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Abstract

This paper deals with collisionless transport equations in bounded open domains Q C R? (d > 2) with C! boundary 0€2, or-
thogonally invariant velocity measure m(dv) with support V C R< and stochastic partly diffuse boundary operators H relating
the outgoing and incoming fluxes. Under very general conditions, such equations are governed by stochastic Cq-semigroups
(Un())4>0 on LI(SZ x V,dx ® m(dv)). We give a general criterion of irreducibility of (UH(?));>o and we show that, under
very natural assumptions, if an invariant density exists then (Un(?));>0 converges strongly (not sin_lply in Cesard means) to its
ergodic projection. We show also that if no invariant density exists then (Un(?)),> is sweeping in the sense that, for any density ¢,
the total mass of Un(#)¢ concentrates near suitable sets of zero measure as ¢ — 400. We show also a general weak compactness
theorem of interest for the existence of invariant densities. This theorem is based on several results on smoothness and transversality
of the dynamical flow associated to (U (?));>0-
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1. Introduction

Kinetic transport equations in bounded geometry is an important field of investigation which can be traced back
to the seminal work [9] where absorbing boundary conditions have been considered. For more general boundary
conditions, relating the incoming and outgoing fluxes at the boundary of the physical domain, the well-posedness of
associated transport equations with general force terms — including Vlasov-like equations — have been considered in
[10,7,8] while a thorough analysis of the free transport equation with abstract boundary conditions on general domains
have been performed in [43] (see also [21, Appendix of §2, p. 249]). Notice that, for a nonlinear and collisional
kinetic equation such as Boltzmann equation, taking into account general boundary conditions induces notoriously
additional difficulties; we just mention here the works [14,25] (dealing with close-to-equilibrium solutions) and [33]
(for renormalized solutions) and the references therein.

We aim to emphasize right now that, even though the present contribution is dealing with collisionless kinetic
equations, we hope that the tools developed in the paper will be of some interest in nonlinear kinetic theory with
general partly diffuse boundary conditions, especially in the study of the regularity up to the boundary for both the
linearized and nonlinear Boltzmann equation as in [18,27].

The object of this paper is to build a general theory of time asymptotics (t — o0o) for multi-dimensional collision-
less kinetic semigroups with partly diffuse boundary operators. Our construction is twofold:

(1) On the one hand, we continue previous functional analytic works [5,6,34,43] on substochastic semigroups gov-
erning collisionless transport equations with conservative boundary operators in L!-spaces and combine them
to recent developments on the asymptotics of stochastic partially integral semigroups in L !-spaces motivated by
piecewise deterministic processes [41].

(2) On the other hand, we investigate the problem of the existence of invariant densities for collisionless transport
equations. Such existence theory depends heavily on our understanding of compactness properties induced by the
diffuse parts of the boundary operators. These compactness properties rely on the fine knowledge of smoothness
and transversality properties of the dynamical flow induced by the semigroup.

More precisely, we consider transport equations of the form

oY (x,v,t)+v-Viy(x,v,1) =0, x,v)eQxV, t>0 (1.1a)
with initial data

Yv(x,v,0) =vo(x,v), (x,v) e xV, (1.1b)
under abstract (conservative) boundary conditions

Yir_ =HW ), (1.1c)
where

e ={(x,v)edxV; £v-n(x) > 0}

(n(x) being the outward unit normal at v € 9€2, see Fig. 1) and H is a linear boundary operator relating the outgoing
and incoming fluxes ¥|r, and ¥|r_ and is bounded on the trace spaces

Ly =L'T+;: v n)|r(dx) @ m(dv)) = L' T+, dps(x, v))

where 7 denotes the Lebesgue surface measure on d€2. We will focus our attention to the case of nonnegative and
conservative boundary conditions, i.e.

Hy >0 and Hy 1l = ||1,b||L|+, for any nonnegative ¥ € Li_. (1.2)
Here

QcR? (d>2)isan open subset with c! boundary 92

and our analysis takes place in the functional space
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Fig. 1. x € 92; I'g(x) — the tangent space to 92 at x; "1 (x) — outward velocities; I'_ (x) — inward velocities.

X=L"(Q x V;dx ® m(dv))

where V C R is the support of a nonnegative Borel measure m which is orthogonally invariant (i.e. invariant under
the action of the orthogonal group of matrices in R?). Such a measure covers the Lebesgue measure on R¢, the surface
Lebesgue measure on spheres (one speed or multi-group models) or even combinations of them.

Very precise one-dimensional results corresponding to slab geometry have been obtained in [35]. Their extension
to multi-dimensional geometries (d > 2) is far from being elementary and is completely open. It is the main concern
of the present work to provide such a generalization.

Let

W= {(p €X;v-VipeX, gr, €L (Fi)}

where v - V@ is meant in a distributional sense, (see Section 2 below for a reminder of the trace theory) and let
TH: 2My) CX—> X

be defined by

Thp =—v- Vo, Z2(MTh)={p e W or_=H(gr,)}.

In contrast to the one-dimensional case [35], in general, Ty need not be a generator. However, there exists a unique
extension

ADTH

which generates a positive contraction Cy-semigroup (Un(?));>0, see [5,34,43]. Notice that (Un(?)),>o need not be
stochastic, i.e. mass-preserving on the positive cone X ; of X. Actually (Un(?)),>( is stochastic if and only if

A=Tq (1.3)

and different characterizations of this property are also available [5,34]. A general sufficient condition for (Un(2)),>¢
to be stochastic is given in Proposition 4.1 below.

Let us briefly describe the main contributions of this paper. We restrict ourselves to the stochastic case (1.3). A very
important role is played here by the irreducibility of (Un(#)),>( (see Definition 4.3 below). When Ty is not a generator,
it is not possible to handle easily its closure A = Ty. Despite this fact, the resolvent of A is given by an “explicit”
series converging strongly, see (2.1) below. By exploiting this series one can derive a very general sufficient criterion
of irreducibility of (Un(#)),> in terms of properties of the stochastic boundary operator H, see Proposition 4.6 below.
It is well known (see [22]) that if the kernel of the generator of an irreducible stochastic Co-semigroup is not trivial
(and consequently one-dimensional) then the semigroup is ergodic and converges strongly in Cesaro means to its
one-dimensional (positive) ergodic projection (as t — +00). Thus the existence of an invariant density of (Un(?));>q
is a cornerstone of this construction and is a fundamental problem for the understanding of the long-time behaviour
of (1.1).

We mainly consider (local in space) stochastic boundary operators H : LLF — L! which are (locally in space)
convex combinations of reflection and diffuse operators of the form

Ho(x,v) = a(x)Re(x, v) + (1 — a(x))Ke(x, v)

= a(X)p(x, V(x,v)) + (1 — a(x)) / k(x, v, V)@ (x, V) py (dv') (1.4)

[y(x)
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where
'-sx,v)— (x,V(x,v)) e}

is a general u-preserving reflection law, u, (dv) = |v - n(x)| m(dv) and

/ k(x,v,0)u,(dv) =1, (x,v')el4
r_(x)

where @ : x € 9Q2 — a(x) € [0, 1] is a measurable function.
Regarding the long-time behaviour of the solution to (1.1), when

esssup a(x) <1, (1.5)
x€d2
we show under quite general assumptions on the kernel k(x, v, v’) that (Uy (t));>0 is partially integral (i.e. for each
t > 0, Uy(¢) dominates a non trivial integral operator). It follows that if (Un(¢)),>( has an invariant density Wy then
(Un(1));>0 is asymptotically stable, i.e.

lim [[Un(1) f — Wl =0
—400

for any density f; see Theorem 7.5 for a precise statement. This result provides us with a much more precise result
than the mere Cesar0d convergence given by the general theory. Converse results are also given; indeed we show that if
(Un(t));>0 has no invariant density then (Un()),>( is sweeping with respect to suitable sets. In a more precise way,
the total mass of any trajectory of (1.1)

t > 0r— Un(t)vo

concentrates for large time ¢ — oo near small (or large) velocities or near the boundary 92 x V, see Theorem 8.3 for
a precise statement. Such asymptotics follow from general results on partially integral stochastic semigroups [38—40]
which we recall in Appendix B of the paper. These general theorems on asymptotic stability or sweeping of stochastic
collisionless kinetic semigroups (Un(#));>0 (and also some related results) are the first object of this paper. Our second
object is to deal with the existence of an invariant density for stochastic collisionless kinetic semigroups (Un(?));>¢.
As far as we know, the existence of an invariant density is known only for the classical Maxwell diffuse model (see
Example 6.4 below) for which it is known that (Un(#)),>( is asymptotically stable [3].

Thus our second object is to provide an existence theory of invariant density for such kinetic models. We show first,
for general stochastic boundary operators H, that O is an eigenvalue of Ty associated to a nonnegative eigenfunction
if and only if there exists a nonnegative solution ¢ € Lﬂr to the eigenvalue problem

MoHe = o, (1.6)
which satisfies the additional condition
/w(x,vnvr‘dmx,v) <400 (1.7)
Iy
where
Mo : Ll_ — LL_

is the stochastic operator defined by

(Mog) (x,v) =p(x —7_(x,v)v,v); (x,v) €'y, pelLl

where 7_(x, v) is the exit time function (see the definition in Section 2 below).

To study the existence of an invariant density, we introduce the sub-class of regular partly diffuse boundary opera-
tors such that the diffuse part is “weakly compact with respect to velocities” (see Definition 3.5 below) which enjoys
nice approximation properties. The part of the paper concerned with the existence of an invariant density is very
involved and is based on a series of highly technical results culminating in a key spectral result



B. Lods et al. / Ann. I. H. Poincaré — AN 37 (2020) 877-923 881

Tess(MgH) < 1 (1.8)

(see Theorem 5.6) where regs refers to the essential spectral radius. Inequality (1.8) is shown to be true under some
smallness assumption on the oscillations of the diffuse parameter S(-) =1 — «(-)

(11 = BO L@ + 1BOIx@w)’ ~ 18O pg <1 (1.9)

(see Theorem 5.6). However, we believe such an assumption to be purely technical, (see Remark 5.8). It is then
straightforward to check that the spectral problem (1.6) has a solution under (1.8). If the corresponding eigenfunc-
tion satisfies the additional condition (1.7) then (Un()),s is asymptotically stable. If not we show a more precise
sweeping behaviour: the total mass of any trajectory t > 0 — Uy(¢)vo of (1.1) concentrates near the zero velocity
as t - 400, see Theorem 8.5.

The above spectral inequality (1.8) is a consequence of a key weak compactness theorem namely: for any regular
diffuse operator K

KMoK : L fr L' s weakly compact.

The proof of this important result (Theorem 5.1), using the Dunford-Pettis criterion, is highly technical and is given in
numerous steps. Roughly speaking, the main difficulty lies in the fact that K induces compactness only in the velocity
variables and several iterations and changes of variables are necessary to produce the missing compactness in the
space variable x € 0€2. Such changes of variables are non trivial and have to be carefully justified. To do this, we take
advantage of the stochastic character of the various operators involved and we show (see Corollary A.7) smoothness
properties of the ballistic flow

E:(x,v)eltr—&(x,v)=(x—1_(x,V)V,0).

and its inverse

S_l D (x,w)el'_ |—>§_l(x,a))= x4+ 14(x,w)ow,w)el;.

We prove in particular the following property: for any x € 3, there exists a set S(x) C S?~! of zero surface Lebesgue
measure such that the differential of the mapping

wel_(x)\S&x) > x + 14 (x, w)w

has maximal rank (see Proposition A.8). These non trivial smoothness and transversality results involve intrinsic tools
from differential geometry and are postponed in Appendix A for the simplicity of reading but we wish to point out
that our analysis of the flow induced by (Un(?));>( is new (even if results similar to some of ours appear e.g. in [25],
see Remark A.6) and has its own interest independently of the main motivation of this paper.

As far as we know, most of our results are new and appear here for the first time. Finally, we note that the as-
sumption that < is of class C! plays a role only for the results on smoothness and transversality of the flow stated in
Appendix A; it is likely that the results stated there remain valid for 9 which is only piecewise of class C'.

As a by-product of our contribution, we obtain for instance the following typical statement:

Theorem 1.1. Let H € B(L., L1) be a stochastic boundary operator of the form (1.4) satisfying some technical as-
sumptions (see Assumptions 6.1 and 4.4 for details). Then, (Ty, 2(TR)) is the generator of a stochastic Co-semigroup
(Un(t))1=0 which is irreducible and has a unique invariant density Wy € 2(Tn) with

Uy(x,v) >0  fora e (x,v) €2 xRY, [Whllx =1

and Ker(Ty) = Span(Wy). Moreover, if the kernel k(x, v, V') of the diffuse part of H satisfies some suitable positivity
assumptions (see (7.4) for a precise statement), then

lim [[Un(0) f —orWhlx =0
—>0o0

forany f € X where oy = foV f(x,v)dxm(dv).
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Remark 1.2. All the assumptions of Theorem 1.1 are satisfied by the most common boundary operator used in kinetic
theory given by

Hf(x,v) =0 =) f(x,v—=2(v-n(x)n(x))
+ BX) M) (v) / ) - n(x)|dy’

v n(x)>0

where B(-) satisfies the above condition (1.9) and Mgy is a given normalized Maxwellian distribution with variable
temperature 6 (x):

—1 2
Me(x)(v)=y—(x) Xp( vl )

26002 P\ " 20()

and y(x)= / Moy (u)|u - n(x)|du, Vx € 0Q2
u-n(x)<0

under the additional assumption that 6 (x) > 6y > 0 for any x € 9<2. Notice that, in this case, the invariant density Wy
is not given by Moy unless 6(-) is constant.

We end this Introduction by mentioning recent works [11,12] dealing with rates of convergence to equilibrium, in
the spirit of [1,26], while a quantitative tauberian approach to these questions is given in [29] extending the results of
[36] devoted to slab geometry. Moreover, we hope also to take advantage of the tools developed here to revisit some
important works (see e.g. [20,23] and references therein) on stochastic billiards [31].

The paper is organized as follows: in Section 2, we introduce the mathematical framework and notations used in
the rest of the paper and establish several properties of the various operators involved in our subsequent analysis. In
Section 3 we introduce and analyse the general class of boundary operators we investigate in the rest of the paper.
Section 4 is devoted to general criteria for the ergodic convergence of the semigroup (Un(¢));>0 (see Theorem 4.7)
which is related to the study of the eigenvalue problem (1.6) as well as the irreducibility property of (Un(f));>0. In
Section 5 we establish the main technical result of the paper (Theorem 5.1) as well of its consequence on the essential
radius (1.8), see Theorem 5.6. Section 6 is devoted to the main existence result for an invariant density, Theorem 6.7.
The question of the asymptotic stability of (Un(t));>0 is then discussed in Section 7 while the sweeping properties of
(Un())1>0, when no invariant density exists, are given in Section 8. As already mentioned, the paper ends with two
Appendices. A first one, Appendix A contains all the technical results regarding the smoothness and transversality of
the ballistic flow while Appendix B recall several important results about partially integral semigroup and sweeping
properties used in Section 7 and 8.

2. Mathematical setting and useful formulae
2.1. Functional setting

We introduce the partial Sobolev space
Wi={yeX;v Vi e X}
It is known [16,17,21] that any ¥ € W} admits traces ¥, on I'1 such that
Virs € Lige(Tt 3 dpet (x, 0))
where
dut(x,v) =|v-n(x)lw(dx) ® m(dv),

denotes the “natural” measure on I'. Notice that, since djt+ and dju— share the same expression, we will often simply
denote them by

dp(x, v) = v - n(x)|m (dx) @ m(dv),
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the fact that it acts on I'_ or ' being clear from the context. Note that

IQx V:=I_UT,UTY,

where
Ip:={(x,v)€dQ2x V;v -nkx)=0}.
We introduce the space
W={vew;wr, eLl].
One can show [16,17] that W = {1// € Wi; Y, € Li_} = {w e Wi Yr_ e Ll_} Then, the trace operators B+:

Bf: WicX— Ll (I'+:;dus)

loc

v — By =y,

are such that Bi(W) - Ll_L. Let us define the maximal transport operator Tmax as follows:

Tmax: Z(Tmax) CX — X
Y = Thnax ¥ (X, v) = —v - Vi (x, v),

with domain 2 (Tpax) = Wi. Now, for any bounded boundary operator H € (L} , L), define Ty as
THY = Tmax@ for any ¢ € Z(Tn),
where

POw)={¥ eW; Yyr_ =HW )}

In particular, the transport operator with absorbing conditions (i.e. corresponding to H = 0) will be denoted by Ty.
We recall here that there exists a unique minimal extension (A, Z(A)) of (Ty, 2(Ty)) which generates a nonnegative
Co-semigroup (Un(1));>0 in X. We note that Z(A) C Wi and Ap = —v - Vy¢ = Tmax for any ¢ € Z(A) but the
traces B*¢ need not to belong to L' (I'+, dj+). The resolvent of A is given by

ROLAF=Rif+ Y SHMH"G.f. VfeX,1>0 2.1
n=0

where the series is strongly converging in X. See Section 2.3 for precise definitions of the various operators involved
in (2.1). Moreover, (Un(t));>0 is a stochastic Co-semigroup, i.e.

IOn@® fllx=11fllx VfeXy; =0
if and only if

A=Th.
Actually, under suitable assumptions on H (see Proposition 4.1), A = Ty so that (UH(1))s>0 is stochastic.
2.2. Exit time and integration formula

Let us now introduce the exit time of particles in €2 (with the notations of [7]), defined as:

Definition 2.1. For any (x, v) € Q x V, define
tr(x,v) =inf{s > 0; x £sv ¢ Q}.

To avoid confusion, we will set 74 (x, v) :=ty(x,v) if (x,v) €9Q x V.
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With the notations of [25], 7_ is the backward exit time ty,. From a heuristic viewpoint, ¢_(x, v) is the time needed
by a particle having the position x € €2 and the velocity —v € V to reach the boundary 9€2. One can prove [43, Lemma
1.5] that 74 (-, -) is measurable on 2 x V. Moreover 7+ (x, v) = 0 for any (x, v) € '+ whereas 7-(x,v) >0onT'1. It
holds

(x,v)elLt<=3TyeQ with ti(y,v)<oo and x=y=xrL(y,v)v.
In that case, 7+ (x, v) =+ (y, v). Notice also that,
11 (x, V)| =t (x, ®), Vx,0) €QxV, v#£0, o=|v| Tvesi . (2.2)

We have the following integration formulae from [7].

Proposition 2.2. For any h € X, it holds

T£(z,v)
/ h(x,v)dx @ m(dv) =/d,u¢(z, v) / h(zF sv,v)ds, (2.3)
QxV ry
and for any ¥ € Ll(I‘,, du-),
/w(z, v)du_(z,v) =/1ﬂ(x — _(x, v)v, v)dpy(x, v). 2.4)
r_ Iy

Remark 2.3. Notice that with the notations introduced in [7],
FNico={(x,v) elt; tx(x,v) =00} ={(x,v) €'+ ;v=0}

so that p4(I'+oo) = 0. This explains why the above integration formulae do not involve the sets I'+,. Moreover,
because n_(I'g) = u4+(Tp) = 0, we can extend the above identity (2.4) as follows: for any ¢ € LY'(T_UTy,du_) it
holds

/ Y(z,v)du—(z,v) = f Y(x — - (x, v)v, v)dp (x, v). (2.5)

r_ury '+Ulg
2.3. About the resolvent of Ty

For any XA € C such that ReA > 0, define

M, : L — 1Ll
ur— Myu(x,v) =u(x —t_(x, v)v,v)e *=CV  (x,v) el ;
= L' — X
ur— Zyu(x,v) =ulx —t_(x,v)v, v)e’“—(x’”)l{,f(x,vkoo}, (x,v) e xV;
Gr: X—1L!
7—(x,v)
o — Grp(x,v) = / o(x —sv, v)e_)‘sds, x,v)el;;
0
and
R,: X—X
t—(x,v)
o +— Ryp(x,v) = / o(x —tv, v)e_)‘tdt, (x,v) e xV;
0
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where 1 denotes the characteristic function of the measurable set E. All these operators are bounded on their respec-
tive spaces. More precisely, for any ReA > 0

M <1, D150 < Ren) ™,
Gl <1, IRl < Ren) ™.
The interest of these operators is related to the resolution of the boundary value problem:
A — T =g,
( max) f =8 2.6)
B™f=u,

where A > 0, g € X and u is a given function over I'_. Such a boundary value problem, with # € L1 can be uniquely
solved (see [7])

Theorem 2.4. Given A >0, u € L and g € X, the function
f=Ryg+=u
is the unique solution f € 2 (Tmax) of the boundary value problem (2.6).

Remark 2.5. Notice that =, is a lifting operator which, to a given u € L' , associates a function f = Z;u € Z(Tmax)
whose trace on I'_ is exactly u. More precisely,

Thax= Ut = A u, B Z,u=u, B"=u=Mu, VuelLl. 2.7)
We can complement the above result with the following whose proof can be extracted from [8, Theorem 4.2]:
Proposition 2.6. If ro (M;H) < 1 (A > 0), then A =Ty and

R(A,Ty) =Ry + = HRA, My H)G;,

where the series converges in B(X).
2.4. Some auxiliary operators

For A = 0, we can extend the definition of these operators in an obvious way but not all the resulting operators are
bounded in their respective spaces. However, we see from the above integration formula (2.4), that

Mo e B(LL, L)) with  [Moull,1 = llul . VuelL!.
In the same way, one deduces from (2.3) that for any nonnegative ¢ € X:
T_(x,0)
/G()(p(x, v)du4(x,v) = / duy(x,v) f o(x —sv,v)ds = / @(x,v)dx ® m(dv) (2.8)
Ty Iy 0 QxV

which proves that
Goe B(X, L)) with  [|Goell 1 = llellx, Vo e X.

To be able to provide a rigorous definition of the operators =y and Ry we need the following

Definition 2.7. Introduce the function spaces
Vit =L'Tx, o] dus)
with its associated L'-norm || - ||Y1* and

X, =L (2 x V, 14 (x, v)dx @ m(dv))

with the associated L!-norm || - ||.
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The interest of the above boundary spaces lies in the following:

Lemma 2.8. For any u € Y| one has Zou € X with

|Zoullx = f u (e, )74 (r, 0)diy (x,0) < Dlully,  Yue Vi
r—

where D is the diameter of Q, D =sup, ¢y |x — y|. Moreover, if u € Y|~ then Mou € Yf‘ with

IMoully+ = llully

If feX; thenGof € Y] and Rof € 2(To) C X and ToRo f = — f-
Proof. From (2.3), for nonnegative u € Y| :

/ Zou(x,v)dx ® m(dv)

QxV
7—(z,v)
=/du+(z,v) / u(z —sv—1_(z—sv,0)v, V)1 (z—sv,v)<c0}ds
=/u(z —17-(2, V)V, V)T_(z, V)du4(z, v)

Iy

which, using now (2.4) yields (2.9). If now u € Y, then

/Mou(x,v)|v|_1d,u+(x,v)=/u(x—r_(x,v)v,v)|v|_1du+(x,v)

Ty Ty
and we deduce from (2.4) that
fMou(x,v)|v|—1du+<x,v)=/u<z, 0o~ (. v)
Ty r_
which is (2.10). If now f € X; is nonnegative, one has directly from (2.3) that
/ ™' Go f (x, v)dpy (x, v) = [ o] ™" f llx < DI fll <00
Iy

which proves that Go f € Yf“ . Moreover, using (2.3),

7—(z,v)
/ Rof(x,v)dX®m(dv)=fdu+(z,v) / [Rof1(z — sv, v)ds
QxV T, 0
7—(z,v) t_(z—sv,v)
=/d,u+(z,v) / ds / f(z—sv—tv,v)ds
r, 0 0

and, since t_(z — sv,v) = 1_(z,v) — s forall (z,v) e 'y and all 0 < s < 7_(z, v) we get

(2.9)

(2.10)
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7_(z,v) 7_(z,v)

/Rof(x,v)dx®m(dv)=/du+(z,v) / ds / f(z —tv,v)dt

QxVv r 0 s
7-(2,v)
=/d,U«+(Z,v) f t f(z—tv,v)dt
r, 0

Now, since 74 (z — tv, v) =t for any (z, v) € ['y, the above reads

7—(z,v)

/Rof(x,v)dx®m(dv):/du+(z,v) / ty(z —tv,v) f(z—tv,v)dt
0

QxV r.

and, using again (2.3), one gets

f Ro f (x, v)dx @ m(dv) = / ty(x,v) f(x,v)dx @ m(dv).
QxV QxV
This proves that Ry f € X. Now, it is easy to see that actually g = R f satisfies Tpaxg = —f and B7g =0, i.e.
gEDMy) withTog=—f. O

Remark 2.9. Notice that, for any nonnegative u € L,

/ Mou (x, v)T—(x, v)du4+(x,v) = / u(x — 17— (x,v)v, v)T—(x, v)du4+(x, v)

I ry
and, since 74 (x — 7_(x, v)v, v) = 7_(x, v) for any (x, v) € I'_, we deduce from (2.4) that

/ Mou (x, v)T—(x, v)du4(x,v) = / u(z,v)14(z, v)du—_(z, v)

Iy r_
This shows that, in (2.10), we can replace Yli with L1(Ty, 7 (x, v)dp+ (x, v)). In the same way, one see that, for
g € X¢ itholds |Gogllp1r_ r,au_y = I&l<-

One has the following result:

Proposition 2.10. Let g € X; be given and u € L'(I'_, t, (x, v)du_). The boundary value problem

~Tmaxf =8

o @2.11)

admits a unique solution f € X given by f = Rog + =ou.

Proof. Let u € L'(I'_, 7. (x,v)du_) and g € Xy, since Zou € Z(Tmax) With ThaxZou = 0, BT Zou = Mou and
B~ =ou = u one sees that f € P (Tyax) with

Tmax S = TmaxRog + Tmax=ou = ToRog = —¢g

while B~ f =B Rog + B™=gu = B~ =Zou = u. This shows that f = Rog + =ou is a solution to (2.11). To prove the
uniqueness, it suffices to assume that g = u = 0 but then (2.11) reads Tof = 0 which admits the unique solution
f=0. O
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3. General stochastic partly diffuse boundary conditions

Let us explicit here the general class of boundary conditions we aim to deal with. Typical boundary operators
arising in the kinetic theory of gases are local with respect to x € 3S2. In order to exploit this local nature of the
boundary conditions, we introduce the following notations. For any x € 92, we define

Frt(x)={veV,; v -nkx) >0}, FNo(x)={veV; v -nkx)=0}
and we define the measure u, (dv) on Iy (x) given by
wy(dv) = v - n(x)|m(dv).

This allows to define the Ll—space LTy (%), dp,) in an obvious way. We shall denote the LYy (%), [t,) norm by
I L1y ey~ Since, for any ¢ € L' (I, u+) one has

el = / / lp(x, V)|, (dv) | 7(dx) = / e, Ly oy ()
Q2

0Q Ty (x)
we can identify isometrically any ¢ € Li to the field

x €dQ— p(x,) € L'+ (x)). 3.1
3.1. Reflection boundary operators
We begin with the following definition of pure reflection boundary conditions (see [43, Definition 6.1, p. 104]):

Definition 3.1. One says that R € Z(L. , L!) is a pure reflection boundary operator if
R(p)(x,v) = ¢(x, V(x,v)) V(x,v)el_, pe Ll

where V : x € 9Q +— V(x, -) is a field of bijective bi-measurable and p, -preserving mappings
V(x,) : T_(x) UTg(x) = Iy (x) UTy(x)

such that

i) [V(x,v)| = |v| for any (x,v) e ['_.
ii) If (x, v) € g then (x, V(x,v)) € I'g, i.e. V(x, ) maps ['g(x) in ['p(x).
iii) The mapping

x,v)el_ > (x,V(x,v) ey
is a C! diffeomorphism.

Remark 3.2. This last regularity property on ) may require additional regularity of 92 as seen in Example 3.3.

Note that
[Re](x, v) = [R(x)p(x, )](v), VoelLl, (x,v)el-
where we identify (isometrically) ¢ € L L to the integrable field (3.1) and
x€0Q > R(x) € B(L'(Ty(x), [_(x))
is the field of operators defined by
RV (v) =y V(x,v)), Y eL'(Ti(x)), vel_(x).



B. Lods et al. / Ann. I. H. Poincaré — AN 37 (2020) 877-923 889

Fig. 2. Regular and diffuse reflection: v — an outward vector, V(x, v) — the specular reflection, thin vectors — diffuse reflection.

It holds

IRVl = 1, oy, VX €32, ¥ eL'(Tyx),

therefore, R € B(L! , L) is stochastic since
IRell 1 = / IRG)@x, M L1y 7 (dx) =/ lp e, MLt oy (@A) = llgll 1 -
I Q

Notice that this last identity is equivalent to the property that the mapping
(x,v)el_+— (x,V(x,v)) ey
is u-preserving.
Example 3.3. In practical situations, the most frequently used pure reflection conditions are

(a) the specular reflection boundary conditions (see Fig. 2) which corresponds to the case in which V and m are
invariant under the orthogonal group and

Vx,v)=v—2w- -nkx))n(x) (x,v)el_.

Notice that, for V to be a C! diffeomorphism, we need 92 to be of class c2.
(b) The bounce—back reflection conditions for which V(x, v) = —v, (x,v) e ['_.

3.2. Diffuse boundary operators
We introduce the following definition

Definition 3.4. One says that K e (L., L!) is a stochastic diffuse boundary operator if

Ky (x,v) = f k(x, v, V)Y (x, v, (dV), (x,v)el_, vye Lﬁr (3.2)
Ly (x)
where the kernel k(x, v, v") induces a field of nonnegative measurable functions
x €I k(x,-,-)
where
k(x,-,) : T_(x) x 'y (x) > RT
is such that

/ k(x,v,v)p,(dv) =1, V(x,v)el,.
r_(x)
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As we did for reflection operators, we identify K € (L., L1) to a field of integral operators
x €392 —> K(x) € B(L' (T4 (x), T_(x))

by the formula

Ky ](x, v) = [K(x) ¥ (x, -)] (v)

where, for any x € 92

K() @ ¢ e L' () — [K)Y] (v) = / ke, v, 0) Y (0 )y (dv') € LNT-(x)).
Cy(x)

Note that K(x) : L! T+x)) — LY(I'_(x)) is stochastic for any x € 02 and therefore so is K € BLL, LY, ie.

IKY i =¥l vy elLl.

We introduce now a useful class of diffuse boundary operators. Before giving the formal definition, let us recall that,
if Ke B(LL, L) given by (3.2) is such that

K(x) e %‘(Ll T+ x)), L! ('—(x))) is weakly compact for any x € 992 3.3)

then, according to the Dunford-Pettis criterion (see [13, Theorem 4.30, p. 115 & Exercise 4.36, p. 129]), for any
x € 02 and any ¢ > 0, there is § > 0 such that

sup /k(x, v, V), (dv) < & VA C I'_(x) such that ., (A) < 8
v’eF+(x)A
and
lim sup / k(x,v,v)p,(dv) =0
m_>°°v’er+(x)r A

for any sequence (A,,); CI'—(x) with A, C A1, . (Ay) <00 and Uy, Ay = ' (x). In particular, for any x € 9€2,
lim sup / k(x,v,v") p,(dv) =0.
M=>00 yrely (x)

{vel—(x) ; [v|=m}

Moreover, since

1= / kr, v, )iy () > f k(0,0 ()
r—(x) {vel'—(x) ; k(x,v,v")zm}
>mu, ({v el_(x); k(x,v,v) > m}), VmeN, (x,v)ely,
we have

lim sup u, ({v el_(x); k(x,v,v) > m}) =0.

M=>00 el (x)

In other words, for any x € 92, the following holds

lim  sup k(x,v,v") p,(dv) =0 (3.4)
M=>00 el (x)
S (x,0)
where, for any m € N and any (x,v’) € '+
Smx,v)y={vel_(x); [v|=m}U{vel_(x): k(x,v,v") > m}.

We introduce then the following class of diffuse boundary operators:
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Definition 3.5. We say that a diffuse boundary operator K € Z(L! , L) is regular if the family of operators

K(x) € (L' (T1.(x)), L'(T-(x))), x €092
is collectively weakly compact in the sense that (3.3) holds true for any x € 92 and the convergence in (3.4) is uniform
with respect to x € 9€2.
Remark 3.6. A diffuse boundary operator K is regular for instance whenever there exists & : V — R™ such that
[y h(v) v m(dv) < +o0 and

k(x,v,v) <h() Vx €9, v el (x), vel_(x).

In particular, the classical Maxwell boundary operator (see Example 6.4 below) is a regular diffuse boundary operator.
We have then the following approximation result.

Lemma 3.7. Assume that K € (L, L) is a regular diffuse boundary operator in the sense of the above definition.
Then, there exists a sequence (Ky;)m C B (LY, LYY such that

(1) 0<K,, <Kforanym e N;
(2) im0 [K— Ky, ”gg(L_l*_,Ll_) =0;
(3) For any m € N and any nonnegative f € L L it holds

K (X, 0) < Y (v) / o0 - n) m(dy), (x,v) el 3.5)
4 (x)
with Y, = mlp, where B,, = {veR?; |v] <m).

Proof. Let k(x, v, v") be the kernel associated to K through (3.2). Introduce then ki, (x, v, v') = inf{k(x, v, V') ;
mlp, (v)} for any m € N, where B, is the ball of R4 centered in 0 and with radius m, and set

Knp(x,v) = / ki (v, 0)@(x, V) |V - n(x) | m(dv), pelLl, (x,v)eTl_.
Iy (x)

Clearly, K, € ,%’(Ll , L) is a diffuse boundary operator with 0 <K, < K and (3.5) holds. Moreover, for any x € 992
and any ¢ € L (I'4(x)), it is easy to check that

KX)o —Kn (el r_coy = lellzir, (o)

X sup / k(x,v, v, (dv),
U’EF+(X)
{fvell_(x) ; k(x,v,v")>mlp,, (v)}
i.e.
[K(x) — K (x)||L@(Ll(r+(x)),Ll(r7(x))) = sup / k(x, v, v")p, (dv)
vel4(x)

{vel—(x) ; k(x,v,v")>m1p,, (v)}

< sup / k(x,v,v)p, (dv).

vel4(x)
T S G0

One sees then that

IK=Knllgqt 1) = XSEualzz IKGe) = K GOl gL (0 (), L1 T ()

goes to zero as m — oo since the convergence in (3.4) is uniform with respect to x € 92. O
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We complement the above result with a different kind of approximation which will turn useful in Section &:
Lemma 3.8. Let K be a regular stochastic diffuse boundary operator with kernel k(x, v, v'). Let

)= [ Kread@), woers
r_)N{lvl> 4}
and
k(x,v,v)
B v) i)
Then, denoting by K,, the regular stochastic diffuse boundary operator with kernel k,, it holds

kn(x,v,0) = x€dQ,v el (x), vel_(x)

() lim,— 100 B,,(x, V") = 1 uniformly in (x,v") € T'y.
(i) limy— o0 1Ky — K”gg(L_l*_’Ll_) =0.

Proof. (i) For any x € 0Q, set A, (x) ={ve'_(x); Jv] < %} One has

B (An(x)) = / v n () m(dv) < ”‘(f‘)
I'_(x)N{lv|<n—1}

where B is the unit ball of R¥. Thus,

lim sup p, (An(x))=0. (3.6)
=00 yedQ

Now, since K is regular, (3.4) holds uniformly with respect to x € 9€2, i.e. for any ¢ > 0, there is m € N large enough
so that

sup / k(x,v,v)p, (dv) < &.
(x,v)ely
S (x,0")

Then, for any n € N and any (x,v") € 'y,

/ k(. v, V) (d) = / k(x, v, vt (dv)
An(x) Ap ()N (x,0")
+ / k(x,v, V) (dv) <& +mp,(Ay(x))
Ay (O\Sm (x,0")

since k(x,v,v) <m onT_(x) \ Sy (x,v). Using then (3.6) we get

lim  sup f k(x,v, v )i, (dv) =0 3.7

n—>00 (x,v)el—

F,(x)ﬂ{|v|<n*1}

which shows (i) since fr,(x) k(x,v,v)p, (dv) =1 for any x € 3Q2.

(i) Set Rn the boundary operator with kernel 1 {lol>n=1 }k(x, v, v'). One checks easily that
|K —K, By S sup / k(x,v, v, (dv)
+= (x,v)el_

r_n{vi<n=1}

so that lim, ||K — K, H%(LL,LL) =0 from (3.7). Since moreover

160 =Rall o1 = o 1= B, G )] 1Kl gt 1

which goes to zero from point (i), we get the desired result. O
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3.3. Stochastic partly diffuse boundary operators
We introduce now the general class of boundary operator we aim at investigating.

Definition 3.9. We shall say that a boundary operator H € (L' , L' ) is stochastic partly diffuse if it writes

Hy (x,v) = a(x) Ry (x, v) + (1 —a(x)) Ky (x, v), (x,v)el",,I//eLl+ (3.8)

where a(-) : 3 — [0, 1] is measurable, R is a reflection operator, and K € (L. , L) is a stochastic diffuse bound-
ary operator given by (3.2).
If the diffuse part K is regular we say that H is a regular stochastic partly diffuse boundary operator.

Remark 3.10. Notice that, being a convex combination of stochastic operators, a stochastic partly diffuse operator H
is stochastic.

4. General results for abstract stochastic boundary operators
We begin with the following which is a direct consequence of [34, Theorem 21]:

Proposition 4.1. Let H € (L. , L1) be a stochastic boundary operator. Let there exist ¢ € Llr such that ¢ > 0 p-a.e.
and ¢ > MoHg. Then, A =Ty and (Un())i=0 is a stochastic Co-semigroup, where we recall that (A, Z(A)) is the
generator of (Un(t))s>0.

We give a general result about the spectrum of Ty:

Proposition 4.2. Let H € B(LL , L) be a stochastic boundary operator. Then, there is a nonnegative W € 2(Ty)
with TyW = 0 if and only if 1 is an eigenvalue of MgH associated to a nonnegative eigenfunction ¢ € Yf such that
Hp e Y, .

Proof. Assume first that there exists ¢ € Yf’ such that

MoHp = ¢, and HpeY,.

Then, as already seen (see (2.9)), ZgHp € X. Let ¥ = ZgHg. One has Tj;x ¥ =0, B~ W =B " =gHp = Hgp, i.e. B~V =
HB*W. This means that ¥ € 2(Ty) with T{Y = 0.

Assume now that 0 € &,(Th) is associated to a nonnegative eigenfunction ¥ € Z(Th). Let ¢ = BTV and u =
B~ W. It holds u = Hg and, solving the boundary value problem (2.11) (see Proposition 2.10) yields ¥ = Zgu. It is
easy to check then that ¢ = MgHg. Sinceu #0 = ¢ #0, we get 1 € §5,(MgH). O

We recall the definition of irreducible operators or semigroups in L'-spaces and refer to [2] for more details.

Definition 4.3. Let (E, X, m) be a given o -finite measure space. Let B € B(LYE, =, m)) be given. Then, we say
that

i) B is positive and write B > 0, if B leaves invariant the cone of nonnegative functions of LY(E, =, m)ie. for any
heL'(E, X, m),

h(s)>0 form-a.e.s € E — Bh(s) >0 form-a.e.s € E.
ii) B is positivity improving if for any h € L' (E, £, m) non identically zero

h(s) >0 form-a.e.s € E =— Bh(s) >0 form-a.e.s € E.
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iii) B is irreducible if for any non trivial and nonnegative 4 € L'(E, ¥, m) and any non trivial nonnegative g €
L (E, X, m), there exists n € N such that
(B"h, g)1,00 >0

where (-, -)1,00 1S the duality bracket between LYE, =, m) and L®(E, =, m).

iv) A positive Cp-semigroup (S(¢));>0 on L'(E, ¥, m) with generator (G, 2(G)) is irreducible if, for any non trivial
nonnegative h € LI(E , X,m) and any non trivial nonnegative g € L*(E, X, m), there exists ¢ > 0 such that
(S(t)h, g)1,00 > 0. This property is equivalent to the fact that R(A, G) is positivity improving for A > 0 large
enough.

We introduce the following:

Assumption 4.4. H € PB(LL, L) is a stochastic operator such that MgH € %(Lﬂr) is irreducible and there exists
Yo € Lﬂr such that Hyyg > 0 p-a.e.on I'_.

Remark 4.5. If H is stochastic partly diffuse operator of the form (3.8) and if My(l — «)K is irreducible then so is
MoH. This is the case for instance if ||a||o < 1 and if, for 7-a.e. x € 92
k(x,v,v")>0 for w-ae.vel_(x), v e L (x). 4.1)

In addition, if a(x) > 0 w-a.e. x € 9L2, the second condition Hyry > 0 p-a.e. is satisfied by any 9 > 0 u-a.e. Oth-
erwise, we assume that, for any x € 92 such that «(x) = O there is a subset y; (x) C I';(x) of positive u,-measure
and such that k(x, v, v") > 0 for p,-a.e. v € Ty (x), v’ € 'y (x). Then, again the second condition is satisfied by any
Yo > 0 p-a.e. In particular, the second assumption in Assumptions 4.4 is always satisfied under (4.1).

One has the following (see also [34, Remark 20]):

Proposition 4.6. Let H € B(LL, L) be a stochastic operator and let Assumptions 4.4 be satisfied. Then, the Co-
semigroup (Un(t));>0 is irreducible.

Proof. Let h € X and g € L®(Q2 x V,dx ® m(dv)) be nonnegative and non trivial. Denoting the duality parity
between X and its dual simply by (-, -), we have for any A > 0

(R(h, Ak, g) = (Rah, 8) + Y (ZAH(MH) Grg, 8) = (Rah, g) + Y ((MyH)* Guh, H* =] g)
k=0 k=0

where H* and =} denote the dual operator of H and =; respectively. Notice that g, = =} g is nonnegative and nontrivial
and the same holds for H*=} = H*g, since, under Assumption 4.4

(Yo, H gx) = (Hyrg, g«) > 0.

Now, since the irreducibility of MgH is equivalent to that of My H for any A > 0, we deduce that (R(x, A)h, g) > 0 for
any nonnegative and nontrivial g € L*°(Q2 x V,dx ® m(dv)) which proves that R(A, A)h is positive a. e. on 2 x V
and R(A, A) is positivity improving. O

The main result of this section is then the following:

Theorem 4.7. Let H € B(L., LL) be a stochastic boundary operator and let Assumptions 4.4 be satisfied. Assume
there exists Wy € P(TR) (with unit norm) such that

THYH =0 and Yu>0 aeonQ2xV.

Then, Ty generates an irreducible and stochastic Co-semigroup (Un(t));>0 on X and Wy is the unique invariant
density of (Un(t)):>0. Moreover, (Un(t));>0 is ergodic with ergodic projection
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Pf=o0rWH, where oy = / f(x,v)dx ® m(dv), fex,
QxR4
ie.
1
tl_l)rgo ;/UH(S)de—Qf\I-’H =0, VieX 4.2)
0 X

and X = Ker(Tp) @ Range(Th).

Proof. According to Proposition 4.2, there exists ¢ € LL such that ¢ > 0 p-a.e. and ¢ = MyHg. Since MgH is irre-
ducible, ¢ > 0 p-a.e. and we deduce from Proposition 4.1 that A = Ty;. Moreover, Lemma 4.6 ensures that (U4());>0
is irreducible. Since Ker(Th) # 0, the ergodicity of (Un(¢));>0 follows from [22, Theorem 7.3, p. 174 and Theorem
5.1p.123]. O

5. Weak compactness result and existence of an invariant density
5.1. Weak compactness result

We prove here the main compactness result of the paper. The proof of the result is based on a series of important
geometrical results regarding regularity and transversality of the ballistic flow

E:(x,velt—Ex,v) = —1_(x,V)V,V) €I X V.
Such technical results have been postponed to Appendix A for the clarity of the reading and will be used repeatedly

in the proof of the following.

Theorem 5.1. Let K € B(LL , LL) be regular diffuse boundary operator. Then, one has
KMoK € Z(L!, L")
is weakly compact.

Proof. Let k, £ > 1 be fixed. Let (K;,),m € Z(LLY, LL) be the sequence of approximation obtained from Lemma 3.7,
which is such that lim,, |K — Ky, || ALY = 0. It is then enough to prove the weak-compactness of K, MoK, for any

n,m € N. Still using the notations of Lemma 3.7, introduce

Kon f (X, 0) = Y (v) / [ v Ry (doh), felLl, (x,v)el'_, meN

v -n(x)>0

where ¥, (v) = mlp, (v). Givenn, m € N, using (3.5) and a domination argument, the weak-compactness of K,MoKy,
would imply the result. To avoid too heavy notations, and setting for instance F (v) = max(¥,, ¥,,), it suffices to prove
that KMoK is weakly-compact for

Ko(x,v) = F(v) / @x, )y (dv). (6.1
F(x)
Since F is compactly supported and bounded we can assume without loss of generality that
F =1gp, (5.2)
which amounts to consider only velocities |v| < 1. Recall that, thanks to Corollary A.7,
§71 (x,w) € T_— gil(x, w)=x+14(x,w)w,w) €1

is a C! diffeomorphism from T_ onto its image. Denoting here for simplicity



896 B. Lods et al. / Ann. 1. H. Poincaré — AN 37 (2020) 877-923

r%=r 7., r9=¢'0?
one has ,u,(l“g))) = ,u,+(FS?)) =0 (see for instance (A.16)) and we may make the identification

L=, dw), L' =", dw) (5.3)
so that we only have to prove the weak-compactness of

KMoK : L', dp) — L'T?, dp).
Notice that, by (5.1) and (5.2), the range of KMoK can be rather considered as L (F@), dii) where

di(x, v) = F(v)du(x, v) =1, (v)|v - n(x)|7(dx) ® m(dv) 5.4

is nothing but the restriction of p_ to 32 x Bj. In particular, [ is a finite measure. From a simple consequence of the
Dunford-Pettis criterion (see [15, Corollary 4.7.21, p. 288]), we need to prove that, for any nonincreasing sequence of
measurable subsets (A;); C % with N ;Aj =2, itholds

lim sup / IKMoKe (x, v)|du(x, v) =0. (5.5)
Aj

J=o ], <1
+

Since K and M are nonnegative operators, it suffices of course to consider nonnegative ¢ € Llr in (5.5). Letus fix a
sequence (A;); CT O with N j A; = @ and consider a nonnegative ¢ € L _lk We set

15@) = [ KMo, vt v).
Aj
Introduce then the p-preserving change of variables
x,v)elfr—Q,w)=E&x,v)= (Es(x, V), v) =x—-1_(x,v)v,v)el_,
and denote the position component of the inverse of € by Y, i.e. given (y, w) e I'—,
Y(y,w) =& (y,w) €9Q and £ w) = (Y, w), w) €Ty

Notice that here and everywhere in the text, & S_l denotes the position component of the inverse £ !, i.e. & x_l =(Eh,.
Defining, for any y € 9€2,

Bj(y) = / G;i(Y(y,w)F(w)p,(dw), Gj(x)= / 14;(x, v)F(v)p,(dv),
- - (x)

one can show (see the Lemma 5.5 hereafter) that

Ij(qo)=/Bj(y)<p(y,w1)du(y,w1).
Iy
It is clear then that (5.5) will hold true if

lim sup B;(y)=0. (5.6)
J7Xyei

The proof of this property is given in the next Lemma yielding the desired weak-compactness. O
Lemma 5.2. With the notations of the proof of Theorem 5.1, given y € 02, introduce

Bj(y)= / Gi(Y(y, w)F(w)py(dw).
F—(y)

Then, lim sup B;(y) =0.
]y
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The proof of the above will use the following polar decomposition theorem (see [43, Lemma 6.13, p. 113]):

Lemma 5.3. If m is a orthogonally invariant Borel measure with support V. C R?, introduce mg as the image of the
measure m under the transformation v € R¢ — |v| € [0, 00), i.e. mo(I) = m ({v eR?: vl e I})for any Borel subset
I CR™. Then, for any ¥ € L' (R, m) it holds

1 o0
/lﬂ(v)m(dv)= m/mo(dg) f ¥ (o w)o (dw)
Rd 0 Sd-1

where do denotes the Lebesgue measure on S~ with total mass |S?~1|.

Remark 5.4. We shall use in the proof of Lemma 5.2 that, with the notations of Proposition A.8, for any y € 92 we
can construct an orthonormal basis {ej(y), ..., eq(y)} of R4 depending continuously on y € 92 with
eq(y) =—n(y)

and such that, in this basis, any @ € S9=1 can be written as

d
m=) we(y)
i=1
where w = w(0) = (wy, ..., wy) is given by (A.14) in terms of the polar coordinates
0=61,...,00-1) €U =10,21] x [0, 7193 x [o, %] .

In this case, w is independent of y € 0€2. We also recall that, according to Remark A.9, for any ¢ > 0, one can define
Se(y) as those w € S¢~! for which

0eclU, := {(91,...,9d_1) eU; sind_29d_1 sin? 3 B4—> ...sinbr < 8} .

and prove that lim,_, o+ SUp ey 0 (Se(y)) = 0. See Remark A.9 for more details.

Proof of Lemma 5.2. Recall that the identification (5.3) is in force and (A;); C r'% ;s non-increasing with () j A=

@. Introducing the polar coordinates w = o @, with 0 > 0 and @ € S?~! and using Lemma 5.3 (recall that u, (dv) =
|[v-n(x)|m(dv)) we get

1
Bj()’)=|Sd_1|_1/Qm0(dQ) / G;(Y(y,0m))|@ - n(y)lo(dw).
0 r—(y

Since {0} is not an atom for the measure o m((dp), according to the dominated convergence theorem, it is enough to
prove that, for any given o € (0, 1),

lim sup f GiXY(y,0ow))|w -n(y)|lo(dw) =0 5.7)
/"OOyEBQF o
—(y

and, since o > 0, there is no loss of generality in proving the result only for ¢ = 1. Notice that, for any ¢ > 0 and
y €02,

/G,-(Y(y,w>>|w‘n<y)|a(dw>= / G (Y(y, m )@ - n(y)o (dw)

r_( r_(»)NSe(y)
+ / G, (Y(y. @) - n(y)lo (dw)
C_()\Se ()
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where S (y) has been introduced in the above Remark 5.4. Clearly, since [|G |00 < f]Rd F(u)|ulm(du), thereis C > 0
independent of j such that

sup / GiY(y,m))|w -n(y)lo(dw) < C sup o (S(y))

yeas yeoQ
F_(»)NSe(y)

which goes to 0 as ¢ — 0 according to Remark A.9. Therefore, to show (5.7), we only have to prove that, for any

>0,

lim sup / GiY(y,w))o(dw)=0. (5.8)
J X yedQ
T ()\Se ()

Recall that, from Proposition A.8, for any y € 9€2, the mapping
wel_ M\Sy)— Y(y,m) € 92 isof class ¢! with differential of rank d — 1 5.9)

with moreover o (S(y)) = 0. On the other hand, with the notations and parametrization used in Proposition A.8 and
recalled in Remark 5.4, the mapping (0, y) € U x Q2 +—— w = @w (A, y) is continuous while

dcUr—ao=w(@,y)

is of class C! with a continuous derivative (8, y) € A x 9Q —> 99w (6, y). Since the mapping 0 € Uy — @ (0, y) is
aCl parametrization of S (y), by virtue of (5.9) we have that, for any y € 9€2,

0cU\NU+—Y(y, o (0,y)) €02
is a regular parametrization of
Ey =Yy, @); m el _(y)\Se(y)} CIQ.

Then, according to [42, Lemma 5.2.11 & Theorem 5.2.16, pp. 128—131], the Lebesgue surface measure g, (dY) on
&, is given by

Jy(y,@)db...d0;_ = Jy(y, @)dd

where
12

N, @) = [det((agiY(y, @), 3,Y(y, w))lfi,(ifd—l)] >0
on U \ U,. Since the mapping

0.y)eU x0Q+— 05, Y(y,w(0,y) =ds Y(y, @ (0, )9, (0, y))
is continuous for any i =1, ...,d — 1, then so is the mapping

@,y)eU x0Q+— Jy(y, @ (@,y))
and there exists C, > 0 such that

Sy, @@,y))>C. >0, Y(@,y) e (U\Ug) x 0.
Hence, for any y € Q2

G;(Y(y, @))o(dw)
C_(\Se(y)
1

== / GiY(y,@(0,y)) Jy(y, @ (@, y)dd

U\U,
1
= — | G;(Y)mg, @Y).

&€
&,
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Clearly, recalling the definition of G ; — and because the measures 7 and g, coincide on &, — we get

[eime@n=[| [ Fon,@om@) |z @
£ £ \r-m

< f / F)1a, (¥, iy @) | 7@v) = (A7),
s \r o)

where [ is given by (5.4). Thus,

A
sup f G (Y(y, m))o (dw) < RBAD e,
Q2 C.
F_(I\Se(»)
Since (Aj); is non-increasing with () j A; =@ and [i is a finite measure, we have lim; (i(A;) = 0 which implies
(5.8) and proves the Lemma. O

Lemma 5.5. With the notations of the proof of Theorem 5.1, it holds, for any j € N,

1;(p) = / B () (y, w)du(y, w) (5.10)
Iy

where, for any y € 02

Bj(y) = / GiY(y,w)F(w)p,(dw), Gi(x)= / 14, (x, v)F(v)p,(dv).
r_(y) r_(x)

Proof. We use the notations of the above proof. In particular, we assume K to be given by (5.1). Notice that, for any
nonnegative ¥ € L,

/ KMo (x. v)dia_(x, v) = / F(v) / Mo (. o)t (@) | dpex )
A A e

=i/F(v)\Po(X)dM—(x,v)
Aj
where one has
Wo(x) = f MoV (x, v ), (dv') = / V(Ex, V), (dv), x € 09Q.
'y (x) ()

Simple use of Fubini’s theorem yields
[ Forwmau-.n = [ 6,mw0m@0 = [ 65wwEe v,
A; Q2 ry
Introduce then the p-preserving change of variables
x,V)elTi—G,w)=Ex,v)el_ (5.11)

and recalling that x = Y(y, ) we have,
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/KMow(x,v)d,u_(x,v)=/Gj(Y(y,w))w(y,w)d,u_(y,w).
.Aj r—

Applying this with i = K¢ for some nonnegative ¢ € L , we get

/ KMoKe (x, v)du_ (x, v) = f G (Y (y, w)Kp(y, wydp_ (v, w)
A; r

=/Gj(Y(y,w))F(w)d;L_(y,w) f @y, wi)p,(dwy)
r- I+ ()

which is the desired result. O
5.2. About the essential spectral radius of MoH
We are ready to show:

Theorem 5.6. Let H € (L, L1) be a stochastic regular partly diffuse boundary operator given by (3.8) and denote
Sor simplicity B(x) =1 —a(x) for m-a. e. x € 92 and Poo 1= €5sSUP, 5 B(x). If

essinfycgof(x) > 1 4+ Boo — \/@ (5.12)
then ress(MgH) < 1.

Proof. For notation simplicity, we simply denote by «R the operator «(-)R and by B K the operator 8(-)K. Note first
that (MoﬂK)2 < (MOK)2 and Theorem 5.1 imply that [MO,BK]2 is weakly compact. We recall that in L! spaces, the
ideal of strictly singular operators coincides with the ideal of weakly compact operators [37]. Since

[MoH]? = [MoarR 4+ Mo BK1? = [MoBK]* + [MoarR]? + MoarRMo BK + Mo BKMoaR

then the stability of essential spectra by strictly singular perturbations [28, Proposition 2.c.10, p. 79] shows that [MgH]?
and [Mo« R]2 + MoarRMg 8K + Mo SKMpR share the same essential spectrum. In particular,

Fess (IMoHI?) = ress (IMoarRI + MoaRMoK + Mo SKMoarR)

<MR2MRMKMKMRH
_H[ 0aR]* + MoarRMg 8K + Mo BKMo«x @)

< ||a(')||%oo(3g) +2lla(Hlleaa) 1B L= @)
2
= (llellze@e) + 1BOILeo)” — ”ﬂ(')”%w(agz)
Since «(-) = 1 — B(-), this means that

ress (IMoHI) = (1 4 05e(8))2 = 1BO) 1 o,

where 0sc(f) = esssup,cyq B(x) — essinfycyq B(x) is the oscillation of B(-). Finally, the condition (1 4+ osc(8))? —
||/3(')||%OC(39) < 1 amounts to

(0sc(B))* + 20sc(B) < B2

which is equivalent to (5.12). This ends the proof since regs ([MOH]z) = (ress(MoH))2 by the spectral mapping theo-
rem. 0O

Remark 5.7. We can view (5.12) as

osc(B) </1+B% —1
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which expresses a smallness of the oscillation osc(B) relatively to esssup, ;o B(x). Notice that this condition is
always satisfied if 8 > 0 is a constant.

Remark 5.8. We strongly believe that the assumption (5.12) is purely technical and we conjecture the above result to
be true with the sole assumption that essinf, ¢y S(x) > 0, i.e. when the diffuse reflection is active everywhere on 9€2.

In a previous version of the paper [30], we erroneously established the inequality regs(MgH) < 1 from the stability
of the essential spectral radius, proving that

Tess(MoH) = ress (Mo R)

without any condition on the oscillation of B(-). The key point to establish such a stability result was the following
(erroneous) property: for any integers k, £ > 1, of the operators

K(MOR)I‘MOK(MOR)KMOK : Li_ — Lt is weakly-compact. (5.13)

As pointed out by an anonymous referee, the proof of such a result contained a gap and the result cannot be true
whenever R is associated to bounce-back boundary conditions (see Example A.11 for details). We however conjecture
that the above operators are indeed weakly-compact for any k, £ > 1 whenever R is associated to specular boundary
reflection, i.e.

Ro(x,v) =¢(x,v —2(v - n(x))n(x)), <,0€L1 , (x,v)el_.

More generally, it would be interesting to characterize the domains €2 and the class of reflection boundary operators
R for which the above (5.13) holds true for any k, £ > 1.

Remark 5.9. We point out here that the conclusion in Theorem 5.6 applies to any stochastic operator R and not only
to reflection boundary operators.

6. Kinetic semigroup for regular partly diffuse boundary operators
We introduce the following set of Assumptions:

Assumption 6.1. The regular stochastic partly diffuse boundary operator
H=a( )R+ (1 —a()K

is such that

Al) Range(K) C Y| ;

A2) R(Y,H CY[;
A3) Inequality (5.12) is satisfied.

Remark 6.2. In the above set of Assumptions, it is possible to replace Yli with L(I'+, 7-du+). However, in this
case, Assumption A2) is not necessarily satisfied for practical examples of boundary conditions (see Example 6.5).

Remark 6.3. The above Assumption A3) can be replaced with

A3') ress(MgH) < 1 and esssupa(x) < 1.
p
xe€d2

Notice that, as seen from Theorem 5.6, A3) = A3’). In the rest of the analysis, this is only A3”) that will be used.

Example 6.4. Consider the classical Maxwell diffuse boundary condition for which

[Hf](x,v):M(v) f F )W - n)ldy,  Y(x,v) el
v (x)

v'-n(x)>0
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with

1 2
M(v):mexp (—%), and y(x)= / M@u)|u - n(x)|du, Vx €0Q

u-n(x)<0

for some 6 > 0. Notice that, actually, y is independent of x and

y(x)=ya I=Cd/|v|/\/l(v)dv, Vx € 9Q
]Rd
1

d—2 a3
for some universal constant Cy; = :zd—_l} / t(1— t2) 2 dt. One has then H(LL) C Y, . Indeed, for f € L_l‘_ nonneg-

0
ative, one has

1
Ml = [ [ Mok el
Q2

v-n(x)<0

X f Fe, ) n(x)|dy’
v n(x)>0
1 i / / 1
< — [ n(dx) S, - n@)ldv = -— [ fdu
Yd 2yq
Q2 v -n(x)>0 ry

where we used that fRd M (v)dv = 1 for the first inequality. This shows that Range H C Y. This result extends easily
to the case in which the temperature 6 depends on x € 9€2, i.e. § = 6(x) with 6(x) > 6y > 0 for any x € 9€2.

Example 6.5. Recalling that both V and the measure m are invariant under the orthogonal group let us consider the
pure reflection boundary operator

Ro(x,v) =¢(x,v—2( - n(x))n(x)), x,v)el_, ¢pe LL.
and let ¢ € Y1+- Then, with the change of variables w = v — 2(v - n(x))n(x) such that |w| = |v| and v =w — 2(w -

n(x))n(x) (which preserves the measure du) we get

IRelly- =/<ﬂ(x,v—2(v~n(X))n(X))|v|71|v'n(X)Im(dv)ﬂ(dX)
r—

=f«><x,w>|w|—1 lw - n(x)|(dx)m(dw),
Iy
ie. R(Y,") C Y.

Notice that, in this example, in full generality, we can not replace Y,  with LY(I'_, t4du_). Actually, requiring
that

RNy, t-duy)) c LN, rydp)

amounts to assume that there exists ¢ > 0 such that t4 (x, V(x, v)) < ct_(x, v) for any (x, v) € I'y which is a geo-
metrical condition not satisfied if €2 is not strictly convex.

A key point is that, under Assumptions 6.1, the following holds:

Lemma 6.6. Assume H e B(L\ , L) satisfies Assumptions 6.1. Then, for any ¢ € L 1+
¥ =R(1, Mo(@R)Mo((1 — )K)p € Y
sothat Hy € Y, .
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Proof. Notice that, since sup,cyqa(x) = g < 1, one has ||Mo(aR)||%(L1+) <ap < 1 and R(1, Mp(xR)) is well-

defined. From Assumption 6.1 A1), (1 —a(-))K¢ € Y, . Then, from (2.10), g = Mp(1 — a)Kgp € Yfr. From Assump-
tion 6.1 A2), «Rg € Y| and, from (2.10), MpaRg € Yfr. More precisely, |[Moo R||@(Y]+) <aq < 1 so that

Y=Y (My(@R))"g e Y.

n=0

Now, it is clear that Hyr € Y| since H(Yl'Ir ) C Y| (notice that K maps any function in Y;” while R(Yf‘ )CY)). O
We can now state our main existence and uniqueness result about invariant density:

Theorem 6.7. Let H e (L., L') be a regular stochastic partly diffuse boundary operator and let Assumptions 6.1
and 4.4 be satisfied. Then, (Tu, Z(Tn)) is the generator of a stochastic Co-semigroup (Un(t));>0. Moreover,
(Un(t)):=0 is irreducible and has a unique invariant density Wy € Z(Tw) with

Uh(x,v) >0  fora.e (x,v) € QxR?, [Whllx =1
and Ker(Ty) = Span(Wy). Moreover, (Un(t)):=0 is ergodic, Eq. (4.2) holds and X = Ker(Ty) @ Range(Th).

Proof. We begin with proving that, under Assumptions 6.1, 1 € & ,(MgH). Indeed, being both My and H stochastic,
the spectral radius of MgH is r, (MgH) = 1 € G(MgH). According to Theorem 5.6, one has

Tess(MgH) < 1 =7, (MoH).

As well-known (see [32, Theorem 2.1]), this implies that 1 is an isolated eigenvalue of MoH. Moreover, being MgH
irreducible, we deduce from [32, Theorem 2.2] the uniqueness and the strict positivity (almost everywhere) of a
nonnegative eigenfunction ¢.
Let us consider now A € C with ReA > 0. Considering the modulus operator |M; H| (see [19] for a precise definition)
one has
My H| < MpH and M H| #£ MgH.

In particular, from [32, Theorem 4.3], r, (IM)H|) < ro (MgH) = 1. Since moreover, ry (MyH) < r, (JMyH|) according
to [19, Theorem 1], this proves that r, (M, H) < 1, i.e. 1 ¢ G(M; H). We conclude that A = Ty thanks to [5, Theorem
4.5]. Let us now show that the eigenfunction ¢ lies in Y1+. Being MgHgp = ¢, we have ¢ = Mo(¢R)¢ + Mo(1 — o)Kg
so that, since 1 — Mg(«R) is invertible,

@ =R(L, Mo(aR))Mo((1 — a)K)g.

From Lemma 6.6, we get that ¢ € Yfr . We deduce then from Proposition 4.2 that there exists Wy € Z(Ty) nonnegative
and such that T4y = 0. We conclude with Theorem 4.7. O

Remark 6.8. The fact that Ty is the generator of (Un(#));>0 does not depend on A1) and A2) in Assumptions 6.1.
7. Asymptotic stability of collisionless kinetic semigroups

The object of this section is to complement Theorem 4.7 and Theorem 6.7 where a convergence in Cesaro means
of (Un()),50 to its ergodic projection is given. Indeed, under a quite weak additional assumption on the kernel of K
we will show that (Un (7)), is asymptotically stable, i.e. Un() f converges in norm as t — +00. In particular

lim |U4(®)f — WHllx =0 (7.1)
—>0o0

for any density f € X, i.e. any nonnegative f with || f||x = 1. For the sake of simplicity, we restrict ourselves to the
case in which m(dv) = dv is the Lebesgue measure over

V:{veRd;m§|v|§M}
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where 0 <m < M < oo, although the surface Lebesgue measure on the unit sphere can also be dealt with, see Re-
mark 8.2 below.

In order to prove asymptotic stability of (Un(t));>0 we first describe the movement of particles as a piecewise
deterministic Markov process. Then we explain how the stochastic semigroup (Un(?));>0 can be defined by this
process and finally we prove the asymptotic stability of this semigroup.

7.1. Piecewise deterministic Markov process

Consider the following stochastic process which describes the movement of particles. A particle is moving in the
space Q with a constant velocity and when it strikes the boundary d$2 a new direction is chosen randomly from the
directions that point back into the interior of 2 and the motion continues. We recall that if x € 3 and v’ € I"y (x) then
the distribution of velocity v after reflection is given by a probability measure P (x, v’, -) defined on Borel subsets B
of '_(x) by

P(x,v', B) = a(x)8yx.v)(B) + (1 — a(x)) / h(x,v,v)m(dv).
B

where V(x, v) is the regular reflection law. From the Assumptions 6.1 A3) it follows that there exists &g = 1 —
SUP,cyq @ (x) > 0 such that 1 — a(x) > g for all x € 9€2. This implies that

P(x,v,dv) > goh(x, v, v) m(dv). (7.2)
Let a particle starts at time 7 = 0 from some point x €  with some initial velocity v € V \ {0} or from x € d2 with
velocity v € I'_(x). Let x(¢) be the position and v(¢) be the velocity of the particle at time ¢ and let #| = . (x, v).
Then x(t) =x 4+ vt and v(¢t) = v fort €[0,11). Let 0 < t; <1, < ... be a sequence of times when a particle hits the
boundary 9€2. Then

Prob(v(,) € B|x(t,) =x, v(t, ) =v') = P(x, V', B)

for every Borel subset B of I'{ (x), where x(#,7) and v(z,) are the left-hand side limits of x(¢) and v(), respectively,
at the point #,. Moreover

x()=x(tn) +v@)t — 1), v(@)=v,) fort €[ty t41),
x(ty) = x(t,;) and ty41 =ty + 14 (x(t), v(t,)) forn > 1.

It is easy to observe that

§() = (x(1),v(1)), 1>0,
defines a piecewise deterministic Markov process [41] with values in the space

E=@Q@xV)ur_.
The process {§(1)},>( has cadlag sample paths, i.e., they are right-continuous with left limits. Let P(z, x, v, B) be the
transition probability function for this process, i.e.

P(t,x,v, B) =Prob(§(t) € B|§(0) = (x,v)),

where B are Borel subsets of £. The semigroup (Un(?));>0 can be uniquely determined by the transition probability
function P(¢, x, v, B) because the following relation holds

/ Un(@®) f(y,w)dy @ m(dw) = / P(t,x,v,B) f(x,v)dx ® m(dv)
B QxV
for all f € X, Borel subsets B of 2 x V and t > 0.

Remark 7.1. It should be noted that we do not assume here that 2 is a strictly convex set and it can happen that at
some boundary points x some outward or inward vectors belong to the tangent space I'g(x). In such cases trajectories
can be tangent to the boundary 9<2, especially in the case when we consider the specular reflection (see Fig. 3). But
there is no need to consider such pathological trajectories because the set I'g has zero measure for p and does not play
any role in the definition of the boundary operator H.
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Fig. 3. Examples of pathological trajectories in the case of the specular reflection v’ — outward vector, v — inward vector.

7.2. Asymptotic stability

Now we check that the semigroup (Un(?)),>0 is partially integral (see Appendix B.1 for precise definition), i.e.
that for some ¢ > 0 there exists an integrable functiong: Q x V x 2 x V — [0, 00), g # 0, such that

P(t,x,v,B) > /q(x, v,y, w)dy ® m(dw). (7.3)
B

In order to prove this property we need a rather weak assumption concerning function 4 (x, v, v').

Definition 7.2. Let H € Z(L! , L') be a stochastic partly diffuse boundary operator of the form (3.8). We say that
the boundary operator H is weakly locally diffuse (WLD) if for each point x € dQ and v; € I'; (x) there exists a
vg € I'_(x) and § > O such that

k(x,v,v)>0 forp,-a.e.vel_(x)NB(vy,8), v eliL(x)N B, 3. (7.4)
If we replace condition (7.4) by a stronger one:

k(x,v,v)>8 forallvel_(x)NB(vy,8), v €Tly(x)NB(y,3). (7.5)
then the boundary operator H will be called strongly locally diffuse (SLD).

Lemma 7.3. Assume that the operator H is weakly locally diffuse and satisfies Assumptions 4.4 and 6.1. Then the
semigroup (Un(t))s>0 is partially integral.

Proof. Let (x,v) € & = Q x (V \ {0}) be the initial position and velocity of a particle. At time #| = ¢4 (x, v) it hits the
point x; = x + 4 (x, v)v on the boundary d€2. Then we choose a new velocity v; € I'_(x1) and at time #; + 74 (x1, V1)
the particle hits the boundary for the second time at the point X, = x1 + 4 (x1, v1)v;. We choose a new velocity
vy € I'_(x2). Let ¢ > 0 satisfy inequalities

f+tp(x,v1) <t <ty +1p(x1, 01) + 1 (x2, 02) (7.6)
and let T =t — #;. We will find an neighbourhood U of (v, v2) € V such that for (v, v) € U we have vy € I'_(x1),
vy € I'_(x1 + t4(x1, v1)v1) and (7.6) is satisfied for (vy, v2) € U. Then

x(1) =x2 + (r — 14.(x1, v1)v2

=x1 +tp(x1, v+ (T — 14 (g, v1))v2

and v(t) = vy is the position at time ¢ of the particle if it starts from x with velocity v, and after hitting the boundary
we choose velocities v and v, (see Fig. 4). We define the function F: U — V by

F(u1,v2) = (x1 4+ 14 (x1, v)vg + (T — 14(x1, v1))v2, 12) = (F1 (01, v2), F2(v1, v2)) .

Now we check that if

Vit (x1, 1) - U3 # 14 (x1, V1) + Vi, 14 (x1, 01) - Uy (7.7)

then the function F is a local diffeomorphism in some neighbourhood of (v1, v3). Indeed, let us denote the Jacobian
matrix of F by Jr = (2£, 2£). One checks easily that

oy * vy
F

9 9
det Jr (v1, v2) = det ( —) = det (— (t+(x1, V) (vr — vz)) —: detM
31)1 31)1
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Fig. 4. Position x(¢) of the particle after two collisions with the boundary.

where the matrix M is given by
M=cld+ A, A=aQu=adu,

where a is the vector a = 9y, 74 (x1, v1), 4 =v1 — vp and ¢ = t4 (x1, v1). We check then that!
detM =c?"V(c+a-u)= ti(xl, vy) + tiﬁl(xl, V)V 14 (x1,v1) - (V1 — v2).

Consequently, if (7.7) holds then the Jacobian matrix JF(v1, v2) is non singular and F is a diffeomorphism in some
neighbourhood of (vy, v2). Observe that condition (7.7) does not hold only on a (2d — 1)-dimensional differentiable
manifold in R?¢ and we can change equality in (7.7) to inequality after a small perturbation of the vector 7. We have

P(t, x,v, B) =Prob((x(t), v(t)) € B)
> Prob((vi,v2) e U: F(v1,v2) € B)

> f £2k(x1, v1, VG + V114 (61, 01), v2, v1) m(dvp) m(dva).
F~1(B)

Since x; = x + vty (x, v) we can define

K () (01, 02) 1= &3k (x1, v1, VK (x1 + V174 (x1, V1), V2, V1)

Since k satisfies WLD, for each (xg, vg) € & there exist 8’ > 0 and v; € '_(x1), v2 € ['_(x1 + t4(x1, V1)01) such
that & (x ) (v1, v2) > 0 a. e. for (x, v) € B((xo, vo), ") and (v, v2) € B((v1, v2), §'). Without lost of generality we can
assume that condition (7.7) holds and F is a diffeomorphism from Uy = B((v1, v2), 8’) onto F(Up). Then

Pt x,v, B) > f (s (01, v2) m(dvy) m(dva)

F~1(B)
= / K ey (FH (v, w)) |det -1 (v, w) | dy @ m(dw)
BNF(Up)
where Jp-1(y, w) = (%, %) is the Jacobian matrix of F~!. From the last inequality it follows that (7.3) holds

for
q(x, vy, w) = 1pwy (v, Wk (e, (F7 (7, w) [det Tp-1 (. w)
and the semigroup (Un(#));>0 is partially integral. 0O

! Indeed, let p(z) be the characteristic polynomial of A, p(z) = det(A — zId). Since the rank of A is less or equal to 1, z =0 is a root of p with
multiplicity at least d — 1 while the trace tr(A) = u - a should also be a root of p. Therefore,

p@ ="z —u-a)

and, taking z = —c gives the result.
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Remark 7.4. It is very likely that an analytical proof based upon the Dyson-Phillips-like representation of the semi-
group (Un(t))s>0 obtained in [4,6] may replace the adopted probabilistic proof. Such a proof seems more involved
than the probabilistic one given here and we did not investigate further on this point.

Combining Theorem 4.7, Theorem B.2 and Lemma 7.3 we obtain:

Theorem 7.5. Let the assumptions of Theorem 4.7 be satisfied. Assume moreover that H is weakly locally diffuse,
then the semigroup (Un(t))s>0 is asymptotically stable.

Remark 7.6. In particular, under the conditions of Theorem 6.7, the semigroup (Un(¢));>0 is asymptotically stable.
8. Sweeping properties of collisionless Kinetic semigroups

The asymptotic stability of the semigroup (Vi(#));>0 is strictly connected with the existence of an invariant density
which was assumed in Theorem 4.7 and proved in Theorem 6.7. We investigate here the behaviour of (Un(#));>0 when
this semigroup has no invariant density. A crucial role is played by sweeping property (see Appendix B.2). We first
establish the following which complements Lemma 7.3:

Lemma 8.1. If H is strongly locally diffuse (in the sense of Definition 7.2), then, defining £y = Q2 x (V \ {0}), for
every (xg, vo) € & there exist ¢ > 0, t > 0, and a measurable function ng: E — [0, 00) such that

/ n(x,v)dx @ m(dv) >0

&o
and

q(x, v, y,w) =n(y, w)lpgye (x,v) for (y,w)exV, (8.1)
where By(g) is the open ball in &y centered at (xg, vy) with radius €.
Proof. The proof uses the notations introduced in the proof of Lemma 7.3. Recall that (Un(¢));>0 is partially integral
with

q(x, v, y, w) = Lrwe) (v, Wk 0 (F (3, w)) |det Tp1 (v, w)] .
If the operator H is strongly locally diffuse then there exist 8’ > 0 and v; € T'_(x1), 12 € I'—(x] + 14 (x1, V1)) such
that & (x ) (v1, v2) > & for all (x, v) € B((x9, vo), §’) and (vi, v2) € B((v1, v2), §'). Now setting

n(y, w) = 1py (v, w) [det Tp-1(y, w)|
we check that n satisfies the desired properties. O
Remark 8.2. We note that Lemma 8.1 and Lemma 7.3 are also true when m(dv) is a surface Lebesgue measure on

a sphere but the proofs are slightly more technical. Indeed, instead of two reflections at the boundary (see Fig. 4) we
need one more reflection to achieve the property that the semigroup is partially integral.

According to Theorem B.4 and the previous Lemma, we have:

Theorem 8.3. Let us assume that (Un(t))s>0 is stochastic and has no invariant density. If the boundary operator H is
strongly local diffuse then (Un(t))=0 is sweeping from all compact subsets of &.

Proof. Since ((2 x V) \ &) is of zero measure for the measure dx ® m(dv), we can assume that the semigroup
(Un())r>0 is defined on the space L' (&, B(&y), dx ® m(dv)). Then, on this space, Lemma 8.1 exactly means that
(Un(1))s=0 satisfies property (K) of Theorem B.4. O
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Remark 8.4. For any ¢ > 0 and M > ¢ we define the set

Fey={(x,v)eQxV:e<|v|<M, dist(x, 0Q2) > ¢},

where dist(x, 9Q2) =inf{|x — y|: y € 9Q2}. Since the set F js is compact in the space &, for every f € X we have

tlirgo / Uny(@) f(x,v)dx ® m(dv) =0. (8.2)

Fe,M

This result has the following probabilistic interpretation. If the semigroup (Un(¢));>0 has no invariant density, the
velocity of almost all particles converges to O or to oo or particles get close to the boundary 92 when time goes to
infinity.

We complement Theorem 8.3 by a more precise sweeping result:

Theorem 8.5. Assume that H € (L} , L' ) is a regular stochastic partly diffuse operator given by (3.8) and satisfying
Assumptions 4.4. Assume moreover that H is weakly locally diffuse (WLD), sup, 50 o (x) < 1 and

wa | 3, v) ely; / k(x, v, v) 7o (x, V)@, (dv) = 400 > 0. (8.3)
r_ ()
Then
tim [ g Unf () dr@m(@) =0, Ve>0,  VfeX. (8.4)
QxV

Proof. Note first that Ty is the generator of (Un(?));>0 (see Remark 6.8). By virtue of Theorem B.5, the proof simply
consists in showing that (Un(#));>0 has no invariant density and in constructing a function ¥ = W(x, v) such that

0<W¥(x,v)<oo a.eonQxV, / Y(x,v)dx ® m(dv) = +o0,
QxV

/ 1y W (x, v)dx @ m(dv) < +oo (¢ >0) (8.5)
QxV

and

Ug(H¥ < V¥, vt > 0. (8.6)

The proof will be given in several steps. First of all, according to Theorem 5.6, there exists ¢ € Lﬂr such that

MoHe = ¢, gl = 1. (8.7)

Since MoK is irreducible then this ¢ is unique.
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e First step: The function W = =ZgHg satisfies (8.5). Indeed, one first notices that

/ [Kel(x, )74 (x, v)du_(x, v)

r—

- / dr (x) / / K 0, 0)p e, 0 (@) | 74 e, )y ()
Q2

roe My

= / dn(x) / / k(xv v, U/)T+()C, U)”’x (dU) (p(x’ U/)Mx(dv/)
09 rieo \r-e

= / / k(-xv v, U/)T+(.X, U)I'Lx(dv) QO(X, U/)d,lL+(.X, U/)'
Fy ')

Therefore, under assumption (8.3) and because ¢(x, v') > 0 a.e. on Iy, we have

/ [Ke] (x, v) 74 (x, v)dp— (x, v) = F00.
r-

Using Lemma 2.8 — identity (2.9) — and with g9 =1 — sup, cyq @ (x) >0

f Y(x,v)dx ® m(dv) = f [Hel (x, v) T4 (x, v)du—_(x, v)

QxV I_
> 80/ [Ke] (x, v) T4 (x, v)dp—(x, v) = +o00.
r—

Hence,

/[Hw] (e, 0) ol di (2, v) = 00
I_

since 7_(x, v) < |v|~' D (where we recall that D is the diameter of €2). Thus, Hy ¢ Y, and 0 is not an eigenvalue
of Ty (associated to a nonnegative eigenvalue) according to Proposition 4.2. Since Ty is the generator of (Un(¢));>0,
this means that (Un(t));>0 has no invariant density. Moreover,

/ Lse) U, v)dx ® m(dv) = f Lpojoe) [Hol (6, )74 (6. v)du— (x, v)
QxV Ir_
< 2ingl, =2l
£ - £ +

Using that MgHg = ¢, one has ¢(x, v) = [He] (x — 7—(x, v)v, v), for any (x, v) € I'; and, from the irreducibility of
MoH, we get 0 < ¢(x, v) < +00 a.e. on '} which in turns implies that

0 <W(x,v) ==gHp(x,v) =[He] (x —t_(x,v)v,v) <4+00 a.e.onx V.

This proves that W satisfies (8.5).

In order to prove that W satisfies also (8.6) we shall resort to Lemma 3.8 and for any n € N, introduce the regular
diffuse operator given by H, = ¢R + (1 — @)K, with K,, is defined as in Lemma 3.8. As before, for any n € N, there
exists ¢, € Li_ such that

MoH,@n = @n, ||§0n||L£r =1.
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e Second step: lim,, ||¢, — g0||L1+ =0.
To prove this, we notice that

MoHgn = gn + @n, 8n =Mo(H —Hn)gy, (8.8)
with ||g,1||L1+ <||H - H””%(Llr) since ”‘/’””Llr = 1. In particular,

nlggo lgnllpt =0.
Now, denote by P the spectral projection associated to the (simple) eigenvalue 1 of MgH one has

MoH = MoHP + MoH(l — P)

with MgHP compact (since P is of finite rank) and 1 ¢ G(MgH(I — P)). One can then write (8.8) as ¢, —
MoH(I — P)g, = g, + MoHPg, or equivalently,

On = R(L MOH(I - P))gn + ICO(pn
with o = R(1, MgH(I — P))MoHP compact. The sequence (Ko¢y), is then relatively compact in LL and, since
lim IR (1, MoH(I = P))gull 1 =0,

the sequence (¢, ), is also relatively compact. There exists then a subsequence, still denoted (¢,,),, which converges
in L}r to some ¥ € Lﬂr with unit norm. One clearly has then

Y =Ko = R(1, MgH(l — P))MgHPr
i.e. ¥ — MoH(I — P)y» = MgHPV or equivalently
¥ = MoHy.

Wle deduce from this that ¥ = ¢ by uniqueness. This shows finally that the whole sequence (¢,), converges to ¢ in
L+; Third step: Introducing the semigroup (Vh, (¢)):>0 associated to the boundary operator H,, n € N, it holds

lim [ Viy, ) f = Un() f |y =0.  Vr20, feX. (8.9)
Indeed, for any n € N the resolvent of the generator Ty, is given by

R(k Th,) = Z3Hy (o = MyH) ™' G + Ry
and it is easy to check, using again Lemma 3.8 and Eq. (2.1) that

lim [R(.Tu,)f —RG A f|y=0.  VA>0. feX

where we recall that (A, Z(A)) is the generator of (Un(7));>0. We deduce the second step from the Trotter-Kato
approximation Theorem [22, Theorem 3.19, p. 83].
e Fourth step. Introduce then ¥, = MgH,,¢,,. According to Theorem 6.7,

Wh, O, =Wy, VneN,t>0.

On the other hand, since lim,, [[H,¢, —Hell;1 =0, we have, for any ¢ > 0,
lim [ 1jy)se)Hn@n — LijoiseHe 1 =0

and also
lim |20 o> 1Hnen) — Zo(Agjoj>e1He) ”L1+ =0

or equivalently

11,?1 ||1{|U|>8}an - 1{\1)|>‘»3}"I’||L|+ =0.
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Let then

W =Ly Wn, W =ljyg¥,  neN, e>0,
we note that

Vi, (O, <@y and  Lqusg Vi, (O, < 05

forany n € N, ¢ > 0, t > 0. Using the Third step, we can pass to the limit in norm in this inequality as n — 400 and
get

Ljy>e) Un ()W < W < W,
Letting ¢ — 0, the monotone convergence theorem yields to Uy(#)¥ < W, i.e. W satisfies (8.6) and the proof is
concluded. O
Declaration of competing interest
We declare that there is no competing interest.

Appendix A. About the ballistic flow

We establish in this appendix several important properties of the so-called ballistic flow
E:(x,v)elt—Ex,v) = —1_(x,V)V,V) €I XV

which are fundamental for the proof of our main weak compactness result Theorem 5.1. For the clarity of exposition,
we postponed these results in an Appendix but strongly believe that the results stated here have their own mathematical
interest. In this Appendix, we will use the following notations: for any element z = (x, v) of the extended phase space
Q x V, we will call x the space component of z and v the velocity component of z, writing x = z; and v = z,,.

With the notations of [25], & = x}. Notice that, as already observed in [25,43], in non convex domain this deter-
ministic flow does not avoid the grazing set Iy, i.e. in full generality

E(x,v)el'_UTy

and — as far as the regularity of & is concerned — the set {(x,v) € I';; &(x, v) € I'g} will be particularly relevant.
Notice though that

Eel Ully—>T_UTy
is invertible with inverse
E_l t(x,v)el_Ul'y— 5_1(x, v)=(x+1-(x,v)v,0) €L UTy.
Moreover, according to (2.5) with ¥ = 1, we see that
/ 1y (6 x. )it (dr, dv) = 1 (To) =0

'L Ulp

which proves that

p+ ({(x,v) €T UTo; §(x,v) € To}) =0. (A.D)

We introduce the following where we focus on velocity which are unit vectors (this is no loss of generality by virtue
of (2.2))

Definition A.1. Let
= {(x,w) € xS (r.w)eTs and £(x,0) € FJF}
and introduce, for any x € 9<2 the section

Fi(x) = {a) e sé-1 s (x, w) ef‘i} .
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A.l. Regularity of the travel time
The main result of this section is the following:

Theorem A.2. The set T+ are open subsets of Ty and
+ 1 (x,0) €Tx > 15 (x,w) e RT

is of class C'.

We will split the proof of the above in a series of Lemma — dealing with 7_ but all the results have their counterpart
for t:

Lemma A.3. The set F+ is an open subset of Ty and t_ is continuous on f+.

Proof. Let us fix xg € 92 and wg € /I:Jr(xo), i.e. wg - n(xg) > 0 and wg - n(&g) < 0 where &y = xg9 — T— (X0, W) wy is
the space component of & (xg, wp). For simplicity, set
70 = T (X0, ).

Let (x,, v,) C I'4 be a given sequence such that lim, (x,, v,) = (x9, wp). In particular, we can assume that |v,| # 0
for any n € N. Set then w, = |vn|_lvn e S9! for any n € N and

Vn = Xn — T— (X, 0p)wy, € 02 Vn e N.

Taking a subsequence if necessary (recall that d€2 is compact), we may assume that (y, ), converges to some yg € 9€2.
Then, since 17— (x,, w,) = |y, — x,| we get that

limz_ (x,, v,) =limt_(x,, C()n)|Un|_1 =limt_(x,, wy) = |yo — Xo| =
n n n
and, consequently, letting n goes to infinity in the definition of y, yields
Yo =X0 — T1wo € 0K2.

This in particular shows that 79 < 1. To prove that 71 = 1, let us argue by contradiction and assume that 7; > 7.
Since both yy = x9 — t1wp and &y = x¢ — Towo belong to €2 and since wg - n(&y) < 0, the set

{IE (To, 'L’]); xo—tw0¢§}
is open and not empty. Therefore, there exists § > 0 such that 7; > § 4+ 79 and

xo—twg ¢ Q  Vie(r, §+10). (A.2)
Notice that x,, —tw, € Q forall ¢ € (0, _(x,, ®,)) and any n € N. Since lim,, 7_(x,, w,) = 71, we get that, forn € N
large enough,

n —twy € Q2 vVt € (0, t9 + §).

Letting then n goes to infinity, we obtain xo — twg € Q for any t € (0, 0+ §) which contradicts (A.2). Therefore,
71 = 79 which proves the continuity of 7_ on F+ Let us now show that 1"+ is open. We keep the previous notations,
fixing (xg, wo) € F+ Let us assume that there exists a sequence (x,, ®,) C 'y such that lim, (x,, w,) = (x0, wo)
where w, € S?~! for any n € N but (x,,, wp,) ¢ ’F\+. This means that

wp - n(x, — 1_(Xn, wp)wy) =0, Vn e N.
From the previous part of the proof, we know that lim, x,, — 7_(x,, w,)w, = x9 — T— (X0, wp)wp and, since n(-) is
continuous, we get

@ - n(xg — 7 (x0, wp)wp) =0

which contradicts the assumption that (xg, wg) € F+. Therefore, no sequence with the above properties can exist and
I'yisopen. O
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Lemma A.4. For any x € 0S2, the mapping
w €F+(x) — 7_(x,w) e RT
is differentiable and
Vot @ (x,w) €4 —> 1_(x,») e RT (A.3)

Is continuous.

Proof. As before, let us fix xg € 9Q2 and wg € f‘+ (x0). Since the normal vector n(-) is continuous on 952, we deduce
from Lemma A.3 that there exists a radius » > 0 such that

w-n(x)>0 and w-né,(x,w)) <0 Y(x,w) € U(xg) x V(wp), (A4)

where U(xg) = B(xg, ) N 92 is an open neighbourhood of x¢ and V (wp) = B(wg, r) N S?-1 s an open neighbour-
hood of wg. The continuity of t_ implies that there exists #y > 0 such that

_(x,w)>1 >0 Y(x,w) € U(xg) X V(wop). (A.5)
Since the mapping & : (x,w) € /1'\‘+ = &(x,w) = (x — —(x, w)w, w) € '_ is continuous, invertible with inverse
0 el- 00 =0+ n( 0o, el
and since §(f+) cT_, one has E_l continuous. In particular
{x —1—(x, 0w, w), (x,w) € U(xp) x V(wp)}
is an open neighbourhood of & (xg, wg) and
Wi(zo) :={x — 17— (x, W), (x,w) € Ulxg) x V(wo)}

is an open neighbourhood of zg = xp — 7— (x0, wo)wo = & (x0, wp) € IN. Since I is of class C ! then (up to choosing
a smaller neighbourhood W (z¢) if necessary), there exists a C! bijective mapping

Wye (=1, D W(y) e W(zo)

with W(0) = z¢ and such that the range of the differential dW(y) has dimension d — 1 for any y € (—1, D41 We
introduce open pieces of 02 indexed by x € 9€2

Si={x—1_(x,w)w, v V(wy)} C W(zp).
Define then
Oy =8, x € U(xp),

one sees that, for any x € 92, the mapping ¥ : y € O, > ¥(y) € S, is a parametrization of S,. Namely, given
(x, w) € U(xp) x V(wy), there is a unique y € O, such that x — 7_(x, w)w = ¥Y(y). Thus,

x —W(y)
_(x,w) =|x —V(y)| and w=—" (A.6)
lx —W(y)l
In particular xo — t— (xg, wo)wo = zo = WY(0), and wg = |§3:\5§8;| . Introduce the C! mapping
-V
H () € Ulko) x (1 D i Hee ) = 20 () (A7)
lx — W(y)|

and, for any z € R? \ {0}, let P, denote the orthogonal projection on the hyperplane orthogonal to z,

Poh=ht:=h—(h 3z, Z=|Z—|eSd‘1,heRd.
Z

Notice that P, = IP; for any z € R? \ {0}. Because the differential of the mapping z € R? \ {0} > é—‘ is given by
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heRY— —|z|7'P,h, heR?
it follows that the differential dy H (x, y) of H is given by

_Prowy @YW _ Py, (d¥(0)h)
lx —W(y)l X =¥

where w = H(x, y) = |x —W(y)|~! (x — W(y)). Note that the differential dy H (x, y) depends continuously on (x, y) €
U(xg) x (=1, )L, Let us assume for a while that

dyH(x,y) : he R —

(A.8)

Rank (dy H (x0,0)) = d — 1. (A9)

Then, the dimension of the range of dy H (x, y) remains of dimension d — 1 for x close enough to 0. Recalling that
wp = |xo—W(0)| ™! (xo — W(0)), we deduce from the local inverse function theorem that, in some open neighbourhood
U’ (x0) x (—8,8)?! of (xp,0) and a neighbourhood V' (wg) of wy such that the equation

wo=Hxy) () eU(x)x (-8 8"
is solved uniquely as
y=G(x,w), (x, w) € U'(x0) x V'(xp)

where G(x, -) is a C! mapping on a neighbourhood V’(wp) of wy and the mapping (x, ) — G(x, w) is continuous
on U’ (xg) x V'(wp). It follows that, for x € U’(xp) the mapping

w € V'(wo) > T-(x, 0) = [x = W(y)| = |x = ¥(G(x, w))|
is differentiable with differential d,,7_(x, ) given by

(v )+ h R —s (x —U(G(x, ), d¥(G(x,»))d,G(x, w)h)' (A.10)
|x — W(G(x,w))]

Since d, G (x, w) = (dy H (x, G (x, a))))_l and the mapping (x, w) — G(x, w) is continuous then so is
(x, w) € U'(x0) x V'(wp) — dpt_(x, ®)

which proves the Lemma under assumption (A.9). It only remains to prove (A.9). Notice that
Range(dW(0)) = {dlIJ(O)h; he Rd‘l}

is the (d — 1)-dimensional tangent space of d€2 at zo = W(0) with xo — W(0) = 7_(x9, wp)wo and
{]Pxo_u,(o) @W(O)h) : h € R4~ ] = P, (Range(dW(0))

is the orthogonal projection of Range(dW(0)) on the orthogonal hyperplane to wg. One sees that
wp - n(¥(0)) < 0= wp ¢ Range(d¥(0)))

and consequently IP,,, (Range(d¥(0))) coincides with the orthogonal hyperplane to wp. In particular, it has dimension
d — 1 which is exactly (A.9). O

Lemma A.5. For any € S, the mapping
xeT (@) 1_(x,w) e R

is differentiable and
Vit— : (x,w) € F+ > T_(x,w) e RT

is continuous.
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Proof. As in the previous Lemma, we fix xg € 92 and wg € F+ (x0) and consider an open neighbourhood U(xp) X
V(wp) of (xg, wg) on which (A.4) and (A.5) hold. For any w € V(wy), define

Sp={x —1_(x,w)w; x € U(xg)}

and, with the notation of the previous Lemma, S,, C W (zo) for any w € V(wg) where W (zo) is the image of the C!
function

W:ye (=1, DT w(y) e W(zo)

with W(0) = z¢o and Rank(d¥(y)) =d — 1 for any y € (—1, l)d_l. This allows to introduce, as in the previous
Lemma, O, = ¥~!(S,) and S, is parametrized by W (defined now on O,), i.e. given (x,w) € U(xp) x V(wp),
there is a unique y € O, such that x — 7_(x, w)w = W(y) and (A.6) and (A.7) still hold. We have seen in the proof
of Lemma A.4 that H is C! with differential dyH(x,y) given by (A.8) and depending continuously on (x,y) €
U(xg) x (=1, D4~ . In particular, as seen earlier, at (x, y) = (xo, 0) the differential dy H is given by
B Py, (d¥(0)h) B P, (dW(0)h)

lxo — W(0)] 7—(x0, @)
and has (d — 1)-dimensional range. As before, from the implicit function theorem, there is a neighbourhood
(=8, 8)471 xU”(x9) of (0, x0) and a neighbourhood V" (wg) of wo on which the equation w = |x —W(y)|~! (x — W(y))
with (y, x) € (=8, 8)?! x U”(xp) is solved uniquely as

dyH(x0,0) : h e R —

y=G@,x),  (0,x) €V (w) x U(x)
where 6((0, Yisac! rnapping/e\lnd (w,x) € V'(wg) x U"(x0) — a(a), x) is continuous. It follows that the mapping

xeU (x> 1_(x,w) = |\Il(G(a), x)) — x| is differentiable for any w € V" (wp) with differential given by

Aot (o) heTh s — (V(G(w, x)) —x, dEJ(G(w,x))de(a),x)h —h) (A1D)
W(G(w,x)) — x|

where 7, is the tangent space of 92 at x € Q2. Let us prove now the continuity of dyt_(-,-). Because w +
UG (.x)—x
V(G (@,x))—x|

Py G- (A¥(G (@, x)dG(w, x)h — h)
x — W(G(, X))

= 0, differentiating with respect to x along the direction / tangent at 92 at x yields

=0

i.e.
P, (A¥(G (0, x))d:G(w, x)h) =P,h,  VheTy
where we used that w is the unit vector in the direction of (\11(6 (w, x)) — x). This implies that
dW(G (@, ¥))dc G (@, x)h = Pyh + [dW(G (0, x)))d: G (@, )b, o) o. (A.12)

Since dW(@(a), x))dy a(a), x)h is a tangent vector to 9€2 at \IJ(a(w, x)) =§&,(x,w) =x —1_(x, w)w, taking the inner
product of the above identity with the normal unit vector n(&,(x, )) yields

(d¥(G (@, 0))dc G (@, ), o) {0, n(E(x, 0))) = — (Poh, n(€(x, ).
Inserting this into (A.12) and since w - n(&,(x, w)) # 0 we get

(Poh, n&, (x, )

d¥(G(w, x)d G (w,x)h =P, ,h — @ &, (x, o)) w

which, plugged into (A.11), yields

det_(x, 0)h = —(w, P,h — Poh, nE, &, »)) w —h)
(@, n(§;(x, w)))
(Pyh; n(é(x, w)))

(w; n(€;(x,w)))

=(h; w) —
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i.e.

(h,n(&;(x, ®)))
(w,n(E(x, )

This gives directly the continuity of the mapping (x, ®) + d,7—(x, ®) since &, is continuous on ﬁ. O

dyt—(x,w)h = (A.13)

Remark A.6. Notice that (A.13) allows to recover the expression

Vit (x, @) = ot n(€,(x, ), (x,w)eT4

w-n(&(x, ®))

which was obtained in [25, Lemma 3] for some special structure of 2. Moreover, using (A.10) and using the range of
the differential of W(G (x, w)) is the orthogonal of Span(n(G (x, w)) we can prove

_(x, w) ~
VoT-(x,0) = ——— n(§,(x, w)), (x,w)ely

o -n(§;(x, w))

which, again, is a result obtained in a special case in [25, Lemma 3].

Proof of Theorem A.2. The above three Lemmas give directly the proof of Theorem A.2 for t_ and /I:+. The proof
for 74 and I'_ is done similarly. O

An immediate consequence of Theorem A.2 is the following regularity of the ballistic flow:

Corollary A.7. The ballistic flow:

£ (x,w) €F+ F—Ex,o)=x —1-(x,0)w,w) € T_
is a C' diffeomorphism from f‘+ onto its image and

§71 D (x,w) € T — Sfl(x, w)=x+1+(x,w)w,w) €1
is a C' diffeomorphism from T_ onto its image.

A.2. Further non degeneracy results

We introduce a local polar parametrization of the boundary which will turn useful later on. Here and everywhere
in the text, Es_l denotes the position component of the inverse &, i.e. ’;‘;1 =(& 2

Proposition A.8. For any x € 0, there is a closed subset S(x) C T_ (x) with zero surface Lebesgue measure do and
such that the mapping

£ (x,) 0 eT_(0)\ S&) > x + 1, (x, 0)w € 02

has a differential of rank d — 1.

Proof. For any x € 92, we choose an orthonormal basis {e;(x), ..., es—1(x), eq(x)} — depending continuously on
x € 02 — where

eqs(x) =—n(x).

Let us write the components of w € T_(x) in this basis using polar coordinates

2 This should not be confused with the inverse of the position component (& S)*l.
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w] =8inf;_1...s8inH3sinH; sin by,
wy =8infy_1...sinH3sinH cos by,
w3 =s8inf;_1...sinf3cosby,

(A.14)
Wd—-1= Sin@d_1 COS 9d—2,
wqg = COS 9d—1
with 61 € [0,2r7] and 65, ...,04—1 € [0, w]. Notice that the assumption w € T_ (x) actually implies ﬁlat 641 €
[0, 7/2). We will write 8 = (0y,...,04—2,04—1) and U := [0, 2] X [O,ﬂ]d_3 X [O, %] sothat w e I'_(x) —

0 € U. Notice that the set U is independent of x € d€2. Within this frame and with the above set of coordinates, we
write
T(x,01,...,00-2,04-1) =74 (x,®) and
G(x,01,....00-2,00-1) =x +T(x,01,....04-2, 001w,  YoeT_(x).

From Theorem A.2, for any x € 92, the mapping 6 € U > T(x,0) is of class C!. It is then clear that the set of
w € S?1 given by (A.14) such that the vectors

,,,,,

are linearly independent coincide with the set at which the differential of the mapping w € T )P x+(x,0)we
dS2 is of full rank d — 1.
One has

09; G (x,0) =09, T (x,0)0+ T (x,0)0p;w
and, because |G (x,0) — x| = T (x, #), it is easy to check that ang(x, ) =w- ngG(x, 0),i.e.
dp; G (x, ) — (9g; G (x, 0) - w)o=TI(x, 0)89ja).

Notice that dg; G(x, ) — (dg; G(x, 8) - w)w is nothing but the projection of dp; G(x, #) on the hyperplane wt. Re-
calling that T'(x,0) > 0, we see that (9p,G (x,0) — (35, G (x.0) ~a))a))j=1 .... ,_; are independent if and only if
(ag_,.w) j=1,..,d—1 are independent, or equivalently, if the Gram matrix Jy(w) = (891.0), 89(,. a))
is well known that

i is not singular. It

det (Jp(w)) = sin?26,4_1 sin?36,_5 ...sin6,. (A.15)
In other words, if det (Jy ()) # 0, then (39, G (x, 8) — (35, G (x, 6) - ®)w)
easily that then (8(9_[ G(x, 0))

i=1...d—1 A€ independent and one deduces

=11 ¢ also independent. We define then
S(x) = fw € T_(x); det (Jp(@)) =0)
the mapping w € T \ S(x) = x + 14+ (x, w)w has a differential of rank d — 1. It is clear that S(x) is closed. Let us
now prove that indeed S(x) has a zero surface Lebesgue measure. Using then (A.15), we get that
w e S(x) if and only if 0; €{0,m} forsome j=2,...,d—1.
The condition 8;_1 € {0, w} only means 6;_1 = 0 (recall that 6,1 < 7 /2) which means that v = (0, ..., 0, 1). Then,
for d > 3, the condition 6;_; € {0, 7} means that
w=(0,...,0,%xsin6;_1,co86,;_1),

i.e. w belongs to some (half) unit circle of S9-1. More generally, the condition 6;_; € {0, 7} for2 < j<d -2
describes a unit (j — 1)-dimensional (half)-spheres of S?-1 This means that S(x) can be written as S(x) = U;t% Cj

where C; is a closed set with positive (d — j)-Lebesgue measure’ (2 < Jj <d —?2). Therefore, o (S(x)) = 0 (where
we recall that do is the Lebesgue surface measure over SY~1) and the conclusion follows. O

3 Namely C; ={w e T4 (x); 6g—j =0o0rfy_; = 7).
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Remark A.9. For any x € 92 and any ¢ > 0, introduce the set S (x) of all w € T_ (x) ¢ S~ whose polar coordinates
0 =(01,...,64_1) in the basis {e|(x), ..., eq(x)} are such that

det (Jp(w)) < ¢

where we recall that the determinant det (7 (w)) is given by (A.15) with w = (@) given by (A.14). Notice that
det (Jp(w)) is actually independent of x € d<2. Then, the surface Lebesgue measure o (Sg(x)) of S¢(x) is given by

f Ls, (1) (@)o (dow) = / det (Jp()) o <em?™?
Sdfl Us
where U, = {0 € U ; sind—2 Oa-_1 sin?—3 O4—7 ...sin0 < &}. Therefore

lim sup o (S¢(x)) =0.

e=>0% xeaQ

We have then the following result (which is not used in the core of the paper but has its own interest):

Proposition A.10. Assume that, for m-a. e. x € 02, V(x,-) : ['_(x) = 'y (x) is a field of measurable mappings
associated to a pure reflection boundary operator as in Definition 3.1 and let

{ U: x,v)el UlNy— UK, v)=(x —1-(x,v)v, V(x — 17— (x, V)V, 1))
= (§,(x,v), V(E(x,v))) €' UT.

For any k € N there exists a subset y; C I'_ such that:

(1) yy is a closed subset of I'— with u(y;) =0.
) U o 571 (F_ \ yk) is an open subset of T and

U o™ T \y, > T4

is a C' diffeomorphism from T_ \ y « onto its image.

Proof. We first notice that, thanks to Corollary A.7, U : f+ — I'y is a C! diffeomorphism from F+ onto its image
U(T4) which is an open set of I'.. Let us introduce

A:=Tp\Ty ={(x,v) €[4y UTy; £(x,v) € Io)
As already noticed in (A.1),

w(A) =0, (A.16)
i.e. A is a closed set of Iy of zero du-measure. Since

U4 UT) =UTo) UUT L) UUA)

we have that u (U(fi)) =uU T+ UTy)) =T4 UT since U is p-preserving as a composition of the p-preserving
mapping & and V. Therefore

u (T \UTH)) =0.
Introduce then FS:) = f+,
rP={oer®: ux v el
and
A =T\ T,
One has A =U~'(A) is a closed subset of F+ with (A1) = 0. Moreover,
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u* Ff) — I
is a C! diffeomorphism from Ff) onto its image. Since 42 is j1-preserving, writing the disjoint unions
r=r@ua,, 2P =u2r?)vut(ar
we see that u U2 )) = p@AT ) = p@(r)) and
“ (r+ \uz(rf))) —0.
By induction, assuming that there is FSf_l) C T’ such that
Wt Tl L,

is a C! diffeomorphism from Fgf_l) onto its image ¥~ (I’ Sf_l)) which is of full u-measure, i.e.

(ror ()0

then define
% = {(x,0) e ¢ U (x,0) €T} (A.17)
so that

-1
k k— -

Ay =TT = (1) )
is a closed subset of ' with u(Ax—1) =0 while

u* - l"gf) —- Ty
is a C! diffeomorphism from I"Sf) onto its image U¥ (F@). As before, writing the disjoint unions

rD—r®Oun,,,  u (rf*”) —uk (r@) VU (Ag_1)
we see that (L{k (FS@)) =u (Z/lk (Ff_l)» =u (L{k_l (Fﬂ“”)) so that

" (r+ \Uk (rﬂ")) —0.
On the other hand, according to Corollary A.7,
& ’I;Jr —TI_
isa C! diffeomorphism from F+ onto its image. Using the definition (A.17) for k + 1 we see that
Ap =T\ T = (U")_1 (&)
is a closed subset of ' with u(Ag) =0 and
ok : FSfH) —TI_

is a C! diffeomorphism from F:]er]) onto its image (& o U*) (FSfH)). Arguing as before and writing

st) _ Fﬁf“) UAg, (’s’ ouk) (cm)> _ (’s’ OMk) (Fgfﬂ)) U (8 ouk) (Ar)

and since & o U* is u-preserving, we have that

w((ort) (7)) = ((gor) () = (1 (1))

where we used that & is also w-preserving. Therefore
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(51 () () =0

Since (§ oL{k) (I"SfH)) is an open subset of I'_ then setting
pomr (e ()

one sees that y; is a closed subset of I'_ with u(y;) =0 and
UFok™ T\ yp— T

is a C! diffeomorphism from I'_ \ y, onto its image. O

In a previous version of the paper [30, Lemma A.11], we claimed that, with the above notations, for any x € Q2
and any k € N, introducing

O =fwel () &'t ettt T
where Ay is defined thanks to (A.17), it holds that, for any w € Ok (x) \ S(x), the differential
do [t 087! ] (r0)
S

has rank (d — 1). As pointed out by an anonymous referee, this result is not true. We provide here a simple counterex-
ample for bounce-back boundary conditions:

Example A.11. Assume that V is associated to bounce-back boundary conditions (see Example 3.3), i.e.

V(x,v)=—v V(x,v)el_.

Then, one checks easily that

EOZ/{k(x,v): (x, —v) %fk%s odd
Ex,v) =& —1_(x,V)V,V) if k is even
which results easily in
[u—k o§71] (x. ) = x_l Tfk ?s odd .
s E (ro)=x+11(x, 0)0 if k is even

In particular, the rank of the differential is zero for odd k while it is d — 1 for even k provided w € ﬁr (x)\ S(x) (see
Proposition A.8). We aim also to point out that, with this choice of the boundary condition and for a diffuse boundary
operator K of the form

Ko(x,v) = F(v) / @(x, V), (dv')
Fy(x)

as considered in the proof of Theorem 5.1, one has, for any &, ¢ odd,
K(MoR)*MoK(MoR) MoK (x, v) = F (x)Ke(x, v), pell, (x,v)er_

where F(x) = /i ) F(—v)p,(dv'), x € 3. In particular, one sees that such an operator is not weakly compact (see
Remark 5.8).

Appendix B. Reminders on partially integral stochastic semigroups

We collect here several results on partially integral stochastic semigroups in L'(E, ¥, m) where (E, =, m) is a
given o -finite measure space.



B. Lods et al. / Ann. I. H. Poincaré — AN 37 (2020) 877-923 921

B.1. Partially integral stochastic semigroup

We begin with the following definition
Definition B.1. A stochastic semigroup {P(¢)};>0 on the space LY(E, =, m) is called partially integral if there exists
a measurable function k: (0,00) x E x E — [0, 00), called a kernel, such that for every y € E all nonnegative

fe Ll(E, ¥, m) we have

P@) f(y) sz(t,x,y)f(X)m(dX) (B.1)
E

and

//k(t,x,y)m(dx)@m(dy) >0
E E

for some ¢ > 0.
We have then the following (see [38])

Theorem B.2. Let { P(t)};>0 be a partially integral stochastic semigroup. Assume that the semigroup {P(t)};>0 has a
unique invariant probability density f.. If fi« > 0 a.e., then the semigroup {P(t)}:>0 is asymptotically stable.

Let P(t, y, B) be a probability transition function for the semigroup { P (¢)};>0, i.e.

/ P f () m(dy) = / P(t,x. B) f (x) m(dx)
E

B

forall f € LI(E, ¥, m), B € ¥ and ¢ > 0. Then inequality (B.1) can be rewritten as

P, x,dy) > k(t,x, y)m(dy).
B.2. Sweeping property
We define now the sweeping property for stochastic semigroups:

Definition B.3. A stochastic semigroup {P(¢)};>0 on the space LY (E, =, m) is sweeping from a set A if
lim / P@®)f(x)m(dx)=0
—>00
A

for each density f.
If moreover (E, p) is a metric space and ¥ = B(E) is the o—algebra of Borel subsets of E, a partially integral
semigroup {P (t)};>0 with kernel k(z, &, z) is said to satisfy the property (K) on E if the following holds:

(K) forevery & € E there exist € > 0, ¢t > 0, and a measurable function n: E — [0, co) such that

/H(S)m(dé) >0
E

and

k(t,§,2) = n(2)1 . (6), (§.2) € EXE,

where B(£o.¢) = {§ € E: p(§, &) < ¢}.
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We have the following which is a simple consequence of a general result concerning asymptotic decomposition of
stochastic semigroups (see [39, Corollary 2]):

Theorem B.4. Let {P(t)};>0 be a stochastic semigroup on LY(E, =, m), where E is a separable metric space, ¥ =
B(E), and m is a o-finite measure on (E,X). Assume that {P(t)};>0 has the property (K) and has no invariant
density. Then {P(t)}:>0 is sweeping from all compact sets.

B.3. Foguel alternative

If a stochastic semigroup has no invariant density but we are able to find a subinvariant function f, > 0, then we
can precisely point out all sets having the sweeping property [40]. We start with some general description.

Let a stochastic semigroup {P(¢)};>0 be given and assume that this semigroup is partially integral. If the kernel
k(t, x, y) satisfies

o0
//k(t,x,y)dlm(dx)>0 y —ae.,
E O

then {P(t)};>0 is called a pre-Harris semigroup. In particular, if a semigroup is partially integral and irreducible then
it is pre-Harris semigroup. The following condition plays a crucial role in studying sweeping.

(KT): There exists a measurable function f, such that: 0 < f, < oo a.e., P(t) fx < fy for t >0, fi ¢ L' and
[y fo(x)ym(dx) < o0,

In (KT) we have written P(¢) f, for a non-integrable function. We can use such notation because any substochastic
operator P may be extended beyond the space L! (see [24] Chap. I). If f is an arbitrary non-negative measurable
function, then we define Pf as a pointwise limit of the sequence Pf,, where (f;,) is any monotonic sequence of
non-negative functions from L! pointwise convergent to f almost everywhere.

Theorem B.5 ([40], Corollary 3). Let { P(t)};>0 be a pre-Harris stochastic semigroup which has no invariant density.
Assume that the semigroup {P(t)};>0 and a set A € X satisfy condition (KT). Then the semigroup {P(t)};>0 is
sweeping with respect to A.
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