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Abstract

We study the convergence to equilibrium for the full compressible Navier-Stokes equations on the torus T 3, Under the conditions
that both the density p and the temperature & possess uniform in time positive lower and upper bounds, it is shown that global
regular solutions converge to equilibrium with exponential rate. We improve the previous result obtained by Villani in (2009) [28]
on two levels: weaker conditions on solutions and faster decay rates.
© 2019 L Association Publications de 1’Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

The motion of compressible fluids can be described by the conservation of mass, the conservation of momentum
and the conservation of energy:
pr +div(pu) =0,
(pu); +div(pu @ u) + VP (p,0) =divS, (1.1)
(pE); +div(pEu 4+ Pu) =div(k VO) + div(Su),

where the unknowns p, u and 6 are the density, velocity and temperature of the fluids, respectively. S is the stress
tensor given by

S:=u(Vu + Vu") + rdivuls,
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with I3 the 3 x 3 unit matrix. The total energy E = e+ %|u|2, ande=c,0 = %0 is the internal energy, where y > 1
is the adiabatic constant, and R > 0 is a generic gas constant. For a perfect gas, the pressure is given by

P(p,0)=(y —1pe= Rpb. (1.2)

The viscous coefficients 1 and A are constants satisfying

2
u >0, k+§M20. (1.3)

Moreover, « > 0 is the thermal conductivity coefficient. In this paper, we consider the system (1.1) for (¢,x) €
[0, 00) x T3 with the volume of T3 normalized to unity:

’W‘ —1. (1.4)
System (1.1) is supplemented with initial condition

(0, u, 0)|i=0 = (po, uo, bo). (1.5)

Obviously, (ps, us, ) := (1,0, 1) is a stationary state of system (1.1). Owing to the conservation of total mass, total
momentum, and total energy, we assume that (o, u, ) satisfies

1
/,0:1, /puzO, cv/p9+§/p|ulzzcv. (1.6)

If the solutions are regular enough, (1.1) is equivalent to the following system
pr +div(pu) =0,
pu;+u-Vu)+VP(p,0) = uAu+ (A + p)Vdivu, (1.7)

cop(O +u-VO) —kAO + P(p,0)divu = 4|Vu + Vu " |> + A(divu)?.

There are huge literatures on the well-posedness and large time behavior of solutions to the full compressible
Navier-Stokes equations (1.1). To the best of our knowledge, the local existence and uniqueness of classical solutions
are first established in [24,26] in the absence of vacuum. For the case when the initial density may vanish in open sets,
please refer to [5]. The global classical solutions were first obtained by Matsumura and Nishida [22] for initial data
close to a non-vacuum equilibrium in H3. Later on, Hoff [15] proved the existence and uniqueness of small global
weak solutions in suitably low regularity spaces for possibly discontinuous initial data. In the presence of vacuum,
Huang and Li [16] recently established global classical and weak solutions with small initial energy. Wen and Zhu [30]
obtained global classical solutions with small initial density. In the framework of large data, for specific pressure laws
that excludes the perfect gas equation of state, Feireisl constructed the so called variational solutions in [11], where
the temperature equation is satisfied only as an inequality. For a very particular form of the viscosity coefficients
depending on the density, Bresch and Desjardins [3] obtained the existence of global weak solutions with the aid of
the Bresch-Desjardins entropy estimates [1] and the construction scheme of approximate solutions in [2].

For the decay rates of solutions to the full compressible Navier-Stokes equations (1.1), most results are achieved
in the near-equilibrium regime. To our best knowledge, the L? time-decay rate of classical solutions was established
in whole space R3 first by Matsumura and Nishida [21]. Then Ponce obtained the L?(p > 2) decay rates in [25]. For
an exterior domain in R3, the time decay rate was investigated by Kobayashi and Shibata [19]. When the potential
force was taken into account, Duan, Ukai, Yang, and Zhao [7] established the optimal convergence rates in R3 under
the smallness assumptions on initial perturbation and the external force. Moreover, we would like to point out that,
for a smooth bounded domain in R3, Matsumura and Nishida [23] proved that the solution decays exponentially to a
unique equilibrium state. All these results mentioned above rely heavily on the analysis of the linearization of (1.1)
and the perturbation framework.

Beyond the near-equilibrium regime, there are fewer results on the decay rates of solutions to the compressible
Navier-Stokes equations. For the barotropic compressible Navier-Stokes equations on bounded domain, Fang, Zhang
and the second author of this work [9] proved that if the density is uniformly bounded from above, the Lions-Feireisl
weak solutions [20,10] decay exponentially to equilibrium in L? space. In the whole space R3, the time decay rate
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of strong solutions to the barotropic compressible Navier-Stokes equations was obtained recently by He, Huang
and Wang [13] under the condition that the density is uniformly bounded in C* for some 0 < o < 1. For the full
compressible Navier-Stokes equations (1.1), as far as we know, the only result was established by Villani. On the
multidimensional torus, Villani in [28] showed that if the solution remains smooth and bounded, then it converges to
the equilibrium with decay rate O (r—°°).

Motivated by [9,28], the aim of this paper is to investigate the time decay rate of the smooth solution to the full
compressible Navier-Stokes equations (1.1) on the torus T3. We try to weaken the conditions in [28] and get a sharp
decay rate at the same time. In fact, we prove that the smooth solution to (1.1) converges exponentially to its associated
equilibrium as long as the density and temperature have positive uniform in time lower and upper bounds.

Let us now present the strategy of this paper. Roughly speaking, our proof consists of two parts: (i) decay of the
lower order quantities and (ii) uniform in time bounds of all derivatives of the solution. Once we have completed these
two parts, we can get the decay of quantities of any order by interpolations. To this end, the first step in this paper
is to obtain the decay of the energy. The observation in [9] plays an important role here. We employ the Bogovskii
operator to exhibit the damping mechanism of p that stems from the pressure. This enables us to construct a Lyapunov
functional without resorting to V p that was used in [28]. As a result, the exponential decay of (o — 1,u,0 — 1) in L?
is obtained. Next, the techniques from the blow-up criterion of the system [8,27,29] are helpful for us to obtain the
uniform in time bounds of the solution. The effective viscous flux G := (A + 2u)divu — R(p6 — 1) and the vorticity
curly will be used to improve the uniform in time estimates in the absence of information concerning Vu. This is
because G and curlu satisfy

AG =div(pu), (1.8)
and

Acurlu = curl(ptt), (1.9)

where i := u; + u - Vu is the material derivative of u, respectively, and thus they are more regular than Vu itself. We
would like to emphasize that the bounds of the solution in [8,27,29] are allowed to depend on the time. The situation is
quite different here, and some new ideas are needed to get the uniform bounds. The main barrier is the uniform bound
of Vu in L,1 (L$°), or equivalently the uniform bounds of Vp in L?, p > 3. To overcome this difficulty, by means of
the Littlewood-Paley decomposition on T3, we derive a logarithmic type Sobolev inequality of the form

[Vullpee < Cllp — 1| oo In

\%
||p||—L4+e + good terms, (1.10)
€

with € > 0 a small constant. Thanks to the exponential decay of the energy and the improved uniform bounds obtained
before, we can prove with the aid of the effective viscous flux G that ||p — 1|z~ decays exponentially fast as well.
Combining this key fact with the inequality (1.10), we obtain the uniform bounds of Vp (see (5.13)) by virtue of a
logarithmic type Gronwall inequality. On this basis, the uniform bounds of all derivatives of the solution are achieved
by induction.

Throughout this paper, we denote by px, p, and 6y, 9 four positive constants, satisfying p, < p, 05 < 6. Now let us
recall the conditional convergence result for the compressible Navier-Stokes equations (1.1) obtained by Villani.

Theorem 1.1 ([28]). Let (p, u, 0) be a C* global solution of (1.1), satisfying the uniform bounds

Vk e N, sup,q (lp®)llcr + llu@)llcx + 160l cx) < 003

(1.11)
V>0, p(t)=px>0; 6(t)>0,>0.

Then || (p(t), u(t),6(t)) — (1,0, D|lck = O =) for all k.
Our main result is stated as follows.

Theorem 1.2. Let 2 > A, and (p, u, 0) be a C*™ global solution of (1.1), satisfying the uniform bounds

Vi>0, 0<p<p(t)<p; 0<0.<60(t)<6. (1.12)
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Then there exist two positive constants M and a, depending on p, ,, R, y, K, px, %, D, 0 and (o, uo, O0) || oo, such
that

(o (@), u®), 6(1)) — (1,0, ||k < Me™ %' for all keN. (1.13)

Remark 1.3. In Theorem 1.1, the viscosity coefficient A was taken to be the borderline case, i.e., A = — % . This, of
course, meets our condition on w and A.

Remark 1.4. We believe that the restriction 2 > A can be removed. The reason is that the condition 2 > A is not
necessary in Proposition 3.1, which ensures that the energy becomes very small after a certain period of time 7. Then
starting from 7, one can use the bootstrap arguments like [16,30].

Remark 1.5. Our method is applicable to the two-dimensional periodic case.

The rest of this paper is organized as follows. In section 2, we introduce some preliminaries (Poincaré type in-
equalities, property of the Bogovskii operator and Littlewood-Paley decomposition on T3, etc.) that are needed in
our proof. In Section 3, we establish the exponential decay of (o0 — 1,u,6 — 1) in L?. In section 4, together with
some lower order quantities, we get the exponential decay of & — 1 in L. Section 5 is devoted to derive the uniform
bounds of all derivatives of the solution, in particular, the uniform bounds of Vu. The proof of Theorem 1.2 is given
in section 6. Some elementary inequalities in the Littlewood-Paley theory on T3 appear in the appendix.

Notation.

() [ f=[ps fdx,and (v) = [q fvdx.

() L' =L"(T3), Wkr=wkr(T3), H¥=W*2forr e[l,00],k € Z, and H® = N0 H*.

(3) f = fi+ (u-V)f is the material derivative of f, and f = ()" denotes the material derivative of f.

(4) Throughout the paper, C denotes various “harmless” positive constants, which is larger than 1 and may change
from line to line. We write C = C (61, 62, - -+ , §,) to emphasize that C depends on 81, 82, - - - , 8,. The notation
A~ Bmeansthat A<CB and B <CA.

2. Priliminaries

As Poincaré type inequalities play fundamental role in this paper, we begin this section by recalling a weighted
Poincaré inequality that was established by Desvillettes and Villani [6] to study the convergence to equilibrium for
solutions of the Boltzmann equation.

Lemma 2.1. Let Q2 be a bounded connected Lipschitz domain, ¢ be a positive constant. There exists a positive constant
C, depending on ¢ and 2, such that for any nonnegative function o satisfying

/de:l, o =<o, 2.1)
Q

and any v € HY (), there holds

/ 0 (v =)o) dx < CIVvl2,. 2.2)
Q

Proof. For the convenience of readers, we give a short proof here following the strategy of [6]. In fact, using (2.1)
and the usual Poincare’s inequality, one deduces that
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1
=5]:/qumwwu>—v@n%udy
Q Q

1., _ 2
<-o //lv(X) v(y)|“dxdy
2 J (2.3)

Q

<C|Vvl7,.

This completes the proof of Lemma 2.1. O

The following lemma is also a variant of Poincaré inequality, which will be used to remove the weight function o
appearing in Lemma 2.1 without resorting to the lower bound of p. For the proof, please refer to Lemma 3.2 in [11].

Lemma 2.2. Let 2 be a bounded connected Lipschitz domain in R¢ withd > 2 and p > 1 be a constant. Given positive
constants My and E, there is a constant C = C(Eg, My), such that for any non-negative function o satisfying

Mof/de, /deXSEo,
Q Q

and for any v € H'(Q), there holds
101 =€ | 1VolRs + | [ eloldx
Q

Now we recall some properties of the Bogovskii operator [4], which play a key role to indicate the dissipation of
p — 1 in L?. More details of the Bogovskii operator can be found in [12].

Lemma 2.3. Let p,r € (1,00). Forany f € LP(T3), with fT3 fdx =0, we define

B[ f]:=Vu, 24
where u is the unique solution of
Au= f with /u =0. (2.5)
T3

Then the following properties hold:
e The function v = B[ f] solves the problem
divv = f. (2.6)
e B is a bounded linear operator from LP(T?3) to {v € [Wl’p(TS)]3 : ng v= O}, satisfying

UBLA Wy rocrs) < ClLELoers)- 2.7)
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e [fafunction f can be written in the form f =divg with g € [L’(?T3)]3 and ng g =0, then
IBLA N Lr 13y = Cllgllr(T3)- (2.8)

Next, we briefly introduce the Littlewood-Paley decomposition on T3, which will be used in the estimates of
IVpllzs. Let x : R — [0, 1] be a smooth function such that supp x C (—1,1), x =1 on [0, %], X is decreasing on

[0, 00), X(%) = % and ¢(x) = x(x) — x(2x). Then suppe C (%, 1) and ¢ (x) > % for all x € [% %] Moreover,

X(x)+2§0(2x—q)=l for all xeT?3. (2.9)
=1

If u is periodic, then it has a Fourier series
u(x)= Z u(,,)ein'x, up) €C.
neZ3

For g > 0, we define

Ao = Z u(n)ein-xx (In]) =uq) = / udx, (2.10)
nEZ3 T3
and
(11
Agu = Zgu(n)e””‘(p (2_4 for all ¢g=>1. (2.11)
nez’
Then we have the decomposition for u:
MZZAq”' (2.12)
q=0

Some elementary inequalities in the Littlewood-Paley theory on T3 can be found in the Appendix. For more details
about the Littlewood-Paley theory on T3, please refer to [17]. Finally, let us state the following classical product
formula in Sobolev spaces, which will be frequently used in the higher order estimates.

Lemma 2.4 ([18]). Assume f, g € HN(T?). Then for any multi-index o = (a1, o0z, @3), 1 < |a| < N, we have

1)l 2 = € (I 11V gl 2 + gl VY f12) (2.13)

and

1°Cr8) = £3%8ll 2 = C (191 VY gl + gl VY £1l.2) (2.14)
3. L? exponential decay estimates

The purpose of this section is to establish the following proposition. We would like to remark that neither the
uniform lower bound of the density p nor the restriction 24 > X is needed in this section.

Proposition 3.1. Let (p, u, 0) be a C* global solution of (1.1), satisfying the uniform bounds
Vi>0, 0<p(t)<p; 0<6,<6(t)<0. (3.1)
Then there exist two positive constants M and a, depending on u, A, R, v, k, 04, p, 0 and lluoll 2, such that
sup (1A + 1o = DO, + 1 (/A6 = D) D13
>

o0 ] 3.2)
+/ (1o = VB + 19wl + 19013, ) di < 1,
0
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and

I/P)Dllz2 + 1o = D@2 + (/PO = D)D) 2 < Me™".

463

(3.3)

In order to prove this proposition, we give the following three lemmas. The first one concerns the basic energy

estimates.

Lemma 3.2. Under the conditions of Proposition 3.1, there exist two positive constants My = M (u, «,0) and C =

C(u,k, R, y,04, p,0, |luoll12), such that

d Jul? 2 2
P+ R(pInp—p+ 1) +ep@—1n0 = 1) ) dx+ My (IVul, +V6I2,) <0,

dt 2
and
o0
sug/<p|u|2+(pln,0—,0+1)+p(9—ln9—1)) (z)dx+f(||wu§2+||V9||iz)dt5c.
>
- 0

Proof. Taking the L? inner product of (1.7), with u, and integrating by parts yields

d |u|?

Next, taking the inner product of (1.7); with 1 —6~!, integrating by parts, we are led to

d[ 6 —1nb —1)+ /|V9|2
—_— C — In?v — K
dar ] ©° 62

E\Vu + VuT|? + r(divu)?
=—R/p0divu+R/pdivu—/2| | ( ) +M/|Vu|2+(k+u)/(divu)2

0

where we have used the following equality

1
5/|w+wT|2=f(|Vz4|2+(divu)2).

Putting (3.6) and (3.7) together, using (1.1);, we obtain

d lu|?
— p— +cyp(@ —1Inb — 1)

dt 2
Vo2 BIVu+ Vu |2 + A(divu)?
+« 52 +/ )

:R/pdivu:—R/p((lnp),+u~Vlnp)

d d
=—— | Rolnp=—— | R(plnp—p+1).
dt/ plnp dt/ (plnp—p+1)

(34)

(3.5)

(3.6)

(3.7)

(3.8)

Consequently, taking M7 := min {é‘—z, %}, we get (3.4). Then (3.5) follows immediately. The proof of Lemma 3.2 is

completed. O

Now we give some Poincaré type inequalities with the aid of (1.6) and (3.5).

Lemma 3.3 (Poincaré type inequality). Under the conditions of Proposition 3.1, there exists a positive constant C,

depending on |, k, R, v, 04, p, 9, and lluoll 12, such that for all t € (0, 00), there hold
I(/Pw) 7, < CIIVu®)|3.,

(3.9)
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lu@)72 < CIVu@®|?,, (3.10)

and

[INZICESVO] Pt (||Vu(r)||i2 + ||v0(r>||iz) : (3.11)

Proof. Taking ¢ = p in Lemma 2.1, noting that (1), = 0 by (1.6), we thus get (3.9). Then (3.10) is a consequence of
(3.9) and Lemma 2.2. For (3.11), using first (1.6), we have

1
0))—1=—— 2, 3.12
ap o [ ol (3.12)
Then we infer from Lemma 2.1, (3.5) and (3.9) that
[ oo =122 [ pio = 01,22 [ i), -1
<C|I Vel +C/p|u|2 (3.13)
<C (IVullZ, +1V6I2,)
This, together with Lemma 2.2, gives (3.11). We complete the proof of Lemma 3.3. O

In the following lemma, we construct a new energy functional with the aid of the Bogovskii operator.

Lemma 3.4. Under the conditions of Proposition 3.1, there exist two positive constants K| and M», depending on

W, Ak, Ry, 04, 0,0, and |lug| 12, such that

d lu|?
o K, pT—f—R(l—i—plnp—p)—i-cv,o(G—ln9—1) —2pu-Blp —1]

(3.14)
+ M, (||p — 1%, + [IVul7, + ||ve||§2) <0.
Proof. Taking the L? inner product of (1.1), with B[p — 1] yields
d
-4 f oo -nsr [o-17
dt
=/puB[div(pu)] — / pu®u:VBp—1]+ / uVu :VB[p — 11+ (A + w)divu(p — 1)
—R/P(G—l)(p—l)
2 2 R 2 2 2
<Clloully> + Clplul”l2IVBlo — 1l 2 + 7 [ (= D7+ ClIVullp + Cllo@ = DI
2 2 R 2
=CIIVul}z +CIVOIZ + 5 [ (o= D2,
where we have used Lemma 2.3, the Poincaré type inequalities (3.9), (3.11) and the following estimate
lolulPll21VBLo — Uil 2 < CllullZallp — 2 < Cllull?, < ClIVull?,,
due to Lemma 2.3 and (3.10). Consequently,
—2i Blp—1]1+R —D2<c (IVul?, +1IVo? (3.15)
= | pu-Bip (o= D> < C1 (I1Vul®s + V612, ) . :

Multiplying (3.4) by a sufficiently large positive number K, and then adding the resulting equation to (3.15), we
obtain (3.14), where the constant M3 can be chosen as min{R, K1 M| — C}. This completes the proof Lemma 3.4. O
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We are now in a position to prove Proposition 3.1.

Proof of Proposition 3.1. In view of Lemma 2.3, we have

2'/pu~6[p—11 = (IVpul3 + o = 112:). (3.16)

By the Taylor expansion, one deduces that

1+plnp—,o~(p—1)2, and 9—ln9—1~(0—1)2, (3.17)

provided (3.1) holds. Therefore, if K; is large enough, there holds

2
/{Kl <p%+R(l+plnp—p)+cv,o(9 —1n6 — 1)) —2pu - Blp — 1]}

~ I/pully2 + 1l = 172 + 1v/6©0 = DI,

which can be bounded by ||p — 1[I, + [[Vul|, + V6|3, in view of (3.9) and (3.11). Then (3.2) and (3.3) follow
from (3.14) easily. This proof of Proposition 3.1 is completed. O

(3.18)

4. H'! exponential decay estimates

In this section, we improve the uniform estimates obtained in (3.2), and obtain the exponential decay of
[(Vu, VO)| ;2 and ||6 — 1| L. More precisely, we will establish the following proposition.

Proposition 4.1. Let 2 > A, and (p, u, 0) be a C* global solution of (1.1), satisfying the uniform bounds (3.1), and
inf, .3 po(x) > 0. Then there exist two positive constants M and a, depending on , A, R, y,k,04, 0, 6, llpoll g1,
(1o, 60) || g2 and inf, .13 po, such that

1 .
Ioul 2+ llp = Uiz + 1/p© — Dl 2 + o7 ull s + [ Vull 2 + /ol 2 + V6] 2
L

: . (@.1)
+ VA0l 2 + 116 = Ll < Me™™.

In the following, we establish several lemmas to prove the above proposition. It is just the following lemma that

needs the restriction 2/ > A.

Lemma 4.2. Under the conditions of Proposition 4.1, there exist two positive constants M3 and C, depending on
W, A, R, p and 0, such that

d
E/p|u|4+M3||u|W|niz <C|IVul7,. (4.2)

Proof. Multiplying (1.7), by 4|u|?u, and then integrating the resulting equation w.r.t. x, we arrive at

d
- p|u|4—4/(MAu+(A+u)Vdivu)|u|2u
! 4.3)

=4R/p9div(|u|2u> sc/pe|u|2|w| se||u|W|||iz+cfp|u|2.

On the other hand, it is not difficult to verify, see [13] for instance, that there exist some positive constant M3 =
M3 (i, 1), such that

—4/(MAM + (A 4 p)Vdiva) ju|u > 2M3/ lu|?|Vu|?, provided 2u > A. (4.4)

Then using (3.9) again, we get (4.2). This completes the proof of Lemma 4.2. O
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The following lemma provides the L®L?2 estimate of Vu and the L?L2 estimate of ,/pi simultaneously. The
proof will be given in the spirit of Wen and Zhu [30], and the effective viscous flux G plays an important role.

Lemma 4.3. Under the conditions of Proposition 4.1, there exist three positive constants Ko, M4 and C, depending
onu, AR,y k,04 p,0,and ||ugl| g1, such that

2

d . .
o {Kz/mur‘ + il VullZ + O+ ) lldive |17, + lp6 — 117> — 2R/(p9 - 1>dwu}

A42u 4.5)
+ My (/P12 + Il Vull,) < € (Il +1V6112,)
Moreover,
oo
1
sup (1A O+ 1Vu@)12,) + [ (151, + luivuii?.) de <. (4.6)
0
> 0
Proof. Taking the L? inner product of (1.7), with u;, integrating by parts, and using
G+ R(pb—1
divi — + R(p ) 4.7)
A2
we find that
1d 2 o2 2
52 (rIvulls + G+ ldivinz ) + [ ol
4.8
[ oot 5 [ Reo -y PP - JEE -
=— ur - (u-Vyu+ — - Ddivu - —— — — .
pis ar ] 200+ 2w di"* 275 o)
In order to estimate the last term in the above equality, we shall use the following equation of the pressure P:
P, + div(Pu) =Rpb
. .2 T 4.9)
=y -1 {—Pdwu + kAO + A(divu)  + u(Vu+Vu ') : Vu} .
Integrating by parts, we obtain
1
—_— /PtG
A2
1 -1 -1
—— /Pu-VG+y deiqu+u/V9-VG
A+2u A+2u A+2u
-1
+ )\y+ 5 / (kdivuu VG +u(Vu+Vu):u® VG + [nAu + (A + p)Vdivu] - uG) )
i
Using (1.7), to deal with the last term of the above equality, and integrating by parts once more yields
1
- /PtG
A2
=y_1/p(u,+(u-V)u)-uG— Y /Pu~VG+M V6 .VG (4.10)
A42u 420 A+2u
y—1

o / (Adivuu VG +u(Vu+Vu):u® VG) .

Substituting (4.10) into (4.8), we find that
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2

L 2+ O+ w|di 2+R— 6 — 1|12, —2R | (06 — Ddivu } + 2
3 gr IVl + Gt g ldival o + 5108 = 1, (06 — 1)divu plus]

R
:—/pu,~(u~V)u—|—y /,o(u,+(u-V)u)~uG— Y /p9u~VG
At 2u

A+2

(y — Dic + l;_l “4.11)
~ | ve-vG Adivuu - VG Vu+Vu'):u®VG
T2 +)\+2M/ ivuu +uVu+Vu' ):u®

=2 I

1<j<5
Now we estimate /;,1 < j < 5. Clearly,

1

I = gllvpurlizs + C llul Va7, (4.12)

Recalling that G = (A + 2p)divu — R(p6 — 1), thanks to (3.9), we have
/p|u|262 scnuwmniz+C/p|u|2(p9— 1’

<C llulVull?, +C/,0|u|2 (4.13)

<C ulVul|2, + C|Vul2,.

Then we can bound I, as follows

1
|| < gnﬁutniz + C llulVulll7, + C/p|u|2G2

{ 4.14)
< < lIVpullzs + C lulVullg, + ClIVull3,.
The last three terms can be bounded together:
3" 11 <C (I/pull 2 + V01l 2 + llulVul | 12) VG 2
3=j=<5
<C (IVull g2 + 1VOll 12 + llulVulll 12) (I/Purll 2 + | Valll 12) (4.15)
1
< lIvpul7,+C (||u|W|||iz +C||Vull, + ||ve||iz) :
where we have used (3.9) and the following elliptic estimate
IVGliL2 < CllpGus +u - Vill 2 < C (Il/purll 2 + lulVulll2) - (4.16)
Accordingly,
IVl + G vl + 06— 112 28 [ (o0 - 1
— u v S — — — Ddivu
dt M LZ M L2 )\' + 2/1 p L2 p (417)

+ I/l = € (Il Val |2, + [ VulZ, + V612, ).

Multiplying (4.2) by a sufficiently large positive constant K» = K2(i, A, R, y, p,0), and then adding the resulting
inequality to (4.17), we find that (4.5) holds for some positive constant M. Since

2
AJrane—lniz, (4.18)

integrating (4.5) over [0, 7], and using (3.2), we get (4.6) immediately. The proof of Lemma 4.3 is completed. O

2R ‘/(p@ — Ddivu

< (A4 plldival3, +

In the following two lemmas, we improve the uniform estimates of u and 6 with the aid of the material derivatives
u and 0, respectively. This method was first used by Hoff [14] to construct discontinuous global solutions to the
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isentropic Navier-Stokes equations. See [15] for the extension to the full Navier-Stokes equations. Many calculations
in the proof of these two lemmas are borrowed from [8], we give the details for the sake of completeness. Nevertheless,
we would like to emphasize that, different from [8], all the bounds in our proof here are independent of the time .

Lemma 4.4. Under the conditions of Proposition 4.1, there exist three positive constants K3, Ms and C, depending
onu, A, R, y,k,04, 0,0, lluoll g2, 11(p0, 00|l 1 and inf,. 3 po, such that

o]

sup (1P 12+ 1V0013, ) + f (I/P013: + Va3, ) ar < €, (4.19)
>
- 0

and
d ) 2 .
= {||ﬁu||22 +kK3]|VO2, — K3/ [Ewu + VU +k(d1vu)2] 9}
+ M5 (/A0 12 +11Vil2,) (4.20)

= C (IVulZs + V613, + /il + o = 112,)

Proof. Taking the material derivative of the momentum equation (1.7),, using (1.7); and (1.7),, we have

pii + VP +div(VP Q u)

4.21
=ulAu; +div(Au @ u)] + (A + w)[Vdivu, + div((Vdivu) @ u)], ( )

where div(f Q u) :=)_ Z)j(fuj). Taking the L? inner product of the above equation with i, using (1.1); and (4.9),
we arrive at

1d .2 .2 )
VT plal®+p | IVal"+ A+ w) | |diva|

:R/pédivit—/PVu:VitT

(4.22)
+ ,u/ [(VuVu) : Vit 4+ Vu : (VuVu) — divuVu : Vi]

+ A+ ,u)/ [divuVu Vi + Vu: Vu " divi — (divu)zdivzl] .
It follows that

d . . .
E/pw +ul Vi3, <C (||ﬁ9||§2 +IVull?, + ||Vu||‘;4) : (4.23)

Next, taking the L? inner product of (1.7); with 6;, integrating by parts, we are led to

. d . .
CU/,O92+§E/|V9|2 =CU/,0€L¢~V9—R/p0divu9+R/p6divuu~V9

d
+ - [%Wu Va4 A(divu)z] 0 (4.24)

— / [,u(Vu + VuT) :(Vu; + Vu;r) + 2Adivudivut] 0.
Direct calculations show that

—ZA/divudivuﬂ

= ZA/divudiw’tG +2AfdivuVu Vu'o— A/Q(divu)3 - k/u - VO(divu)?,
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and
—u /(w +Vu'): (Vu; +Vu,)o
- z,L/ (w + WT) Vil + 2#/ (w + WT) - (VuVu) 0
- /L/OdivuVu : (w + WT) — ,u/u VOV : (w n WT) :
Consequently,

- Kk d 2
cvllv/Poll7 + COTLAGAYE
=cv/,oéu~V9—R/p@divué+R/p9divuu~V0
d

- [%IW VU A(divu)z] 0 —2x f divudiviif

+2A/divuVu:VuT0 —,\/e(divu)3 —A/u - VO (divu)?

—2,u/ (Vu + VuT) :Vub +2Mf (Vu + VuT> :(VuVu) o

— u/@divuVu : (Vu + VMT> — u/u -VOVu : (Vu + VMT)
s%n\/ﬁéniz+C/|u|2|ve|2+cuw||iz+e||w||iz

d
+ CIVullf + o / [%m +vuT P +A(divu)2] 0.
Using (4.6), Poincaré inequality (3.10), and the following elliptic estimate
192012 <C (108112 + Il podivael 2 + 11 Vul2,)

=C (/P02 + 1 Vull 2 + [Vl

we have

f|u|2|ve|2 <lullZsIVOI7s < Cllull, VO 211V30] 12

=CIIVOlL2 (Iv/Bbl2 + I Vully2 + IVulZ,)

I .
<FIVEBI: +C (IVull} + IVOIZ: + 1 Vul}, ).

Substituting (4.27) into (4.25) yields

V612, <C (IVulds + V612, + I Vulfs) + el Vil

d
+ - [%IVM +vuT P+ x(divu)z] 0.

. d
cvllv/pOllgs + x|

469

(4.25)

(4.26)

4.27)

(4.28)

Combining this inequality with (4.23), we find that there exist two positive constants K3 and M5, depending on

W, A R, y, K, 604, p, 6, and |lugl| 1, such that
d _ .
= {||\/ﬁu||i2 + K3V |2, — K3 f [%Wu F VT2 +)\(d1vu)2] 9}

+ Ms (I/P012, + IVil2:) < € (Il + V612, + [ Vullf,)

(4.29)
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Noting that
Au = Vdivu — curlcurlu, (4.30)
by virtue of the elliptic estimates, (4.6) and (3.11), we have
1Vullys <C (lourlulif + dival}.)
= (lleurlull 2| Veurlul3, + IG I + 1106 — 1111
3 4 4 4 4 “.31)
<C (||¢ﬁﬂ||Lz + G + VGl + 116 — 13+ llo — 1||L4)
=C (IRl + I/pily + IVullys + 19013, + o = 1122)
where we have used the following interpolation
lo =114 <Cllo=1Z:lp = Lizw < Clip = 113,
Substituting (4.31) into (4.29), we have

d . .
- {||ﬁu||iz + K3V 2, — Ks / [%|Vu FVuTP +,\(dwu)2] 9}
+ Ms (I/P012, + Vil ) 4.32)

2
<C (nwniz + VO + IIVpil7 + 1o — 17, + (||ve||iz + ||m't||iz) )

Now (3.2) and (4.6) enable us to use Gronwall’s inequality to get (4.19). Then (4.20) follows from (4.32) and (4.19)
easily. This completes the proof of Lemma 4.4. O

Corollary 4.5. Under the conditions of Proposition 4.1, there exists a positive constant C, depending on ju, A, R, v, k,
O, P, 0, lluoll g2, 11 (00, Oo)ll g1 and inf, .3 po, such that

o0
sup (Jlu(®) Iz + [Vu®) 1s) + / V26117 ,dt < C. (4.33)
t>0
- 0

Proof. Similar to (4.31), using (4.6) and (4.19), we are led to

IVull s < € (lcurlull s + l|divall )
< C (leurlull 1 + Gl g1 + 11p6 — 11l 6)
< C(L+11Vull2 + llpil .2)
<C.

(4.34)

Then by the Sobolev embedding W!-® < L and (3.10), we obtain

lullee < C (IVullz2 + [ Vulls) < C.
Finally, it follows from (4.26), (4.31), and (4.19) that

(o8} oo
/||v20||izdrs/(||ﬁé||iz+||ﬁu||iz+||W||iz+||ve||iz+||p—1||iz)drsc.
0 0

The proof of Corollary 4.5 is completed. O

The following lemma is devoted to improving the estimates of 6.
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Lemma 4.6. Under the conditions of Proposition 4.1, there exists a positive constant C, depending on (i, A, R, y, k,

Ov. 5, 0, lpoll gr1» 1|0, 60) || 2 and inf 3 po, such that

d . .
cv - IVPOI72 + KIVOIIZ

<C (wzéuiz F Vil 2, + /Pl 72 + IVullZ + VO3, + [l — 1||iz) :

and

sup (IV200)12, + 1 (vA6) ()12,) + f IV62,dr < C.
0

t>0

Proof. Taking the material derivative of (1.7)3, it is not difficult to verify that
cvpb — k(AB) =(cy, — R)pOdivu + Rpb [(divu)2 +Vu: VMT]
— Rpdivii + [M(w vy (Vi+ Vi) + 2kdivudivu]
- [M(w +VuT)  (VuVu+ Vi Va1 + 22diveVa - vlﬁ] .

Taking the L? inner product of this inequality with 6, we arrive at

cy d . . . ) ) .
> | PP —K/(A@)QSC/[)Q |Vu|+C/p|9||Vu| +C/p|9||Vu|
+c/|Vu||vu||é|+cf|W|3|é|.
On the other hand, integrating by parts yields
—K/(Ae)'é = —K/(Ae, +u-VAO)
=K/vetvé+K/a,~u"ak,~9é+xfu’<ak,»eaié
:K/|Vé|2—/</véwve+;</w:Vzeé.
Substituting (4.39) into (4.38), and using the Cauchy-Schwarz inequality, we get
%%nﬁénizﬂnvéuiz
gcfpézwm+C/p|é||vM|2+C/p|é||w|+C/|W||vu||é|
+C/|Vu|3|é|+K[|Vé||vu||v9|+K/|Vu||v29||é|

s§||vé||iz + CIVuVO|7, +€ll8Vull, + Clly/pb17
+ CIIVil2, + ClIVZ0ll3, + Cl[Vull 4.
Thanks to (4.33) and Lemma 2.2, we have
€llovulls, <ellVul,1613, <eC (||é||iz - ||vé||iz) <eC|IVO|7, + Cly/pb13 .,
and

IVuve|7, < [Vul3:lIVel7s < CIV3|7,.

(4.35)

(4.36)

4.37)

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)
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Substituting (4.41) and (4.42) into (4.40), choosing a € small enough, using (4.26), (4.31) and (4.19), we obtain (4.35).
Then integrating (4.35) over [0, 7], using (3.2), (4.6) and (4.19), we get that for all 7 > 0, there holds

t
IO+ [ 196130 <. (4.43)
0
Finally, we infer from (4.26), (4.6), (4.33) and (4.43) that
sup [|V20(1)[17, < C. (4.44)
t>0

This completes the proof of Lemma 4.6. O

Before proceeding any further, to simplify the presentation, let us denote

2
A1) ;=K <p% +R(1+plnp—p)+cyp@ —1nb — 1)) —2pu - Blp — 1],

2

A42u0

Ar(1) = Kz/plul4 +ulIVulgs + G+ ldiva| 7, + lp6 = 1172 — 2R/<p0 — Ddivu,

. n .
A3(0) = [Pl 2 + kK3l VO - K3/ [E'V“ + Va2 + adivi? ] 6,

As(t) =, /P07,

Bi(t) = [Vul 7, + IVOlI7. + llp — 1172,
Ba(t) = |l /pus |72 + lulVul |12,

B3(1) := /P07, + IVl

By(1) := |V 3.

Now we give the proof of Proposition 4.1. All t_he constants K;,4<i <6, M;,6<j<8,C,aand M appearing
in the proof below depend on w, A, R, ¥, «, 04, p, 0, ool g1, || (4o, 60) |l g2 and inf, .3 po.

Proof of Proposition 4.1. Multiplying (4.20) by a sufficiently large constant K4, and then adding the resulting in-
equality to (4.35), we find that, for some positive constant Mg, there holds

% [K4A3(1) + Aa(D)] + M [B3(1) + B4(1)] < C (B1 (1) + Ba(1)). (4.45)
Next, choosing a positive constant K5 so large that

uKs||Vul2, - K4K3/ [%Wu VU4 k(divu)z] 6> |Vul?,, (4.46)
and

% [K5A2(1) + K4A3(1) + Ag(t)] + M7 [B2 (1) + B3 (1) + B4(1)] < CB1 (1), (4.47)

for some positive constant M7. In view of (4.18), it is easy to see that

2

A2

106 = 112> = =C (I/p® = DIZ> + 1o = 112,).

(L + w)ldivu7, +

o6 — 1117, — 2R/(p9 — 1divu

(4.48)
Rz,u

> -
T A+ +2p)

In view of (3.18), we can choose K¢ large enough, such that
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KeA1(t) + KsAx(t) + K4 Az (t) + As(t)
1
=C(Iv/puls +llo = 12 + 150 = DI + lo7uls (4.49)

Ul pulls, 2 P. 2 )
+ IVl + Vel 7. + 1V01; +||f9||’i)
and

% [KeA1(1) + K5A2(1) + K4A3(t) + As(t)] + Mg [B1 (1) + Ba(1) + B3 (1) + B4(1)] <0, (4.50)

for some positive constant Mg. On the other hand, by virtue of (4.33),

1

lptulls < lulljell/pull; < ClIVull7,.
Then

KeA1(1) + K5 A2(1) + K4 A3(t) + Aa(t) < C[B1(1) + Bo(t) + B3(1) + Ba(1)]. (4.51)
It follows from (4.49)—(4.51) that

1 ) . -
Ivpullz + 1o =2+ 16O = D2+ llp#ull ;s + [Vul 2+ 1/pill 2 + 1VOl 12 + /00l 12 < Ce ™,
(4.52)

for some positive constant a. Next, by the Gagliardo-Nirenberg interpolation inequality, (3.11), (4.36) and (4.52), we
find that

1

1 1
16 — e <ClIO — LI 6110 = Ll 16

1 1
<C (ne — g+ 16— 112, ||v29||22> “4.53)

1 1
<C (IVull 2 + V01l 12) + € (IVull 2 + V01 12) 2 V20112,
<Ce @,

Combining these two inequalities above, and taking M = 2C with the constant C appearing in the last inequality of
(4.53), we complete the proof of Proposition 4.1. O

5. Higher order uniform bounds
The purpose of this section is to obtain the uniform in time bounds of all derivatives of the solution.
5.1. Uniform bounds of Vu

We begin this subsection by giving the exponential decay of o — 1 in L°°. It is in this lemma where the uniform
lower bound of p starts playing its role.

Lemma S5.1. Under the conditions of Theorem 1.2, there exist two positive constants C and c, depending on
Wy dy R,y K, P, Ok, 0,0, Nl poll g1, and || (uo, 00) | g2, such that

o) =1z < Ce™. (5.1)

Proof. The mass equation can be rewritten as
(A +2w)(pr +u - V) + Rp(p —1) = —pG — Rp*(6 — 1). (5.2)
Let X (¢, y) be the particle path given by

LX(t,y)=ut,X(t,y))

5.3
X(©0,y)=y. G-
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From (5.2), it is easy to see that p(¢, X (¢, y)) satisfies

d
A+ ZM)E'O(I’ Xt y)+R(p(p—1) . X(,y)=— (pG + Ro*(0 — 1)) (r, X(z, ). (5.4)

Multiplying this equality by (o — 1)(#, X (¢, y)), using the fact that p > p, and the Cauchy-Schwarz inequality, one
deduces that there exist two positive constant 8 = B(p«, A, i, R) and C = C(px, p, A, i, R), such that

%(p — DX ) + Bl = D, X6, ») = € (IG I +10 = 1) (5:5)
ie.,
& ("= 120 X0, ) = e (G~ + 10~ 113-). (5.6)
Consequently,
,
lp(0) = i~ < Ce™lpo = 17 +C / D (GG +116 = 1F ) . (5.7)
0

By the elliptic estimates, there hold
IVGliLs < Cllpitll s < Cllitll e < C (IVill 2 + IV/pill ) (5.8)
and

IGlI75 + 10 = UZee <C (Gl 6 IGllyrs + 10 — 116116 — 1l y16)
<C (ucni,. +160 =112, + G g1 VGl L6 + 116 — Ll ||v29||Lz)

. (5.9)
<C (npe =132+ IVull2 + I/pill7, + 116 — 1||§,1)
+C (106 = 12 + 1 Vull 2 + /il 2) 1 Vidll 2+ 16 = Tz V6] 2)
Then in view of (3.2), (4.6) and (4.19), we obtain
/(||G||%oo+||9— ) dr' <. (5.10)
0
Moreover, using (4.52) and (4.19), we are led to
t t t
/ (||G||ioo 16— 1||%oo)dz’ 5c/e—4ﬁf’dﬂ n C/e—zﬁf’ (||vu||L2 + ||V29||L2) dr’
5 5 5
1 1
‘ 2y 2 (5.11)
<Ce™21 4 f e 4! / (||va||i2 + ||v29||§2) dr’
5 5
§Ce_‘7’.

Accordingly,



Z. Zhang, R. Zi / Ann. 1. H. Poincaré — AN 37 (2020) 457488

t

/eﬁ(’ - (||G||ioo +0 - 1||ioo) dt’
0

t

(||G||ioo +6— 1||ioc) dr’ +f (||G||ioo +6— 1||ioc) dr’

§Cexp{—min<§,&)t}.

B
<e 2!

O\N|~

475

(5.12)

Substituting this inequality into (5.7), we conclude that (5.1) holds for ¢ = % min { g, a ] This completes the proof of

Lemma5.1. O

Lemma 5.2. Under the conditions of Theorem 1.2, there exists a positive constant C, depending on (1, A, R, v, Kk, px,

0s. 5, 0, 1V ol 14, and [|(uo. 00) 2. such that

o0
sup Vo)« + [ Vo1 sdr = C.
t>0
- 0

Proof.

VG  Rp*Ve
pOVp+ (u-V)Vp=—-VuVp —divuVp — p _ P

v
p’+)\+2u A42n A+2u

Taking the inner product of the above equation with 4|V p|?V p, and then integrating over T3, we see

d 4 4 4 3

E||VP||L4+)L+2M/'09|VP| < ClIVulr=lIVollys +C (IVGllLs + VOl 4) IVl 4,
which implies that

iIIV lls + Rp.0. IVolgs < CliVullL=lVolips + C (IVGllzs 4+ 1VO]l 1)

dt'oL +2u Plips = L pPllL L L4) -

To bound || Vu||z, we first use (4.30) and (4.7) to deduce

AVu

V2 (06 — (6),) + V2 (G + R({6), — 1)) — Veurlcurlu.

Tt2u A+ 20

(5.13)

(5.14)

(5.15)

Let us decompose Vu into three parts. More precisely, define w;, 1 <i <3 by the following three elliptic systems:

Aw; = —Vcurlcurly, with /uu =0,
T3
V2 (G+R((0), — 1), with /w2=0,
T3

Awy =

A +2u

and

Awz = V2(p8 — (0),), with /w3 =0.
’]I‘3

Then the uniqueness implies that Vu = w1 + wy 4+ ws. By the elliptic estimates, there holds

A +2u

IVwill s+ IVwall g4 < C (IVeurlul| 4 + VGl 4) < Cllpi]l 4.

(5.16)

For w3, noting that [w3]«) = 0, then by virtue of the Littlewood-Paley decomposition, and using Lemmas A.2 and

A3 in the Appendix, we derive
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_J
lwillze <C Y 11A;(00 — (0) )l +C Y 275 A;V(pO)l 4
I<j<N-1 j=N

_N
<CNIlp8 — (0)plle +C27% (|Vpll e + IVO]l 14)
_N
<CN(llp =1z + 116 — Uiz + 1 /pull2) + C27% (IVpll 4 +e),

where we have used (1.6) and (4.36). Let €y € (0, 1) be a small constant that will be determined later. Take N € NT
such that

_N
274 (IVellps + ) = <o,
which implies

IVellps +e
€0 ’

N ~1In
Accordingly

w3l < Cln

IVolle+e
e (lp =Ll +16 = Uiz + 1 V/pul2) + Ceo. (5.17)

By the Sobolev embedding Wh4 s 1% (5.16) and (5.17) with g small enough, we find

d _ . .

19l +E1Vp s <C (il s +1981.3) + Clill 4Vl

Vol +e (5.18)
€

C(lp = Uz + 116 — iz~ + | /oullL2) In IVollps

for some ¢ > 0. Consequently,

d Vol +e
€0

—-In <C (il o + 1VOl 14)

IVplls+e (>-19)

+C(llp = Uiz + 16 — Uiz + l/pull2) In <

It follows from (4.19), (4.36) and (4.52) that

o0
/nmm V6|l edt

o
C/IIMII zllull LIV 2||V2(9||4 dt
0

o0 o0
. S (5.20)
<C /II«/ﬁullederfII«/EMIIEZIIVMII dt+f||V9||4 dt
0 0

N ;
<c| v+ | [uvmitgdr) ([ 1vil.d

0 0
C

Then (4.1), (5.1) and (5.20) enable us to use Gronwall’s inequality to get
IVellps +e
€0
and hence (5.13) holds. The proof of Lemma 5.2 is completed. O

In <C, (5.21)
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Corollary 5.3. Under the conditions of Theorem 1.2, there exists a positive constant C, depending on ju, ., R,y &, px,
0, 0, 0, IV poll 14, and || (uo, B0) |l 2, such that

o0
sup [ V2u(0)ll7, + f IV2ull s + IVl + V30117, + VO dt < C. (5.22)
t>0

- 0

Proof. The momentum equation (1.7), can be rewritten as

A+ 1% .
Au=— VG VP + pii. 5.3
e A A (5.23)

Then the elliptic estimate gives

19212, <C (IVG I3 + IV P12, + llpil3: )

(5.24)
=C (IVpI2, + IV012, + I/pil% )
and
1V2uls <€ (IVG I, + IV PIZ + 1ol
(5.25)
=C (IVpI24 + IVO12, + /il + Vil ).
Thus, it follows from (4.52), (4.19), (4.33), and (5.13) that
o
suguvzu(t)niz +f IV2ul3,dt < C. (5.26)
1>
0
Next, similar to (5.16), using Poincaré inequality, (4.52), (4.19), (4.33), and (5.13) again, we have
o -
/ IVul3wdr <C f IVull,di
0 0
oo
<C / IVeurlu|?, + VG174 + IV (00) 17 4dt
J (5.27)

o
§C/ IV/Pil2, + IV, + Vo2 + IO, dt
0

<C.
Finally, combining the elliptic estimate with (4.36), (4.52), (5.13), (5.26) and (5.27), we are led to

o
/ IV30117,dt
0

o

) 2
§C/ 19012 + 19 (Pdiv) 2, + | <%|Vu + Va2 4 (divi?) ”L2 dt
0

o
. . 2
§C/ 190812, + V812, + 1 Vodivul 3, + |V pdivull2, + | Vdivul 3, + | Vav2u| |, dr (5.28)
0
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o0
. . 2 .
<C [ IVpIZ1613 + 19613 + (nveniz + | v+ ||V,0||2Lz> IVul3o + 1 Vdivul 2 de
0

o0
<c f IVEEI2, + V612, + 1 Vul2ee + [ Vdive] 2, dr
0

<C.
Accordingly, by the Sobolev embedding, there holds

(0.¢]
f VO3 dt < C. (5.29)
0

This completes the proof of Corollary 5.3. O

Remark 5.4. Dealing with || Vu || in the spirit of (5.20), it is easy to verify that the following estimate holds as well:

o0
/IIWIILoodt <C. (5.30)
0

5.2. Uniform bounds of all derivatives of (p,u, 0)

In this subsection, we will prove that the L? norm of all derivatives of p, u and @ are uniformly bounded in . More
precisely, we establish the following proposition.

Propositiqn 5.5. Under the conditions of Theorem 1.2, there exists a positive constant C, depending on i, A, R, y, k,
Px> s, p, 0, and ||(po, ug, 60) |l oo, such that for all k > 1, there holds

sup (IVEp 0112, + IV @12, + 1900113, )

t>0

0 (5.31)
+ f IV 125 + IV u 35 + IV 75 + 1V 2, + 1 VEH )12 ,de < C.
0

Proof. Proposition 5.5 will be proved by induction. For k = 1, (5.31) is a consequence of (4.19), (4.36), (5.13), and
(5.22). Let k > 2 be an arbitrary integer. Assume that the following inequality holds:

sup (IV< = o )12, + IV* a3, + 1940011

t>0

e (5.32)
+/ IV oll2 + IV g 13, + VR 0,03, 4+ 1VFul 3, + VR0113dr < C.
0

Next we shall show that (5.32) still holds with £ — 1 replaced by k. This will be achieved by the following three
lemmas. O

We first improve the uniform bounds of p under the assumption (5.32).
Lemma 5.6. Assume that the conditions in Theorem 1.2 hold, and in addition, (5.32) holds for an arbitrary integer

k > 2. Then there exists a positive constant C, depending on u,\, R, y, k, px, 0%, p, 9, and (0o, uo, 60) || g, such
that
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o0
sup IVAp I, + [ 1V¥pldr <. (5.33)
0

t>0

Proof. Applying d* to the mass equation (1.1),, using (4.7), we obtain

R 0p00%0 = —u-Vo*p+[u,d% - Vo +[p, 0*]divu + o0, 3%]p — ! 03%G. (5.34)
A+2u ’ ’ A+2ut A+2u T

3% pr +
For |a| =k > 2, taking the L? inner product with 3% p yields

1d -
= —IV¥pl3, +EIVEpl2,

2 dt
<C|VullL=lIV*pll72 + CIIV G 2 IVF o1l 2 (5.35)
+C Y (I, 81 Vol 2 + Ilp. 9 1divull .2 + 116, 8 1pll .2) V¥ pll 2.
la|=k
where ¢ := fi*zglj . By virtue of (2.14) and the assumption (5.32), one deduces that
116, 3%1o1l 2 = € (19611 IV* " pll 2 + ol = V612 ) = € (V61w + 196112 (5.36)

Next, we split the proof into two cases.
Case 1: k = 2. Thanks to (5.13), direct calculations give

([u, 8*1- Vol 2 + I[p, 0%]divul| ;2
<C > 10%u - VO pll 2 + 0% - Vpll 2 + 119 pdivull 2+ C Y (8% pd* = divu]l 2

lo/|=1 lo/|=1

<C|IVull = V?pll 2 + ClIVoll 2 IV?ull 14 < ClIVull L= |V?pll 2 + CIVull 4.

(5.37)

By the elliptic estimate and (5.13), it follows that

IV2Gll 2 <CIV(pi) 2
<C(IVill g2 + il a1 Voll z4) (5.38)
<C (il z2 + Vil 2) -
Substituting (5.36)—(5.38) into (5.35), and using the Cauchy-Schwartz inequality, one deduces that
L\ p 2 + 2120112,
dt L L (5.39)
<C||Vuli=lIV?pl3, +C (||ve||ioo V2012, 4+ IV2ull?, + i3, + ||vu||iz) :

Then (4.19) and (5.22) enable us to use Gronwall’s inequality to get (5.33).
Case 2: k > 3. Now it is easy to see that

IVpllL= < ClIIV*pll 2, (5.40)
which, together with the commutator estimate (2.14), yields
I, 91+ Voll 2 + Lo, 9% 1divae]| 2
=C (Il IV pll 2 + 1V plioe |Vl ) (5.41)
<C (IVallo + 194l 2) 19 o1l 2.

In view of the elliptic estimate and (5.32), we obtain
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IV*G 2 <CIIVF (oi) | .2
=C (V5" + il = V<" o1l 2) (5.42)
=C (Wil2 + 194 el 2+ V¥ ull 2 + |Vl )
where we have used the Sobolev embedding and Pincaré inequality to bound |i|| . as follows:
lill o <C (Jill 2 + 1Vl 2)
=C (Wil + 19200 2 + V20l 2 | Vil e + |V 2) (5:43)
=C (Wil + 194 a2 + 1Vl e + 1 V¥ul 2 ).
From (5.36), (5.41) and (5.42), we find that (5.35) implies
IV pl2, + ENVE I,
dt L L
=C (1Vulld + 195Ul ) 195012, + € (V013 + V012, ) (5:44)
. (Wl + IV a2, + 1952, + 19l
Then (5.33) follows from (5.22) and (5.32) immediately. O

Corollary 5.7. Under the conditions of Lemma 5.6, there exists a positive constant C, depending on u,A, R, y, k,

P 0*’ 15’ 6, and ”(1007 uo, 0())”[-[00, such that
o
/ IVEH )2, + V9017 ,dr < C. (5.45)
0
Proof. Recalling the u satisfies the elliptic system (5.23), then it follows from (5.38) and (5.42) that

1944wl 2 <€ (194Gl 2 + 19* Pl 2 + 195 (o))

(5.46)
=C (Wil 2+ V" gl 2 + V¥ ul 2 + I Vall o + 19 pll 2 + 1950112 )
Thus, in view of (5.22), (5.32) and (5.33), there holds
oo
/||Vk+1u||izdt <C. (5.47)
0

Next, for the estimate of 6, since the case k = 2 is included in (5.22), we just focus on the case k > 3. The estimate in
(5.43) is applicable to 8 now. Accordingly, again by the elliptic estimate and (5.32), we have

1954101, < (194 (002 + 194 P2 + | V< (519 + VuT 2+ 2diva?) | )

. (5.48)
=C (1602 + 1V*61l1 2 + V561l 2 + VOl + 1 V¥ul 2 + 1 Va2 ).
Combining this with the assumption (5.32) gives
oo
f||vk+19||§2dz <C. (5.49)
0

This completes the proof of Corollary 5.7. O
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Now the uniform estimates of # can be improved.

Lemma 5.8. Under the conditions of Lemma 5.0, there exists a positive constant C, depending on ,A, R, V, kK,

Ps, 0%, P, 0, and ||(po, uo, 00) || oo, such that

t>0

o0
sup [ V¥ u()|12, + / IV u,|12,dr < C. (5.50)
0

Proof. Applying 9% to the momentum equation (1.7), yields
0% — nA*u — (A + u)Va¥divu =[p, 0%u; — 0% (pu - Vu) — VO* P. (5.51)
Taking the L? inner product of the above equation to d%u;, integrating by parts, using (4.7), and summing with respect

to |a| = k, we arrive at

1d _
52 (Vs 4+ G I PRl ) + V01

<elVhulZa + € 32 (o, 0T, + 1% (ou - V)12,
lor|=k (5.52)

d 1 d 1
+ Z <—/8°‘P3°‘divu— ——||8°‘P||%2 - /8”‘P,8°‘G).
dt 2(A+2u) dt A4+2u

lot| =k

Noting that

(_1)\0{|+1
— /aap,aac=7/1)t32“c,
A+2u A+2u

then similar to (4.10), integrating by parts, it is not difficult to verify that
1
— / 9% P,0°G
A+2u
y—1

== /30’/[,0(14, + (u-Vyu)-uld;d*G
(y — Dk

S— /8"‘(Pu)'va°‘G+7 V%0 - VI*G
A+2u A2

—1
Y / (Xa"‘(divuu) V"G + pd® [(w + VuT)u] : VB"‘G) ,
A42u0

(5.53)

where |a’| = |a| — 1 =k — 1. Substituting this inequality into (5.52), we infer that
1d

52 (VS s 4+ Gt I A vl ) + ol V01

<elVhu s+ Y (llo, 0T 2, + 1% (ou - V) l12,)
|| =k

+C (IV" oG + @ Vo) - ull 2 + 195 Pl 2 + 19416 12) VGl 2 (5:54)
+C (||Vk(divuu)||L2 FIVEL(Vu + wT)u]an) IVEHGY

d 1 d
2 s padivu — ——— L a% P2, ).
+O§k<dt/ VU 2z di! ”“)

Using (5.32) and (5.33), the product rule (2.13) then gives

1V Gpu - Vo li2 = € (IV+ull2, + [ VullE=) (5.55)
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14 Pwll2 = € (190112 + 1V¥ull2 + 1940112
V¥ @ivie) | 2+ IVELVu 4+ Vu Dl 2 < € IVl 2+ 1 Vallzo)

and

15 oGy + - V) -l = € (199l + e + 1V¥ull 2+ 1Vl )

By (5.33), similar to (5.42), one deduces that
191G 2 = € (il + 194wl + 195l 4+ |Vl ).
Case 1: kK = 2. Thanks to (5.13) and (5.33), direct calculations show that
e, 0°Yur 32 <C (19212 e |3 + IV 21V I3 )

<C (el + 112 )

Collecting (5.54)—(5.60), using Cauchy-Schwartz inequality, we find that

d .
= (IVPulEs + G+ I Vdivul} ) + ol V2

<C (nu,n%w H VU0 + 1V ull 7o + [ Vulfe + ||v30||iz)
+C (Il + 1V 2 + 192013, + 1923, + 172612,

d 1 d
— | 3*Pd%divu — ————— —||3% P, ).
+§2<dt/ VU 2y di| ”L2>

By interpolations, there hold
1 3
2 7 w2, 112 2 P2 02 2
luellzoe < Clludll 72 IV7uell 5 + Clluelly, < 7 1Vl + Cllualz.
and

1 3
2 3 2.3 Px o2 12 2
IVuella < CIVuell LIVl £, < ZIIV urllj2 + CllVue|l7,-

(5.56)
(5.57)

(5.58)

(5.59)

(5.60)

(5.61)

(5.62)

(5.63)

Substituting these two inequalities into (5.61), using (5.32), (5.33) and (5.45), integrating with respect to time ¢, then

(5.50) follows.
Case 2: k > 3. From (5.33) and the commutator estimate (2.14), we have

ILp, 8% ul2, <C (||V"p||iz||u,||ioo + ||Vp||%oo||vk—lu,||iz)

=C (Nl + 19 w32
Similar to (5.61), it follows from (5.54)—(5.59) and (5.64) that

d .
T (Bl + G IV iV ) 4+ oV 1

<C (Nl + 1Vl + 1 VuliF + V5012, )
+C (||u||iz IV g3+ IVR 12, + 1VRul3, + ||vk9||iz)

d 1 d
2 s podivi — ————— L a7 P2, ),
+(§k<dt/ VU 2z dr! ”“)

where we have used the following Sobolev embedding similar to (5.43):

k—1
el = € (el + 194 el 2)

Using (5.32), (5.33) and (5.45) again yields (5.50). We complete the proof of Lemma 5.8. O

(5.64)

(5.65)

(5.66)
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Finally, we improve that uniform bounds of €, and thus complete the proof of Proposition 5.5.

Lemma 5:9. Under the conditions of Lemma 5.6, there exists a positive constant C, depending on u, A, R,y,k,
Ps, Ox, p, 0, and || (po, uo, 00) || iroe, such that

o0
sup [VEHo @) |17, + f V56,112 ,dt < C. (5.67)
t>0

- 0

Proof. Applying 9% to (1.7)3 yields
copd0, — KAIUO = o[, 3916, — cvd® (pu - VO) — 3% (Pdivu) — 3° (%Wu VU A(divu)z) . (5.68)
Arguing as (5.52), we are led to
Kk d
T IVSH012, + copul I V56,112,
<elV¥ 12, +C > lllp. 310112, + CIIVE (ou - VO)II2,

la|=k
(5.69)

2
+CIV*(Pdivin) |2, + C Hvk <%|Vu ViR + A(divu)z) H 2
L

<€V, +C > lllp. 16,13, + C (||ve||%oo HIVEO2, + 1V 2, + ||Vu||%oo) ,
la|=k

where we have used the following product estimates which are achieved with the aid of (5.32), (5.33) and (5.50):
IV*(pu - VO)|2, < C (||Vk+19||iz + ||V9||%oo) : (5.70)
IV¥(Paivin |2, = € (IV*1ullZ, + 1 Vulli~) (5.71)

and

2
H vk (%Wn e A(divu)2> HLZ < CIV Ul [ Vul} e < ClIVull . (5.72)

Case 1: k = 2. Thanks to (5.13) and (5.33), direct calculations show that
e, 010012 <C (16,13 + V61112,
(5.73)
<CellV26,13: +C (16,12 + IV6,12,)

Substituting (5.73) into (5.69), integrating the resulting inequality with respect to the time ¢, and using (5.45), we get
(5.67) immediately.
Case 2: k > 3. From (5.33) and the commutator estimate (2.14), we have

e, 010012, = € (16612 + 194 16,12, ) (5.74)

Combining (5.69) with this inequality, by (5.32) and (5.45), we conclude that (5.67) holds.
The proof of Lemma 5.9 is completed. 0O

6. Proof of Theorem 1.2

In this section, we give the proof of Theorem 1.2. First of all, by (4.1), (4.33) and the Gagliardo-Nirenberg inter-
polation inequality, we have

1 1 1 a
-4y
lullpoe < Cllull /6 IVull ;s + llulls < Cllully, < Ce™2". (6.1)

It follows from (6.1), (4.1) and (5.1) that
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Io —1,u,6 — 1) < Ce™, (6.2)
where b := min (% c). Next, for k > 1, using (3.3), (5.31) and the Gagliardo-Nirenberg interpolation inequality, we
are led to

2%+3 a
1(V 0., VEu, V*0) | Lo < Cll(p — 1, u,0 — 1>||2“4 1(VFH2p, VRF2y, VEF20)| K5 < Ce mrat, (6.3)

Taking a := min (a, 4b), combining (6.2) with (6.3), we obtain (1.13). This completes the proof of Theorem 1.2.
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Appendix A

In this section we give some elementary estimates in the Littlewood-Paley theory on T3 which are rarely seen in
the literature. To begin with, we show an inequality that are frequently used in the multiplier estimates on torus. We
would like to point out that the following lemma is just a generalization of the 1D case which can be found in [17].

Lemma A.1. Let ¢ € Cc(R?), £ > 5= and

F =3 explin ~x>¢(%).

nez3

Then there exists a constant C = C(¢), such that
I £l ers) < C. (A1)

Proof. We will follow the strategy of the proof of Lemma 1.1 in [17]. To simplify the presentation, for any smooth
function g on R3, let us denote

X1, Xx2,x3 —2 x1,x2,x3 — 1 X1, X2, X3
gt e (B Ly (e ot) rumny

V4 V4 V4
X1, X2 —2,x3 x1,x2—1,x3 X1,X2,X3
gext, -, x3)[x2] =gl ———— ) 28| ——— | +¢ (7) ,
A V4 L
X1 —2,%2,x3 x1—1,x2,x3 X1,X2,X3
ge(-,x2,x3)[x1]:=g <ﬁ) —2g (f) +g< I )

Using Abel’s summation formula six times yields

Z exp(in - x)¢ (%)

neZ3
= Z exp(in’ - x") Z exp(in3x3)¢ (%)
n'eZ? nieZ

exp(in3x3)
gzjzexp(zn ) Z . Texplixs) - 1)24713(”1,”2, )[ns]
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Z exp(inyx) Z Z exp(inax2) exp(inzx3)

. 12 - —
ni€Z nyeZ nyeZ (eXp(lxz) 1) (eXp(l_X3) 1)

X (¢e(ny, -, n3 —2)[n2] = 2¢¢(n1, -, n3 — D[na] + ¢¢(ny, -, n3)[n2])
exp(inixy) exp(inaxz) exp(in3x3)
Z Z Z (exp(ix1) — 1)? (exp(ixz) — 1)? (exp(ix3) — 1)?

nleZ l’LzEZ n3eZ

x1¢e(-,n2 —2,n3 —2)[n1] —2¢¢(-,n2 —2,n3 — D[ny] + ¢ (-, n2 — 2,n3)[n1]

—2¢¢(-,n2 — 1,n3 = 2)[n1] +4¢e(-,n2 — 1,n3 — 1)[n1] — 2¢¢ (-, n2 — 1, n3)[n1]

+¢e(-,na,n3 —2)[n1] — 2¢¢ (-, n2,n3 — 1)[n1] + ¢ (-, n2,n3)[n1]

. Z Z Z exp(inixy) exp(inaxz) exp(in3x3)
o (exp(ix;) — 1)? (exp(ixz) — 1)? (exp(ix3) — 1)2¢

n1€Z anZ n3€Z

By Taylor’s formula, there hold

C
lpe(ny1, na, )n3]l < 7
C

|be(nr. - 3 = Dlnal = 2¢e (i, -, n3 = Dinzl + e(nr. - n3)lnall < 7.

and
C
165 ()| < a

To bound the L' norm of f, we write

/ |fe)ldx=1+1I+1I+1V,
T3

where

AO'\
[
~
~
Z o
~
3]

B
—
~
~
)
g

1/¢ 27 1/e1/
Il := [/ +/ /+ / | f(x)|dx,
0 01/6 01/60 1/£60 0
/€27 2r 27 127 27 27 1/
i .= // + //—i—/ f | f(x)|dx,
0 1/¢1/¢ 1/¢ 0 1/¢ 1/£1/¢ 0
and
2w 27 2w
IV:://v/|f(x)|dx.
1/e17e17e
Clearly,

r=5 Y Jo(5)|=cron~

nel suppp

0.

485

(A2)

(A.3)

(A4)

(A.5)

(A.6)
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Next, by virtue of the second equality in (A.2) and (A.3), we arrive at

1/€1/¢ 27
/ f [ 170 < cf S <c A7)
0 0 1/¢ *3
The third equality in (A.2) and (A.4) imply that
1/€ 27 27
///|f(x)|dx <c/ x| dx3 <c. (A8)
0 1/€1/¢ e e £33

Since the three terms in /I and /IT are of the same type respectively, the above two inequalities enable us to obtain
nm+mar<c. (A9)
Finally, we infer from the last equality in (A.2) and (A.5) that

Ay [dx [d
IVEC/ xl/ 248 (A.10)

x2 0x2 Ix
e Ve e 73

This completes the proof of Lemma A.1. O
Next we prove the Bernstein’s inequality for functions whose Fourier transform are supported on an annulus. The

easier side for functions with Fourier transform supported on a ball can be found in [17]. As a matter of fact, the proofs
are similar to those on R”.

Lemma A.2 (Bernsein’s inequality). Let C := {E eR¥:0<r < ] < r2} with ri <rp, £ > % and r, p € [0, 00]
with r < p. If v is a periodic function on T3 such that
supp? C £C,

then

1_1y_
vl < CECTD "IV || 1 (A.11)

Proof. Let ¢ be a smooth function supported on an annulus with value 1 on a neighborhood of C. Then for any k € Z3,
there holds

~(k
0(k) =0 (k)¢ (Z)

Noting that
kP =) Aa(—ik) (i)
a=m
for some positive constants A, € N, we write

k
D(k) = ZA |k’|231 ( )8“1}(1{)_6_’”2(1)0,( )aav(k) (A.12)

o=m

where ¢q(£) 1= Aq aﬁ,}, é (€) € C.(R%). Now let us define

fu(x) = Z exp(in - x)¢q (%)

neZ3

We infer from (A.12) that
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v=2¢m Z Sax0%v.

o=m

It follows from Young’s inequality and Lemma A.1 that
vllLr < CE" V™ 0] L.

Then (A.11) is a consequence of the above inequality and Lemma 1.2 in [17]. O
The following lemma will be used in the L°° estimate of Vu.

Lemma A.3. Let p € [1,00], and h be a periodic function in L?(T?3). Assume that v is the unique solution of the
following elliptic system

Av=V2h
° ’ (A.13)
fr]rg, v=0.
Then for all dyadic blocks Ay, g > 1 defined in (2.11), there holds
Agvllr < ClihllLe, (A.14)

where the constant C is independent of q.

Proof. Let ¢ be a smooth function supported on an annulus with value 1 on a neighborhood of supp¢(| - |), where ¢
is the cutoff function in (2.11). Then from (A.13), one deduces that for «, 8 € {1, 2, 3},

— kakg . (kK — k\ —
AgveB (k) = 2L G (—) gh(k) = pap (2—q) Agh(k),

k|2 "\ 24

where g (&) = ﬁgff G(£) € Co(R3). Define

Jap(x) = Z exp(in - X)@qp (%) .

neZ3

Then
AP (k) = fup % Agh.
It follows from Young’s inequality and Lemma A.1 that

IAgvliLe < CllAGALr. (A.15)
By definition,

Aqh = fq *h, with fq(x) = Z eXp(in - X)@ <M> .

249
nez3

Then (A.14) follows from (A.15), Young’s inequality and Lemma A.l immediately. O

References

[1] D. Bresch, B. Desjardins, Quelques modeles diffusifs capillaires de type Korteweg, C. R. Mecanique 332 (2004) 881-886.

[2] D. Bresch, B. Desjardins, On the construction of approximate solutions for the 2D viscous shallow water model and for compressible Navier-
Stokes models, J. Math. Pures Appl. 86 (2006) 362-368.

[3] D. Bresch, B. Desjardins, On the existence of global weak solutions to the Navier-Stokes equations for viscous compressible and heat con-
ducting fluids, J. Math. Pures Appl. 87 (2007) 57-90.

[4] M.E. Bogovskii, Solution of some vector analysis problems connected with operators div and grad, Tr. Semin. S.L. Soboleva 80 (1980) 5-40
(in Russian).

[5] Y. Cho, H. Kim, Existence results for viscous polytropic fluids with vacuum, J. Differ. Equ. 228 (2006) 377—411.


http://refhub.elsevier.com/S0294-1449(19)30092-7/bib42443034s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib42443036s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib42443036s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib42443037s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib42443037s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib423830s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib423830s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib43434B3034s1

488 Z. Zhang, R. Zi / Ann. I. H. Poincaré — AN 37 (2020) 457488

[6] L. Desvillettes, C. Villani, On the trend to global equilibrium for spatially inhomogeneous kinetic systems: the Boltzmann equation, Invent.
Math. 159 (2005) 245-316.
[7] R. Duan, S. Ukai, T. Yang, H. Zhao, Optimal convergence rates for the compressible Navier-Stokes equations with potential forces, Math.
Models Methods Appl. Sci. 17 (2007) 737-758.
[8] D. Fang, R. Zi, T. Zhang, A blow-up criterion for two dimensional compressible viscous heat-conductive flows, Nonlinear Anal. 75 (2012)
3130-3141.
[9] D. Fang, R. Zi, T. Zhang, Decay estimates for isentropic compressible Navier-Stokes equations in bounded domain, J. Math. Anal. Appl. 386
(2012) 939-947.
[10] E. Feireisl, A. Novotny, H. Petzeltovd, On the existence of globally defined weak solutions to the Navier-Stokes equations, J. Math. Fluid
Mech. 3 (2001) 358-392.
[11] E. Feireisl, Dynamics of Viscous Compressible Fluids, Oxford University Press, Oxford, 2004.
[12] G.P. Galdi, An Introduction to the Mathematical Theory of the Navier-Stokes Equations, i, Springer-Verlag, New York, 1994.
[13] L. He, J. Huang, C. Wang, Global stability of large solutions to the 3D compressible Navier-Stokes equations, arXiv:1710.10778.
[14] D. Hoff, Global solutions of the Navier-Stokes equations for multidimensional compressible flow with discontinuous initial data, J. Differ.
Equ. 120 (1995) 215-254.
[15] D. Hoff, Discontinuous solutions of the Navier-Stokes equations for multidimensional flows of heat-conducting fluids, Arch. Ration. Mech.
Anal. 139 (1997) 303-354.
[16] X. Huang, J. Li, Global classical and weak solutions to the three-dimensional full compressible Navier-Stokes system with vacuum and large
oscillations, Arch. Ration. Mech. Anal. 227 (2018) 995-1059.
[17] D. Iftimie, The 3D Navier-Stokes equations seen as a perturbation of the 2D Navier-Stokes equations, Bull. Soc. Math. Fr. 127 (1999) 473-517.
[18] S. Klainerman, A. Majda, Singular limits of quasilinear hyperbolic systems with large parameters and the incompressible limit of compressible
fluids, Commun. Pure Appl. Math. 34 (1981) 481-524.
[19] T. Kobayashi, Y. Shibata, Decay estimates of solutions for the equations of motion of compressible viscous and heat-conductive gases in an
exterior domain in R3, Commun. Math. Phys. 200 (1999) 621-659.
[20] P--L. Lions, Mathematical Topics in Fluid Mechanics, Vols. 2, Compressible Models, Oxford Science Publication, Oxford, 1998.
[21] A. Matsumura, T. Nishida, The initial value problem for the equation of compressible viscous and heat-conductive fluids, Proc. Jpn. Acad.
Ser. 55 (1979) 337-342.
[22] A. Matsumura, T. Nishida, The initial value problem for the equations of motion of viscous and heat-conductive gases, J. Math. Kyoto Univ.
20 (1980) 67-104.
[23] A. Matsumura, T. Nishida, Initial-boundary value problems for the equations of motion of general fluids, in: Computing Methods in Applied
Sciences and Engineering, vol. V, Versailles, 1981, North-Holland, Amsterdam, 1982, pp. 389-406.
[24] J. Nash, Le probleme de Cauchy pour les équations différentielles d’un fluide général, Bull. Soc. Math. Fr. 90 (1962) 487-497.
[25] G. Ponce, Global existence of small solution to a class of nonlinear evolution equations, Nonlinear Anal. 9 (1985) 339-418.
[26] J. Serrin, On the uniqueness of compressible fluid motion, Arch. Ration. Mech. Anal. 3 (1959) 271-288.
[27] Y. Sun, C. Wang, Z. Zhang, A Beale-Kato-Majda criterion for three dimensional compressible viscous heat-conductive flows, Arch. Ration.
Mech. Anal. 201 (2011) 727-742.
[28] C. Villani, Hypocoercivity, Mem. Am. Math. Soc. 202 (2009) 950.
[29] H. Wen, C. Zhu, Blow-up criterions of strong solutions to 3D compressible Navier-Stokes equations with vacuum, Adv. Math. 248 (2013)
534-572.
[30] H. Wen, C. Zhu, Global solutions to the three-dimensional full compressible Navier-Stokes equations with vacuum at infinity in some classes
of large data, SIAM J. Math. Anal. 49 (2017) 162-221.


http://refhub.elsevier.com/S0294-1449(19)30092-7/bib44563035s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib44563035s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib4455595A3037s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib4455595A3037s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib465A5A31s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib465A5A31s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib465A5A32s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib465A5A32s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib463031s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib463031s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib463034s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib473934s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib4848573137s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib483935s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib483935s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib483937s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib483937s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib484C3138s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib484C3138s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib493939s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib4B4D3831s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib4B4D3831s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib4B533939s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib4B533939s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib4C3938s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib4D4E3739s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib4D4E3739s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib4D4E3830s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib4D4E3830s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib4D4E3832s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib4D4E3832s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib4E6173683632s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib503835s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib53657272696E3539s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib53575A3131s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib53575A3131s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib563039s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib575A3133s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib575A3133s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib575A3137s1
http://refhub.elsevier.com/S0294-1449(19)30092-7/bib575A3137s1

	Convergence to equilibrium for the solution of the full compressible Navier-Stokes equations
	1 Introduction
	2 Priliminaries
	3 L2 exponential decay estimates
	4 H1 exponential decay estimates
	5 Higher order uniform bounds
	5.1 Uniform bounds of ∇u
	5.2 Uniform bounds of all derivatives of (ρ, u, θ)

	6 Proof of Theorem 1.2
	Acknowledgements
	References


