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Abstract

This paper is concerned with the study of the Monge optimal transport problem in sub-Riemannian manifolds where the cost is
given by the square of the sub-Riemannian distance. Our aim is to extend previous results on existence and uniqueness of optimal
transport maps to cases of sub-Riemannian structures which admit many singular minimizing geodesics. We treat here the case of
sub-Riemannian structures of rank two in dimension four.
© 2018 L’ Association Publications de 1’Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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Introduction

Let M be a smooth connected manifold without boundary of dimension n > 2. The problem of optimal transporta-
tion, raised by Monge [11] in 1781, was concerned with the transport of a pile of soil into an excavation. Given two
probability measures ., v on M, we call the transport map from u to v, any measurable application 7 : M — M such
that T; 0 = v (we say that T is pushing forward p to v, i.e. for every measurable set B in M, w(T~Y(B)) = v(B)).
Therefore, the Monge problem was modelized as an optimal transport problem consisting in minimizing the trans-
portation cost

/C(x, T (x))dpu(x),
M
among all the transport maps 7 : M — M.
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Here, c(x, y) represents the cost of transporting a unit of mass from a position x to some position y. The fact that
the condition T:u = v is nonlinear with respect to 7', is the main difficulty in solving the Monge problem.

In 1942, Kantorovitch [8] proved a duality theorem in order to study the relaxed form of the problem. He replaced
the transport map 7 : M — M by a transport plan o € I1(u, v) where IT(u, v) is the set of probability measures o
in the product M x M with Pﬁl (@) = and Pﬁ2 () = v (where P1: M x M — M is the projection map into the i-th
component). Hence, Kantorovitch problem consists in minimizing

/ c(x, y)da(x, y), among all the transport plans « € IT(u, v).
MxM

The Kantorovitch approach leads to a dual formulation (see Chapter 5 [16]) given by:

aeli[r%f N [Mf c(x, y)da(x,y) t = sup /w(Y)dv(y)—/w(X)dM(X) : (D
B I7EY (@) e L'(w) x L' ) 3 i

Y() — o) <clx,y)

This leads to the problem of finding a pair of integrable functions (¢, ¥) optimal on the right-hand side, and a transport
plan « optimal on the left-hand side. The pair of functions (¢, ) should satisfy ¥ (y) — ¢(x) < c(x, y). Then, for
a given y, ¥ (y) can be chosen to be the infinimum of ¢(x) + c(x, y) among all x. For a given x, ¢(x) will be the
supremum of ¥ (y) — c(x, y) among all y. We may indeed assume that ¢ is a c-convex function and ¢ = ¢° satisfying
the two equations below:

0(x) = sup [¢° () = cx, ], Vx e M 2a)
yeM
o = inf lo(n +c. ] Yy e (2b)

The pair (¢, ¢©) is called a pair of Kantorovitch potentials.

We refer the reader to the textbooks [15,16] by Villani for more details on the optimal transport theory.

Several techniques developed by Brenier [3], McCann [10], Cavalletti and Huesmann [5] and others allow to show
that in certain cases, optimal transport plans yield indeed optimal transport maps, solutions to the Monge problem.

This paper will be concerned with the study of the Monge problem for the quadratic geodesic sub-Riemannian
cost. Let (A, g) be a complete sub-Riemannian structure on M, where A is a totally nonholonomic distribution on M
of rank m (m < n) and g a smooth Riemannian metric on A, that is for every x € M, g, is a scalar product on A(x).
We recall that a distribution A is called totally nonholonomic if, for every x € M, there exist an open neighborhood
V, of x and a local frame Xi, ..., X" on V such that

Lie{x!,... X0}y =T,m, vy eV,

Let T > 0. A continuous path y : [0, T] — M is said to be horizontal with respect to A if it is absolutely continuous
with square integrable derivative and satisfies

y()e A(y()), ae.t €[0,T].
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The length of a horizontal path y is given by

T
I(y) 1=/,/gy(z)()7(t),)7(t))dt~
0

We define the sub-Riemannian distance dgg(x, y) between two points x and y of M as the infimum of lengths of
horizontal paths joining x to y, that is,

dsg(x, y) = inf{l(y)| y [0, T] — M horizontal path s.t. y (0) = x, y (T) = y}.

A minimizing geodesic is a horizontal path with constant speed which minimizes the sub-Riemannian distance
between its end-points. We shall say that the sub-Riemannian structure (A, g) on M is complete if the metric space
(M, dsr) is complete. Thanks to the Hopf—Rinow theorem (see [13]), if (A, g) is a complete sub-Riemannian structure
on M, then minimizing geodesics exist between any pair of points in M. Let {X LoX k} be a family of k =m(n+1)
smooth vector fields generating A (see Proposition 1.1.8 [13]), that is for every y € M,

A)=Span{X'(v)..... X .
Given x € M and T > 0, the end-point mapping from x is defined by

E*: L?(0,T],R¢ - M
u = EY(u) = yu(T)

where y, : [0, T] — M is the unique solution to the Cauchy problem:

k
D uiOX (), V1 €10, T]
i=1 '
Yu(0) = x

A control u is called singular if and only if it is a critical point of E*, and regular if not. A horizontal path y is said
to be singular (resp. regular) if and only if any control u associated to y (i.e. y = y,, solution of (3)) is singular (resp.
regular) for E*.

For every x € M and every T > 0, we denote by Qf’T the set of regular minimizing geodesics y : [0, T] - M

Yu(t) 3)

starting at x. We also denote by Qf’T the set of singular minimizing geodesics y : [0, T] — M starting at x.

The notion of a singular curve plays a major role in this paper. In absence of singular minimizing geodesics,
sub-Riemannian distances enjoy the same kind of regularity as Riemannian distances at least outside the diagonal.
We recall that the diagonal of M x M is the set of all pairs of the form (x, x) with x € M. Following previous results
by Ambrosio—Rigot [2] and Agrachev—Lee [1], Figalli and Rifford (see [7]) proved that local lipschitzness of the
sub-Riemannian distance outside the diagonal is sufficient to guarantee existence and uniqueness of optimal transport
maps (see also the textbook [13] by Rifford).

In general, we do not know if the Monge problem (for the sub-Riemannian quadratic cost) admits solutions if
there are singular minimizing curves. For a rank-two distribution A on a three-dimensional manifold M, we have
existence and uniqueness of optimal transport maps for the sub-Riemannian quadratic cost because non-trivial singular
horizontal paths are included in the Martinet surface XA given by Xa := {x e M| Ax) +[A, Al(x) #TiM } which
has Lebesgue measure zero. The first relevant case to consider is the one of rank-two distributions in dimension four.
In this case, as shown by Sussman [14], singular horizontal paths can be seen (locally) as the orbits of a smooth vector
field, at least, outside a set of Lebesgue measure zero.

The definition of a real analytic manifold is similar to that of a smooth manifold. We begin by recalling that an
analytic function f is an infinitely differentiable function such that the Taylor series at any point xp in its domain,
converges to f(x) for x in a neighborhood of x¢. We say that a manifold M of dimension # is real analytic if transition
maps are analytic. We provide M with a real analytic distribution A of rank m (m < n), that is for each x € M, there
are an open neighborhood I containing x and m analytic vector fields X!, ..., X" on U such that

Aly) = Span{Xl(y), ...,X'"(y)}, Vy el.

In this case, the Cauchy problem given in (3), has a real analytic solution on M for ¢t € [0, T'] and some T > 0.



840 Z. Badreddine / Ann. I. H. Poincaré — AN 36 (2019) 837-860

The aim of this paper is to show that, in the case of rank-two analytic distribution in dimension four, we have
existence and uniqueness of optimal transport maps for the sub-Riemannian quadratic cost, as soon as the distribution
satisfies some growth conditions.

We recall that the support of a measure 1, denoted by supp(u), refers to the smallest closed set ' C M of full
mass W(F)=u(M)=1.

Our main result is the following:

Theorem 1. Let M be a real analytic manifold of dimension 4 and (A, g) be a complete analytic sub-Riemannian
structure of rank 2 on M such that

VxeM, A(x)+[A, Al(x) has dimension 3, (@)

where

[A, A]l:={[X,Y]]| X, Y sections of A}.

Let 1, v be two probability measures with compact support on M such that | is absolutely continuous with respect to
the Lebesgue measure L4,

Then, there exists an optimal map which is unique up to a set of (L measure zero for the sub-Riemannian quadratic
costc: M x M — [0, +o0o[ defined by:

c(x,y) i=dig(x,y), V(x,y) € M x M.

Our strategy to prove Theorem 1 is twofold. It combines the technique used by Figalli-Rifford [7] (see also the
paper by Agrachev-Lee [1]) which is based on the regularity of the distance function outside the diagonal in absence
of singular minimizing curves, together with a localized contraction property for singular curves in the spirit of a
previous work by Cavalletti and Huesmann [5].

The paper is organized as follows. In Section 1, we give more details on the strategy of proof. Then Section 2-3 are
devoted to prove some required results to achieve existence and uniqueness of optimal transport maps. In Section 4,
we finalize the proof of Theorem 1.

1. Strategy of proof

From now on, we assume that the manifold M has dimension 4 and is equipped with a complete sub-Riemannian
structure (A, g) of rank 2 such that

VxeM, A(x)+[A, Al(x) has dimension 3.

We fix u, v two probability measures compactly supported on M such that u is absolutely continuous with respect
to the Lebesgue measure. As it is well-known (see [16]), since ¢ = dg g 1s continuous on M x M, the Kantorovitch
transport problem between p and v with cost ¢ admits at least one solution and there is a pair of Kantorovitch
potentials (¢, ¢¢) which is a solution of the dual problem satisfying the equations (2a) and (2b). Moreover, we denote
by I' the contact set of the pair (¢, ¢¢) given by

Pi= {5 € Mx M1 0) =90 = e, ) |.

We get that (see Corollary 3.2.14 [13]):

a transport plan o € T1(u, v) is optimal if and only if &(I") = 1.

In other words, the problem of existence and uniqueness of optimal transport maps can be reduced to proving that I"
is concentrated on a graph, that is to show that for p-almost every point x € M the set

I'x):= {y eM| (x,y) e I‘} is a singleton.
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Following [7], let us introduce the following definition:

Definition 1. We call “static” set S and “moving” set M respectively the sets defined as follows:
§={reMxerm},

M= {x € M| x g_fr(x)}.

We note that M is an open subset of M. In fact, we can easily check that M coincides with the set

[xeM|px) #o'0)} ={xeM|px) >e‘x)}

which is open by continuity of ¢ and ¢€.
Since both supp () and supp(v) are compact and the metric space (M, dsg) is complete, there are xg € M and a
constant L > 0 such that

supp(u) | supp(v) C Bsg (xo, L/4)

where Bgg(xo, L/4) is the open ball in M centered at x( of radius L.
As a consequence, any minimizing geodesic y : [0, 1] - M from x € supp(u) to y € supp(v) is contained in
Bsr(xo, L/2).

Bsg(xo, L/2)

From now on, we work in the compact set Bgg(xg, L/2) of diameter L and so, we proceed as if M were a compact
manifold.

As in [7], we shall show that “static” points do not move, i.e. almost every x € S is transported to itself. For sake
of completeness, the proof of Lemma 1 is given in Appendix A.

Lemma 1. For p-a.e. x € S, we have I'(x) = {x}.

We need now to show that almost every moving point is sent to a singleton. To this aim, we need to distinguish
between two types of moving points.

Definition 2. Let 7 > 0. For every x € M, we set
P ={yermiay el ;. v =y}
and

MR ={y er 13y e Qf .y (M =y},
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Moreover, we let

MS = {x e M| TS(x) ;éw} and MR = {x e M| r%o;&@}.

Note that, by construction, for every x € M, I'(x) = FR(x) U FS(x). Furthermore, if there are no non-trivial
singular minimizing curves then M5 = @.

First, using techniques reminiscent to the previous works by Agrachev-Lee [1] and Figalli-Rifford [7], we prove
that

Proposition 1. For p-a.e. x € MR TR(x)isa singleton.

Then, using a localized contraction property for singular curves which holds thanks to (4), the technique developed
by Cavalletti and Huesmann [5] allows to show that

Proposition 2. For ji-a.e. x € M5, T'S(x) is a singleton.

It remains to show that for almost every x € M, I'(x) is a singleton. Again this will follow from a local contraction
property together with the approach of Cavalletti and Huesmann [5], see Section 4.

2. Proof of Proposition 1

Argue by contradiction, assume that there is a compact set A C MR of positive Lebesgue measure such that
Vx e A, IR (x) is not a singleton. 5)

We may assume that A is contained in a chart (V, ¢y)) of M. Without loss of generality, we may assume that V is
an open subset of R* where we can use the local set of coordinates (x1, X2, X3, X4).
For every k € N, we define the set

Wy 1= {x e M|3py eR*sit. |py| <k and o(x) < 0(2) — (px, x —2) + k |x — 2%, Vz € B(x, 1/k)} (6)

where B(x, 1/k) denotes the closed ball in R* centered at x with radius 1/k.
The set Wy is well-defined, up to a change of coordinates, for k large enough.

Lemma 2. MX ¢ U Wy.
keN

Proof of Lemma 2. Let ¥ € M~ and y € 'R (%). For sake of simplicity, let us first assume that there is a unique min-
imizing geodesic y : [0, 1] — M steering y to x. There exist an open neighborhood V of y ([0, 1]) and an orthonormal
family (with respect to g) F of two vector fields X', X? such that

A(z) = Span{Xl(z), X2(z)}, VzeV.

According to a change of coordinates if necessary, we can assume that ) is an open subset of R*. Moreover, there
is a control u? € L2([0, 1], Rz) associated to y, i.e.

2 v .
y) =Y ul X' (7)), V€0, 1]

i=1
and
|lu”||,> = length(y) = dsg (%, 3).

Assume now that there is a sequence {y*}; of minimizing geodesics between X and j. We denote by K the set of
minimizing geodesics between x and y. By [7] (see also [13]), K is compact with respect to the uniform topology. So
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we can repeat the above, by covering KC by a finite number of open tubes admitting orthonormal frames. Up to taking
a subsequence, the bounded sequence of controls {uk }in L2([0, 1], Rz) associated to yk such that

|lu* ]2 = length(y*)
converges to some u? in Lz([O, 1], Rz). By the lower semicontinuity of the norm, we have

[lu” [ 12 = length(p).
Since y is regular, there exist vl v2 03, vt e L2([O, 1], ]Rz) such that the linear operator

R* — R4
4
o > Z(xiD,;Ey(vi)

i=1

(7

is invertible.
Recall that C*°([0, 1], R?) is dense in L2([0, 1], R?), we can assume that v', v2, v3, v* are in C*°([0, 1], R?).
Define locally

F:R* — R*
4
o — EY+ Zaivi) ’
i=1
This mapping is well-defined and of class C? in the neighborhood of zero. It satisfies F(0) = i and its differential
at 0 is invertible.

By the Local Inverse Function Theorem, there exist an open ball 3 of R* centered at ¥ and a function G : B — R*
of class C? such that

FoG(z) =z, Vz€B.

4
i+ (G

i=1

We note that

4
Vz e B, dig(z, ¥) < lli+ Y (G@)iv'|[7,.
i=1
So we define

4
¢ @) =l + Y (G@)iv'|[7.. V2 €B.

i=1
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We conclude that there is a C? function ¢ : B — R* such that
¢*7(2) > d3p(z. 7). Vz € Band ¢ (§) = d3, (. 3).

Recall that, by the definition of the Kantorovitch potentials, for every z € M, we have
9(2) = ¢°() —dig(z.y)
0@E) = ¢ () — d2p(%.5)
Then, Vz € B,
9() = ¢°(V) — " ()
p@E) = ¢°(G) — (@)
Define

V(@) =9 () — 9" (2),Vz € B,

Hence, we put locally a C? function under the graph of ¢ with a uniform control on the CZ norm of y*¥. It implies
that for every ¥ € MR, we can find k € N such that there is pz € R* with |px| < k verifying

¢(X) <(y) — (ps, X —y) +k T -y, VyeB@E, 1/k). O

We are ready to complete the proof of Proposition 1.

Since MR ¢ U Wi (by Lemma 2), there exists k € N such that
keN

Ay = AN Wy is of positive Lebesgue measure.
Let X be a density point of A; and j € 'R (X). By the definition of the Kantorovitch potentials, we have that
9(F) +dig(%,§) < 9(2) + d5g(z, 5). V2 € M
= 9() + d5g(F, §) — 9(2) < d3g(z, 5), V2 € M.
oM —>R

We define the function - _ o
2 P p5(2) =) +dig(%.5) — ¢(2)

verifying

p*(z) < dig(z,3),Vz € M and equality for z = X. (8)
Let A~k := A N B(x, 1/2k). For every y € Ak, there is py € R4, |py| < k such that

9() <9@) = (py,y —2) +k |y —z’, Yz€ B(y, 1/k).
We define the function ¢ : B(x, 1/2k) — R as follows

@(z) = sup W, (2), Vz € B(x, 1/2k)
yéfik

where

Vy € Ag, Wy(2) =)+ (py,y —2) —k |y — 2%

We claim that for every z € Ak, ¢(z) = ¢(z). Let us prove our claim.
In fact, for every z € Ay, we have

$(2) > Wy (2), Vy € Ay,
that is

$(@) =9+ (py,y —2) —k |y — 2%, Vy € Ay.
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In particular, fory =z € Ak, we obtain

0(2) <¢(2).

Assume that there i§ ZE€E Ak such that ¢(z) < ¢(2).
Then, there is y € Ak, y # z such that

0(2) < ¥y (2)
that is
9@ < e+ (py,y —2) —k |y —zI*. )
If, z, y € Ay, then z € B(y, 1/k). So,
P(Y) <@(2) — (py,y —2) +klz =y
=9 +(py.y—2)—klz—y* <0

which contradicts inequality (9). And the conclusion follows.
Moreover, let y € A be fixed. For any x € B(x, 1/2k), there is a neighborhood B(x, 1/k) of x contained in
B(x, 1/2k) such that for every x’ € B(x, 1/k), we can find p, € R* such that

Wy (x) — Wy (x) = (py, X' —x) + k(X' = y* =[x — y[?)

< (py.x' —x) +klx’ —x|* = 2k(y —x,x" — x)

IA

(py — 2k(y —x),x" —x) + klx" — x|

Take p, := p, — 2k(y — x), we obtain
Wy (1) < Wy () = (P, x =) +klx" —x ]2,
This means that for every y € Ay, W, is locally semiconvex on B(X, 1/2k). According to Lemma 14 in Appendix B,
since ¢ is the supremum of local semiconvex functions W, among all y € Ay, then ¢ is locally semiconvex on

B(x, 1/2k). By the Rademacher Theorem, ¢ is differentiable almost everywhere on B(x, 1/2k).
We also define the function

F*: B(x,1/2k) - R
z = 55 (2) = g(X) + d§R(X, 5) — ¢(2)
such that for any z € Ak, we have
£ () = p*(2) and 5" (2) < dgg(z. §). (10)

Here, x is fixed and §* is a function of z. By the definition of %, as ¢ is differentiable at almost every z €
B(x,1/2k), ,5)z is also differentiable almost everywhere on B(x, 1/2k).

On the other hand, following the proof of Lemma 2, for x € MPR and y € 'R (x), there are an open set B; in R4
containing ¥ and a C? function ¢~ : B; — R such that

¢*V(2) > d2x(z, 7), Vz € Bs and equality for z = . (11)
Consequently, by (8), (10), (11), we obtain
P (@) <dgp(z,7) <™ (2), Vz € B N Ay
and
equality for z = x.
Note that ¢ is a C? function and 5* is differentiable almost everywhere on B(x, 1/2k). Then,

dig™ = dzp*.
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It means that there is a unique y € I'® () such that

Y = exp; (dzp*) = expx (—dz @),

with exp; : 7' M — M the sub-Riemannian exponential map from x. This contradicts assumption (5) and the conclu-
sion follows.

Remark 1. The above argument can be used to prove the required result in the general case, with M a smooth
connected manifold of dimension n equipped with a complete sub-Riemannian structure (A, g) of rank m(m < n).

3. Proof of Proposition 2

Our aim is to prove that

for almost every x € M5, TS (x)isa singleton.

First, we need to construct a line field, defined on a set of full Lebesgue measure, whose orbits correspond to the
singular curves.
The following holds (see [14], [13], [9]):

Lemma 3. There is an open set H of full Lebesgue measure on M such that:

VxeH, TyM = A(x) +[A, Al(x) +[A, [A, All(x). (12)

Proof of Lemma 3. We denote by . the set given by
7= {x € MIAGX) +[A, Al(x) + [A, [A, All(x) # TXM}.

Assume by contradiction that . is of positive Lebesgue measure on M. It is sufficient to work locally. Taking a
sufficiently small open neighborhood V of the origin in M and doing a change of coordinates if necessary we may
assume that there are a set of coordinates (xp, x2, x3, x4) and two vector fields X 1 X2 on V of the form

X'=08,,, X?=0,, + Ady, + Bd,,
where A, B : M — R are smooth functions such that A(0) = B(0) =0 and
A(x) = Span{Xl(x), Xz(x)}, Vx e V.
So we have
(X', X?]= Ay, dy; + By, dy, on V.
By hypothesis (4) in Theorem 1, we have
Vx e M, A(x)+[A, Al(x) has dimension 3.
We may assume
Ay, #0 on V.
We denote by X3 the horizontal vector field given by

1
e

x3 (X!, X?] =8y, + Cdy,

where C := By, /Ay, is smooth.
A computation gives

(X!, X3] = [0y, 8y + Cdyy1=Cy, s, (13)
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and
[X2, X3] = [8y, + Ady, + Biy,, dx; + Cdy, ] (14)
=(—Ax; — CAy)dx; + (Cx, + ACyy + BCx, — By; — CBy, )0y,
Let x € . N V. It follows
A(x) +[A, Al(x) + [A[A, All(x) # T M.
Since A(x) + [A, Al(x) + [A, [A, A]](x) is of dimension 3, it means that

det(Xl(x), X2, X", X21(0), X1, [X, X2](x)]) -0 (15)
and,

dez<x1(x), X2(x), X", X21(x), [X2 [X, Xz]](x)) -0 (16)
which is equivalent to

det (X' (@), X(0), [X", X210, [X', X @)) =0 a7
and,

det(X](x), X2 (), X", X21(x), [X2, X3](x)) =0 (18)
that is,

Cy, =0 (19)
and

Cy, + ACyxy + BCy, — By, — CBy, + CAy, + C*Ay, =0. (20)

For every k-tuple I = (iy,...,ix—1,3) s.t. (i1,...,ik—1) € {1, 2}k_1, we denote by Z! the smooth vector field

constructed by the Lie brackets of X!, X? as follows
Z0 =[x x|

Note I(I) the length of the Lie brackets Z/. By totally nonholonomicity, for every x € V, there exists an integer
r(x) > 2 such that

oM = Span{x‘ (), X2(x0), X3(0), Z! )| 1) < r(x)}.
For every [ satisfying [(I) > 2,
ZN(x) = ZE(x) 84y + Z4 () By
We define the following set

A= {x eV Zhx) - C)Zhx) =0 VI st 1(I) < k}

and
r—1
S NY= UAk\Ak+1 where r = max r(x). (2D
= xeV

Recall that . is supposed to be of positive Lebesgue measure. By (21), there is 2 < k < r — 1 such that A\Ai
has positive Lebesgue measure. Fix X a density point in Az\ Az, ;. There exists some J' = (i1, ..., if, 3) of length
k + 1 such that on a neighborhood Vs of X,

7] —cz{ #00onVx. (22)
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From J’, we take J = (i, ..., if, 3) of length

k, so that Z; —

(X1, Z7] = (Z{)x, 0, + (Z])x, 0y

70— [x% 277 = ((zg)x2 + AG)(ZY) ey + B(Z))xy — Z{ Axy — Zij4)ax3
+ (@) + Ay + By = 24 Bey = 2{ B, ),

Replacing Z3J "and Z 4{ "in (22), it follows that on V', we have

(Z])x, — C(Z3)x, #0

or
(Z])ey + AZ]) s + B(Z])x, — Z4 Byy —
—C((Z{)x, + A(Z)xs + B(Z{)x, —

Zi By,

We recall that Z 4{ —-C Z3J is a smooth function such that

Z] —CZ{=00n A\AL, .

Since ¥ is a density point on Az\ Az |, we have

(z] - cz{)Xi(X) =0,Vi=1,2,3, 4.

Note that by (19), Cy, = 0. And, by computing the partial derivatives of (25), we obtain

(#),, 0 - CO(H), 0 =0

(Zi)x,- (X) — C()z)(zg)Xi (X) = Cy, (X)Z4 (%), Vi =2,3,4

Using (27), we can check that the left-hand side of (24) evaluated at the point x is equal to

(Z])e + A(Z]) s + B(Z])xy — Z1 By,

= C((Z5)ey + AZY s + B(ZS )y —
= (Ze - CZa) + A(Z - CZ) + B((ZDw - CZD)

— Z] By,
Z{Ay, —Z]Ay,)

—7{(By —CAy) - 2] (By - CAL)

=Cy,Z! + ACyZ! + BC, 2] — 7 (

CAQ)—

- (sz + ACy, + BCy, — By, + CAx3)Z3 z (

_ 2
V2o, (CBM c Ax4>Z3 24(

=—(B. - CAy) (7] - cZ])

=0
This and (26) imply that

7zl —-c®z! @ =

which contradicts (22), i.e. the fact that X ¢ A ;.

We need another lemma.

CAX4)

a

CZ3J = 0. And, we compute Z”" in terms of Z7:

Z{ Ay, — Z] Ay) #0,

z] (Bx4

CAM)

- CAx4)

(23)

(24)

(25)

(26)
27

Lemma 4. There exists a line subbundle L of A such that the singular horizontal curves defined on H are exactly the

trajectories described on L.
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Proof of Lemma 4. It is sufficient to prove the result in a neighborhood of each point in 7. So, let us consider a local
frame {X', X?} such that

A(z):Span|X‘(z),X2(z)}, Vze M.

Let y : [0, 1] — M be a trajectory associated to some control u € LZ([O, 11, R2). In local coordinates, singular curves
can be characterized as follows (see Proposition 1.3.3 [13]):

y is singular with respect to A if there is p : [0, 1] — (R**\{0} satisfying:

2
PO ==Y ui()p(t)- Dy X', a.e. €0, 1] (28)
i=1

p()- X' (y(1) =0,V €[0,1], Vi=1,2 (29)
Differentiating twice yields for almost every ¢ € [0, 1] such that u(z) # 0
p@) - [X', XAy (1) =0, (30)

and
m®p@ - [ XL XL X 0) +w@po) - [ X2 1x' X | @) =o. G31)

Since M has dimension four and A + [A, A] has dimension three, there is locally a smooth non-vanishing 1-form «
such that

@ v=0, Yo e A + A, A](), VreH.

Then, by (29), (30)—(31), we infer that for almost every ¢ € [0, 1] such that u(z) # 0, we have:
ey - [ XX X0 0) + w0y - [ X2 1X" X2 0 (0) =o0.

By the above assumption, for every x € H, the linear form
Gut22) > e - [ X 1X X2 G0+ o [ X2 1X T X2 @22

has a kernel of dimension one. This shows that there is a smooth line field (a distribution of rank one) L C A on M
such that the singular horizontal curves are exactly the integral curves of L. O

We are ready now to prove Proposition 2.
Without loss of generality, it is sufficient to prove the result locally. We can assume that (x1, x», x3, x4) denotes the
coordinates in an open neighborhood V in M and consider {X!, X?} a local frame of A such that

Alx) = Span{Xl(x), X2(x)}, Vx e V.
By doing a change of coordinates if necessary, we can assume that

X'=0,,,X?> =0y, + A()dy; + B()dy,

where A, B : V — R are smooth functions.
For the upcoming results, it is important to keep in mind the following notations.

Notation 1. We denote by Ay, By, the partial derivative with respect to the variable x;, and Ay, x ;> By« ; the second
partial derivative with respect to the variable x; and x j, of A and B respectively.
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We compute the Lie brackets of X' and X*:
[ X! X2] = Av 0, + By,
[ X 1X1 X2 | = A s + Buw By
[x2, x' X2]] = Edy, + Foy,

E = Ayyx) + AAyx; + BAxy,

X1 Ax3 - BJC]AX4
F = By, + AByy, + BBy, B,. — B, B

with { __2

x1Bx; — Bx; By,
By hypothesis (4) and (32), we can assume that

Ay (x)#0, Vx e V.
We denote by H€ the complementary set of 4 on M given by

HE = [x e M| Alx) + [A, A](x) + [A, (A, A]](x) 4 TXM}.

Thus, H¢ is a closed set of Lebesgue measure zero on M.
The above discussion implies indeed the following lemma.

Lemma 5. There exists an analytic horizontal vector field X given by
X=a1X'+aX?
with a1, o : V — R smooth functions given by

ay = EBy,, — FAy
Q) = Bxlxlel - Axlxlel

(E and F :V — R smooth functions defined in Notation 1).

(32)

(33)

The vector field X vanishes on H¢ and any solution of the Cauchy problem x(t) = X (x(t)) is analytic and singular.

Proof of Lemma 5. Let 7 > 0 and let u € L2([O, 11,R%) be a singular control and x : [0, 7] — M be a solution to

the Cauchy problem
() =ur(OX ' (x(®) +u2()X*(x (1)), a.e.t €[0, T].

There exists an absolutely continuous arc p : [0, T] — (R4)*\{O} such that
p(6)=—ur1(t)p(t).Dxy X' — uz(t) p(t). Dy X*, a.e. t € [0, T
p(0).X'(x(1) = p(t).X*(x(1)) =0,Vt € [0, T]

Taking the derivatives in (35) gives
p@) - [X", X*1(x(1)) =0, Vt €[0, T]
which implies that V¢ € [0, T,
pi()=0

p2(t) + A(x (1) p3(t) + B(x (1)) pa(t) =0
Ax; (x(0))p3(t) + By (x(1)) p4(1) =0

Assume that condition (33) is true, then we obtain

By,

p() = (0.[Ax()

By,
@OD—BQODMM&—Z—@UDMULMO»,Wémﬂl
X1 X1

(34)
(35)

(36)
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By taking the derivatives in (36), we obtain for every ¢ € [0, T']

(O p@) - [X' X, X2 (0) + ua() p() - (X2, X', X211(x (1) =0
= u1()(p3(t)Axix; + pa(t) By ) Fux(@®)(p3()E + pa(t)F) =0.

We can write

B
ui®) = —(p3OE +pas®F) = —pa()(F = =)
X1
B .
us(t) = p3()Axyx, + pa(®) Bxyx) = pa(t)(Bxx, _AxlxlA—x})
X1
Assume that p4(t) = 1, Vt € [0, 1], we obtain
a1(x) = EBy, — FAy,
O 37
{az(X) = Ay Bxjx; — BxAxyx a

Lemma 6. There is a positive constant C > 0 such that

divyX > —C|X (x)|, Vx € V.

Proof of Lemma 6. Let us compute the divergence of X. For every x € V,

diveX = o (X)dive X' + ar(x)dive X2 + X' (a1) + X% (a2)
= a2 (x)dive X* + By, (Ax,px, + Ax; Asry + AAx iyn, + By Ay,
+ BAxxixs — AxzAxix; — Ax; Axixs — Byyx; Axy — By Axixy)
— Ay (Byyxpx; + Ay Bxyxy + ABy xsx; + By Bxjxy + BBy jx xy
— By Axyx; — Axy Bxjx3 — Byyx; Bxy — By Bxxy) + EBy
— FAxx; + Axyxy Bxyxy + Ax Broxyxy — Bryxy Axyxy — By Axoxyx
+ AAyx Byyxy + AAx Brsxixy — ABxsxy Axyxy — ABxy Axaxyxg
+ BAyx; Bxjxy + BAx; Bayxyxy — BByyx Axyxy — BBy Axyxyxg
= ay(x)divy X*> 4+ EBy,x, — FAy 1,
+ By x (BAyyx; + AAyyx; + Agyxy + Ax By, — By Ayy)
+ Axx, (=B Byyx; — AByyx; — Bxyxy + Ax; By; — By Axs)
= ay(x)divy X> 4+ EBy,x, — FAy 1,
+ BuyyxyAxy By + By (E + Ay Axs) — Axyxy ByyAxs — Axyy (F + By Byy)
= ay(x)divy X*> 4+ 2E By,x, — 2F Ay,
+ Buyxy (Ax; Byy + Az Axz) — Axyxy (Bx Axs + By, Byy)
= ay(x)divy X*> 4+ 2E By,x, — 2F Ay,
+ (Bxyx; Ax; — Axyxy By )(Axs + Byy)
=2 By E—2Agy F+2a(x)div, X2

o B, A EBy, —«
By (37), we can write By, = @2+ By Axiv and F = — 1 — %1
Axl Ax1
. E Axx, ) 5
Hence, divyX =2 ap— +2 01— + 2 ardiv, X
Ay, Ay,

Axlxl

:2a2(A— +dive X°)+2 o

X1 X1
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As we noticed before, without loss of generality, we proceed as if M is a compact manifold. Then,
(E/A,C1 +di vaz) and (Axm/Axl) are bounded functions on M. There exist ¢, ¢ > 0 such that

|M| <c and |£(x) +diva2| <cy, Yx e
Ay (x) — Ay, -

Thus,
divyX > —klay| — K|z, Vx €V
>—C|X(x)|,Vx eV

with C = max{cy, c2} > 0 positive constant. O

The following process is equivalent to the process introduced by Belotto and Rifford [4] to set the contraction
property.

Lete € {—1,41} and T > 0, we denote by (gz)gg) the analytic flow of the vector field X generating locally singular
minimizing geodesics.

For every subset A in V, we set

A5 =¢X(A), V1 €[0,T]and A] = A.

x€A X€eEA

t
We denote by I(A, Af) 1= sup length <p§(A) = sup/ |X((p§s(x))|ds, where |X(g03§(x))| stands for the norm of
0

X ((pgi (x)) with respect to g.
We recall that there is L > 0, already defined in section 1, such that for every x € A, we have

t
/ |X(¢)£(x))|ds <L,VvVtel0,T] (38)
0

We state now divergence formulas, one of the main tools of the present paper (see [4], Proposition B.1).

Lemma 7. For every compact A in M, there is a smooth function J : [0, T] x A — [0, +o0[ such that for every
t €0, T], we have:

J0,2)=1 and 88_}70’ 72) =div X(gog(z)) J(t,2) (39)
Vx € A, 54(A§)=/dz=/3(t,z) dz (40)
AS A
and
t
LYAS) = /exp(/ div X (92 (2)) ds) dz (41)
A 0

The following result is an immediate corollary of Lemma 7.

Lemma 8. Let T > 0. For every subset A in ), we have

LYAS) > exp(=C I(A, AD)) L*(A), V1 [0, T]. (42)
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Proof of Lemma 8. Let A be a subset in V. By Lemma 6, there is a constant C > 0 such that
div X(z) > —C|X(2)|, Vz € A.
Therefore, by (41), we infer that, V¢ € [0, T],

t
tad) = [ew(~c [1x@en as) d:
0

A

z/exp(—Cl(A,Af)) dz
A
zexp(—CI(A,Af))c‘*(A). O

The following result whose proof is based on the local contraction property, is fundamental.

Lemma 9. Let T > 0. The closed set given by
{x eM; Iy e QE’T such that y(T) € 7-["}

is of Lebesgue measure zero on M.

Proof of Lemma 9. Let A be a subset of M of positive Lebesgue measure. Without loss of generality, we can assume
that A is contained in an open set )V in M. We argue by contradiction by assuming that

£4<{x € A; 3y € @ such that y (T) e HC}) > 0.

By Lemma 5, there is an analytic horizontal vector field X defined on V generating singular minimizing geodesic
defined on V.

LU

HC

Moreover, X vanishes on 7. Then, for every x € A, the flow of X starting at x requires an infinite time to reach H¢,
that is

AS =X (A) — SCH.
Let t — 0o, we obtain that £L*(A5) — 0.
By Lemma (8), we have
LYAS) > exp(—C I(A, AS)L*(A), Vi €[0,T].
By (38), we obtain
I(A, A5y <L,vte[0,T].
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Hence,
LYAS) > exp(—CL)L*(A), Vr €0, T).
When ¢ — +00, we obtain
£4A) =0,
which implies the contradiction. O
In the spirit of [5], we have the following result.

Lemma 10. Let A1, Ay be two subsets of T such that

() PY(A)) = PY(Ay) and PY(A)) C M5, Vi=1,2.
(i) PE(A1) N PE(A) =0.
Then, LX(PL(A1)) = L*(P1(A2) =0.

Proof of Lemma 10. Set A = P'(A1) = P'(A;). We can assume that A is contained in an open set V in M. Let
T > 0. For every i = 1, 2, we define

ASH = {<p§§(x)| 9 (x) € Aand - (x) € P2(A,-)}, Vi [0, T].
Since PZ(A1) N P2(A,) = ¥, we have

ASM N AT =g v e 0, T).
For § > 0 fixed, we define A® = {x : dsg(x, A) <3§}.

A8 -

-~ 7

L£4A) = lim sup £*(A%)
> }iirg)sup£4(Af’A’ U ASA2)
= lim supl C* (A7) + £4(4™))
> (exp(—C I(A, A7) + exp(—C I(A, Af’Az))£4(A).

Since t — 0, we have A;g’A’ very close to A. So we can choose /(A, Af’Ai) > ( sufficiently small, that is
. 1
exp(—C l(A,Af’A’)> > 3

Hence, we obtain £*(A) =0. O
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We are ready to complete the proof of Proposition 2.
Consider the following set

E = {x e M3 :T5(x) isnota singleton}

and assume that E has positive measure. It follows that there is k € N such that the set given by

1
E:= ix € E: diam TS(x) > %] has positive Lebesgue measure.

Without loss of generality, we can assume that the manifold M can be covered by finitely many open balls ({4;);c;
of diameter less or equal to 1/k. From ({;);c;, we construct a finite family of open sets (V;);c; pairwise disjoint
covering M by proceeding as follows

Vi =U
Vo = Ub\Uy

Vn = un\(ul UUZU"'UUH—I)

such that Ul/li = U Vi.

iel iel
Therefore, for any x € Ey, there are iy, j, € I with i, # j, such that

DS(x) NV, #Band T (x) NV, #0.
Denote by
Evi=J @ x @wnv)

xeEy

and

Ej= ) x@@ny,).

x€Ey
We notice that Pl(Ek,,-) = P! (Ek,j) = Ey such that
LYEp) > 0. (43)
We also have P2(Ek,,-) N P2(Ek,j) = since for any x € Ey, V; NV}, =0, foriy # j.. Using Lemma 10, we obtain
LYE) =0,

which contradicts assumption (43).
We conclude that for a.e. x € M5, 'S(x) isa singleton.

4. End of the proof of Theorem 1

In the previous sections, we have shown that

ae.x e MR TR(x)isa singleton (see section 2),

and

a.e.x € MS, FS(x) is a singleton (see section 3).

To complete the proof of Theorem 1, it remains to prove that

M5 N MR has Lebesgue measure zero.
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For this purpose, we will use again the technique introduced by Cavalletti and Huesmann [5]. First, we will show a
localized contraction property for regular horizontal curves.

By Lemma 2, we have MR U Wr.
keN

We denote by
Mg = MEnw, for k € N.
Lemma 11. Let k € N be fixed, and let Ay be a compact set of ./\/l,f of positive measure. There is a constant Cy > 0
such that
LYAL) = C LY (Ap), Ve €0, 1] (44)
with

AR = {01y e@f i x e Avand v e TR .

Proof of Lemma 11. For any point x € Ay, there is p, € R* with | p,| < k verifying

P(x) < @(2)— < pr,x — 2> +klx — z|*, Yz € B(x, 1/k).
Let Ak = Ar N B(x, 1/2k). As in section 2, we define the function

¢(2) if z € Ay
()= sup {(p(y)+<py,y—z>—k|y—z|2} if not
yEAk

For any x € Ag, ¢ is locally semiconvex on B(x, 1/2k). By the Alexandrov Theorem, ¢ is twice differentiable at a.e.
7 € B(x, 1/2k). Moreover, there exists a constant Cy > 0 such that

Hess, 9 > Cy 1, a.e. z € B(x, 1/2k) (45)

where 14 is the 4 x 4 identity matrix.
By section 2, for almost every x € Ay C /\/l,f, there exists a unique y € I'®(x) given by

y = expx(—dx@).
Then, the curve y,(¢) : [0, T] — M defined by
Y (t) ;= expy(—tdy@), a.e.x € A

is the unique regular minimizing geodesic joining x to y.
For every t € [0, T], we define the function

;- M — M
x —> Ti(x) =y (t) = expy(—tdyp)~
Note that
Vi €[0, T1, AL, = {T:(2); z € Ar}.
We have
E4(A,I§t) = / dx = / dx = /det(]ac T (x))dx. (46)
Aﬁl {T: (2): zeAr} A

However, the function 7; results from the composition of the following two functions

fixeM—>dpeTIM, andh:peT M — expy(—tp) € M.
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By computing the Jacobian of 7;, we obtain
Jac Ty (x) = Jac h(f(x)) X Hessy@.

Here, h is smooth on T, M and by (45), there is a constant C‘k > 0 such that
Jac T;(x) > C'k Iy, a.e. x € Ag.

By (46), this implies

LYAR) = C LAY V1 €[0,T]. O
We conclude with the following lemma.
Lemma 12. M& N M5 has Lebesgue measure zero on M.

Proof of Lemma 12. Assume that there is a set A of M N M5 such that

L£4(A) > 0. 47

There is k € N such that A N W; is of positive measure.
We denote by

Ap:=ANWy.
Let T > 0and ¢ € {—1, +1}. For every ¢ € [0, T'], we define the following two intermediate subsets by
AR, = {yx(z‘)| ye € QR with x € Ay and y,(T) € FR(x)},
and
AL =0l (Ap).
We claim that for every x € Ay, there is t =t (x) € ]0, T[ such that

X () # ye(s), ¥s €11, T1.

As a matter of fact, regular minimizing geodesics are analytic as projections of the analytic sub-Riemannian Hamil-
tonian system and singular minimizing geodesic are analytic as the analytic flow of X. Assume that (pEXT (x) =y (T).
By the principle of isolated zeros for analytic functions, there is t = (x) € ]J0, T'[ such that

92 () # va(9), Vs €10, T
Without loss of generality, we can assume that there is 7 € ]0, T'[ such that for every x € A
t=t(x)<fand Af,NA} =0, Vseli,T[
and
R S
ALiNAL #D.
We denote by
Ap=AfUAL L

We may assume that A has positive Lebesgue measure. Notice that for s > 7, when s — 7, A,’: ; and A,f  converge

to Ak, then one has
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L4(Ay) = lim sup £*(A9) > lim sup L*(AR U A7 )
§—0 s—1t ’ ’
= lim sup [L* (AR ) + L*(Af )]
s—1t ’

> lim (exp(—C I(Ak,A,f,S)) +ék)£4(/ik), (48)

s—1t

where Ai = {x: dsr(x, Ay) <8}, fora given § > 0.
The inequality (48) follows from Lemmas 8 and 11 according to which we have

LYAR) = G LY(Ap) and L3 (A ) > exp(—C I(Ar, A,f’s)>£4(1&), Vs e 17, T1.
As s — 7, we can choose [ (Ay, A,f‘l) > 0 sufficiently small, that is
exp(—C 1(Ag, AIE,J) + i’k > 1.
It implies that L*(Ar) = 0. And the conclusion follows. O
Conflict of interest statement
There are no conflicts of interest.
Appendix A. Proof of Lemma 1

It is sufficient to prove the result for x contained in an open set ¥V € M such that there is an orthonormal family of
m vector fields X', ..., X" generating A(z), Vz € V. Let x € S be fixed. By a change of coordinates in R”, we can
write the vector fields as follows

with a;; € C*°(R") such that a;;(x) = 0.

We remark that for every y € M, the function z € M — ¢(y) — dé r(z,y) is locally Lipschitz with respect to
the sub-Riemannian distance when y varies on a compact set. Then, ¢ is also locally Lipschitz with respect to the
sub-Riemannian distance. By the Pansu—Rademacher theorem [12], since u is absolutely continuous with respect to
the Lebesgue measure, ¢ is differentiable with respect to the vector fields X!, ..., X" u-almost everywhere on V.
Hence, we have:

m
() — () =>_ X' px)(yi —xi) + 0(dsr(x.y)), Yy € V.
i=1
Let yix :[0,1]1 - M,i=1,...,m be the integral flow associated to X i starting at x. Then, we denote by

ey (1) — p(x) Vi

[; = lim =1,...,m.
t—0 t
Recall that g(y;* (1), (1)) = g (X' (y* (1)), X' (% (1))) = 1, V1 € [0, 1].
It follows

dSR(x’ le(t)) S |t|th € [0’ 1]
Then,
x eT(x) = o(x) — 0(2) <dig(x,2),Vz € V.

In particular,

o(x) — (¥ (1)) <dip(x, v (1) <12



Z. Badreddine / Ann. I. H. Poincaré — AN 36 (2019) 837-860 859

This implies that /; = 0. Hence,

Xox)=0,Vi=1,...,m. (49)

Assume now that there exists y € I'(x) such that y # x. So we have

P(x) — 9(2) <dig(z,y) — dig(x,y),Vz € V.

Let vy y : [0, 1] — M be a minimizing geodesic joining x to y. Then, Vr € [0, 1],

@) = @(Va,y (1) < dgp(yr,y (1), ¥) — dip(x, y),
= —0(dsr(x, Vx,y (1)) < d5p(yx.y (1), ¥) — d3p(x, y),
= —o(t dsg(x,¥)) < (1 =)’ 5 (x,y) — dg(x, ).
= —o(t dsgp(x,y)) < =2t d3p(x,y) +1* dip(x, y),
= o(t dsr(x,y)) = 2t d§(x, y) — o(t dsg(x, y)),
= o(t dsp(x,y)) > 1 d3p(x, y).

td
For ¢ small enough, M

x#y. O

tends to zero which implies that dé z(x,y) = 0. This contradicts the fact that

Appendix B. Local semiconvexity

Let (A, g) be a sub-Riemannian structure of rank m < n on the manifold M.
We recall here the definition of local semiconvexity of a given function.

Definition 3. A function f : Q2 — R, defined on the open set 2 C M, is called locally semiconvex on £2 if for every
x € Q there exist a neighborhood 2, of x and a smooth diffeomorphism ¢, : 2, — ¢, (£2,) such that f o q);l is
locally semiconvex on the open subset €2 = g0x~(§2x) Cc R”.

By the way, we recall that the function f : € — R is locally semiconvex on the open subset Q C R™ if for every
x € Q there exist C, § > 0O such that

S (3 =20y) =2 () = (1 =2 £ () <21 = )Cle = P2,
Vi el[0,1],Vx,y € B(x, )

where B(x, §) is the open ball in R” centered at x with radius 8.
The following result is useful for proving the local semiconvexity of a given function.

Lemma 13. Let f: Q@ — R be a function defined on an open set Q@ C R". Assume that for every x € Q, there exist a
neighborhood V C Q of x and a positive real number o such that, for every x € V, there is p, € R" such that

fO) S fO)—<pr,x —y>+olx — %, VyeV.

Then, the function f is locally semiconvex on SQ.

Proof of Lemma 13. Let x € 2 be fixed and V be the neighborhood given by assumption. Without loss of generality,
we can assume that )V is an open ball B. Let x, y € B and A € [0, 1]. The point X := Ax + (1 — 1)y belongs to B. By
assumption, there exists p € R” such that

fA<f@—<p.t—z>+40|k—z% VzeB.
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Hence, we easily get

R = fO)—0=M<py—x>+0(1—-1)x—y|

fR) < fO)—r<p,x—y>+ortx—yl?

Af(®) < AfX)+A1—=21) < p,x—y>+or(l —1)3x —y]?
=
I=MfE < A=DF) —r(1=21) <p,x —y>+or2(1 —1)|x — y|?

= @) A+ =2 FO) + [A1 =2+ 221 = D)]olx — y?
= fE) <A@+ A= FG) +r0=Nolx —y?

and the conclusion follows. O

Remark 2. Thanks to Lemma 13, a way to prove that a given function f : 2 — R is locally semiconvex on £2 is to
show that for every x € 2, we can put a support function ¢ of class C? under the graph of f at x with a uniform
control of C2 norm of ¢.

Let us derive another important consequence of the definition of semiconvexity.

Lemma 14. Let Q2 be a subset of R" and {uy}qe 4 be a family of functions defined on Q2 and semiconvex with the same

semiconvexity constant C > 0. Then, the function u := sup uy is also semiconvex on 2 with semiconvexity constant C.
acA

Proof of Lemma 14. Take x,y € Q and X € [0, 1].
Given any ¢ > 0, we can find « such that

uOx + (1= 1)y) < ugOx + (1 = 2)y) + &

Then we have

u(Ax + 1 —=1)y) —rulx) — (1 —Vu(y)
Sug(Ax + (1 —2)y) +&—Aug(x) — (1 — Mug(y)
<A1 =1)Clx —y* +e.

Since ¢ > 0 is arbitrary, we obtain the assertion. 0O
More details of local semiconvexity of a given function are given in the textbook [6].

References

[1] A. Agracheyv, P. Lee, Optimal transportation under nonholonomic constraints, Trans. Am. Math. Soc. 361 (11) (2009) 6019-6047.
[2] L. Ambrosio, D. Rigot, Optimal transportation on the Heisenberg group, J. Funct. Anal. 208 (2) (2004) 261-301.
[3] Y. Brenier, Polar factorization and monotone rearrangement of vector-valued functions, Commun. Pure Appl. Math. 44 (1991) 375-417.
[4] A. Belotto da Silva, L. Rifford, The Sard conjecture on Martinet surfaces, Duke Math. J. 167 (8) (2018) 1433-1471.
[5] F. Cavalletti, M. Huesmann, Existence and uniqueness of optimal transport maps, Ann. IHP(C) Nonlinear Anal. 32 (6) (2015) 1367-1377.
[6] P. Cannarsa, C. Sinestrari, Semiconcave Functions, Hamilton—Jacobi Equations and Optimal Control, Progress in Nonlinear Differential
Equations and Their Applications, vol. 58, Birkhéuser, 2004.
[7] A. Figalli, L. Rifford, Mass transportation on sub-Riemannian manifolds, Geom. Funct. Anal. 20 (1) (2010) 124-159.
[8] L. Kantorovitch, On the translocation of masses, C. R. (Dokl.) Acad. Sci. URSS 37 (1942) 199-201.
[9] W. Liu, H.J. Sussmann, Shortest paths for sub-Riemannian metrics on rank-two distributions, Mem. Am. Math. Soc. 118 (1995) 564.
[10] R. McCann, Polar factorization of maps in Riemannian manifolds, Geom. Funct. Anal. 11 (2001) 589-608.
[11] G. Monge, Mémoire sur la théorie des déblais et des remblais, Histoire de 1’ Académie Royale des Sciences de Paris (1781) 666—-704.
[12] R. Monti, E. Serra Cassano, Surface measures in Carnot—Caratheodory spaces, Calc. Var. Partial Differ. Equ. 13 (3) (2001) 339-376.
[13] L. Rifford, Sub-Riemannian geometry and optimal transport, in: Springer Briefs in Mathematics, 2014, 140 pp.
[14] H.J. Sussmann, in: A Cornucopia of Abnormal Sub-Riemannian Minimizers, Birkhduser, 1996, pp. 341-364.
[15] C. Villani, Topics in Mass Transportation, Graduate Studies in Mathematics Surveys, vol. 58, American Mathematical Society, Providence,
RI, 2003.
[16] C. Villani, Optimal Transport, Old and New, Springer, Berlin, 2008.


http://refhub.elsevier.com/S0294-1449(18)30107-0/bib414C3039s1
http://refhub.elsevier.com/S0294-1449(18)30107-0/bib41523034s1
http://refhub.elsevier.com/S0294-1449(18)30107-0/bib42723931s1
http://refhub.elsevier.com/S0294-1449(18)30107-0/bib42523138s1
http://refhub.elsevier.com/S0294-1449(18)30107-0/bib43483135s1
http://refhub.elsevier.com/S0294-1449(18)30107-0/bib43533034s1
http://refhub.elsevier.com/S0294-1449(18)30107-0/bib43533034s1
http://refhub.elsevier.com/S0294-1449(18)30107-0/bib46523130s1
http://refhub.elsevier.com/S0294-1449(18)30107-0/bib4B613432s1
http://refhub.elsevier.com/S0294-1449(18)30107-0/bib4C533935s1
http://refhub.elsevier.com/S0294-1449(18)30107-0/bib4D633031s1
http://refhub.elsevier.com/S0294-1449(18)30107-0/bib4D6F3831s1
http://refhub.elsevier.com/S0294-1449(18)30107-0/bib4D533031s1
http://refhub.elsevier.com/S0294-1449(18)30107-0/bib5269663134s1
http://refhub.elsevier.com/S0294-1449(18)30107-0/bib5375733936s1
http://refhub.elsevier.com/S0294-1449(18)30107-0/bib56696C3033s1
http://refhub.elsevier.com/S0294-1449(18)30107-0/bib56696C3033s1
http://refhub.elsevier.com/S0294-1449(18)30107-0/bib56696C3038s1

	Mass transportation on sub-Riemannian structures of rank two in dimension four
	Introduction
	1 Strategy of proof
	2 Proof of Proposition 1
	3 Proof of Proposition 2
	4 End of the proof of Theorem 1
	Conﬂict of interest statement
	Appendix A Proof of Lemma 1
	Appendix B Local semiconvexity
	References


