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Abstract

In this paper we address nonlocal vector variational principles obtained by substitution of the classical gradient by the Riesz
fractional gradient. We show the existence of minimizers in Bessel fractional spaces under the main assumption of polyconvexity
of the energy density, and, as a consequence, the existence of solutions to the associated Euler—Lagrange system of nonlinear
fractional PDE. The main ingredient is the fractional Piola identity, which establishes that the fractional divergence of the cofactor
matrix of the fractional gradient vanishes. This identity implies the weak convergence of the determinant of the fractional gradient,
and, in turn, the existence of minimizers of the nonlocal energy. Contrary to local problems in nonlinear elasticity, this existence
result is compatible with solutions presenting discontinuities at points and along hypersurfaces.
© 2020 L’ Association Publications de 1’Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In the last years there has been a renewed interest in variational problems involving the so-called Riesz s-fractional
gradient, which for a function u € CZ°(R") is defined as

u(x) —u(y) x—y

n
ey oy R @

D u(x) =cp s pv, /

R

where pv, stands for the principal value centred at x, and ¢,  is a suitable constant. In the recent references [32,33],
variational principles for functionals depending on this fractional gradient are addressed, as well as the fractional
PDE derived from those as equilibrium equations. The authors consider typical calculus of variations problems, with
standard growth conditions in which the classical (local) gradient is substituted by D*u. This naturally leads to the
consideration of the space
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H*P(R")={ueLP(R") : D'uecLP(R",R"}.

It is also of interest the affine subspace of functions verifying a complement value condition; to be precise, given
g € H*P(R™) and a bounded domain 2 C R”, we consider

Hy?(Q) ={ue H*PR") : u=ginQ°},

where Q€ stands for the complement of €2 in R”. References [32,33] deal with integral functionals of the form

I(u) = / W(x,u(x), Du(x))dx 2
Rn

with p-growth conditions, and prove the existence of minimizers in H ; 'P under the fundamental hypothesis of con-
vexity of W in the last variable, as well as natural coercivity conditions. Taking advantage of the fractional framework
and the properties of Riesz potentials and Fourier transform, they also show some remarkable results on the functional
spaces H* P, including a fractional Sobolev-type inequality, the compact embedding into L? and the equivalence with
Bessel spaces (see [1,38,28]). The book [26, Ch. 15] also pays attention to the s-fractional gradient, providing a proof
not based on Fourier transform of a fractional fundamental theorem of calculus, also proved in [32], which is used for
showing a Sobolev type inequality from H*? to L?. Another reference also dealing with the fractional gradient in the
case p = 11is[29].

Even more recent references are [8,35]. In [35], the s-fractional gradient together with the s-fractional divergence
are studied in a systematic manner. Several important properties are given, such as the uniqueness up to a multi-
plicative constant of the fractional gradient under natural requirements (invariance under translations and rotations,
homogeneity under dilations and some continuity properties in an appropriate functional space), and some fractional
calculus rules. The results in [35] established, both from a mathematical and physical perspective, what was pointed
out earlier in [32,33,26], namely, that the s-fractional gradient is the natural definition for a fractional differential
object. We agree with the previous references on the claim that the s-fractional gradient deserves more attention in
the literature, and likely there will be both more theoretical studies and applications in different contexts. In [8], it is
addressed the space of functions # whose total fractional variation is finite, naturally leading to the definition of the
space BV*(R") and to an s-fractional Caccioppoli perimeter concept. Several interesting results are shown, includ-
ing a continuous embedding of fractional Sobolev spaces into BV*, a Sobolev-type inequality, a coarea formula, an
s-fractional isoperimetric inequality and a natural s-fractional analogue of De Giorgi’s notion of reduced boundary.

The definition of the fractional gradient (1) has an important drawback when thinking about certain applications,
for instance, in nonlocal solid mechanics, since it requires an integration in the whole space for the computation
of the gradient. This is somehow meaningless in those contexts and, in addition, makes it difficult the extension to
more realistic boundary conditions. In [24], a definition of a nonlocal gradient in bounded or unbounded domains, for
which (1) is a particular case, is introduced. Moreover, the localization of this nonlocal gradient when the nonlocality
parameter (horizon) § goes to zero is analyzed, showing the convergence to the local gradient in different topologies.
For a domain € C R”, the nonlocal gradient is defined as

Dg,auu):pvx/”(")_”(” =Y ps(x — y)dy, 3)
Q

lx =yl |x—yl

where the function pg, typically radial, is an integral kernel reflecting the forces of interaction exerted by particles
separated by a positive distance smaller than §. Typically ps vanishes outside the ball of radius § centred at the
origin. The oldest references we are aware of regarding nonlocal gradients of this kind used for models in continuum
mechanics are [13,12], where a nonlocal model of elasticity was proposed. More recently, a nonlocal alternative
theory in solid mechanics, named peridynamics, has been proposed in [37,36]. The development of peridynamics in
the last years has been impressive; however, most of the work until now concerns linear elastic models. In [22,23],
a linear elasticity model in the context of peridynamics is rigorously studied, proving the existence and uniqueness
of solutions and their convergence to the local Lamé system of linear elasticity as the horizon goes to zero. In these
references a projected version of nonlocal gradient (3) is used in the context of the so-called state based peridynamic
model. Another interesting approach going from a nonlocal peridynamic framework with finite horizon to a nonlocal
fractional situation with infinite horizon in the linear case, appears in the recent references [19,30,31]. It is also worth
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mentioning [14], where both the ill- and well-posedness of the classical Eringen model of nonlocal elasticity are
addressed.

In this investigation we deepen in the existence issue for vector variational problems involving the s-fractional
gradient, as well as the PDE derived from those as equilibrium conditions. Thus, we consider the more difficult
vectorial case under conditions weaker than convexity. To be precise, we establish the existence of minimizers in
H* P under the polyconvexity assumption of the integrand. Polyconvexity is a central notion in calculus of variations,
with essential implications on the existence and stability of solutions in solid mechanics, and particularly in elasticity
[2,9]. In order to obtain our results, we follow the usual steps as for classical polyconvex variational problems, namely,
we show that the determinant (or any minor) of the fractional gradient matrix D®u is continuous with respect to weak
convergence in H*-?. Similarly to the classical case, we need a fractional version of the Piola identity, highlighting
this as the key ingredient and the most remarkable contribution of this work. In this new situation we follow [24] to
define a fractional divergence and establish an integration by parts formula (see also [26,35]). We adapt the techniques
developed there for some spaces of nonlocal type to our H*'? spaces. More concretely, as in (1), the Riesz s-fractional
gradient of a vector field # : R” — R" is

ux) —uly)  x-—y
lx —y|"ts T jx—y

R~

D u(x) =cp spv, dy, x eR",

where ® denotes the tensor product, and the Riesz s-fractional divergence of a vector field ¢ : R” — R” is defined as

YO +YG) x—y

lx — "t |x =y

div® ¥ (x) = —cp s PV, dy, x eR".

Rn

As mentioned above, we prove the fractional Piola identity Div® cof Du = 0 (where Div’ means the s-divergence
by rows), then we show the weak continuity of det D’u, the weak lower semicontinuity of polyconvex functionals in
H* P and finally we settle the existence of minimizers for (2). We believe that the fractional Piola identity is a result
of interest in itself. On the one hand, it may serve to show analogous versions in the fractional or nonlocal situations
of classical results in whose proof the Piola identity is invoked, as for instance, the change of variables formula for
surface integrals. On the other hand, it may also be useful in other fractional or nonlocal models in different contexts,
such as fluid mechanics [11]. Furthermore, an extension to a nonlocal Piola identity for nonlocal gradients defined on
bounded domains (see (3)) is easy from the proof we provide here in the fractional framework.

In the last decade there has been a great deal of work on fractional PDE of elliptic type involving the fractional
Laplacian in some way. Our results here enlarge this theory by giving an existence result of minimizers of nonlinear
fractional vector variational problems based on polyconvexity, which implies, in turn, an existence result of solutions
to nonlinear fractional PDE systems. The amount of references on nonlocal equations and fractional Laplacian is
overwhelming, so for situations related to this work we just cite the survey [27], the paper [33] and the references
therein. On the other hand, we would like to point out the relationship of our study with nonlocal elasticity and
peridynamics. As mentioned above, the variational principle considered in this paper is not an appropriate model in
solid mechanics, but a version in bounded domains of the functional (2) involving the nonlocal gradient (3), satisfying
additional requirements in order to be physically consistent, fits into the peridynamics state-based model for large
deformations [36]. Whereas in H*”(R"), the structural functional analysis facts necessary to prove an existence
theory for functionals like (2) are known (continuous and compact embeddings into L?), those are still unknown for
an analogous version of this space in bounded domains. In this sense, and since the proof provided for the fractional
Piola identity may be adapted in a more or less straightforward way to bounded domains, we think this study may
be seen as a first step towards a rigorous mathematical theory of nonlocal hyperelasticity. Furthermore, one primary
interest for us is that H*? is larger than W7, and functions in H*? may exhibit singularities prohibited in W7,
as we point out in Section 2. We would like to emphasize that, contrary to classical elasticity, both singularities along
points (cavitation) and hypersurfaces are compatible with the existence of solutions in H*'? (see Theorem 6.1). This
seems to indicate that the L” norm of D*u not only contributes to the elastic energy, but also to a kind of surface
energy, since the latter is necessary in the modelling of such singularities (see, e.g., [4,25,10,18]).

The outline of the paper is the following. Section 2 introduces the functional space of fractional type H*-?(R") and
its main properties. We also include examples of functions exhibiting singularities belonging to these spaces but not to
Sobolev spaces. Section 3 contains some calculus facts in H*?, such as the formulas for the fractional derivative of a
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product and the fractional integration by parts. In Section 4 we prove the fractional Piola identity. Section 5 shows the
weak continuity of minors in H*'”. Finally, in Section 6 we prove the existence of minimizers of (2) for polyconvex
integrands, and obtain the associated Euler—Lagrange system of fractional PDE.

2. Functional analysis framework

This section introduces general properties of the functional space H*'?. We start by setting the definition of prin-
cipal value. Given a function f : R” — R and x € R” such that f € LY(B(x,r)°) for every r > 0, we define the
principal value centred at x of [, f, denoted by

pVx/f or pVx/f,
R

as

whenever this limit exists. We have denoted by B(x, r) the open ball centred at x of radius r, and by B(x,r)¢ its
complement. As most integrals in this work are over R”, we will use the symbol | as a substitute for fR"'
The s-fractional gradient is defined as follows.

Definition 2.1. Let u : R” — R be a measurable function. Let 0 < s < 1 and x € R” be such that

/ Iu(x)—lb;iys)ldy<oo (4)

lx—y
B(x,r)¢
for each r > 0. Set
+s—1
r(=5=)

ﬂ221sl"( )

crs=—(m+s—1)

where T is the Euler gamma function. We define D*u(x), the s-fractional gradient of u at x, as

u) —uy) x—y

D’u(x):=cuspv
R A e P

whenever the principal value exists.

We note that, due to symmetry,

/Ix— =0

and consequently, the equality

u(y) x-—y

Dfu(x) = —c \%
V== P [ e =

(&)

holds. Notice also that the constant ¢, s is negative.
Definition 2.1 naturally extends to vector fields. Given u : R" — R measurable such that (4) holds for each r > 0,
its s-fractional gradient is

ux) —uly) x-—y
[x —y["ts 7 x =yl

D u(x) = cp s pvy

whenever it exists. Here, ® stands for the tensor product of vectors. Given s € (0, 1) and p € (1, 00), we define the
space H*? as



J.C. Bellido et al. / Ann. 1. H. Poincaré — AN 37 (2020) 955-981 959

HSP(R",R™) := {u € LP(R") : D’u € L (R", R"™™)},

and we denote H*?(R") = H*?(R",R). We will study complement value problems (as in, for example, [16]), so we

are interested in the case in which functions are prescribed in the complement of a given set. Thus, given an open set
Q CR" and g € H*P(R",R™), the space Hy'”(Q, R™) is defined as

Hg’p(Q, R™) :={ue H*’(R",R™) :u =g in Q°}. (6)

The space H*'?, together with the s-fractional gradient as a mathematical object, was introduced and studied in

[32,33] (see also [26, Sect. 15.2]). The first remarkable fact is the identification of H*'? with the classical Bessel

potential spaces (see [1,38,28]) established in [32, Th. 1.7]. Thanks to this equivalence, and rewriting well-known

properties for Bessel spaces in terms of H*'” spaces, we obtain several basic properties that we summarize in the
following proposition (see [, Ch. 7, p. 221]). We denote by < continuous inclusion.

Proposition 2.1. Set 0 <s <1 and 1 < p < oo. Then:

a) C(R™) is dense in H*P(R").

b) HSP(R") is reflexive.

c) Ifs<t<landl<qg<p< ﬁ, then H4(R") — H%P(R").
d) If0<p<s—" then H*P(R") — CO~(R™).

e) If p =2, then H>*(R") = W*2(R") with equivalence of norms.

) If0<s| <s <sp <1then H2P(R") — WSPR") — H-P(R").

We have denoted by W*? the classical fractional Sobolev space. Although they will not be used in this paper, they
were mentioned in Proposition 2.1 to help locate the spaces H®'? in a more familiar scale of regularity. We have also
denoted by C%* the space of Holder continuous functions of exponent /.

An essential tool for obtaining existence of minimizers for variational functionals is a Poincaré-type inequality.
Collecting together several theorems present in the literature, we state the following result, which is not optimal but
suitable for our purposes. Henceforth, given p > 1 and 0 < s < 1 with sp < n we define p* := %.

Theorem 2.2.Set 0 <s <1 and 1 < p < o00. Let Q@ C R" be a bounded open set. Then there exists C =
C(2|,n, p,s) > 0 such that

lullra@) < ClIDullLr R
forallu € H*?(R"), and any q satisfying

qe[l,p*] if sp <n,
gell,o0) ifsp=n,
qgell,o0] ifsp>n.

The case sp < n is an immediate consequence of [32, Th. 1.8], where the continuous embedding of H*'”(R") in
LP (R™) is shown. Case sp = n is a consequence of [32, Th. 1.10], where it is proved in this context the version of
Trudinger’s inequality, which implies the embedding of H*?(R") in L;’OC(IR") for all g € [1, 00). Finally, the case
sp > n is a consequence of Proposition 2.1 d).

The following result decides which of the embeddings of Theorem 2.2 are compact. We will indicate by — weak
convergence.

Theorem 2.3. Ser 0 <s <1 and 1 < p < o0o. Let 2 C R" be open and bounded and g € H*P (R"). Then for any
sequence {u;}jeN C H;’p(Q) such that

uj—u in H>P(R"),
for some u € H>P (R™), one has u € Hg‘p(Q) and

uj—u in LY9(R"),
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for every g satisfying

qe[l.p*) ifsp<n,
qgell,o0) ifsp=n,
qg €ll,00] ifsp>n.

Case sp < n is actually [33, Th. 2.2]. Case sp = n follows from the former having in mind Proposition 2.1, part c)
or else part f). Finally, the case sp > n is a consequence of Proposition 2.1 d) and the compact embedding of C%#(Q)
into C(2).

It is worth mentioning that case p =1 is intentionally avoided. First, because the original statements of Proposi-
tion 2.1 and Theorems 2.2 and 2.3 exclude this case, and, second, because we are concerned with a general existence
theory that requires reflexive spaces.

2.1. Examples of functions in H*P (R")

One of the motivations of this study is to propose an existence theory formulated in spaces wider than classical
Sobolev spaces. As a consequence of Proposition 2.1 f), classical Sobolev spaces are continuously embedded in H*?
spaces. Further, we are interested in functions that belong to H*? but not to W17, Necessarily, those functions must
exhibit some type of singularity. We focus on two important singularities in solid mechanics: discontinuities along
hypersurfaces and at a single point. The later corresponds with the paradigmatic case of cavitation. For simplicity, we
study as a model for singularities along hypersurfaces a function whose first component is the characteristic function
X o of the unit cube Q, while the other components are CS° functions. As a model for singularity at a point, we study
a radial function of compact support exhibiting one cavity at the origin. In both examples the functions have compact
support: this simplifies the analysis since it avoids the issue of the integrability at infinity, and, hence, allows us to
focus solely on the singularity.

We start with the case of singularity along a hypersurface. There is an extensive literature on when the characteristic
function of a set (especially, of an open bounded Lipschitz set) belongs to a functional space of fractional regularity
(see, e.g., [39,28,34,21,15]). We exploit those results to give a quick proof of the following lemma.

Lemma 2.4.Set0 <s <land 1 < p <oo. Let Q = (0, 1)" and @3, ..., pp € C°(R™). Define u = (xg, 2, ..., ¢n)-
Then

1 1
ue H*P(R",R") if p<—-, and u¢H*PR",R") if p>—.
s N

Proof. As C°(R") C H*P(R") (we will show this in Lemma 3.1), we have that u € H*7(R",R") if and only if
X0 € Hs,p(Rn)‘

The fractional Sobolev space W*7 coincides with the Triebel-Lizorkin space F), , and with the Besov space B;, ,
(see, e.g., [39, Sect. 2.3.5] or [28, Prop. 2.1.2]). This result together with [28, Lemma 4.6.3.2] shows that xp € W*?
if and only if sp < 1. Proposition 2.1 f) concludes the proof. O

For the case of cavitation, the result is the following.
Lemma 2.5. Set 0 <s <1and 1 < p <oo. Let ¢ € CZ°([0, 00)) be such that ¢(0) > 0, and u(x) = é—|¢(|x|). Then

we H"P(R"R") if p<". and  ugH"P®R".R") if p>".
s S

Proof. It is well known that u € W4 (R™, R"™) whenever 1 < g < n (see, e.g., [3, Lemma 4.1]), and therefore u €
H"9(R",R") forany 0 < < 1 and 1 < g < n. Applying now Proposition 2.1 ¢), we have that u € H*?(R", R") for
any s € (0,¢) and p € [gq, ﬁ]. Now we observe that the set of (s, p) € R? such that there exist q € (1,n) and
t € (0, 1) for which s € (0,¢) and p € [gq,
Therefore, u € H>? (R",R") if p < %

ﬁ] is precisely the set of (s, p) such that s € (0, 1) and p € (1, 2).
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On the other hand, when p > <, by Proposition 2.1 d), H*?(R", R") functions are continuous. Since  is discon-
tinuous, u ¢ H*P(R",R")if p>%. O

3. Calculus in HS:?

In this section we present some calculus rules of nonlocal functionals related to H®”, notably, an integration by
parts formula.
We start with a sufficient condition for the s-fractional gradient to be defined everywhere.

Lemma 3.1. Let 0 <o < s < 1 and ¢ € CO*R") N CO(R"). Then

ceR” |x _ y|n+s

If, in addition, ¢ has compact support then D*¢ € L™ (R"), for every r € [1, o0].

Proof. Let L and C be, respectively, the Lipschitz and «-Holder constants of ¢. Then, for every x € R”,

lp(x) — () L ¢
TR / oyt / e

B(x,1) B(x,1)¢
L C
= / |Z|n+sfl dz + / |Z|n+sfa dz < 0o.
B(0,1) B(0,1)¢

This means that D¢ € L*°(R").
Next we are going to see that D¢ € L' (R") when ¢ has compact support. Denote by F the support of ¢. Then

where

A ;:/ Mdydx, B ::/ Mdydx.

lx — y[r+s lx — y[rs

. px)—p(y) x—y dy
P =yt x =yl

dx <|cps|(A+ B),

FL'
Now, we observe that, applying Fubini’s Theorem and (7),

A:/ |<p(X)—<p(y)ldxdy<oo. @)
|x_y|n+s

We notice that |¢(x) — ¢(y)| =0 for every (x, y) € F¢ x F€. Therefore, applying again (7) we get

B=/ I¢(X)—¢(y)|dydx5/ Iw(X)—w(y)ldydx . ©)

|)C _ y|n+s |)C — y|n+s
Fe
As a consequence of (8) and (9), D*¢ € L'(R"). Finally, through a standard interpolation argument, we get that
D¢ e L"(R") forall r € [1,00]. O

Lemma 3.1 implies, in particular, that D*¢ is defined everywhere for ¢ € C O RMHYNCOY R and 0 <o <5 < 1.
It also shows that Cc1 R™) c H>P(R") forevery0 <s <land 1 < p < o0.
The following result defines a nonlocal operator related to the s-fractional gradient.

Lemma 3.2. Let 1 <g <ocoand 0 <a < s < 1. Let ¢ € CO*(R") N C*Y(R") and k € N. Then, the operator Ky:
L4(R", RF*") — L4(R", R¥) defined as
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_ @(x) —@(y) x—y
K(p(U)(x)—Cn,s e — y|rts U®y) x— |

dy, a.e. x € R",

is linear and bounded.
If, in addition, ¢ has compact support then K, is bounded from L4 (R", R¥*m) 10 LP(R”, RK) for all p € [1, q).

Proof. Let U € L4(R", R¥*"). We denote by C a positive constant that does not depend on U and whose value may
vary along the proof. For a.e. x € R"” we have

1K, (U) ()| <|cm|/M|U<y)|dy,

|n+s

SO

Ko@) =207 e |7 (3 + (), (10)
with

q q
= [ wgia ]| L ww=| [ EEE e
|x — y|*ts |x — y|nts
B(x,1) B(x,1)¢

Let L be a Lipschitz and an «-Holder constant of ¢. Then, using that ¢ is Lipschitz and applying Holder’s inequality,
we get

q q

B B Il =

|x_y|n+s—l |Z|n+s—1
B(x,1) B(0,1)

g—1

U (x —2)| 1 |U(x —2)|
SLq / |Z|n+x—1 dz / |Z|n-~—s—1dZ =C / |Z|n+x—1 dz

B(0,1) B(0,1) B(0,1)

Integrating,

|U(x —2)|? 1
/ (X)dX<C/ / | |n+s 1 —————dzdx=C / W/“](X—Z)dedz
B(0,1)

=ClUl}

Y

1
L4 (R? Rkxn) / WT C ”U”Lq(R" Rkxny
B(0,1)

As for the term £, using that ¢ is ¢-Holder and applying Holder’s inequality,

I / vl

|x _ y|n+sfot

q

B(x,1)¢
q—1

U (x —2)|1 1 U (x —2)|
=L / e e =€ | Tpmme %

B(0,1)¢ B(0,1)¢ B(0,1)¢

Integrating,

/h(x)dx— // We =l av=c / %/w(x—z)wdxdz
| |n+s o |Z|n+s o

B(0,1)¢ B(0,1)¢

12
| 12)
=C ”U ||Lq(Rn Rkxn) W <C ”U ”L‘I(R" Rkxny

B(0,1)¢
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Putting together (10), (11) and (12) we obtain

” K (U) ”L‘I(R” Rk) = =C “U”Lq(]R” ]kan) ’

and the first part of the proof is finished.
Next we are going to see that the linear operator K, : LY (R", RF*my — L1(R™, R¥) is bounded in the case ¢ has
compact support. Denote by F the support of ¢. Then

/\Kgo(U)(x)!dxs lens| (A+ B, (13)

//Iqo(x) |<siys)| Uo)ldydx, B _//W’(x) |‘fg)| \UG)|dy dx.

Now, we observe that, applying Fubini’s Theorem, Ho6lder’s inequality and Lemma 3.1,

where

1/q
lp(x) — w(y)l
A</|U( )I/ s dxdy<C U1 dy =C|Ullg®rnRExn) - (14)
F
We notice that |¢(x) — ¢(y)| =0 for every (x, y) € F¢ x F¢. Therefore, applying Holder’s inequality and Lemma 3.1
we get
lp(x) — (I
5= / Ul dy ds
F F¢
1/q 1/q
lp(x) —(y)I lp(x) —p(y)l
VA= / e VO |
F \Fc¢

/ /Ifﬂ(x) l‘fji?'ww o)

Using again Holder’s inequality, Lemma 3.1 and Fubini’s Theorem, we obtain

1/q

B=c //Wx) o) — 0D iy ayax | 1Fe

|n+s

1/q 1/q (15)

o) eI
=C /IU( )I"/ s dy =C /IU(y)quy < ClUlLown RExny 5
FL‘

where | F'| denotes the measure of F. Inequalities (13), (14) and (15) lead us to
” KQO(U)”LI(]Rn,]Rk) < CIU | LgRr RExny -

Finally, through a standard interpolation argument, we get that K, is bounded from L4 (R", RK>my to LP(R", R¥) for
allpell,q]l. O

As a consequence of Lemma 3.2 and a general result, the operator K, is continuous from the weak topology of
L4 (R", RF*™) to the weak topology of L4 (R”, R¥) and, in the case of a ¢ of compact support, from the weak topology
of L4 (R", R¥*™) to the weak topology of L”(R", R¥) for all p €[1, ¢].

The next lemma finds out the spaces where the sequence {D°u;} is convergent, provided that {u ;} is convergent
in HP.
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Lemma3.3. LetO <s <land 1 < p <oo. Letu € H*P(R") and let {uj} jeny C H*P(R") be a sequence converging
to u in HSP(R"™). Assume that there is a compact K C R" such that Uj‘;l suppu; C K. Then D’uj — Du in
L"(R") for every r € [1, p].

Proof. By linearity, we can assume that u = 0. Call Kp = K + B(0, 1). Then

L )
”DS”J'“LI(]Rn) = “DS”f'”Lp(KB) |Kp|”" + ||D$”j “Ll(Kg)’ (16)

where |K p| denotes the Lebesgue measure of K g, and p’ is the conjugate exponent of p.
On the other hand, for every j € N, we use Fubini’s Theorem and Holder’s inequality to get

. uj(x) —uj(y) x — Iu/(X) uil
||Dsuj|}L1(K;;):|C”’S|// x —y|rts x—y |dy dx = |cn,s] — y|nts
K§ K

K Kg

i 7)

1
p
_ P 1
o[ [ ) ([ ) o
xX—=y xX—=Yy
K K

Now, for every y € K we have Ky —y C B(0, 1)¢, so

1 1 1
/|x—y|"+f dx= / s 2= / s 42 = 00
£

KS—y B(0,1)¢

Now, we will use C to denote a constant (depending on n, s and K') which can vary through the proof. So, continuing
from (17) and applying Holder’s inequality again, we obtain

p

. — p
||Dsuj|}L,(K§)§C/ dedy <C|uj|

|x — y|rts W%"D(R") <C ”u] ” HSp (R

K K§
where we have used Proposition 2.1 f) in the last step. This inequality, together with (16), leads to

| D, ”LI(R") = C lu; ||HS-P(R") -9,

by assumption. Finally, through a standard interpolation argument, we obtain the convergence D°u; — 0 in L"(R")
foreveryr € [1, p]. O

Now we introduce a product formula for the s-fractional gradient. We denote by [ the identity matrix of dimen-
sion n.

Lemma34.let0<s<land 1 < p <oo. Let g€ H*P(R") and ¢ € Ccl(R”). Then g € H*?(R") and for a.e.
x eR",

D*(pg)(x) = p(x)D°g(x) + Ky (g1)(x).

Proof. Clearly g € L? (R"). Now, for a.e. x € R"” we have
(pg)(x) — (pg)(y) x —y

D*(9g)(x) = cps PV,

|x — y|nts lx — ¥l
_ / Px)gx) —e(x)g(y) +o(x)g(y) —e()g(y) x —y
= Cp,s PVy
’ [x — y|rts lx — yl

=(x)D*g(x) + Ky (gD)(x).
The term ¢ D®g isin L?(R", R") since ¢ € CC1 (R™), while the term K, (g/) isin L?(R",R") by Lemma 3.2. O
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Inspired by [24] (see also [26]) we introduce the s-fractional divergence div®.

Definition 3.1. Let ¢ : R” — R” be measurable. Let 0 < s < 1 and x € R” be such that
/ | (x) +¢(y)|d
— a4y <

|x _ y|n+s
B(x,r)¢

for each r > 0. The s-fractional divergence of ¢ is defined as

o) +od(y) x-—y J

div’ ¢ (x) := —cp s pv . ,
" lx —y|t x -y

X

whenever the principal value exists.

Analogously, if M : R" — R"*" is such that its rows satisfy the assumptions of Definition 3.1, we denote by
Div® M the column vector-function whose components are the s-fractional divergences of each row of M.
Similarly to what happened with the s-fractional gradient (see (5)), by symmetry, we have that

¢(y) x—y

—yIt =y

div® ¢ (x) = —cp s pvx/ (13)
|x

An initial property of the s-fractional divergence is the following, which states that it is well defined if and only if
so is the s-fractional derivative. Its proof is analogous to that of [24, Lemma 2.3], and, hence, it will be omitted.
Lemma 3.5. Let u : R" — R be measurable and let x € R" be such that u(x) is defined and finite. Then

v u(x) +u(y) xj — i
)=yt jx —y

exists and is finite if and only if

u(x) —u(y) xi —yi
Lol — s qx —yl

exists and is finite. Moreover; in this case,

M(x)+M(J’)xi—)’id I u(x) —u(y) xi — i
=y =y TP T e =y

—Cn,s pvx

The most important fact relating the s-fractional gradient and the s-fractional divergence is the integration by parts
formula. The proof of this result follows the lines of [24, Th. 1.4].

Theorem 3.6. Let 0 <5 < 1. Letu € LL _(R") be such that

M dydx < oo, (19)
[x — y|nts

for every compact K C R". Then D’u € LIIOC(R", R"™) and for all ¢ € Cg R™, R™),

/Dsu(x)-qb(x)dx=—/u(x)divs¢>(x)dx.

Proof. Assumption (19) implies that D’u exists a.e. as a Lebesgue integral and D’u € LlloC (R*, R™), we have

/D‘Yu(x)~¢(x)dx=cn,s//u(x)_u(y) Y 7Y () dydx. (20)

[x — y["+s |x =yl

On the other hand, as ¢ € CC1 R",R"™), by Lemma 3.5,
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/u(x)dlv ¢(x)dx—cns// (x )¢(x)+|‘fg) Y dydx. 21)

lx — ¥l

Thus, it suffices to establish the equality of the right hand sides of (20) and (21); in fact, we will establish the equality
of the double integrals in the domain D; := {(x, y) € R” x R" : |x — y| > §} for each § > 0. We have

//u(x)—uiy) XY () dydx // M(X)d)(i) Xy dydx—// u(y)cb(i) 2TV v,
e =" x yl e —=y"™ x =yl x = y"™ x =yl
Ds Ds
If we interchange now the roles of x and y in the second integral, using the symmetry of Ds, we have
_// u(y)aﬁ(ﬁ) XYy dydx:// u(x)¢(ﬁ) 2TV v,
e =y |x =yl lx =" x =yl
Ds Ds

and therefore

] = swayds = [fun EEEEE I ayas,
D,

lx — y[*+ fx =yl N
whence the equality of the right hand sides of (20) and (21) follows. O
As in Lemma 3.4, the following result computes the s-fractional divergence of a product.

Lemma 3.7.Let 0 <s <land 1 < p <oo. Let g € H*P(R",R") and ¢ € CC1 (R™). Then pg € H*?(R",R") and
fora.e. x € R",

div’ () (x) = p(x) div’ g(x) + K, (g") (x).
4. Fractional Piola Identity

In this section we introduce a fractional version of the Piola Identity. This is the main step in order to prove
the existence of solutions for our fractional energy, since it will allow us to prove the weak continuity in H*? of
the determinant of the s-fractional gradient. Recall that the classical Piola identity asserts that, for smooth enough
functions u :  C R"” — R” one has Divcof Du = 0. Of course, cof denotes the cofactor matrix, which satisfies
cof A AT = (det A) I for every A € R"*",

Contrary to the classical case, the proof of the fractional Piola identity is not trivial even for smooth functions.
Indeed, the classical proof cannot be reproduced in this case as it relies on Leibniz’s rule and symmetry of second
derivatives. Notice that Lemma 3.7 prevents all the terms of the second derivatives from being cancelled as happens
in the classical case. In the next lines we sketch a possible proof of this identity in order to find out the difficulties.
We emphasize that the next argument is formal in order to illustrate the difficulties for proving the fractional Piola
identity. The main assumption we make is that all integrals involved are absolutely convergent without the need of the
principal value, so that we can apply Fubini’s theorem. Starting from (5), we have

Diu(x) = —c, /| u(lyn)-H-H (x —y)dy

For simplicity in the calculations, we set n = 2, the simplest case. Then the first row of cof Du(x) is

uz(y) ur(y)
</ lx — yl’”r“rl —a)dy. = /Ix |n+s+1 _Y1)dy>’

and, using (18), the first component of Div® cof D*u(x) is

/[/ . uzfﬁm —zz)dz(xl—yn—/'y_”i%(yl—m)dz(xz—yz)]dy

det (x — Z)
MZ(Z) W dy dz.



J.C. Bellido et al. / Ann. 1. H. Poincaré — AN 37 (2020) 955-981 967

Now, for every x and z,

det(x —vy,y—2) det(x —y—2z,9) det(x —z,y)
pvx/—dy:pvx/—dy:pvx/idyzo (22)

|y =z |yt [y[rstt

because of the odd symmetry of the integral. Notice that the integrals in (22) are not defined as Lebesgue integrals.
The real proof will consist in making these calculations rigorous for arbitrary dimension n. The underlying reason of
why the fractional Piola identity is true is that det D°u is a sort of null Lagrangian in the sense that, for any n > 2, the
integral

det(x —ay,...,x —ay) J
pv |x_a1|n+s+1...|x_an|n+s+l X

is zero. This is a consequence of the fact that the determinant is an alternating multilinear form, as well as that det Du
is a classical null Lagrangian. However, as we will see in Lemma 4.1, the previous integral is not defined as a proper
integral but as a principal value centred at points ay, ..., a,, and this will cause technical difficulties in the proof.

We start by reviewing a version of the change of variables formula for surface integrals (see, e.g., [25, Prop. 2.7]).
Let I" be an oriented (n — 1)-dimensional magifold with continuous unit normal field v. Let 7 : R” — R” be affine
and injective, with corresponding linear map 7'. Let g : R” — R” be smooth. Then
cof Tv (T~

————dS(x),
|cof Tv(T~1x)|

/g(Tx)-cofTv(x)dS(x)z / g(x) -

r T(I)

where d§ denotes the surface element. Now assume that 7" is a symmetry across a hyperplane, so T-'=T, detT =
—1and T-1 =T =TT = —cof T. Therefore,

—/g(Tx)-f‘v(x)dS(x):— / g(x) - Tv(Tx)dS(x).
r T()
Thus
/f’g(Tx)~v(x)dS(x)= / Tg(x) - v(Tx)dS(x).
r (D)

As this is true for every g, we have that

/g(x)-V(x)dS(X)=/g(TX)-V(TX)dS(X), (23)

r T(I)

which is the formula we will use in Lemma 4.1.
In this and the next sections we will employ the following notation for the submatrices.

Definition 4.1. Let k € N be with 1 <k <n. Consider indices 1 <ij <---<ip<nand1<jj <--- < jr <n.

a) Wedefine M = M;, _i.j,..j - RV — R¥*k ag the map such that M (F) is the submatrix of F € R"*" formed

.....

by the rows iy, ..., iy and the columns ji, ..., jk.
b) We define M = M;, i, jy....j. : RE*¥ — R"™" as the map such that M (F) is the matrix whose rows iy, ..., i
and columns jy, ..., jr coincide with those of F', whereas the rest of the entries are zero.

c) We define N = N,
I,...,10-

d) We define N = N,'l ,,,,, i R¥ — R" as the map such that 1\_/(1)) is the vector whose entries i, ..., iy coincide with
those of v, whereas the rest of the entries are zero.

e) Wedefine N=N;, . :R" > R"as NoN.

i (R — R* as the map such that N (v) is the subvector of v € R” formed by the entries

.....

.....
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The following formulas for the determinant will be useful. Given A € R"*", we express it as

An

where ay, ..., a, € R" are its rows. Then det A = a; - (cof A); foreach i € {1, ..., n}, where (cof A); denotes the i-th
row of cof A. Now we realize that if » € R" and

a
aj—1
A= b |,
aj+1
dn
then
det A’ = (cof A); - b. (24)

The following lemma is the rigorous version of (22).

Lemma4.1. Let k € N be with 1 < k <n. Considerindices 1 < j1 <--- < jy <nandlet N = Nj, . j bethe function
of Definition 4.1. Then there exists a continuous function G : [0, 00) x (R =1 = R such that forany ay, ..., a; € R"
and €1, ..., € > 0 we have

1—s
det(N(x —ay),..., N(x —ay)) €
dx| < 1 G(ey,ap —aiy,...,ar —ay).
/ |x —ai |n+x+1 e x — ak|n+s+1 (- _Ek)n+‘v+2
<U§:1 B(“/'fj))
Proof. We can assume that the points ay, ..., a; do not lie on an affine manifold of dimension k — 2, since otherwise

det(N(x —ay),..., N(x —ag)) =0 for all x € R".
Define i : R" \ {0} — R as
-1

h(x) = (n+s— 1)|x|n+s—l

(25)

and h; : R"\{a;} = R as h;(x) = h(x —a;), foreachi =1, ..., k. Define H : R"\{ai, ..., ax} — R¥ componentwise
as H=(hy,...,ht)T. Then

X—a

Vhi(x) T T

Call j = (j1,..., jx) and denote by D;H the submatrix of DH formed by the columns ji, ..., jx. Then, for all
x eR"\{ay,...,ar},

det(N(x —ay), ..., N(x —ay))

detD;H(x) = .
J |x_a1|n+s+1...|x_ak|n+s+1

27)

As DH € LP((UI;ZI B(aj, ej))c, ]R"X") forall p € [1, co], we have det D7 H € Ll((U’;-=1 B(a;, ej))c). Therefore,
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Fig. 1. Sets A, Ap, Az in R3.

/ detDyH = lim / det D7 H.
R— 0
(Ubei Bajep) BO.R\Uj_ B .€))
As H is smooth outside UI;'=1 B(aj, €;), we have that
det DyH = div N (hy(cof DyH))1),

where (cof Dy H); indicates the first row of cof Dy H, and N=N i1,...,ji 18 the function of Definition 4.1. Let R > 0
be big enough so that Uf’:l B(a j»€j) C B(0, R). Then, by the divergence theorem,

/ detD;jH = — / N(hi(cof DyH) 1) - vj + / N(hi(cof D;H)) - vg,
BO.R\US_, B(aj.€)) aUs, Baj.€)) dB(0,R)

where v; (x) = =4

S indB(aj,€;) for j=1,...,k, and vg(x) = % in dB(0, R). Having in mind the expressions (25)
and (26), we find that, for some constant C > 0,

B C
N(hi(cof DyH)1) - vr| = 2ot
IB(0,R)

which goes to zero as R — co. Therefore,

/ det D;H = — / N(hi(cof D;H)1) - v;. (28)
(Uszi BGajep) dUjo1 Blaj€))
Foreachi =1,...,n we set

k
Ai=09||JBj.€j) | N9B@i. €).
j=1

As a consequence of the inclusion 9 Ul;=1 B(aj,€;) C Ul;zl 0B(aj, €j), we have that

k k
o\ JBlaj.ep=]J4;.
j=1 j=1

Moreover, the (n — 1)-dimensional area of A; N A; is zero for 1 <i < j < k. Fig. 1 illustrates this situation when
k=n=3.
Next, using (24) and (26), we have that for j =2,...,k and x € dB(aj, €;),

det(N(x —a;), N(x —az), ..., N(x —ar)) _0

N(hi(cof D-H)1) -v;(x) =
J J |x—aj| |x_a2|n+s+1_“|x_ak|n+s+l
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Fig. 2. Sets Ay, Ay, A], AT and I

As aresult, recalling (28) and the inclusion A; C 9B(aj, €;), we have that

/ det DyH dx = —/N(hl(cofD]H)l) -v1dS. (29)

(U= Bajep) 4

Having in mind the expression (25), the multilinearity of the determinant and considering (24) and (26), we have
that, for x € Ay,

- 1
—N(hl(COij"H)l) . Ul(x) = m?(COfD]’H)I . N(x — a1)

_ 1 1 det(N(x —ai), N(x—ap),..., N(x —ay))

_n+s_1611+s |x_a2|n+s+1_”|x_ak|n+s+1

_ 1 1 det(N(x —ay1), N(ay —a»), ..., N(ay — ag))

_n—i-s—le;l'” |x_a2|n+x+1“.|x_ak|n+s+l

1 1 (M(cof(N(x —ai), N(ai —a2),..., N(a1 —ax))))1 1)
n+s—1 E;H_S_l lx — a2|n+s+l celx = ak|n+s+1 ’

(30)

where M = Mil,----,ik:.il,-.-,jk is the function of Definition 4.1.
Let IT; be the only hyperplane in R¥ passing through the points N(ay), ..., N(ax), and consider one of the two
unit normals 71 € R¥ to IT;. Let T} : RK — R* be the symmetry with respect to ITy, so that for every y € R¥,

Tiy=y—2(y = N(@)) -n. €29

Let m = N (1), and let IT be the affine hyperplane in R” with normal m passing through a;. Consider T : R" — R”
as the symmetry across I1. Then, for all x € R”,

Tx=x—2(x—ay) -m. (32)

Let ag41,...,a, € I1 be such that the points ay, ..., a, do not lie in an affine manifold of dimension n — 2. Define
AT ={xeA|:xdetlx —ay,ay —ay,...,a; —ay,) > 0}. Then T(Af) = AT, and AT U A, cover A up to a set of
zero (n — 1)-measure; see Fig. 2. Using the change of variables formula (23), we obtain

(M (cof (N (x —ay), N(a1 — a2), ..., N(ai — ap)))1

|x_az|n+s+l...|x_ak|n+s+1 -v1(x)dS(x)
. (33)
_ [ (M(cof(N(Tx —ap), N(a — @), ..., N(ag —a)1 (TSt
o ITx —ap|" S| Tx — a5t .
1

Now, thanks to (24), for x € AT,
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(M (cof(N(Tx —ar), N(ay — a2), ..., N(ar — )1 - vi(Tx)
1 (34)
= —det(N(Tx —ay), N(ay —aa), ..., N(a; — ay)).
€1
Let f‘k : R* — R* be the linear map correquonding to the affine map 7%, and, analogously, T :R" — R” the linear
map corresponding to 7. We notice that det 7, = —1. Having in mind (31) and (32), we find that
Toy=y—2y-ii, yeRf
and
Tx=x—2x-m, x e R,

from which we deduce that fk oN=No f Thus,

det(N(Tx —ay),N(a1 —a3z),...,N(ay —ay)) =det(N(Tx —Tay), N(Ta; — Tay), ..., N(Ta; — Tay))
= det(N (T (x —a1)), N(T (a1 — @)), ..., N(T (a1 — ax)))
= det(Te (N (x — an)), Tk(N (a1 — a2)), ..., Te(N (a1 — ax)))
=detTydet(N(x —ay), N(ay —ap), ..., N(a; — ay))
=—det(N(x —ay), N(ay —az),...,N(a; — ag)).

(35)
Putting together (33), (34) and (35), we obtain that
/ det(N(x —ay), N(a1 —az), ..., N(a1 — ay)) 4500)
e —ap " — g
n
_ / det(N(x —ay), N(a; —a2), ..., N(ay —a;)) 4500)
|Tx_a2|n+s+1”_|Tx_ak|n+s+1 '
A+
1
Consequently, when we define f : R" \ {a2,...,ax} —> R as
£ 1
)= >
(ly —azl -+ |y —a )"+
we have that
det(N(x —a1), N(a1 — @), ... Nlar —a) ¢\
I — T x — g [T () =
A
‘ (36)
/det(N(x —a1),N(a1 —a2),...,N(ar —ap) [ f(x) = f(Tx)]1dS(x).
Af

For every x € AT, we join x with Tx by a curve y, inside A, and note that the length of y, can be taken to
be bounded by 2me;. Accordingly, let y, : [0, 1] — A be of class C! such that 7x(0) =x, (1) = Tx and |y]| is
constant with |y, | <2me;. Then

1 1
If(X)—f(TX)I=|f(J/x(0))—f(Vx(1))|S/I)/,ﬁlIVf(Vx(t))ldtS27r61/|Vf(Vx(t))|dt- (37)
0 0
We calculate

k k
IVfOI=m+s+D(y—al-ly—aD" 72 [ly—aj|,  yeR"\{a,...,a).
i=2 j=2

J#i
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Now, as |y —aj| > € forevery y € Ay and j € {2,...,k},
n+s+1 n+s+1
VIO S Z H y—ajl < Z H(ﬂ +lar
i=2 j=2 i=2 j=2
J#i J#i
so with (37) we obtain that
n+s-+1
1) = f(Tx)| < 2m€6) ————— Z]‘[(el + |y —aj)). (38)
(€2 €x) i=2j=2
JF#L
On the other hand, forall x € Ay,
k k
|det(N (x — a1), N(a1 — a2). ... N(a1 —a)| <k'lx —ar| [ [ |a1 —aj| =kle [ [ |ar —aj]. (39)
j=2 j=2
Putting together (27), (29), (30), (36), (38) and (39), as well as the fact that the (n — 1)-dimensional area of AIL is

bounded by a constant times €] ~!, we obtain that, for a constant C > 0 depending on n and s,

/ det(N(x —ay), N(ay —az), ..., N(a; —ak))dx

|x —ay |n+s+1 cex — ak|n+s+l
(U'}=1 B(ajvfj))c
1—s
Ce

o 1_[|a1—%| > Tees s~

(62"' k is2 j=2
JF#

The existence of the function G of the statement follows. O
We are in a position to prove the fractional Piola Identity. Henceforth, supp denotes the support of a function.

Theorem 4.2. Let k € N be with 1 <k <n. Consider indices 1 <i1 <---<iy<nand1 < j| <--- < jr <nand the
functions

M= Mi[,...,ik;jl,...,jkv M= Mllla-“!ik;jlv"-’jk

of Definition 4.1. Let u € C2°(R",R") and s € (0, 1). Then
Div® (M (cof M(D*u))) = 0.

Proof. Let
N=Nj .j N= le
be the maps of Definition 4.1. Naturally, Div® (M (cof M(D*u))) = 0 if and only if
div® N((cof M(D*u));,) =0, 0=1,... k.

We shall show div¥ N ((cof M (D*u)) i) = 0. The rest of the rows would proceed analogously.
Using (18), we have that, for a.e. x € R”,
(—1 )k ‘ (=D ! N ((cof M (D*u))i) (x")
~————div* N((cof M(D*u));,)(x) = — 7 PV« T x|n+s+lll (!

n s Cn,s

Now, by (24) and (5), we have that for a.e. x, x’ € R",

—x)dx’. (40)
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(=¥ N ((cof M(D’u));) (x') (=D (cof M(Du))i, (x)

4 e . ,_
Cﬁ Y1 |x/ _x|n+s+1 0 —x) = Cﬁ v1 [x' — x|n+s+1 N(x X)
(— l)k_l det (N(x/ —X), N(Dsu,-z (x’)), cey N(Dsu,-k (x’)))
Cﬁ Y1 |x/ _x|n+s+1 (41)

N !/ _ . N /I _ . N r_
_ det (M pvx//ulz(yz) (x"— ) dyz,...,pvx//ulk(yk) (x" = yr) dyk)

|x/ — x|n+s+l ’ |x/ — y2|n+s+1 |x’ — yk|n+s+1
= lim --- lim fs x"),
g0—0 ex—0 20
where for each x € R" and ¢2, ..., & > 0, we have defined f, . :R" — R by
Y () = det N —x) iy ()N (x" — y2) 4 wi, (V)N (x" = yi)
gV ) i=de [x/ — x[rts+1” |x/ — yp|nts+l Y25 0s [x/ — yg[rts+l Yk
B(x',&2)° B(x',ex)°

and we have used the continuity of the determinant. Let o > 0 be such that suppu C B(x’, p) for all x” € suppu, and
fix £ € {2, ..., k}. By odd symmetry, we have that

N =y N =y
uj, (yg)m ye= Ui, ()’E)—lx, — y[|n+s+1 ye
B(x',g)¢ B(x',p)\B(x',&;)
N(x"— ye)

T

- / (1, () — i, (1)

B(x',p)\B(x'.&)

so, using the fact that u is Lipschitz, we have, for some constant L > 0, that

N(x"—yp) |uiy (ve) — uiy (x| 1
/ uzz(mmdﬂ = X — v+ dye= L W”ZW

(x",ej)¢ B(x',p) B(x.p)

1

B(0.p)

This shows that
c
|f6‘2 ~~~~~ Ek(x)|— |)C |n+s

for some ¢ > 0 only depending on u and n. As

1
7(1)6/ < 00,
|x/ _x|n+s

B(x,e1)¢

for any ¢; > 0, we can apply dominated convergence to conclude that

/ lim -- hm [E e @Ndx = lim ... lim / [5 e (xDdx’.

g—0 ex— gy—0 g—0 ) T
B(x,e1)° B(x,&1)¢
Recalling (40) and (41), with this we obtain that
(_ )k 1
—div’ N((cofM(D u))i )(x) = hm lim --- lim / f52 & (x"ydx'. 42)
n s 052—>0 g—0 J T
B(x,e1)¢

Now for every €y, ..., & > 0 we define Dy, = B(x,e) U UI;:2 B(yj, ¢;) and have that, thanks to the multilin-

earity of the determlnant

.....
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X / /
e (x")dx

B det(N(x/—X),uiz(yz)N(X’—yz),...,uik(yk)N(X’—yk))d o dveda!
- |x/_x|n+s+l|x/_y2|n+s+l...|x/_yk|n+s+1 Y2 Ykax

B(x,e1)¢ B(x",2)¢  B(x',ex)¢

det (N(x' —x), N(x' = y2), ..., N(x' — )
=/”ik(Yk)"'/ui2(y2) / b;_( (x"=x), N(x" = y2) x' = y0) dx' dyy -~ dy;.

x|n+s+l |x/ _ y2|n+s+l . |x/ _ yk|n+s+l

C
E] o)

Set
, det(N(x —x), N(x'" = y2),..., N(x’ —yk))
8, X0, 320 Y1) 1= |x/ — x|nHs+lx/ — y2|n+s+1 -~|x’ _ yk|n+S+1 :
Then,
[ s aea| <t [ f / Q03 yau o v |y -y 3)
B(x,e1)¢ suppu - suppu D¢,

Thanks to Lemma 4.1,

1-s

/ g(x,x/7YZ,~--,Yk)dx/ < (El'..6:_1)n+s+2G(€kvx_Yk,)’Z_)’k,-u,)’kfl _yk)7 (44)

where G is the function that appears therein. Integrating in (44), we find that

1—s

€
/ / / g(x,x',y2, ...,y dx’ dy2-~~dyk§h(8k,x)(km,

€] €k—]
supp u supp u DL

&k

for some continuous function # : [0, 00) x R"” — [0, co). Consequently,

]im/ / / gx,x',y2, ...,y dx'|dys---dyy =0,
er—0

supp u supp u Dt bl

and, in view of (42) and (43), we obtain that div® 1\_/(((:0fM(DSu))l~l )x)=0. O
5. Weak continuity of the determinant

In this section we prove that any minor (determinant of a submatrix) of D°u is a weakly continuous mapping in
H* P We start by expressing a nonlocal integration by parts formula for the minors of D°u that involves the operator
K, of Lemma 3.2. Recall that for any F € R"*" and 1 <i <n we denote by F; the i-th row of F.

Lemma 5.1. Let k € N be with 1 <k <n. Consider indices 1 <iy <---<iy <nand 1< ji <--- < jx <n and the

functions
M=Mll ..... Tk Jseees JO M:Ml Ak JLsees Jko N =Ni1,...‘ik

of Definition 4.1. Let p >k — 1, q > Tl and 0 < s < 1. Let u € H*?(R",R") be such that cof M(D*u) €

L4(R", R¥>K) Then, det M(D*u) € L1 _(R™), and for every ¢ € C°(R") we have that N (u) - K ,(M (cof M(D*u))) €

LY(R"™) and

loc

/detM(DSu)(x)gD(x)dxz—%/N(u)(x)~K¢(M(c0fM(DSu)))(x)dx. (45)
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Proof. The fact det M(D*u) € L (R") is a consequence of formula (24) and Holder’s inequality, since g >

loc
’11. Moreover, N(u) - Ky,(M(cof M(D*u))) € L'(R"), since N(u) € LP(R",R") and K, (M (cof M(D*u))) €
L"(R",R") for all r € [1, ¢] thanks to Lemma 3.2.
Assume first u € C°(R",R") and let ¢ € C°(R"). Fix x e R” and i € {i1, ..., ix}. By Lemma 3.7 and Theo-

rem 4.2,

div* ( (M (cof M(D*w))),) (x) = Ky ((M(cof M(D*u)); ) (x).

When we apply Theorem 3.6 to the constant function 1, we obtain from integration of the previous formula that

O:/divs (¥ (M(cof M(D*u))).) (x) dx =/K¢ (Mot M(D*up)]) () dx.

By Fubini’s theorem and the definitions of Ky and fractional gradient,

/Kv, ((M(cofM(DSu)))iT> (x)dx=/DS¢(y) . (M(cof M(D*u))). (y)dy.

We thus have the equality
/wa(y) - (M (cof M(D*u))), (y)dy =0. (46)

Now we assume that u € H*?(R", R") with cof M(D*u) € L4(R", R***), and, again ¢ € C(R"). Taking into ac-
count Proposition 2.1, let {u j} je be a sequence in C2°(R", R") converging to u in H*7(R", R"). Then M (D*u ;) —
M(D*u) in LP(R", R¥>*%) and, hence, cof M(D*u ;) — cof M(D*u) in LFT (R?, R¥*K) 50 M(cof M(D'u;)) —
M (cof M(D*u)) in L%(R",R”X"). Therefore, (46) holds as well, since Dy € L"(R") for all r € [1, 00] (see
Lemma 3.1). Now let ¥ € H*”(IR") be of compact support, and let {/;} ey be a sequence in CZ°(R") converg-
ing to ¥ in H“LI’(R") such that UjeN supp ¥, is bounded. Then, by Lemma 3.3, D*¢; — D*y in L"(R") for all
r €[1, pl. As M (cof M(D*u)) € L1(R", R"*"), we have that (46) holds as well. To sum up, formula (46) is valid for
any u € H>P(R") with cof M(D*u) € L1(R", RK>kY and any ¢ € H*?(R") of compact support.

We apply (46) to Y = @u;, which is in H*7(R") thanks to Lemma 3.4, and has compact support since so does ¢.
By the formula for D®yr given by Lemma 3.4, we obtain that

0= / 9(») D’u;(y) - (M(cof M(D*u))), (y)dy + / Ky (ui1)(y) - (M(cof M(D°w))), (y)dy. (47)

Using formula (24), the fact i € {iy, ..., ix} and elementary properties of the functions of Definition 4.1, we find that
for any F € R"*",

Fi - (M(cof M(F))), = det M (F).

i

Using this and Fubini’s theorem, from (47) we arrive at

0= / () det M(D*u)(y)dy + cn.s / i (x) / ‘ﬁff)_;yf”iy) (WOt M(D*w)); () - 1= dv .
We sum this equality for i =iy, ..., i; and obtain that
0=k [ o) detMD W)y +ans [ T+ [ EEED (1ot (D) () = dydr.

which is the required formula. O

Now we establish the closedness and continuity properties of the minors of D*u in the weak topology of H*P.
In the notation of Definition 4.1 a), a minor of order k is a function u : R"*” — R such that there exist 1 < i <

<y <nand 1 <j; <--- < jr <n for which u(F) =detM(F) for all F € R"*". Recall the notation p* of
Theorem 2.2, and the affine space Hg’p of (6).
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Theorem 5.2. Let p>n—1and 0 <s < 1. Let g€ H*P(R") and u € H;’p(Q, R™). Let {u} jen be a sequence in
Hg’p(Q, R™) such that uj — u in H>P(R",R"). Then:

a) If ke N with1 <k <n—2and i is a minor of order k then u(D°u;) — w(D%u) in Lg(]R") as j — oo.

b) Ifcof D*u; — ¢ in LY(R", R™™") for some q € [1, 00) and ¥ € LY (R", R"*") then ¥ = cof D*u.

c) Assume det D’u; — 6 in LYR") for some € € [1, 00) and some 0 € L*(R"). If sp < n assume, in addition, that
cof Duj — cof D*u in L9 (R", R"*") for some q € (pf—il, o0). Then 6 = det D*u.

Proof. We will prove a) by induction on k. For k = 1 the result is trivial. Assume it holds for some k <n — 3
and let us prove it for kK + 1. Let u be a minor of order k 4+ 1. In the notation of Definition 4.1a), u(F) =
det M(F) for all F € R"*", where M = M;, i, 1:j1..jsy fOrsome 1 <ip <---<igpp <nand 1 <j; <--- <
Jk+1 < n. Let ¢ € C°(R"). By induction assumption, cof M (D*u ;) — cof M(D*u) in LT R, REFDx U+ ag
j — 00, so M(cof M(D*u;)) — M(cof M(D*u)) in LE(R", R™"). By Lemma 3.2, K, (M(cof M(D*uj))) —
K, (M (cof M(D*u))) in L"(R", R") for every r € [1, £]. By Theorem 2.3, N(u;) — N(u) in L?(R"), so

N(uj) - Ky(M(cof M(D*u;))) — N(u) - K,(M(cof M(D*u))) in L'(R") (48)

since % + % < 1. We apply Lemma 5.1 and, in particular, formula (45) to conclude that

/detM(DSuj(x))q)(x)dx—) /detM(DSu(x))go(x)dx. (49)

This shows that det M (D*u;) — det M (D*u) in the sense of distributions. As {detM (D’u;)};jeN is bounded in
L®T(R") and p > k + 1, we have that det M (D*u ;) — det M(D*u) in LT (R™").

The proof of b) follows the lines of a). Let u be a minor of order n — 1. In the notation of Definition 4.1 a),
w(F) = detM(F) for all F € R"*", where M = M;, ;. :j....j., for some 1 <ij < ... <iy_1 <n and
1 <ji < <jum1 <n. Let ¢ € CX(Q). By part a), cof M(D*uj) — cof M(D*u) in L=z (R, Re=Dx@=1)y,
so M(cof M(Duj)) — M (cof M(D*u)) in L2 (R", R"™"). By Lemma 3.2, Ky (M(cof M(D*uj))) —
Ky (M (cof M(D*u))) in L"(R",R") for every r € [1, -£5]. By Theorem 2.3, N'(u;) — N(u) in L”(R"), so con-
vergence (48) is also valid since % + % < 1. Thanks to (45), we conclude that convergence (49) holds. This shows
that (D*u ;) — w(D*u) in the sense of distributions. As this is true for every minor x of order n — 1, we obtain that
cof D*u j — cof D*u in the sense of distributions. Thanks to the assumption, & = cof D*u.

We finally show part c). Let ¢ € C2°(2). Assume first sp < n. By the assumption and Lemma 3.2, K, (cof D¥u ;) —
Ky (cof D*u) in L (R", R") for every r € [1, g]. By Theorem 2.3, u; — u in L' (R") for every ¢ € [1, p*), so

wj-Ky(cof Duj) —u;j - Ky(cof D*u) in L'(R™) (50)
: 1 1
since + 7 < 1.

Assume now sp > n. Then {cof D*u;};cN is bounded in L%(R”, R"™*) so, thanks to part b), cof D’u; —
cof D’u in L%(R", R"*"). By Lemma 3.2, K, (cof D*u ;) — Ky (cof D°u) in L"(R",R") for every r € [1, -25].
By Theorem 2.3, u; — u in LY (R™) for every t € [1, 00), so convergence (50) holds since p > n — 1.

In either case, we have convergence (50), so by (45) we obtain

/detDSuj(x)(p(x)dx—> /detDSu(x)go(x)dx.

This shows that det Du ; — det D*u in the sense of distributions, so 6 =det D’u. O

Remark 5.1. A natural question is whether the weak continuity of the determinant of the fractional gradient may be
concluded as a consequence of the weak continuity of the determinant of the classical gradient. Indeed, one can use
the properties of the Riesz potential to give a simpler proof in the case p > n. To be precise, in [8, Prop. 2.2] (see also
[32, Th. 1.2]) it is shown that
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Du=D(I|_s % u) (51)

—Cn.s

for any u € C°(R",R"), where I1_;(x) = m|x|_("+1_”. Now, writing the determinant as a divergence [2,
Sect. 6] and using (51), we have that

/det D'updx =— /(IH. xu) - (cof D*u Do) dx, (52)

forany u € C2°(R”, R") and any test function ¢ € CZ°(R"). By density of C2° in H®-?, equality (52) holds for any u €
H*P(R", R"). Now, taking into account the Hardy-Littlewood—Sobolev embedding [38, Th. 1, b)], and Theorem 2.2
it is easy to obtain the weak continuity of det D’u in H*?(R",R") for p > n. We do not know whether it is possible
to extend the previous argument for p > n — 1 without making use of the fractional Piola identity.

6. Existence of minimizers and equilibrium conditions
In this section we prove the existence of minimizers in H*'? of functionals of the form

I(u):= / W(x,u(x), D'u(x))dx, (53)

under natural coercivity and polyconvexity assumptions. We also derive the associated Euler—Lagrange equation,
which is a fractional partial differential system of equations.

We recall the concept of polyconvexity (see, e.g., [2,9]). Let t be the number of submatrices of an n X n matrix.
We fix a function g : R"*" — R7 such that i(F) is the collection of all minors of an F € R">" in a given order.
A function Wy : R**" — R U {oo} is polyconvex if there exists a convex @ : R* — R U {00} such that Wy (F) =
®(i1(F)) for all F e R™",

The existence theorem of this paper is as follows. Its proof relies on a standard argument in the calculus of varia-
tions, once we have the continuity (with respect to the weak convergence) of the minors given by Theorem 5.2.

Theorem 6.1. Let p >n — 1 satisfy p>1and 0 <s < 1. Let W : R" x R" x R"" — R U {00} satisfy the following
conditions:

a) Wis L' x B" x B""-measurable, where L denotes the Lebesgue sigma-algebra in R", whereas B" and B"*"
denote the Borel sigma-algebras in R" and R"*", respectively.
b) W(x,-,-) is lower semicontinuous for a.e. x € R".
c) Fora.e. x € R" and every y € R", the function W (x, y, -) is polyconvex.
d) There exist a constant ¢ >0, an a € L! (R™) and a Borel function h : [0, o0) — [0, 00) such that
h(r)
=00

lim —
t—oo f

and

p*71 £

W(x,y, F)>a(x)+c|F|P +clcof F|9 + h(|det F|) for some q > -—. ifsp <n,
W(x,y, F)>a(x)+c|F|?, ifsp>n,

forae x €eR", all y e R" and all F € R"*",

Let Q2 be a bounded open subset of R"™. Let ug € H*?(R", R"). Define I as in (53), and assume that I is not identically
infinity in Htf(’)P(Q, R"™). Then there exists a minimizer of I in H,f(’,p(Q, R™).

Proof. Assumption d) shows that the functional / is bounded below by [a. As I is not identically infinity
in Hbf(’)p (2, R"), there exists a minimizing sequence {u;};en of [ in H;Zg)p (2, R™). Assumption d) implies that
{D’uj}jen is bounded in L?(R", R"*"). Thanks to Theorem 2.2, {u;};cn is bounded in L” (€2, R"*"). As u; = ug
in Q€ for all j € N, we also have that {uj}jen is bounded in LP(R",R™), and, consequently, also in H*7(R", R").
As HSP(R",R") is reflexive, we can extract a weakly convergent subsequence. Using Theorem 2.3, we obtain that
there exists u € Hif(’)p (R™, R") such that for a subsequence (not relabelled),
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uj—uwin H*P(R",R") and wu; — uin LP(R",R"). (54)
Now, by Theorem 5.2, for any minor u of order k <n — 2, we have that
u(D*uj) — u(D*u) in LF (R™). (55)
If sp < n then, by assumption d), {cof Dsuj}jeN is bounded in L7 (R", R"*"), whereas if sp > n we call g := n%l
and have that {cof D*u};cN is bounded in L7 (R", R"*"). In either case we have that g > 1, so for a subsequence
{cof D*u};cN converges weakly in L9 (R", R"*") and, by Theorem 5.2,
cof D'uj — cof D*u in LY (R", R™*"). (56)

If sp < n then, by assumption d) and de la Vallée Poussin’s criterion, {det D*u}cN is equiintegrable, whereas if

sp > n we have that {det D°u;} ;<N is bounded in Ln (R™) and % > 1. In either case we have that, for a subsequence
{det DSu;} ;N converges weakly in LY(R") with
£=1 \ifsp<n,
e=L ifsp>n,
and, hence, by Theorem 5.2,
det D*uj — det D°u in L*(R"). (57)

Convergences (54)—(57) imply, thanks to a standard lower semicontinuity result for polyconvex functionals (see,
e.g., [6, Th. 5.4] or [17, Th. 7.5]), that for any R > 0,

W(x,u(x), D*u(x))dx <liminf / W(x,uj(x), D’uj(x))dx.
J—>00
B(0,R) B(0,R)

Therefore,

/ (W(x, u(x), D’u(x)) — a(x)) dx <liminf / (W(x, uj(x), D’uj(x)) — a(x)) dx
B(O.R) T o)
< li_minf/ (W(x, uj(x), Dsuj(x)) — a(x)) dx.
j—oo

By monotone convergence,

/(W(x, u(x), D’u(x)) — a(x)) dx < liminf/ (W(x, uj(x), D’uj(x)) — a(x)) dx,
j—o00
SO

I(u) <liminf 7 (u;).
j—o00
Therefore, u is a minimizer of I in H,f(’)p (€2, R™) and the proof is concluded. O

Comparing Lemmas 2.4 and 2.5 with Theorem 6.1, we see that functions exhibiting singularities as those shown
in those lemmas are compatible with the existence result of Theorem 6.1, in opposition to the case of classical elas-
ticity (see, e.g., [2-5,18,7]). Indeed, for a u € H*P(R") of compact support and p > n, by Holder’s inequality and
Lemma 3.3, cof D°u € LY (R", R"*") for every ¢ € [1, ;2;] and det D*u € L"(R") for every r € [1, £]. Take now
an s € (0, 1) such that sp < n, so that this regime is compatible with cavitation (see Lemma 2.5). Considering the
function & of Theorem 6.1 as h(t) := ,5, we see that this map u is compatible with the assumptions of Theorem 6.1
p* 2

if and only if n%l > S¥=7, SO N7 —np < sp. To sum up, in the regime

n
p>n, O<s < —
p
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a typical cavitation map is compatible with the hypothesis of Theorem 6.1. Similarly, if p > n and n®> —np < sp < 1,
i.e., in the regime

p>n, O<s<—
p
the hypothesis of Theorem 6.1 are compatible with discontinuities along hypersurfaces.

To finish the article, we explore the equilibrium conditions that minimizers of functional (53) satisfy. This Euler—
Lagrange, or equilibrium, conditions constitute a nonlinear system of fractional PDE, and therefore we are providing
an existence result for such kind of systems based on polyconvexity. To be precise, given g € H*”(R", R"), the
boundary value problem reads as

div® (3% (x, u, D*u)) = W (x,u, D*u), inQ 58)
u=g in Q°.
Inspired by Theorem 3.6, we define a weak solution of (58) asa u € Hg’p (€2, R™) satisfying
ow ow
/ —(x,u, D’u) - D*v+ —(x,u, D’u) -v|dx =0 (59)
IF du

for all v e C°(R", R") with v =0 in Q°.

The derivation of (59) for a minimizer u is standard. For this, we make the assumptions a—b) below, which are
slightly adapted from [9, Conditions 3.22 and 3.33], although other sets of assumptions are also possible (see, e.g., [2,
Sect. 7] or [9, Sect. 3.4.2]).

Theorem 6.2. Let W : R" x R" x R™" — R be a function satisfying

a) W(,u, F) is measurable for every (u, F) € R" x R**" and W (x, -, -) is of class c! fora.e. x € R".
b) There exist an a € LY(R"), an « € R with

a€lp, p*]l ifsp<n,
a€p,00) ifsp=n,

and a ¢ > 0 such that

Iw Iw .
W s, F)] | 2 (s F)| o+ | o (6w F) <a@)+c(jul*+|F|"),

fora.e. x e R" and all (u, F) € R" x R,

Let g € H*P(R",R"). Define I as in (53), and let u be a minimizer of I in Hgs’p(Q, R™). Then u is a weak solution
of (58).

Proof. Letus fix v e C°(R", R") withv=0in Q. Asu + v € Hy'" (€, R") for any 7 € R, it suffices to show that
the derivative of I (u + T v) exists at T = 0 and equals the left hand side of (59). Thanks to the dominated convergence
theorem, it suffices to show (see, e.g., [20, Ch. 13, §2, Lemma 2.2]) that there exists G € L (R™) such that for every
Tt € R with || < 1 we have

IT(w+7tv) <00 (60)

and
d
d—W(x,u(x)+rv(x),Dsu(x)+rDSv(x)) <G(x), ae. x e R". 61)
T
Let us check condition (60). Thanks to b),

I(u+rv)§/a+C/(|u|°‘+|Dsu|p+|v|°‘+|st|p)
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for some constant C > 0. Clearly, the integral of |v|* is finite since v € C2°(R"”, R"), and so is the integral of |D*v|?
due to Lemma 3.1. In addition, the integral of | D’u/|? is finite because u € H* 7 (R", R"). Now, by Theorem 2.2 and
the interpolation (or Holder) inequality, u € L"(R"”, R") for all r € [p, p*]if sp <n, and for all r € [p, o0) if sp > n.
Therefore, |u|* € L' (R™). Condition (60) is thus satisfied.

We now show condition (61). We have, for |7| < 1 and a.e. x € 2,

‘dd—TW(x, u(x) +v(x), Du(x) + rst(x))‘

W
—(x,u(x) +tv(x), D’u(x) + tD’v(x))

V|| oo(R2
o V1l Loo )

+ ) 9

ow D? D* D?
a—F(x,u(X)JrTv(X), u(x) +tDv(x))| | v||Loo(Rn
where we have used Lemma 3.1 to show that D*v € L>°(R"). Now, by b),

oW N s 3_W s s
‘E(x, ulx)+tv(x), D’ulx)+tD v(x))‘ + ‘ oF (x,u(x)+tv(x), D’u(x)+tD’v(x)) ©2)

<a@) +C (Ju)I* + [v@)|* +[D*u)|” + D v(x)[?),

for some constant C > 0. As before, the right hand side of (62) is in L'(R™), so condition (61) is proved. O
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