, (D (1)

+2 .
|y (x) — @yrp ()| H1H

Jo,, () dHY | h(x).

We may write the normal Vg, (see [26, Section 1.5]) as

v (Pprp(y) = (1401, 'R, ' V)V () + Q2(y, 1'h, 'V R)), (3.6)

1y,

where Q; are smooth functions which depend on the second fundamental form of ¥ and Q;(y,0,0) =0, fori = 1,2
for all y € . Moreover, Q, takes values on the tangent space, i.e., Q2(y, -, -) - v(y) = 0. We may thus write
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(h() — h(x) )
2 Vg, (Dy Jo, dH
E/ i s (V0 v, (B0 (30, ()

_ (h(y) — hx)) o ,
_22/ [Brne) — Dy QO EVIN AT

—2AF o)

14+ Qi(y,/'h,1'Vh) 1
—|—2/ h(y)—h ( — ) dH"
J =D\ (g6 — B~ Ty —xpriss ) 76
We write 2(v(y) — v(x)) - v(y) = |v(y) — v(x)|2 and obtain by (3.6)

(w(y) =v(x)) - vg, (Pra(y))
[erp (x) = Dy ()| H1Hs

_ 2
:/Iv(y) v(x)| T

|y — x|rHits

Jo,, (v)dH!

A,

>
1+ 01(y,'h, 'Vh) 1
— 2 —
+/'”(y) V&) (|<1>,/h<x>—<1>ﬂh(y>|"+‘+s ly — x[P+1s
>

V() —v() - Qa(y,t'h, t'Vh)

+2
|y (x) — @y ()| HIH

.

To shorten the notation we denote the kernel K, : £ x ¥ — [0, oo] generated by u € C I+s T2 (%) as
1

ly —x +u(y)v(y) — u(x)v(x)rti+s’

Recall that Q1 (y, 0, 0) = 0. We may thus write

Ky(y,x) =

(3.7)

t/
14+ Q1(y,t'h,t'Vh) 1 _/ d
| D (x) — Dy (V)PFIFS |y — x|+ d&

0

We may finally write the fractional mean curvature of E € h5(X) by recalling the linear operator L[-] in (2.5), by (3.5)
and by the previous calculations

—Hp(x + h(x)v(x)) = L[h](x) — Hz,(x) + Ri,pn(x) + Rop (x) 7 (x). (3.8)

The remainder terms R; , and R, , are defined for a generic function u € C I+s+e (3) with ||u lcres+a(sy <J as

1

d

Ry u(x) :22///(u(y)—u(X))%((l+Ql(y,514,EVM))Ksu(y,x))dHZdédt/ (3.9)
00%

and
1t 4
Ro ,(x) :=/ /IV(y) - v(X)IZE((l + Ql(y,%‘u,SVu))Kgu(y,X))dHﬁdet’
00 (3.10)

P
1
2 [ [00) =9 020yt Vi) Ky 00 ¥t
0 X
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where the kernel K, is defined in (3.7), and Q1, Q> are smooth functions which satisfy Q1(y,0,0) = 0>(y,0,0)=0
forall y € X.

In order to write the flow (1.1) as an equation we recall from [26] that the normal velocity of the flow (E;); given
by E; = ®&;(E), where ®,(x) =x + h(x, t)v(x) on %, is

Vi = (v, (@1 (x)) - () rh.

By choosing in ' = 1 in (3.6) we have

1
VE, (P;(x)) - v(x) = E(l + Q1(y, h, Vh))

and the Jacobian can be written as Jo, = 1+ Q3(y, i, Vh). Here Q1 and Q3 are smooth functions with Q1 (x, 0, 0) =
03(x,0,0) =0 for all x € X. Thus when E; € h5(X) for small enough § we may write
Vi = (v (D (x)) - v(x))a h= Orh (3.11)
FT R T 1+ 00 hC 0, VA, 1) '
where Q is a smooth function with Q(x, 0,0) =0 for all x € . We may finally write the equation for 4 by combining
(3.8) and (3.11). We state this in the following proposition.

Proposition 3.2. Assume that the flow (E;)ic,1), With E; € hs(2) for t € (0,T], is a classical solution of (1.1)
starting from Eqg with 0Eg = {x 4+ ho(x)v(x) : x € X} and assume § is small. Then the function h € C(X x [0, T]) N
C®(Z x (0, T]) with 0E; = {x + h(x, t)v(x) : x € X} is a solution of the equation

dh=(14Q(,h, Vh))(L[h] — HE() + Riny(x) + Ronny () h(x, t)) on S x (0, T] (3.12)

with h(x,0) = ho. Here L is the linear operator defined in (2.5) and H3, is the fractional mean curvature of the
reference surface X. The remainder terms Ry p(..r) and Ry (. 1) are defined in (3.9) and (3.10) respectively and Q is
a smooth function with Q(x,0,0) =0 forall x € X.

Conversely, if h e C(Z x [0, T]) N C®°(Z x (0, T)) is a solution of (3.12) with

h(x,0)=ho and  sup |h(,D)lcresses) <6,
O<t<T

then 0E, = {x + h(x,t)v(x) : x € X} defines a family of sets which is a solution of (1.1) starting from E.
4. Regularity estimates for the nonlocal operators

In this section we study the spatial regularity issues related to the equation (3.12) and, in particular, the remainder
terms Rp , and Ry, defined in (3.9) and (3.10). As we mentioned in the previous section, our goal is to prove that if
lee|| c1+4s+e is small then Ry, and R» , are small in the C*-sense, which then implies that we may regard the equation
(3.12) as a linear equation with a small perturbation. We study also the higher order regularity of Ry, and R, in
order to prove that the solution of (3.12) becomes instantaneously smooth. The complicated structure of R; , and R,
makes this section challenging.

Throughout this section K denotes a generic kernel, if not otherwise mentioned, while K, is the kernel defined in
(3.7). Next we define the class of kernels which we will use throughout the section.

Definition 4.1. Let k« >0 and K : ¥ x ¥ — R U {Z00}. We say that K € S; if the following three conditions hold:

(i) K is continuous at every y, x € X, x # y, and it holds
K
K (y,x)| = m

(i) The function x — K (y, x) is differentiable at every x, y € X, x # y, and

K

[ViK(y,x)| < m
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(iii)) The function

Y(x) = /(y —x)K(y, x)dH),
D)

is Holder continuous with ||y || ce(s) < «.

Remark 4.2. Throughout the paper we assume that ¥ is a compact hypersurface, but Definition 4.1 can be extended
to the case ¥ = R". For instance the autonomous kernel |y — x|™*~!~* in R” trivially satisfies the conditions (i)-(iii)
fork =n+41+s.

The first two conditions in Definition 4.1 state that the kernel K behaves similarly as the model case |y — x|l
while the third condition is somewhat more involved. Indeed, it is not trivial to prove the condition (iii) for K,, defined
in (3.7), since X is not flat and thus there is no cancellation due to symmetry as in the case ¥ = R". (We will prove
this in Lemma 4.5.) However, it is important first to notice that there are cases when we do not need the condition (iii)
to prove Holder continuity estimates. This is stated in the following useful auxiliary lemma.

Lemma 4.3. Assume that K : ¥ x ¥ — R U {£o00} satisfies the conditions (i) and (ii) in Definition 4.1 with constant
k > 0. Moreover, assume that F € C(X x X) satisfies the following:

(1) Forall x,y € X it holds

|F(y,x)| <xoly — x|+

(2) Forall x,y,z € X with |y — x| > 2|z — x| it holds

|F(y,2) — F(y,x)| <kolz —x"* |y —x].
Then the function

¥ (x) =/F(y,X)K(y,X)dH§
)y

is Holder continuous and || || c«(s) < Ckok.

Proof. By the condition (i) in Definition 4.1 and by the assumption (1) we immediately obtain [|{/||co(x) < Ckok,
because the function y — F(y, x)K (y, x) is integrable over X for every x. To show the Holder continuity we may
assume that 0 € ¥ and we need to show [} (z) — ¥ (0)| < Ckok|z|* for z € T close to 0. We divide the set X into
Y_=XN{ly| <£2|z]} and T4 = Z N {|y| > 2|z|}. For all y € ¥_ it holds by the condition (i) in Definition 4.1 and
by the assumption (1) that

3lz|
1
/|F<y,z>||K<y,z>|dH{“ s;cox/mdﬂ';scfcox/p“—ldpscxmzw.
X > 0

Similarly it holds

[ 17O 01K 01d#; < Croxlel®
Y

On the other hand it follows from the condition (ii) in Definition 4.1 that for all y € X, i.e., |y| > 2|z|, it holds

|z 2|
<

IK(y,2) = K(y,0)] = C« |y|n+2+s =tk |y|n+l+2s+a :

This together with the condition (i) and with the assumptions (1) and (2) yield
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/IF(y,z)K(y,z)—F(y,O)K(y,O)Id’H’;
P

< / |F(y,2) = F(,0lIK(y, 2|+ F(y,0[IK(y,2) — K(y,0)|dH}
pons

1
s+o n
< Ckoklz| / NS dHy
pI

e ¢]

< Ckok|z|*t* /P_l_s dp < Cxiiz|z|”.
2|z

These imply | (z) — ¥ (0)| < Crikalz|*. O

We proceed by stating first the crucial regularity estimates we need repeatedly in the paper, and then prove that
K, € S; (see Definition 4.1) for bounded «.

Lemma 4.4. Let K € S, (see Definition 4.1) and assume vi € C'H514 (%), vy € C5Y(E) and v3 € C¥(X). Then the
function

Y (x) :/(Ul(y) — v ()23 (x) K (y, x) dHy
b
is Holder continuous and

1V llce () < Crllvillciste sy llv2lloste sy V3l ce(s)-

Proof. We write ¢ as

Ve =03 [@10) = 1) E200) — 020 K0 I +0200030) [ 010) = 0100) K 3 00 a4
p)) p))

=1 () =20

Note that || [lce(s) < lvsllce)llVillces) + lvallcesyllvalices) Iz llce(s). Therefore it is enough to estimate
I¥1llcexy and |2 ]lce(x). We define

Fi(y,x) :=(1(y) —v1(x) (v2(y) — v2(x)).

It is straightforward to check that F satisfies the assumptions of Lemma 4.3 with ko < C [lvillc1(x)llv2llcs+e(x)-
Therefore Lemma 4.3 yields |1 [|ce(z) < Ck |Jvillc1 s llv2llcs+e(x). We need thus to show that

[¥2llce < Cllvilicistes)- 4.1)

To this aim we write 1, as

1/f2(x)=/(v1(y)—v1(X)—Drvl(X)-(y—X))K(y,X)dH’;JrDrm(x)~/(y—X)K(y,X)dH§f.
x z

=13(x)
It follows immediately from the condition (iii) in Definition 4.1 that the second term on the right-hand-side is Holder-
continuous with C*-norm bounded by Cxk [|vi || ¢1+« (5. We need thus to prove the Holder-continuity of 3. We notice
that for every x, y € X it holds

[v1(y) —vi(x) = Dy (x) - (v — 0)| < [lvillctestely — x|t
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Therefore the function

Fa(y, x) :=v1(y) —vi(x) = Drvi(x) - (y — x) (4.2)
satisfies the assumption (1) of Lemma 4.3 with ko < [|vi[|¢1+s+e(x). Moreover for every x, y, z € ¥ with [y — x| >
2|x — z| it holds

|F2(y,2) = F2(y, )| = [(01(3) = v1(2) = Drv1(2) - (v = 2)) = (v1(») = v1(x) = Drvi(x) - (y =)

=|(v1(x) = v1(2) = Drv1(2) - (x — 2)) + (Drv1(x) — Drv1(2) - (y — x)|

T ol resralz — X[y - 2]

< ||U1 ||Cl+s+oc |Z — x|
<2)villcrestalz —x] Ty — x|.
Therefore F, satisfies the assumption (2) of Lemma 4.3 with ko < 2| v1|¢1+s+e(x), and we conclude by Lemma 4.3
that
1¥3llce < Crllvillgieste(sy. O

Let us now prove that the kernel K, defined in (3.7) belongs to the class S, (see Definition 4.1) for bounded «,
when the norm [|u v ||c1+s+a(x) is small. Recall that this is a reasonable assumption by (3.2). We denote
d,(x):=x+ulx)vx)
and write K, defined in (3.7) as

1

Kuy. )= | Dy (y) — q)u(x)anrlJrS )

We study also the linearization of K, which means that for a given w € C le”"1(2) we consider

n+1+s
[Py () — Py (x)[1H3+s

Kuytzw(y, x) = (Pu(y) = @u(x)) - (W) — wE)V(x)). (4.3)

d& le=0

Lemma 4.5. Assume that u € C'1ST(X) is such that lull st sy F 1 Vsl crsta(sy < 8 and w € C'H+Y(S). Then
the following hold.

(a) When § is small enough the kernel K, defined in (3.7) belongs to the class Sy,, with k1 < C.
(b) When § is small enough the kernel % ‘s:OK'HEw belongs to the class S,, with

k2 < Cllwvslcresta sy

Proof. Claim (a): We denote ®,(x) := x + u(x)v(x) and recall that
1
[Py (y) — Dy (x)[1H1+s

It follows from the assumption |[u vz || ci+s+e(x) < & that

Ky(y,x)=

1
§|y_x|§|q>u()’)_q>u(x)|§2|y_x|’ 4.4

when § is small. Therefore it is clear that K, satisfies the conditions (i) and (ii) in Definition 4.1 of S, with k1 < C.

The condition (iii) in Definition 4.1 is technically more involved to verify. We note that in principle we should
regularize the kernel K, for the forthcoming calculations as in the proof of Lemma 3.1, but we ignore this since it can
be done with obvious changes. Recall that we need to show that the function

¥ (x) =/(y — ) Ku(y, x)dH (4.5)
z
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is Holder continuous. The idea is to use integration parts in order to write ¥ as a nonsingular integral. To be more
precise, we prove the following equality

=y (x)

(I+0(x, D (uvy)) / (v =0 Ku(y.x)dH) = / Fo, (v, x) Ku(y, X)dH2, (4.6)
) p)

where Q is a smooth function with Q(x, 0) =0 for all x € X, and

Hz(y)v(y)
J_Ts)wbu(y) — @, ()2 + (v — 1) - v () ()

— (D ®y(y) = D@ ()T (Pu(y) — Py ()

— D@, () (Pu(y) = Pu(x) = Dy (X)(y — x)).
Recall that we already know that K, satisfies the conditions (i) and (ii) in Definition 4.1. The idea is then to show
that Fp, defined in (4.7) satisfies the assumptions of Lemma 4.3, which then implies that the RHS of (4.6) defines a
Holder continuous function.

In order to show (4.6) we shorten the notation by ®(x) = &, (x) and notice that the tangential gradient of y —
|D(y) — D)5 s

FCDH (y’ x) =
4.7

D:®(») T ((y) — P(x))
|D(y) — P(x)|rH1+s
D ®(x)T (®(y) — P(x))
|D(y) — P(x)|rH1+s
(D ®(y) — D:®(x)T (D(y) — P(x))
|D(y) — D(x)|rH1+s '

Dy @(y) — )| " =—(n—1+5)

=—(n—1+y%)

—(n—1+4ys)

By the divergence theorem it holds

Hy(y)v(y)
J |D(y) — P(x) |~ 1+s

[ Pelom) — o an =
)

dHY.

Therefore the two previous equalities yield

T D(y) — P(x) n_ 1 Hs(y)v(y) n
pow” | 00) — e =T G e ) ek - empte Th
= =
T 4.8)
(D ®() = D P(x))” (P(y) — P(x)) dH
|®(y) — P(x)|rH1+s v
We write the term on the left-hand-side as
T D(y) — P(x) n_ T / y—x n
proc’ | [B() — dpoprs Ty =PrPT De@0) [ g s 476
> > 4.9)

D (D(x)r/¢(Y)—¢(X)—Dr©(X)(y—X)

dH’.
|P(y) — D)+ Hy

The equality (4.6) then follows from (4.8), (4.9) and from the fact that
D d()" D ®(x) =1 —v(x) ® v(x) + O(x, D (uvy)),

where Q(x,0) =0 forall x € . i
When [lu vs|| -1 <6, with § small enough, the matrix I 4+ Q(x, D;(u vx)) is invertible. Therefore in order to show
that
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v(x) = /(y — ) Ky (y, x)dHy
po

is Holder continuous it is enough to show that the RHS in (4.6) is Holder continuous. As we mentioned, we will do
this by showing that F, defined in (4.7) satisfies the assumptions of Lemma 4.3 with ko < C.
First, by using (4.4) and |[u vzl c1+sta(x) < 8 itis straightforward to check that

1
Fi(y,x) = =y HEO) vl 0) = D, (X = (D Py (y) = Dr @y () (P (y) — Pu(x))
satisfies the assumptions of Lemma 4.3 with kg < C. Moreover we have that

| D, (y) —Du(x) — DD, (x)(y —x)| <Cly _x|1+s+a.

Therefore, arguing as with (4.2) we deduce that

Fa(y,x) = =D @, ()" (@ (y) — @u(x) — De @y (x)(y — x))

also satisfies the assumptions of Lemma 4.3 with kg < C.
We need yet to treat the term

F3(y,%) = (( = %) - v(x)) v(x).

Since X is uniformly C 1’l-regular hypersurface, there is a constant C such that [(y — x) - v(x)| < Cly — x|? for every
x,y € X. Therefore F3 satisfies the assumption (1) of Lemma 4.3. The assumption (2) is straightforward to verify but
we do this for the reader’s convenience. We have
|F3(y.2) — F3(y.0)| = |(v(2) @ v(2)(y —2) — (0(x) @ v(x))(y — x)|
<@ @) — () @) (Y — 2)| + |(W(x) @ v))(y —2) — (v — X))
<[0@®v@ —vx) @V)|ly =zl + [p(x) - (x = 2)]
<Clz—x|ly—z|+C]z —x|2.
Note that |y — x| > 2|z — x| implies |y — z| < 2|y — x|. Therefore F3 satisfies the assumption (2) of Lemma 4.3 and
the RHS of (4.6) is Holder continuous. This proves the claim (a).
Claim (b):

We denote 9, K, = % S*OKIH—SUJ for short. Note that from (4.3) and (4.4) it follows

C||U)VE||CI(2)
10w Ky (y, x)| < m

for every x, y € X, x # y. Therefore 9, K, satisfies the condition (i) in Definition 4.1 with k < Cllwvs|lci(y). Itis
straightforward to check that d,, K, satisfies also the condition (ii) in Definition 4.1 with k < Cl|wl|c1(x).
We need thus to verify the last condition, i.e., we show that

¥ (x) = /(y —x) 0y Ky dH (4.10)
by
satisfies ||/ lce(z) < Cllwvs |l ci+s+a(y). To this aim we recall that by (4.6) for small £ it holds
(I + OCr. Dy (uvs + Ewvy))) / (3 = 1) Ky, 1) dH = / Fonon ) Kusgw( 0dHE, (@11)
b b
where Fo, ., is defined in (4.7).

Let us denote the RHS of (4.11) by

@z (x) :=/Fq>u+5,,,, (0, %) Kutgw (v, X)dH.
z
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By differentiating we have

a a n n
T2l = [ Sl oFonien 000 Kuo 0+ [ Fa, (5,000 Kuy 178}
p p

=&l =PE2

Recall that d,, K, satisfies the conditions (i) and (ii) in Definition 4.1 with ¥ < C|lw vx|lc1(x) and we already proved
that Fg, satisfies the assumptions (1) and (2) of Lemma 4.3 with ko < C. Lemma 4.3 then implies that

e 2llces) < Cllwvslic(s)-
To treat ¢ | we recall that we already proved that K, € S for k < C. We simplify the expression (4.7) by writing
it as
_Hs()v©)
n—1+4+y%s)
= D Purgw M (Purew (V) = Putgw (1) + Dr iy (1) De P (1) (v — ).

Fo, ¢y, x)= [ Durew (Y) = Putzw ()7 + ((y = x) - v(x)) v(x)

We denote @/, (x) = % | E:OCIDL,Jrgw(x) = w(x)v(x), differentiate the above equality and obtain

0 2H
5 lecoFoueen 0.0 = = #)j(sy))@m — B,(1)) - (@) () — D, (1))

— D@, (N (D, (y) — Py (x)) — DD, (W (D], (y) — P (x))
+ (D@}, (x)" Dy (x) + D @y (x)" D @), (1)) (y — x).

Since | @, || c1+s+a(xys 1Dr @ llcs+e(zy < Cllw vs|lci4sta(x) We may use Lemma 4.4 to deduce

||§0§’1 ||C1+s+oz(2) < C || wVy ||Cl+s+a(2).
The Holder continuity of 1}, defined in (4.10), then follows from (4.11) and from the fact that
l d
dé le=

Hence we have

, Q0 De(uvs +Ewvs))licers) < lwvsleriac).

”&”CO‘(Z) =< C”w UE”C1+5+a():).

This proves the claim (b). O

Remark 4.6. It is clear that the results of Lemma 4.4 and Lemma 4.5 hold also in the case X = R" if we assume that
the functions vy, vz, v3, u and w are in the corresponding Holder spaces globally, i.e., v; € C Isto(Rny fori = 1,2,3
and ||M ||Cl+s+a(Rn) E 8

We may use the previous results to prove that when ||u||c1+s+o is small then the remainder terms Rj , and Rj
defined in (3.9) and (3.10) are small. This is stated more precisely in the following proposition. Recall that we may
ignore the dependence on C!-norm of v, but we do however need to keep track on the dependence on higher norm
of vy for later purpose.

Proposition 4.7. Assume u € C1t51%(%) is such that lull cr+s+acsy + luvsllcreste sy < 8, and let Ry, and Ry, be
the functions defined in (3.9) and in (3.10) respectively. Then for § > 0 small enough it holds

IR ullce(zy < C ||u||cl+x+a():) and IR2,ullca(s) < C5||VE||C1+S+01(E).



V. Julin, D.A. La Manna / Ann. I. H. Poincaré — AN 37 (2020) 983—-1016 999

Proof. Estimate for R ,: Recall that

1

d

Rl,u(x):2///(u(y)—u(x))E((l+Ql(y,.f;u,SVu))Kgu(y,x))ng‘,dédt’.
00 %

For later purpose we prove a slightly more general claim. Assume that u is as in the assumption, v € C1 51 (%) and
define

d
o(x) = /(v(y) - v(X))g((l + Ql(y,Su,SVu))Kgu(y,x))d’Hﬁ. (4.12)
=
We claim that it holds
lellcesy < C vl cr+s+a (4.13)

for all £ € [0, 1]. The estimate for R, then follows from (4.13) by choosing v = u.
In order to prove (4.13) we write (4.12) as

d
p(x) =/(U(y) —U(X))(EQl(y,éu,EVu)) Keu(y, x) dHY
)
d
+ /(v(y) —v(x) A+ Q1(y, §u, évu))(ﬁKgu(y,X))dﬂgf-
)
When § is small Lemma 4.5 yields K¢, € S, with k1 < C and diKgu € S, with k2 < Cllu VE”CI-H-H)((E) < C$ for

all £ € [0, 1]. We note that the functions O and Q> in (3.6) depend on the second fundamental form of ¥ such that
1Qi(x,u, Vi)llcszy < Cllullcrs sy + lluvslicrs(xy) for B € (0, 1). Therefore it holds

11+ Q1(y,§u,EVu)|cs+ezy < C (4.14)
and we also have
d
I ng (v, §u, EVu) | cste(s) < Cllullcristasy + luvslicristas)) < C8 (4.15)

for all £ € [0, 1]. Hence, the estimate (4.13) follows from Lemma 4.4.
Estimate for R, ,: Recall that

1 ¢t
d
rRui=[ [ | 1003) = 000 S5 (14 Q1 (v £V Kea 3. 0) ;s
00 X
1

+2 [ [00) = v@)- 0200t Vi Koy ) bt
0 X

We use [v(y) — v(x)|]2 =—=2v(x) - (v(y) — v(x)) and write the first term as

d
ne = [ v VP (14 015,60, 6V Ky (3,)) dF;

z

d
=-2v(x)- /(V(y) - 1/()C))£((1 + Q1(y, Eu, EVU) Keu (v, x)) dHY
z

The function inside the integral is of type (4.12) with v = v and therefore (4.13) implies

IVillce(z) = Céllvsllciste(s)-
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Let us fix ¢’ € [0, 1]. We need yet to prove that the function
Ya(x) =/(V(y) —v(x)) - Q2(y, t'u, t'Vu) Ky, (y, x) dHy
b

satisfies |[Y2 | ce(x) < C4. To this aim we recall that we may estimate

1Q2(x, t'u, 'Vu) || cats 5y < Cllullcr+s+e(sy + lluvsllciese(sy) < C8.

Since Ky, € S, with k1 < C, Lemma 4.4 implies [[Y2]lce(x) < Co|vslcitste(yy- O
We need similar estimate as Proposition 4.7 for the linearization of the remainder terms R; , and R3 .

Proposition 4.8. Assume u, w € C't51* (%) and lull crestacs) + luvsllciesiacsy < 8. Let Ri ytgw and Ry ytgw be
functions defined in (3.9) and in (3.10) respectively and define

d d
OwR1u(xX)=—| Riuryguwx) and OwR2u(x)=—| Royiyguwk).
dn dn
Then for § small it holds

18w R1ullco(z) < C3||w||cl+~v+or(2) + CE”U)”CO(E)

and

10w R2.ullce () < C||VE||C1+S+<1(2) ||w||c1+s'+a(z) + C):||w||c0(z)~

Here C is a uniform constant while Cx, depends on ||vs||ci+s+o(x).-

Proof. This time we prove the claim only for d,,R; , since the argument for d,,R> , is similar. We differentiate
R1,u+nw, defined in (3.9), and obtain

d
DR = | Ris()

t/

d
[ [ = wen L0+ 010w 69u)Ke (. 0) artyaear
0

2
dé§
o

o—__ o—__

(4.16)

d
+2 /(u(y) - lt(x))d—’7 ‘UZOQI O, 1"+ nw), 'V +nw)) Ky, (v, x) dHydt’
z

1
d
2 [ -+ 000 tu Vi) (5] Kevermoo0) ) aitiar
(VD))

Note that the first term is of type (4.12) with v = w and therefore (4.13) implies that it is Holder continuous and its
C%-norm is bounded by C§||w||¢1+s+a(x)- Concerning the two last terms in (4.16), note first that Lemma 4.5 (b) yields

d

an OKt’qut/nw € Sk, with k2 < Cllw vg || ci+sta(x)- By the interpolation inequality in Lemma 2.1 we may estimate

-
||w1)2 ||C1+s+ot(2) < C||W||C1+s+ot(2) + CE ||U)”CO(2)

Moreover, we have by (4.14)

11+ Q1(y, t'u, t'Vu)| cstacsy < C

and as in (4.15) we have
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d
I an n:0Q1(y, 1 (u+nw), 1’V U+ nw))llesves) < CUwllcrestacsy + lwvsllorsiacs)

S C||u)||Cl+s+o((2) + CZ||U}||CO(2).
Thus we deduce by Lemma 4.4 that the two last terms in (4.16) are Holder continuous with C*-norms bounded by

Collwll cr+s+o(x) + Cellwllco(s). Hence, we have

10w Riullco(zy < Collwllrossaqgy + Cxllwllcorgy. D

At the end of the section we study how to control the higher order norms of R; , and R, in order to differentiate
the equation (3.12) with respect to x. Moreover, even if the fractional Laplacian is linear it is not obvious how to
bound its higher order covariant derivatives. Before that we remark on how we write the derivative of the function

Yi(x)= / G(y, x)dH,
)
with respect to a vector field X € T(X). First it holds

Vet = [ Vxeo GO0,
b
where Vy(x)G(y, x) denotes the derivative of G(y, -) with respect to X. On the other hand it holds

divy (G (y, )X (¥)) = Vx(;»nG(y, x) + G(y, x) div(X)(y).

Therefore we have by the divergence theorem that

Vxyr(x) = /(Vx(y) + Vxx)G(y, x) d?—[; —I—/G(y,x) div(X)(y)dH", 4.17)
z b

where

(Vxy) + Vx)G(y, x) =Vx3»G(y, x) + Vxn)G(y, x).

The following proposition gives us a formula to commute differentiation and the fractional Laplacian. In the fol-
lowing, and in the rest of the paper, Cy denotes a constant which depends on k and on X in an unspecified way while
C denotes a uniform constant.

Proposition 4.9. Let X, ..., Xy € T(X) be vector fields such that || X;||ck+2xy < 1 for i =1,..., k and assume
u € C®°(X). Then

1+s

Ve Vi (AT u) = AT (Vx, - Vigyu) + 05,

where 3Kt denotes a function which satisfies ||8k+su||ca(g) < Crllull gkts+a(xy. Moreover, it holds

1ts
A2 ullcrra(sy < Crllull christacs)

for every k € N.

Proof. Let us denote K(y,x) = |y — x|~ 175 and let Xi,..., X; € T(X) be as in the assumption. We define
WKy, x):=Vx,;»n)K©,x)+ Vx,0K(y,x)and 0; K (y, x), for 2 < j <k, recursively as

3K (y,x):=Vx;1)0j-1K(y,x) + Vx,;x)dj—1K(y, x).

We begin by claiming that dx K (y, x) satisfies the conditions (i)-(iii) in Definition 4.1 with k < Cg, i.e., % K (y,x) €
Sc, - Note that the constant does not depend on the chosen vector fields X1, ..., X once they satisfy [| X; || ck+2(x) < 1.

It is straightforward to check that dx K (y, x) satisfies the conditions (i) and (ii) in the Definition 4.1 with k < Cy
for some Cy. We need thus to prove the condition (iii). We prove this by induction and fix X € T(X) such that
[ Xll¢3(xy < 1. We need first to show that the function
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Y1 (x) = /(y — )N K (y,x)dH) (4.18)
x

is a-Holder continuous.
The formula (4.6) in the case u = 0 reads as

/(y - x)K(y,x) d'Hg =/F(y,x)K(y,x) d'H;, (4.19)
X D)
where
H:
Fly,0 = —2ZOYD o2 (=0 v0) v,

n—1+4%s)
We differentiate (4.19) with respect to X (x) and obtain by (4.17)

Jo-wakeman = [ Foonkom i+ [ FomKex
) ) p)

:;&l =91

where

Fi(y,x) = (Vx(y) + Vx@)(F(y,x) = (y —x)) + div X () (F (y, x) — (y — x)).

First, recall that in the proof of Lemma 4.5 we already verified that F satisfies the assumptions of Lemma 4.3. Since
91K (y, x) satisfies the conditions (i) and (ii) in Definition 4.1 with ¥ < Cy, Lemma 4.3 yields [|Yr1|lcez) < Ci.
Second, we may write F) as

Ny
Fi(y,) =Y (01,i(y) = v1,i(x)v2i ()vs i (x),

j=1
where v; ; are such that [|v;;[l¢c2(x) < Ci. Moreover, by Lemma 4.5 it holds K (y, x) € S¢ with « < C and we may
thus use Lemma 4.4 to conclude that ||¢||ce(xy < C1. Hence
I¥lces) = Ci

and therefore 9, K (y, x) € S, with k < Cj.

We argue by induction and assume that d;_1 K (y, x) € S, with k < Ci_1. Note that this holds for any vector fields
X1,..., Xp—1 with || X; lcrt1 sy < 1. Let us fix X1, ..., X as in the assumption. We differentiate (4.19) with respect
to X1, ..., Xk and obtain by (4.17)

k=1
/(y—x)akK(y,x)d’H,; :/F(y,x)akK(yvx)dng‘f‘Z/ﬁi(yvx)aiK(y,x)dH;-
b > i=0yg

:;1/}/( =@k

Here F; can be written as

Nk
Fi(y.x) =Y (u1,i(y) = v1,i(x)v2,i (7)v3,: (x),
j=1
where v;; are such that [[vjillc2(z) < Ck. Again we recall that F satisfies the assumptions of Lemma 4.3 and
o K (y, x) satisfies the conditions (i) and (ii) in Definition 4.1 for ¥ < Ci. Lemma 4.3 then yields ||lpk||ca(z) < Cg.
To prove the Holder continuity of ¢y we recall that by induction assumption 9; K (y, x) € S, with k < Cy_ for every
Jj <k — 1. We may thus use Lemma 4.4 to deduce ||¢k||ce(s) < Ck. Therefore we conclude that
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Y (x) = /(y —x)or K (y, x) d'H;
)

is Holder continuous with |[[¥|lce(sy < Cr and thus 9K (y, x) satisfies the condition (iii) in Definition 4.1 with
Kk < Cg.
We prove the claim by first choosing X1, ..., Xj, with 1 <[ <k, such that || X; ||Ck+2():) <1forl<i <I[. Recall

that the function )~(1 . -~)~(1u is defined recursively as )~(1u = Vfﬁ” and )N(j+1Xj - Xu = V;(/_ ()~(j~~-)~(1u) for

+1

j = 1. Weapply (4.17) I times for Xy, ..., X; and obtain

% Xa8 Pt =2 [ (R X = Ko X K 0,0 a1
)}

-1
+2 / () = u@)d K (y. x)dH} + Y / @ u(y) = 0" u)); ()0, K (v, x) dH,
b j=0%
where 3/~17/u denotes a function which satisfies ||al_l_ju||cl+s+a(2) < Ci—tllullci-j+s+a(x) and v; are such that
lvjllc2(sy < Ci. By using Lemma 4.4 and 9; K (y, x) € S with k < C; we deduce
XX (AT = AT XK X)) + 0w, (4.20)

where 9'T5u denotes a function which satisfies ||81+Su||ca(z) < Cillullci+s+a(x)- Hence, we deduce by (2.4),
Lemma 4.4 and (4.20) that
s Iis
||A 2 M||Cl+a(2) < C](||M||Cl+l+x+oc(2) + ||A 2 M||Cl—l+u(2))
for every [ < k. Note that Lemma 4.4 implies ||A%u||ca(z) < Cllullcr+s+a(xy- Therefore by iterating the above
inequality for / =1, ..., k we obtain

Its
||A 2 M||Ck+a(2) < Ck||u||ck+1+s+a(z). (421)

This implies the second statement.
Let X1, ..., X be as in the assumption. We deduce from (4.20) that

Xe- X1 (AT = AF (X Xu) + 0,
where 9%t5u denotes a function which satisfies ||9¥t*u llce(s) < Crllull cktsta(xy- By (2.3) we have
Vy, - Vi, (AT u) = AT (Vy, - Vyu) + 051 (A T ) + 05,
where 9%~1 (A% u) denotes a function which satisfies
1, . Lgs 1is
185" A T Wl ca(sy < Chll A2 ull ch-rra sy
The estimate (4.21) applied to (k — 1) yields
1, L
185N A T Wl cacs) < Crllull sty
and the claim follows. O

Similar result holds for the remainder terms R and R».

Lemma 4.10. Assume u € C*°(X) with ||[ul|cr+stazy + uvslciestes) < 8 and let Ry, and Ry, be the functions
defined in (3.9) and in (3.10) respectively. Let Xy, ..., Xy € T(X) be vector fields with || X;||ck+2(xy < 1 for i =
1, ..., k. There is a constant Cy, which depends on k and %, such that for § > 0 small enough it holds

IVx, - Vx, Riullce(z) < Col|Vx, - - Vx ull crasta sy + Cr(1 + ||M||]ék+s+a(z))

and
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k
IV, - Vx, Roullca(z) = Cliviigrstas) IV, - Vxyullerista sy + Co (4 [l prisias))-

In particular, it holds

IRy ullctsa sy + IRl ke sy < Coll+ el s)

for every k € N.

Proof. Since the proof is similar to the proof of Proposition 4.9 we only sketch it. In addition we only prove the claim
for Ry, as the estimate for Ry, follows from a similar argument. Let u € C°°(X) be as in the assumption and let
K, (y, x) be as defined in (3.7). As in the proof of the previous proposition we define 9; K, (y, x), for 1 < j <k, by
Ky (y,x)=Vx,30Ku(y,x) + Vx ) Ku(y, x) and for j > 2 recursively as

0 Ku(y,x):=Vx;0j-1Ku(y,x) + Vx;x)0j-1Ku(y, x).
We claim that d; K, (y, x) satisfies the conditions (i)-(iii) in Definition 4.1 with

ki < ClI Xk Xl grevsa gy + Ch (L [l z) (4.22)

for some C; and C, where the latter is independent of k. Moreover, the constants in (4.22) do not depend on the
chosen vector fields X7, ..., Xi. The argument for (4.22) is similar to the one in the beginning of Proposition 4.9 and
thus we omit it.

To prove the claim we recall the definition of R; , in (3.9). As in Proposition 4.9 we first choose X Lsonns X 7, with
1 <[ <k, such that ||)~(l'||c1+2(2) <1for1<i<I. Weapply (4.17) [ times for f(l, . ..,f(; and obtain

Xi- X1 Ry (x)
1 ¢ P
:2///()?1...)?1u(y)—)?l...)N(lu(x))%((l—|—Ql(y,éu,éVu))Kgu(y,x))dH';dédt’
b

0 0
1

+2 / / () = u@) (K- X1 Q1 (. 1'u. ' V) Ky (v, x) dH2dr'
0 X
1

+2//(u(y) —u()((+ Q1. t'u, ' Vu) 9 Ky (v, x) — 9 K (v, x)) dH'dt’
0x

(4.23)

1
+ ) / / @'u(y) = 'u(x)) 8/ Q1(y, t'u, 1'Vi) v () (9 Kiru (v, X) — 9 K (v, X)) dH}ydt’

i,j,m<l—1
i+j+m=l

=1 +op+e3+f

where 3/ w denotes a function which satisfies ||ajU)||C1+x+a(Z) < Cllwl¢j+1+s+a(xy and v; are such that [vj[lc2(5) <
C;. Here ¢ denotes thg fucti~on on the first row in (4.23), ¢> the function on the second row etc. The function ¢ is of
type (4.12), with v = X; - - - X1u and therefore (4.13) implies

lpillcecs) < C8IXi -+ Xyullcristacs)-

On the other hand Lemma 4.4, the assumption [|[u[|c1+s+a(x) <6, (2.1) and (2.3) imply

lp2lice(sy < Cllullerestesy 1 Xi -+ X1Q1(x, £'u, ' V) || cs+acs;
< C8IIX; -+ Xuutll crosracs) + Cr(l+ [l isragy)-

Since 9; K/, (y, x) belongs to the class Sy,, with k; given by (4.22), we conclude by Lemma 4.4 that

lpsllce(s) < C8IIX; - Xl””clﬂw(z) + G+ ||u||[Cl+s+a<z))'
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l

Similarly we deduce that || || co(s) < Ci(1 + ||““c1+s+a(z)

). Combining the previous inequalities with (4.23) yields

I1X; - X1 Ruullcacsy < COIIXi -+ Xiullgrrsrasy + Cr(l+ lulliprssg) (4.24)
We deduce by (2.4) and (4.24) that

IRl crve gy < Co(l+ Iellprirssa gy + IRLullci-1as))
forevery / < k. Recall that by Proposition 4.7 we have || Ry ,u||ce(s) < Cé[lul|c1+s+a (5. Therefore by using the above
inequality k times for / =1, ..., k we obtain
IR ull ctvce) < Cell+ Nl Grrisragy)- (4.25)
This proves the second claim.
Let X1, ..., X\ be as in the assumption. We deduce from (4.24) that
Xk X1 Ruullcoqsy < COI Xk -+ Xnullgroste sy + Ce(l+ 1l girsrazy)-
Then (2.3) implies
Vx, - Vx, Riullcxzy < CéllVx, -+ Vxull cresto )y + Cr(1 + ||u||lz‘k+x+a(2) + IR ullch=140(5))-
The claim follows from (4.25) with (k —1). O

5. Proof of the Main Theorem

We will first prove the main theorem for the flow (1.1) and explain at the end of the section how the proof can be
applied to deal with the volume preserving case (1.3). By Proposition 3.2 we need to prove that the equation (3.12)
has a unique solution 2 € C(Z x [0, T]) N C*(X x (0, T']) with h(x, 0) = ho(x) for x € X.

Suppose that § is small such that the results in Section 4 hold. Recall that by the discussion at the beginning of
Section 3 we may choose X in such a way that we have

||h0||c0(2) < 8/2, ||h0||Cl+S+O{(E) < (2C)718 and ||V2||Cl+:+a(2) < Cgixia, (51)

where ¢ € (0, ) and C will be chosen later. Here is the statement of the main theorem for (1.1).

Theorem 5.1 (Main Theorem). Let 0 < o < (1 — 5)/2. Assume ¥ C R"*! is a smooth compact hypersurface and
ho : X — R is such that (5.1) holds. For § and € small enough, there is T € (0, 1), depending on § and ¢, such that the
equation (3.12) has a unique classical solution h € C (X x [0, T]) NC*°(X x (0, T']) with initial value h(x,0) = ho(x)
for all x € . Moreover; it holds

sup [[h(, D) llcriesta(sy <6
O<t<T

and for every k € N there is a constant Ay such that

sup (tM1IC, Dl crs)) < Ak
O<t<T

Note that Theorem 5.1 implies that the solution of (3.12) exists as long as its C'*5T®-norm stays small. This means
that the fractional mean curvature flow has a smooth solution as long as it stays C'*5T®_close to the initial set. We
also remark that the exponent k! in the final statement is not optimal and we expect the optimal exponent to be linear
in k. However, the most important consequence of the last inequality is that it quantifies the smoothness of k(-, t) for
every t € (0, T].

Proof. Step 1: (Set-up and basic estimates.)
Let us write the equation (3.12) as

9h = LIk + P(x,h, Vh) — Hi(x), (5.2)
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where the remainder term is defined for a generic function u € C*°(X) as

P(x,u,Vu) = Q(x,u, Vu)(L[u] — Hg,(x)) + (1 + Q(x, u, Vu)) (Ry 1 (x) + Rou(x) ). (5.3)
Recall that Q is a smooth function with Q(x,0,0) =0 forall x € ¥, and R; , and R3 , are defined in (3.9) and (3.10)
respectively.

Let us first fix a small § > 0 for which the results in Section 4 hold. Let us assume that
||M||Cl+s+oc(z) < ) and ||M ”CO(E) <e¢
and prove that this implies
1P (x,u, Vu)||ca(s)y < C82 + Cse, (5.4)

when ¢ is small enough. Here Cs depends on é.
First, we have by the assumption (5.1) that [[vg||ci+s+e ) < Ce™*%. Therefore |[u]lco(x) < € and (3.1) applied to
u imply
lell ooy vzl crosa sy < Ce' 72 <6 (5.5)

when ¢ is small. In particular, these imply [|u v ||ci+s+a(s) < C8. It follows from Proposition 4.7 that

IRLullcasy < Collullcrestasy  and  [[Roullca(s) < Collvllctstacs)-

The latter inequality and (5.5) yield

IRy, ttlcocsy < C82.

Similarly it follows from Lemma 4.4 that || L[u]||ce(sy < C§. Moreover, we may estimate as with (4.14) that

1Q(x,u, Vu)llca(s) < C(||M||c1+a():) + ||MVE||CI+H():))~ (5.6)

By the interpolation inequality in Lemma 2.1 we estimate

||u||cl+a(2) + ||MUE||C1+°‘(E) < 5(||u||cl+x+oc(z) + ||MI)E||C1+x+a(E)) + C5 ”u”CO(E)'

1=s

Hence, we have (5.4) by (5.5) and by the fact that || Hy, || c«(x) is uniformly bounded for @ < >
We will also ‘linearize’ the equation (5.3). To this aim we prove that if v, v, € C I+ste(5) are such that
”Ui ||Cl+s+ot(2) < S and ||Ui ”CO(E) <eg, fori = 1, 2, then it holds

[P (x,v2, Vv2) — P(x,v1, Vui)llco(z) < C8llva — villgrsta(sy + Cxsllva — villcocs), (5.7)

when ¢ is small enough. Here Cx 5 depends on § and on [[vs||ci+ste(x)-
Indeed, we denote w = vy — vy and write
1
P(x,v2, Vo) — P(x, vy, V) = / %P(x, v +Ew, V(v +Ew)) dE.
0
Denote further v = v; + §w and recall that (5.5) holds also for vg. In particular, it holds [|vg vz || c1+s+e(x) < C8. By

recalling the definition of P in (5.3) we obtain by differentiating

iP(x, v +E&w, V(v +£w))

dé
d
= (E O(x, vg, Vg)) (L[ve] — Hy,(x) + Ry, (x) + R, v, (x) ve)
+ Q(x,ve, Vug) Llw] 4+ (1 + Q(x, vg, Vvg)) (%Rl,vs + dd_ng,Us Vg + Roy, w)

It follows from Proposition 4.7 that
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IR v llce(sy < C8*  and | R2,ve llce () < CSlvllcresta s

for all £ € (0, 1). Moreover, we have by Proposition 4.8 that

I ERLUE llce(s) < C(S||w||C1+s+oz(E) + CE“w”CO(E)

and

d
I ERz,vg lca(z) < C||VZ||CI+S+H():) ||w||cl+3+a(z) + CE”w”cO(z)'

Note that the latter inequality and (5.5) yield

d
I %RZ,vg Vg [ o (z) < C5||w||c1+x+ot(2) + CE”w”cO(z)-

Lemma 4.4 implies
IL[w]lce(s) < Cllwllerrssacs,)

and

I L[velllce(zy < Cllvgllgrsta(sy < C3.
Finally we have by (5.5) and (5.6) that

1Qx, ve, Vug)llco(my < Cllvellcrve(sy + llvevsllcries)) < C8

and since Q is smooth we have
d
”E

By combining the previous estimates we obtain

O(x, ve, Vg)llcez) < Cllwllcrecs)-

1
d
< / |I£P(X, vi +Ew, Vo +EVw)lces) dé
0

= Céllwllci+ste(s) + Cxllwllcie sy + Cllwllcocsy-

The inequality (5.7) then follows from the interpolation inequality in Lemma 2.1.
Step 2: (Existence and Uniqueness of the strong solution.)
We define X as the space of function u € C(X x [0, T]) such that u € X if

sup fu(, )llcr+s+acsy <6, sup [u(, Doy <€, sup [[du(, Dllcez) =C
O0<t<T 0<t<T O<t<T
and h(x,0) = ho(x) for all x € . We choose § > 0 so small that the results in Section 4 hold and ¢ > 0 even smaller
if necessary and assume that A satisfies (5.1). Finally C is a large constant which we choose later.
We define amap £ : X — X such that for a given 4 € X the value L[] := u is the solution of the following linear
equation with a forcing term

du— AT u=2Oh(, 1)+ PO, (.10, Vh(, 1) = Hy (x)
: (5.8)
u(x,0) = hy.
Recall that by definition (2.5) L[u] = A%u + c? (x)u. Therefore a fixed point of £ : X — X is a strong solution of
(5.2). By a strong solution we mean that /2 : £ x [0, T] — R is Lipschitz continuous in time, C'*t5+%_regular in space
and satisfies the equation (5.2) for almost every ¢ € (0, T'].
Let us first show that £ : X — X is well defined, i.e., u defined by (5.8) belongs to X. By a standard approximation
argument we may assume that g and & € X are smooth. By Theorem 2.2 the solution « is smooth and it holds
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sup [lu(, H)llcocsy < llhollcocsy + T sup (C”h(n Dcosy + 1P, h(, 1), VR, D)l cosy + ||H§;||c0(z))-
O<t<T O<t<T

Since we assume supg, 7 1A (-, 1) || crs+e(xy < 8 and supg, 7 1A (-, 1) cosy < &€ we have by (5.4) that

1P (x, B, 1), VA(, 1) llcacs) < C8% + Cse (5.9)
for every 7 € (0, T]. Therefore since ||| cocx) < &/2 we find
sup flu(, Dllcox) < + T(Ce+C8*+Cse+C) <¢
O<t<T

when T is small. Hence we have the second condition in the definition of X.
In order to prove the first condition we recall that it holds

IAC Do) < G, DNE 5 IAC, Dll oty < Ce' ™
for every 7 € (0, T]. We use again Theorem 2.2, (5.9) and ||ho|| c1+5+a(x) < % and find

sup JluC, D)l crestecy)
O0<t<T

=< Cllhollcr+s+a(sy + COSUP (1A G Dllcacs) + 1P, A1), VR, D) cocs) + T Hs | cresrasy) (5.10)
<t<T

§ l—a 2 s
S 2 +C8 +C5 +C58+C”H2”Cl+x+a(2)T,
where C is a uniform constant and Cs depends on §. By choosing first §, then ¢ and finally 7 small we find
sup ||M(, t)||c1+x+a():) <4
O0<t<T

and the first condition follows.
Finally the bound supy, .7 |9;u(:, 1) ||ce () < C follows from the equation (5.8) and from (5.4) as

sup |[[L[ul+ P(x, h(-,1),Vh(:, 1)) llce ()
O<t<T

< sup C(luC, Dllcrrroqmy + I G, Dl creseas) < C8 + Cse,
0<t<T

Hence we conclude that £ : X — X is well defined.
Let us next show that £ : X — X is a contraction with respect to the following norm

lullx == sup (luC, Dllcrssrocs) + Aol Dllcos)) s
0<t<T

where Ay is a large constant which will be chosen later. Let us fix /1, iy € X and denote uy = L[h] and uy = L[h>].
The function v = uy — u is a solution of the equation

Lis

v—AZv= c%(x)(hz —h1)+ P(x,ha, Vhy) — P(x,h1,Vhy) (5.1

with v(x,0) =0 for all x € X.
We denote w = hy — h1 and use (5.7) for vy (x) = h1(x, t) and vo(x) = hy(x, t) to conclude that

1P, ha( 1), Vo (-, 1) =P (x, hi (-, 1), Vi (-, 1) llco(x)
= Céllw(, l)||c1+.s+a(z) + Cxsllw(, l)||c0(2)~
Therefore the equation (5.11) and Theorem 2.2 yield

sup [0C,Dllcoz) < CT sup (BlwC Dllersssocs) + Coalwt Dlleos)
O<t<T <t<T

and
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sup [[v(-, )| crestacsy < C sup (Sllw (-, Dl crestacy) + [ Dllcas) + Cssllw Dllcos))
O<t<T 0<t<T

<C sup (5||w(', t)||cl+s+a(2) + Cssllw(, t)||c0(>:)) )
0<t<T
where the last inequality follows from the interpolation inequality in Lemma 2.1. We choose Ag > 6~ 'Cx 5 and
T <A, ! and have by the two above inequalities

sup ([[v(, D)l cresvacsy + Aollv G, Dllces))
O<t<T

<Cd sup (||w(',t)||cl+3+a(z)‘|'A0||w(',l‘)||ca(2))-
O0<t<T

In other words
1
lua —uillx = llvllx < Céllwllx < Ellhz —hillx

when § is small. Hence, £ : X — X is a contraction and by a standard fixed point argument we conclude that the
equation (3.12) has a unique strong solution in X.

Step 3: (Higher order regularity.)

We prove the last statement of the theorem. In fact, we prove slightly stronger estimate, i.e., for every k € N there
is Ay such that

sup (FIAC, Ol crrsresy) < A (5.12)
0<t<T
In particular, this implies that A (-, ¢) is smooth for # > 0. One may then use the equation (3.12) to deduce that & €
C®(X x (0, T).

Since T < 1 we know by Step 2 that (5.12) holds for k = 0. We argue by induction and assume that (5.12) holds
for k € N and prove that it holds also for k + 1 with some large constant Ag4+1 > Ay. To this aim we fix vector fields
Xi,..., X, e T(X) with | X; ||Ck+2(>:) <1,i=1,...,k, and define the function space Y34+; C X such that u € Y34 if
u € X (defined in the beginning of Step 2) and

sup (“fluC, Dllcersracsy) < Ak and  sup (4T Vx - Vil Dl ereracs)) < Ak, (5.13)

O<t<T O<t<T

where Ay is the constant given by the induction assumption and Ay is a constant which we will fix later. We note
first that Yy is non-empty since at least the solution of the heat equation

oru=Au X x(0,T] with  u(x,0) =ho(x) on x € X,

belongs to Y41 when Ay is chosen large enough.

Let £ : X — X be the map defined by (5.8). The goal is to show that for & € Yy it holds u = L(h) € Y41, i.e.,
L(Yk+1) C Yir41. Therefore since the solution constructed in Step 2 is unique in X we deduce that the solution belongs
also to Yi41. In other words the solution of (3.12) satisfies

sup (t(k+1)! ||ka s Vx] I’l(, t)||c1+x+a(z)) < IN\](+] .
O<t<T
Therefore it follows from 7 < 1 and from the fact that (5.12) holds for k that
1 ~
—— sup (l(k—H)!”h(', t)”ck+1+.v+a(2)) < Apy41 + Cr Ay,
Ck 0<t<T

which proves (5.12). We need thus to prove that u satisfies the second inequality in (5.13).
Let u be the solution of (5.8) where hg and & are smooth function such that & € Y1, i.e., h satisfies (5.13). We
denote

up:=Vy,--Vxu and hi:=Vx,---Vx,h.

We claim that uy is a solution of the equation
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dur — AT up=Pu(x.t)  on X x (0,T], (5.14)

where the function Py satisfies

| PeCDllce(s) < CllRkC. Dl ersra sy + Coa (L G, Dl ctsstaqy + 1AC D s (5.15)

for all t € (0, T']. Here Cy s is a constant which depends on k, § and X, while C is a uniform constant.
Indeed, we first note that since & is smooth then the equation (5.8) and Theorem 2.2 imply that u is smooth. We
may thus differentiate (5.8) and obtain by Proposition 4.9 that

dug — AT up =V, - Vx, (20 + P(x, h, Vi) — Hy(x)) + 0*u(x, 1), (5.16)

where 9%u(x, ) denotes a function which satisfies ||du (x, Dlices) < Cillul, )|l cktsta (s for every 1 € (0, T']. Re-
call that the function P is defined in (5.3). We use Leibniz rule and Proposition 4.9 to deduce

Vx, -+ Vx, P(x,h, Vh) =(Vx, -+ Vx, Q(x, h, VR))(L[h] + R1 1 (x) + Rop(x) h — Hy.(x))
+ (14 Q(x,h, Vi) (Vx, - Vx,Rin + Vx, -+ Vx,(Ron h)) (5.17)
+ Q(x, h, VR)L[hi] + fi(x, 1),
where f} is a function which satisfies

k—1

LA Ollcwimy <Ck Y 110G b, V)l eivacsy ILURT+ Rip + Roh — Hillcr-ivo s
j=1

+ Ck(l + ”h”ck-%—s-%—a(z)).
We have
1Q(x, h, VR) |l cjva(sy = Cj(1 + IIhII]C,-+1+a(E))
and Proposition 4.9 yields
||L[h]||cj+a(2) S C] ”]’l”cj+1+s+a(z).

Moreover by Lemma 4.10 we have

IRy bl vy + IR ersacsy < C (LA ra )
Therefore it holds
il Dllce < Cell+ 1A G D1 z) (5.18)

forallr € (0, T].
We use (2.1) to conclude that

”VXk e VXl Q(x’ h(v t)v Vh(v t))”CD‘(Z‘) =< Ck(l + ||hk(9 t)”ClJrO‘(E) + ”h(! t)"’ék+x+a(2))

for all t € (0, T']. By the interpolation inequality in Lemma 2.1 and by Young’s inequality we have

”VXk e VXl Q(x’ h(v t)v Vh(v t))”CO‘():) = SHhk(v t)||C1+S+°‘(E) + Ck,a(] + ”h(v t)”’é’k+x+oz(2))-

Recall that by (5.5) the assumption & € X implies ||UZ||C1+s+o((2)”h(', Dllcesy <8 for every t € (0, T) when ¢ is
small. Then Lemma 4.10 yields

IV, - Vx, Rinenllcem) + 1Vx - Vi, (Rone,nh (D) llce ()
< CollhkC, Dllcrissasy + Cr(+ TG D)
Finally, by (5.6) and by Lemma 4.4 we have

1Q G, (-, 1), VR, ) LUk (- D]l cocsy < CURC, Dl crvacsy + 11 G Vsl ctve ) 1k C Ol crtsta s
= CSHhk(s t)||C1+S+a(E).
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The equation (5.14) and the estimate (5.15) then follows from the previous inequalities, from (5.16) (5.17) and (5.18)
and from

L[]+ Rip(x) + Rop(x)h — Hy (X) | cos) < C.

Let us then prove that u € Yi1. We define v(x, 1) = t*+EDy (x, t). Since uy is a solution of (5.14) then v is a
solution of

v — AT v=r® P ) + (k4 DD () on B x (0, T,
with v(x, 0) = 0. Theorem 2.2 and (5.15) imply (recall that 7" < 1)

sup [[v(, Dl cresta(s)

O<t<T
<C sup (t*VNPCL D lcacs) + k+ D ug G D)l cocsy)
O<t<T
< sup (CO 1NV D)l crrsvamy + Crs (14 NG Dll crrssagmy + 1V NRC D kv g))-
O<t<T

Recall that we assume supg_, .7 (-, Dl ch+sva(sy < Ak and supg, 7 e )|l ck+s+e(xy < Ak In particular,
the latter implies

k
sup 1RGOl sy = sup (FUBC Dllcrsas)) < A,
O<t<T O<t<T
Therefore we have
sup ([ Dllcristacsy <C8 sup 1“0 crishas) + Cra 1+ Ak + AD.
0<t<T 0<t<T
Since we assume that the second inequality in (5.13) holds for iy = Vy, - - - Vx, h, the above inequality yields

sup [V, -+ VxuC, )l grostacs) < C8Aks1 + Crs(l + Ak + Af).
O<t<T

Let us first choose § such that Cé < % and then ]\k“ =4Cis(1 + Ax + Aﬁ). This gives us

1-
sup ”ka . VX]”(', l)||cl+x+a(2) < EAk+l'
O<t<T

Therefore u satisfies the second inequality in (5.13) and we conclude that u € Yi41. O

We conclude this section by showing how to modify the previous proof to obtain a result analogous to Theorem 5.1
for the volume preserving fractional mean curvature flow (1.3). We use the same parametrization as in Section 3 to
describe the motion of Eg € hs(X) given by (1.3). If E € h5(X) with 0E = {x + h(x)v(x) : x € X} then by (3.8) and
by change of variables we have

-1
— ][ Hy(x)dH} = /J¢(x)d7{; /(L[h] — H§ + Rip(x) + Ry p(x)h) Jo(x)dH2 |,
JE )Y b

where Jo denotes the tangential Jacobian of ®(x) = x + hA(x)v(x). As we mentioned in Section 3 the tangential
Jacobian can be written as Jo(x) = 1 + Q3(x, h, Vi), where Q3 is a smooth function such that Q3(x, 0,0) =0 for
all x € . Recall that L[/] is defined in (2.5) and notice that for & € C1t51% (%) it holds

/A%h(x)cmz =0.
)
Let us then define the number
[s (= 2()u(x) + HL(x) — Ry u(x) — Ryu (0)u(x)) (1 + Q3(x, u, Vu)) dH"
Js 14+ Q3(x,u, Vu)dH! '

R3 .= (5.19)
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That is R3 , = I-_Ig.
We obtain immediately the following result which is analogous to Proposition 3.2.

Proposition 5.2. Assume that Ey € bs(X) for § small. There exists a flow (Et)iec0,71 With E; € hs(X), for all t €
(0, T, starting from Ey which is a classical solution of (1.3) if and only if there exists a classical solution h €

C(E x[0,T])NC>®(E x (0, T]) of

dh=L[h)+ P(x,h,Vh) — Hi(x) on X x (0,T] (5.20)
h(x,0)=ho(x) for x € X,
with supy_; .7 | (-, )|l c1+s+a(x) < 8. Here P is defined for a generic function u € C*°(X) as
f’(x, u,Vu)=P(x,u,Vu)+ (1 + Q(x, u, Vu))]élu,
where P(x,u, Vu) is given by (5.3), R3,u is defined in (5.19) and Q is a smooth function such that Q(x,0,0) =0 for
all x € X.

Arguing as with (5.4) we deduce that if u is such that |[u|c1+s+e(x) <8 and [[u||cox) < & with & small enough it
holds

IR3ullce(s) = |R3.u| < C8% + Cse + | Hs|.
Similarly, we argue as with (5.7) and obtain for vy, vy with ||v; ||C1+s+a(2) <éand |v;i|lce(x) <e&,i=1,2, that
1IR30, — R, llce(z) < Cllvz — villcis+acs) + Cxsllva — villcogs)-
Therefore we obtain by (5.4) that
1P (x, u, Vi)l coxy < C8* + Csllull coxy + | Hs (5.21)
and by (5.7) that
1P (x, v2, Vv2) = P(x, v1, Vui)llces) < C8llva — villcrostacsy + Crsllva — villcogs).- (5.22)

We may thus use the argument in Step 2 in the proof of Theorem 5.1 to obtain the unique strong solution of (5.20).
The smoothness of the strong solution follows immediately from Step 3 since R3 j,(. ;) does not depend on x. We have
thus the following result.

Theorem 5.3. Let 0 < a(1 — 5)/2. Assume ¥ C R™*! is a smooth compact hypersurface and ho : & — R is such
that (5.1) holds. For § and & small enough, there is T € (0, 1), depending on § and ¢, such that (5.20) has a unique
classical solution h € C(X x [0, T]) N C*® (X x (0, T]) with

sup (|2 C, D)l grste(sy < 6.
O<t<T

Moreover, for every k € N there is a constant Ay such that

sup (tM1IAC. Dl ereg)) < A

O<t<T

Theorem 5.3 together with Proposition 5.2 proves the main theorem for the volume preserving flow (1.3).
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Appendix A

Here we give the proof of Theorem 2.2. We first recall the result in the case ¥ = R” and then use a perturbation
argument to prove it for a compact and smooth hypersurface. The following result can be found in [27].

Theorem A.l. Assume that f : R" x [0, T] — R is smooth and | f(x,t)| < C(1 4+ |x|) ™77 for all (x,1) € T x
[0, T'). Assume that u with suppu(-,t) C By for all t € [0, T is the solution of

qu=ATu+ f(x,t) in R"x (0,T]
u(x,0)=0.
Then it holds

sup |lu(-, t)”clJr_H»u(Rn) < Cosup 1f Gl corny-
T

O<t<T <t<

Proof of Theorem 2.2. The existence and uniqueness of the weak solution follows from Galerkin method and the
smoothness follows by differentiating the equation with respect to time. Since the argument is standard we omit it and
simply refer to [15].
Let us first prove the second inequality. It is clear that we may assume g = 0. We write u = v + w where
=A% on T x(0,T] and qw=ATw+ f(x,1) on X x(0,T]
v(x,0) =ug(x) w(x,0)=0.

By maximum principle it holds |v(x, t)| < |ug(x)| for all (x,t) € ¥ x (0, T]. Let us then prove

wx,t)<T sup |f(x,1)] for all (x,7) e ¥ x (0, T].
xex,te(0,T]

To this aim define w(x, t) = = w(x, t) for ¢ > 0. Then w is continuous on X x [0, T'], w(x, 0) =0 and assume it
attains its maximum at (£, /) € ¥ x (0, T']. By maximum principle it holds

0<quw@, H="1ow@, N —1—e)ff 2w, i)
and

0> AT 0GR, H="AFw@, f).
Then the equation for w implies

PG
_ PG

2w (%, 1) <
1—¢

t
Therefore, because (£, 7) is the maximum point, it holds for all (x,¢) € £ x (0, T]

&
e, < w ) <

sup | f(x,0)l.
— € xex,te(0,7]

The estimate follows by letting ¢ — 0. By repeating the argument for —w we obtain the second inequality in Theo-
rem 2.2.

Let us prove the first inequality in Theorem 2.2. We may assume that ¢ = ug = 0, since the general case follows
by considering the function v(x, ) = u(x,t) —tg(x) — ug(x).

Let us fix xo € ¥ and without loss of generality we may assume that xo =0 and v(0) = e, 4. Since X is smooth
and uniformly C!-!-regular we may write it locally as a graph of a smooth function, i.e., there exists a smooth function
¢ : Bo, C R"™ — R such that

ENCr = {( xpy1) € R i = (X)),

where C, denotes the cylinder
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Cr={x=" xnp) eR"™M x| <1, |xpg1] <r}.

Note that the assumption xg = 0 and v(0) = e+ implies ¢ (0) =0, D¢ (0) = 0 and

Ipllcrsracp,, < Crimse. (A.1)

Let ¢ : RT — R be a smooth cut-off function such that £ (p) = 1 for p € [0, 7/2] and £ (p) =0 for p > r.
Let us denote X, = ¥ N C,. The above notation in mind we may write the equation in (2.6) for x € X, as

, 1) — , 1
atu(x,n:2/¢<|yn+1|);<|y/|)% an

+2/(1 — (lynstDEAY'D) %dﬂﬁﬂxﬂ A2

—2/;0 “(y D |,,i(j_if) M+ Gy, 1) + fx,1),

where

Gitxn =2 [ (1= c(yaedyh) “E D s,

)

Since the function 1 — ¢(|y,+1)¢(ly’|) vanishes on ¥ N C, /> the above integral is non-singular on ¥ N C,/4 and we
have

sup [1E@Ix'DG1(x, Dllca(s,) < C sup |u(-, D)llca(s). (A.3)

O<t<T 0<t<T

We may write every x € X, as x = (x’, ¢(x)), where x’ € B, C R". We denote, by slight abuse of notations,
u((x’', ¢ (x"), 1) =u(x’, r) and similarly G (x', 1), f(x’, t) and g(x’) for every point x = (x, ¢ (x’)) on Z,. By change
of variables we have

/§(| (y,l) |n’::(1)if) dHn /§(| u(y,t) —u(x',r) o /1+|D¢(y/)|2dy/,

(I =¥+ (@) —¢(x')?)

We define O(z) :=+/1+|z|> — 1 and
1
(0 = Y+ @O — d)?) T

Note that Q is a smooth function with Q(0) =0 and K4()’, x’) agrees with (3.7) when we choose £ = R" x {0} ~R"
and u = ¢. Note also that by (A.1) ¢ satisfies

Kg(y', x') =

||¢||Cl+x+oc(3r) < 8 (A4)

when r is small enough. Using this notation we may write
M(y,l) u(x, t)d,Hn_ ’ > " o1 D WK (V. xYdV
c(l A= [ Y D00 — G 0) 1+ QDO K (XD d
B

Let us define w(x', ) = ¢(4|x'|)u(x’, r) and extend ¢ to R” such that (A.4) holds in R”. Then we have by (A.2)
and by the above calculations
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8zw(x/,t)=2/§(4|x/|)€(|y/|)(u(y/,t) —u(x',0)(1+ QDY) Ky (v, x) dy’

Br
+ AR DG D + (1) AS)
= 2/;“(4|x/|)§(|y’l)(u(y/, D —u@x',D)(1+ QD)) Kg(y'. x"dy
RVL
+ @I DG D)+ f(x, D).
We write
c@AXDCAY Dy 1) —ux', 1))
=W/ 0) —w&', D)y — (@YD — c@x' D)y Duly’ 1)
! ! l / ’ (A6)
= (w0 —w&, n) = 1=y ) (w0 —w', 1)
— (C@IY'D = c@xX' D)y Duy’ 1.
We recall that Q(0) = 0 and write
1
d / ! i
(14 QDPOM)Kp (v = |n+1+s /ﬁ (1+ QEDP()N)Kep (v, X)) d&. (A7)
0
By combining (A.5), (A.6) and (A.7) we obtain
dwkx’, 1) = A%w(x/, D+ F,t)—Ga(x,t) — Ga(x,t) + C(@x'D(G1(x', 1) + f(x', 1)) (AS)
wx’,0)=0, '

where

d
F( 1) =2 / / (w0, = 0. 0) J (1 QEDB( N Kep o' )) '

0 R~

Gax,1) = 2/ (1=cqyD)(wO, 0 —wi',0)(1+ QDS (YN)Kp (¥, x") dy’
Rn

and

Gi(x, 1) = 2/ (@YD = c@x D)UY Duy, (14 QDG () Kp (¥, x) dy'".
Rn
We need to estimate the C%-norms of F, G, and G3. Note first that trivially [|[w(-, £)|lcr®rry < Cy llu(-, Hllcr(s)

for all y € (0, 1). Since (1 — ¢(|y’|)) vanishes for |y’'| <r/2 and w(y’, t) vanishes for |y’| > r/4 we have, similarly as
with (A.3), that

sup ||G2(, Dllcawny < C sup |u(, Dllce(x)- (A9)

O<t<T O<t<T

Next we recall that by Remark 4.6 and by (A.4), Lemma 4.4 and Lemma 4.5 hold also for ¥ = R” and K. Hence,
we conclude by Lemma 4.4 that

sup [|G3(, Dllca@ny = C sup [[u(:, D)|lcsta(s)- (A.10)

O<t<T O<t<T

Similarly we observe that the term F is of type (4.12) with v = w(-, ) and u = ¢. Therefore (4.13) and (A.4) yield

1FCDllcoe@ny < CSllw(, D)l cr+s+ern (A.11)
for every t € (0, T].
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We conclude by (A.3), (A.8), (A.9), (A.10), (A.11) and by Theorem A.1 that

sup [[w(, )l cr+s+arny < C8 sup [Jw(, D|cr+s+arny +C sup ([1fC,Dllcez) + [luC, Dlleste(s))-
0<t<T 0<r<T 0<t<T

When 4§ is small we have

sup [[w(, D)llcrestarey <C sup (1F G Dllcxmy + [ul, Dlles+e(s))-
O<t<T O<t<T

Note that ||u(-, l)”cl+s+oz(2r]cr/8) < Cllw(:, 1)l ¢r+s+a(rny for every ¢ € (0, T]. Therefore since X is compact we obtain
by standard covering argument

sup [u(, )llcr+s+asy = C sup ([[fC, Dllcemy + ul, Dlles+a(s))- (A.12)
O<t<T 0<t<T

By the interpolation inequality in Lemma 2.1 and by the second inequality in Theorem 2.2 (recall that ug = g = 0) we
have for all € (0, T]

N, Ol es+acsy < Slul, Dl crestasy + Collu (-, Dl cocsy
<8 )l erasraqmy + CT sup [LFC0lleogs-
O0<t<T

The claim then follows from (A.12) by choosing é small. O
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