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Abstract

This paper is concerned with the Cauchy problem of the modified Kawahara equation (posed on T'), which is well-known as
a model of capillary-gravity waves in an infinitely long canal over a flat bottom in a long wave regime [26]. We show in this
paper some well-posedness results, mainly the global well-posedness in L%(T). The proof basically relies on the idea introduced
in Takaoka-Tsutsumi’s works [69,60], which weakens the non-trivial resonance in the cubic interactions (a kind of smoothing
effect) for the local result, and the global well-posedness result immediately follows from L? conservation law. An immediate
application of Takaoka-Tsutsumi’s idea is available only in H*(T), s > 0, due to the lack of L*-Strichartz estimate for arbitrary
L2 data, a slight modification, thus, is needed to attain the local well-posedness in Lz(T). This is the first low regularity (global)
well-posedness result for the periodic modified Kwahara equation, as far as we know. A direct interpolation argument ensures the

|
unconditional uniqueness in H*(T), s > %, and as a byproduct, we show the weak ill-posedness below H 2 (T), in the sense that
the flow map fails to be uniformly continuous.

© 2019 L’ Association Publications de I’Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction
1.1. Setting

A study on waves starts from an examination of a two-dimensional, irrotational flow of an incompressible ideal
fluid with a free surface under the gravitational field. The fluid is bounded below by a solid bottom and above by
an atmosphere of constant pressure. The upper surface is a free boundary, and the influence of the surface tension is
naturally taken into account on the free surface. The motion of the free surface is called a capillary-gravity wave, and
it is called a gravity wave or a water wave in the case without the surface tension.

* Correspondence to: Facultad de Matematicas, Pontificia Universidad Catdlica de Chile, Chile.
E-mail address: chkwak @mat.uc.cl.
L' c.K.is supported by FONDECYT Postdoctorado 2017 Proyecto No. 3170067 and project France-Chile ECOS-Sud C18E06.

https://doi.org/10.1016/j.anihpc.2019.09.002
0294-1449/© 2019 L’ Association Publications de I’Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.


http://www.sciencedirect.com
https://doi.org/10.1016/j.anihpc.2019.09.002
http://www.elsevier.com/locate/anihpc
mailto:chkwak@mat.uc.cl
https://doi.org/10.1016/j.anihpc.2019.09.002
http://crossmark.crossref.org/dialog/?doi=10.1016/j.anihpc.2019.09.002&domain=pdf

374 C. Kwak / Ann. 1. H. Poincaré — AN 37 (2020) 373—416

In the mathematical view, the waves are formulated as a free boundary problem for the incompressible, irrotational
Euler equation. Rewriting the equations in an appropriate non-dimensional form, one gets two non-dimensional pa-
rameters § := % and & := 7, where &, » and a denote the water depth, the wave length and the amplitude of the free
surface, respectively, and another non-dimensional parameter p called the Bond number, which comes from the sur-
face tension on the free surface. The physical condition § < 1 characterizes the waves, which are called long waves
or shallow water waves, but there are several long wave approximations according to relations between ¢ and §. We
introduce three typical long wave regimes.

(1) Shallow water wave: e =1 and § < 1.
(2) Korteweg-de Vries (KdV): ¢ = 82« 1 and uw# %

(3) Kawahara: ¢ = 8* <« 1and w= % + vsé.

In Item (1) regime, we obtain the (so-called) shallow water equations as the limit § — 0. It is known that the
shallow water equations are analogous to one-dimensional compressible Euler equations for an isentropic flow of a
gas of the adiabatic index 2, and thus its solutions generally have a singularity in finite time, even if the initial data are
sufficiently smooth. Therefore, this long wave regime is used to explain breaking waves of water waves. In Item (2)
regime, the following well-known, notable equation called the KdV equation has been derived from the equations for
capillary-gravity waves by Korteweg and de Vries [45]:

1
+2u; + 3uu, + <§ — M) Upry =0.
Remark that when the Bond number y = %, this equation degenerates to the inviscid Burgers equation. In connection
with this critical Bond number, Hasimoto [26] derived a higher-order KdV equation of the form

1
+2u, 43Uy — Vitygor + 15 s = 0,

in Item (3) regime, which is nowadays called the Kawahara equation.
This paper concerns with the Cauchy problem of the modified Kawahara equation given by’

v — v+ v+ ydv — o (v}) =0,

v(t, x) = vo(x) € H*(T), (t,x) [0, T] < T, (1.1)

where T =R/27Z, 8 > 0, y € R, u ==+£1 and u is a real-valued unknown.
The equation (1.1) can be generalized as follows:

v — 93+ Bov + ydv — %ax(vm =0, p=2.3 . (1.2)

As seen before, when p = 2, the equation (1.2) is the Kawahara equation, which is a higher-order Korteweg-de
Vries (KdV) equation with an additional fifth-order derivative term. This type of the equation (1.2) was first found by
Kakutani and Ono [34] in an analysis of magnet-acoustic waves in a cold collision free plasma. The equation (1.2)
was also derived, as already mentioned above, by Hasimoto [26] as a model of capillary-gravity waves in an infinitely
long canal over a flat bottom in a long wave regime when the Bond number is nearly % Kawahara [40] studied this
equation (1.2) numerically and observed that the equation has both oscillatory and monotone solitary wave solutions.
This equation is also regarded as a singular perturbation of KdV equation. We further refer to, for instance, [3,1,76,
29,65,8,24,30,67] and references therein for more background informations.

2 The equation (1.1) is reduced from the equation of the form

Bv+addv+ Bdv+ydyv+ udy (3 =0

by the renormalization of v.
3 One may extend the range of 8 to negative values, but this change does not cause any difficulty in our analysis by regarding the case |£| < %
as low frequency part.
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The equation (1.1) admits at least three conservation laws:
Ev](?) = / vdx = Mo[vo],

Mv](t) = %/vz dx = M[v] (1.3)
and

H[v](t) = %/(va)z dx + g /(axv)2 dx — g/vz dx + %/v4 dx = Hvo. (1.4)

The L? conserved quantity (1.3) will help us to extend the local solution to global one, so to attain the global well-
posedness in L2(T). Moreover, the equation (1.1) can be written as the Hamiltonian equation with respect to (1.4) as
follows:

vy =0 VoH (v (1)) =V | H(v (7)), (1.5)
2

where V, is the L? gradient and w 1 is the symplectic form in H =2 defined as

w_1 (v, w) ::/vé);lwdx,
T

forall u,v e H(; 2. Indeed, a direct computation yields

d
— H(v+cw)
de e=0

= /(B;‘U—ﬂafv—yv—i-%f)w
= /(—8£v+,383v+y8xv—%8x (v3))8x_1w

=w_1 (w, va — ,3831} —pyoyv+ %3x (v3)) .

2

w_1 (w, Vo (H(@ (t))) :
2

Such an expression by the Hamiltonian form (or regarding the flow map as a symplectomorphism on H ’%) enables
to study some symplectic property, in particular, non-squeezing property, which is initiated (for the dispersive PDE or
a non-compact operator) by Bourgain [7]. However, our well-posedness result presented below is available only up to
in L? regularity level, thus we cannot explore it as of now. More delicate analysis (or new clever idea) will facilitate

the H -3 global well-posedness, and so the non-squeezing analysis. We refer to [46,16,60,55,28,43,44,48] for more
detailed expositions of the non-squeezing property.

On the other hand, the expression (1.5) provides a convenient setting to use the spectral stability theory of [19].
We also refer to [73] for another application of the Hamiltonian form (1.5) to derive criteria for instability of small-
amplitude periodic solutions of (1.5).

These conserved quantities play important roles in the study of the partial differential equations. In particular,
such conserved quantities enable to treat the (nontrivial) resonant interaction in the study of the initial value problem
under the periodic boundary condition. In this work, the second conserved quantity (1.3) is enough to deal with the
cubic resonance, since the nonlinearity in (1.1) has only one derivative and is of the cubic form. On the other hand,
an appropriate nonlinear transformation, which has a bi-continuity property, helps to remove the cubic nontrivial
resonance without using the conservation law (1.3) (see Section 2 for more details, and refer to [68,47] for similar or
more complicate cases).

1.2. Different phenomena: periodic vs. non-periodic

The Cauchy problems for some dispersive equations have plenty of interesting issues under the periodic setting
compared with the non-periodic problems. The first interesting (and also different from the non-periodic problem)
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issue is the presence of non-trivial resonances. In particular, the modified Kawahara equation (1.1) contains two
non-trivial resonant terms (of the Fourier coefficient forms) in the nonlinearity such as

n[o()*o(n)  and n(Z |ﬁ(n)|2) o),

n'eZ

whenever the Fourier variables have the following frequency relations:

ni+ny+n3=n and (| +ny)(ny+n3)(nz+ny)=0.

The latter resonance causes an uncontrollable perturbation phenomenon near the linear solution in the Sobolev

space (of any regularity), while the former one is controllable perturbation (at least up to H %). Such phenomena
never happen under the non-periodic condition, since this happens on the set of frequencies (1, n, and n3), for which
elements satisfy (n1 +n2)(n2 +n3)(n3+n1) = 0. To deal with the second resonance, one can use L? conservation law
(1.3) to make (Zn/ 7 |’17(n)|2) as a constant coefficient of the first order linear term, and thus remove this resonance
in the nonlinearity.

On the other hand, the first resonance is more difficult to be dealt with, precisely, one cannot make it a constant
coefficient linear part of the equation unlike the second one. However, as mentioned above, this resonance does not

make any trouble in the study on the well-posedness problem up to H 2 regularity. To lower the regularity (in other
words, to study the IVP with rougher data), it is necessary to take a more delicate analysis on this term. When studying
on this term, we face on another interesting issue under the periodic setting: the lack of smoothing effect. Possible
remedies to this problem are for instance, the normal form reduction method and the short time Fourier restriction
norm method. In the present paper, we take the normal form mechanism to gain a smoothing effect under non-resonant
interactions. A better example to capture this difference is the fifth-order modified KdV equation [49].

For more detailed expositions, see Sections 2 and 4.

1.3. Main results

Before stating our main result, we introduce a well-known notion of well-posedness. The Duhamel principle en-
sures that the equation (1.1) is equivalent to the following integral equation

t

vm=smm+%/ﬁa—n@mﬂ ds. (1.6)
X

0
where S(¢) is the linear propagator associated to the linear equation d,v — 851) + ,3831) + ydyv =0, precisely defined
by

S0 = - > eI pit @ +Pmi=ym) Ty
e neZ

The equation
dv—202v+0,(v>)=0 (1.7)

allows the scaling invariance, that is, if v is a solution to (1.7), then v), := k‘zv(k_st, A_lx), A > 1, is also a solution
to (1.7). A straightforward calculation gives

_3_
||fA||Hs(’]I‘A) =A"2 S”f”]-'IS(T)v (1.8)
which says s, = —% is (scaling) critical Sobolev index, where T) =R /(27w AZ).
Remark 1.1. One can not get the scaling invariance for the equation (1.1) due to 83 v and d, v terms. Instead, one sees

that the equation (1.1) allows a scaling equivalence, that is to say, if v is solution to (1.1), then v, := A 2o 0 )
is a solution to
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dvx — v, 4 Br7203 v + Ao v — %ax(ui) =0. (1.9)

However, even the smaller dispersive effect from 831) and d,v itself is negligible compared with one from 851) (and
thus no influence on our analysis), hence the equation (1.1) follows the scaling rule observed above.

Remark 1.2. The scaling symmetry is necessary to prove the local-well-posedness in L2, in particular, for the validity
of L* estimate.

We first state well-known definition of the local well-posedness for (scaling sub-critical) IVPs (see, for instance
[11,71]).

Definition 1.1 (Local well-posedness). Let vg € H*(T) be given. We say that the IVP of (1.1) is locally well-posed in
H?(T) if the following properties hold:

(1) (Existence) There exist a time T = T (||vo||gs) > 0 and a solution v to (1.1) such that v satisfies (1.6) and belongs
to a subset X%, of C([0, T1]; HY).

(2) (Uniqueness) The solution is unique in X7.

(3) (Continuous dependence on the data) The map vo +— v is continuous from a ball B C H® to X3 (with the H®

topology).

Remark 1.3. We extend the notion of well-posedness presented in Definition 1.1 in (at least) three directions.

(1) (Global well-posedness) We say the IVP is globally well-posed if we can take T arbitrary large.

(2) (Unconditional uniqueness) We say that the IVP is unconditional well-posed if we can take X% = C([0, T]; H®).

(3) (Uniform well-posedness) We say that the IVP is uniform well-posed if the solution map vg > v is uniformly
continuous from a ball B C H* to X7%. Similarly, one can define the notion of Lipschitz well-posedness, ck
well-posedness, k = 1,2, - - -, and analytic well-posedness.

Remark 1.4. Once the Picard iteration method works well on a IVP, one immediately obtains that the map is not only
uniformly continuous but also real analytic (in this case, we say the problem a semilinear problem). On the other hand,
if one cannot apply the iteration method to a IVP (due to, for example, a strong nonlinearity compared to a dispersion
or the presence of non-trivial resonances), one cannot reach the uniform well-posedness. This case is referred to as
weakly or mild ill-posedness (in this case, we say the problem a quasilinear problem).

We are now in a position to state results established in this paper. The first theorem is to show the uniform well-
posedness of (1.1).

Theorem 1.1. Let s > % Then, the Cauchy problem of (1.1) is locally (in time) well-posed in H*(T). Moreover, the
uniform continuity (indeed analytic) of the flow map holds in the class

{voe H : woll2=c}, ¢=0 isfixed. (1.10)

The proof is based on the standard Fourier restriction norm method (with trilinear estimates), initially introduced
by Bourgain [6]. The regularity threshold s = %, for which the local well-posedness of (1.1) holds, occurs due to the

nontrivial resonant term i un|0(n)|*0(n) as explained in Section 1.2. To improve Theorem 1.1 below H > (T), it is
necessary to reduce the strength of the resonance.

In [69,60], the authors introduced a way to weaken the resonance by establishing a kind of smoothing effects in the
context of modified KdV equation. Let us be more precise (in the context of modified Kawahara equation (1.1)). The
evolution operator given by

e I
W(t)v = > Z i (i) +inBom M5 )
nez
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enables to reduce in[0(n)|*0(n) by in (|’17(n) 12— (n)|2) D(n). An appropriate estimate for

t
sup (Im /n2 Zﬁ(s, n1)v(s, n2)o(s, n3)v(s, —n) ds
neZ 0 /\/'n

succeeds in getting a kind of smoothing effects, and so the local well-posedness below H > (T). However, an imme-
diate application of the argument in [69,60] does not ensure the smoothing effect in L? level, due to, as a technical
reason, the lack of L* estimate for L? data. To resolve this problem we employ the scaling argument to make L data
sufficiently small (thanks to (1.8)). See Section 2 for more details. We state the main result in this paper.

Theorem 1.2. Let 0 < s < % Then, the Cauchy problem of (1.1) is locally (in time) well-posed in H*(T).

Thanks to L2 conservation law (1.3), we extend Theorem 1.2 to the global one.
Theorem 1.3. The Cauchy problem of (1.1) is globally (in time) well-posed in L*(T).

In the proof of Theorem 1.2, we are not able to attain the uniform well-posedness even in the class (1.10) due to
the resonance in[0(n)|*0(n), that is, the flow map defined in the proof of Theorem 1.2 for 0 <s < % does not satisfy
the uniform continuity in the following sense:

Definition 1.2 (Uniform continuity of flow maps). We say that the flow map is uniformly continuous if for all R > 0,
there exist T > 0 and a continuous function ¢ on [0, 00) satisfying ¢ (r) — 0 as r — 0 such that solutions v, v to
(1.1) with [[v1(0) | s, [lv2(0) | s < R satisfy

lvi —v2ller s < C (w1 (0) — v2(0) [ 5)-
As a byproduct of Theorem 1.2, we have

Theorem 1.4. Let 0 <s < % Then, the Cauchy problem of (1.1) is weakly ill-posed in H* (1) in a sense of Remark 1.4.
In other words, the flow map does not hold the property presented in Definition 1.2.

An interesting issue in the well-posedness theory is the unconditional uniqueness as mentioned in Remark 1.3, that
is to say, the uniqueness holds in some larger spaces that contain weak solutions even in higher regularity. Such an
issue was first proposed by Kato [36] in the context of Schrodinger equation. The unconditional uniqueness is referred

1
to as the uniqueness in L7°H* without the restriction of any auxiliary function space (for instance X ;’74 used in
Theorem 1.2).

The unconditional well-posedness of some dispersive equations have been studied (for instance [36,79,20,75,72,
2,50,25,57,58,51,59] and references therein). Some of these uniqueness results employed some auxiliary function
spaces (for example Strichartz spaces [72], X* b -type [79,75,57,58]), which are designed to be large enough to contain
C1 H® such that the uniqueness of the solution holds. On the other hand, a straightforward energy-type estimate via
finite or infinite iteration scheme of the normal form reduction method is also available to prove the unconditional
well-posedness in a certain class of Cr H* [2,50,25,51,59]. Such an argument seems more natural and elementary
since any other auxiliary function spaces does not be taken.

1
2

We finally state the last result established in this work. The uniqueness in X (;’ established in Theorems 1.2 and

1.3 ensures

Theorem 1.5. Let s > % Then, the Cauchy problem of (1.1) is unconditionally globally well-posed in H*(T).

4 The function space X ST’b is the time localization of the standard X*-? introduced by Bourgain [6].



C. Kwak / Ann. 1. H. Poincaré — AN 37 (2020) 373—416 379

0.1
For the proof of Theorem 1.5, we show the embedding property CT H fC X 2, s > 5, where the space X °

was designed for the proof of Theorem 1.2. Thus, the uniqueness in X 2 in addition to Theorem 1.3 implies the
unconditional well-posedness.

Remark 1.5. An alternative way used in [50] seems available to prove the unconditional well-posedness in H*(T),

s > % (also possible in H 3 (T)). However, we do not take their argument for the proof of Theorem 1.5 in order to
avoid abusing the normal form mechanism.

Remark 1.6. Theorems 1.4 and 1.5 will be improved in the forthcoming work by developing the argument inspired
by, for instance, Okamoto [64] and Molinet, Pilod and Vento [57], respectively.

1.4. About the proof of Theorem 1.2

The proof is the standard compactness argument (or referred to as energy method). After changing of suitable vari-
ables (v — v =: u) and collecting the non-resonance estimate (Lemma 3.2) and a smoothing effect (Corollary 4.1),
one establishes

lull 41 < C0||M0||L2+C1)\2_IIMII N

X, XA

[N
o

2

+ clx(’*(nuonjz + (ol 3o + luell* )™+ A+ Hlaell® | Ollaell? 1> luell o1

x x x.'2 x.'2 x.2 X.'2

A A A A
o L

This guarantees the uniform boundedness of # in X ; % dependent only on the initial data for sufficiently large but fixed
A > 1, and thus the weak and strong convergence of u; to u in H; can be attained via Arzela-Ascoli compactness
theorem. L2 conservation law (1.3) extends the local solution u to the global one.

1.5. About the literature

Not only the modified Kawahara equation, but also the generalized Kawahara equation (including the Kawahara,
p =2 in (1.2)) have been extensively studied in several directions.

There has been a great deal of work on solitary wave solutions of the Kawahara equation in the last fifty years.
Compared to the KdV solitary waves, the Kawahara solitary wave solutions exponentially decay to zero as x — oo
analogously to KdV, while, the Kawahara solitary waves have oscillatory trails, unlike the KdV equation whose
solitary waves are non-oscillating. The strong physical background of the Kawahara equation and such similarities
and differences between Kawahara and the KdV equations in both the formulations, and the behavior of the solutions
propound the mathematical interesting questions of this equation. We refer to, for instance, [40,22,1,29,65,8,35,31,
42,5] for more informations associated to solitary waves of (1.2) and [52,53,61,73,33] for their stability results.

The Cauchy problems for the Kawahara and modified Kawahara equations posed on R have been extensively
studied. For the Kawahara equation ((1.2) with p = 2), we refer to [18,17,74,13,32,12,37,39,64] for the well- and
ill-posedness results. As the best result in the sense of the low regularity Cauchy problem, Kato [37,39] proved the
local well-posedness for s > —2 by modifying X*? space, the global well-posedness for s > — 3—8 and the ill-posedness
for s < —2 in the sense that the flow map is discontinuous at zero. Recently, Okamoto [64] observed the norm inflation
with general initial data, which implies that the flow map of the Kawahara equation is discontinuous everywhere in
HS(R) with s < —2.

For the modified Kawahara equation ((1.2) with p = 3), we refer to [32,13,78,77] for the local well-posedness in
H*(R), s > —1/4, the global well-posedness in H*(R), s > —3/22, and the weak ill-posedness in H*(R), s < —%.

Compared with above well-posedness results for the non-periodic problems, there is a few work on the Cauchy
problems under the periodic boundary condition. Gorsky and Himonas [23] have first studied the higher-order KdV-
type equation of the form

U+ Uy +uu, =0, m=3,517,---
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under the periodic boundary condition. They established the bilinear estimate in X* %, s > —% to prove the local well-

posedness in H -3 (T). This result was improved by Hirayama [27]. He improved the bilinear estimate established in
[23]in H*(T) level, s > —”‘T*I to show the local well-posedness H ’m%l, and this estimate was shown to be sharp
in the standard X*?. The global extension of this result was done by Hong and the author [28] via I-method. The
optimal local well-posedness result in H¥(T), s > — %, for the Kawahara equation has been established by Kato [38]
by constructing a modified X** space (motivated by Bejenaru and Tao [4]) in order to handle the strong nonlinear
interactions appeared when s < —1. He also proved the C3-ill-posedness when s < —%.

Organization of this paper

The rest of the paper is organized as follows: In Section 2, we give a fundamental observation to study (1.1),
and introduce (modified) Takaoka-Tsutsumi’s idea adapted to this problem. We also introduce X** space and its
properties, and provide essential lemmas for the rest of sections. In Section 3, we prove the standard trilinear estimates

in X*?_ In section 4, we prove a smoothing property to control the reduced resonance below H %, and thus we prove
local and global well-posedness results in Section 5. In Section 6, as an application of local well-posedness in L2, we
show the unconditional uniqueness of weak solutions to (1.1) in H*(T), s > % In Appendices, we provide the proof
of L* Strichartz estimate and a short proof of Theorem 1.4 for the sake of the reader’s convenience.
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2. Preliminaries
2.1. Notations
Let x,y € R4. We use < when x < Cy for some C > 0. Conventionally, x ~y means x Sy and y S x. x Ky,

also, denotes x < cy for a very sm~all positive constant ¢ > 0.
Let f € S’ (R x T) be given. f or F(f) denotes the space-time Fourier transform of f defined by

2
~ 1 . .
f,n)=— //e_m'e_mf(t,x) dxdt.
2
R O
Then, it is known that the (space-time) inverse Fourier transform is naturally defined as

ft,x)= % Z/e”‘”ei”f(r, n) dt.

nEZR

Moreover, we use F, (or") and JF; to denote the spatial and temporal Fourier transform, respectively.
For A > 1, we define rescaled periodic domain T, and its Fourier domain Z, by

T, := R/QrAZ) =[0,277] and Z; := {% me Z} .

Then, the following Fourier transform and its properties are well-known (see, for instance, [15, Section 7]):



C. Kwak / Ann. 1. H. Poincaré — AN 37 (2020) 373—416

e For a function f defined on T}, set

2w A
/f(x)dx::/f(x)dx
T, 0

e For a function f defined on Z,, set

e (P(Z,) norm for a function f defined on Z,,

1
p

| fllerz,) = /lf(”)lp dn| , 1=<p<oo, and |fllgez,) := sup |f(n)l
A

}’lEZ;L

e Fourier transform for a function f defined on T),

fn) :=/e—””‘f(x) dx, neZ,.
Ty
e Fourier inversion formula for a function f defined on T},

F(x) :=/ei"xf(n) dx, xeT.

Z;,

e Parseval identity

/ F)8) dx = / FoTm dn.
T Z,

e Plancherel theorem

1A 2eryy = 1f 2z,

e Convolution

fe(n) =/f(n — m)g(m) dm.
Z;

e Derivatives
3 f(x) = / e (in)! f(n)ydn, j € Zso.
Z;

e Sobolev space

o~

£ s e,y = 160 fllaz,y
where () =1+ - Iz)%.

We denote L?(T}), £P(Z;) and H*(T;) by L?, Kf and H;, respectively, unless there is a risk of confusion.

381
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2.2. Setting
Taking the Fourier transform to (1.1), one has

3z3(n)—ipo(n)ﬁ(n)=#n Y )P, 2.1)
n=ni+nz+n3

where

px(n) =n> + pn’® —yn.
Note that the resonance function generated by po(n) (in the cubic interactions) is given by
H* = H*(nla na, n3a }’l)

= ps(n) — ps(n1) — psx(n2) — ps(n3)

5 6
= 5("1 +n2)(np +n3)(n3 +ny) (n% +n5+nd+n+ §'3>
It is known from (2.2) that the non-trivial resonances appear when H, = 0, equivalently, (n; +n2)(n2+n3)(nz+ny) =
0.

(2.2)

We split the nonlinear term in (2.1) into two parts, and hence we rewrite (2.1) as follows:

3 0(n) — ip.(M)V(n) = — (2‘7‘; )2n|ﬁ<n>|zﬁ<n> + %n (% > |ﬁ<n’)|2) o(n)
n'eZ
. (2.3)
ni
+ 3(27)2

n Zﬁ(m)?(nz)ﬁ(m),
N,

where N, is the set of frequencies (with respect to the fixed frequency n), for which the relations of frequencies never
generate the resonance, given by

N = {(nl,nz,m) €Z’ :ni+ny+ny=n, (n +na)(na+n3)(nz +ny) 750} .

We call the first two terms in the right-hand side of (2.3) (non-trivial) resonant terms and the rest non-resonant term.

Remark 2.1. Compared to the non-periodic problem, such resonant terms are one of obstacles to study the “low
regularity” local theory of periodic dispersive equations, while the (exact) resonant phenomena can be never seen in
the non-periodic dispersive equation, since the set of frequencies, which generate the resonance (in this case (1] +
n)(ny + n3)(n3 + ny) = 0), is a measure zero set.

The L? conservation law (1.3) enables us to get rid of the second term in the resonant terms, so that we reduce
(2.3) by

d0(n) — ipo(n)v(n) = —%nmnnzﬁm) + %n ;mnl)ﬁ(nzmm), (2.4)
where
po(n) =n®+pn’ = (v + = lwll}. ) n. 2.5)

Remark 2.2. One can use the Gauge transform defined by
Glv)(r) 1= e/t F 1D F dy ), (2.6)

where 93 fdx = % fozn f dx, in addition to the L? conservation law, to reduce (1.1) by the renormalized (or Wick
ordered) modified Kawahara equation
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3,v—83v+,333v+y3xv—u(v2—ygvzdx> dxv=0. 2.7

It is well-known that the Gauge transform (2.6) is well-defined and invertible when s > 0, thanks to L? conservation
law (1.3). Moreover, this reduction (2.7) is identical to (2.4) in the sense that no more dispersive smoothing effect
arises in the cubic interactions.

Remark 2.3. It is clear that the resonant term in[v(n) |2'17(n) has an effect on the solution in the sense that the solution
oscillates rapidly so that the uniform continuity of the solution map breaks in H*(T), s < 1 . In fact, the estimate of

this term is valid for s > 5 (see Lemma 3.1 below), thus the local well-posedness of (1.1) is naturally expected to hold
at this regularity.

We denote the resonant and the non-resonant terms in (2.4) by Nz (v) and My g(v), respectively, and these can be
generally defined by

Nr(vi, v2,v3) = F, ! nvy (n) 2 (— n)vz(n)] (2.8)

[(2 )?

and

Nyri, v2,v3) = F ! 3o )znZUl(nl)Uz(”2)U3(n3) : (2.9)

The modified linear operator in (2.4) (defined by po(n) in the Fourier mode) generates another cubic resonance
function given by

Hy= Hy(ny,ny,n3,n)

= po(n) — po(n1) — po(n2) — po(n3) (2.10)

5 6
= E(nl +n2)(n2 +n3)(n3 +ny) <n% +n3+n3+n* + gﬂ) =

It is noted that the resonance function (2.10) is identical to (2.2), since the first-order linear operator does not produce
the dispersive effect as mentioned in Remark 2.2.

The standard Fourier restriction norm method ensures the local well-posedness of (1.1) in H*(T), s > % It follows
from the resonance and non-resonance estimates at such regularities, see Lemmas 3.1 and 3.2.

On the other hand, the main purpose of this paper (as seen in Section 1) is to show the well-posedness of (1.1)
below H 5 (T). In view of Lemma 3.1 (compared to Lemma 3.2), one can see that the resonant term Nz (v) in (2.4)
prevents the regularity threshold from going down below %

Takaoka and Tsutsumi [69] introduced new idea to weaken the nonlinear perturbation of the form in|u(n) |2ﬁ(n) in
the context of modified KdV equation. We briefly explain what the idea is. The evolution operator V(¢) given by

V= - 3 - [ B P dsig
2
neZ
can completely remove whole non-trivial resonance ANgx(v) in (2.4), while the nonlinear oscillation factor

in [ 15es. 2 ds - - oy . . . .
e~ Jo [V ds jreelf is difficult to be dealt with, in particular, in the uniqueness part (see Theorem 1.1 in [60]
for the existence result), since the oscillation factor contains the solution to be estimated. Instead, by choosing the first
approximation of V(¢) given by

1 ) - R
W= > ol 1 )+ P 5y
neZ
we further reduce (2.4) to

v (n) — ip(m)v(n) =

(2“ (D0 = o) )v(n)+3(2 )2n2v<n1>v<nz>v<n3> 2.11)
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where

pn)=n"+ B = (v + —llwoll}: ) n - )2|vo(n>|2 2.12)

Q2r
Then, the authors proved (in the context of modified KdV) a kind of smoothing effect (to control the reduced resonant
term n([o(n)|% — [0o(n)|%)), and thus showed the local well-posedness below H 5 (T).

Remark 2.4.0One can immediately check that the resonance function (2.10) is roughly bounded above by
max(|n1]3, |n2]3, |n313, |n]?)> on the set \V,,. On the other hand, |n|[Dy(n)|? is much less than |n|?, when vg € H*(T)
for —1 < 5. These observations ensure that the new resonant function generated by p(n) shows the same effect as
(2.10) in the analysis, in other words, the factor n|vy(n) |2 is negligible compared to (2.10) for s > —1.

The standard nonlinear estimates and a kind of smoothing effect ensure to attain the local well-posedness in L?
(see Sections 3 and 4), provided that L* estimate is valid for L2 data. In view of the proof of L* estimate in [69], one
can see that the proof basically relies on the smallness of [0o(1)|%,° thus, the scaling argument enables us to avoid the
lack of L* estimate for L? data. It becomes another obstacle to obtain the global well-posedness of (1.1) in L>(T), in
a sharp contrast to others [69,60,56,57,63,48].

Let A > 1. The same argument for (1.9) gives

-~ . ~ win 2~ 2~
;v (n) — ipr(Mvp(n) = — W(va(n)l — [vi,0(m)[7)va(n)
(2.13)
3(2 A)2nZ:m(m)m(nz)m(ns)
where
P =n® + 52700 = (v + 5wl ) n = s Dol

and
N = {(nl,nz,n3) €73 :n+ny+n3=n, (n +n2)(na+n3)n3+np) #0} -

Note that p, (n) = p(n) for p(n) as in (2.12), when A = 1. The resonant function H, generated by p; (n) is explicit
by

H) = H) (n1,nz,n3,n)
= pr(n) — pr(n1) — pa(n2) — pr(nz)

5 2,2, 2,2, 0,9
=§(n1+n2)(n2+n3)(n3 +ny) | ny+ny5+n3+n +§/8k

(2.14)

3
un 2 mnj; o 2
- BromI® + [Vr.0(n))
2 ’ 2 » J
(271) o @md)

3
Hn 2 Hnj - 2

=:H)o— i
0~ Gy Ph0 ()] +,§_1 Gy D0

For the sake of simplicity, we replace v, by u for a 27 A-periodic function u with ug = v, o, if there is no risk of
confusion. Then, u solves

5 This upper bound is the weakest dispersive effect arising in the high-high-high to high interactions.
6 Thus, L* estimate holds true for s > 0 depending only on ||vg|l gs. This is important, because the local well-posedness follows from the
compactness argument, so that the implicit constants in everywhere do not be required to depend on vy.
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du(n) — ipy(n)u(n) = — ([@(n)* — [do () |*)ia(n)

(2 )»)2
2.15)

3(2 1)2” Zu(nl)”(nZ)M(ng)

We denote the non-resonant term in (2.15) by N 1%, g (@), and it can be generally defined by

Niigur,uz,uz) = Fy! 30 A)znzul(m)uz(ﬂz)u%(ﬂ%)
N

We end this section with three remarks.

Remark 2.5. Remark 2.4 is available for A-scaled system (2.13). Indeed
(2.14) is negligible compared to H, o for s > —1.

s ;—2 |T)},0|2 in the resonant function H, as in

Remark 2.6. The key in the reduction of the non-trivial resonance here, is that the (reduced) resonant term, in partic-

ular, 2 ¥ (|u(n)|2 — |uo(n) |2), has a smoothing effect (see Corollary 4.1). Indeed, using (2.15), one has

t
%(|Ti(n)|2 |uo(n)|)——Im /anﬁ(s,nl)ﬁ(s,nz)ﬁ(s,m)ﬁ(s,—n)ds : (2.16)
0o Ni

for some constant C € R. The smoothing effect occurs due to the highly non-resonant structure, stronger than the loss
of regularities in (2.16).

Remark 2.7. The F¢!-smoothing estimate loses the (logarithmic) derivative compared to the F¢°>°-smoothing effect.
In other word, in [69,60], the ]-"El-smoothing estimate to control n([i(n) |2 — [uo(n) |2) has been shown for % <5< %,
in the context of modified KAV equation, see also [56,63]. In contrast with this, the F£°°-smoothing effect (Corol-
lary 4.1) holds even in the end point regularity, see also [48,57]. Among other works, this observation is significant
and the F¢>°-smoothing effect is essential in this work in the sense that we obtain the local well-posedness in L2,
and so global well-posedness in L. This observation may recover the lack of the well-posedness at the end point
regularity in [69,60,56,63].

Remark 2.8. The scaling argument is not necessary for the local well-posedness in H*, s > 0 (see Remark 2.9).
However, we use it to prove the local well-posedness in H®, s < %, since the L2 local well-posedness (thus, global
well-posedness in L?) is the principal aim in this work.

2.3. Function spaces

We, in this section, introduce the X*-? space, which was first proposed by Bourgain [6] to solve the periodic NLS
and generalized KdV. Later, for three decades, many mathematicians, in particular, Kenig, Ponce and Vega [41] and
Tao [70], have further developed.

For A > 1, define the X*-?(R x T,) (shortly denoted by X‘;’b) space as the closure of Schwartz functions S; (R x
T} ) under the norm

1/ 1 = / / () (x = pr. )| f(z,mI* dv dn, (2.17)

which is equivalent to the expression [|e/P*(71%) £ (¢, x)|| b s
[ S

For the high regularity (s > %) local well-posedness, we define the Y*? space (corresponding to (2.4)) as the
closure of Schwartz functions S; (R x T) under the norm
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1 ~
1 s = 5~ > / (n)* (r — pom)?| f(z, )| d,
nEZR

which is equivalent to the expression [|e//P0(—1%) £ (¢ x)|| HOHs-
tx

Let 0 < T < 1. The time localization of Y*-* denoted by Y;’b is given by
vt ={f eD(T.T) X T): 1 fllyss < 00},
T
equipped with the norm
||f||Y;,b =inf{||g||Ys,b cgeY g=fon(-T, T)} .
For a cut-off function i given by

Y eCPR) suchthat 0<y <1, y=1on[-1,1], ¥=0 |]=>2

we fix the time localized function

Yrt)=vy/T), 0<T <.

The following lemma provides the selective properties of X ;’h and Y*? spaces.
Lemma 2.1 (Properties ofXS’b and Y5, [21,15,71]). Let A\ >10<T <1,seRand b > % We have

(1) (Embedding) For any u € X*?(R x Ty), we have
il e s @,y Sl s
Similarly, for any u € Y>P(R x T),” we have
lall o s ey b Ny
(2) (X*P-type energy estimate) For any functions u € Si.x(R x Ty) satisfying
dk(n) — ipr(mi(n) = F ) (n),

we have
I @ull s Svb luollmy + HE W 561
Moreover, for —% <b' <0<b<b +1 and any functions u € S; x(R x T) satisfying

i (n) — ipo(n)i(n) = F(u)(n),

(1.1), we have

1-b b'—b+1
IWrullyss Syp T2 luollms +T7 " FHIE @)l ysw -
2.4. Basic estimates
This section devotes to the introduction of some lemmas, which will be essentially used for our analysis.

Lemma 2.2 (L*-Strichartz estimate). Let % > 1. Assume that lvioll 2 < p, for a sufficient small 0 < p K 1, and
b > %. Let the norm Xg’b be defined as in (2.17) for vy, o. Then,

118, @,y S 1/ oo

for any Schwartz function f on R x T,. The implicit function does not depend on .

7 One can extend the domain R x T to R x Z, where Z=R% or T¢,d > 1.
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Proof. The L*-type estimate was first introduced by Bourgain [6], for which the local well-posedness of periodic NLS
and gKdV equations have been proved. The L* estimate plays an important role to compensate for the lack of smooth-
ing effect under the periodic setting. The proof is analogous to one in [69]. We leave the proof in Appendix A. O

Remark 2.9. Lemma 2.2 is valid, when A = 1 and vg € H®, s > 0, which facilitates that nonlinear estimate and the
smoothing effect established in Sections 3 and 4 holds true for s > 0 without smallness condition of initial data. This
fact guarantees the local well-posedness in H*, s > 0, without the scaling argument.

Remark 2.10. The scaling argument ensures the smallness of ||vy oll;2, for a sufficiently large A > 1, whenever
U0 € Hy, s >0, see (1.8).

Remark 2.11. Lemma 2.2 is valid for Y**¥ functions, i.e., we have
1£1s oy S 1 llyo,
for any Schwartz function f on R x T and b > 13—0.

Lemma 2.3 (Sobolev embedding). Let .. > 1. Let 2 < p < 0o and f be a smooth function on R x T,. Then for

bz%—%,wehave

1 Nepagy S 151 s
When p = oo, the usual Sobolev embedding (b > % ) holds.

Proof. The proof directly follows from the Sobolev embedding with respect to the temporal variable ¢. For
$.(0) £ (&, x) = F [P0 f(2,m)], we know [[S,.(=1) f Il gz = || £ ||z - Thus,

L 2p ey = WISA =0 fllag iy S IS0 Fllag e = 11F s

which completes the proof. O

Remark 2.12. Lemma 2.3 is valid for Y*'® functions, i.e., we have
”f”L,"(HS) S ”f”Yé\b-
3. Trilinear estimates

In this section, we establish the trilinear estimates, which is the main task in the Fourier restriction norm method.
We split the nonlinear estimate into two: Resonance and Non-resonance estimates.

Lemma 3.1 (Resonance estimate). Let s > % % <b<land0 <68 <1—b. For Ng as in (2.8), we have

3
IV, w2 u3) oo S T T gl (3.1)
j=1

Proof. For the term nit] (n)itz2(—n)itz(n), since

3
ln) ity )iz (—myas ()2 S T ] ujllas,
j=1

1

for s > 5, WE have from the Sobolev embedding (see Remark 2.12) that
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IIf;l[inbﬂ(n)@(—n)@(n)]lly;‘b—w < IIf;l[(n)Xle(n)ITz(—n)@(n)]IIY;),O

3 3
STTspscaey ST TNy
j=I1 j=I1 Yr

which implies (3.1), we, thus, complete the proof. O

In contrast to the resonance estimate, one can use the dispersive smoothing effect arising from the cubic non-
resonant interactions. From the symmetry

ni+ny+n3=n and 1T1+n0+13=r1,
we know
(t1 — pa(n) + (72 — pa(n2)) + (73 — pa(n3)) =7 — pa(n) + H,.
Thus, we alway assume that
max(|t; — p(nj)l, |t — pm)]; j =1,2,3) 2 [Hx| ~ |Hj ol
whenever s > —1.
Lemma 3.2 (Non-resonance estimate). Let . > 1. Assume that ||vy oll;2 < p, for a sufficiently small 0 < p <K 1. Then,
fors > —% there exist 0 < § =6(s) < 1 and % < b = b(s) such that the following estimate holds:

3

N (u ,U, U sho1+s SAS Uillysb, 3.2
IV R 1 2. u3) | ygsi1s5 S Hln il (32)
=

for ¢ =c¢(s,b,8) =3 —5b—108 + 25 > 0.

Remark 3.1. Lemma 3.2 is valid in Y;’b without the constraint on the size of L2 norm of initial data, whenever

s > —%. Precisely, for —% <sand0<T <1, thereexist 0 < § =68(s) < 1 and % < b = b(s) such that the following
estimate holds:

3

INwRGur w2, u3) [ yso-ras S T T Ml (3.3)
j=1

Together with (3.1) and (3.3), we prove the local well-posedness in H®, s > % See Section 5.1 for more details.

Proof of Lemma 3.2. From the duality argument in addition to the Plancherel theorem, the left-hand side of (3.2) is
equivalent to

1 ~ ~ ~ ~
C//EZ//ul(fl,nl)uz(fz,nz)u3(f3,n3)g(—f,—”)drr dt dn, (34
z,R Mg

for some constant C, where f]RZ - dT'; means two dimensional integral over the hyper-surface {(t1, 72, 13) € R3:

T1+m+mn=t}land g€ X;S’l_b_a with [|g|l —s.1--5 < 1. Then, it suffices to show
A
1 3
/ = 2 Mofien) fatm) u3)h—n) di S 2 [Tl s Ul -5, (3.5)
R neZy N} Jj=1

where My = Mo(ny, na, n3, n) is a Fourier multiplier defined as

Mo(ni,nz,n3,n) = |nf{n)* (n1) " (n2) " (n3)~",
ny =max(|nil, In2, In3|, nl), fj = F~1((n)*[ij(z, m)]) and h = F~1((n) ¥ |2(z, n))).
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Remark 3.2.Let L; = (t; — p,(n;)) and L = (t — p;(n)). When L > max(L1, Ly, L3), thanks to the Sobolev
embedding (Lemma 2.3) and L* Strichartz estimate (Lemma 2.2), it suffices for (3.5) to show

2
Y MA@ fm) fna) fa=nyde ATl 1302 1 fal 2 (3.6)
neZ; N Jj=1 ’ ’

where the multiplier M is given by

In|(n)* (1)~ (n2) " (n3)™"
(In1 + na|ln2 4 n3linz + nq|(ne)?)! =0=2
and fy=F1((n)~* (v = pr()' " 7*[Z(x, n))). Here, f3 instead denotes f3 = F~!((n)* (v — p1. () @3 (z, m]) to

make sure that the Sobolev embedding is available for u3 in X :: G.e., | A3l L2 S < Jlu]

M(ny,ny,n3, n) = (3.7)

1 ). One can change the

? 3

role of f3 into either f7 or f, without loss of the dispersive smoothing effect ((t; — py(n; ))) On the other hand, when
max(L1, Ly, L3) > L, (3.5) follows from

2
1 -~ ~ -~ —~
/ 5 Y MAE)H) Hmn fam de 20 T 102, 1fsll ez (3:38)

}’ZEZ)“./\/,?‘ j:l

if L3 =max(L1, Lo, L3), where, in this case, f3 = F ' ((n)* (v — p ()" (i3], fa=F ' ((t = pr(m))' " |8 (x, m))
and M is defined as in (3.7). The multiplier M is still valid due to

L3—bL71+2b+5 & L;1+b+5 S |H)\’O|7l+b+5‘

Otherwise, the exact same computation gives

/ 5 2 MAG) ARG H0s) fat=n) di SEH I fill 2l 1"[||f,||L4, (3.9)
neZ;LNX

where, in this case (L, = max(L1, Lz, L3)), fi = F~1((n)* (t — pa(n)) ~°[if1| and fo = F~1((n)* (r — ps(n))P 0 [iha]),
since

b =S “bts < =8 —14+b428
L37 S LT [Hyol ™" S LT[ Hy ol 71 H0F220.

One can switch the roles between f1 and f>, if L1 = max(L1, Lo, L3). In view of the proof below, no more assumption
is needed for (3.6), (3.8) and (3.9), and thus it suffices to show (3.6) with M as in (3.7).

Finally we notify that the multiplier M as in (3.7) will be replaced by appropriate bound for each case in the proof
below. It could be achieved when reducing (3.6) from (3.4).

Remark 3.3. When n, < 1, we know My < 1 in the left-hand side of (3.5). Thus, the change of variable (n’ = nj +n>)
yields

1 1 . A
23 2. ~ > Ah®)fa=n)

neZ; N} [n/|=1-1

SIfi L2l fa fall 2

4
S TTsils.
Jj=1
which implies

3
LHS of 3.5) < ]_[ s W 010,

whenever % < 1 —b — 4. Thus, we may assume that n, > 1 without loss of generality.
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Case I (high x high x high = high, |n1| ~ |n2| ~ |n3| ~ |n| ~ ny). We may assume that A~! < |n] + na| < ny
without loss of generality, since otherwise, (3.6), (3.8) and (3.9) can be obtained with different fairs of functions in
Lf’/\ and L;’OLi-LiA norms, i.e. (f2, f3) in L?,,\ and (f1, f1) in L?OLi-Ltz_j\ or vice versa. In this case, the multiplier
M is bounded by

)\l—b—26
In1 + n2|1_b_23n2—3b—68+2s '
For s > _Z’ we choose § = 4;[1 Then, for all 1 <b< 2+2§_68 , we have
3 1-b—25

= [n] + no|3—4b—85+2s (3.10)

We replace the original M by the right-hand side of (3.10). The change of variable (n’ = n| + n3) and the summation
over np, n3 yield

5 1-b=26
WS Go= [ 55 X g A =m0 f) i) frt-n’ =)
n',ny,n3€ly
|nz|>?»f
)Ll —b—268
/ Z /34— 85+zsf1f2(”)f3f4( n').
/|>)»_

For s > _Z’ choose 6§ = m1n(4‘2'51 , 20) Then, taking the £°°-norm at f3 fa(—n") and the Cauchy-Schwarz inequality

for the rest, one has

LHS of G.0) S22 [ 170l

2
< 4 3-5b—105+2s ]
S ]"[1 1 fillzs sl gep2 foll 2,
]:
due to
1 Z 1 5 —2+2(3—4b—85+2s)
|n/|2(3—4h—88+2s)
N
forall § <b < 3+ —28 +min(3$, 0).
The argument used in Case I could be applicable to the other cases. In what follows, we only point the bound of
the multiplier M out, but omit the computation.
Case II (high x high x low = high, |n1| < |n2| ~ |n3| ~ |n| ~ ny). The choice of the minimum frequency n
does not lose of the generality in the proof below. In this case, M is bounded by

1
In1 + np|S1—b=20)—1+s"

for s > 0, and

1
1 + np|S0—b-25)= 1425

for s <0, due to | + naz| ~ n.
The same computation used in Case I is available, when 5(1 —b—-28)—1+sfors >0and5(1—-b— 28) — 1425 >

% for s < 0. Thus, for s > —%, we choose § = min(zsz'gl, 20) such that (3.6) holds true for 3 3 <b<qi5—25+
min(%, 0).
Case III (high x high xhigh = low, |n| < |n1| ~ |n2| ~ |n3| ~ ny). In this case, M is bounded by
1

|nl + n2|5(l—b—25)—1+25 ?
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for s > 0, and

1
Iy + o [SU—b=25)—T+3s’

for s <0, due to |n; + nao| ~n,. For s > —3 choosmg 8 —mln(3;'gl, 20) one shows (3.6) for 3 5 <b< ]0 — 25 +

min(35—s, 0) via the same computation used in Case L

Case IV (high x low x low = high, |n1], |n2| < |n3| ~ |n| ~ n,). The choice of the maximum frequency |n3|
is to ensure 0 < |n] + n2| K ny, and it does not lose the generality, thanks to the same reason in Case I, where
0 < |n1 + na2| K ny is to be supposed. In this case, M is bounded by

1
05 A(1—b—28)—1"
|1 + na| b2 )

for s > 0, and

1
5., 4(1—=b—28)—1+42s"
Ny

1 + no| =02

fors < 0. For s > —%, by taking § = min(Hz'gs, 20) we have (3.6) for all 1 <b<{H -2+ mm( ,0).
Case V (high x high x low = low, |n], |n3]| < |n1] ~ |n2| ~ ny). S1m11arly as in Case 1V, the choice of the
minimum frequency |n3] is to ensure 0 < |n| + 13| < ny, and hence it does not lose the generality. In this case, M is

bounded by

1

1+ na 1020}

4(1—b—28)—1+s’

for s > 0, and

1
| l_b_25n4(1 —b—28)—1+3s’
*

|ny +no

3s+

for s < 0. Fors>—%,bytaking8=min( 0 ,20) we have (3. 6)f0rall—<b< —28+m1n( ,0).
1

Gathering all, for s > — 7, we can choose 0 < § = min( 1'{6”, 20) such that (3. 5) holds true for all <b< % +
—28 4 min(3, 0).
Note that the worst A-bound in all cases is A37/~100+2s

Using (2.15), we have

2p

0y |ur, ”)| = m

nlm Za(nl)ﬁ(nz)ﬁ(ng)ﬂ(—n) ) (3.11)
N}

An immediate corollary of Lemma 3.2, in addition to (3.11), is the following:

Corollary 3.1. Let A > 1 and —1/4 < s. Assume that ||vy oll;2 < p, for a sufficiently small 0 < p < 1. Suppose that

u is a real-valued smooth solution to (2.15) and u € Xi’b. Then, there exists % < b = b(s) such that the following is
holds true.

1
2 2 28 1 2 2 S 4
gy ~ 5 D )X 1@ S Nuollzyy +3% el (3.12)

}’IEZ)L

for ¢ =¢(s,b)=3—-5b+2s>0.
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4. Smoothing effect
4.1. A priori bound

Proposition 4.1. Let A > 1. Assume that ||U/\,O||L§ < p, for a sufficient small 0 < p K 1. Let 0 <s < % t €10, 1] and
1

ug € C°(Ty). Suppose that u is a real-valued smooth solution to (2.15) and u € Xi’ 2. Then the following estimate

holds:

sup
i’lEZ)L

t
%Im[/n2 ZTZ(S, n)u(s, n2)u(s, n3)u(s, —n) ds:|
0

A
i 4.1)

[~}

2
_ 1 _1 _3
S logh ||uo||4;+(nuon%,;+A2+2S||u||4”%) A2l AT

s
X, X

S,
A A A

Note that log A is replaced by 1 when ). = 1.

Before proving Proposition 4.1, we introduce the projection operator Py as follows: For N =2X, k € Z >y, let
IL=[-1,1] and Iy=[-2N,—N/2]JU[N/2,2N], N >2.
Note that || ~ AN. For a characteristic function xg on a set E, define Py by

Fel Py f1(n) = x1, (n) F ().
We use the convention
P<y = Z Puy, Pon = Z Py.
M<N M>N

Let N > 1 be given. We decompose a function f into the following three pieces:

f = flow + fmed + fhighv
where fiea = PN f, fiow = P<N f — fimea and fhigh =P>nf — fimed-

Proof of Proposition 4.1. The left-hand side of (4.1) bounded by

1
sup sup —

. 4.2)
N=1nely A4

t
Irn|:/n2 Zﬁ(s, n)u(s, n2)u(s, n3)u(s, —n) ds:|
Nl

0

We deal with (4.2) by dividing into several cases.

Remark 4.1. When N = 1, by the Cauchy-Schwarz inequality, L* estimate and the Sobolev embedding, we have
t
_3 _3
(42) SA73 / ()72 ()74 ds S 272 Nul o
x p A
0

for b > %. Thus, we may assume that N > 1.

Case 1. (high x high x high = high) We consider the following term:

1
—7 Sup sup . 4.3)

N>1nely

t
Im[/n2Zﬁmed(s,n1)i7med(s,nz)ﬁmed(s,nz)ﬁ(s, —n) dS}
o M
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In order to control (4.3) in L? regularity level, it is required to use the Normal form reduction method.
Observe that®

97 =0 (e_”p*(")i[(n)>

= e (3.70(n) — ipy(n)A(n)) @4

:e‘”f’*(")( o A)Z(Iu(n)l — [i@o(m)? )u(n)+3(2 A)zn%;u(m)u(nz)u(w))

Taking the integration by parts with respect to the time variable s, one has

/ Zu(s n)u(s, n2)u(s, n3)u(s, —n) ds
0o NI

/ 2y e G (s, n)P(s, n2)P(s, n3)P(s, —n) ds
0o NI

Y )
A
2

+ %:4 i(’;A)’LZO(nl)ﬁo(nz)ﬁo(n3)ﬁ0(_n)

! nZ —is(H,) d
+/% i) ds (@(s,n)@(s, n2)@(s, n3)@(s, —n)) ds,
0 n

where H,, is defined as in (2.14). Then, (4.3) is reduced as follows:

1 n* N N N
(4.3) = 57 sup sup > — A [med (1, n)Umed (1, n2)Umea (t, n3)u(t, —n)|
N>1nely A
N}

+ ;4 Asllipl HSSEV Z |H2 | |40, mea (n1)Tt0,med (72)10.med (n3) 0 (—1) |
N 4.5)
2 —ls(HA) d . N R R
:’uj? nsél[I,)V / Z i(Hy) % (@med (S, 11)Pmed (S, 12)Pmea (s, n3)@(s, —n)) ds
=: 21+ 2+ Xs.

From Remark 2.5, we know that |H, | ~ |H) ol
For ¥ and X5, it suffices to show

1
77 SUp sup Z H o fl med (1) Fa.med (12) F3.med (12) famed (—n4) <1_[||fj||Hs (4.6)
N>1nely N |H.0 il

for a certain regularity s € R. In this case, one can replace sup,,c;, by >, In:

Put g;(n) = (n)s|ﬁmed(n)|, i =1,2,3,4. We know from (2.14) with Remark 2.5 that |H,| 2 |(n; + n2)(ny +
ni3)(n3 + n1)|ni. We may assume |13 + n1| ~ N. Since |H;|~! < ANT3ny +na|71, a straightforward calculation
(after the change of variable n’ = nj + ny # 0) yields

8 Itis immediately known from (2.5) that p(n) is the odd function, i.e. p(—n) = —p(n).
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1 1
(4.6) S 3 SUPN %" mgl(m)gz(n —n1)83(na —n')ga(—na)

ni,ng
|n'|>A"!
1 |
S—sup NTUEW 3 — g (n) gga(—n')
A N=1 ||
A=l<|’|<N 4.7)
1
S5 sup N~ (1449 log A + 1og N) 18182 ll e | 8384l e
N>

S 2 ogh H £l
Jj=1
whenever 1 +4s > 0= —1/4 < s < 1/2, which, in addition to (3.12), implies

=1+ %2 527 og (Jluolly + lully; )

2
XA

2 (4.8)
< 27 og Aluollys + 4~ 1logx(uuonm+m+2?||u|| ) :
whenever —1/4 <s < 1/2.

Remark 4.2. In view of the computation (4.7), one can know that another choice of the assumption, |n| +ny| ~ N or
|na +n3| ~ N, does not make a difference in the result. Hence our assumption does not lose the generality.

Remark 4.3. An analogous argument for the estimates of the boundary terms cannot be available in the uniqueness

part, since Corollary 3.1 does not hold for the difference of two solutions (due to the lack of the symmetry), that is to
say, the estimate

o=

= Z ()@, n))* < C(fluy | rl,nuzn 1>||w||2Y (4.9)
neZ)\ X)»

1
fails to hold for any s € R, when uj,us € X;’z are solutions to (2.15) with u;(0) = u2(0) = ug and w = u; —

uy. However, the loss of regularity in (4.9) (see Lemma 4.1 below) is allowed in the estimate (4.7), hence we can
completely circumvent “the lack of the symmetry” issue. Such an argument was used in the author’s previous work
[48]. See Proposition 4.2 below for more details.

For X3, we take the time derivative in @yeq(s, 11).

Remark that the estimates below are analogous for the case when we choose another frequency mode in which the
time derivative is taken. Thus, we omit the other cases. Furthermore, we extend u(s) from [0, 7] to R with u(s) =
(s >tors <0) for fixed 0 <t <1 (we refer to [54] for the precise definition of extension operator).

Using (4.4), one has

3= — sup sup / Z = ([@med (1) 2 = [0, med (1) PV imed (01 med (02)mea (3)(—n)ds
N>1nelN A,0
C
+ —¢ sup sup / Z—PN ny Y@ )A1)A0N13) | Bned (n2)Emea (n3)iT(—n)ds
k N>1nely N 2,0 N~
n Ill
=: 331+ X3,

for some constants Cy, Cp € C.
For X3 1, we may assume that

IT — pa(m)| 2 |H ol (4.10)
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We replace sup,,c;, by > . Define g;, similarly as before (g(n) = |J-T1 (n)* [tmea(M)))]), and

nely

h(n) = F ((x = pa(m) 2 (n)° iz, m)])]. (4.11)

Since

— |lfmea (D) = o,mea (1) < N72 (luollzys + llullzy),
similarly as in (4.7), one has from the Sobolev embedding (Lemma 2.3) that

_3 (3 1 -~ , =
ST / (luollZys + llulizs) sup N=GHOD 37— gg(n)gh(—n') ds
A *N>1 |n’|

R In'| =2~
<A /(Iluollil.; + el )Nl g 1F T = )2 () 7)1 2 s
R (4.12)

S0 (I + ol el ) 1145 = p ) 2 TN 2,

—1 2 2
S AT (luollgs + Null

4
l)””” o1
X2 2

X

s
A

whenever 3/2+6s >0= —1/4<s < 1/2.
Remark 4.4. One has an identity in 23 | (in particular |@(n)|*%(n) part) that

T — )+ 12— po(=n) + 113 — pr(n) + 12— pa(n2) + 13 — pa(n3) =7 — pr(n) + Hy,

which ensures
max(|ty,; — (=D ) e — paui)l, 1T — pa)l;s j=1,2,3,k =2,3) 2 |Hy ol

Remark 4.5. The estimate (4.12) above does not be affected by the choice of the maximum modulation (4.10), thus
our choice, in addition to Remarks 4.4 and 4.2, does not lose the generality.

For X3, we further decompose distributed functions % (n1,;) into wiow (n1,i), Umea(n1,i) and Upign(n1,i), i =
1,2, 3. Then, the followings are possible cases (up to the symmetry of frequencies)’:

Umed (M11)Umed (112)Umed (M13), (Case A)
med (M11)W10w (M12)U10w (M13), (Case B-1)
Umed (M11)Wnigh (M12)Wnigh(n13), (Case B-2)
Uiow (M 11)Unigh(n12)Uhigh(n13), (Case B-3)
Umed (M1 Umed (M12)Uiow (113), (Case C-1)
Unigh(M11)Unigh(n12)Unhigh(n13). (Case C-2)

Note that the Case A is the worst case, thus we only estimate >3 5 under the restriction of Case A, see Remark 4.9.
Case A All comparable frequencies produce the new resonance in the quintic nonlinear interactions. The new
resonant function defined by

9 The cases A, B and C are referred to as high-high-high-high, high-high-low-low and high-high-high-low, respectively.
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Hy. == pa(n) — pa(n2) — ps(n3) — (pa(n11) + pa(n12) + pa(niz))

5 6
= 501+ n2) (2 + n3)(n3 + my) (n% +n3 +nf+n*+ gﬁ/\_2>

5 2 2 2 2, 6,5
+ 2(1111 +n2)(n2 +n13)(nz +niy) ( nyy +ny, a3 +ny+ Sﬂ)»

3
un unj o
~ G [Brom)* + Z o A’)Q [O3,0(n )17

uny,j 2
v n + v nij
" on A)2| Do)l E o A)2| V3,0(n1,))]
does not guarantee the smoothing effect when the frequencies satisfy, for instance,

=N +a, ny=—N—a—>b, ny=N+b,
ni1=N+a+b, nip=—-N—b, ni3=N,

4.13)

4.14)

where a, b € 7 witha # 0, b # 0 and a + b # 0. Hence, we do not have any advantage from the dispersive smoothing

effect

Linax :=max(|tix — pa(nu)l, [tj — pa@p)l. [t — pr)l:k=1,2,3, j =2,3) 2 | Hyl.

We assume || + nz| ~ N. Let us define

F(m) = (m)* e (m)).

Then it suffices to consider

l ~ ~ o~ o~ o~ o~
ATONTS sup SN For) Fnz) Fons) Fn) Fns) F=m),

neln W7 A7 [n2 + n3lln3 + ni
1

since |Hy ol 2 |n1 + n2||n2 + ns3linz +ny |N2. We change the variables as follows:

ny+nz=n ny =ny, n3y=n’'—ny,
Vi / 1 1
np+niz=n nip=n—n'—n", np=ni, niz=n"—ni.

A direct computation yield

1
(4.16) =A"°N~% sup

wely o =]

'], In—nz| =2~

X fn—n'—n")f(n12) F(n" —n12) fna) f' — n2) f(n)

1
=AT2 N sup

wety o Il —n

], In—na| =2~

x fin—n'—n")f2(") Fn) F ' — na) F(—n)

2

1 ~ — 1 _
S D fm)f@ =)l | sup (= D Inp—n7?
A non' nely A 1

2,1 [na—n|>A

-3 -6 2 4
SATEINTEULIL SN

ST

(4.15)

(4.16)

(4.17)

(4.18)
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Thus, L* Strichartz estimate (Lemma 2.2) and Sobolev embedding (Lemma 2.3) yield

3 —
3273 sup NI I sz, SA730lC, (4.19)
N>1 X,

I\J\

S,
/\.
whenever 0 <s < %

Remark 4.6. An analogous computation ensures that the assumption |n + n2| ~ N does not lose the generality.
Indeed, using the following change of variables

ni+ny=n ny=n’—ny, ny =ny, ny=n-—n',
Vi / Vi 1
npp+niz=n njp=n —ny—n, ni2 =niy, ni3z=n’ —niy,

for the case when |ny + n3| ~ N, or performing (4.17) for the case when |n3 + n1| ~ N, we can follow (4.18), and
hence we obtain (4.19).

Remark 4.7. The F¢°°-smoothing estimate enables to achieve the local well-posedness at the endpoint regularity
s = 0, while the F¢'-smoothing estimate holds on only sub-critical regularity regime s > 0. See [48,57] and [69,60,
56,63] for the comparison. This approach is more important in this paper than others, since the local well-posedness
in L? immediately ensures the global one, thanks to the conservation law (1.3).

On the other hand, our proof fails to control X3, below L2, due to (4.14). See also Remark 3.2 in [60] for the
similar phenomenon in the context of mKdV.

Remark 4.8. In (4.16), once replacing sup,,¢;, by Y one 1y» We will complete (4.18) but with 0+-derivative loss. More
precisely, for f = ]-"x_l(|f(n)|) (||f||Lz = ”i”Li)’ the change the variables (n] +n3 =n" and n3 + ny3 = n") yields

6s . . R R -
N neZIN %/\; In2 +"3||n3 +n |f(n“)f(”12)f(”13)f(n2)f(n3)f( n)

SATENT® (logh +1og NI 122 120

which implies

%ZM

nely

~ N2 2 —2+4 A7 —65 A70 6
[@(n)|> — [wo(m)|*| S AT NN u]| 21
X,

Analogously we have the 0+ regularity loss below, if sup, ., is changed by > Consequently, even localized

nely*
Fel estimate seems not be enough for a priori bound in L2 level, but is available to show tightness, i.e.,

I > =0
Jim S ()]

[n|=N
See (5.9).

Remark 4.9. One can see that X35 < A2 lu]|® | holds for s > 0 not only under Case A, but also Cases B-C, since
X2
(n)™* < N7¢ holds for all cases, and the computation (4.18) does not depend on the frequency supports.

Remark 4.10. One can control X3 > under the restrictions of Case B-C, for s > —%. However, the smoothing effect

for the negative regularity is no longer available in the proof of Local well-posedness, since L* estimate is not valid
for H)f data, s < 0, thus we do not pursue it here.

Case I1. We deal with the high-low interactions. Thanks to the symmetry, we may assume that |n{| > |n2| > |n3|.
Moreover, it is enough to consider the high x low x low = high interaction case, due to n2 in (4.20) below (see also
Remark 4.11).
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We first address the regularity s > 0. We know from (2.14) that

|Hy| 2 |na +n3|N?.

10

Without loss of generality, ” we assume |t — p; (n)| 2 | H,|. For

1
Lyt <ina+n3"2N72,

max ~

we use the notations f and & defined as in (4.15) and (4.11), respectively. We may assume that |n ;| > 1, otherwise
we can cover the endpoint regularity s = 0 as well. Thus, it suffices to estimate

o~

1 1 —_ ~ o~
7 sup N sup / 3 F) Fn) Fn3) (). (4.20)

N>1 nely n n3lz
& A In2+n3

For s > 0, a straightforward computation, in addition to the change of variables (ny + n3 = n’) and the Sobolev
embedding (Lemma 2.3), gives

1 a 1~ o m
(4.20)= — sup N sup E fn—n") f(n) f(n" —ny)h(—n)
AN I "3
nein ’ |n |2
R na.n
ATl<in|<N

23

1 ~ — o~
p N~* sup / Z - f(n—n") f2(n"Yh(=n)

su
i
N>1 ne]NR A-l<ln|<N |n |2

1 _ 4.21)
<= [ sup N~ (ogr +log NI FIP, 17212
A S N=1 B 2
< L ioganf1? h
~ ﬁ 0og ||f||L76(L§)|| ”Ltz,x
1
< 5 loghflul® .
A X); 2
whenever s > 0.
Remark 4.11. The high x high x low = low interaction case can be dealt with by (4.21), thanks to
2
n 1
<
% ~ N23| + |% ’
(n1)*(n2)*(n3)* (n)* Lmax 1T na
for s > 0.
Now we address the end point regularity s = 0. In this case, we cannot obtain
1 2N~ — — -
=5 8up sup | [ 1% Ued (n)iow (02)itiow (1) (—n) ds| < ull o1 (4.22)
N>lnely N X5,

due to the logarithmic divergence appearing in (4.21). To overcome it we again use the normal form reduction method.
For the sake of simplicity, we do not push the regularity s below 0. Similarly as (4.5), we have

10 The estimate (4.21) below does not depend on the choice of the maximum modulation.
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2

1 n° —~ ~ -~
LHS of (4.22) < — sup sup Y —— [@ea (1, 71)idiow (1, 12) 1o (1, n3)A(2, —1)]
A4 N>1nely N, |H)»|

1 2
+ -7 sup sup Z |0, med (11100, 10w (n2)T0, 10w (1310 (—1)|
N>lnely 7 | H,.|

2 —IS(H)L) d
+ 7 Sup sup / Z X = @nea (s, m)Biow(s. 12)Piow (5. 13)P(s. —n)) ds
N>1n€IN S

(4.23)

Remark that a direct computation gives
|Hy| 2 In2 + n3|N?,

which is stronger than one in Case I. Thus, E; and &, are controlled, similarly as the estimates of X and X, by

2
_ _ 1
1+ 82 $2 77 log Aluolly, + 2 Zlogx(uuoniz+Az||u||4ol) :
A A X)L’Z

Remark 4.3 is available to this estimate for the difference of two solutions.
Taking the time derivative to n| mode, one has

Cy
3= — sup sup
A8 N=nely

]

/Z—(lumed(nl)| |u0med(nl)| )umed(nl)ulow(n2)ulow(n3)u( n)ds
Np RO

t
Cy n? R R R R R .
+ —& Sup sup / D ——Py | m Y @ )am12)iE(n13) | Tiow (n2)iElow (13)E(—n)ds
A = Hy o N

N>1nely
0

=! 831+ E3..
The replacement su b is available for E3 ;. The same computation as in (4.21) (but, here A(n) =[u(n)|)
p pne[N Yy nely B p
yields
1
2 S 370 [ (Il + ol sup N1 Y mf(m)f(nz)f(n —m) f—nm = n') ds
o N>1 nynpn’
A'<in’|<N
t
sr“logx/(nuni% I
0

which, in addition to Lemma 2.3, implies

E3.1 S At logh (nunzo L+ ||uo||iz> luell* -
X, ? X, ?
On the other hand, one can split the frequency relation among 711, n12 and n13 into Case A—Case C. Under the
relation presented in Case B-1, one cannot have an additional smoothing effect (L,4x 2 |H |) in E3,2, where HA is
defined as in (4.13), due to the same reason in X3 > under Case A. However, (4.18) is still available for E3 > under
Case B-1, thus we handle this case. In the other cases, the stronger | H, | and additional dispersive smoothing effects
enables us to estimate =3 > more easily or similarly as the estimate of X3 >. Thus we have

3
- —3, 16
E32 A2l ).

A
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Contributions from the time derivative taken in the other modes in E3 could be dealt with similarly or easily, due
to |n2|, |n3| < |ny| ~ |n|. We skip the details. We remark that all computations established as in Case I are available
for Case II, when s = 0.

The argument used in Case IT always holds'' under the high x high x low = high'” interaction case, we hence
obtain the same result as in Case II.

Gathering all results in Cases I, IT and III, we complete the proof of (4.1). O

As an immediate corollary, we have

Corollary 4.1. Let A > 1. Assume that ||vy 0ll;2 < p, for a sufficient small 0 < p < 1. Let 0 <5 < %, t €[0,1] and
1
ug € C°(T,). Suppose that u is a real-valued smooth solution to (2.15) and u € Xi’ 2. Then the following estimate

holds:

i 2 N2
77 Sup Il [ (t, n)|” — lio(n)]
neZ;\

2
-1 4 2 2 -3 6
S AT logh | Hluollys + | lluollys + AT 1 + 73 ull* 1 3 u
A A XAZ Xéz XY
A A A

NI'—

Note that log A is replaced by 1 when ) = 1.

Proof. The proof follows from

1
7 sup lnl [ mPF = @l
)‘ neZ A

=C sup

nEZ)h

—Im|:/ Zu(s n)u(s, n2)u(s, n3)u(s, —n) dsj|
0

and Proposition 4.1. O
4.2. Difference of two solutions

Let A > 1. Assume that ||v“)||L% < p, for a sufficient small 0 < p < 1. Let uy, up be solutions to (2.15) with the
same initial data u1(0) = u»(0) = ug. Let w = u1 — up. Then w satisfies

i W(n) — ipx(M)W(n) = (2“ ’k)zaul(nn — [do(n)* W (n)
— Wuﬁl m)|* = [@2(n)|H)it2 (n) 4.24)

uin ~
+7§ F(uy, uz),
2
327h) v

where

F(uy, u2) = W(n1)a) (n2)ay (n3) + 02(n1) W () (n3) + 2 (n1)i2 (n2) W (n3). (4.25)

Corollary 4.1 and Lemma 3.2 enable us to handle the first and third terms in the right-hand side of (4.24). Thus, it
remains to control (|u1 n))? - |Ti2(n)|2) in the resonant terms. Using (3.11), one reduces to dealing with

11 A direct calculation for s > 0 and the normal form method for s = 0 are needed.
12 Remark 4.11 allows to deal with the high x high x high = low case by the same argument.
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1
—4/ [w(nl)ﬁl (n2)it1 (n3)t1 (—n) + U2 (n)W(n2)i1 (n3)i1 (—n)
0 (4.26)

+ 1w (n)ua(n2)wn3)uy (—n) + ﬁz(nl)ﬁz(nz)ﬁz(w)@(—n)} ds

We, without loss of generality, choose the second term in (4.26) in order to state and prove the main proposition in
this section.

2!
and ug € C°°(T}). Suppose that uy and uy are a real-valued smooth solution to (2.15) with u1(0) = u»(0) = ug and
1

Proposition 4.2. Let A > 1. Assume that ||v;h,0||L§ < p, for a sufficient small 0 < p K 1. Let 0 < s < 1 telo1]

Ui, Uy € X;’ 2 Letw=uy —us. Then the following estimate holds:

/ Zuz(s n)W(s, n2)u1 (s, n3)ui (s, —n) ds| S C(lluoll gy, |Iu1|| l,Iqull l)IIwII

— sup
neZ

Remark 4.12. The proof of Proposition 4.2 basically follows from the proof of Proposition 4.1. The only difference
is to estimate the boundary terms generated in the normal form process, as mentioned in Remark 4.3. We only point
this difference out in the proof of Proposition 4.2 below.

In order to handle the difficulty arising from the lack of the symmetry, we need the following lemma:

Lemma 4.1. Let A > 1. Assume that ||v; oll;2 < p, for a sufficient small 0 < p < 1. Let 0 <5 < l, t € [0, 1] and

ug € C(T)). Suppose that uy and uy are solutions to (2.15) on [—1, 1] with u; 0 = uz, and u,v € X . Let
w =u1 — uy. Then the following estimate holds:

w2, S22’

~2
H, X

1+ 2l sllluzll +|Iu2|| A,l)”w” . (4.27)

A
Py X, X

o
o

Proof. Using (4.24), a direct calculation gives

D = — ég i’;zlm[ﬁl(n)w(—n)ﬁz(n)w(—n)]
2uin

+ Wlm %F(m,uz)@(—n)

=:A(t,n)+ B(t,n),
for F (u1, up) as in (4.25). One immediately obtains
D M@ DmEmb(—n) S 22N (0l 2 lua @)l 2 w17,
nGZ)\

Hence, the Holder inequality and Lemma 2.3 yield

1
1 —
[5 o acon ds 7 gzl g i,
0 }’lEZ;L
-1 2
~ L o 2 NH2I o 1 01"
<Al gy llwall gy Tl
X, X, XA4

On the other hand, by Lemma 3.2, we have
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t t

/% Z (n)~'B(s,n)ds < /% Z B(s,n)ds

0 neZ)L 0 neZ)L

1 2 2 2
SA2(ull” o+ ot lluall o1+ luall™ ) Ollwl”
XAYZ X, X, Xx,z X,

Collecting all, one proves (4.27). O

Proof of Proposition 4.2. In view of the proof of Proposition 4.1, as mentioned again, our analysis does not rely on
the symmetry of functions (or the structure of equation (2.15)), except for the estimate of the boundary term in the
normal form process, in particular, an application of Corollary 3.1 in (4.8). Thus, we are going to show how to deal
with this case compared to the estimates (4.7) and (4.8).

The normal form argument in addition to Remark 2.4 reduces to dealing with (see 4.5)8

— sup sup ZT [ (t, ) B2, n2)id (¢, n3)i) (¢, —n))|
N>1neINN- | Hj|

t

1 n? d —~
+ — sup sup / E [ e~ DT (5, 10)) (e 7P Bi(s, no)
A N=1nely Iy iH), ds ( ) )
0
X ( —isp ()7 (s, n3))( isP M (s, —n))] ds
=: il + §3.

where H), is defined as in (2.14), and %7, > and W are supported in /. The estimate of f)g is analogously dealt with
as the estimate of X3 in Case I in the proof of Proposition 4.1. Indeed, using (4.4) for u; and u», or

o <e_ilm(n)l/l7(”)>
= e 1P (3. B (n) — ipp(n)W(n))

= - % ”P“”(uul(nn — [@o(m)*NB() + (@1 (W) = [i22 () )2(n)
3(2 A)z % [ (n )1 (n2)i1 (n3) + Uz (n)W(n2)u1 (n3) + uz(nl)uz(nz)W(ns)]>

for w, one can apply the exact same arguments used in Case A-C to §3 to obtain

= _1
3 SAT2C |l s lluall  Ollwll o
X,? X,? X,?

Thus, it suffices to estimate ) 1. Compared to (4.7), we perform an unfair distribution of derivatives to use Lemma 4.1.
Let

i) =mm)].  B) = (n2) "2 D();
23(n3) = |1 (n3)|, ga(—n) = Ui (—n)|.

We assume |H|~! < AN 3|n1 4+ na|~1."* The change of variable n’ = n| + n, # 0 and a direct computation'> yield

13 The boundary term at s =0 (27 in (4.5)) does not appear, due to w(0, x) =
14 This assumption does not lose the generality, see Remark 4.2.
15 In this case, we replace Sup, gy by ZnEIN‘
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~ 1
5150 sup N Y )R — n)@ s —n)ga(—ny)

N>1 i, 1l

/25! 4.28)
<1 2
SA 1Og)vlluzlngllul||Lz;||w||H~,%

A

Corollary 3.1 and Lemma 4.1 enable to estimate the last terms in (4.28), and hence we have

S 0
I SCO +,|Iuo||H;,||u1|I s lluall collwll (1
X,? X, X,

’

for s > 0. An analogous argument holds true for 51, which can be similarly defined as in (4.23). Thus, it completes
the proof of Proposition 4.2. O

From (4.26), one immediately has

Corollary 4.2. Let A > 1. Assume that ||v;, 0||L2 < p, for a sufficient small 0 < p K 1. Let 0 < s < % t €[0,1] and
ug € COO(T;\) Suppose that uy and uy are a real valued smooth solution to (2.15) with uy(0) = u(0) = ug and

Ui, Uy € X : . Let w =u| — uy. Then the following estimate holds:

1
57 Sup In||[ity () |* — w2 (n)|*| < CAOT, ol ps et | SL,Iluzll l)IIwII
nez, X5,

5. Global well-posedness in L2(T): Proofs of Theorems 1.1, 1.2 and 1.3
5.1. Short proof of Theorem 1.1

Lets > % be fixed. We recall the integral equation (1.6) associated to (2.4) in the Fourier space as follows:

t
(n) —e”p‘)(")vo(n)+/ei(l_s)p°(") (Nr@) + Nyr(®)) (s, n) ds, (5.1)
0

for Ng(v) and Ny (v) as in (2.8) and (2.9), respectively.
We denote by I'(v) the map defined as in (5.1) (after time localization). Then, Lemmas 2.1, 3.1 and 3.2 yield

1_
IP)llyye < CT2 uollzs + CTP I,
T

and
1_
IT@1) = P2 llyss < CT2llug.1 = vo2ll s +2CT" (nm 50 + ||vz||";s,b) o1 = val e,
T T

for some 0 < 8 = B(s) and % < b =b(s) satisfying
1-2b+pB<0. (5.2)

Remark that it is possible to choose b and g satisfying (5.2), see the proofs of Lemmas 3.1 and 3.2. Let ||vg||gs < R,
for a fixed R > 0. Choosing T > 0 satisfying

16C3T1_2b+ﬂR2 < -,
-2
one can show that the map I" is a contraction on the set
5.b . 5—b
{v e V3"t vlyzs <2CT R},

which completes the proof of Theorem 1.1.
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5.2. Proof of Theorem 1.2

The proof of Theorem 1.2 is based on the standard energy method. We particularly follow the argument in [69]. The
scaling argument is not required to be addressed for the regularity s > 0, indeed, we have L* estimate without small-
ness condition, and the trilinear estimate and the smoothing effect are valid for A = 1, thus the standard compactness
argument ensures the local well-posedness. Therefore, in what follows, we fix s = 0.

For given R > 0 and vy € L*(T), with llvollz2(Ty < R, we employ the scaling argument: let vy (7, x) :=
A72v(A 731,27 'x), A > 1 be a solution to (1.9) on [0, 1] with v; (0, x) =: v;_0(x) := A" 2vp(A"'x), then v is the
solution to (1.1) on [0, A77]. A straightforward computation gives

_3 _3
llva0ll2(Tyy =2 2 llvoll sy = A2 R.

We will choose Ag > 1 at least satisfying k_% R < p « 1, forall A > A9, where p is to be required in Lemma 2.2. We
simply denote v, and v o by u and ug.

5.2.1. Existence
We first recall (2.15)

K ’)’f)z (@) = [0 (m) D)

du(n) —ip,(mu(n) = — 2

+ %;;r—lkﬂ” %;’u\(nl)ﬁ(nz)ﬁ(ng). (5.3)

=: N5 ) (n) + N3 p () ().

Lemma 2.1 (after the time localization by multiplying by the smooth cutoff function, but dropping it) gives
lull o1 S luollp2 + NGO 202 + INy RGN o145
X)L A = X)L 2

for some 0 < § < 1. On one hand, Lemma 3.2 controls ||N1T,R(u)|| 0.-14s by
X,

1

i3

Ml
X, ?

On the other hand, a trivial estimate and Corollary 4.1 yield

1
||N1>§(u)||L,2L§ S (r ?u%)” v sug |n|
e[—1, ne

-~ 2 -~ 2
@, mI? ~ ()| ]) el 22

4 2 o4 2 L4 L6
S adoga | Hluolly 2 + (lwoll o + 22 Null® | )"+ A7 2 al® o +A72ull® 4 ) llull o1
* i Xk*z XK~2 Xk-z X, 2

Collecting all, we conclude

[N

1_
lull o1 < Colluoll 2 + Cra2~ flul®
X, 2 & X,
5.4

0 4 2 4 2 2 3
+ 1A luoll? s + (luoll5o + lull® )+ L+ Null” Ol el 1.
LA LA O,2 0,2 0,2 2
X, X5 X, X,

for some universal constants Cp, C1 > 0 independent on A.
For given vg € L?(T), from the density argument, there exists a sequence {v(()] )} C C*°(T) such that v(()J ) vg in

L%(T) as j — 0o. Choose K = K (R) > 0 such that

”v(()j)”LZ»”UO”LzSK forall j>1.



C. Kwak / Ann. 1. H. Poincaré — AN 37 (2020) 373—416 405

From Theorem 1.1 in addition to the energy conservation law (1.4), we have global solutions v/ to (1.1) with initial
data v(()]). Choose A1 > Ag > 1 SUF)h that A_%K < p, for all A > A;. Analogously, (5.4) is valid for v)(f) (simply
denoted by uj, and ug, ; denotes vf\{())), j=>1

For each j > 1, let p,_;(n) be the Fourier coefficient of the linear operator in (5.3) with (2%)2 |ﬁ§{2) (n)|%. Let

Xj@)=llujll o1,
X,
where X ;}; is the X ;’h space corresponding to p; ;j(n). From the continuity argument, it suffices to show that'©

there exists 3. > 1 so that if |luoll .2 < A3 K and ||u) o) < 4CoA"3 K, then ||u = 2000 3K,
X, X

A
where Co > 0is as in (5.4).

Then, (5.4) yields

Il o

A

< CoA T K +C A0 ((r% K)*+ (73 K) + (4Con 3 )Y

+ (14 @CA 7 K) + <4cor%K>3><4cor%K)3) (4Cor 3 K).
We finally choose A > A; > 1 satisfying
1 ; | 1
200 (A TIK) < o C1A2~(4Cor "1 K)? < g and 20100 (4Cor "3 K)? < s (5.5)

to prove the claim.!” Note that (5.5) is available for the uniqueness part as well.
Fix A > 1 as above, we now have the uniform bound

X0 <8 <1, (5.6)
where § := ZCOA_% K . Moreover, our choice of A ensures

luo, jllg2, luolle <81 forall j=>1. 5.7

The rest of the proof is standard. To close the strong limit argument, we define the Dirichlet projection P for all
positive integers k by

1 o~ .
Pof =5— D Fme™.

|n|<k

Letu; =Pru;. Then u; satisfies

0t () — ipTja(m) = Y (N )+ Nyry) ).

In|<k

with uj 1 (0) = Pruo, ;. Remark from (5.6) that

IIMj,kIIXS.l <L, jik=1 (5.8)

T

We are now ready to pass to the (strong) limit. Let ¢ > 0 be given. The proof of Proposition 4.1 in addition to
Remark 4.8, (5.7) and (5.8) ensures

3
2 is continuous in time, thus the claim implies that X ; () <2CoA~ 2K on [—1, 1].

0,
16 For fixed A, the time localized norm of XA
17 1n general, it is natural that 20+ appears in the nonlinear estimate and the smoothing estimate under the A-periodic setting. However, it is

controllable, since a suitable norm of the rescaled initial data decays with respect to A rapidly compare to the growth of 20+,
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1 ~ —~
= 2 Inl|i@; ) [0, (7| £ 2N,
nely
which implies

1 _ 1 _ —~ ~
10 =Pouj Ol S+ Y o P+~ 3 NT' Y |n|\|u,»<n>|2 — [@o,j (m)|?

|n|>k N>k nely (5.9)
_ 112 (=)= 1+
= € (1 = Bouo I3, +KD7AIF).

for C > 0 and where [/ is the identity operator. On the other hand, the fact that ug ; — uo, and (5.9) guarantee that
there exists M > 0 such that for all j > 1,

(I — ]P’k)ujHL% <e€ (5.10)
holds true when k > M. Precisely, we can choose Ny > 0 such that [lug — ug, ; ||L§ < €/(24/2C) holds for j > Ny. Fix
Ng > 0. Then, the L%—boundedness of uq,; ensures that for each 1 < j < Ny, there exist M; >0, j=1,---, No such
that

I = Piuo,jll 2 <e/(v2Co),  k>Mj, 1< j=<No. (5.11)

An analogous argument yields that there exists My > 0 such that k > My implies ||(I — Pr)uol| 2 <¢ / (2\/%)
and kDA < 82/(2C). Let M :=max(Mop, M; : 1 < j < Np) be fixed. Then, for k > M, we conclude |(/ —
Pk)uo,jHLi < \/%To for all j > 1, thanks to (5.11) and

ICT = Piuo,jll 2 = lluo,j — uoll 2 + I = Piuoll .2,

which, in addition to (5.9), implies (5.10).
Arzela-Ascoli compactness theorem and the diagonal argument yield that for each £ > 1, there exists a subsequence
{uj/’j/} C {uj,k} (denoted by u ;) such that

1P (ue _uk)”C([—l,l];Li)_)O’ Jrk— oo,

holds. Therefore, we have a solution u to (5.3) on [—1, 1] satisfying

0,1 .
ueC(—1,1LHNX, 2, ||u||XOY% <8< g —ulleqoy g2y = 0. — oo (5.12)
A

5.2.2. Completion of the proof of Theorem 1.2: Uniqueness, continuity of the flow map and return to (1.1)
Recall (4.24)

3 W(n) — ip(n)W(n) = Ni(ur, uz, w)(n) + N3 p(ur, uz, w)(n),

for uy and u; are solutions to (5.3) satisfying (5.12) with initial data u1(0) = u2(0) = ug, and w = u — v. Here
ﬁ,’;(ul,uz, w)(n) and ﬁ;\k/R(”l’ uy, w)(n) are explicitly given by

uin

./v;(m, uz, w)(n) = _W

(@ P = o m2 Do + (i o = @mPaam) )
and

~ in . -~
NIT/R(“I’MZ, w)(n) = :,’(5717)\)2 ZEIZ¢(MO)F(M1,M2),
N

for f(ul, u) as in (4.25). Similarly as before, the standard X*-? analysis yields
IIMIIXO,% S lluoll 2 + INg i, uz, will 2,2 + Ny g (1, w2, w)llxo,,%ﬂ;-
s A

Moreover, Corollaries 4.1 and 4.2 and Lemma 3.2 yield
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1 ~ ~
INR (e, w2, w)m) 2,2 S ( sup 57 Sup <|u1(t,n)|2 _ |u0(n)|2>> ||w||X0,%
te[—1, nes), A

(L1 neZ,

1 _ A
+( sup = SUPn(lul(t,n)lz—luz(n)|2)> luall 4,y
te XAZ
< 41201 2CoA 2 K} w| 0l
X)L

and

1_ _3
NG R w2, )l 1y SA2TQCAT 2K w1
X X

T A

respectively.
Collecting all with (5.5), one concludes

for some 0 < ¢ < 1, which implies w =0 on [—1, 1].

The proof of the continuous dependence of the flow map from initial data to solutions is analogous to the proof of
the existence of solutions. The uniqueness of solutions ensures that all convergent subsequences in the sense of (5.12)
have the same limit, thus complete this part.

5.3. Global well-posedness: Proof of Theorem 1.3

The global well-posedness of (1.1) immediately follows from the conservation law

/vz(t,x) dx:/v2(0,x) dx. (5.13)
T T

The conserved quantity (5.13) ensures v(1 ™) = v(0), for fixed A chosen in the local theory. Thus, we repeat the local
theory on [)FS, 2A‘5] and further, we, then, obtain the global well-posedness.

6. Unconditional uniqueness: Proof of Theorem 1.5

o 0.5 . . . . o .
The aim is to prove that X, * space designed as a solution space in the previous section is large enough to contain
1

C([0,T]; H*(T)), s > % such that the uniqueness in X, Z ensures the unconditional uniqueness in H*, s > % via the
interpolation argument.
We start with an essential nonlinear estimate in H 5.

Lemma 6.1. Let s > % andv € C([0, T]; H*(T)) be a solution to (2.11). Then we have

17 (D) 2 = Bom) PP s m-s S 10l 0 g 6.1)
and
17 %jﬁ(m)ﬁ(nz)ﬁ(na)>|u;cw S Mol s (6.2)

Proof. A direct computation gives
LHS of (6.1) < lln' > (0> — Do) )P Iz < Nl s 7y

for s > %. On the other hand, by the duality argument, one reduces the left-hand side of (6.2) as
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> ' BV ()0 (n3)8 (—n), (6.3)
Ny

for g € L? with llgllz2 < 1. Without loss of generality, we assume |n1| < |n2| < |n3|. We split the summation over
frequencies into several cases.

Case 1. (high x high x high = high). We further assume that |n{| ~ |n3| ~ |n|. Then, the Cauchy-Schwarz
inequality yields

63< D> " F) fn) F(n3)|g(—n)]
i 1 1n)
1

2

3—8s 3
DD Ikl I VA A PP

neZ\{0}

A

3
S0 s

for s > % where F(n) = (n)*[0(n)].
Case II-a. (low x high x high = high). We assume that |n|| < |n2| ~ |n3| ~ |n|. A similar argument yields

63 Yl T f ) fn) F(n3) g (—n)|
i [ sl ~In]
1

2

Sl DD P i F@l £ lgl e

n1€Z\{0} \In1l1<K]|n|

A

2

3-8 3
Do P vl

ni EZ\{O}

A

for s > %, which implies the right-hand side of (6.2).
Case II-b. (high x high x high = low). Under the condition |n| < |n{| ~ |r3|, an analogous argument ensures

65 D T Fon) f o) Fnz) R (=)

n.ny,ny
[n<Kny|~[n2l

L
2

Yool DD ) mltREIA.

neZ\{0} \Inl<K]|n1|

A

1

2

3—8s 3
Do 1P vl lghs
neZ\{0}

A

for s > % which implies the right-hand side of (6.2).
Case II-a. (low x low x high = high). We assume that |n|| < |n3| < |n3| ~ |n|. Since |n|'7>* < |n2|'72%, The
Cauchy-Schwarz inequality shows
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65 D Il T Fn) F ) Fna) R (=)
< ml &l

1
2
S O mP | T @l f13:lgl

n1€Z\{0} \In1|=|n2|
1

2

S22 P vl
n1€Z\ {0}

for s > %, which implies the right-hand side of (6.2).
Case III-b. (low x high x high = low). Using the same argument as before with the fact |ns|™2 <
max(|n1], |n])~>, one obtains the right-hand side of (6.2). We omit the details and complete the proof. O

Now we are ready to prove Theorem 1.5.

Proof of Theorem 1.5. Let T > 0 be given and v € C([0, T]; H*(T)), s > % be a solution to (5.3). Using the scal-
ing argument (but we here fix larger A > 1 satisfying A>T < 1 as well.) Then, for u (A-scaled function of v), a
straightforward calculation

Il gso S lllleze g (6.4)

ensures that the solution u# belongs to X i’o.
On the other hand, Lemma 6.1 in addition to (6.4) reveals'® that

N + Ny ) € X5,
which implies u belongs to X;S’l thanks to (5.3).

. . . _ 0,1 . . .
The interpolation theorem for X i‘o with X, 1 ensures u € X N 2 that is, the space C; H)f is embedded in the space
1

0,1 . .0, . . . .
X, % s> % Therefore, the uniqueness result in X, * established in the previous section (a part of Theorem 1.2)

guarantees the uniqueness of u in C; H; (thus, so the uniqueness of v in C7 H*), which completes of the proof of
Theorem 1.5. 0O
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Appendix A. L*-Strichartz estimates

The aim of this appendix is to provide the proof of L*-Strichartz estimates (Lemma 2.2) for the sake of reader’s
convenience.

Proof of Lemma 2.2. The proof basically follows the proof of Lemma 2.1 in [69] associated the Airy flow. We also
refer to [6,41,70,71,62,48,10] for similar arguments.
Let f = f1 + f>, where

Amy=0, if |n|>1.
Note that [{n € Z; : n € supp(f)}| = 2% + 1. Since f? < 2f2 + 27, it suffices to treat || /7]l 2®xT,) and
I f7 1l 2R T, separately.

18 1 emma 6.1 is still available under the A-periodic setting, but with A-dependent bound in the right-hand side.
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f12 case. A computation gives

2

12 @omy = [ [| [ [1RGm0lfiG = nn = nidudn| dedn,

Z, R Z, R

(A.1)

From the support property, the right-hand side of (A.1) vanishes unless |n| <2. Let

Fi(z,n) = (t — px(m)°| fi(z,n)|.

The Cauchy-Schwarz inequality and the Minkowski inequality, we see that for b > %,

1

2

RHS of (A1) 5 % Z /(/ /<T — 11— paln—n1) (1 = pa(n)) " dm
’1€ZAR Z}L R

[n|<2

3 2
x /|F1(n,n1>|2|F1<r—mn—m)ﬁdn dm) dt
R

1

2

2
1 ~ 9~ 5
Y (/ /|Fl<n,m>| \Fi(x = r1.n—n) P dride )

VLGZ)L Z)L 2

4 4
S ||f1||Xg.b f, ||f||X9.b-
A

f22 case. Analogous to (A.1), we have

2

||f§||iz(Rka)s// //|fz<n,n1>||fi(r—n,n—m)wndm drdn
Z; R 3 R

2

1 ~ ~
= Z///|f2(fl,n1)||f2(f—fl,n—nl)ldfldnl drdn

neZ;LR X R

[n|<1
2

+% Z///|fz(n,n1)||f§(r—mn—mﬂdndnl drdn
2 R

The term /7 can be treated similarly as f12 case. For the term I, we may assume that n; > 1 and n — ny > 1 (thus,

n > 1). Indeed, let f> = f2.1 + f2,2, where

Ham)=0 if n>1,

-2 S
then || /717, < 21 /21172 + 215,17 and Lf2 2 = 1 21 2 = 1 £2, ]l 2. Similarly as (A1), we have
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1
b3 x / ( //(T — 11— pa(n —n) (11 — pa(ny)) " duidny
"R

» R

L
2

1
2

2
//Ifz(n,m)lzlfz(f—11,n—n1)|2dr1dn1 ) dt

» R
<M 40,
~ ||f2||Xg.b
where
= sup //<r—n pa(n —n1)) "2 (T — pa ()" dridny.
reRnEZA

n>1

Thus, it is enough to show that M < 1 whenever b > m.
By a direct computation

/<a>*“<b—a>*°' da < (b)),
R

for % < a < 1, we estimate

1 _
MS sup = Y (r—pun) = paln—n)) .
teR,neZ;

n>1 nleZA

ny,n—ny>1

For each 7 ¢ R and n € Z; with n > 1, we compute

pa(n) +pr(n—ny)—t

3 3
=5n (”1 211n1 + <2n + 3’3)”2> ni—n <n2 + gﬂ)\2> ny —C(t, n))

nm—ny) 2
T Gn A)2| o) )2 [V3,0(n —npl",
where
T—n’ — Br2 <y + %”w‘o”ii> n
C(t,n) =
(T, n) =
Let

3 3
h(x) =x* —2nx’ + <2n + E,B)L_2> x2—n (n2 + E,B)L_2> x —C(t,n),
then, we know
d 3 3
—h(x) =4x3 —6nx> +2 (211 + —ﬁkz) xX—n <n2 + —/3)»2) ,
2
dx 2

This observation reveals that /4 (x) has the minimum value at x = «, where A’ (@) = 0. If 2(«) > 0, we write

6
L ) = 1242 —12nx+2<2n+ ﬂ/\—2>_12(x+ ) +n+2pr7 >0

2

h(x) = (x —a)(x> + Ax> + Bx + C) + h(),

for some A, B, C depending on 7, n. Moreover, since 4’ («) = 0, x = « is also a zero of x3+ Ax2+ Bx +C =0, thus
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2,.2 ’ / 2 Al g / Al
hx)=x—a)* x*+Ax+B)+h(x) =(x —a) <x~|—7> + B vy + h(a),

for some A’, B’ depending on 7, n. Note that B — AT/ > 0. Let
Q={n€Z,:n—al<1} and sz{nl GZA:|n1+A//2|§1}.
Note that |2 U Q3] <4A + 2, and
h(ny)>1 in(2;UQ)°.
Since n > n; and

ung

um —ny)
(2 )2

L52
(2 ))? ’

o~ 2
v n—n <
[V2,0( ] =5

[D3.0(n1)|* +

e 82 1
we conclude that if 5~ < 7, then

/

1 A2
px(n1)+m(n—n1)—r2En(n—a)z(nJr?) in (QUQ)°,

which implies

1 1 _
M5 > 1+inf“ 4b)

QUQy ny>1
1 5 1
— _ (1-4b) 4 — 7 1515(1—4b)
UZ'"‘ ol +AZ'”‘+A/2'
2 5
<1

On the other hand, if 2(a) < 0, h(x) has two zeros so that & is written as
h(x) = (x — 01)(x — 02) (x> + Ax + B),
for some A, B depending on t, n, and x2+ Ax + B > 0 for all x. Thus,

h(x)= AY’ B A
() =@ o) — o) (x+5> +B-4).

where B — % > 0. Thus, similarly as above, we conclude M < 1 whenever b > %. O

Appendix B. Weak ill-posedness in H(T),0 <s < %: Proof of Theorem 1.4

As mentioned in Section 1, the proof of Theorem 1.4 closely follows Takaoka and Tsutsumi [69], initially motivated
by Burq, Gérard and Tzvetkov [9] (for the Schrodinger case) and Christ, Colliander and Tao [14] (not only for the
Schrodinger but also KdV cases).

For the sake of simplicity, we consider the following equation

2 2
8tv—8§v+ % <v2—§£v2> 0xv =0,

equivalently

00— i (n +nldo(m) ) D= in([D0) = o)) = 5 D 9)Pn2)9(ns). (B.1)

n

Duhamel’s principle in (B.1) yields
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it (n>+n[vo(n)|?)

v(n)=e Vo(n)

t

. ~ R N in —~ ~ ~
+ / TEROD { in () ~ Do)~ 3 Y D) Pn2)0(n3) | ds.
0 N

(B.2)

We denote the second term in the right-hand side of (B.2) by

t

/ f(v)(s) ds.

0
Wefix0<s < % Let K be a positive integer and set

eth _ e—th

ok(x)=p

)

2mi
for sufficiently small but fixed 0 < p K 1.'° We choose initial data vo,x and v(’)‘ x as follows:
vo.k (x) = K Yok (x) and
Wk () =K U+ aK» ) 205 (1) = (1 4+ m K>~ ) 2ug ¢ (1),
for 0 < ¥ <1 — 2s. A straightforward calculation gives

lvo.x lmss vy g llms S o<1

and

1
lvo,x — vg g llEs S 1—(14+7K¥ H2| 50, as K — oo.

Taking tx = K~ one has
txnlo xk M)1* = p? Gugx +8—k) K777 and
tenlof g P = 02 Gux +80-x) (K27 7).

where §;; is well-known Kronecker delta.
Theorem 1.2 ensures that there exist 7 > 0 and solutions vg and v*K to (1.1) on [—T, T]. We take K sufficiently
large such that tx < T. Set ®(K) := K? and define

. -~ 2 it(D(K Sk 2
it (®(K)+nlvo k (m)|7) it(P(K)+nlvg g ()] )%,K(”)‘

wk(n)=e Vo, (n) —e

A direct computation gives

A 2
lwk (Ol = 1 — (1427 K2 =143 >4 K> 1, (B.3)
Suppose that the uniform continuity of the flow map holds true, which implies

sup  |lvg (1) — vk @) llgs > 0, as K — oo. (B.4)
te[~T,T]

From (B.2), we have

K
(vk (tx) — v (tk), wx (tg)) s = llwi (tx) | s + /F(UK)(S) — F(vg)(s), wk (tg) ) (B.5)

0 HS

19 Here p « 1 ensures the validity of Theorem 1.2 without the scaling argument.
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where (-,-)ys is an usual H® inner product. The standard argument under the periodic setting,”’ in addition to

1
Lemma 3.2 and Proposition 4.1 with the uniform boundedness of v in X ST 2, ensures the second term in the right-

hand side of (B.5) (is bounded by t;‘y for some 6’ > 0 similarly as the right-hand side of (5.4) without the initial part
term, and hence) tends to 0 as K — oo. Using (B.3) and (B.4) in (B.5), one concludes the contradiction, which ends
the proof.
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