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Abstract

We study an asymptotic limit of Vlasov type equation with nonlocal interaction forces where the friction terms are dominant.
We provide a quantitative estimate of this large friction limit from the kinetic equation to a continuity type equation with a nonlocal
velocity field, the so-called aggregation equation, by employing 2-Wasserstein distance. By introducing an intermediate system,
given by the pressureless Euler equations with nonlocal forces, we can quantify the error between the spatial densities of the
kinetic equation and the pressureless Euler system by means of relative entropy type arguments combined with the 2-Wasserstein
distance. This together with the quantitative error estimate between the pressureless Euler system and the aggregation equation in
2-Wasserstein distance in [Commun. Math. Phys, 365, (2019), 329-361] establishes the quantitative bounds on the error between
the kinetic equation and the aggregation equation.
© 2020 Elsevier Masson SAS. All rights reserved.

MSC: primary 35Q70, 35Q83; secondary 35B25, 35Q35, 35Q92
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1. Introduction

Let f = f(x, v,t) be the particle distribution function at (x, v) € R? x R and at time ¢ € R for the following
kinetic equation:

Of+v-Vif =V - (v +A(VxVAVWxp) )=V, - (Bv—u)f) (1.1
subject to the initial data

F, v, D=0 = folx,v), (x,v) eRY xR,
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where u is the local particle velocity, i.e.,

u = RV withp::/fdv,

P

R4
V and W are the confinement and the interaction potentials, respectively. In (1.1), the first two terms take into account
the free transport of the particles, and the third term consists of linear damping with a strength y > 0 and the particle
confinement and interaction forces in position due to the potentials with strength A > 0. The right hand side of (1.1) is
the local alignment force for particles as introduced in [22] for swarming models. In fact, it can also be understood as
the localized version of the nonlinear damping term introduced in [28] as a suitable normalization of the Cucker-Smale
model [16]. Notice that this alignment term is also a nonlinear damping relaxation towards the local velocity used in
classical kinetic theory [10,32]. Throughout this paper, we assume that f is a probability density, i.e., || f (-, -, t) || 1 =1
for ¢ > 0, since the total mass is preserved in time.

In the current work, we are interested in the asymptotic analysis of (1.1) when considering singular parameters.
More specifically, we deal with the large friction limit to a continuity type equation from the kinetic equation (1.1)
when the parameters y, A > 0, and B > 0 get large enough. Computing the moments on the kinetic equation (1.1), we
find that the local density p and local velocity u satisfy

9 p+ V- (pu) =0,
9 (pu) + Vi - (pu @ u) + Vy - /(v —uw)Q (v—u)f(x,v,0)dv
d

=—ypu —rp(VyV + Vi W % p).

As usual, the moment system is not closed. By letting the friction of the equation (1.1) very strong, i.e., y, A, 8 > 1,
for instance, y =A =B =0(¢"!) > +oo with 1/y = 0(1) > « > 0 as & — 0, then at the formal level, we find

Vo (Qu—u~+k (ViV+ Vi Wxp))f)=0,

and thus,

fO,v,H)>px, 1) ®8y—ux,y and pu>=—kp(V,V+V,Wxp) for e«1

is the element in its kernel with the initial monokinetic distribution p (x, 0) ® 8y—y(x,0)-
Those relations provide that the density p satisfies the following continuity type equation with a nonlocal velocity
field, the so-called aggregation equation, see for instance [3,4,6] and the references therein,

Op+ Vi - (pu) =0, pu=—kp(ViV +ViWxp). (1.2)

The large friction limit has been considered in [21], where the macroscopic limit of a Vlasov type equation with
friction is studied by using a PDE approach, and later the restrictions on the functional spaces for the solutions and the
conditions for interaction potentials are relaxed in [17] by employing PDE analysis and the method of characteristics.
More recently, these results have been extended in [ 18] for more general Vlasov type equations; Vlasov type equations
with nonlocal interaction and nonlocal velocity alignment forces. However, all of these results in [17,18,21] are based
on compactness arguments, and to our best knowledge, quantitative estimates for the large friction limit have not yet
been obtained. The large friction limit has received a lot of attention at the hydrodynamic level by the conservation
laws community, see for instance [15,27,26,20,25], but due to their inherent difficulties, it has been elusive at the
kinetic level.

The main purpose of this work is to render the above formal limit to the nonlocal aggregation equation completely
rigorous with quantitative bounds. Our strategy of the proof uses an intermediate system to divide the error estimates
as depicted in Fig. 1. We first fix A and y with ky = X and take 8 = 1/e. We denote by f?'¢ the solution to the
associated kinetic equation (1.1). We then introduce an intermediate system, given by the pressureless Euler equations
with nonlocal interactions, between the kinetic equation (1.1) and the limiting equation (1.2):
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Viasov equation

with local nonlocal forces (1.1)
Large friction limit
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Hydrodynamic limit

B8 — 400

Pressureless Fuler equations ™A o0

with nonlocal forces (1.3) Overdamped limit

Aggregation equation (1. 2)

Fig. 1. Schematic illustration of the strategy of the proof.

dp” + Vi (p"u?) =0,

(1.3)
(P u)+ V- (pVu’ @u’) =—y (p7u” +kp” (ViV + VW *p")).

In order to estimate the error between two solutions p¥*¢ and p? to (1.1) and (1.3), respectively, where

R4

we use the Wasserstein distance which is defined by

1/p

W,(uw,v):= inf x —y|Pdn(x,
(U, v) reill ) / lx = ylPdm(x,y)
dX]Rd

forp>1and u,veP, (R?), where IT(u, v) is the set of all probability measures on R4 x R4 with first and second
marginals © and v and bounded p-moments, respectively. We refer to [1,31] for discussions of various topics related
to the Wasserstein distance.

Employing the 2-Wasserstein distance, we first obtain the quantitative estimate for W22(,0V*8 , pV) with the aid of
the relative entropy argument. It is worth mentioning that the entropy for the system (1.3) is not strictly convex with
respect to p due to the absence of pressure in the system, see Section 2.1 for more details. Thus the relative entropy
estimate is not enough to provide the error estimates between the spatial density p? ¢ and the density p?. We also
want to emphasize that the relative entropy estimate is even not closed due to the nonlinearity and nonlocality of the
interaction term Vy W x p. We provide a new inequality which gives a remarkable relation between the 2-Wasserstein
distance and the relative entropy, see Lemma 2.2. Using that new observation together with combining the relative
entropy estimate and the 2-Wasserstein distance between the solutions in a hypocoercivity type argument, we have the
quantitative error estimate for the vertical part of the diagram in Fig. 1. Let us point out that in order to make this step
rigorous, we need to work with strong solutions to the pressureless Euler system (1.3) for two reasons. On one hand,
strong solutions are needed for making sense of the integration by parts required for the relative entropy argument.
On the other hand, some regularity on the velocity field, the boundedness of the spatial derivatives of the velocity
field uniformly in y, is needed in order to control terms appearing due to the time derivatives of W22 (p”%, p?) and the
relative entropy.

We finally remark that the closest result in the literature to ours is due to Figalli and Kang in [19]. It concerns with
the vertical part of the diagram in Fig. | for a related system without interaction forces but Cucker-Smale alignment
terms. Even if they already combined the 2-Wasserstein distance and the relative entropy between p?*¢ and p?,
they did not take full advantage of the 2-Wasserstein distance, see Remark 2.3 for more details. This is our main
contribution in this step.

The final step, corresponding to the bottom part of the diagram in Fig. 1, is inspired on a recent work of part of the
authors [7]. Actually, we can estimate the error between the solutions p? and p to (1.3) and (1.2), respectively, in the
2-Wasserstein distance again. Here, it is again crucial to use the boundedness of the spatial derivatives of the velocity
field uniformly in . Combining the above arguments, we finally conclude the main result of our work: the quantitative
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error estimate between two solutions p¥*¢ and p to the equations (1.1) and (1.2), respectively, in the 2-Wasserstein
distance.

Before writing our main result, we remind the reader of a well known estimate for the total energy of the kinetic
equation (1.1). For this, we define the total energy J and the associated dissipations D and D, as follows:

1 A
f(f):zi f |v|2fdxdv—|—§ f W(x—y)p(x)p(y)dxdy—l—)»/Vpdx, (1.4)
R4 xR4 R4 xR4 R4
Di(f) = / flu—v|>dxdv, and Ds(f):= / lv|? f dxdv,
R4 xR4 R4 xR4

respectively. Suppose that f is a solution of (1.1) with sufficient integrability, then it is straightforward to check that

d
E}-(f)+/3D1(f)+VD2(f)=0~ (1.5)

Notice that weak solutions may only satisfy an inequality in the above relation that is enough for our purposes.
In order to control the velocity field for the intermediate pressureless Euler equations (1.3), we assume that the
confinement potential V and the interaction potential W satisfy:

(H) The confinement potential V (x) = cy|x|?/2, and the interaction potential W satisfies W (—x) = W(x), V,W €
(W nld/21+1.00y(RA) "and ¢y + e > 0 with

=y, VeW ) - VW ()
cw = inf 5
Xy lx — ¥l

We are now in position to state the main result of this work.

Theorem 1.1. Assume that initial data fg satisfy

sup [[(14 W2+ V) fElln <00,  fEeL®RYxRY), and p§(W *p§) € L1(RY)

e>0

for all ¢ > 0. Let f¢ be a solution to the equation (1.1) with B =1/, ky =X =1/ with k > 0 up to time T > 0,
such that f& € L°°(0, T; (L' N L®)(RY x R?)) satisfying the energy inequality (1.5) with initial data fi-Let p bea
solution of (1.2) up to the time T, such that p € C([0, T'], Po(RYY) with initial data po satisfying

00 € Pa(RY)  and /(|u0|2+V+W*p0>,oodx<oo.
Rd

Suppose that (H) holds. Then, for ¢, k > 0 small enough, we have the following quantitative bound:

T
/ W3 (0° (1), p(1)) dt < O(e) + CW3(p§, po),
0

where pf = fRd fédv and C > 0 is independent of ¢.

Remark 1.1. As mentioned above, our strategy consists in using (1.3) as intermediate system and compare the errors
from the kinetic equation (1.1) to the pressureless Euler equations (1.3) and from (1.3) to the aggregation equation
(1.2). These estimates hold as long as there exist strong solutions to the system (1.3) up to the given time 7 > O.
Strong solutions can be obtained locally in time by only assuming V, W € (W1 N W) (R?), see Theorem 4.3.
However, in order to ensure existence on any arbitrarily large time interval [0, T'), the additional regularity for V, W
is required, see Theorem 4.4. Moreover, our error estimates in Section 2 and Section 3 only need the regularity
VW e W n W) R?) too.
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The rest of paper is organized as follows. In Section 2, we provide a quantitative error estimate the kinetic equation
(1.1) and the intermediate pressureless Euler system with nonlocal forces (1.3) by means of the relative entropy
argument together with 2-Wasserstein distance. Section 3 is devoted to give the details of the proof for our main result
on the large friction limit, and the required global-in-time existence theories for the equations (1.1), (1.2), and (1.3)
are presented in Section 4.

2. Quantitative error estimate between (1.1) and (1.3)

In this section, we provide the quantitative error estimate between weak solutions to the kinetic equation (1.1) and
a unique strong solution to the system (1.3) by employing the relative entropy estimate together with 2-Wasserstein
distance. As mentioned in Introduction, we estimate the 2-Wasserstein distance between the spatial density of (1.1) and
the density of (1.3). This together with the standard relative entropy estimate gives our desired quantitative estimate.
Note that in this section the result allows more general potentials V and W; the particular choice V = cy|x|?/2 is not
required, and the condition cy +cw > 0 appeared in (H) is not needed. The assumption (H) implies that the sum of the
last two terms in (1.4) related to the macroscopic density p involving V and W in the total energy F is displacement
convex with respect to 2-Wasserstein distance. This fact will be used for the estimate of the large friction limit from
(1.3) to (1.2) in Section 3.

For notational simplicity, we drop the y-dependence in solutions and denote by f¢ := f¥:¢ p:= p¥, u :=u?
throughout this section. In the following two subsections, we prove the proposition below on the quantitative estimate
of 2-Wasserstein distance between solutions to (1.1) and (1.3).

Proposition 2.1. Let f¢ be the solution to the equation (1.1) and (p, u) be the strong solution to the system (1.3)
on the time interval [0, T]. Suppose that y > 0 is large enough such that y — Ck — eSi(1 + 1) > 0, where
Cii := C||Vyut| Lo (0,T; ). Furthermore, we assume that the confinement potential V is bounded from below and
the interaction potential W is symmetric and Vi W € WL (R4). Then we have

B ) _ T(U¢, Up) + Cimax{l, Aye + eCaaW2(p, po)
W3(p® (1), (1)) < e <W§<p5,po>+ . 270 ,

y — Ch—eCi(1+ 1)

where Z(U, Up) is given by

Z(Us. U) = / P50 () = itg ()| dix + / f S0P dv — poliaol* | dx,
R R \Rd
and C > 0 is independent of vy, A and ¢, but depends on T .

Remark 2.1. Without loss of generality, we assume that V > 0 in the rest of this section.
2.1. Relative entropy estimate

We rewrite the equations (1.3) in conservative form:

Ui+ Vy-AU)=F(U), where m := pu, U:=<”Z>, A(U)::(m’gm>,
P

and

0
Fy=- <ypu+xp<va+va*p>>'

2
_ Im|

Then the above system has the following macro entropy form E(U) := 2 Note that the entropy defined above is
not strictly convex with respect to p. We now define the relative entropy functional H as follows.

HU|U):=EU)—EWU)—-DEU){U -U) with U:= (Z) , (2.1)
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where DE(U) denotes the derivation of E with respect to p, m, i.e.,

Im|?

DEU) = 31/02

o
This yields

2 1 =12 =12
H(Uu?):%—%—%(5—p)—ﬁ-<pu—ﬁﬁ)=§|u—ﬁ|2.

We next derive an evolution equation for the integrand relative entropy in the lemma below.

Lemma 2.1. The relative entropy H defined in (2.1) satisfies the following equality:

%/H(Ulﬁ)dx:/B,E(U)dx—/VX(DE(l_/)):A(UlU)dx

R4 R R¢
—/DE(U) [0,U 4+ V, - A(U) — F(U)]dx
Rd
—y/p|12—u|2—p|u|2dx+)»/VxV~pudx
R¢ R
+k/p(u—12)~VxW*(ﬁ—p)+pu'VxW*pdx,
R4

where A(U|U) = A(U) — A(U) — DAU)Y(U — U) is the relative flux functional.
Proof. It follows from (2.1) that
d _ _
& [nwiorax= [arwax - [ DE@ U+, A©) - Fwy dx
R4 R4 R4

+ f D?E(U)V, - A(U)(U —U) + DEU)V, - A(U)dx
R4

- / D*E(U)F(U)(U —U)+ DEU)FU)dx
Ra’

4
= Z[i.
i=1

Integrating by parts, the following identity holds

/ D?’EU):V, - A(U)(U — U)dx = f V.DEU): DAU)(U — U)dx,
R4 R4

see [24, Lemma 4.1] for details of proof. Moreover, we also find from [24] that

/ V,.,DEWU): A(U)dx =0.
]Rd
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Thus we obtain
I3= f (V«DED)) : (DAW)(U — U) — AU)) dx

R4
= —/ (V«DED)) : (AU|U) + A(D)) dx

R4

= —/ (VxDE(U)): AU|U)dx.
]Rd
For the estimate 14, we notice that
| > m
| T2 =
pEW)=| and D2EU) =

m 1

= ¥ =

o o

Then, by a direct calculation, we find
D*E)F(U)(U — U) = —p(x)(u(x) — it(x)) - (yit + AV V + AV, W % p)

and
DE(U)F(U) =—pu-(yu+AVyV+AV, W xp).

Thus we obtain
—Iy=-— / px)(ux) —ux)) - (yu(x) + A(VyV(x) + (Vi W x p)(x))) dx

R4
- f p)u(x) - (Yulx) + AV V(x) + A(Vi W * p)(x)) dx

Rd
:y/,o|ft—u|2—p|u|2dx—A/VxV~pudx
]Rd

Rd
—k/p(u—ﬁ)-VxW*(,é—p)—i—pu~VxW*pdx.
O

R4
Combining the above estimates concludes the desired result.
In the light of the previous lemma, we provide the following proposition.

Proposition 2.2. Let f¢ be the solution to the equation (1.1) and (p, u) be the strong solution to the system (1.3) on

the time interval [0, T]. Then we have
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t
/ HUF OI0 () dx + v f f pF (Ol (x) — ()2 dxdss
R4 0 R4

S/H(U§|Uo)dx+/ /f§|v|2dv—5o|ﬁ0|2 dx + C||Vyii|| L max{1, A)e

R R 2.2)

+C||Vxﬁ||Loo//H(U'S(s)ﬂ_](s))dxds
0 R4
t
+/\/ / P () (x) —i(x)) - (Vi W x (p — p®))(x) dxds.
0 R4
Proof. It follows from Lemma 2.1 that

/H(U (l)|U(l))dx+y//p (Ol (x) — ()2 dxdss
0 R4

=/H(U§|Uo)dx+/E(U€)—E(Uo)dx—//vx(DE(U)):A(U£|U)dxds
R4 R4 0 R4

—//DE(U) [0,U° + Vi - A(U®) — F(U®)]dxds
0 R4

t t
—i—y//pg(x)|u€(x)|2dxds+A/fVXV(x)'pe(x)ug(x)dxds

0 R4 0 R4

t
+?»f/p8(X)(u£(X)—ft(X))~(VxW*(ﬁ—pg))(x)+,08(X)u8(X)~(VxW*pS)(X)dxds

0 R4
7
— &
=2
i=1

Here Jf, i =2,---,7 can be estimated as follows.
Estimate of J;: Note that

/vf dv /|v| fedv
luf)? = , e p€|u8|25f|u|2f€du. (2.3)

/fsdv B ¢

This gives
1 1
EW) = 50 P < E/|v|2f%lv=: K(f).
d

Thus, by adding and subtracting the functional K ( f¢), we find
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128:/E(Ug)dx—/K(fg)dx+/K(f8)dx—/K(fé)dx

R4 R4 R4 R4
+/K(fg)dx—/E(Uo)dx
R4 R4
50+/K(f€)dx—/K(fg)dx+/1((f5)dx—/E(Uo)dx.
R4 R4 R4 R4

Estimate of J_f: It follows from [24, Lemma 4.3] that

) 0
AU*I0) =
PF W —it) ® (uf — i)

- - 7y — (—la/2)
This together with the fact DE(U) = (~","/7) yields

t t
i = CIsilus [ [ ptiu — P dxds =iVl [ [ w6106 dxas
0 R4 0 R4

Estimate of J;: A direct computation asserts

t
|J§|s||vxa||po// f(u8®u8—v®v)f8dv dxds.
0 RY RY

On the other hand, we get

/(u€®u€—v®v)f€dv=/(u€—v)®(v—ug)f8dv~
R4 R4

This together with (1.5) gives
|J5| < Cl|Vyit|| Lo max{1, Ae,

where C > 0.
Estimate of J5 + J¢: Integrating by parts gives

' '
A/ / VeV (x) - pf()u(x)dxds = —kf/ V(xX)Vy - (0% (x, $)u’(x, s)) dxds

0 R4 0 R4

t
:)»//V(x)aspg(x,s)dxds

0 R4
=A/V(x)pg(x,t)dx—X/V(x),og(x)dx.
R4 R4

Thus we get

t
J+ U = y//pg(x)|u€(x)|2dxds +A/ Vx)pf(x,t)dx — k/ V(x)py(x)dx.
0 R4 R4 R4
Estimate of J5: Note that

933
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t
Af/pg(x,s)ug(x,s)~(VxW*p5)(x,s)dxds
0 R4

t
=A/fas(ps(x,s))(W*,og)(x,s)dxds
0 R4

t

A d e e
=3[ 3 W(x — y)p°(x,5)0°(v,s)dxdy | ds

0 d«R4

A
=5 f W(x —y)p®(x,0)p°(y, 1) dxdy — / W(x — y)pg(x)pg(y) dxdy
dx R4 R4 xR4
This yields

t
s =i [ [ ot @ =) (VW - p ) dxds

0 RY

A
+ > / W(x —y)p®(x,)p® (v, 1) dxdy — / W (x — y)pg(x)po(y) dxdy
dxR4 R4 xR4
We now combine the estimates Jf, i=2,5,6,7to get

> = [ Kupax- [ EGar+Fh - F g

i€{2,5,6,7) R R

t
+2 / / PF (0 (U () — (x)) - (Vi W % (5 — p°))(x) dxds

0 R4

t
+y / f 0° () |u® (x)|* dxds.
0 R4
We then use (1.5) and (2.3) to find

> Jfg/K(fg)dx—/E(Uo)dx

i€(2,5,6,7) Rd R4

t
+?»//p8(x)(ug(x)—ft(x))~(VxW*(,5—pS))(X)dde~
0 RY

We finally combine all the above estimates to conclude the proof. O

Remark 2.2. Note that we proved Jj = O(e), if A is a fixed constant, in contrast with [24, Lemma 4.4], where they
only proved J; = O(4/¢) due to the pressure term in the Euler equations.

2.2. Relative entropy combined with 2-Wasserstein distance

In this part, we show that the 2-Wasserstein distance can be bounded by the relative entropy.
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Note that the local densities p and p® satisfy
9p+Vy-(pu)=0 and 3p°+ Vy-(p°u®) =0,
respectively. Let us define forward characteristics X (¢) := X (¢; 0, x) and X*(¢) := X*(¢; 0, x), t € [0, T] which solve
the following ODEs:
X@)=u(X(),r) and 9, X°(@t)=u’(X°@t),1) 2.4)

with X (0) = X¢(0) = x e RY, respectively. Since we assumed that « is bounded and Lipschitz continuous on the time
interval [0, T], there exists a unique solution p, which is determined as the push-forward of the its initial densities
through the flow maps X, i.e., p(t) = X (¢; 0, -)#po. Here - #- stands for the push-forward of a probability measure by
a measurable map, more precisely, v = T#u for probability measure u and measurable map 7 implies

/(p(y)dv(y)=/¢(T(X))du(X),
RY R

for all ¢ € Cp(R?). Note that the solution X (r; 0, x) is Lipschitz in x with the Lipschitz constant e/V<#lz> Indeed,
we estimate

t
[X(#;0,x) — X (#;0, )| < |x — y| +/ lie(X (s;0,x)) —u(X(s;0,y)|ds

0
t

< lx =yl + IVl f | X (s;0,x) — X(s5:0, y)|ds.
0

Apply Gronwall’s lemma to the above gives
X (1:0,x) = X (10, y)| < eIVt |y —y). (2.5)

On the other hand, the regularity of u® is not enough to have the existence of solutions X?(¢) to the second differential
equation in (2.4). Thus, inspired by the following proposition from [, Theorem 8.2.1], see also [19, Proposition 3.3],
we overcome this difficulty.

Proposition 2.3. Let T > 0 and p : [0, T] — P(R?) be a narrowly continuous solution of (2.4), that is, p is continuous
in the duality with continuous bounded functions, for a Borel vector field u satisfying

T
// lu(x, )P p(x, r)dxdr < 00, (2.6)
0 R4
for some p > 1. Let E7 : [0, T] — R¥ denote the space of continuous curves. Then there exists a probability measure

n on Er x R? satisfying the following properties:

(1) n is concentrated on the set of pairs (§, x) such that & is an absolutely continuous curve satisfying

() =u(§@),1)
for almost everywheret € (0, T) with£(0) =x € R4,
(i1) p satisfies

f p()pdx = f oE®) dn(E, x)

Rd ETXRd

forall g € C,y(RY), t €10, T1.
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Note that it follows from (1.5), see also (2.3), that
/|MS|2,08dx§ / lv|? £€ dxdv < oo,
R4 R4 xR4

i.e., (2.6) holds for p = 2, and thus by Proposition 2.3, we have the existence of a probability measure 7 in 27 x R?,
which is concentrated on the set of pairs (&, x) such that & is a solution of

E0) =u (), 1) 2.7)
with£(0) =x € R?. Moreover, we have

/ @(x)p"(x,t)dx = / @) dn* (&, x) (2.8)

Rd ETXRd

for all ¢ € Cy(RY), 1 € [0, T.
Lemma 2.2. Let ¢ be the solution to the equation (1.1) and (p, ) be the strong solution to the system (1.3) on the
time interval [0, T]. Then we have

t

W3 (0" (1), 5(1)) < Cexp (CI| Vil L, ;1)) | W3 (05, Po) + f / HWU*|U(s)) dxds |,
0 R4
for0 <t <T, where p* = f]Rd fédv and C > 0 depends onlyon T.
Proof. Let us introduce a density 6° which is determined by the push-forward of pj through the flow map X, i.e.,
p° = X#p. For the proof, we estimate W>(p, 0°) and W2(p®, p°) to have the error estimate between p and p® in 2-

Wasserstein distance. Let us first show the estimate of W»(p, 6°). We choose an optimal transport map 7’ (x) between
pg and po such that o5 = 77 #po. Then since p = X#po and p° = X#p;, we find

W3 (p(1), p° (1) < / 1X (£;0,x) — X (£; 0, T¢f (x)) > po (x) dx.
R4

Then this together with the Lipschitz estimate of X appeared in (2.5) yields

W3(p(t), p5 (1)) < *IVetlleet / Ix — T )2 po(x) dx = eIVt w2 (5o, pé),
Rd
that is,
Wa(p(1), (1) < elVeiltw, (5o, pf).

For the estimate of W(p®, p°), we use the disintegration theorem of measures (see [1]) to write

dn® (&, x) = (d§) ® py(x)dx,

where {n%},cgre is a family of probability measures on E7 concentrated on solutions of (2.7). We then introduce a
measure V¢ on E7 X 27 x R defined by

dve(€,x,0) =13 (dE) ® 8x(.;0,x) (do) ® pg(x)dx.

We also introduce an evaluation map E; : Er X ET X R? — R? x R¥ defined as E; (&, 0, x) = (£(t), o (¢)). Then we
readily show that measure ] := (E;)#v® on R? x R? has marginals p®(x, 1) dx and p¢(y,1)dy for r € [0, T], see
(2.8). This yields
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W20 (1), (1)) < f I — y[2dre (x, y)
R4 xR4

= [ bo-coPdreon 09
ETXET XRd
= f X (2:0,x) =& dn’ &, x).
ET XR“’
In order to estimate the right hand side of (2.9), we use (2.4) and (2.7) to have

|X(2:0,x) = &@)]

t

= /IZ(X(s;O,x)) —ub(&(s),s)ds

0

t t
5/IL?(X(S;O,X))—ﬁ(é(S),S)Ider/}ﬁ(S(S),S)—ua(é(S),S)Ids
0 0

t t
5IIVxﬁIILoo/IX(S;O,x)—S(S)Ider/!ﬁ(S(S),S)—u*’"(E(S),S)\ds,
0 0

subsequently, this yields

t
X (£;0,x) — £(1)] < CeCIVerllioe / |i(E(s), s) —u®(&(s), s)|ds,
0

where C > 0 is independent of ¢ > 0. Combining this with (2.9), we have
2

t
W2(pf (1), pE (1)) < CeClVxitllee / f |i(E(s), s) — u®(E(s), 9)| ds| dn®(&, x)

ET xRd4 10

t
sCreC"Vxﬁ”L“/ / (). 5) — u*(E(s). ) dnf (€. ) ds

0 27 xRd
1

fCeC“Vx'ZIILoo//|1Z(x,s)—u‘g(x,s)|2p8(x,s)dxds
0 Rd

1
= CeClIVxitllLee / / HWUE($)|U(s)) dxds,
0 Rd
where C > 0 is independent of ¢ > 0, and we used the relation (2.8). Combining all of the above estimates asserts
W3 (B(0). p° (1)) < VZW3 (5(0), 5° (1)) + V2W3 (0° (1), ° (1))
t
= V2 W o, )+ N [ w9105 dds
0 R4
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t

< CeCIVsitlle L W25y, o) + / / HUE(s)|U(s))dxds |,
0 R4

where C > 0 is independent of & > 0. This completes the proof. O

Proposition 2.4. Let f¢ be the solution to the equation (1.1) and (p, it) be the strong solution to the system (1.3) on
the time interval [0, T]. Then we obtain

t
/H(Ug(t)lﬁ(t))dX+(V—C/\—ecﬁ(l+/\))//’H(U8(S)IU(S))dxds
Rd

0 R4

S/H(Ugmo)dx—i—/ /f§|u|2dv—,50|ﬁ0|2 dx + Camax{l, A)e 4+ eSTAW3 (0§, po).
R4 R4 d

Here C;j = C||Vyul|L=,T; 1) and C > 0 is independent of y, A and &, but depends on T .

Proof. Since V,W € WL®(R?), we get

f VoW — »)(0) — o)) dy| < CWi(o°. ).

d

This enables us to estimate the last term on the right hand side of (2.2) as

» / P () (W (x) = i6(x)) - (Vi W * (5 — p°)) (x) dx
d
1/2
< CAW(p°, p) /pﬂug—ﬁﬁdx scxW§<p€,ﬁ>+cx/p€|u€—ﬁ|2dx,
d R4

where we used Wi < W,. This together with Proposition 2.2 gives

t
/H(Ug(t)ll_/(t))der(J/—C)»)//DS(X)IMS(X)—b_t(X)Izdde
Rd 0 R4

< [uwsidods+ [ | [ 1P do = doliofl? | dx + IV, alme max(1, )
Rd

Rd \Rd
1

t
+CA/W22(,o‘9(s),,5(s))ds+C||Vx12||Loo//H(Ug(s)ﬂj(s))dxds.
0 0 R4

We then combine the above inequality and Lemma 2.2 to have
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t
fH(Ug(l)lﬁ(t))dx-i-(V—C)»)f/,og(x)lus(x)—ﬁ(x)ldedS
R4 0 R4

§/H(U§|Uo)dx+/ /fg|u|2dv—p‘o|ﬁo|2 dx + Czemax{1, 1}
R4 R4 d

t
+eCTAW3 (05, po) + €S (1 +2) f / H(U®(5)|U (s)) dxds,
0 R4
where Cj; = C||Vxit| L (0,T;L>). This completes the proof. O

Remark 2.3. If we study the hydrodynamic limit ¢ — 0 with fixed y, A > 0, then assuming

/H(U5|Uo)dx+f /f5|v|2dv—ﬁo|ﬁo|2 dx + Wa(pf. o) = O(e)
Rd R \Rd

yields the relative entropy and the 2-Wasserstein distance between solutions decays to zero as € — 0:

sup /,os(x,t)lus(x,t)—zZ(x,t)|2dx+sz(pg(t),ﬁ(t)) —-0 as &—0.

0<t<T

In this case, the limit of f¢ is also determined by
f&—p8y,_i weakly-xas &—0

for a.e. t € (0, T'). Indeed, for ¢ € Cfo(Rd x R4 x [0, T1), we have

T
/ / (fg(x, v,t) — p(x, 1) 8(,1_,;()5,”)) ¢ (x,v,t)dxdvdt
0 R4xR4

T
=/ / fEx,v,0) (p(x,v, 1) —p(x,u(x,1),1))dxdvdt

0 RYxR4

T
+//(pg(x,t)—ﬁ(x,t))¢(x,ﬁ(x,t),t)dxdt
0 Rd
=: R{ + RS,
where R‘f can be estimated as
T 1/2
RS < CUIVe bl 1) / / Folo—altdvdvdr | =0
0 RIxR4

as ¢ — 0, due to (1.5). For the estimate of RS, we obtain

T
[R5 < CAllgllLee, I Ve i@l Loe, IIVxﬁIILoo)/Wz(pa(t),ﬁ(t))dt -0
0
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as € — 0. We finally note that in [19], 2-Wasserstein distance is also used to handle the nonlocal velocity alignment
force, however, they need a slightly stronger assumption like ||,08 — poll1 = O(e) rather than Wz(pg, o) = O(e).
We also want to emphasize that our estimate is more consistent in the sense that we need to assume the condition for
Wz(pé, 0o) to have the estimate for W (p?(¢), p(¢)). Moreover, it is not clear that the strategy used in [19] works for
the whole space case since they make use of the periodicidity and the boundedness of the domain. In a recent work
[14], it is observed that the 1-Wasserstein distance can be also bounded by the relative entropy.

Remark 2.4. Suppose that y is large enough such that y — CA — e (14 1) > 0. Then it follows from Proposition 2.4
that
1
/ / HWUE(s)|U(s))dxds <
0 R4
where

Z(U§, Uo) + Camax{1, A}e + e““AWZ (p§, o)
y—Ch—eCi(14+ 1) ’

2. 00 = [ nwsiowdx+ [ | [ sl =i | ax.
Rd R \Rd

We now provide the details of Proof of Proposition 2.1.

Proof of Proposition 2.1. Combining Lemma 2.2 and Remark 2.4 yields
t
W3 (0 (1), p(1)) < e | W3 (p. po) + f / HU®(5)|U(s5)) dxds
0 Rd
Z(UE, Uo) + Camax{1, A)e + eCiaWZ (pf, 50)>

Ci 2 D
<e <W2(p8,/00)+ Yy —Cr—eCi(14+1)

This concludes the desired result. O
3. Proof of Theorem 1.1: large friction limit

In this section, we provide the details of proof of Theorem 1.1 on the large friction limit from the kinetic equa-
tion (1.1) to the aggregation equation (1.2). Our main strategy is to combine the 2-Wasserstein distance estimate in
Proposition 2.1 and the recent work [7] where the overdamped limit to the aggregation equation from damped Euler
system with interaction forces is established by optimal transport techniques. We notice that the intermediate system
(1.3) depends on the parameters y and A and the estimates in Section 2 also depend on the ||Vyit| 1000, 1). Thus
we need to check how it depends on the parameters y and A. Throughout this section, we set A =ky.

3.1. Lip-estimate on the velocity field

Let us denote by u the strong solution to the system (1.3). Our goal in this part is to provide the L*-estimate of
V.
Define the characteristic flow 7 associated to the fluid velocity u(x, t) by

dii(x,t) = i(ii(x,1),t) for t>0 subjectto 7(x,0)=x e R 3.1)

Lemma 3.1. Let T > 0 and (p, u) be the strong solution to the system (1.3) on the time interval [0, T]. Then there
exist v, > 0 and k, > 0 such that

IVxitll Loo0,1; L0y < | Vxtioll Lo + 1

fory >y, and k < Kky.
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Proof. It follows from the momentum equations in (1.3) that
& Vit + it - V2ii + (Vyit)> = —y Vit — Aeylg + VEW % p).
Then, along the characteristic flow defined in (3.1), we find

(Vxit) (71 (x, 1), 1) = (Vxito) (x)e” "

t

—e V! / ((Vxﬁ)2(ﬁ(x, s),8) + Aleyly + V)%W * p(7(x, 5), s))) e¥S ds,
0
and this yields

t
IVl = Vil 4" [ (V0 +2) e s
0
t

= || Vyitg|lpce V" + CeiV’/ |V, s)ll%oce’” ds+Kk(l—e 7,
0

dueto A =«y.Set Cy :=||Viup|lr~ + 1 and
A:={t>0:||Vii(,s)||pec < Cy fors €[0,1)}.

Since A # @, we can define T := sup A4, and if Ty, < T, then the following holds:
tgl;l IVxu(-, t)llLe = Cx.

On the other hand, for t < T, we get

_ - _ CC? B
IViit(-, )L < [ VxitollLoe V’+( y* +/<> (1—e7h.

2
We now choose y, sufficiently large and k. small enough so that % 4+« < 1 for y > y4 and k¥ < k. Thus we obtain

Ci= lim [|Vyit (-, 0)[lL> < [[ViidollLoe ™ +1 < Cs,
t—> Ty~
and this is a contradiction. Hence we have T, > T, and this completes the proof. O
3.2. Overdamped limit: from Euler to aggregation equations

Let us consider the pressureless Euler equations (1.3):
0:pY + Vi - (p"u”) =0,
(P u’)+ V- (pYu @u’) =—yp” (' +x (ViV+ Vi Wxp?)).

Then, an easy generalization of [7, Theorem 5] implies the following error estimate between p¥ and p, which is a
solution to (1.2) in 2-Wasserstein distance.

(3.2)

Proposition 3.1. Let T > 0 and (oY, u") be the strong solution of (3.2) for sufficiently large y > 0, and let (p, u) be
the unique strong solution to the following equation on the time interval [0, T]:

0o+ Vi (pu)=0, pu=—kp(VyV+V,Wxp).
We further assume that the initial data satisfy

E(po,ug) <00, supE(pY,ul) <oo, sup Wa(po, p) < oo,
y>0 y>0
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and

sup/ lug — ug|2,og dx < o0,
where

1
E(p,u):=E1(p,u) +E(p,u) = /V,de-FE f Wx —y)p(x)p(y)dxdy +/|u|2,0dX~
d R4xR4 R4

Then we have

T
M
WE(pY (1), p(t)) dt < ——L—,
[ Wi oo = s
0

where M,, > 0 is given by

M, :=4(E(po, uo) + E1(pY , ud)) + (1 + yIW3 (po, oY)

2
+ " (&2000, u0) + E2(pf  ud)) + / luo — uly |*pd dx.
Rd

Remark 3.1. The improvement of Proposition 3.1 with respect to [7, Theorem 5] is on the initial data assumptions to
allow the initial data depending on y.

Then we are now in a position to give the details of proof of Theorem 1.1.

Proof of Theorem 1.1. For a given pq satisfying the assumptions in Theorem 1.1, we consider its approximation
0 < p§ € H(R?) with s > d/2 + 1 satisfying

sup [|56ll,1 < o0, supE(pf, i) <oo, and W3 (po, pg) = Ofe).

e>0 e>0

Set it := —« (Vi V 4 Vi W p§). Then it is clear to get

W3 (05, B8) < 2W3 (05, po) +2W3 (0o, 55) = O(e) + 2W3 (0§, po)
and

IVaiigllzo < Coe (14 1V2W w155l ) < Cr.

We now take into account the pressureless Euler system (1.3) with above the initial data (,58, ﬁ(g)) and the singular
parameter y = 1/¢, i.e., A = «/e. This, together with Lemma 3.1, Proposition 2.1, and choosing ¢, x > 0 small
enough, yields

) . I(UE,UE) 4 Crer+ ey W2 (o8, pE)
W%(pf(o,pg(r))seck(W%(ps,p5>+ S— Fe—

y —Cky —e“(14«y)

} eL(UE, UE) + Cr2e + ke  W2(pE, pt)
ZeCK (W%(pg’pg)_i_ 0 0 2 \FQ0 M0

1 —k(C +eC*(1+¢))
= O(e) + CW2(p5, 55,

where C > 0 is independent of ¢ and

I(Ug,Ug):fpg(x)mg(x)—ﬁo(x)|2dx+/ /f(f|v|2du—5g|ﬁg|2 dx.
R4 R4 d
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Note that

/p3|ﬁ8|2dxsC/pSVdchva*ﬁsnim/pgdxsc fpgvczx+||f5||u||ﬁé||il :
R4 R4 R4 d

where C > 0 is independent of €. Then this implies

supZ(U§, U§) < Csup / f§|v|2dxdv+fp5de+||f5||L1||;35||il <0,
>0 e>0 Y R

where C > 0 is independent of €. Furthermore, since W22 (05, Py) < O(e) + 2W22 (G- P0), we have

W2(p (1), (1)) < O(e) + 2WZ (0§, po).-

For the error estimate of solutions to (1.2) and (1.3), we use Proposition 3.1 with y = 1/¢ to obtain

T
/ W3 (55 (1), p(t)) dt < Ce + CW;(p§. po) = O(e).
0

We finally combine all the above estimates to conclude

T T T
/ W3 (pf (1), p(2))dt < / W3 (o (1), p° (1)) dt + / W3 (¢ (1), p(0))dt
0 0 0

< O(e) + CW3(p5, po).
This completes the proof. O

4. Well-posedness of equations (1.1), (1.2), and (1.3)

In this section, we show the global-in-time existence of solutions to the equations (1.1), (1.2), and (1.3) under
suitable assumptions on the initial data, making our main result completely rigorous.

4.1. Global-in-time existence of weak solutions to the equation (1.1)

We first present a notion of weak solutions of the equation (1.1) and our result on the global-in-time existence of
weak solutions.

Definition 4.1. For a given T € (0, 00), we say that f is a weak solution to the equation (1.1) if the following condi-
tions are satisfied:

(i) f€L>®0,T;(LLNL®) R x RY)),
(i) for any ¢ € C®(RY x RY x [0, T]),
t
f(BZgo +uv- Vx(p - (VU +A(VxV + VxW*p)) . Vy(D)dxdvdS

0 R4xR4
1

+/ / f(Bu —v)-Vyp)dxdvds + / foe(:,-,0)dxdv =0.
0 RIxR4 R4 xR4

We also recall the velocity averaging lemma whose proof can be found in [22, Lemma 2.7].
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Lemmad4.1. For 1 < p < (d +2)/(d + 1), let {G,,},, be bounded in L? (R? x R? x (0, T)). Suppose that

(i) fu is bounded in L0, T; (L' N L®)(R? x RY)),
(i) (|x]? =+ [v|?) fu is bounded in L0, T; L' (R? x R%)).

If fu and G, satisfy the following equation: 0; f, + v - Vi f, = VyG,,, then, for any ¢ (v) satisfying ¢(v) < c|v| as
|v| = oo, the sequence {fRd Jap(v) dv}n is relatively compact in LP(R? x (0, T)).

We can now show the existence results for this type of solutions.

Theorem 4.1. Let T > 0. Suppose that fy satisfies
foe (LLNL®)R xR and (v +V + W xpo) fo € L' (RY x RY).

Furthermore, we assume
2
Vix)= %, W is symmetric and bounded from below, and VW € Loo(Rd).

Then there exists a weak solution of the equation (1.1) in the sense of Definition 4.1 satisfying ([v|>+V + W xp) f €
L>®, T; LY(R? x RY)). Furthermore, the total energy inequality (1.5) holds.

For notational simplicity, in the rest of this section, we set =1 =y = 1.

Remark 4.1. Our strategy can be directly applied to the case, where the confinement potential V satisfies 0 < V (x) —
400 as |x| = 400, and |V, V()c)|2 <V(x)forxe R4, Without loss of generality, we may assume that W > 0 in the
rest of this subsection.

The global-in-time existence of weak solutions for the Vlasov equation with local alignment forces was studied
in [22]. In the presence of diffusion, the global-in-time existence classical solutions around the global Maxwellian
was obtained in [12]. We basically take a similar strategy as in [22] and develop it to handle the additional terms,
confinement and interaction potentials, in order to provide the details of proof of Theorem 4.1.

4.1.1. Regularized equation
In this part, we deal with a regularized equation of (1.1). Inspired by [22], we regularize the local velocity u and
apply the high-velocity cut-off to the regularized local velocity. More precisely, we consider

O f+v-Vif =V (f(0—xcs)+ f(0+ ViV + Vi W xp)) 4.1)
with the initial data f(x, v, t)|;=0 = fo(x, v), where
Jravf dv P

u)=ul and ug:= = u
Xe @) lul=<¢ s 8+f]Rdfdv S+ p

with § >0and ¢ > 0.
Then our goal of this part is to prove the global well-posedness of the regularized equation (4.1).

Proposition 4.1. Let fo > 0 satisfy the condition of Theorem 4.1. Then, for any 8,¢ > 0, there exists a solution
feL%®0,T; (L' NLP)R? x RY)) with p € [1, o0] of (4.1) satisfying

1l <P 1 follr for pell, ool 4.2)
and
T
sup F(f)+ / / WP f dxdv < F(fo),
0<t<T
0 R4xR4

where C > 0 is independent of § and ¢.
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Proof. Since the proof is similar to [22, Proposition 3.1], we briefly give the idea of that.
Step 1 (Setup for fixed point argument): We first fix pg € (1, (d +2)/(d + 1)). For a given it € LP*(R? x (0, T)),
we let f be the solution of

I f+v-Vif =V (f(—xcWs)) + f(0+ ViV + Vi W5 p)) 4.3)

with the initial data

f&x, v, 0li=0 = fo(x,v).
We then define a map 7 by

it > T (1) = us.

Step 2 (Existence): We first show that the operator 7 is well-defined. In fact, the global-in-time existence and unique-
ness of solution f € L>®(0, T; (L' N LP)(R4 x R?)) to (4.3) is standard at this point since xe (i) € L®[R? x (0, T)).
Furthermore, we can also obtain the uniform L? estimate (4.2). Indeed, it can be easily found by using the fact that

_ _ 1 _
/f(X;(M)—VxV—VxW*P)'vap ldvz;(X{(u)—VXV—VXW*p)~/VUfde=O.
R4 R4

For the energy estimate, we obtain

d
ST ==2 / lv|? f dxdv + / fu- xe(in)dxdv < — / lv|? f dxdv + ¢, (4.4)
R4 xR4 R4 xR4 R4 xR4

and this gives

sup .F(f(t))—i—f / lv|? f dxdvdt < F(fo) + ¢*T. 4.5)
0<t<T
0 RIxR4

The continuity of the operator 7 just follows from [22, Lemma 3.3]. We next provide that the operator 7 is compact.
More precisely, let {u,}, be a bounded sequence in L0 (]Rd x (0, T)), then we show that T (i) converges strongly
in LP°(R4 x (0, T)) up to a subsequence. This proof relies on the velocity averaging lemma, Lemma 4.1, and for the
proof it is enough to estimate the uniform L9 bound of force fields given in (4.3) with ¢ < 2, see [22, Section 3.2].
Let us denote by G = f(v — x¢ (us)) + f(v+ ViV 4+ Vi W x p). Then we find from the above L? estimate of f and
(4.5) that

IGllze < ¢l fllze +20Cx +v) Flle + (Ve W p) fllza
<¢lflia +4F(HOYV2H NIV W Il fll Lo < 00,

where we used
1/2

I+ v)flle <2 / (x4 ol fdxdv | 171 2RI
—-q —q
d R4

for ¢ < 2. Then using this, Lemma 4.1, the argument in [22, Section 3.2], we can apply Schauder fixed point theorem
to conclude the existence of solutions to the regularized equation (4.1).
Step 3 (Uniform energy estimate): Similarly to (4.4), we find

d
Ef(f) =-2 / [v|? f dxdv + / fv - xe(us)dxdv.
R4 xR4 R4 xR4
We then use the following facts
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X (u5)| < lus| <|u| and p|u|2sf|v|2fdv

Rd
to get
1/2 1/2
/ fv-xe(us)dxdv| < / lv|* f dxdv / |x¢ (us)*pdx
dyRd dyRd d
< / [v]? f dxdv.

R4 xR4

Hence we have

d
SF() - f w2 £ dxdv.
RYxR4

This completes the proof. O

4.1.2. Proof of Theorem 4.1

In order to conclude the proof of Theorem 4.1, we need to pass to the limits { — 400 and § — 0. Note that we
obtain the uniform L? estimate and the energy estimate in Proposition 4.1, and the uniform-in-¢ bound estimate of G
in L>®(0, T; L1(R? x R?)) with ¢ < 2 can be obtained by using the similar argument as before. Those observations
together with the argument in [22, Section 4] conclude the proof of Theorem 4.1.

4.2. Global-in-time existence of weak solutions to the equation (1.2)

In this subsection, we discuss the global-in-time existence and uniqueness of weak solutions to the continuity type
equation (1.2). We just refer to [4,9,2,6,29,30] for related results. We adapt some of these ideas for our particular
purposes. We first introduce a definition of weak solutions to the equation (1.2) and state the our main theorem in this
part.

Definition 4.2. For a given T € (0, 00), we say that p is a weak solution to the equation (1.2) if the following condi-
tions are satisfied:

(i) p €C(0,T]; P2(RY)),
(ii) p satisfies the system (1.2) in the sense of distributions.

Theorem 4.2. Let T > 0. Suppose that the confinement potential V is given by V = |x|?/2 and the interaction po-
tential W is symmetric and Vi W € WLo(RY). If po € P> (R?), then there exists a unique global solution p to the
equation (1.2) on the time interval [0, T'] in the sense of Definition 4.2. In particular, we have ./p(3;u +u - Vyu) €
L%(0, T; L2 (R%)).

Proof. We first introduce the flow W: R, x Ry x RY — R¥, generated by the velocity field u = —V,V — V, W « p:
d
E‘If(t; s, ) =u(W(t;s,x),1), Wisss,x)=x

for all 5,7 € [0, T]. Note that the above flow is well-defined globally in time due to the regularity of V, W e W
and V,V = x. Concerning the integrability \/p(d,u +u - Viu) € L*(0, T; L*(R%)), we first find

[9rulloe < IVxWllwrell/pullz2 and [Vl < C + (Ve Whyreo.
This yields
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/p (100 + 11V dx 5fp|a,u|2dx+ ||vxu||ioc/p|u|2dx
R4 R4 R4
= (CH 19 Wie) [ puPax.
R4
On the other hand, it follows from [5,6,2] that

/p|u|2dxs/po|uo|2dx.

R4 R4

Hence we have

[ o (10 + wP19.R)ax ¢ [ pouofax <c | [ pobePax+ 1
R4 R d

This completes the proof. O
4.3. Global-in-time existence of strong solutions to the system (1.3)

In this part, we study the global-in-time existence of strong solutions to the following system:

dp+ Ve (pu)=0, (x,1)eR? xRy,
0 (pu) + Vi - (pu @ u) = —ypu —rp(VxV + Vi W x p)

(4.6)

with the initial data
(p(x, 1), u(x,0)]i=0 =t (Po(x), uo(x)), x €R.
We now introduce a notion of strong solution to the system (4.6).

Definition 4.3. Let s > d/2 + 1. For given T € (0, 00), the pair (p, u) is a strong solution of (4.6) on the time interval
[0, T'] if and only if the following conditions are satisfied:

() peC(0,T]; H* (RY), u €C([0,T]; Lip(RY) NL? (R?)), and VZu € C([0, T]; H*~1(RY)),

loc
(i1) (p, u) satisfy the system (4.6) in the sense of distributions.

We first present the local-in-time existence and uniqueness results for the systems (4.6).

Theorem 4.3. Let s > d /2 + 1 and R > 0. Suppose that the confinement potential V is given by V = |x|*/2 and the
interaction potential W is symmetric and Vi W € W1 n WLV RE). For any N < M, there is a positive constant
T* depending only on R, N, and M such that if

looll s + luoll 2o, ryy + 11 VauollLe + IVl ys—1 < N,

then the Cauchy problem (4.6) has a unique strong solution (p, u), in the sense of Definition 4.3, satisfying

sup (119Dl + G, D)l 2300,y + Vst Dl + V2Dl oot ) < M,

0<t<T*

where B(0, R) denotes a ball of radius R centered at the origin.

Proof. Since the proof of local-in-time existence theory is by now classical, we sketch the proof here, see [13, Section
2.1] for detailed discussions. For simplicity, we set A =y = 1.
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Step 1 (Linearized system): We first consider the associate linear system:

0p+iu-Vep+pVy-ii=0,

~ 4.7
pou+ pu - Vyiu=—pu— p(VyiV+ Vi Wxp)
with the initial data (pg, ug) satisfying the assumptions in Theorem 4.3. Here u satisfies
sp_ (11, )l 200,y + I Vot Dl e + V3G Dl oo ) < M. 48)

0<t<T

We notice that the existence of the above linear system can be proved by a standard linear theory [23]. Since # is glob-
ally Lipschitz, by using the method of characteristics, we can show the positivity of the density p. By a straightforward
computation, we first find from the continuity equation in (4.7) that

<[ 24 < C|| Vi o<l pll?
dt IO X = )CM L>® p L27

Rd
d 4.9)
o / IVepl?dx < C||Vyilll | Vapll3» + CIVETl 2l ol L | Vapll 2.
]R‘]
For 2 <k < s, we obtain
—— | IV*p?a
> / V5o dx
Rd
=— / Vo @V pydx — / VEo  (VE(Vep i) — it - V¥ p) dx
R4 R4
k k ~ k k ~ k ~
—/pr-(vxwx -ii))pdx —fvxp-(vx(pvx <ii) — pVE(Vy - D)) dx
R4 R4
4
i=1
where V)]C‘ denotes any partial derivative 97 with multi-index o, |«| = k, and we estimate
Iy < | Vxit| = lIVEpll3 2,
L < |IVE(Vep i) —ii- Vi pll 211 VEpll 2
< C (IVKall 2 IVapllio + IVl 1950l 2 ) 1950 2,
B < plle<IVEpl 21V ] 2,
Is < VRV, - D) — pVE(Ve - D)l 2 VEpIl 2
= C (IVEpll Vsl o + Vol VEal 2 ) 1901l 2.
Here, in order to bound /> and 14, we used Moser-type inequality [11, Lemma 2.1] as
195(F9) = £VEgllie = € (I fle Ve gl + 195 fl 2 gl )
for f, g € (H* N L*®)(R?) and V, f € L>®°(R%). This, together with (4.8), yields
d .
—llpllgs <CMllpligs, ie.  sup llpC.Ollas < llpollaseMT, (4.10)
dt 0<t<T

due to s > d/2 + 1. For the estimate of u, we use the positivity of p to divide the momentum equation in (4.7) by p
and use the similar argument as in Lemma 3.1 to get
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t
I Vaullpe’ < [[Vauoll Lo + CMf [ Vaullpee’ ds + Ce' —1).
0
Applying Gronwall’s inequality to the above, we obtain

sup [|Vyu(-, )|z < | VyugllpoeMT 4 C (M7 —1).
0<t<T

For 2 <k < s + 1, similarly as above, we next estimate
1d k2
5 E / |qu| d.x
Rd

:—/vj;u.(ﬁ-v,’g“u)dx—fvj;u-(Vf(ﬁ-vxu)—ﬁ.v§+1u)dx

R4 R4
—/|v§u|2dx—/Vﬁu-(vﬁw*vj;”p)dx
R4 R4

< Vet IVEul2 + € (Va2 1 Vatll o + Vil | 9Eull2) 1V Eul 2
— IVEull? > + I VEull 2 IVEW I IVE ol 2

< CM|IVEull?, + CM||Veul Lo | VEull 2 + CIVEul 2 1VE ol 2.
Summing the above inequality over 2 <k <s 4 1 gives

d

S IViul e < CMINVEul ees + ClIVepll ot + CM Vot 2.
Then we combine the above, (4.10), and (4.11) to have

d

E”V)%“”HH < CM||V2ul gs—1 + Cllpoll s e“MT + C||Vauol| o eMT 4 C(eMT — 1),
Thus we obtain

IV2ull gs-1 < 1V3uol gs-1e“M" + Clllpoll s + | Vauoll oo + DT M

On the other hand, we get

v | whar== [ v [ e
|u|dx = — u-((u-Vou)dx — |u|”dx

2dt
B(0,R) B(0,R) B(0,R)
— / u-vVyVdx — f u-(ViWxp)dx
B(0,R) B(0,R)

< [IVxullp= ||1;||L2(3(0,R))||M||L2(3(0,R)) + C||”||L2(B(0,R)) - ”””iZ(B(O,R))

2
< Cllull2po,ry = 1ull7250.8))
due to (4.11). By using Gronwall’s inequality, we find

%”M”m(g(o,[z)) <C —llullp2go,ry> 1€ Nullzzo,ry < luoll2s0,r) + C(e" —1).
Combining all of the above observations yields
Lol s + lluell 20, )y + I Vattll oo + 11 VFue]| st
< (leoll s + lluoll 220, vy + I Vauol grs-1)e™T
+Clllpolls + [ Vxuollzoe + DT M+ C (M —1)
<(N+ N+ DT)eMT 4 c(MT —1).

949

4.11)
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We finally choose 7* > 0 small enough such that the right hand side of the above inequality is less than M. Hence we
have

sup (||p(-, Ollas + 1uC Ol 2s0.ry) + 1 Vaut G OllLe + I Viul, t)||Hx-1) <M.
0<t<T*

Notice that T*, N, and M do not depend on .
Step 2 (Existence): We now construct the approximated solutions (p", ") for the system (4.6) by solving the follow-
ing linear system:

atpn+1 + ul’l . prn-H + pn+lvx . un — O,
pn+1alun+l +pn+lun . qun—H — _pn+lun+l _ ,0n+1(VXV + VxW*,On-H),

with the initial data and first iteration step defined by

(p"(x,0), u" (x,0)) = (po(x), up(x)) forall n>1, xeR?,

and

(P°(x, 1), u%(x, 1)) = (po(x), uo(x)),  (x,1) e R x R

Then it follows from Step 1 that for any N < M, there exists T* > 0 such that if ||pollzs + lluoll;2(p0.ry) +
[ Vxuoll oo + | V2ug|| jys—1 < N, then we have

sup sup (110" .00l -+ " GO 20,y + 19" G0+ V20" G0 ) < M.
n>00<t<T*

Note that p"t! — p” and u"*! — u" satisfy

3 (0" = "y 4 (" — u" Ny V" v (o — )
+ (" = PV U 4 "V @ — ") =0
and
W =+ W =Y V" v @ =0
= —@" —u") = VW (p" = "),
respectively. Then a straightforward computation gives
t
ey X YO P c/ (||<p”+1 — MO+ " —u" N, s>||3,1) ds,
0
where C > 0 depends on ||V, p" 1| Lo, | Vet || oo, | Vet T Lo, and || p" || L. We also find
1

I@™ —u™) 013, < C/ (||(p”+‘ — "N+ 1@ —u"H, s>||i,1) ds,
0

where C > 0 depends on ||V, u"*! [EYPIRSE [ Veu! 1,00, and ||V, Wljy11. This provides that (p", u") is a Cauchy
sequence in C([0, T']; L2(R%)) x C([0, T1; H (R?)). Interpolating this strong convergences with the above uniform-
in-n bound estimates gives

p"—p inC(0, T.J; H'T'RY), w"—u inC([0,T]; H'(B(O,R)) asn— oo,
Veu" — Veu  inC(RY x[0,T,]), and VZu" — V2u inC([0, T.]; H2(RY)) asn— oo,

due to s > d/2 + 1. In order to show the limiting functions p and u satisfy the regularity in Theorem 4.3 we can use a
standard functional analytic arguments. For more details, we refer to [13, Section 2.1] and [8, Appendix A]. We also
notice that it is easy to show the limiting functions p and u are solutions to (4.6) in the sense of Definition 4.3.
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Step 3 (Uniqueness): Let (o1, u1) and (o2, u2) be the strong solutions obtained in the previous step with the same
initial data (g, ug). Then it directly follows from the Cauchy estimate in Step 2 that

t
IGo1 — p2) G ON72 + 1y — u2) (L O[5, < c/ (Il(m — )72+ Iy — u2)(-, s>||%,l)ds.
0

Thus we obtain

1Go1 = p2) C. D172 + 1y — u2) - 1) [5; =0

for all ¢ € [0, T*]. Hence we have the uniqueness of strong solutions. [

We next show global-in-time existence of strong solutions to the system (4.6) under additional assumptions on
parameters y, XA, see below, and the interaction potential W. We remark that the assumption on y and A is used in
Lemma 3.1 for the uniform bound estimate of V,u. The strong regularity of VW is needed for the global-in-time
existence of solutions. Note that we do not require any small assumptions on the initial data.

Theorem 4.4. Let s > d/2+ 1, T > 0, and R > 0. Suppose that the confinement potential V is given by V = |x|*/2
and the interaction potential W is symmetric and V, W € (wh! ﬂW[d/zHl’oo)(]Rd). Suppose that initial data (pg, uo)
satisfy

po € H'(RY), wupe(LipnL? )RY), and Vuge H'(RY).

loc

Then there exist y, > 0 and k. > 0 such that

sp_ (I1Co )l + G, Dl 20,y + IVt Dll e + [ V2UC Dl ot ) < €
0<t<T

Jory >y and k < k4, where C depends on the initial data (pg, uo), T, Vs, ks, and |Vy W |lyyra/21+1.1. Here yy and i
are appeared in Lemma 3.1.

Proof. Similarly as (4.9), we estimate

d
Jolollg < ClIVaulellplizn + CIVZull 2 llplle I Vepll 2

and
d 212 212 2
TNVl < ClIVxul x| Viul + ClIVul 2ol .
This yields
d 2 2,112 2 2,112
= (IpW3 +1V2ul}2) = € (1Vsullz + ol + 1) (ol + 192l
i.e.,

sup (Ilo (.0l +1V3uC Dl 2)

0<t<T
T

= € (llpoll g + IV 2uoll 2 ) exp fuvxu(-,t)nmo+||p(-,r>||Lecdr
0

On the other hand, it follows from Lemma 3.1 that there exist y, > 0 and «, > 0 such that

sup [[Vxu(, t)llree < |VyuollLee + 1
0<t<T

for y > y, and k < k. Then this, together with using the method of characteristics, gives
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T

0<t<T
0

Combining all of the above observations, we obtain

sup_ (o€, Dll gt + Va0l + V2, D1l 2 )
0<t<T

= Coxp (llooll g + IVsuoll + [ V3uoll .2

for y > y, and k < k. We also easily estimate

sup |luC, O llz2geo,ry) = Clluoll 280, r))-
0<t<T

For 0 <k <, we find
d
EIIV,’E/OIILz < CIVEpll 2 + CIVEUll 21 Vi pll oo 4+ CIIVE ]2
and
d
EIIV,’E“ulle < CIVET | 2 + CIVEF (VW 5 p) 12
Then we have from (4.14)
IViull gram < ClIVull gum +C Y VS (VW o)l 2
1<k<[d/2]+1

<CIViullgam +C Y IV WL Vepll 2
1<k=<[d/2]+1

< ClIViul o + CI Ve Wl | Vepll 2
This together with (4.12) implies

dl
dt

sup [|V2u(-, )|l g < C,
0<t<T

where C depends on the initial data (pg, ug), Vx W, and T. We back to (4.13) to obtain

d
o IVipll g < CIVEP giarm + CIV Ul gaa | Vaplles + CIV3ul giar
< CIIVipll g + ClIVepll grarziet + ClIV3ull giara
< C+CIIV2pll gup + ClIViull g,
where we used (4.15) and (4.12). It also follows from (4.14) that
d v3 <C|V3 V. W v?
= IViull grazr < ClIViull gam + 1Vi Wizt [ Vipll 2
< CIIVull garm + 12l riara.
Combining the above two differential inequalities yields
d % V3 C+cC (V2 A
7 IVioll gam + 1 Viull gam ) < C + C (Vi pllglaa + 1Vl gaz )
and subsequently we find

sup_ (110G, Dll e + [ V3uC, 0l grarisr ) < C,
0<t<T

sup [loC, )iz =< llpoll= exp fIIqu(-,l)llLocdt = Clipollzeeexp ([[Vxuollzee +1).

4.12)

(4.13)

(4.14)

(4.15)

where C > 0 depends on the initial data || po|| gra/21+2, ||Vfu0||Hw/z1+1 , IVeugllLee, IV Wihwiaszi+1,1, and T. We next

estimate (4.13) and (4.14) as
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d
(198 o2 + 195 uly2) = € (8ol + 194wl 2) + €IV Eul 2,
where we used

IVEFL (VW % p) 12 < IVEW I IVERI2 and  [[Vipllze < ClIVepll gair < C.

By summing it over 2 < k < s and applying Gronwall’s inequality to the resulting differential inequality, we finally
have

sup (V2o Dl g2+ V2, Dl et ) < €

0<t<T

where C > 0 depends on the initial data || pg|| zs, ||V)%M()||Hs—l, IVxuollLe, lIVxWlhpia/zi+1,1, and T. Combining all
of the above discussion concludes the desired result. O
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