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Abstract
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nonparametric minimal surfaces with flat obstacles.
© 2020 L’ Association Publications de I’Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

MSC: 35R35; 49Q05

Keywords: Minimal immersion; Thin obstacle problem; Free boundary; 2-Valued functions

1. Introduction

The present note focuses on the analysis of the thin obstacle problem for nonparametric minimal surfaces. This is
a well-known variational problem which has been extensively considered in the literature, cf. the classical works by
Nitsche [45], Giusti [30-33], Kinderlehrer [36] and Frehse [24,25]. In this respect, the vast literature on thin obstacle
problems with quadratic energies, which correspond to the linearization of the area functional, has to be taken into
account. Starting with the pioneering contributions by Lewy [40,41], Richardson [46], Caffarelli [5], Kinderlehrer
[37], and Ural’tseva [49,51,50], a renewed impulse towards a deeper understanding of the problem has started more
recently with the works of Athanasopoulos and Caffarelli [1], Athanasopoulos, Caffarelli and Salsa [2], Caffarelli,
Salsa and Silvestre [6] and has been then developed by many others [20,21,35,26,38] etc. .. we warn the readers that
this is only a small excerpt from the literature on the topic. To complete the overview on the topic we also mention
the parametric approach to minimal surfaces with thin obstacles, which has been started by De Giorgi (identifying
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the relaxation of the problem via the introduction of the nowadays called De Giorgi’s measure) and developed in the
monograph by De Giorgi, Colombini and Piccinini [10], and then in the papers by De Giorgi [9] and by De Acutis
[7]. Very recently it has been further extended by Ferndndez-Real and Serra [16].

Despite the nonlinear thin obstacle problem naturally arises in several applications and has attracted the attention
of distinguished mathematicians, some of the most important questions concerning the regularity of the solutions
remained unsolved for many years. For partial results in this regards, aside from the quoted papers by Nitsche, Giusti,
Frehse and Ural’tseva on nonlinear variational operators, we mention the more recent contributions by Milakis and
Silvestre [42], Fernandez-Real [15], Ros-Oton and Serra [47] in the fully nonlinear case.

Building upon the works by Frehse [25] and Ural’tseva [51] together with our previous work [23], in the present
paper we give the first comprehensive analysis in the relevant geometric setting of nonparametric minimal surfaces
with thin obstacles, developing an approach which can be further extended to more general nonlinear operators. For
the sake of simplicity, we confine ourselves to the following elementary formulation of the thin obstacle problem for
the nonparametric area functional: given g € C2(R"Hh satisfying g|Rn g0} = 0 and g(x", x,11) = g(x’, —x,41), we
consider the variational problem

min /,/1+|Vv|2dx (1.1)
Ve,
By

where o7 := [v € glg, + Wy (B1) : vlg =0, v(x', xp1) = V(X —xu+1)}. Here B] = By N{x,41 = 0}, in addition
we set Bfr := By N {x,+1 > 0}. As reported right below, the assumption of flat obstacles allows to solve the problem
in the space of Lipschitz functions, while for non-flat obstacle the right space to work with is that of functions of
bounded variation. Part of the results of this paper can be generalized to non-flat and non-zero obstacles (see, e.g., the
techniques in our paper [23] on the fractional obstacle problem), but to the best of our knowledge a complete analysis
in the general case is still missing.

Existence and uniqueness of a solution u in the class g|p, + Wol’oo(Bl) has been established by Giusti [30-32]
(following the analysis of minimal surfaces with classical obstacles by Giaquinta and Pepe [29] — see also Giaquinta
and Modica [28]), showing that u can be characterized as the weak solution to the system:

: Vu _ . +
dlv(i—lﬂvml) =0 in B/,

Opy1u<0 and wud,pu=0 on Bj.

(1.2)

Lipschitz continuity for u is the best possible global regularity in By, as simple examples show. Nevertheless, the
solution is expected to be more regular on both sides of the obstacle, thus leading to the investigation of the one-
sided regularity on Bl+ U Bj. This is a central question in understanding the qualitative properties of the solutions
to variational inequalities with thin obstacles and several important results have been achieved in the last decades.
The first contributions to this issue were given by H. Lewy in the two dimensional setting [40,41]. Lately, continuity
of the first derivatives of u taken along tangential directions to Bj in any dimension and one-sided continuity (up to
B}) for the normal derivative in two dimensions (i.e. n = 1) were obtained by Frehse [24,25] for solutions to very
general variational inequalities. On the other hand, for the corresponding problem in the uniformly elliptic setting,
more refined results on the one-sided regularity are available: in particular, the Holder continuity of the derivatives,
firstly established by Richardson [46] in dimension two and by Caffarelli [5] in any dimension, is shown by different
proofs and in different degrees of generality, see [37,49,51,50,1,26,35,38] only to mention few references.

Despite all the mentioned recent achievements, for the geometric nonlinear case of nonparametric minimal surfaces
the C1'% one-sided regularity of solutions was not known in general (except for the two dimensional case considered
by Frehse [24] and more recently by Ferndndez-Real and Serra [16]%). In this paper we establish the first result on the
optimal C''” regularity (to the best of our knowledge there are no other examples of optimal regularity for nonlinear
variational inequalities with thin obstacles) and we provide a detailed analysis of the free boundary of the coincidence

3 After the appearance of this manuscript, in the second version of the preprint [16] the authors establish the almost optimal regularity in any
dimension, proving that the solutions to the parametric thin obstacle problem for Caccioppoli sets are C Lif—e regular for every ¢ > 0. This
improvement gives a different proof of the non-optimal C Lijp—e regularity provided in this note.
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set. Our approach is based on the pioneering analysis by Frehse [24,25], by Uralt’seva [49,51,50] and on our previous
analysis of the Signorini problem [20,23]. Starting from these results, we develop here a blowup analysis for the
study of nonparametric minimal surfaces with thin obstacle, which can be further extended to other nonlinearities. In
particular, we do not use the optimal regularity for the scalar Signorini problem established in [1], but we can actually
reprove it easily adapting the arguments of the present note.

The following is the main result of the paper (actually, more refined conclusions will be shown, cf. the statement
of Theorem 6.1).

Theorem 1.1. Let u be a solution to the thin obstacle problem (1.1) and let T'(u) be its free boundary, namely the
boundary of {(x’,0) € B} : u(x’, 0) = 0} in the relative topology of B}. Then,

: LA pt .
(i) ueCrl(Bf UB));

loc
(i) T(u) has locally finite (n — 1)-dimensional Hausdorff measure and is H"~-rectifiable.

More in details, concerning the proof of the results we proceed in several steps. Complementing Frehse’s result
[25], we establish first in Section 3 the one-sided C'-smoothness of the normal derivative of the solution . Then, we
show the Holder continuity of the first derivatives (one-sided for the normal one) in Section 4. In doing this we use
a penalization argument together with the celebrated De Giorgi’s method to prove Holder regularity, following the
approach outlined by Ural’tseva [51] in the strongly elliptic case. Optimal regularity then follows by an interesting
connection with the theory of minimal surfaces highlighted in Section 5. More precisely, we show that solutions to
the thin obstacle problem for the area functional correspond to two-valued minimal graphs. Given this, we can exploit
the recent results by Simon and Wickramasekera [48] to infer the optimal one-sided C!"/* regularity. This association
links thin obstacle problems with the program started by Krummel and Wickramasekera [39] about the regularity of
multiple valued solutions to the minimal surface system. In this regards, the results in [39] are mostly concerned with
the regularity of harmonic multiple valued functions (see also [12,19,11] for more results), while their extension to the
minimal surface system are not yet known: further investigations in this direction are needed to extend the approach
developed here and in [11,17,21] to prove the regularity of multiple valued minimal graphs.

In the last section of the paper, we consider the free boundary analysis, i.e. the study of the measure theoretic
and geometric properties of the free boundary set I'(u), defined as the topological boundary in the relative topology
of B of the coincidence set A(u) = {(x/ ,0) € B) tu(x',0) = O}. In this respect we follow our recent paper on the
Signorini problem for the fractional Laplacian [21-23] and show the "~ !-rectifiability of the free boundary and the
local finiteness of its Hausdorff measure (actually of its Minkowski content). In Section 6 we provide the essential
key tools to follow the strategy developed in [21,23]. In particular, we prove a quasi-monotonicity formula for the
Almgren’s type frequency function

lx—xol) _[Vul®
IO i
_ |x—xo] 1 u?
f¢/< r ) [x—xo] \/l+|Vu|2 dx

for r < 1 —|xo| and xo € By (see Section 6.2 for the definition of the auxiliary function ¢ and the details).

I,(xp,r) = (1.3)

2. Preliminaries

Throughout the paper we use the following notation: for any subset E C R"*! we set
Et:=EnN {xe R 4x,40 > 0} and E’:=EnN{x,41=0}.

For x € R™! we write x = (x’, x,41) € R” x R and B, (x) C R**! denotes the open ball centered at x € R"*! with
radius r > 0 (we omit to write the point x if the origin and, when there is no source of ambiguity, we write x’ for the
point (x’, 0)).

In what follows we shall use the terminology solution of the thin obstacle problem for a minimizer u of the area
functional on Bl+ with respect to its own boundary conditions and additionally satisfying the unilateral obstacle
constraint u|B; > 0.
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We recall the following two results which will be used in the sequel.

Proposition 21.Letuand v € W]"’O(Bl) be two solutions to the thin obstacle problem. If ulyp, < vl|yp,, then u <v
on Bj.

The proof is a direct consequence of the comparison principle for minimal surfaces (cf. [34, Chapter 1, Lemma

1.1]).

The second result we need is due to Frehse [25]. In order to state it, we introduce the following general formu-
lation: let F : R"T! x R x R"*! — R be a smooth function (we denote its variables by (x, z, p)) and consider the
corresponding functional

F(u) = / F(x,u(x), Vu(x))dx.
By
3°F )
apiop; i, j=1,...n+1
bounded. The thin obstacle problem related to F' is then obtained by minimizing F among all functions in Ay.

We assume that the Hessian matrix ( of F is uniformly elliptic (i.e. uniformly positive definite) and

Theorem 2.2 (/25]). Under the assumptions above on F, the Lipschitz solutions u to the corresponding thin obstacle
problems satisfy:
(i) ifn=1, thenu € C'(B] U B}) with
|Vu(x) = Vu(y)| <wo(lx —y)) Vx,ye€B UBj
where wy(t) = C|logt|~7 with ¢ > 0 is any constant and C > 0
(il) if n > 2, then the tangential derivatives dju € CO(BIJr U Bi)fori e{l,...,n} with
0;u(x) — du(y)| <wi(lx —y|) Vx,yeB UBj,

where w1 (t) = C|logt| 4™ with q(n) € (0 Y and C > 0.

2
* (n+1)2—2n—-2
3. C! regularity

The existence, uniqueness and the Lipschitz regularity of the solutions to the variational problem (1.1) have been
studied in [30-33]. In this section we show that the solutions to the thin obstacle problem have one-sided continuous
derivative. In two dimension, this result is due to Frehse [25] for general nonlinear variational inequalities. In higher
dimensions, this is not known in this generality and here we provide a proof for the specific case of the area functional.

Proposition 3.1. Let u € W*°(B1) be a solution to the thin obstacle problem. Then, u € C! (Bl+ U Bi).
For the proof of the proposition we start with the following two lemmas.

Lemma 3.2. For every a > 0 there exists ¢ > 0 such that the solution w : By — R fto the thin obstacle problem with
boundary value g¢.(x) = —a|x,+1| + € satisfies

wel g, =0. 3.1)

Proof. From the uniqueness of the solutions to the obstacle problems (1.1) and the radial symmetry of the boundary
value g (x', xp1+1) = e (', xpa1) if |x'| = |y'], we deduce that w,(x) = ¢ (|x’|, x,+1) for some function ¢, : B; C
R2? — R. Moreover, from the regularity of w, (see, e.g., [33, Theorem 4]) and from its variational characterization, it
follows that ¢, is locally Lipschitz and solves the variational problem

¢ € argminq,ec/,/ 1+ Vo (p, )2 p" ' dpds (3.2)
B
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with
c:={¢|ag{zo and ¢(p,1)=—alt|+e V(p,1)€dBi}.

In particular, from Theorem 2.2 (i) it follows that where the integrand is uniformly elliptic, the solutions ¢, have
uniform continuity bounds on their derivatives. Thus, in particular,

Ve (x) = VoI <wo(lx —y))  Vx,ye By \ B,

where wq is the modulus of continuity in Theorem 2.2 (i). In particular, from Proposition 2.1 it follows that w,
converge in C'! (Bf/ft \ B,J/Z) t0 Woo(X) 1= —ax,+1 and

Elii%”an+lwe +a”L°°(Bf/:\B,74) =0. (3.3)
We then infer that there exists g9 > 0 such that
dpr1we(x) < —2/ Vee(0,e), Yxe B\ B

3/4 1/4’
and in view of Theorem 2.2 (i)

ws(x/st)_w&‘(-x/so) <

I oF — T a
g1 (x',0F) 1= Tim t / (3.4)
for ¢ € (0, &) and x’ € B; /s \ B/ L Recalling the Euler-Lagrange equations associated to the thin obstacle problem
(1.2), this implies that B3’/4 \ B{/4 C A(w,) for all € < g.

We need only to show that B, C A(w,) if ¢ is suitably chosen. To this aim we show that, for ¢ sufficiently small,
we have that

Ge(p.) S =51 V(p.1)€0By (3.5)

Indeed, given for granted the last inequality, the comparison principle for the solutions to the thin obstacle problem in
Proposition 2.1, yields that w, (x) < —7 |x,41] for every x € By, from which B/ 1 C A (w,) readily follows. In order
to show (3.5), we notice that by (3.3)

Gep.) =51 Vee(0.e0). Vpe (s f)and Ve e (0, ).

where we used that (x/,1) € B{; \ Bﬁ/; if |x'| € (1/s,1/2) and t € (0, v5/s). Moreover, since ¢, converges to —at in
B{Z \ Bﬂ/;, we also infer that there exists &1 > 0 such that
a a +
¢e(p.) = —at+ g <—o1 Vec(0.e1), V(p,1)€dBy, 121/s

Putting the two estimates together, we deduce that (3.5) holds for every ¢ < min{eg, &1}, thus concluding the
lemma. O

We prove next an auxiliary result.

Lemma 3.3. Let u € W*°(By) be a solution to the thin obstacle problem (1.1). Then, for any sequence of points
Zx € I'(u) and of radii ty | O (with ty <1 — |zx|), the functions
u(zg + trx)
up(x) (= ——
Tk
converge to O uniformly on Bj.

Proof. The functions u; are equi-Lipschitz continuous (with Lip(ux) < Lip(x)) and are solutions to the thin obstacle
problem with 0 € I"(ux). Therefore, up to passing to a subsequence (not relabeled for convenience), uy converges
uniformly on Bj to a function us, which is itself a solution to the thin obstacle problem. We need now to prove that
Uoo = 0.
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We start noticing that, in view of Theorem 2.2 (ii), we have

[V'ur(x) = V' ()| = [V'ultiex + z6) = Vu(tey + zi)| < o1 (tlx = y)), (3.6)

where V/ = (9, ..., 0,) denotes the horizontal gradient. Thus, by (3.6) and since V'ur(0) =0, || V'ur|lco converge to
0. Being V'uy, equi-continuous (with modulus of continuity w;), we then infer that V'u; converges to V'uso uniformly
and V'ueo =0, i.e. uy is a function depending exclusively on the variable x4 1. By direct computation one can show
that the only solutions depending on one variable are the linear functions of the form

Uso(X) = —axy41 oOn I_31+, for some a > 0.

The thesis is then reduced to proving that a = 0. Assume that a > 0: let £ > 0 be the constant in Lemma 3.2 and
notice that, since ug converges to us, = —ax,| uniformly on Bl+ , it must be ux|yp, < welyp, definitively, where w,
is the solution to the thin obstacle problem with boundary value g.(x) = —alx,+1| + €. By the comparison principle
of Proposition 2.1 ux|p, < w|p, for k sufficiently large, which in turn by Lemma 3.2 leads to u]| B, = 0. This is a

contradiction to 0 € I'(uy), thus establishing that a = 0.
Finally, since we have shown that any convergent subsequence of uy is uniformly converging to 0, we conclude
that the whole sequence u; converges uniformly to O on B;. O

Proof of Proposition 3.1. By Frehse’s Theorem 2.2, we need only to prove that the normal derivative d,4ju is a
continuous function in BI” U Bj. Moreover, since 9,414 is analytic in Bl+ U By \ T'(u), we have only to check its
continuity at points of the free boundary I'(u) C Bj.

Without loss of generality, we can assume that 0 € I'(#) and we begin with showing that u is differentiable at 0
with zero normal derivative:

im O o, (3.7)

t—0t t

We apply Lemma 3.3 to any sequence (f)reN With 7 | 0 and zx = O for all k: the functions uy(x) =, 1u(th)
converge uniformly to 0 in B;. In particular,

u(0, 4)
lim
k—oo I

= lim ug(e,41) =0.
k—o00

From the arbitrariness of the sequence (#;)reN, (3.7) in turn follows.

Next we prove that d,,41u is continuous in 0 € I'(u). Let y; € Bf“ U (Bi \ F(u)) be a sequence of points converging
to 0. Let 7 := dist(yk, F(u)) = |yx — 2kl = 0, with zx € I'(u). Therefore By, (yx) N I'(u) =¥, and either By, (yx) N
A(u) =@, in which case we set v(x) :=u(x) for all x € By, (yx), or By (yx) N B] € A(u) and we set

) ifxesr 20,

v(x) = .
—u(x) ifx,41 <O.

In both cases v is a solution to the minimal surface equation in By, (yx) (indeed, u solves the minimal surface equation
in B,‘If (yx) either with null Neumann or with null Dirichlet boundary conditions on By, (yx) N B ', respectively; therefore
v is readily recognized to be a solution in both cases). Set 7z := 2 |y — zx| and let vg : B — R be given by

v(zk + T X)
Tk '

vr(x) =

By Lemma 3.3, v is uniformly converging to 0. Moreover, by possibly passing to a further subsequence, we can

assume that py := W‘T—;Z" — p € 3By, Since, the functions vy are solutions of the minimal surface equation in Bi,(p)
and they are converging uniformly to O, the regularity theory for the minimal surface equation implies that the con-

vergence is in fact smooth. In particular, in both cases discussed above we get
lim 0,4 1v(ye) = lim 041 ve(pi) =0,
k— 00 k— 00

thus concluding the continuity of 9, 4ju at 0. O
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4. C1“ regularity

This section is devoted to show the one-sided C'1-¢ (Bfr U BY) regularity. To this aim, we need to consider approxi-
mate solutions produced by the method of penalization.

4.1. The penalized problem

Let g € C2(R"t1) be a fixed boundary value for (1.1) and let u € W!°°(By) be the unique solution to the thin
obstacle problem. For the rest of the section, we set L := Lip(u).
We start off considering the following penalized problem: let 8, x € C°°(RR) be such that

tll=1<I1BMOI<lt] Yt<0, B)=0 Vr=>0, (=0 VreR,

0 for t <L, Y
t)= t)>0 VteR.
x () {%(I—ZL)Z for >3, X D=

For every ¢ > 0 set B:(¢) := g1 B('/e) and we introduce the energy
&e(v) :=/(\/1+ IVv|2+X(IVv|)> dX+/Fa(v(x/,0))dx/,
By Bj

where F¢(t) :=2 fé Be(s)ds. Since the energy &; is strictly convex and quadratic, there exists a unique minimizer

us € g+ W(; ’2(81 ). Moreover, from the symmetry of g, it follows that u, is also even symmetric with respect to x,y1.
The Euler-Lagrange equation satisfied by u, is then given by

[ au- g+ [pwonar =0 vyens. @
Bf B

with A : R"*! — R™*! being the vector field
Apyi= W+ 1™+ X UpD1pI™) P,

Note that for |p| < L the second addend is actually null.
The following lemma establishes the connection between the solutions of the penalized problems and the solution
to the thin obstacle problem.

Lemma 4.1. Let g € C>(R"T) be even symmetric with respect to x,4+1 and g|rn x{0} = 0. Then, the minimizers u. of
& on g+ W&’Z(Bl) converge weakly in W2 as & goes to 0 to the solution u to the thin obstacle problem (1.1).

Proof. From the definition of x one readily verifies that there exists a constant C > 0 such that > < C(1 + x (¢)) for
every ¢ > 0. Thus, it follows that the approximate solutions u, have equi-bounded Dirichlet energy:

/ |Vue|>dx < CL™ N (By) + C / x(IVugl)dx < CL" T (B)) + Cé(u;)

B By
<CLHYB) +CE W) =CL(B) + c/,/l + |Vu|?dx.
By

Then, up to extracting a subsequence (not relabeled), there exists a function uy € g + Wol’z(Bl) such that u, converges
to ug in L2(B)) and the trace u8|31 converges to u0|B; in L2(B{).



1024 M. Focardi, E. Spadaro / Ann. 1. H. Poincaré — AN 37 (2020) 1017-1046

We next show that ug| B = 0. Recalling that F, is positive and monotone decreasing, we have by Chebyshev
inequality

F=0) £ (s < =80 8) = [ Fowdx < 6. < [ 14 1Vua
Bj B
Since F¢(t) 1 ooase | 0forall # <0and u8|31 — ”O|B; in L2(Bi), we conclude that
ﬁ"({uo < —S}HB{) =0 Vé§=>0,

which implies “0|B; >0, i.e. ugp € By where
By = {w e g+ Wy (B wly = 0}.

Furthermore, u is the unique minimizer in B, of the energy % : W1-2(B1) — [0, 00) defined by

F(w) ::/(,/1+|Vw|2+x(|Vw|)> dx.

By

Indeed, by convexity of .7, for every w € B, we have that

F(ug) <liminf.% (ue) <liminf &, (u,) < liminf &, (w) = % (w),
e—07F e—071 e—07F

since By C g+ WO1 ’2(B1) and F;(w) = 0 forall w € B,. To conclude, we only need to notice that the unique minimizer
of % on B, is exactly the solution to the thin obstacle problem u. Indeed, .Ag C B, and for every w € B, we have

that
y(u):/,/l—HVude5/,/1+|Vw|2dx§f(w),
B B

where we used that x (|Vu|) = 0 and that « is a minimizer of the thin obstacle problem for the area functional among
all competitors in Bg, and not only in A4, (this follows from an approximation argument).

Finally, being the solution to the Signorini problem unique, by Urysohn property we conclude that the whole family
(ug)e>o convergestou. 0O

4.2. W22 estimate

Next we show that the solution to the penalized problem, as well as the solution to the thin obstacle problem, possess
second derivatives in Lz(Bf“). The proof is at all analogous to the standard L>-theory for quasilinear equations: we
report it for readers convenience.

We recall the standard notation of the difference quotient

i f () :=h (f (x +hei) — f(x)),
ifxe{yeBi:y+he € Bi} and 15,; f (x) := 0 otherwise, where f : B — R is any measurable function and ¢; a

coordinate vector,i € {1,...,n + 1}.

Proposition 4.2. The solutions u. to the penalized problems (4.1) for every ¢ > 0 and the solution u to the thin
obstacle problem satisfy the following property: there exists a constant C = C(n, L) > 0 such that, if either v = u, or
v =u, then
C
/ V2P dx < — / IV'vdx Vxoe B UBj, V0 <r <=l (4.2)
r

B}t (x0) B3, (x0)
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Proof. The result is classical if x( € Bfr and B, (xg) CC Bfr . We shall prove only the case in which xg € Bi, and the

general case follows by a covering argument. Without loss of generality we may assume xg = 0.

We provide first an estimate for the horizontal derivatives of the weak gradient of u,. Let ¢ € C g (By), 2r < 1,
be a test function with ¢ =1 in B, and |V¢| < Cr~! for some dimensional constant C > 0. We test (4.1) with
Ni=T_pi (§2 th,,-ug), with |h| <1 —2r andi € {1, ..., n}. For convenience, in the following computation we omit to
write the index i € {1, ..., n} in the notation of the difference quotients. We start off noticing that the first addend in

(4.1) rewrites as

/ A(Vue) - Vidx = — / th (A(Vue)) - V(¢ thue) dx,

By By
where we used the basic integration by parts formula for discrete derivatives

/(rh Hedx=— / f (z_pep)dx  Vf, ¢ measurable, ¢ having compact support.
We now compute as follows: set

V() == A((1 = )Vue(x) 4+ tVug (x + he;));

then,

1 (A(Vie)) = /¢ (t)dt = /VA((l — )Viue (x) + 1V (x + he;)) dt 1,(Vug)

= Af; ) th(Vitg).
Note that there exist constants 0 < A < A (depending on L = Lip(«)) such that

Aldy < AM(x) < ATdyy1 Yxe B,

because
P p
VA(p) =V | —— +x'(Ip) —
V1+|p? |pl
Idn+1 2\ —3 ’ -3 2 ®p
= (A+ 1D+ X ApD 11 (1pP Iy — p @ p
(14 [pI2)” ( ) " ) Ip?

is uniformly elliptic and bounded. Therefore, we can rewrite (4.3) as
/A(wg) -Vndx = _/Ag T (Vue) - V(¢ thue) dx
Bl Bl

= [ (A eu(Tue) - 0u(Tue) +2¢ (o) Al (Vi) - V€ )

+
By

(4.3)

On the other hand, by the monotonicity of 8, the second addend in (4.1) is non-positive. Indeed, being B, increasing,

we have
/ B )T (¢ thte) d’ = — / o1 (Be 1)) (tpute) £ '
B B,
Be(ues(x' + heiz) — Be(ue (X)) ue(x' + he}i) —ug(x) 2dy’ <0,

/
Bl
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Thus, from (4.1) we infer that
[ (A 0Ty 0V £ 4 26 13 0) A2 0,(Fue) - V¢ ) e <0,
Bl
Hence, in view of Cauchy-Schwarz inequality and of the ellipticity of A’; we conclude that
2,2 A 20,2
It (Vue)|” ¢ dx < 4? |Thue|” VE|"dx.
Bl Bl

The latter estimate implies that Vu, has weak i-th derivative in L2(Br+ ), foralli e {1,...,n},r <!/, with

C
/|a,-(wg)|2dxsr—2/|amg|2dx, (4.4)
B By

for a constant C > 0 depending only on L.
To conclude the proof for v = u, it suffices to prove that 9, 1u. has (n + 1)-th weak derivative in Bfr. Writing
A(p) = (AL(p), ..., A" (p)), we have that

3 A" (Vue)dijue = 0.

Moreover, A < 3,41 A" (p) < A for every p € R"*!, from which we deduce that

1 .
2 _ 2 2 +
Tt =g Ty 2 AV e € L (B]) *>
(i, ))#Mm+1,n+1)

Hence, from (4.4) and the fact that VA is bounded, we get the estimate
- C
/ |1 (Vi) > dx < CZ/ IV @ue) dx < / IV/ugl? dx (4.6)
BT i:13+ BT

with C = C(n, L) > 0. Being estimates (4.4) and (4.6) uniform in ¢, in view of Lemma 4.1, we can pass to the limit
as ¢ | 0 and infer that the same estimates hold for u as well. O

4.3. C¥ estimate

Next we prove that the minimizer u of the Signorini problem has weak derivatives in suitable De Giorgi classes on
the flat part of the boundary. Here, we do follow the approach by Ural’tesva [51] in conjunction with the one-sided
continuity of the derivatives shown in Proposition 3.1. In particular, the latter result is instrumental to establish the
ensuing estimate (4.7) for £9,41u.

Proposition 4.3. Let u be the solution to the thin obstacle problem, then for some constant C = C(n, L) > 0O the
function v==£0;u, i € {1,...,n+ 1}, satisfies for all k > 0

C -
[Vol2dx < = (v—k2dx VxpeB|, 0<r <=2l 4.7
r2 + 1 2
B (xo)N{v>k) B3 (xo)
Proof. We start off writing the equation satisfied by the horizontal derivatives of the solution to the penalized problem

(4.1) and by testing it with n = 9;¢, i € {1,...,n}, for ¢ € W22(B)) even symmetric with respect to x,4; and
sptt N0B1 =9:
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0=/3i (A(Vus))~VCdX+/3i[ﬂs(ua)]Cdx/

BY B|
=/VA(Vu£)V(8,-u8).V§ dx+/ﬂ;(u£)a,~u8gdx/. (4.8)
BY B|

Note that (4.8) makes sense as soon as { € WI*Z(B]+ ) with spt¢ N (dB)™ = @, thanks to the integrability estimates
in Proposition 4.2. Therefore, as u, € W2*2(Bl+) we can choose ¢ := (Jjus — k)4 ¢?* for k > 0 and having fixed
¢ € CL(By), because ¢, € W2(B]") with spt ¢, N (3B1)* = @1. With this choice at hand, note then that

/ﬁé () ;e e dx’ = /,BQ (ue)ditte (diue — k) ¢* dx’ > 0. (4.9)

By By

For what concerns the remaining terms, we recall that V¢, = ¢>V (d;u,) X(d;ue>k) + 20 (0;ug — k)1 V. Therefore, we
have that

0> / P*VA(Vue) V(diue) - V(diue) dx
B N{0jus>k}
+/2¢(8,-u8—k)+VA(Vu8)V(8,-u8)-V¢dx.

Bf

Then, a standard argument implies

/ ¢2|V(3ius)|2dx54%/(3iue—kﬁlv¢|2dx.

B N{jus>k} B
In particular, for every k > 0 and for every xq € Bi and 0 <2r <1 —|xg|if ¢ € Cg (B2r(x9)) and ¢ =1 on B, (xg)
with |V¢| < ¢/r
C
/ IV (@ue)? dx < — /(aiug — 1% dx, (4.10)
r

B {d;ue>k) B;

for some C = C(L) > 0. In exactly the same way, by testing (4.1) with ¢, := (—0;jus — k) n2, we derive the analogous
estimate

C
/ IV @) Pdx < /(—aiug k)2 dx, @11
r
B N{djus<—k} By,

forall k >0andi €{l,...,n}. Estimate (4.7) for £0;u, withi =1, ..., n, follows at once by passing to the limit as
e} 01in (4.10) and (4.11), respectively.

For what concerns the partial derivative in direction n + 1, we test the equation (4.1) with n = 9,4+1¢, for ¢ €
W22(B{") with sptg N (3BT = @

0= / Bur1 (A(Vip)) - V¢ dx + / A(Vap) - Ve de' — / B 1) i1 A’

By B| By
=/an+1 (A(Vug))-Vé'dx—I-/A/(Vu€)~V/§dx', 4.12)
By B

where we set A’(p) := (A'(p), ..., A”(p)). The last equality holds thanks to Euler-Lagrange condition induced by
4.1):
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div(A(Vug)) =0 in B,
A"\ (Vuy) = Be(ue) on Bj.

For0 <k < ||3n+1”||L°°(Bl+) set

4.13)

Zs = @7 ys(—Onr1u — k),

where § > 0 will be suitably chosen, ys € C°°(R) is an increasing function such that ys(¢) = 0 for r <0, ys(¢) > 0 for
t>0,ys(t)=t—06fort>24, |y8/(t)| < 1 (such a function can be easily exhibited), and ¢ € C°(Ba,(x0)), @B, (xg) =
1, |Vo| <€¢/-. We use 0,,11u € CO(BlJr U By) (cf. Proposition 3.1) to infer that for k > 0 the set B| N {9, 1u < —k}
is an open set with compact closure in A(u) (recall that d,4ju = 0 on Bi \ A(u)). This implies that, if § > 0 is
sufficiently small, ¢s € COO(BT) with sptZs N (3B1)T = @. Indeed, u C°°(Br+(y0)) for all yg € Bi N spt¢s and
r< dist(Bi N A{Our1u < —k}, By N {0y 1u = O}), being u itself minimum of the area problem with null Dirichlet
boundary conditions on B/ (yo). Taking ¢ = {s we evaluate each addend in (4.12) separately. To begin with, the first
term rewrites as

9= / Ont1 (A(Vup)) - Vs da =2 / ¢ Vs (=1t — )VAVue)V B 1tte) - Vb d
By B
- /¢2)/5/(—3n+1u —k)VANVu)V(0py1ue) - V(Opr1u) dx.
B
Taking the limits as ¢ | O in each term above, since VA is a Lipschitz function and Vu, — Vu in L? and
V(0p+1us)— V(0y41u) in L2, we conclude that
lirrg)lg"s = 2/¢y5(—8,,+1u —k)VA(Vu)V(0y4+1u) - Vo dx
e—
B
—/¢2V§(—3n+1u—k)VA(Vu)V(anﬂu)~V(3n+1u)dx.
B

Moreover, since ys(—0,41u — k) = (—9,41u — k)4 strongly in Wl’z(Bf’) as 6 | 0, then we infer

lim lim 7+ =2/¢ (=311t — k)4 VAVU)Y By 11t) - Vb dx
)

Bf
- / P> VANV (By41u) - V(Bpr1u) dx.
B {8y 1u=<—k}

Similarly, to deal with the second addend in (4.12) we argue as follows: as Vu, — Vu strongly in L%OC(B{) by

Proposition 4.2 and the compactness of the trace operator, the Lipschitz continuity of A’ implies for all § > 0 that

liF(}/A’(Vug) V'gsdy' = /A/(Vu) -V'es=0.
&
B| B
In the last equality we have used that B N'spt¢s CC A(u), and being (the trace of) u in WI’Z(B{) by Proposition 4.2,

then V'u =0 £" a.e. on B} Nspt¢s, so that A'(Vu) =0 L" a.e. on B Nsptes.
Hence, by using the ellipticity of VA we infer that for every k > 0, by Holder’s inequality

C
[ NewoPars [ oot (4.14)
r
B N{011u<—Fk) B

Clearly, (4.14) holds for k = 0 by letting k | 0 in the inequality itself, and also for k > |94 1 1l oo B being trivial
in those cases. The case of 9,1 1u is treated similarly. O
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We are now ready to establish the claimed one-sided C'-* regularity of u: the argument follows closely Ural’tseva
[51, Lemmata 2, 3] and Giaquinta and Giusti [27].

Corollary 4.4. Let u be the solution to the thin obstacle problem, then u € C llo’g(Bf' U B)) for some a € (0, 1).

Prqof. By standard results in elliptic regularity we have that u € C °°(Bfr). Let xo € B{, p € (0,1 — |x¢]) and p; :=
277 p, j > 0. We start off considering the case

L"(A@u) N By (x0)) = /2L (B, (x0)). (4.15)
Then for all i € {1, ...,n} we also get
L" ({81 =0} N B}, (x0)) > 2L (B, (x0)).
Leti € {1,...,n} be fixed and set k; := %(maxB;).(xO) dju+minp () 0;u). Without loss of generality, we can assume
7 J
that k; > O (if this is not the case, we consider —d;u). Then,
L ({a,-u <k;}n B;)j (xo)) >1hL" (B/p‘/_ (xo)).
By Proposition 4.2, a contradiction argument yields the Poincaré type inequality
Il (B — k)+||L2(Bl+) <C|IV(Qiu — k)+||L2(Bl+) Vk>k;j>0,

for some constant C = C(n) > 0. Hence, by taking into account (4.7) in Proposition 4.3, the usual De Giorgi’s
argument can be run to conclude that

oscB;rj+1 (xo)(aiu) <k oscB;j (XO)(aiu) (4.16)

foralli € {1,...,n}, where k € (0, 1) depends only on L (cf. [34, Lemma 7.2]).
On the other hand, if (4.15) does not hold, then by virtue of the (ambiguous) boundary conditions in (1.2)

L ({014 =0} N B;;j (x0)) > 1/2£n(3;)/_ (x0))-
Note that 9,4 1u |Bi <0, therefore kj,+1 := %(maxB;) (x0) (—Ont11t) +minB;) (xg) (=0n41u)) = 0. Thus arguing as above,
J J
in view of (4.7) we conclude that
oscB;er(xU)(a,,Hu) < /coscB;j (XO)(3H+1M) “4.17)

where « € (0, 1) depends only on L.
By means of estimates (4.16) and (4.17), we next show that for some constant C = C(L) > 0 and for all r €

0,1 —|xol)
08Cp+ () (V) < Ccr%, (4.18)

either for v = d;u for all i € {1,...,n}, or for v = 0,4 1u. With this aim, fix N € N and consider the radii p; for
0 <j<2N — 1. Clearly, we can find (at least) N radii pj,, h =1, ..., N, such that one between (4.16) and (4.17)
holds for all such %’s. In particular, we infer that forall 1 <h < N

OSCB;rthrl x0) ) <k OSCB;rjh (x0) (v),
with the function v being equal either to 9,41 or to d;u, in the latter case any i € {1, ..., n} works. Thus, iteratively,
we conclude that

N+1
oscpt (XO)(U) < oscB;jN+1 (XO)(U) <k oscB;(XO)(v).
Therefore, if r € (0, p) let N € N be such that r € [pan+1, p2n) We conclude then that

|log; x|
0SC g+ (1) (V) < oscgy oy (@) < (/) /ZoscB;r(xO)(v) =Cr°.
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Actually, the last inequality always holds true for 9,,+ju. Indeed, considering the level K = 0 V min B (xg) ¥ in
Proposition 4.3, with v =£0;u and i € {1, ..., n}, from (4.18) we infer that

/ Vo dx < C 142,
B} (x0)

Hence, if (4.18) holds for v = d;u for all i € {1, ..., n}, then by using the estimate deriving from (4.6) as ¢ | 0+ and
the latter inequality we conclude that

/ |V (Opg1u))? dx < C 171429,
B (xo)

In turn, Morrey’s theorem implies that
0SC g+ (o) (Fnt 1) < Ccrv.

Hence, in any case we have shown that 9, 1u € Cloog (B}). In particular, we can infer that the co-normal derivative of
u is Holder continuous in By in view of the boundary conditions in (1.2):

n+1u _ On+1U
VIHIVul 1+ [0 pul?

Note that the co-normal derivative is zero on B; \ A(u).
We next use interior regularity and boundary regularity for the Dirichlet problem for the minimal surface equation

together with an ad-hoc argument to infer that u € clp (Bfr U B)) for some B = B(n, L) € (0, o), recalling that L =

loc

Lip(u). For the sake of simplicity we show that u € C1-# (B:/“4 U Bé/A). Let xg € B_{/4 and r € (0, /). If B (x0) € A(u),

we conclude by the regularity theory for the Dirichlet problem for uniformly elliptic equations (cf. [27]) that for some
B=>0

0
€ Cpue (BD.

5 p\"+28
®(xp, p) i= / Vit = (Vi) g [ Pdlx < 0(7) ®(x0, 7), (4.19)
B} (x0)

provided that p < r, where (v)g := fE v(x) dx denotes the average of a function v in the set E. Instead, if there exists
z € '(u) U (Bl (x0) \ A(u)), then we show that

P n+2p
P(x0, p) < C(;) S (0. 1) + ClgGoap,, " (4.20)
provided that 4p < r. Note that (4.20) and [34, Lemma 7.3] yield forall p <r <1/s

1 2 +28
(0. p) = C( =5 ®00. 1) + (8120 ) 0" (4.21)

withC=C@n, L, ) >0.
With the aim of proving (4.20), let w be the solution of

div(viw) =0 BF(xo),

V14| Vw|?
1w =0 B;()C()),
w=u (0B, (xo)*.

The existence of w is guaranteed by an even reflection across B, (xp) of the boundary datum and by applying classical
results on the existence of minimal surfaces with given Dirichlet boundary conditions (cf. [34, Chapter 1]). By simple
triangular inequalities, we have

®(xp,7) <6 / |[Vu — Vw|’dx + 4 / IV — (Vw) g (2 dx. (4.22)

B (xo) B;F (xo)
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We estimate the right hand side in (4.22) starting with the first addend. With this aim test (1.2) with u — w €
Hg (By(x0)) to deduce that

Vu Vw , , , r
— -V(u — w)dx + g(xNux") —wkx))dx" =0
VIi+|Vu2  J1+|Vw|?
B, (x0) BJ.(x0)
where we have set g := % Recall that g € Cloo’f(Bi) and g(z) = 0. In particular, by the Divergence theorem
n+1U

we get

(1+L>H" / IV(u —w)|*dx < / lg(x") — g(@)Ilu(x") — w(x)|dx’

B (x0) BJ.(x0)
< [g]co‘u(B;/)(Q,r)“ / lu(x") — w(x")|dx’
By (xo0)
< [8lcow(p,,)2r)" / div(lu — wleyq1)dx
B} (x0)
<lglenan,y @ [ VG- wlds
B} (x0)
<2%0,"[g] re PV (e — w) | (4.23)
=2 wn 18lcoepy,) L2(BF (x0)) * '
Hence, for some constant C = C(n, L) > 0 we deduce that
2 2 n+2a
/ V(@ —w)|“dx < C[g]CO,a(B%)r . (4.24)
B} (x0)

For the second term, we note that w € WZ’Z(B;)Ir (xp)) for every p < r by arguing as in Proposition 4.2. Moreover, if
i €{l,...,n} the function 9;w is a solution of

425
Bw=0 B! (x0). (4.25)

{diV(B(X)V(aiw))=0 By (xo).
where the measurable matrix field B is given by
Id Vw ® Vw

S+ vw) A+ [Vwyr

By the a priori gradient estimate for the minimal surface equation by Bombieri, De Giorgi and Miranda [4], there
exists a constant C > 0 such that

B(x):=

—1 —1
||Dw||L°°(B,/2(x0)) < CeCr lwllzoo sy (xg)) — Cecr lell oo 3 B, (xg)) < CeCL.
In particular, the matrix field B is coercive and bounded in B/, with bounds depending only on the Lipschitz constant

L of the solution u to the thin obstacle problem. Thus, by De Giorgi’s theorem [8] we have that d;w € Cloo’cﬁ (B;“ ) with

B=p({n,L)and

2 P n+2p 5
195w — (B) g < C(7> 9w — w) g Py V20 <7 (4.26)
BJ (x0) B (x0)

In addition, being d; w a solution of (4.25), it satisfies a Caccioppoli’s inequality

C
/ |V<aiw)|2dxs? / [iw = (0w) g (| dx (4.27)

B} (x0) B3, (x0)
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with 4p < r. Using the equation we can bound 83 LW with the other derivatives (cf. (4.5) and (4.6)) as follows

n
/|V(8n+1w)|2dx§CZ / IV (@w)|*dx, (4.28)
B (x0) =

with C = C(n, L) > 0. Then, Poincare’s inequality together with (4.26), (4.27) and (4.28) give

o\ 26 n
/|8n+1w—(8,,+1w)3r+|2dx§C<;) Yo 10w — Grw) g [P dx.

i=1

Bf (x0)

B (x0) B (x0)

Estimate (4.20) then follows at once from (4.22), (4.24), (4.26) and the latter inequality.
In addition, if x¢ € Bl+ and r < dist(xg, Bi), then B, (xg) C Bf“. Hence, by the standard regularity theory for
uniformly elliptic equations we have for all p < r

p\"+28
oo, p) = C(2) @00,

C=C(n,L)>0(cf. [34]).
From what we have proven, we deduce that there exists C = C(n, L, «, ) > 0 such that for all xo € B;/: and p < /s
®(x0, p) < Cp" 3,
from which the conclusion u € C1-# (Bf/ft U B;},) readily follows by Campanato’s theorem [34]. OO

5. Optimal C!-'~-regularity

In this section we deduce the optimal C!-'">-regularity of the solutions u to the thin obstacle problem from results
by Simon and Wickramasekera [48] on stationary graphs of two-valued functions. We give few preliminaries on the
topic. We consider pairs of real valued Lipschitz functions U = {u1, u>} with the components u; defined on an open
subset 2 C RV . The union of the graphs of u1, us, namely

Gy :={(xui(x):xeQ, i=12}

naturally inherits the structure of rectifiable varifold, which by a slight abuse of notation we keep denoting Gy. Note
that, Gy = G, +G,, as varifolds, where G, denotes the varifolds associated to the graphs of the real valued functions
u;. Following [48] we say that u is a two-valued minimal graph if Gy is stationary for the area functional, i.e.

/divGUYd’}-L”+1 =0 VYeCX®QxR),

Gy
where divg,, Y denotes the tangential divergence of Y in the direction of the tangent to Gy . Clearly, if u; and u; are
both solutions to the minimal surface equation, then u is a two-valued minimal graph, but the vice-versa does not

hold. For more on multiple valued graphs we refer to [12,13]. In particular, we recall the definition of the metric for
two-points: U = {u1, uz} and V = {vy, v2},

G(U, vy = min {\/luy — v 2+ u2 = val2, ey — w2 - — wi 2},

For two-valued functions the usual notion of continuity and Holder continuity can be accordingly introduced. More-
over, a two-valued function U is C! if there exists a continuous two-valued function DU = {Duy, Duy} with
Du; € R" such that, setting Vy (y) = {u1(x) + Dui(x)(y — x), u2(x) + Duaz(x)(y — x)}, we have
. GU»), Ve(y)

lim ————= =0.

y=xo e =yl
Finally, we say that U is C1 if DU is Holder continuous with exponent a.

The link between the thin obstacle problem for the area functional and the two-valued minimal graphs is given in

the next proposition.
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Proposition 5.1. Let u be a solution to the thin obstacle problem (1.1). Then, the multiple-valued map U = {u, —u} is
a minimal two-valued graph.

Proof. According to the definition of minimal two-valued graphs, we need to show that

/divGUYdH”“ =0 VYeCl(B xR). (5.1)
Gy

To this aim, we set

G1 =Gu|(x G2=Gu\(_x G3=G_u|(x and G4=G_u\(x

n+1201° n+1=01" n+1201° n+1=0}"
Clearly, we have that
4
/ divg, ¥ dH" T =3" / divg, Y dH"' VY € CP(B) x R). (5.2)
Gy i=lg,

Note that u|(x,,,>0) and u|x, ., <0y are C ! functions (cf. Proposition 3.1), therefore, G, Go, G3, G4 are C 1_smooth
submanifolds with boundary. Let n; € R"t2 be the external co-normal to 9G; (i.e. [ni| =1, n; is normal to 9dG;
and tangent to G;, pointing outward with respect to G;). For instance, regarding n; we have that for every point
(x,u(x)) € 0G; N {x,41 =0}

M, u(x) - eny1 <0, i, ux)) - (—Vux),1)=0
and ni(x,u(x))- (e,- + d;u(x) e,,+2) =0 Vi=1,...,n.

Therefore, by taking into account that ;u - 9,14 = 0 on Bi fori e {1,...,n}, in view of (1.2) and Proposition 3.1,
simple algebra yields that for every x = (x’, 0) we have

e u(x)) = (0, : On+ 11 (x) ) .

VIH 101w 1+ (8 1u(x)?

Similarly, we have

na(e, u(x)) = (0 ! “Onr 1) ) ,

VT 1w )2 T F [y 1u(x)[?
~ 1 B 114(x) )
VI + 1801w T+ [ 1u(x)?

n3(x, —u(x)) = (0,

and

n4(x, —u(x)) = (0 ! In11(x) ) ’

VT B T+ [y u ()2

u(x',t)

— for every (x’,0) € A(u). Hence, using Stokes’ theorem we infer that

where 9, u(x’, 0) = lim, o

4 4
Z/divG,Yd'H"“ =Z/Y.;7,-d?-[”

i:lGi ileG,'

4

=> [ vaeesy [ v

=136\ (A @) xR) =156, N(A @) xR)
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We couple the different terms as follows:

Y -ndH" + / Y -mpdH"
3G\ (A)xR) 3G2\(A(u) xR)

= / [(Y(x/, 0, u(x’,0)) - ni(x",0,u(x’,0)) + Y (x',0,u(x’, 0)) - n2(x", 0, u(x’, 0)))~

B\A)
1+ Vo, 0)|2]dx’ =0,
because 71 (x’, 0, u(x’,0)) = —n2(x’, 0, u(x’, 0)) = —e,41 for every (x’,0) € B} \ A(u). For the same reasons
Y -np3dH" + / Y -nadH" =0.
3G3\(A(w)xR) 9G4\ (A () xR)

Next we pair

Y oy dHO + / Y -y M
9G1N(A () xR) 9G4N(A () xR)

- / (Y(x/,O,O)-171(96/’070)Jr

A(u)
Y(x’, 0, ()) . n4(x’, 0, O)) V14|V, 0)2dx’ =0,

where we used that 7y (x’, 0,0) + n4(x’, 0,0) =0 for all (x’, 0) € B]. With a similar argument, we also have

/ Y -ndH" + / Y -n3dH" =0.
9GHN(Aw) xR) 9G3N(Aw) xR)

Collecting the estimates above we conclude the proposition. O

Finally, Proposition 4.3, Proposition 5.1 and [48, Theorem 7.1] imply the optimal regularity for the solution to the
thin obstacle problem.

Theorem 5.2. Let g € C2(R") be even symmetric with respect to X1 with 8lixns1=0) = 0, and let u € W12°(By) be
the solution to the thin obstacle problem (1.1). Then, u € Cllo’cl/z(Bl"' U B{ ).

Proof. By Proposition 4.3 we have that there exists o € (0, 1) such that the two valued function U = {—u, u} €
Cllo’g (B1), because [DU ]CO,a( B = [Du] COu(BH) (here [-]Co,a( E) denotes the Holder seminorm of the relevant function
on the set E). By Proposition 5.1 we have that the graph of U induces a two-valued minimal graph; we are in the
position to apply [48, Theorem 7.1] and conclude that U € Cllo‘cl/ *(B)), or equivalently u € C G 2(BI|r UB)). O

loc

6. The structure of the free boundary

In this section we provide a detailed analysis of the free boundary points for the thin obstacle problem for the area
functional. As mentioned in the introduction we prove more refined conclusions than those contained in Theorem 1.1,
recovering the analogous results shown for the Dirichlet energy in [2,21].
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To state the result we need to introduce three classes of functions ®,,, ¥,, and I1,, for m € N \ {0}, that are
explicitly defined as follows:

(1, 22) 1= Ref (31 + a2 "] (6.1)
W, (x1, x7) = Re[(xl +i|x2|)2m*‘/2], (6.2)
M1, x2) o= Im| G + i)™ 6.3)

Such families of functions exhaust the homogeneous solutions to the thin obstacle problem with null obstacle for the
Dirichlet energy having top dimensional subspaces of invariances (cf. [21, Appendix A]).

Moreover, we recall that I, (xg, -), xo € B}, denotes the frequency function defined in (1.3) that shall be studied in
the next subsection. In particular, we shall prove that there exists finite its limit value in 0" denoted in what follows
by I, (xp, 07) for all xg € T'(u).

The following is the main theorem.

Theorem 6.1. Let u be a solution to the thin obstacle problem (1.1). Then,

(i) T'(u) has locally finite (n — 1)-dimensional Minkowski content, i.e. for every K CC By there exists a constant
C(K) > 0 such that

LT (Cw)NK) <CK)r* Yre,1), (6.4)

where T,(E) := {x e R"*! : dist(x, E) < r};
(i) T(u) is H"-rectifiable, i.e. there exist at most countably many C'-regular submanifolds M; C R" of dimension
n — 1 such that

H'H(T@) \ Vien M) =0; (6.5)
(i) Tsp(u) :={xo € T'(w) : I, (xo, 0T) =34} is locally a cle regular submanifold of dimension n — 1 for some

dimensional constant o > 0.

Moreover, there exists a subset X.(u) C I'(u) with Hausdorff dimension at most n — 2 such that

I, (x0,0") € {2m, 2m — 1/, 2m + nenvioy Vxo € D)\ Z(w).

Theorem 6.1 generalizes to the nonlinear setting of minimal surfaces the known results for the regularity of the free
boundary shown for the fractional obstacle problem. The conclusion in (iii) extends the analysis of the regular part of
the free boundary done in [2] and its proof follows from [26] as a consequence of the epiperimetric inequality estab-
lished in [20,26]. While for the rest, the statements are modeled on our results in [21] and the proof is accomplished
by the same arguments exploited for the Dirichlet energy in [21]; for the sake of completeness, in the following we
provide the readers with the details of the needed changes.

6.1. Obstacle problems for Lipschitz quadratic energies

Given a solution u to (1.1), it follows from (1.2) that # minimizes the following thin obstacle problem for a specific
quadratic energy:
1 i)
Q: A 3V 5 / 9 (x)|Vo(x)|> dx, with 9 (x) := (1 + |Vu(x)|?) A, (6.6)
By
Note that the above functional is coercive because
0<(1+L) <o <1, 6.7)

where as usual L = Lip(u). Actually, 9 (x) =1 if x € I'(u). Moreover, we have that ¥ is a Lipschitz function, as
proven in the following lemma.
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Lemma 6.2. Let u be a solution to the thin obstacle problem (1.1), then ¥ € wkoo(B)).

Proof. Setting d(x) := dist(x, I'(u)), x € By, by the regularity result in Theorem 5.2 and the classical Schauder
estimates we deduce that

lu(x)| < Cd”(x), |Vu@)|<Cd”(x) and |Viu(x)|<Cd " (x),
for some constant C > 0, and therefore

Vo= (1+VuP?) " |Vuvul<C. O

The basic idea of exploiting the regularity of u itself to reduce the problem to quadratic energies with Lipschitz
coefficients has been recently considered in the literature for the classical obstacle problem (see, e.g., [17,43,18]).

6.2. Frequency function
Given the Lipschitz continuity of ¥} we can prove monotonicity of the following frequency type function at a point

xo € Bj defined by

D, (xo, t
I,(x0,1) = rDu(x0, 1) Vr<1-—|xol,
HM(X(),I)

where
Du(xo.1) = / (=500) 9 () [V (o) P,

and

Hy(xo.1) 1= — / ¢'(15) 9o ax.

Here, ¢ : [0, +00) — [0, +00) is the function given by

1 for 0<t <3,
p(t):=12(1—1) for F<t<1,
0 for 1 <1,

see [14] for the first use of ¢ for a frequency function. It is also useful to introduce

Eu(xo, 1) :=—/¢/(M?—xw)ﬂ(x)w(w(x)' |§:§3\>2d’“'

In what follows, we shall not highlight the dependence on the base point x( in the quantities above if it coincides with
the origin.

By exploiting the integration by parts formulas used in [17], we show the following variant of the monotonicity
formula for the frequency.

Proposition 6.3. Let u be a solution to the thin obstacle problem (1.1) in By. Then, there exists a nonnegative constant
Ce.3 depending on Lip(u), such that for all xo € B, and for Llae te(0,1—|xo))

L(xo,1) = H, (x0, 1) Eu(x0, 1) — D} (x0,1)) + Ru(x0, 1), (6.8)

Huz(xo,l)(

with | Ry, (x0,1)| < Ce 31, (x0, t). In particular, the function (0,1 — |xo|) >t eCo3 [, (xo, 1) is nondecreasing and

ry
2t eCot
eCor I, (xg,71) — £Co370 I, (x0, o) > m (Hu (x0,1) Ey(xp,1) — Di(xo, f)) dr, (6.9)
(X0,

ro

for0 <rg<ry <1—|xo|, and the limit I,,(xp,0") = limy o 1, (xo, t) exists finite.
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Proof. We need to estimate the derivatives of D, and H,: by exploiting the integration by parts formulas used in [17]
one can show that for every xo € Bi and for £ ae.r € (0,1 — [xo0D),

n—1
D, (xo,7) = ~—— Duxo, ) + 2Eu(xo. 1) + ep(x0. 1), (6.10)
and
n
H, (xo,7r) = ;Hu(an r)+2Dy(x0,7) + e (x0,7), (6.11)

with |ep(x0,7)| < C Dy (xp,r) and |ey (xg,7)| < CH, (x9o, r) for some constant C > 0 depending on Lip(x). More-
over, forall0 <r <1 — |xg],

Dy(xo,r) = —1 [ ¢/ (B2 9 (0 (x) Vu(x) - 2220 dx. (6.12)

[x—xo]
The details of (6.10), (6.11) and (6.12) are postponed to the appendix.
For the sake of simplicity assume xo = 0 (recall that in this case we drop the dependence on the base point in the
relevant quantities). By (6.11) and (6.10), we compute the derivative of log ,,(¢) as follows:
Lty 1 D)y H,t) _E,t) _D,t)  ept) en)

L) 1 Dy() Hyt) ~Du(t) “Hyt) Du(t) Hy@®)
Hence, being |ep ()| < CD,(t) and |eg (¢)| < CH,(t), (6.8) readily follows. In addition,

2t

1(t) + Co 31, (1) > 720

(Hy()E,(t) — DX(1)),

Ce 3t

thus leading to inequality (6.9) by multiplying with e and integrating. Finally, by (6.12) and the Cauchy—Schwarz
inequality, the map ¢ — eo3/I, (¢) is non-decreasing. 0O

We also derive additive quasi-monotonicity formula for the frequency.

Corollary 6.4. Let u be a solution to the thin obstacle problem (1.1) in By. For every A > 0 there exists Cg4 =
Ce.4(Lip(u), A) > 0 such that for all xg € Bi with I,,(xg,r) < A, r € (0,1 — |xgl), then

O, r]>t+— I,(x0,1) + Ceat is nondecreasing. (6.13)

Proof. Proposition 6.3 implies that I,(xq,?) < e©3A for all ¢ € (0, r]. Therefore, from inequality (6.8) and the
estimate on the rest R, (xg, t), we deduce the conclusion with Cg 4 := Cg 3 eCo3A g

6.3. Lower bound on the frequency and compactness

The frequency of a solution to (1.1) at free boundary points is bounded from below by a universal constant. A
preliminary lemma is needed.

Lemma 6.5. Let u be a solution to the thin obstacle problem (1.1) in Bj. Then, there exists a constant C =
C(n, [Vu]CoJ/z(B;/r)) > 0 such that for every xo € I'(u) N Biy, and for every 0 <r < /2

/ lu(x)>dx < Cr / |Vu(x)|?dx + Cr"t3. (6.14)

9By (x0) By (x0)

Proof. By Poincaré-Wirtinger inequality we have
2 2 2
lu(x)|"dH" <Cr / [Vu(x)| dx+Cr"( ][ u(x)d’H") , (6.15)

9By (x0) By (x0) 9By (x0)
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for some dimensional constant C > 0. To estimate the mean value of u we argue as follows. By direct calculation
d X
+( f wma)= f vue Dar
dr r
By (x0) By (x0)

Therefore, recalling that Vu(xq) = 0 since xo € I'(#), by one-sided C'" regularity we find that

dir( ][ u()dr)| < ][ Vu(o)ldx < Cr'’: (6.16)

B (x0) By (x0)

with C = C(n, [Vu]qo.. ( 317)) > (. Hence, recalling that u(xg) = 0, by integration we infer that

][ u(x)dx| < Cr. (6.17)
By (x0)

Finally, noting that

S f wow) S f e [ uou)

By (x0) 9By (x0) By (x0)

we conclude from (6.16) and (6.17) that for some C = C (n, [V”]CO-‘/z(B;)) > 0 we have

u(x)dH"| < cr'’.

9By (x0)

In turn, the latter inequality and (6.15) yield (6.14). O

A first rough bound from below on the frequency then easily follows.
Lemma 6.6. Let u be a solution to the thin obstacle problem (1.1) in Bjy. There exist a constant Cqo =
Ceo(n, L, [VM]CO.'/z(B;/r)) > 0 and a radius ree = res(n, L, [VM]CO.'/z(B;/r)) € (0,12) such that, for every xp €
['(u) N By, we have for all v € (0,76)

Iy (x0, 1) = Co 6. (6.18)

Proof. The co-area formula and an integration by parts give

Hu(xo,r)=2/% / l9(x)|u(x)|2d7-[”(x), (6.19)
% 9B (x0)
and
o [ oo
D, (xg,r)=— [ dt P(x)|[Vu(x)|”dx (6.20)
r

% B (x0)
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(cf. [21, Lemma 2.9]). Moreover, recalling that ¢ € Lip(B1) with ¢ (xg) =1 as xg € ['(#) and 0 < 9 (x) < 1 for all
x € B}, we conclude from (6.19) that

/ dt 2 n / 2 n
Hu(xo,r)—Z/T / lu(x)|“dH" (x) §2L/dt / [u(x)|"dH" (x)

L 9Bi(xo) 5 9Bixo)

(A.9)
=2L / u)|>dx < 2Lv1+ L2e““2"r H,(x0, 7).
By (x0)\ Br,(x0)
Hence, we find that

r

Hu(xo,r)§4/% / lu ()| PdH" (x) 6.21)

t 9B/(x0)

provided that 0 < 7 <re < (4LV1+ LZeC42)7 1,

Analogously, by taking into account (6.20) we have that

r r

Du(xo,r)—g/dt / [Vu(x)|2dH" (x) §2L/dt / [Vu(x)|2dH" (x),

5 B; (x0) 5 B;(x0)

from which we deduce that

%/dt / |Vu(x)|2dH" (x) < 4D, (xo, 1) (6.22)
-

L Bi(x)
as0<r§r6,6§ﬁ.
In particular, from the Poincaré inequality (6.14) and estimates (6.21), (6.22) we get for some constant C =
C(n, [VM]C&'/Z(B;Z)) >0

H,(x0,7) < CrDy(xo,7) + Cr"*3,

forall r € (0, r) provided that rg ¢ < (4L+/1+ L2 ecA-z)’1 A/, Then, either eCG-»”Iu (xg,7) > 1foreveryr € (0,7654),
from which we infer I, (xg, r) > e~ €3 forall r € (0,r6.6); or ecﬁ~3’1u (x0,7r) <1 forall r € (0,7x,), rxy < 6.6, BY
Proposition 6.3. In the last instance, 1, (xo,7) > e Co3 forall r € [7xy>76.6), and 1, (xo,7) < 1 for every r € (0,7y,).

n+1

Thus, we have that H, (xo, ) > e~CA2 H, (xo, rv,) (rL) for all radii r € (0, r4) (cf. (A.7) in the appendix). In
X0

particular, for such radii we conclude that

n+1
Can "xo 2

1
Iy(xp,7r)> = —e r
«(%0 )_C HM(XOarxo)

)

and thus there exists py, < ry, such that
Ly(x0,7) = l
X0,7) > —
w0 2C
for all 7 € (0, py,). In turn, this and the quasi-monotonicity of the frequency in Proposition 6.3 yield that for all
r € (0,r6.6)
efc(w.l

Iu(XOaV)E 2C

O
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6.4. Blowup profiles

An important consequence of the quasi-monotonicity of the frequency in Proposition 6.3 and of the universal lower
bound for the frequency in Lemma 6.6 is the existence of nontrivial blowup profiles. For u : By — R solution of (1.1)
we introduce the rescalings

rPuxo +ry)

U (V) = H '’ (xo, 1)

Vre©,1—l|xo), Vy€EBiiyg. (6.23)

By the same arguments exploited in the blowup analysis in [21, Section 2.5], for every xo € I'(«) and for every
sequence of numbers (r;) ;en C (0, 1 — |xo|) with r; | 0, there exist a subsequence (rj,)ren and a function ug €

W,L2(R"*1) such that

Uyr; — o in W2 (R, (6.24)

loc

Moreover, u is the solution to the Signorini problem for the Dirichlet energy on R"*!, i.e. satisfying

Aug=0 in {x,+1 > 0},
" (6.25)
On+1u0 <0 and wugdy+1uo=0 on {x,11 =0},

and ug is I, (xo, 07)-homogeneous, because by rescaling 1,0, r) = I, (x0, 0™) for every r > 0.
In particular, the classification of the blowup profiles is the same as for the Dirichlet energy, and consists in the
functions ®,,, ¥,;,, [1,, in (6.1), (6.2) and (6.3) in case the subspace of invariant directions has maximal dimension.

6.5. Spatial oscillation for the frequency

Next we recall the basic estimate on the spatial oscillation of the frequency which is at the heart of the analysis in
[21]. We introduce the notation: for a point x € B} and a radius 0 < p < r, we set

Ap(x) = Iy (x,r) + Cour — Iu(x, p) — Co.4p.

Note that A; (x) > 0 in view of Corollary 6.4.
The following proposition is a straightforward extension of [21, Proposition 3.3].

Proposition 6.7. For every A > 0 there exists Co 7(n, Lip(u), A) > 0 such that, if p > 0, R > 9 and u : B4, (x0) - R
is a solution to the thin obstacle problem (1.1) in B4g,(xo), with xo € I'(w) and I,,(xo, 4Rp) < A, then

s s

2(R+2 2(R+2

|1 (x1. Rp) = L (x2. Ro)| < Co [(Aé@}"(m)) + (A ) ] + Co1Rp, (6.26)
for every x1,x; € By,

Proof. The proof is a variant of [21, Proposition 3.3]. For readers’ convenience, we repeat some of the arguments
with the necessary changes.

Without loss of generality, we consider xo = 0. With fixed x1, xp € B;, let x; :=tx; + (1 — t)xp, t € [0, 1], and
consider the map ¢ — I, (x;, Rp). Set e := x1 — x2, then e - ¢,4+1 = 0. Since the functions x — H,(x, Rp) and x
D, (x, Rp) are differentiable, we get

1

L (x1, Rp) — L (x2, Rp) = / 0.1 (x2. Rp) dr. 627)
0
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To compute the last integrand, we start off with noting that for all A e R
0e Hy (x;, Rp) = /¢ RL % 20 (y + x0) u(y + x0) Qeut(y + x;) + 99 (y + x1) u?(y + x1)) dy
_—2/¢ RL |y|l9(y + x0) u(y + x1) (Bere (y + x;) — Mu(y + x,)) dy

+ 2AH, (x;, Rp) — /¢ RL ) 8,0 (y + x;) tx) (lyjle)d (6.28)

and by Proposition 4.2
3Dy (x;, Rp) = /¢ DY Q20 (v + x0) Vi (y + x0) - V(@eu) (v + x) + 8,9 (v + x0) | Vu(y + x)1%) dy
/¢ RL V(Y +x1)0eut(y +x1) Vu(y + x;) - |y
/¢> (18,0 (y + x) [ Vu(y + x> dy
©.12) bl y
Rp ¢'(25) 0 +x0) (Beru (v + x0) — Ay +x0)) Vau(y + x1) -y dy

20D (s, Rp) + / B(RL)20 (v + x)IVu(y + ¥ 2 dy. 6.29)

To deduce the second equality we have applied the divergence theorem to the vector field V(y) := gb( bl ) U(x +
¥) deu(y 4+ x) Vu(y +x) (note that V € C*(Bg, \ B; p), V has zero trace on d Bg, and the divergence of V does not
concentrate on BY).
Then, by formulas (6.28) and (6.29), we have that

0D R 0. H, R
3L, (x1, Rp) =Iu(x,,Rp)< e Dy (X1, Rp) % u (Xt P))

Du(x.Rp) — Hu(xi, Rp)
= ey 9 () 22 (deu(2) = 2u(2)) (Vu(@) - (2 = x0) = Lu(xe, Rp)u(2)) dz

Iy (xt, Rp) Iy (xt, Rp)
+ bl 1o (L) g, (2) V(o) P dz — R0 [ (1 xf')aeza(z)l‘; -9 dz
=V 412+ 19 (6.30)

The estimate of J,(l) is at all analogous to the estimate in [21, Proposition 3.3] and yields

2 2 e 2 2
1 =C (AR @) + C (AR () ©3

Recalling that ¢ is Lipschitz continuous, for J,(Z) and Jt(3) we get that there exists a constant C = C(Lip(u), A) > 0
such that

112+ 1% < Clx; = xal. (6.32)

By collecting (6.27), (6.30), (6.32) and (6.31) we conclude. O

6.6. Proof of Theorem 6.1

For the proof of the main theorem is now a straightforward adaptation of the arguments in [21]. We omit it the
details and only recall the main steps of the proof.
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6.6.1. Mean-flatness

Using the estimate on the spatial oscillation of the frequency in Proposition 6.7, one can easily prove the analog
of [21, Proposition 4.2]: for every A > 0 and R > 6 there exists a constant C > 0 such that if u is a solution to
(1.1) in B4p+10)r (x0), with xg € I'(u) and with I, (xg, (4R + 10)r) < A, then for every p finite Borel measure with
spt (1) € I'(u) and for all p € I'(u) N B.(xp) we have
C
—1

rn

B = o ([ A0 + 2B ). (6.33)
B (p)

where the mean flatness of u is defined by

Bu(x, r) = inf (r"—l / dise(y, L)du(y))%, (6.34)
B

the infimum being taken among all affine (n — 1)-dimensional planes £ c R+,

6.6.2. Rigidity of homogeneous solutions
We set for xo € Bj and 1 < 1 — |xo|

Ju(x0,1) := ecﬁ'ﬂlu(XOs 1)

and given n,r > 0, 4r < 1 — |xo|, we say that a solution u : B4y (x0) = R, xo € {x,4+1 = 0}, to the thin obstacle
problem (1.1) is n-almost homogeneous in Ba, (xg) if

Ju(XOvr) - ‘Iu(-xo’r/z) = n.

Then, by the compactness argument in [21, Proposition 5.6], the following rigidity property holds: for every 7, A > 0
there exist n > 0 and rg > O such that, if » < rg and u : B4, (x9) — R, with xg € {x,,+1 = 0}, is a n-almost homoge-
neous solution in By, (xo) of the thin obstacle problem (1.1) with xg € I'(&) and J,,(xo, 4r) < A, then

(i) either for every point x € I'() N By, (xo) we have
|Ju(x»r)_-]u(x0»r)| ST, (6.35)

(ii) or there exists a linear subspace V C R" x {0} of dimension n — 2 such that

!y € ') N Bar (o). —  dist(y, V) <tr. (6.36)
JuQy,r) = Ju(y,") <n
6.6.3. Proof of Theorem 6.1

Finally, the main results can be obtained by following verbatim [21, Sections 6-8] (see also [22]). Indeed, [21,
Proposition 6.1], that leads to the local finiteness of the Minkowskii content in item (i) of Theorem 6.1, is based on a
covering argument that exploits the lower bound on the frequency in Lemma 6.6, the rigidity of almost homogeneous
solutions in Subsection 6.6.2, the control of the mean oscillation via the frequency in Subsection 6.6.1 and the discrete
Reifenberg theorem by Naber & Valtorta [44, Theorem 3.4].

Similarly, the "~ !-rectifiability of I'(x) in Theorem 6.1 (ii) is a consequence of the rectifiability criterion by Az-
zam & Tolsa [3, Theorem 1.1] and Naber & Valtorta [44, Theorem 3.4] together with the estimate in Subsection 6.6.1
and item (i) of Theorem 6.1 itself.

The C'*-regularity of I's,(u) follows from the approach via an epiperimetric inequality [26] being ¢ Lipschitz
continuous (see also [20] for the proof of the epiperimetric inequality).

Finally, the classification of blow-up limits is exactly that stated in [21, Theorem 1.3], and proved in [21, Section 8]
(see also [22]).
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Appendix A. Variation formulas

In this section we show the computations for the monotonicity of the frequency based on the integration formulas
exploited in [17] for the classical obstacle problem.

Proposition A.1. Let u be a solution to the thin obstacle problem (1.1) in By. There exists a non negative constant
C 4.1 depending on Lip(u), such that for every xg € Bi and for Llae re 0,1 —|xg0]),

n—1
Dl/l(-x01 r) = TDM(XO,”) +2Eu(x03 r) +8D(X0,r), (Al)

with |ep(xo, )| < C4.1 Du(xo, r).
Moreover, forall 0 <r < 1 — |xg|,

Dyu(xo,r) = —1 [ ¢/ (B2 9 (o) (x) Vur(x) - 2220 dx. (A.2)

[x—x0]

Proof. Without loss of generality we may assume xo = 0. By direct differentiation we have
D)=~ [ ¢(5) o TuwP ax. (A3)
Consider the vector field W € C*° (B, \ Bj, R"*1) defined by
— o |Vu?
W)= ¢(7>z9(x) (Tx — (Vu ~x)Vu) ,

and note that W e CIOO’CI/ N Wlf)’cz(B]lL U B{,R"‘H) by the regularity of u (cf. Proposition 4.2, Theorem 5.2 and
Lemma 6.2). Then, the distributional divergence of W is a measure that might have a singular part concentrated
on B/ by the trace theorem in W !-2. On the other hand, recalling that u 3,114 = 0 on B we find W (x",0%) - ¢,11 =0
for all (x’,0) € By. Therefore, since # minimizes (6.6), the distributional divergence of W is the LY(B,) function

given by

div W (x) = ¢/ (1) - ﬁﬂ(x)(‘vg'zx — (Vu -x)w) +¢(';‘—')((n — DO () + (VO -x)) W

r

Being W with zero trace on d B, we conclude that
O:/div W (x) dx :/q)’(‘f—')%z?(x) |Vu(x)[* dx

+rEu(r) + 5 LDu) + / (1) (Vo - x) VL gy (A4)

Equation (A.1) follows thanks to the equalities (A.3), (A.4), and the Lipschitz continuity of ¥ (cf. Lemma 6.2).
Next, we establish (A.2) with a similar argument. To this aim, consider the vector field V(x) :=
¢ (20 (x) u(x) Vu(x). Clearly, V € C*(By \ Bj, R"*!), with

V) - enpt = o(B) 9 (0) u(x) duru ().

Note that, V € C/* 0 W,-2(BF U B], R"*!) by the regularity of u, so that V(x’,0) - e,11 =0 on B] recalling

that u 9,414 = 0 on Bi. Thus, by taking into account that V has zero trace on 9 B, and that ¥ minimizes (6.6), the
distributional divergence of V is the L' (Bj) function given by

divV(x) = ¢/ ()9 () u(x) Vu(x) - At o (E) o (x0) | Vux) 2.

In conclusion, (A.2) follows at once from the divergence theorem. O

Let us now deal with the derivative of H,,.
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Proposition A.2. Let u be a solution to the thin obstacle problem (1.1) in By. There exists a non negative constant
C > depending on Lip(u) such that for every xo € B} and for Ll ae re0,1—|x]),

H (x0, 1) = " H, (X0, 1) + 2D, (30, 7) + e (30, ), (AS)
where |ep (xo,r)| < Ca2Hy(xo0,7).
Proof. As usual we assume xg = 0. Equality (A.5) is a consequence of (A.2) and the direct computation
Hr) =3 (=" [ 9/ Ay vy i dy)
= 2 H,(0) = " [ /Iy (V20 9P y) + 280G y)ur ) Vulr y) ) - iy dy

D H, () + 2 D) + e (),

where |ey (r)| < Ca2 Hy,(r) in view of the Lipschitz continuity of ¢ and (6.7). O

From Proposition A.2 we immediately deduce a monotonicity formula for H,,.

Corollary A.3. Let u be a solution to the thin obstacle problem (1.1) in By. Then, for all xo € B} and 0 <ry <ry <
1 — |xo|, we have

r
Hy(x0,r1) _ Hu(xg,ro) exp /(ZIM(XO»Z) EH(xo,t)>dt

A.6
rt o t H, (xo,1) (A.6)
ro
In particular, if A1 < I(xg,t) < Aj foreveryt € (ro, 1), then
H,(xo,r
(ro,71) 571 > e—ﬂ.zr% is monotone decreasing, (A7)
H, (xq, r
(ro,r1)or—> eC“rM is monotone increasing. (A.8)
F”+2A1
Moreover, forall 0 <r < 1 — |xp|
r
7 Hulxo, 1) < / lu>dx <21+ L2427 Hy, (x0, ). (A.9)

By (x0)

Proof. The proof of (A.6) (and hence of (A.7) and (A.8)) follows immediately from the differential equation (A.5).
The proof of the second inequality in (A.9) is now a direct consequence of (6.7) as follows

[wra=y [ P
By (x0) kGNBr-/ZL \B: 1 (x0)
<VI+L2) Zr—k H,y (x0,7/2) <2v1+ L2542 r H,(x0, 1),
keN

where in the last inequality we used that e©4 2 H, (xo, s) < ¢4 2" H, (xo, r) for s < r by (A.8). The opposite inequality
is elementary in view of (6.7). O
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