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ABSTRACT. — In the context of Galilei general relativistic classical and
quantum mechanics we find the spherically symmetric exact solution, giving
a result of existence and uniqueness. From the classical viewpoint, this
solution yields a geometrical interpretation of Newton’s gravitation law in
terms of a connection on spacetime with nonvanishing curvature. Moreover,
within our covariant geometric approach to the quantum theory, we find
out that from the physical viewpoint there is only one quantum model for
a spinless particle in a spherically symmetric gravitational field.

RESUME. — Dans le cadre de la mécanique classique et quantique dans
la théorie de la relativité générale galiléen nous trouvons la solution
exacte sphériquement symétrique, en donnant un résultat d’existence et
d’unicité. Du point de vue classique, cette solution donne une interprétation
géométrique de la loi de gravitation de Newton en termes d’une connexion
sur ’espace-temps avec une courbure non nulle. En outre, & I'intérieur
de notre approche géométrique covariante & la théorie quantique nous
trouvons que du point de vue physique il n’y a qu’un modele quantique
d’une particule sans spin dans un champ gravitationnel sphériquement
symétrique.
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INTRODUCTION

The theory of general relativity, as formulated by Einstein, must be
taken as a touchstone for anyone who wants to study gravitation. Hence, it
would be desirable to study quantum mechanics on an Einstein’s general
relativistic background. But the covariant formulation of the quantum theory
on a curved spacetime presents several serious difficulties.

In order to tackle this hard problem it may be useful to start with a
Galilei curved background. In fact, the Galilei general relativity (even if it
is clearly less satisfactory than Einstein’s general relativity from the physical
viewpoint) has several important features in common with Einstein’s theory
and, at the same time, it skips some deep difficulties. So, in the Galilei
context, we can learn interesting facts to be applied later to the Einstein case.

The Galilei general relativity and the related approach to quantum
mechanics has been developed in several different ways by a large number
of people; particularly interesting are the works of [1], [4], [S], [11], [14],
[15], [18], [19], [22], [23].

Recently, it was presented a book [10] in which this approach is developed
in detail in a mathematically rigourous and self-contained way.

Here, spacetime is a manifold fibred over absolute (i.e., observer-
independent) time and equipped with a vertical Riemannian metric.
The gravitational field is represented by a time-preserving torsion-free
connection on spacetime.

The first field equation is expressed by requiring the closure of a two-
form induced naturally from the metric and the connection; it turns out
from this equation that the connection is metric, but it is not completely
determined by the metric due to the degeneracy of the latter.

Annales de I'Institut Henri Poincaré - Physique théorique



SPHERICAL SYMMETRY IN GALILEI GENERAL RELATIVITY 179

The second field equation expresses the coupling of the gravitational field
with the matter sources, and is given by equating the Ricci tensor of the
connection to the energy tensor.

Quantum theory has been developed in [10] for a spinless particle,
and then extended to the spin case in [3]. The assumptions needed to
describe quantum mechanics of a scalar particle are only two: a complex
hermitian line bundle based on spacetime, whose sections will represent
quantum histories, and a hermitian universal connection (i.e., a family of
hermitian connections on the above bundle parametrised by observers on
spacetime) such that its curvature is proportional to the natural two-form
on spacetime. This connection yields a natural quantum Lagrangian, the
generalised Schroedinger equation, and the quantum operators.

It is interesting to find exact solutions of the classical and quantum theory
in this context. This paper is devoted to the study of spherically symmetric
solutions (with respect to a worldline of a particle) of classical Galilei
general relativistic spacetime and of the quantum connection.

The classical part of our work is carried on in the spirit of what was done
in Einstein’s general relativity by D. Birkhoff. His theorem [7] yields the
uniqueness of the Schwarzschild’s solution under hypotheses of spherical
symmetry given on the metric.

In Galilei general relativity we need conditions of spherical symmetry
both on the metric and on the connection. We would like our spacetime,
metric structure and gravitational field to be spherically symmetric around
the worldline of a particle; intuitively, this can be expressed by requiring
the non-existence of distinguished points (other than points on the
selected worldline), or distinguished directions (other than radial spacelike
directions). Moreover, being the selected particle the unique source of the
gravitational field, we must allow the field to have a singularity on the
worldline.

Following such guidelines, we express spherical symmetry conditions on
the metric by means of techniques of Riemannian geometry that we have
developed for this purpose (see Appendix A.1). For spacetime connection,
we express conditions of spherical symmetry by means of requirements
on the observed trajectory of the test particles; we think that, among all
possible approaches, this is the most intuitive and physically significant one.

These two groups of hypotheses imply the existence and the uniqueness
of a spherically symmetric gravitational field. Indeed, for this field the
equation of particle motion turns out to be equivalent to Newton’s law of
gravitation. Also, as a by-product, we find a unique observer which has a
suitable spherical symmetry with respect to the trajectories of test particles.

Vol. 64, n°® 2-1996.



180 R. VITOLO

From the geometrical viewpoint, our spherical symmetry conditions imply
that spacetime is topologically trivial, we stress that this fact is not assumed
a priori.

Finally, we analyse spherical symmetry on the quantum bundle and the
quantum connection. Spherical symmetry of the quantum theory is not
obtained by spherical symmetry of the classical theory, but just reflects
the latter. We prove that our quantum potential can always be seen as the
standard Newtonian one, after a change of gauge.

The first section is mainly concerned with the minimal necessary
background of Galilei general relativistic classical and quantum theory.
In the second section we add spherical symmetry assumptions to the model
and obtain the main results. In Appendix A.1, we present the main facts of
Riemannian geometry and develop our definition of spherically symmetric
Riemannian manifold. Finally, in Appendix A.2 we give some elements
of the theory of positive spaces, developed in [10], that provides a way
to deal with units of measurement that clarifies the independence of the
theory from the choice of scales.

We emphasise the fact that our procedure will be always covariant; this
is guaranteed by the use of intrinsic techniques of calculus on manifolds.
Moreover, we will use jet spaces as a fundamental tool, that provides the
unique framework in which it is possible to deal with derivatives of maps
in an intrinsic way.

Before starting the discussion of the problem, we need some mathematical
preliminaries.

Manifolds will be always C*°, second countable and connected. All
maps are intended to be C*°, unless otherwise specified. Among the main
mathematical tools will be fibred manifolds, and among these, bundles. We
will follow the conventions of [2] for main definitions. Finally, we will use
intensively the theory of connections; a standard reference is [13], while a
non-standard approach in terms of jet bundles is developed in [17].

1. GALILEI GENERAL RELATIVISTIC CLASSICAL
AND QUANTUM MECHANICS

In this section we recall just a few basic facts of Galilei general relativistic
classical and quantum mechanics, which will suffice for our aims. The reader
will find a more detailed account in [9], [10].

Annales de IInstitut Henri Poincaré - Physique théorique



SPHERICAL SYMMETRY IN GALILEI GENERAL RELATIVITY 181

Classical Theory
Assumption G.1. — We assume the spacetime to be a fibred manifold

t: E—T,
where E is an orientable 4-dimensional manifold and T is a 1-dimensional
oriented affine space associated with the vector space T.

The time form is defined to be the foorm dt : E — T @ T* E.

A time unit of measurement is defined to be a positively-oriented element
ug € T, or equivalently, u® € T*. We will denote by (z°, y?), 1 <i < 3,
a chart of E adapted to the fibring ¢ and to the affine structure on T; this
means that z° coincides with the pullback of an affine coordinate on T.

In coordinate expressions latin indices ¢, j, ... will run from 1 to 3 and
will label fibre coordinates, and the index O will label the coordinate on T
greek indices A, p, ... will be used to label coordinates both on the fibre
and on the base, hence 0 < A, pu, ... < 3.

We will denote by (9y) and (d*) the local bases of vector fields and
one-forms on E induced by an adapted chart. Moreover, d; will denote the
local os sections of the vector bundle TTE — TE.

The check (7) will denote vertical restriction. Accordingly, (d*) will
denote the local base of sections of V*E — E.

As an example, it is easy to see that the coordinate expression of the
time form is dt = wug ® d°.

We will deal with the jet bundle J; E — E; its fibre coordinates will be
denoted by (yj). We have the natural fibred affine monomorphism over E

€)) d: JE-T"®TE,

whose coordinate expression is d = u’ ® (9y + ¥49;); d makes J, E

an affine subbundle of T* @ T'E constituted by all elements that project

on ly € T*® T. It is also remarkable the complementary epimorphism

9: LE — T*E®V E,, which has the coordinate expression ¥ =
E

¥ ®0; = (& — y}d®) ® 9;. A detailed and complete treatment of the
subject can be found in [17].

A motion is defined to be a section s : T — E, and its absolute velocity
is defined to be the section j; s : T — Ji E of the bundle J; E — T. We
stress that it is not possible to speak of zero absolute velocity of a motion,
due to the affine structure of J; E.

An observer is defined to be a section
0: E-J ECT*"QTE.

Vol. 64, n® 2-1996.



182 R. VITOLO

Let o : E — J, E be an observer. A local section s : I C T — E
is said to be a local integral section if o o s = T s. The solutions of this
differential equation yield a flow of local fibred isomorphisms of E — T.
Conversely, a flow of local fibred isomorphisms of E — T determines a
unique observer; thus, we have a bijective correspondence between (local)
flows and observers. We say an observer o to be complete if its flow is
defined on T x E (V).

Remark 1.1. — Tt is easy to prove that, if E — T is a bundle, then there
is a bijective correspondence complete observers and splittings of E into a
product bundle. In fact, the existence of a complete observer is due to the
theorem that states triviality of bundles over a contractible base ([20], p. 53).

It can also be proved that E — T is a bundle if and only if there exists
a complete observer on E.

Assumption G.2. — We assume spacetime to be equipped with a scaled
vertical Riemannian metric

9: E—= A (V' EQV"E),
E

where A is a positive space (see Appendix A.2) which represents area units.

It is clear that for all 7 € T the fiber E, := ¢ ! (1) is endowed with
a scaled Riemannian metric, hence g determines a Riemannian connection
on each fibre of E. We will also denote by g the contravariant form of g.

The coordinate expressions of g and g are:
g=gi,;d®d, g;ecC(E,ADR),
T=9¢"0®0, ¢"eC E,A"3R).
We define a spacetime connection to be a linear connection K : TE —

T*E®TT E on the vector bundle TE — E such that the following

condifigns hold:
(i) K has vanishing torsion;
(ii) K is dt-preserving, ie. Vdt = 0.
I turns out that the coordinate expression of K is of the type
K=d"® 0+ (Ki; i’ + Kyzi")9;), 0<A<3;
here, the above two conditions on K are equivalent respectively to Ky =0
and Kj\ﬂ = K, for 0 < Aop < 3.

(') We stress that in the standard relativity literature the word ‘observer’ usually denotes just
a single time-like curve, instead of a time like flow.

Annales de IInstitut Henri Poincaré - Physique théorique
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It can be shown (see [9], [10]) that there is natural bijection between
spacetime connections and torsion free affine connections

I': L E—TEQTHE
.]1 E
on the affine bundle J; E — E (see [9] for a general definition of torsion).
Such a bijection is characterised by the equation T'§ s =K ‘ "

Assumption G.3. — We assume E to be endowed with a spacetime
connection K.

We say K (%) to be the gravitational field.

Now that we have introduced the main objects of our theory, we have to
establish relations between them, namely the field equations. We will state
these equations by means of the following natural maps:

vyi=dol': 1| E—-T"®TJ, E,

2
Q:=vpAY: HE— (T"@A)® \T* ] E,

where «y is a connection on the bundle J1E — T, vr is the vertical
projection complementary to I', and A stands for wedge product followed
by a metric contraction. The coordinate expression of v and € turns out
to be:

v=u’® (0o +yh 0 +4' ), with ~' = Ki,ubuk+2Ki,y" + Kl
Q= g;; W (dy— v d’ - (K} y(l)c+Klio) ") A9

It can be proved that Q is the unique scaled two-form on J; E induced
naturally by g and I' (see [8]).

Assumption G.4. — We assume that the following first field equation holds
on E for g and K:

dQl = 0.

It can be seen [10] that the first field equation is equivalent to the system:

vEg=o0, Ry, = Rl

() In this paper we will not consider the electromagnetic field, because it yields no nontrivial
contribution to our search for exact solutions. Henceforth, we will not use the superscript fj to
label the gravitational field and related objects, as is done in [10].

Vol. 64, n° 2-1996.



184 R. VITOLO

The first condition reads in coordinates as
1
Kpir = —5 (On gix + Ok gin — 0; ghk), Koij + Koji = =00 9ij»
and implies that the restriction of K on each fibre coincides with the

Riemannian connection induced by g.

The above assumption can be interpreted also through the observers as
follows. Let o be an observer, and ® = 20* ). Then [9], the first field
equation is equivalent to the system

vEg=o, d® = 0.

The second condition can be interpreted as the existence of a local potential
a:E—>T*®AQT*E for ®, i.e. ® = 2da. We remark that, if (z°, y*)
is an adapted chart in which the coordinate expression of the observer is
0 = d° ® Oy (such a chart always exists), then we have:

®=-2d"® (Kojod’ Nd’ + K;jod' Nd).
Our next assumptions express the coupling of the gravitational field with

the matter sources; this is done by comparing the gravitational Ricci tensor
with the energy tensor.

We define the energy tensor to be a given section
T:E— T"EQ)TE

The energy tensor can often be expressed in terms of a coupling constant.
Namely, if we set M to be the positive space that represents mass unlts then

we assume that a gravitational coupling constant KeT2g ﬂm ® M1
is given.

Assumption G.5. — We assume the following second field equation to
hold on E for g, K and T:

2) r=1T,
where r is the Ricci tensor of K.

Remark 1.2. — Just as an example, in the case in which the matter source
is constituted by an incoherent fluid, the energy tensor is given by

T::Ku,

where p : E — A~ 2 ® M is a mass density.

Anyway, we are interested in exact solutions in the vacuum, so we will
take 7" = 0. In this case, the vertical restriction of equation (2) yields fibres

Annales de I’Institut Henri Poincaré - Physique théorique
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of E to be Ricci flat Riemannian manifolds, and hence flat, due to the fact
the dimension of the fibres is 3.

Assumption G.6 (Generalised Newton’s law of motion). — We assume the
law of motion for a particle, whose motion is s : T — E, to be the equation
v _] 18 = 0.

Accordingly, a motion s is said to be Newtonian if it fulfills the above
assumption. It is important to note that a motion s is Newtonian if and only
if Vg, T's = 0, exactly as for Einstein general relativity’s law of motion.

In coordinates, a motion s is Newtonian if the following equation holds:
s’ — (Khy 08) 905" o s* —2 (K 05)ps™ — (Kiyos)=0.

Quantum Theory

Now, we give the assumptions for the quantum theory of a scalar
charge-free particle of given mass m € M.

Assumption G.7. — We assume the quantum bundle to be a complex
line-bundle Q — E endowed with a Hermitian fibre metric A.
Quantum histories are represented by quantum sections ¥ : E — Q.

A typical (complex) linear normal chart on the fibres of Q will be
denioted by z, and the corresponding base by b. The coordinate expression
of a quantum section turns out to be ¥ = 9 b.

We assume the universal unit of measurement of quantum theory to be the
Planck’s constant h € (T+)* xA®QM. If ug € T, then we set i := h (uy).

The only object that we need to postulate on Q is the quantum connec-
tion ¢. Let us denote by i the Liouville form of Q, i.e.

i:Q—-VQ=Qx Q.
E
Assumption G.8. — We assume that a connection ¢ on the bundle
Q':=J,E xQ— J,E
E
is given with the following properties:
(i) ¢ is linear Hermitian;
(ii) € is universal (see [17] for the definition);
(iii) the curvature of ¢ fulfills the equation:

2
Ré:iELQ@)i: Q' - A" LERQ'.

h
J1E

Vol. 64, n° 2-1996.



186 R. VITOLO

The requirement of universality of ¢ is equivalent to the statement that
¢ can be seen as a system of connections & : J1E x Q — T*E®Q on
E

E
Q — E, i.e. a family of connections on Q — E parametrised by observers.

It turns out (see [10]) that, chosen an observer o and a normal base on Q,
we have the coordinate expression with respect to a chart adapted to o:

¢

; .m 1 o oo )
a* ®3>\+d6®3?+zﬁ (—§gijy6yf)d0+gijy3d] +a,\d’\) ®1,
where ¢ = ayu® ® d* : E — T*® T*E is a distinguished choice
(determined by &) of a (local) potential of @, that is dependent only
on the observer o, and not on the adapted chart.

Hence, the components of & are given by ¢o = —H/h, ¢; = p;/h and
é‘; = 0. Here we have set H = —m g;; v yg—mao and p; = mgy;; yo+ma;.
H and p are the classical observer-dependent energy and momentum of the
particle; they are also dependent on the choice of a. Equation é‘; = 0 just
expresses the universality of the connection.

The quantum connection allows us to perform covariant derivatives of
quantum sections by means of pull-back. Accordingly, if ¥ is a quantum
section, then we define the two natural maps

4
° o o 3
L\I,:-;—(h(\ll,z'V\I!)—l—h(iV\P,\II))V:J1E——>A5®/\T*E,
. 1h L 3 A
£\1,::§;L-((§®h)(V\I!,V\IJ))u:JlE—>/-'\2®/\TE-

o -
Here, V and V are, respectively, the horizontal and vertical projection
of the covariant derivative induced by ¢, and

4
3
vi=]glu@d Ad' AP AL E-TeAZ0 \ TE

is the canonical scaled volume form on E.

In order to obtain a Lagrangian density defined on J; Q from the
above two canonical maps, it can be proved that the linear combination

Ly = Z\p — Ly is the unique one (up to a scalar factor) that projects on E.
So, Ly induces the fibred morphism over E

3 4
3) L: Q- A2@ \ T*E,

Annales de I'Institut Henri Poincaré - Physique théorique
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whose coordinate expression is

Ao , o
[,25(—;L-g”:gizj‘—Z(E()Z—EZO)-l-Z(Iz(EiZ—EZi)

+ %(Zao —aiai)iz) Vigld® Adt Ad? A d3.

We assume £ to be the Lagrangian density of quantum theory. The
corresponding Euler-Lagrange equation turns out to be a generalised
Schroedinger equation for a (spinless and chargeless) quantum particle
of given mass m, in a curved spacetime with absolute time, under the
action of a given gravitational field.

We have a distinguished Lie algebra of functions defined on J; E,
namely the algebra of quantisable functions, constituted by a certain kind
of polynomials of second order in the velocities. The quantum connection
yields a Lie algebra isomorphism of this algebra into a distinguished
algebra of vector fields on Q, namely the algebra of quantum vector fields.
Then, it is possible to introduce quantum operators, and, among them,
the Schroedinger operator. In this way, we have a full implementation of
the correspondence principle in a covariant formulation involving a curved
spacetime. It is out of the aims of time paper to go into details in this
direction; the interested reader can consult [3], [9], [10] for a complete
treatment of the subject.

2. SPHERICALLY SYMMETRIC EXACT SOLUTIONS

In this section we introduce a definition of spherical symmetry in Galilei
relativity that is clear and unambiguous from the mathematical viewpoint,
and also coincides with the intuitive physical idea of spherical symmetry.

Classical Theory

Assumption S.1. — We assume spacetime ¢ : E — T to be bundle.

Thus, fibres turn out to be all diffeomorphic, and (see 1.1) the family of
complete observers on E is not empty.

Assumption S.2. — We assume that a section ¢ : T — E is given.

From the physical viewpoint, the above section represents the wordline
of a particle, which will play the role of center of symmetry.

Vol. 64, n® 2-1996.



188 R. VITOLO

Assumption S.3. — For all 7 € T each geodesic in E, starting from ¢ ()
admits a parametrisation in R.

As a first consequence, each fibre of E turns out to be a complete, and
hence inextendable, Riemannian manifold (see Appendix A.1).

We define the distance function from ¢ (T) to be the map
r: E—L:err(e):=dy(c(t(e)), e,
where d; () is the distance function induced by the Riemannian metric in

1
E, () (see Appendix A.1), and L := A2 is the positive space that represents
length units. Accordingly, a length unit of measurement is defined to be
an element [y € L.

As it is known (see Appendix A.1), r is a continuous function on each
fibre of E. But there could be fibres of E on which r is bounded. Such
fibres would be geodesic spheres, and on each one of this fibers there would
also be a point where r would have a maximum. So, our intuitive view of
pherical symmetry would be preserved, in this case, if, for example, such
fibres be diffeomorphic to the sphere S3. In fact, there would be the same
extermal point of the distance function along all directions.

Anyway, we would like to devote ourselves to the study of the simplest
and most physically significant cases of spherically symmetric spacetimes;
this is the reason why we introduce the following assumption.

Assumption S.4. — We assume that, for all 7 € T, (E., g¢,) is spherically
symmetric with respect to the point ¢ (7).

Remark 2.1 (°). — The above assumption, together with the flatness of
fibres required by the second field equation (see 1.2), imply that the type
fibre of E is non compact. In fact, it is known that any compact 3-manifold
which admits an action of SO (3) where at least one orbit is a sphere has
a finite cover diffeomorphic to S or S? x S!. Thus its universal cover is
not diffeomorphic to R®. On the other hand, each fibre of E is endowed
with a flat Riemannian metric and hence (see [13]) its universal cover is
diffeomorphic to R3. Hence, a compact fibre would lead to a contradiction.

As a direct consequence (see Appendix A.1) the fibres of E turn out
to be isometric to R™.

Due to the above remark, we are searching for a natural vector bundle
structure for E.

We define the vertical bundle of E along c to be the pullback bundle
c*VE — T. We can endow this bundle with the scaled fibre metric

(%) The author kindly thanks the anonymous referee, who suggested this remark.
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crg: T - AR (c* VE® ¢V E), turning it into a Riemannian vector
T
bundle. Due to the canonical isomorphism V¢*VE ~ ¢* VE x ¢* VE,
T

we can also see ¢* g as a scaled vertical metric on ¢c* VE — T.
For all 7 € T, we can introduce the exponential map relatively to the
Riemannian manifold E,:
€XP;(r) ¢ Ve(r) B — Eq;

it turns out from assumptions (S.3), (S.4), that exp, (r) 18 a diffeomorphism.
Indeed, we have the following stronger result:

THEOREM 2.1. — The map exp : ¢*VE — E is a bundle isomorphism
over Idr that preserves the vertical metrics.

Proof. — In fact, the fibres of E must be flat (see 1.2). Corollary A.2
ensures that exp restricts to an isometry on each fibre.

We have only to test the differentiability of the map exp. Indeed, exp is
the restriction of the flow of the bundle geodesic spray [16] induced by the
metric g. So, exp is differentiable because locally it represents the solution
of a system of second-order ordinary differential equations dependent on
a parameter in T. [J

COROLLARY 2.1. — The map explc(T) endows E — T with the structure
of a vector bundle with a scaled fiber metric ¢* ¢ T — A ® (E* ® E*), in
T

which the section c turns out to be the zero section.
Moreover, the map r : E — L is C* on E' := E\¢(T).
The trivialisation theorem for bundles over contractible bases ([20], p. 53)

tells us that trivialisations preserve structures; more precisely, we can state
the following result.

CorOLLARY 2.2. — Let (P, h) be a typical fibre of E — T (h is a
Euclidean metric).

Then, there exists a family of complete observes o such that the induced
isomorphisms ¢° : E — T x P restricts to isometries on each fibre.

A (complete) observer is said to be isomerric if it yields a (global)
metric-preservind splitting of E.

Remark 2.2. — It is easy to prove that an observer o is isometric if and
only if o fulfills the equation

LO g = Oa
that in coordinates adapted to o reads as dy g%/ = 0.

Vol. 64, n° 2-1996.



190 R. VITOLO

In the last part of this section we give spherical symmetry assumptions
on the spacetime connection.

We would like to allow our solution to have a singularity on ¢ (T);
henceforth we weaken assumption G.3 in the following way.

Assumption S.5. — We assume the spacetime connection K to be defined
on the subbundle E' = E\c(T) of E.

Now, we show a canonical splitting of the space E’.

For each 7 € T we have the ‘RT-projective’ equivalence relation in E ;
namely, for all e, f € E! we set e ~ f if and only if there exists k € Rt
such that e = kf. The quotient set S := E’/ ~ can be endowed with
the unique bundle structure (over T) such that for all / € L the canonical
inclusions 4; : S — E’ turn out to be bundle morphisms.

PROPOSITION 2.1. — The bundle ' splits canonically as follows:
4 E — L xS.

The above splitting can also be seen as the fibred splitting L x S by
T
regarding L as the trivial bundle T x L — T.
Accordingly, we have the further remarkable splitting:

We stress that the bundle S is a trivial bundle, but it is not equipped
with a canonical splitting [20].

As for the vertical metric g, we remark that the splitting (4) is clearly
orthogonal. In fact, we have the following intrinsic objects:

g : TLXxTL —-A®R: (u, v) — uv (see Appendix A.2) is the
canonical scaledIL metric on L;

(ii)gs : VS x VS — R is the unique vertical Riemannian metric
such that for all ?6 L the canonical inclusions ¢; : S «— E’ turn out to

be isometric immersions with respect to the scaled vertical Riemannian
metrics 1% gs and g.

It turns out that the metric g splits as:
g=g+r’gs.

We would like to characterise the form of complete isometric observers
with respect to the splitting (4). Let Z be the family of the complete
isometric observers.
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PrROPOSITION 2.2. — Let o € 1. Then, with respect to the splittings (4),
(5), o can be written as:

o= (o, 0s),
o : TxL->T"QTL, os: S — J; S,

and the components of o fulfill:
o =0, LOS gs = 0.

Proof. — In fact, o has a flow of fibred isometries; but such isometries
must be constituted by the identity on L and by a flow of time-dependent
isometries of S. [

Remark 2.3. — Any observer o € T gives rise to a splitting ¢° : E' —
T x P’, where P’ := P\0. Moreover, we can define S := P’/ ~ as in (4),
and we obtain the splitting

(6) P—-LxS.

Hence, it turns out from the above proposition that ¢° preserves the
splitting (4), yielding a splitting of S:

) ?° = (41, 93),

(8) # =1dy x Idr, #3: S — T x8S.

In coordinate expressions we will make use of the splitting of E induced
by an observer o € Z, employing adapted charts of the type (z%; 7, y<).
In particular, we will use on L the canonical coordinate r, obtained by
composing the function r : E’ — L with a standard isomorphism L — R*
given by the choice of a length unit of measurement /[, € L. Moreover,
(«°, y*) will be an adapted coordinate system on S, with «, 3 running
from 1 to 2. For convenience we will choose as (y*) spherical coordinates;
in this way the Christoffel symbols of the metric part of K will take the
usual form.

Now, we are looking for a spherical symmetry assumption on
gravitational fields. Such an assuption can be given only through an
observer; indeed, we could characterise a spherically symmetric field only
by means of the trajectory of test particles (i.e., particles whose mass is so
small that it does not perturb the gravitational field). But this makes sense
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only with respect to a splitting of E induced by an observer. Also, due to the
splitting (5), while it is possible to speak of zero velocity along L of a test
particle, this makes no longer sense in the case of velocities along S (i.e.,
tangential velocities). Moreover, this splitting tells us that there is no way
to isolate components in K that are responsible of rotation of test particles.

We have at our disposal the distinguished family of complete isometric
observers Z; this family actually is just the family of all complete observers
that preserve the structure that we have on the spacetime E, namely the
Riemannian vector bundle structure. So, it is natural to postulate next
assumption by means of observers in 7.

We introduce two categories of observers in I; such observers will be
characterised by means of symmetries of test particle motions. Indeed,
requiring the existence of such observers is an assumption on the
gravitational field K.

DeriNITION 2.1. — An observer o € 7 is said to be radially symmetric
if, with respect to the splitting E ~ T x P induced by o, the Newtonian
motion z with initial conditions

z (10) = (70, lo, o) € TxL xS and J12(1)=v e T"®T;, L

fulfills the following requirements:
(i) is defined on the whole T;
(ii) with respect to the splittings (5), (6), we have

z: T—-TxLxS: (1) (1, 1(7), s0), g1z: T—=T"®TL,

where [ : T — L does not depend on the initial condition s¢ € S.

DEFINITION 2.2. — An observer o € 7 is said to be rotationally symmetric
if, with respect to the splitting E ~ T x P induced by o (see (8)), the
motions z, 2/ with initial conditions respectively

2 (710) = (70, lo, s0) € TxL xS J12(1) =T ®T,, S
2’ (10) = (70, lo, 50) € TxL xS 17 (1) =veT ®Ty S
and such that ||vg|| = ||vg|| fulfill the following requirement: any isometry

I: S — S such that T, (s, vg) = (s’, vj) maps the motion z into the
motion z', ie.:

2 =(dy, I)oz.
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The spacetime connection K is said to be spherically symmetric if there
exists an observer o € 7 that is both radially and rotationally symmetric.
Accordingly, such an observer is said to be spherically symmetric.

Assumption S.6. — We assume that the spacetime connection K is
spherically symmetric.

The analysis of the coefficients of K yields one of the main result.

We denote by K° the flat connection on E with respect to the affine
structure induced by an observer 0 € 7 on E.

THEOREM 2.2. — Let o be an observer with the properties required in
Assumption S.6. Then K is uniquely determined (up to a time-dependent
factor); namely, we have:

) K=K'4+dt®dt® N,

N:TxL->T'T"®TL

where:

N:%, k: T-T2gL3
r

Proof. — The first field equations (1) imply that Koy;; = —Kjj;, hence
we have Kj. = K§, = 0.

Moreover, being K. = 0 the equation of motion along T L takes the
form

OBl — Ky =

for a motion | with initial velocity in T'L, hence K, is defined on T x L
due to Assumption S.6. The equation of motion along T'S turns out to be:

2K 01" = —KG,.

At each point the above equation must hold for all values of dy I", yielding
K§, = Kj, = K§; = 0.

Let us come back to the first equations. We see that d® = 0 is equivalent
to the system

20; Koapd' Nd* Ad® =0
aoK()aB :0

where the first equation yields 0, Kon3 = 0.
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Now, we use the second field equation in order to complete our infor-
mation.

The component ¢, turns out to be identically 0; moreover, we have
=93 Ky =0
Tos ¢ o9 ’
0 = Op K + sin 6 cos HKg’a =0.

This system has the general solution K, = ¢77sinf, where g is a real
constant. From Assumption S.6 (rotational symmetry of 0) we can deduce
qg = 0.

Finally, 9
Too = 8rK60 = ;KSO =0

k
has the general solution Kg, = —, with k : T — R.
7
The result is obtained by setting k = k (u%)? @ (lp)3. O

Remark 2.4. — 1t turns out that K is a Newtonian connection in the sense
of [10]. It is easy to see that, in this case, the form € splits as follows:

(10) Q=0+,
(11 Q° = vro AV, QN .= —NRAY.
Moreover, we obtain )
OV =20"Q: TxL—>T @A \T*(TxL)

We have a stronger characterisation of a spherically symmetric
connection. Indeed, next result shows the uniqueness of the spherically
symmetry observer.

COROLLARY 2.3. — Let K be a spherically symmetric connection, and
o € T a corresponding spherically symmetric observer. Then

(i) K° does not depend on the choice of o;
(ii) there exists a unique spherically symmetric observer.

Proof.

(i) From the identity K° = K — N we deduce that the connection K°
is observer-independent.

(ii) Let us denote by Kl the unique flat connection associated with a
spherically symmetric connection K. There is a unique affine structure
on E such that Kl is the induced canonical flat connection. Due to the fact
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that each spherically symmetric observer induces a different affine structure
on E, by the first part of the proof we deduce that there exists exactly one
spherically symmetric observer. [

Remark 2.5. — We stress that the connection K is not flat; in fact, we
have (up to a pull-back):

k
R= = (2dt®dt Aldn — dt ® dt ALdrs) #0.

With respect to o, the law of motion for a motion s : T — E takes
the form:

VE' Ts=Nos.

The above equation can be seen as a reinterpretation of the classical
Newton’s gravitational force in terms of a non-vanishing curvature on a
topologically trivial spacetime.

Even if our section c¢ is the zero section of E, it makes no sense to ask
if ¢ is a Newtonian motion, because K is not defined on ¢ (T).

A confrontation with the classical Newton’s law of gravitation suggests
that, if we assume for the particle a mass m € M, then we can assume

k = Km.

Remark 2.6. — We could prove that there exists a unique freely falling
observer that is determined by the radial velocity of freely falling particles
starting from the infinity with radial velocity O and approaching c. It turns
out that this observer is no longer isometric, even if it is radially and
rotationally symmetric.

The final result concerns the existence of spherically symmetric
connections.

THEOREM 2.3. — There exists a spherically symmetric connection K.

Proof. — In fact, 7 is a non-empty family (see [20]). If o € Z, then we
can define the field K, choose a function k in order to define the field NV,
and we are done by means of an obvious pull-back. [J

We have found that, under the simplest and more intuitive hypotheses
of spherical symmetry, spacetime is trivial from the topological wiewpoint.
Moreover, we have found that there is a unique spherically symmetric
gravitational field, together with a unique observer with respect to which
motions have spherically symmetric trajectories. The gravitational field is a
geometrical version of the classical Newton’s law of gravitation; the “force”
of the field is seen as the nonvanishing curvature of the connection.
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Remark 2.7. — By means of the objects that we found, we can build a
Lorentz metric on E’. In fact, let us consider the following potential of
the 2-form &:

(12) a=—Km)/r: LT @A T
We define the Lorentz metric g; on E’ to be the map
g=(9"g)oo+2a®dt

here, ¥ is the epimorphism complementary to d (see equation (1)).

In adapted coordinates, the Christoffel symbols of the spherically
symmetric connection K are the same of the corresponding ones of the
Levi-Civita connection induced by g;. Moreover, the Einstein tensor G
induced by g; turns to be

G = T%QL - igs'
Thus, we can interprete the Galilei spherically symmetric spacetime as

an Einstein spacetime with the lorentz metric ¢; and the energy tensor

1 1
T = — 9 — 1 gs. See [22], [23] for a deeper analysis.
T

Quantum theory

The assumption given for the classical theory are not sufficient to provide
spherical symmetry conditions for the quantum theory. In this section, we
introduce hypotheses of spherical symmetry on the quantum bundle and
the quantum connection by means of the following criterion: we assume
that the quantum bundle and the quantum connection split as the spacetime
in (4) and the gravitational field in (9). In this way, we give spherical
symmetry conditions in the quantum theory by requiring for the quantum
structures the same kind of symmetry found for the classical structures.
Such hypotheses are given in pratice by adding to assumptions G.7, G.8
respectively the hypotheses of Lemma 2.1 and Lemma 2.2.

The first step is the analysis of the isomorphism classes of spherically
symmetric quantum bundles and connections; we find out that there is only
the trivial class, hence there is exactly one spherically symmetric quantum
theory from the physical viewpoint.

LEmMA 2.1. — Let us suppose that, in agreement with the splitting (4)
of E', the restriction Q' of the quantum bundle Q — E to the space E'

be the product
Q' =QLxQs

of two Hermitian complex line bundles Qu — L and Qg — S.
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Then, there is exactly one class of Hermitian complex line bundles
isomorphisms of Q and there is exactly one class of Hermitian complex
line bundles isomorphisms of Q.

Proof. — In fact, being E and L contractible spaces, Q and Q; are
trivial bundles. [

From the physical viewpoint, a global trivialisation of Q can be
interpreted as a quantum gauge. Choosing the trivial bundle Q : = E x V
(where V is a complex Hermitian line) would mean to choose a
distinguished quantum gauge, but we have neither physical not mathematical
motivation to assume a priori such a distinguished gauge.

We remark that the bundle Qg can be seen also as a bundle on T x L by
means of a pull-back; hence, in what follows, analogously to G.7, Q{ will

denote the bundle T*®@ TL x Q. — T* ® TL.
TXL T XL

We define the kinetic energy and the momentum of the particle with
respect to the spherically symmetric observer o to be, respectively, the
maps

1
G = Emgo(Vo, Vo): hE-T" @ T* 9@ AQ® M,
P:=9"1(mg’oV,): JE-ST*QAQMQ® T*E,

where V, : JTE — T* ® TV E is the covariant derivative induced by the
observer, defined as V, 0 j; s = j1 8 — 0 0 s for each section s : T — E.
Their coordinate expressions turn out to be

1 i i g i gi
G= 5 MYii Yo Yo, P = —mgi; vy} d° + mgi; yg d°.
LemMA 2.2. — Suppose that the quantum connection ¢ splits as follows
e=cl oV,

where &l is a quantum connection associated with the spacetime connection
K, and CV is a section

CV: Q- T (TXxLxT'@TL)@Q ~T" i (TxL)®Q

Then it turns out that CN is a Hermitian form; moreover, for any global
quantum gauge, ¢ can be expressed as

1
é:éo+iﬁ(G+P+ma”+maN)
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where &° is the trivial connection induced by the gauge, o!! is a potential
of the two-from ®! = 20*Qll, and aV is a potential of the type
aV: TxL—T*®@A®T*(T x L) of the form ® associated with o.

Thus, in any chart adapted to the gauge and to o, the coordinate expression
of the above CV is of the type

cN :i%%—(aod0+aTdT)®i,

where ag, a, : T xL — R and 9y a, — 0, a, = Py,

Conversely, given a global quantum gauge, any two global potentials all
of ® and o™ : TxL — T*®@AQT*(T x L) of ® yield a quantum
connection & through the above construction.

Proof. — Tt follows from a computation in coodinates. [

Our next task is to prove that for any two such quantum connections there
exists an automorphism of the quantum bundle that maps one connection
into the other.

LEMMA 2.3. — Assume the same hypotheses of Lemma 2.1, and choose a
global quantum gauge. Let ¢, and &y be two quantum connections with the
properties of Lemma 2.2. Let a'll, a|2| be the corresponding global potentials
of ®!, and a¥, a) : TxL — T*®@A®T*(T x L) the corresponding
global potentials of ®.

Then

a|2|:a|1|—;rh—bt‘)”, aévzaf]—gﬁjv

where 8! : L xS - T"@A®T*(L xS) and V¥ : TxL —
T* @ A T* (T x L) are two closed forms.

Proof. — It follows from an easy computation in coordinates. [

THEOREM 2.4. — Let ¢y, &o be two quantum connections with the properties
of Lemma 2.2. Then there is a global automorphism of Hermitian complex
line bundle f of Q over E' such that f*&; =¢,.

Proof. — With the same notation of the above lemma, we see that the
function e +i"  where dall = 0!l and da™ = 8V gives rise by complex
multiplication to a global automorphism f of Q over E', i.e. to a global
change of gauge with respect to which we have:

h
a12|+ag:a|1|+ajlv—g(0”+0]v). d

Thus, we have proved the existence of a unique class of physically
equivalent quantum structures (Q, ¢) of the above type. It is natural to
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define any representative of this class as spherically symmetric quantum
structure. The simplicity of the above results lies on the splittings that we
have required for the quantum bundle and the quantum connection, and on
the topological triviality of the manifolds E and T x L.

Of course, we can exhibit the distinguished representative given by the
quantum bundle

Q=LxSxC

and the quantum potential
a=—(Km)/r:L-T*®A® T
Indeed, this spherically symmetric solution of the quantum structure is

nothing but the standard one, but within a formulation involving a curved
spacetime.

APPENDIX

A.1. Spherically symmetric Riemannian manifolds

That aim of this appendix is to provide a mathematical definition of
spherically symmetric Riemannian manifolds. This definition turns out to
be particularly useful in analysing geometrical properties of a spherically
symmetric spacetime.

The proof of the main results relies on some basic facts of Riemannian
geometry, that are well-known to mathematicians. Our sources are [13, 6,
12]; we especially used [12] as a textbook on geodesics, and [13] for what
concerns isometry groups.

First of all we present an overview of the standard mathematical
background together with some useful results.

Throught this section manifolds are smooth and connected, as in the
whole paper.

Let (M, g) be a Riemannian manifold. We recall that the group Z (M)
of the isometries of M is a Lie group that acts effectively on M on the
left ([13], p. 239). The isotropy subgroup Z,, (M) at p € M turns out to be
compact Lie subgroup of Z (M) ([13], p. 49).

It is important to note that, given p € M, there is a p € Rt such that
the orthogonal group O (g,) acts freely (but not necessarily isometrically)
on the geodesic spheres centered at p in M of radius r < p (strongly
convex neighbourhood, see [12]). This is due to the fact that there exists
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a p € R* such that the exponential map exp, : T, M — M induces a
diffeomorphism between the balls centered at 0 in 7, M of radius r < p
and the geodesic spheres centered at p in M of radius » < p, but this
diffeomorphism needs not to be extendable to the whole M.

We are mainly concerned with global properties of the exponential
mapping exp.

A Riemannian manifold (M, g) is said to be complete if each geodesic
admits a geodesic parametrisation on the whole R. It is clear that if M
is complete, then exp is defined on the whole T'M; in general, this map
is not injective, particularly in compact manifolds where the existence of
nontrivial homotopy groups provide a topological obstruction [12].

It can be seen (see [12]) that the existence of critical points of the map
exp is strictly related to the problem of non-uniqueness of minimising
geodesics (i.e., geodesics that minimise the canonical length functional).

It is possible to provide a maximal open subset U, C T, M for each
given p € M that is star-shaped with respect to 0, and in which exp,, is
a diffeomorphism with an open submanifold M [12], [6], and the unique
geodesic conecting p with ¢ € exp, (U,) turns out to be a minimising
geodesic.

The set C(p) := exp,, (QU,) is defined to be the cut locus of p € M.
Sard’s theorem implies that C'(p) has zero measure, but little is known
about its geometrical structure, especially in the case of M non-compact.
Anyway, it can be easily proved that M consists of the disjoint union of
exp, (U,) and C'(p) ([6], p. 101).

In the non-compact case we can establish the following property ([6],
p. 91): for each p € M there exists a geodesic ¢ : [0, +00) — M starting
from p that minimises the distances between p and all points of c¢. Such
a geodesic is called a ray.

Finally, we introduce our notion of spherically symmetric (connected)
Riemannian manifold.

DEerINITION A.1. — Let (M, g) be a complete Riemannian manifold, and
p € M.

We say M to be spherically symmetric with respect to p if the local
action of O(g,) on M through the map exp, is globally extendable to
an action by isometries.

In order words, M is spherically symmetric with respect to p if and only
if the exponential mapping yields a group isomorphism O (g,) — Z (M).

A very interesting property arises when M is non-compact.
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ProposITION A.1. — Let (M, g) be a complete, spherically symmetric (with
respect to p € M), non-compact Riemannian manifold. Then C (p) = 0.

Proof. — Let ¢ : [0, +00) — M be a ray.

Each isometry takes c into another ray; moreover, our hypotheses imply
that there is a bijective correspondence between directions in 7, M and
geodesic rays, and this yields the result. [

COROLLARY A.1. — Assume the same hypotheses of the above proposition.
Then exp, is a diffeomorphism.

Thus, a complete non-compact Riemannian manifold that is spherically
symmetric with respect to one of its points is diffeomorphic to R™, but not
necessarily isometric; anyway, we have a necessary and sufficient condition
by which exp, be an isometry.

COROLLARY A.2. — Assume the same hypotheses of the above proposition.
Then exp,, is an isometry if and only if M is flat.
Proof. — In fact, if exp, is an isometry, then M is obviously flat.

Conversely, being M flat and diffeomorphic to 7, M, M must be
isometric to (R", e), where e is the Euclidean metric ([6], p. 135).

The exponential mapping commutes with isometries ([13], p. 161); this
yields the map exp, : ToR™ — R" that turns out to be the identity map,
and hence an isometry. So, the map exp, turns out to be an isometry. [J

Note also that in the above case, M turns out to be spherically symmetric
with respect to all of its points.

A.2. Positive spaces

In this section we recall some basic facts on positive spaces. This theory
has been developed in [9], [10] in order to make the independence of
classical and quantum mechanics from scales explicit.

A positive space is defined to be an abelian semigroup U, with 0 & U,
endowed with a scalar multiplication by R* such that

(r+s)u=ru+ su, (rs)u =r(su),
r(u+v)=ru+r, lu=u,

for all r, s € R* and u, v € U, and U can be generated over R™ by
a single element.

It can be given the definition of tensor product of positive spaces
(over R™) in a natural way by means of a universal property. Moreover,
it can be defined the tensor product (over RT) of a positive space and a
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vector space; it can be shown that the resulting space has a natural real
vector space structure.

From the geometrical viewpoint, a positive space U turns out to be a
manifold diffeomorphic to R, with tangent space

TU~Ux (U®R).

Another interesting feature is that it is possible to give the definition of
square root of a positive space U. Namely, this is defined to be a positive
space v/U together with a quadratic map ¢ : v/U — U such that an obvious
universal property holds (see [10]). It can be shown that such square roots
exist and are unique up to canonical isomorphisms.

More generally, we can define nth roots of a positive space U, and also
integer powers (and hence rational powers) by means of tensorial product
setting U~™! := U*. In particular, we have:

D
Ug := P @ VU.

We will use the following notational conventions for tensor product and
dual: If U and V are two unit spaces, and v € U, v € V, then we will write

U= uUuR v, —=u.
U

These conventions will give to all formulae a similar aspect to the
corresponding ones used by physicits.
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