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applied to a class of slow-fast parabolic semilinear SPDEs
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Abstract. We study an asymptotic preserving scheme for the temporal discretization of a system of parabolic
semilinear SPDEs with two time scales. Owing to the averaging principle, when the time scale separation € vanishes,
the slow component converges to the solution of a limiting evolution equation, which is captured when the time-
step size At vanishes by a limiting scheme. The objective of this work is to prove weak error estimates which are
uniform with respect to e, in terms of A¢: the scheme satisfies a uniform accuracy property. This is a non trivial
generalization of the recent article [10] in an infinite dimensional framework. The fast component is discretized using
the modified Euler scheme for SPDEs introduced in the recent work [8]. Proving the weak error estimates requires
delicate analysis of the regularity properties of solutions of infinite dimensional Kolmogorov equations. Numerical
experiments illustrate the asymptotic preserving property and the uniform weak error estimates.

2020 Mathematics Subject Classification. 60H35, 65C30, 60H15.
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1. Introduction

Applied mathematicians need to face many challenges when they study multiscale stochastic sys-
tems, which appear in all fields of science and engineering, whether one is interested in theoretical
understanding of the behavior of such systems, in their effective numerical approximation, or in their
applications for concrete models. We refer for instance to the monograph [21] for a presentation of
averaging and homogenization techniques applied to multiscale stochastic systems, and to [4, 19] for
a description of possible dynamical behaviors in such problems.

In this work, we study a class of systems of parabolic semilinear stochastic partial differential
equations (SPDEs) of type

0 X (t,€) = 0 (a(§)0: X (t,€)) + f(X (¢, €), Y(t,€))

1 5 . (1.1)
0 (1.6) = L0c(a(©)2eY(1,6) + W (1.)
where t € (0,00), £ € (0,1), W is space-time white noise, and the mappings a : [0,1] — (0,00) and
f : R? - R are assumed to be sufficiently smooth. In addition, homogeneous Dirichlet boundary
conditions are applied, and (deterministic) initial values X(0,-) = z{(-), Y(0,-) = y§(-) are given.
The time scale separation parameter is denoted by e. The SPDE system (1.1) should be considered in
the sequel as the main example, for which all the abstract required assumptions are satisfied.

This work is partially supported by the following projects operated by the French National Research Agency: ADA
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Instead of considering the system (1.1), where the unknowns are random fields X¢, Y€ : [0,7] x
(0,1) — R, in the sequel, we consider systems of stochastic evolution equations (SEEs) (see [15])
of type

dX(t) = —AX(t)dt + F(X(¢), Y(t))dt

AV (t) = —%AYe(t)dt + \/de(m

with initial values X¢(0) = zf and Y¢(0) = y§, where the unknowns X, Y : [0,7] — H take values in
an infinite dimensional Hilbert space H (with H = L%(0,1) to consider the system (1.1)). We refer to
Section 2.2 below for precise assumptions on the linear operator A and the nonlinearity £'. The second
component in the system (1.2) is driven by a cylindrical Wiener process. In the systems (1.1) and (1.2)
the same linear operator appears in both equations. This choice is made for notational convenience
but considering different linear operators of the same type would be possible.

When the time scale separation parameter € vanishes, the slow component X¢ converges (in a suitable
sense, under appropriate conditions) to the solution X of a deterministic evolution equation

dX(t) = —AX(t)dt + F(X(t)), (1.3)

with initial value X(0) = x¢ = lim¢_,o §, where the effect of the fast component Y€ is averaged out:

~ [Py avy)

where v is a Gaussian distribution. This result, known as the averaging principle, has been proved for
SPDE systems (1.2) for the first time in [14]. We also refer to [12, 13| for similar results, and to [5, 7]
for results on the rate of convergence when ¢ — 0 (in strong and weak senses). This list of references
on the averaging principle for SPDE systems is not exhaustive.

The objective of this article is to introduce and study an effective numerical scheme which allows
to approximate the slow component X in regimes where the time-scale separation parameter € either
vanishes, or has a fixed value. We only focus on the temporal discretization, even if in practice the
approximation of solutions of SPDEs also needs a spatial discretization procedure (for instance using
finite differences). Since the fast component Y€ evolves at the time scale t/e, a careful construction is
required to be able to choose a time-step size At which is independent of €. If one is interested only
in the regime where € vanishes, a popular method is the Heterogeneous Multiscale Method (HMM):
see [1] for a general overview of this method, [17] for its description for the approximation of multiscale
stochastic differential equations, and [2, 5, 7] for its analysis and application to multiscale SPDE
systems. The idea of HMM is to discretize slow and fast components using coarse and fine integrators
respectively, depending on different time-step sizes. In addition, in HMM the coarse discretization of
the slow component is inspired by the averaging principle, where the unknown averaged nonlinearity
is approximated using the fine scheme. As a result, the HMM scheme is efficient when € is small, but
not in the regime where the time scale separation parameter does not vanish. In this article, we are
interested in a different methodology, which allows to cover all regimes by a single numerical scheme,
and where the time-step size At can be chosen independently of e.

We propose to discretize the system (1.2) by the following numerical scheme

Xt = And (X5 + AP (XA, Y1)

/2A /2A (1.4)
;ﬁf = AAtYe At Bm 1 Ip1+ Bm P I'y2,

where Aa; = (I + AtA)~!, the linear operators Ba; Je,1 and Bag/co are chosen to satisfy the condi-
tion (2.13). This condition is fundamental and this choice is made in order to preserve the Gaussian
invariant distribution for the fast process for arbitrary values of At and e. In addition Iy, 1,1, 2 are

(1.2)
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independent cylindrical Gaussian random variables. We refer to Section 2.5 for details on the construc-
tion of the scheme (1.4). On the one hand, the slow component X€ is discretized using a semi-implicit
Euler scheme. On the other hand, the fast component X€¢ is discretized using the modified Euler
scheme for parabolic semilinear SPDEs introduced in the recent work [8]. The construction of the
scheme allows us to check that for any fixed value of e, X;’[At converges to X(T') (with T' = NAt)
when At — 0, and that the scheme is asymptotic preserving, in the following sense. First, for any
value of the time-step size At and all integers n > 1, one has X5t — X2 when ¢ — 0, determined
by the limiting scheme

XA, = AaeXEt + AtAx F(X5L ATET,) (1.5)

with initial value X§ = z¢ = limc_,o XSN, where (I'y,) is a sequence of independent cylindrical

n>0
Gaussian random variables. The last but not the least, the limiting scheme (1.5) is consistent with
the limiting evolution equation (1.3): one has X&' — X(T) when At = T/N — 0. Note that the
choice of the modified Euler scheme to discretize the fast component in the scheme (1.4) is essential
to obtain the last property: it is not satisfied when the standard Euler scheme is used. In other words
the condition (2.13) is crucial. We refer to Section 3 for rigorous statements of the properties above,
in particular about the need to consider convergence in distribution.

The asymptotic preserving property is written as the fact that the diagram

XA A2 xe(T)

le—>0 le—)O

x4t Azee ()
is commutative. Asymptotic preserving methods are popular in the field of numerical analysis of
multiscale PDEs, see for instance the recent review [18] and the references therein. In recent years,
they have been studied for stochastic systems, for instance in [3, 10].

In this article, we make a further major step in the analysis, beyond the notion of asymptotic
preserving schemes, and prove a form of uniform accuracy property. The main result of this manuscript,
Theorem 3.2, can be written as follows: under appropriate regularity and growth conditions, one has
the uniform weak error estimates

sup [E[p(X52)] = E[p(X(T))]| < Cu(T, ¢, 20) A3~ (1.6)

where k € (0, %) is an arbitrarily small positive auxiliary parameter, ¢ : H — R is a mapping of class
C? with bounded derivatives, and Cy (T, ¢, q) € (0, o).

Obtaining the order of convergence 1/3 appearing in the right-hand side of the uniform weak
error estimates (1.6) may seem surprising and not optimal. Indeed, for a fixed value of €, the order of
convergence of the scheme (1.4) is at least 1/2 (see Proposition 6), and for the limiting scheme the order
of convergence is 1 (see Proposition 4). The reduction of the order of convergence is due to the strategy
of the proof, which consists in obtaining two different error estimates based on the commutative
diagram above. Obtaining a positive order of convergence is already a non trivial challenge which
is solved in this manuscript for the first time in the context of stochastic PDEs. In order to prove
the uniform weak error estimate (1.6), we follow the same strategy as in [10] (where a reduction of
the order of convergence is also obtained), which deals with finite dimensional stochastic differential
equations. Substantial modifications due to the infinite dimensional setting are required. Precisely, the
main difficulties appear for the proof of a direct error estimate for the weak error, see Proposition 6.
Compared with [10], additional arguments concerning the regularity properties of the solutions of
the associated Kolmogorov equation need to be studied carefully, see Lemma 4.1 and Section 6.2.
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Numerical experiments reported in Section 7 suggest that the order of convergence 1/3 in the uniform
weak error estimates (1.6) may be optimal.

The system (1.2) considered in this work has a simplified structure compared with the systems
treated in the literature, which is crucial in the analysis performed in this article. First, the evolution
of the fast component Y¢ does not depend on the slow component X¢: one can write Y¢(¢) = Y(t/e)
(equality being understood in distribution), where Y is solution of a stochastic evolution equation
which does not depend on €. Second, Y€ is an infinite dimensional Ornstein—Uhlenbeck process, in
particular Y¢(¢) is an H-valued Gaussian random variable for all ¢ > 0, which plays a crucial role
in the analysis developed in this work. One way to introduce a dependence with respect the slow
component in the fast evolution equation would be to replace W (t, £) by o(X¢(t,€))W (t,€) in (1.1), for
some sufficiently smooth real-valued mapping o. This would mean replacing dW (¢) by X(X€(¢))dW (t)
in (1.2), where ¥(x) is a linear operator from H to H, for all x € H. In that situation, the analysis
developed in this work cannot be applied, since the proposed scheme is not asymptotic preserving
(because the linear operators ¥(z) and A do not commute). On the contrary, assume that W (¢, £) is
replaced by o ([ X¢(t,£)de)W (t,€) in (1.1), then dW (t) is replaced by S(X¢(t))dW (¢) in (1.2) where
x € H — X(z) € R is a real-valued mapping. In that case, the proposed scheme is asymptotic
preserving, and it seems that generalizing the analysis presented below would be possible, with extra
technicalities. There are other ways to couple the fast stochastic evolution equation with respect to
the slow component, for which one may obtain different behaviors of the proposed scheme depending
on the way the dependence is introduced. The coupled case is thus not considered in the sequel for
convenience.

The manuscript is organized as follows. First, the setting is described in Section 2. Preliminary
results on the SPDE system are recalled in Section 2.3 and the averaging principle is discussed in
Section 2.4. The numerical scheme studied in this work is presented in Section 2.5. Then the main
results of this work are stated in Section 3: the asymptotic preserving property is studied in Section 3.1
and the main result, Theorem 3.2, is stated in Section 3.2. The auxiliary error estimates required to
prove Theorem 3.2 are stated in Section 3.3. Section 4 provides the regularity properties of solutions of
infinite dimensional Kolmogorov equations, see Lemma 4.1 and Lemma 4.2. The reminder of the man-
uscript is devoted to proving the error estimates, in Section 5 (results from Section 3.1) and Section 6
(results from Section 3.3). Numerical experiments are reported in Section 7, in order to illustrate the
asymptotic preserving property and the uniform weak error estimates for the scheme (1.4).

2. Setting

2.1. Notation

The set of integers is denoted by N = {1,...}.

Let H be a separable infinite dimensional Hilbert space, equipped with inner product and norm
denoted by (-,-) and |- | respectively. Let also H = H x H be the Hilbert space, with inner product
and norm as follows: for all (z1,y1), (x2,y2), (z,y) € H, set

((@1,91), (¥2, y2)) 1 = (@1, 22) + (Y1, Y2)
(2, 9) 3 = |2 + [yl

The set of bounded linear operators from H to H is denoted by L(H), this set is a Banach space, with
the norm || - || z(z) defined by

Lz
| Ly = sup [Lz| |-
zeH\{0} ||

178
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The random variables and the stochastic processes considered in this article are defined on a prob-
ability space denoted by (€2, F,P). This probability space is equipped with a filtration (F) >0 Which
is assumed to satisfy the usual conditions. The expectation operator is denoted by E[-].

Let (Bj)j N denote a sequence of independent standard real-valued Wiener processes, adapted to

the filtration (F;) The cylindrical Wiener process (W (t)),. on H is formally defined as

t>0" t>0

W(t)=>_ Bjt)e; (2.1)

jeN

where (e;)._ is an arbitrary complete orthonormal system of H.

JEN
The following terminology is used in the sequel: a random variable I is called a cylindrical Gaussian
random variable if
I' = Z 'yjej,

JEN

where (’yj)j oy is a sequence of independent standard real-valued Gaussian random variables (v ~
N(0,1) for all j € N).

Some of the proofs below require tools from Malliavin calculus [20]. We do not give precise defini-
tions, instead let us state the notation used in this article and quote the most useful results. If © is
an H-valued random variable, D"© € H is the Malliavin derivative of © at time s in direction h € H.
For instance, this means that

ph (/OT L(t)dW(t)) — L(s)h

if t €[0,T]) + L(t) € L(H) is an adapted process. In addition, if © is F;-measurable, then D" = 0
for all s > t. The Malliavin derivative satisfies a chain rule property: if ® : H — H is of class C! with
bounded derivative, then for all s > 0 and h € H one has

Di¢(O) = D(©).DLo.

The same type of notation and results are satisfied for R-valued random variables 6. Finally, one has
the following integration by parts formula, which is essential for the proof of weak error estimates,
see [16]: if 6 is R-valued random variable and if (,s) — ¢(¢,s) € R is a given deterministic function,
for all j € N, one has

B0 [ ott.9)45,()] = [ BDL00( 055, (2.2

Finally, introduce the following notation. If ¢ : H — R is a mapping of class C® with bounded
derivatives of order 1,2, 3, set

|D(x).h|
llellli = sup ————,
eher R
DQQO xX). hl,hz
Ille = ol +  sup  PoPE@)-Usho)|
2 h1 ha € H |h1||hal

|D3¢(x).(h1, ha, hs))|
ol = lllelll2 + sup
lllls = Ml oS o ] ol
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If ¢ : H — R is a function of class C2, for all h,k € H and (z,y) € H, the following notation is
used below:

Dyé(z,y).h = D(x,y).(h,0)

Dyo(x,y).h = Do(z,y).(0,h)
Di¢(x,y)-(h, k) = D*¢(x,y).((h,0), (,0))
Dy¢(x,y)-(h, k) = D*¢(x,y).((0, h), (0, k))
Dy Dy(x,y).(h, k) = D*¢(z,y).((h,0), (0, k)

Similar notation is used for third order derivatives below.

In this work, the values of constants C' € (0,00) (which may depend on auxiliary parameters)
appearing in the error estimates may vary from line to line. All the constants are independent of the
time scale separation parameter ¢ and of the time-step size At.

2.2. Assumptions

The stochastic evolution equations considered in this work are driven by an unbounded self-adjoint
linear operator —A : D(A) C H — H, which is assumed to satisfy the following conditions.

Assumption 1. There exists a complete orthonormal system (ej)jeN of H and a non-decreasing

sequence ()‘j)jeN of positive real numbers, such that
Aej = )\jej
for all j € N. In addition, it is assumed that there exists cp € (0,00) that Aj ~ caj? when j — oc.

The self-adjoint unbounded linear operator —A generates a semigroup which is denoted by (e_tA) 0"
Precisely, for all t > 0 and x € H, set a

Ap = Z e "z, ej)e
JjEN
In addition, for all a € [—1, 1], define the self-adjoint linear operators A% such that
A% = e,
for all j € N. Equivalently,

Az = Z iz, ej)e;

JjeEN
If o € [-1,0], A% is a bounded linear operator from H to H and the expression above is well-defined
for all z € H. For all « € [0, 1], introduce the notation

‘$|204 = (Z)\?a<x7 ej>2> € [0700]7

JEN
then for a € (0,1] A is an unbounded self-adjoint linear operator with domain D(A%) = H?®,
defined by

H?** = {2z € H; |z|sa < 0}

Finally, let us recall two standard inequalities: for all a € [0, 1], there exists C,, € (0,00) such that
for all t € (0,00) and all x € H, one has

le7thz| < Cut™@| A | (2.3)
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and for all z € H?* one has
[(e™™ = I)z| < Cat®| 7|20 (2.4)
Let us now state the regularity and growth assumptions for the nonlinear operator F.

Assumption 2. Let F : H — H be a mapping of class C3, with bounded derivatives of order 1,2, 3.

Note that in particular F' is globally Lipschitz continuous: there exists Cr € (0,00) such that for
all (x1,91), (x2,y2) € H, one has

|F(2z2,y2) — F(z1,31)| < Cr(|lze — 21| + y2 — 1)

Assumption 3. For all € € (0,€), let xf € H and y§ € H, satisfying the following conditions: there
exists o € H such that

|zg — o] s 0. (2.5)
Moreover, there exists kg € (0,1), such that for all k € [0, ko], there exists C, € (0,00) such that
ro € H" and

sup (|AZxf] + [AZy5)) < C(1+ A2 o). (2.6)
€€(0,€0)

2.3. SPDE system

In this work, we study the behavior of a class of numerical methods applied to the following stochastic
evolution equations system, both for fixed € € (0,¢p) and in the regime € — 0:

AXE(t) = —AXE(H)dt + F(X(¢), YE(t))dt

AV (t) = —%AYﬁ(t)dt + \/de(t),

with initial values X¢(0) = zf and Y¢(0) = vy, which satisfy Assumption 3. In the system above, the
linear operator A satisfies Assumption 1, the nonlinear operator F' satisfies Assumption 2 and the
cylindrical Wiener process (W(t)),., is given by (2.1).

(2.7)

The following result is a standard well-posedness statement for the system (2.7), see for instance [15].
Proposition 1. Let Assumptions 1 and 2 be satisfied. For all € € (0,¢q), the system (2.7) admits a
unique global mild solution (X(t),Y¢(t)) with initial values X(0) = zf and Y(0) = y§: for all
t>0,

>0’

Xﬁ(t)i —tA e+/ —(t— sAF(Xe( ) Ye( ))d

YE(—eeyo \[/ W(s).

If Assumption 3 is satisfied, one has the following moment bounds properties, uniformly with respect
to e € (0,€): for all T € (0,00),

sup ( sup E[|X(t)]?] +SupE[|Y6(t)\2]> < 0. (2.9)
e€(0,60) \ O<t<T >0

(2.8)

2.4. The averaging principle

Let us describe the behavior of the solution of the system (2.7) when € — 0. Note that the parameter
€ introduces a time-scale separation in the evolution of the two components. On the one hand, the fast
component Y€ is an H-valued Ornstein—Uhlenbeck process, and one has the equality in distribution

- (hi5(Y)
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where the Ornstein—Uhlenbeck process Y is the solution of the stochastic evolution equation
AY(t) = —AY(t)dt + V2dW (1),

with initial value Y(0) = 0. It is straightforward to check that the H-valued process Y is ergodic and
that its unique invariant distribution is the Gaussian distribution v = A(0, A™1). In addition, for all
t € (0,00), Y¢(t) converges in distribution to ¥ when ¢ — 0. On the other hand, the component X¢
evolves slowly, and the behavior of the fast component implies that an averaging principle holds: when
€ — 0, X¢ converges (in various suitable senses) to the solution X of an evolution equation where the
effect of the fast component has been averaged out, with a nonlinearity depending on the Gaussian
distribution v.

In order to state a rigorous version of the averaging principle, introduce the nonlinear operator
F : H — H defined as follows: for all x € H, set

F(x) = /F(m, y)dv(y) = E [F(z,Y)] = E[F(z, A_%F)], (2.10)

where I' is a cylindrical Gaussian random variable. Observe that if F' satisfies Assumption 2, then
the mapping F : H — H is of class C3, with bounded derivatives of order 1,2, 3. In particular, F is
globally Lipschitz continuous.

The asymptotic behavior of the slow component X¢ in (2.7) is described by the solution of the
averaged equation:

dX(t - _
di) = —AX(t) + F(X(1)), (2.11)
with initial value X(0) = x¢ = lim. 0§ (see Assumption 3). The deterministic evolution equa-

tion (2.11) admits a unique global mild solution: for all ¢ > 0,
t
(1) = e Mg + / e~ INF(R(s)) ds.
0

One has the following convergence result.

Proposition 2. Let Assumptions 1, 2 and 3 be satisfied. Then for all t > 0, X¢(t) converges to X(t)
when € — 0, in the mean-square sense.

In addition, one has the following weak error estimate: for all k € (0,ko) and T € (0,00), there
exists C(T) € (0,00) such that for any function ¢ : H — R of class C* with bounded derivatives of
order 1,2,3 and all € € (0,€) one has

[E[p(X(D))] ~ E[p(XD]| < Cu(D)lllglllze'" (1 + [AZ o). (2.12)

For the mean-square convergence result, see for instance [5, 14]. The weak error estimate (2.12) is
obtained in [5, 7] (under weaker regularity conditions on ¢). It is also retrieved in this article as a
consequence of the auxiliary error estimates stated and proved below.

2.5. Numerical scheme

Let us introduce the notation required to define the numerical scheme studied in this work. The time-
step size is denoted by At. Without loss of generality, it is assumed that there exists a fixed time
T € (0,00) such that At = T'/N for some integer N € N. In the sequel, the limit At — 0 is considered
by letting N — oo with T fixed. In addition, it is assumed that At € (0, Atg). To simplify the notation,
let 7= %.

Let Aa; = (I + AtA)~!, and introduce also linear operators A, B:1 and B, 2 assumed to satisfy
(see [8, Section 2])

1

1
Ar=T+7M)7", Bri=—(I+7A)7", BraBi,= ST+ TA) 7L (2.13)

Sl
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where L* is the adjoint of a linear operator L.
Note that [|Aa¢llzry < 1 for all At € (0, Atp). In addition, one has the following property: for all
a € [0, 1], there exists Cy, € (0,00) such that for all At € (0,Aty) and n € {1,..., N}, one has

Ca
(nAt)e

IA“ AR 2y < (2.14)

Let (F"J)n>0 and (ang)n>0 be two independent sequences of independent cylindrical Gaussian
random variables. Then the scheme is defined as follows: for all n > 0, set

€,A €,A
an—i—f = Aay (XZN + AtF(X;’At: Yri-i-f))

. [oAt [2At (2.15)
Yn’ﬁf = A%Y;’At + ?B%yll—\n,l + TB%QFH’%

with initial values X5° = 2§ and Y52 = yg.

On the one hand, in the scheme (2.15), the slow component of (2.7) is discretized using a linear

implicit Fuler scheme: the definition can be rewritten as

Xo = X8 — TAXE + R (XA YD),
which means that the linear part is discretized implicitly, whereas the nonlinearity part is discretized
explicitly with respect to the slow component X¢ and implicitly with respect to the fast component
Y€. This choice is motivated by the analysis of the scheme when € — 0.

On the other hand, the fast component is discretized using the modified Euler scheme introduced
in the recent work [8]: we refer to this preprint for the construction and the properties of this scheme,
below we only recall the notation required in the analysis of the scheme (2.15). Some properties of the
scheme (2.15) are in fact already studied in [8, Section 9.1]. As explained in [10] (SDE case) and [§]
SPDE case), discretizing the fast component using the standard linear implicit Euler scheme would
not be appropriate in the regime ¢ — 0. The main advantage of the modified Euler scheme is the
preservation of the invariant distribution v, for any choice of the time-step size At. The main tool to
analyze the modified Euler scheme is the interpretation as the accelerated exponential Euler scheme

applied to a modified stochastic evolution equation (see [8, Section 3.3]): using the notation 7 = %
and ¢ = n7, one has the equality in distribution
At _
where
t; 1 T 1
Vi =e ™ yr 2 [T e 0 Q2w (s), (2.16)
128

1
with initial value Vj = y§ = Yg’m. The linear operators A, @, and Q# are defined by the following
expressions:

Az = Z Ar T, ej)e;

JEN
QT'ZE = Z qr,j <l’, €j>€j (217)
JEN
1
Q?x = Z vV QT,j<x7€j>€ja

jeN
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where the eigenvalues are defined for all j € N and 7 € (0, 00) by
log(1 4 7))

)\7-7]' = S (0, )\j)
i (2.18)
log(1 4+ 7X;) ‘
= BUTTTA) 1),
q sJ 7_)\] € (0 )
The auxiliary process defined by (2.16) satisfies V) = Y7(t7,) for all n > 0, where the process (V7 (t)),-,
is the mild solution of the modified stochastic evolution equation -
1
dYT(t) = =AY (t)dt +V2Q2dW (t). (2.19)
Let o € [0, 1] and set
log(1
Co, = sup zo‘w—l‘ < 0.
z€(0,00) z
One then obtains the following bounds (see [8, Section 5.1]): for all 7 € (0,00) and j € N,
0< A — Ay < Cur®AT
=T A = et Ay (2.20)
0<1—qr; <CatA],

which are used below to analyze the error.
Let us provide two results on the numerical scheme (2.15) which are used below to prove the main
result of this article.

Lemma 2.1. Let Assumption 3 be satisfied. Then one has

sup sup E[|[Y$2!?] < oo. (2.21)
e€(0,e0),Ate(0,Atp) n>0

Moreover, for all T € (0,00), there exists C(T) € (0,00) such that for all € € (0,¢y) and At =T/N €
(0, Atp), one has
sup E[[X52%] < O(T)(1 + |aol?). (2.22)
0<n<N

Proof of Lemma 2.1. Let us first prove the inequality (2.21). One has, for all n > 0, the equality
in distribution

Ye,At yT yT(tT) —e —tT Ar y _|_\[/ —(tr—t)A TQQdW()
On the one hand, for all n > 0 and At € (0, Atp), one has

sup Je "Myl < sup ygl < oo,
€€(0,¢0) €€(0,60)
owing to Assumption 3, since A, ; > 0 for all j € N and 7 € (0, c0).
On the other hand, using It6’s isometry formula, it is straightforward to check that one has

{\f/ ~-0A QEaw (s) } /|y|du Z/\—<oo

JjeN
This concludes the proof of the inequality (2.21). Let us now prove the inequality (2.22). Since F' is
globally Lipschitz continuous (Assumption 2) and since ||Aa¢llz) < 1, for all n > 0, one has

AN €, €, A
X ] < IXGE + At FEGA, Yo
< (1+ CAHXEA + CAL(1 + [YELT)).
Since sup,e (g, [76] < C(1 + |z0]) owing to Assumption 3, the inequality (2.22) is then obtained by a

straightforward argument, using the inequality (2.21) proved above. The proof of Lemma 2.1 is thus
completed. [ |
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Lemma 2.2. Forallk € (0,1) and T € (0,00), there exists Ci(T) € (0,00) such that for all € € (0, €o)
and At =T/N € (0,Atp), for alln € {1,...,N}, one has

1A R P < e

Moreover, all k € (0,k9) and T € (0,00), there exists Cy(T) € (0,00) such that for all € € (0,€p) and
At =T/N € (0, Aty), one has

(1+ |zol)- (2.23)

sup (E[ASXSGAY2])Z < Cu(T)(1 + |AE o). (2.24)
0<n<N

Finally, for alln € {1,..., N}, one has

6 At e, At|2 % < CH(T) 1—kK
(EHXTL+1 Xn ‘ ]) = (nAt)l_N At (1 + ‘1’0’) (225)
and for allm € {0,..., N}, one has
1
(BIA™ (XL = X5 )? < Cu(D)A (L + |aol). (2:26)

Proof of Lemma 2.2. Using the inequality (2.14), the identity

n—1
XGA = ARl + At > AR F(XPE, viR),

=0
the moment bound (2.23) for A'=*X%4¢ is obtained as follows: for all n € {1,..., N}, one has
1 Cx = Ck At At 1
E[IA' X)) 2 < =t lrol + ALY D ——— (B[ F(Xp T, Y ) )2
C = C
< iR lTol F ALY ——— (1 + |wo])
(nAt)l—”‘ ,;) ((n—0)At)
Cu(T)
< m(l + |zol)-

The moment bound (2.24) is proved using in addition the condition |AZ x| < |A%0330] < oo from
Assumption 3 for all n € {0,..., N}, one has

P 1 P nd C
E[ATXGY])E < [AZaf| + ALY ——"—
5 (- a0
o n—1 C
< |AFapl ALY — S
5 ((n—0)an)?
< CW(T)(1+ [A2 o).
Let us now prove the inequality (2.25). Using the inequality
A (Aar = Dl ey < CaAL®,
with C,, € (0,00), and the definition (2.15) of the scheme, one has
KGRt — X5 = [(Aae — DXGY + AtAa F (XA, Y3
< I(Aae = DX + AL F (XA Vg

< CLA P ATTREEA 1+ AE(1 + X2 + [YEL).

€,A €, i
(B[ P32, Y3 )2

(1 + [xol)
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Using the moment bounds (2.22) and (2.21) from Lemma 2.1 and the moment bound (2.23) proved
above, one then obtains the inequality (2.25).
Finally, to obtain the inequality (2.26), note that

ATHER N - XA)| < AT (Aa = DG+ At PG, Y|

n+1

< CRAPTFIXGAY + A1+ XA + Y521,
Using the moment bounds (2.22) and (2.21) from Lemma 2.1, one then obtains the inequality (2.26).
The proof of Lemma 2.2 is completed. [ |

3. Main results

3.1. Asymptotic preserving property

Introduce the limiting scheme defined as follows: for all At = T/N € (0, Aty) and n € {0,...,N —1},
set

XAL = AnXS! + ALANF (X5, AT3T,) (3.1)
with initial value X@t = xg.

Lemma 3.1. For all T € (0,00), there exists C(T) € (0,00) such that for all At = T/N € (0, Aty),
one has

sup E[IX3*) < C(T)(1 + |aol?). (3.2)

0<n<N

Proof of Lemma 3.1. Since F is globally Lipschitz continuous (Assumption 2), for all n > 0, one
has

1
Xk | < 1KY + At F(XR, ATED,)|

< (14 CAL)XE + CAL(1 + [A~2T,)).
Using the property

_1 1
E[|[A"2D, %] = Z N < 00,
JEN
the inequality (3.2) is obtained by a straightforward argument. This concludes the proof of Lem-
ma 3.1. [ |

The fact that (3.1) defines the limiting scheme associated with the scheme (2.15) when € — 0 for
fixed time-step size At is justified by Proposition 3.

Proposition 3. Let ¢ : H — R be a globally Lipschitz continuous function. For all T € (0,00),
At € (0,Atg) and n € {0,..., N}, one has

lim Elp(X;%)] = Elp(X,")]. (3-3)

e—0

In addition, the limiting scheme (3.1) is consistent with the limiting evolution equation (2.11), as
justified by Proposition 4 below.

Proposition 4. For all k € (0,1) and T € (0,00), there exists C(T) € (0,00) such that for any
function ¢ : H — R of class C* with bounded first and second order derivatives, for all At € (0, Aty),
one has

[Elp(X3)] = o(X(D))] < Cu(D)lllelllaAt' (L + [ao]?). (3.4)
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Combining Propositions 3 and 4 shows that the scheme (2.15) is asymptotic preserving.

The proofs of Propositions 3 and 4 are postponed to Section 5.1 and Section 5.2 respectively. In
fact, those two results are reformulations of [8, Theorem 91], and the proofs are given to make the
presentation of the analysis of the scheme (2.15) self-contained. In addition, Proposition 4 is employed
in the proof of the main result of this article.

3.2. Uniform weak error estimates

The main result of this article is Theorem 3.2, which gives uniform weak error estimates for the
numerical scheme.

Theorem 3.2. For all k € (0,k0) and T € (0,00), there exists C,(T) € (0,00) such that for any
function ¢ : H — R of class C* with bounded derivatives of order 1,2,3, for all At = T/N € (0, Atg)
and € € (0,€9), one has

E[p(X58)] — E[p(X(T)]| < Cu(T)AL ™ |lpllla (1 + |AZ z0]2). (3.5)

The proof of Theorem 3.2 is given in Section 3.4 below, as a consequence of several auxiliary error
estimates stated in Section 3.3 below, which are proved in Section 6 using non-trivial arguments and
lengthy computations.

3.3. Auxiliary error estimates

The proof of Theorem 3.2 is based on using several auxiliary error estimates.
Let us first introduce the following auxiliary scheme: for all At = T/N € (0,Aty), v € H and
n € {0,...,N — 1}, set
Koth = AaeXn " + AtAAF () (3.6)
with initial value XOM;:E =z € H. The scheme (3.6) is the standard linear implicit Euler scheme applied
to the limiting evolution equation (2.11). One has the following convergence result.

Proposition 5. For all k € (0,k9) and T' € (0,00), there exists Cr(T) € (0,00) such that for all
At € (0, Atg) one has

‘7At;xo
n

—X(nAt)| < Co(T)AL " (1 - (3.7)

1

iyt

Even if Proposition 5 is a standard result in the numerical analysis of parabolic evolution equations,
its proof is given in Section 6.1 for completeness. Note that the initial value x( is only assumed to
satisfy x¢g € H in this statement.

Proposition 6 provides a weak error estimate where the right-hand side is allowed to depend on e.
This result provides the consistency of the scheme (2.15) for the approximation of X¢(7") for any value
of € € (0,€). The order of convergence with respect to At is equal to 1/2.

Proposition 6. For all k € (0,k0) and T € (0,00), there exists C(T) € (0,00) such that for any
function ¢ : H — R of class C* with bounded derivatives of order 1,2,3, for all At = T/N € (0, Atg)
and € € (0,€0), one has

()] - el < G () + 2 llellst+ 1A% @)

The proof of Proposition 6 is the most delicate part of the analysis in this article.

Finally, Proposition 7 is a variant of Proposition 2 in discrete-time, and is related to Proposition 3
above.
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Proposition 7. For all k € (0,k0) and T € (0,00), there exists Cy(T) € (0,00) such that for any
function ¢ : H — R of class C* with bounded first and second order derivatives, for all At = T/N €
(0, Atg) and € € (0,€), one has

Ble(GA)] - Blp(RY) < Cu(D)( 5 + A6 lella(d + [zo) (39)

See [10, Lemma 5.4] for a similar statement in the finite dimensional SDE case. Note that the
right-hand side of (3.9) goes to infinity when At — 0, but the upper bound is sufficient for the proof
of Theorem 3.2. Having € instead of z% would not change the result. The presence of At", with
arbitrarily small k € (0,k¢) is due to arguments on the analysis of parabolic semilinear evolution
equations.

3.4. Proof of Theorem 3.2

The proof of Theorem 3.2 is a straightforward consequence of auxiliary weak error estimates which have
been stated above. Let us first obtain the weak error estimate (2.12) as a straightforward consequence
of the results stated above.

Proof of the inequality (2.12). The weak error in the right-hand side of (2.12) can be decom-
posed as

[Efp(X(T))] - E[(X(T))]]
€ €,A €,A e
< [E[p(X“(T))] - Elp(X5™)]| + [Elp(X52)] - Elp(X3)]| + [Elp(X3)] - E[p(X(D))]],
where the value of At = T'/N in the right-hand side of the inequality above is arbitrary. Since the value

of the left-hand side is independent of At, choosing N = ¢~2+ 1 and using the inequalities (3.8), (3.9)
and (3.4) from Propositions 6, 7 and 4 respectively gives the inequality (2.12). |

Proof of Theorem 3.2. The weak error E[(p(XR’,At)] —E[p(X(T))] can be treated using two different
strategies.
On the one hand, one has the inequality (3.8) from Proposition 6:

el - Bl < Can)( (3) T+ 8 hals 4 a3

On the other hand, one has
E[p(X57)] — Elp(X(T))|
< [E[p(X5™)] — Elp (X3N] + [E[p(XR)] — o(X(T))| + [o(X(T)) — E[p(X(T))]]

< Cu(T) (At“

+ Co(D)lelllo A (1 + [ao]?) + Cu(T)lpll3€ " (1 + [AZzo[?),
using the inequalities (3.9), (3.4) and (2.12) from Propositions 7, 4 and 2 respectively.
Combining the two upper bounds, one obtains

Elp(X52)] — Elp(X<(T))]| < min(R1 (At ¢), Ra(At, )
where R;(At,e) and Ra(At,€) denote the right-hand sides of the two inequalities above. In the regime
At3 < ¢, one has

+ A lplla(1 + [aof)

min (R (At €), Ro(At,€)) < Ri(At,e) < Cr1(T, ggo)At%_"“7
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whereas in the regime At3 > €, one has
min(Ry(At,€), Ry(At,€)) < Ro(At,€) < Croo(T, w0) AL,
As a result, one obtains for all At and €
[Elp(X5™)] — Elp(X(T)]| < Cu(T, 20) A5~
with
Cr(T,z0) = max(Cy 1(T, x0), Cr2(T, z0)).
Since the parameter k € (0, ko) is arbitrarily small, the proof of Theorem 3.2 is thus completed. =

Remark 1. If the fast component Y¢ of the SPDE system (2.7) is discretized using the accelerated
exponential Euler scheme, one obtains the scheme

Xt = Ane(X05 + AR (X, Vi)
2 [ln+1 tpi1—t (3.10)
Yo = e~ EAYSAt 4 \ﬂ / e~ dW (s),
tn

with initial values X5 = x5 and Y52 = ys.

The result of Theorem 3.2 is valid also for the scheme (3.10). In fact, the proof of Proposition 6
would be simpler for that scheme: for instance the error terms e-2t and e?f’m defined by (6.11)
and (6.12) below would vanish. We thus focus only on the analysis of the scheme (2.15).

Note that the scheme (3.10) can be applied only if the eigenvalues \; and eigenfunctions e; of the
linear operator A (see Assumption 2) are known (in which case it is appropriate to use a spectral
Galerkin discretization in space). On the contrary, the scheme (2.15), based on the modified Euler
scheme introduced in [8], can be applied without this knowledge, and it is appropriate to combine it
with a finite difference discretization in space.

It thus remains to establish all the auxiliary results used in the proof of Theorem 3.2 above.

4. Regularity estimates for solutions of Kolmogorov equations

Let ¢ : H — R be a continuous mappping. The weak error analysis requires to study the regularity
and growth properties of the auxiliary mappings (t,z,y) € [0,T] x H — u(t,z,y) and (n,z) €
{0,...,N} x H — w4(z) defined by
ut (b, y) = Bay[p(X(1))], (4
_ <GAt;
' () = o(X,), (4.2)
rejor] 18 the mild solution of (2.7) with initial values X(0) = = and Y¢(0) = y (this

is the meaning of the notation E, ,[-] in (4.1)), and where (Xm;x) 6)
The function u€ is solution of the Kolmogorov equation

1)

where (X¢(t), Y¢(¢))

is the solution of (3.

n n=0,...,N

s (t,x,y) = (Dyu(t,z,y), —Az+F(x, y)>+% <—(Dyu6(t, z,y), Ay)+ZD§u€(t, z,y).(ej, ej)> , (4.3)
jEN
with initial value u¢(0,z,y) = ¢(z). We refer to the monograph [11] for results on infinite dimensional
Kolmogorov equations. In this section, it would be convenient to introduce a spectral Galerkin ap-
proximation procedure to justify all the computations. This is a standard tool, and to simplify the
notation this is omitted in the sequel. All the upper bounds are understood to hold uniformly with
respect to the auxiliary approximation parameter.
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Let us first state regularity results for the mapping €.

Lemma 4.1. For allT € (0,00) and k € (0,1], a € [0,1), a1,a2 € [0,1) such that a; + g < 1, there
ezist Cio(T), Co(T), Cay . (T) € (0,00) such that for all € € (0,€0) and all p : H — R of class C* with
bounded derivatives of order 1,2,3, one has the following inequalities.

(1) Forallt € (0,T), z,y € H and h € H, one has

Ca(T)
ta

1 —
[(Daul(t, 2,y), )| + —[{Dyu’(t, 2, ), W] < ol |A™A]. (4.4)

(2) For allt € (0,T), z,y € H and h',h? € H, one has

€ 1 € 1 €
’Da%u (t,%,y).(hl,hQ)‘ + el_ﬁ‘DiﬂDyu (t,1‘7y).(hl,h2)| + E|D§u (t,.%',y).(hl,h?)’
_ CorenlT)

< —etas llell2|A= R ||A= 2R3, (4.5)
(3) Forallt € (0,T), xz,y € H** and h € H?:, one has

0D (1), )| < - o)

llllla (1 + [A%2] + [ATy[)|A"R]. (4.6)

Lemma 4.1 is a variant of [10, Lemma 5.5] (SDE case), with a more precise analysis of the dependence
with respect to the parameter € of the derivatives with respect to the variable y. In addition, in order
to obtain the optimal weak order of convergence with respect to At (with fixed €) in Proposition 6,
one needs to choose «, oy, s > 0. The bounds of type (4.4) and (4.5) are specific to the parabolic
semilinear evolution equations setting, and are related to the smoothing inequality (2.3). We refer for
instance [9] and [16] for similar results (with fixed €) and their use to prove weak error estimates.

Let us now provide regularity results for the mappings ﬂﬁt defined by (4.2).

Lemma 4.2. For all T € (0,00) and k € (0,1], there exists C(T) € (0,00) such that for all At €
(0,Aty), all z,y € H, all h,k € H, alln € {1,...,N}, and all ¢ : H — R of class C* with bounded
derivatives of order 1,2, one has

(DTS @), 1)1 < (ot el (At + A b (4.7
D22 0. k)] < (R el (At + A Bl (19
1-k
(DuS (a) — D (o). )] < DS lella (1 + b (1.9

Note that with k = 1, the inequalities (4.7) and (4.8) provide the following result:

sup  sup |[un[ll2 < C(T) ¢l (4.10)
0<At<Atg 0<n<N

Lemma 4.2 is a variant of [10, Lemma 5.7] (SDE case), where like in Lemma 4.1 one needs 1 —x # 0.
The proof employs the discrete time version (2.14) of the smoothing inequality (2.3). See also [6,
Lemma 7.2] for a variant of Lemma 4.2 (analysis of HMM schemes in the SPDE case).

The proof of Lemma 4.1 is given in Section 4.1, whereas the proof of Lemma 4.2 is given in Sec-
tion 4.2.
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4.1. Proof of Lemma 4.1

Recall the notation H = H x H. For all h = (hg, hy) € H, one has the following expression for the
first-order derivatives:

Duf(t,z,y).h = Dyu(t, x,y).hy + Dyu(t, x,y).hy
= Ex,y[DSO(XE (ta z, y))n;h(t)]

where ¢ € [0,T] — n™(t) = (ng"(t),n5"(t)) € H is solution of

) _ _ A (0) + D, PES0), Y0 r(0) + Dy PR Y1) (1)
d e¢,h
nydt(t) = —%Anf,’h(t),

with initial values nS®(0) = h, and nz’h(O) = hy.
For all h! = (h},h}) € H and h* = (h2,h2) € H, one has the following expression for the second-
order derivatives:

D*uf(t,z,y).(h', h?) = D3uc(t,z,y).(hy, h3) + Dyus(t, z,y).(hy, b))
+ Dy Dyus(t, z,y).(hL, h2) + D, Duc(t, x,y).(hL, h2)

'y Yy x

— By [D(X(£))- €5 (8)] + By [D20 (X (1)) (™ (£), m5™ (1)),
where ¢ € [0,T] = ¢oPVB () = (¢S (1), ¢ 17 (1)) € H is solution of

dC:f:’hl’hz (t) _ e,h! h? € € €,hl h? € € €,hl h?
g = AGT T () 4 Do F(X(E), YU(1))-6 () + Dy F(XE(E), YE(8))-6 ™ (2)

+ DXE(XE(), Y1) (™ (£), 90" (1))
g™ (t)

=0
d¢ ’

with initial values (5P P*(0) = C;vhl’hQ (0) = 0. In the expressions above, the fact that the initial value

=u(0,z,y) = p(z) is independent of y is used.

Proof of the inequality (4.4). Let a € [0,1).
Observe that for all ¢ > 0, one has n;‘(t) = e_EAhy. As a consequence, using the semigroup property
and the smoothing inequality (2.3), for all ¢ € (0, 00), one obtains

At

e,h 60‘ 7LA — 601 —Q
‘77y’ ) < Catj|e 2¢%hy| < Coe™ 2 ﬁ’A hy|. (4.11)

Introduce an auxiliary process defined by 75" (t) = nSP(t) — e * h, for all t > 0. Using the mild
formulation

t
P (t) = ety + / e~ =MD P(XE(s), Y(s)).n5P (s)ds
0

t
+ /0 e~ (=9N D F(XE(s), Y(5)) S (s)ds,
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one obtains, for all ¢ € [0, 7],

Aeh(t) = /0 e (IND, F(X(s), Y¥(s)).7 (5)ds

t
+ / e~ (IAD L F(XE(s), YE(s)).e M hads
0

t S
+ /0 e~ =MD, P(X(s), Y(5))-e~ £y ds.

Since the mappings D, F' and D, F' are bounded (Assumption 2), using the smoothing inequality (2.3)
and the bound above, one then has

7Rt \<c/ 1758 (s) \ds+c/ le=*2h, \ds+c/ le=e2h,|ds

<O [()s + Co [ 5odslA hgl 4 Co [ e F A ny s
0 0 0 S

t
< C [ |(s)lds + CalT) (A~ h| + e[A~hy )

A1s
with Cy( f(;f s~%ds+ [y e ~72 s7%ds < oo, by a straightforward change of variables argument in
the 1ntegral
Applying Gronwall’s inequality, one then obtains

sup 75" (8)] < Ca(T)(JA™hal + el A~ hy]),
0<t<T
with Co(T') € (0,00), independent of € € (0, €y). Therefore, for all ¢ € (0,77, one obtains the inequality
1, _ _

(O] < CalD) (G514 el + A7, ). (1.12)

Since Dy is bounded, one finally obtains the inequality
1, _ _
[Du(t,z,y)-h| < Ca(D)lllells (5 1A~ hal + e[ ARy ),

for all ¢ € (0,T]. Considering the cases h = (hg, hy) = (h,0) and h = (hy, hy) = (0, h) then concludes
the proof of the inequality (4.4). ]

Proof of the inequality (4.5). Let a1,a9 € [0,1) be such that a; + as < 1.
Observe that (Zlfl’hz (t) =0 for all ¢ > 0, and that, using a mild formulation, one has, for all ¢ > 0,

t
n 4 (g) = [* D, P (), () €57 o)
0

b —s € € eh! €,h?
+ [ MDA (), Y. (5), 0 (5)) s
Using the inequalities (4.12) and (4.11), one then obtains

€,h! h? < t €,h! h? d C t e,h! €,h? d
@I C G (s)lds +C 0 (5)[[n™ (s)lds
t
<C [ 1gem I (s)las
0

¢ —a -« €M M —a
+ Coraa(T) [ (57 A0+ (e e 3) 1A my))

a2

-« —« € ESES -
(s72 (A P2+ (et e 2)IA 2h2|)ds
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¢ e,h! h?
<0 [ 16 s
0
+ Cayo (T) (IA7 R [A72 2] + €| A=y [[A=2R2) )

+ Canyaa (1) (€7 AT AL [AT2R2| + €792 A=Y [|A*2h2]),

where Cq, 0,(T) € (0,00) is independent of € € (0, ¢p), using change of variables arguments in the
integrals, like in the proof of the inequality (4.4) above.
Applying Gronwall’s lemma then yields the inequality

112 —a —a —« —«
sup [ (£)] < Cay o (1) (A~ RL|IAT2B2] + e[ A= b} [|A~212))
0<t<T

+ Cly s (T) (€71 AT R [AT2R2] 4 €1 =2 A h ) [[A2R2]),
for all t € [0, T]. Using that inequality and (4.12), one then obtains
€ 6 1 2 €, 1 €, 2
|D*uc(t, 2, y)- (0, 02)] < el |6 ™ @) + lllelllalng™ @)ng™ (¢)]
< Cor (D)l (A~ RL[[A=2R2] + e[ A= [|A=2R2) )

+ Caraa (DIl (€17 AT A [[A=2R2| + €702 A b [[A=2R2))

1 —a —a 1 —o —a
+ Ol gl (a7 1A~ m |+ A= m) ) (o IAo202 + i1 ).

Let h,k € H. Considering the case with h' = (h!,0) and h? = (h?,0), one obtains
|D2u(t, 2,y).(h', h?)| = [D?ul(t, =, y).(R',0), (h?,0))]

CO{ Ne’ ( ) @
< —artan llelllz| A7 AY[AT2R2).

Similarly, considering the case with h! = (h!,0) and h? = (0, h2) one obtains
| Dy Dyus(t, z,y).(h', h%)| = | D*uc(t, 2, y).((h', 0), (0, h%))]
< o G D) oo,
and considering the case with h! = (0, h!) and h? = (0, h?), one obtains
D20 (8,2, ). (B, )] = | D2 (£, 2, ).((0, BV, (0, %))
< €Cay s ()| olll2] A RH|AT2R?].
The proof of the inequality (4.5) is thus completed. ]

Proof of the inequality (4.6). Using the fact that u¢ solves the Kolmogorov equation (4.3), one has
8t<DIuE(t7 xz, y)7 h) = <D$8tue(t7 xz, y)7 h>
= <Dmu€(t x,y), —Ah + D, F(x,y). h> + D2uf(t,z,y).(—Az + F(z,y), h)
fD Dyu(t,z,y).(h, Ay) + — ZD D2 ‘(t,x,y).(h,ej,ej).

jEN
Using the inequality (4.4), one obtains the upper bound

Ck
(Dot (b, ,), ~Ah + Do () )| < S50

ol AR (4.13)
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Using the inequality (4.5) and the linear growth property of I, one obtains the upper bounds

D2t 2, )- (A + P, ), 1)) < 2O (1 -+ |A%a] + [yl A (114)

and

Cu(T i
=0 o lamyal. (4.15)

|DIDyu6(t7$ay)'(h‘a Ay)| S

In order to deal with the last term in the expression above, one needs to prove the following upper
bound: for all ¢ € (0,T], z,y € H and h',h% h? € H, one has

el A= 502)  A 2 ), (4.16)

with h? = (h%,hz). The proof of the auxﬂlary inequality (4.16) is similar to the proofs of the in-
equalities (4.4) and (4.5), but there is a crucial difference which makes the arguments simpler: the
inequality (4.16) states bounds which are uniform with respect to e, whereas for the two other inequal-
ities the dependence with respect to € is made more explicit. A version of (4.16) with a similar analysis
of the dependence with respect to € may be obtained but is useless for the proof of the inequality (4.6)
and is therefore omitted.

Let us give the proof of the auxiliary inequality (4.16). One has the expression

(

|D3uc(t, z,y).(h', h? h3)| <

Duf(t,z,y).(h', h? h%) = [ (X t))-éi’hl’hQ’hs ()]
B [DXp(X(1)). (5™ (), ¢ (1))
B [D%p(X(1)).(n €h2<t> )]
+Exy[D%<XE<t>> < B(1), ¢ (1))
+ Bay [DPo(XE(1). (5™ (£), 5™ (), 5™ ()],
where ¢ € [0, T] s €50 0%0% (4) — (¢ehth®h? ) g’hl’hQ’hS (t))’H is solution of

AU \gh W )+ DR (), Y06 )
+ D2F(X(t), YE(1)-(™ (£), ¢ (1))
+ D2F(XE(t), YE(£)). (0" (), ¢ (1))
+ D2F(XE(t), YE(£)). (07" (), ¢ 2 (1))
+ DPF(XE(t), Y¥(£)). (0™ (£), 0" (), ™ (1)),
dgg™ M

dt
with initial values €50 B0 (0) = 0 and €50 0"’ (0) = 0.
In the proofs of the inequalities (4.4) and (4.5), the following auxiliary results have been obtained

(where the dependence with respect to € is not indicated): for all t € (0,7], z,y € H and h =
(hg, hy), k € H, one has

1R (1)] < Cu(T)t 7| A7
[CPH@)| < Cu(T) (AT ha| + [ATRy ) K.

Using a mild formulation for £2" %5 (#) the boundedness of the derivatives of F of order 1,2, 3 (As-
sumption 2), the two upper bounds above (and versions using symmetries with respect to permutations
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of h!, h? and h3), and Gronwall’s lemma, one obtains the upper bound
€, 3 1k 1k
b €6 B ()| < Co(T) [ |(JA72 7 h2] + [A~ 2 "h2]) ).

Using the expression for D3u¢(t, z,%).(h!, h% h3) above and the upper bounds, the proof of the aux-
iliary inequality (4.16) is completed.

We are now in position to conclude the proof of the inequality (4.6): using the auxiliary inequal-
ity (4.16), the last term satisfies the following upper bound:

Cu(T) Cx(T)

> DDy (tz,y)-(h e, e5)| < S Mlellslpl D0 A7 < === gl |l (4.17)
JjeN JjeN
Gathering the four upper bounds (4.13), (4.14), (4.15) and (4.17) and using the expression of
O (Dyuf(t,x,y), h) then gives the inequality (4.6). |

4.2. Proof of Lemma 4.2

Before proceeding with the proofs of the regularity estimates stated in Lemma 4.2, note that the
mapping ﬂﬁt : H — R is of class C?: this is proved by recursion using the expression

Ut () = 1R (Aapr + AtAa F(2)), (4.18)

with the initial value @4't = ¢ being of class C2.
In addition, using the identity

ﬂﬁfrl(x) = SO(AAtX “+ AtAMF(X, o ),

a recursion argument proves the following expressions: for all z, h,k € H, and n € {0,..., N}, one has
_ A .
(Duy (), h) = (Dp(X,, "), my 50" (4.19)
_ GAL; . GAt; .
Dy (w).(h, k) = D2p(K, ). (n 500 5k ) 4 (Dp(,0), GHol ), (4.20)
where the auxiliary sequences (75 h)n>0 and ( ﬁm’h)nm are defined by
A .
Mt " = Aamt ™" 4 At A DE(X,"") it (4.21)
A A .
Cﬁjf»‘,h _ CAtzhk—FAt.AAtDF( tff) CAtwhk—i-At.AA D2F (X tm)_(nﬁt,z h777$txk) (4.22>
with initial values noAt =l — b and g‘m;x’h’k = 0.
Proof of the inequality (4.7). Introduce the auxiliary variable 753650 = pateh _ R for all

n € {0,..., N}. Using the inequality (2.14), one obtains
_ At:p Atx ~At:T
[(Dupt(2), h)| < [(Dp(X, ™), ARl + (Do (X, ), 71557

Cellelll | -1 A

< A™ —H{h t;z,h
= WAD)- s |+ llplll 77"
Observe that the auxiliary sequence (nﬁt i h) o satisfies for all n > 0

At x)

Ay = Aaddi + AtANDE(XS )i + AtAx DF(X55) (A%,B),

with 7 At wh — 0. As a consequence, one obtains the equality
n—1
nAtrh AtZAZtEDF(XgAtx)-~Atxh+AtZA2t£DF( Atx) (.A )
=0 £=0
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which gives, using the inequality (2 14) forallm € {1,...,N}

n—1
et < CAt Z i eat Yy AR
=0 =0
n—1 n—1

. Ck
< CALY |Fhteh SNy S S50 )
n—1
< OAL Y | oh
£=0
Applying the discrete Gronwall inequality yields
71255 < Cu(T)(At|R] + [A7 "))
for all n € {0,..., N}, and finally one obtains the inequality
- Crllellh _
At K 1+ At;z,h
(D, (), h)| < W'A "Rl + el |7
_ Callells
~ (nAt)l=r
which concludes the proof of the inequality (4.7).

w(T)AT" 0.

AT + Ca(T)lll el (Atlh] + |ATR])

Proof of the inequality (4.8). Using the identity n5%%" = = AX,h + matoh for all n € {0, ...

and the inequality above, one obtains

|D?apt (). (h k)| < Illellln G| + llelll2lma -
At;x,h,k CN(T) —1+k
< llsplll ¢ |+ Cn(T)H\SOH\zmHVPHh(At!h\ + [ATR]) K.
It remains to give an upper bound for |¢26%F|: for all n € {0,..., N}, one has

n—1
At;x

n—1
Rt hE = At S ANIDE(R )R 4 A ST AR EDEF(XPE). (5 ik,

=0 =0
Since F : H — R is of class C? with bounded first and second order derivatives, one obtains

n—1
oz At;x,h, At;x, Atsx,
|CnAt7 7h7k|§0AtZ’Czt ok et h||"7zt k|
=0 =0
C,.

< OAt Z [ t()zH\A‘”“hHH
=0

< CAt z €)M + Ol (At|R] + [A~%R)) K|

=0
for all n € {0,..., N}. The discrete Gronwall inequality then yields

sup [ < Cn(T) (At[R] + [A™ R K.

0<n<N
Gathering the estimates then concludes the proof of the inequality (4.8).

Proof of the inequality (4.9). Using the identity (4.18), for all z,h € H and for alln € {1, ...

one obtains the equality

(DTAL, (x), h) = (DE2 (A + AtANF(x)), Anh + AtAnDF(x).h).
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As a consequence, one has the inequality
[(Dupt, (x) — Duyt(x), h)| < (Dug(Anew + AtAxF (x)) — D' (x + AtAxF (2)), b))

+ (D (x + AtAx F(2)) — Dyt (z), )|

+ (DuRt (Anew + AtANF (2)), (Aae — Dh)|

+ (DE5 (Anrz + AtAaF (), At Ay, DF(z).h)|
and it remains to prove upper bounds for the four terms appearing in the right-hand side above. Let
TIEJs(i(r)l’gl]t.he inequality (4.8), for the first term, one obtains

(DEA(Anee + AtANF(2)) — DT2 (@ + AtAsF(2)), h)|
Cp(T
< G

C.(T)At' "
< Ot llelllall

e Using the inequality (4.10) — or the inequality (4.8) with k = 1 — and the global Lipschitz continuity
of F, for the second term, one obtains

(D" (& + AtAAF (2)) — Dy (), h)| < C(T)|lell2At F(z)]|h]
< C(M)Atllelll2(1 + [z])|A].
e Using the inequality (4.7), for the third term, one obtains

(DT (Asso + AtASF @), (st ~ D) < TRl (A (Ase = D+ 145 (Aag = D)

Co(T) At
< e eIl

e Using the inequality (4.10) — or the inequality (4.7) with x = 1 — and the global Lipschitz continuity
of F, for the fourth term, one obtains

[(Dup (Anrw + AtAaF (2)), At A DF (x).h)| < C(T)||¢lll1 At|Aas DF (x).h|
< C(M)Atlelll (1 + [z[)|A].

Gathering the estimates for the fourth terms considered above, one obtains the upper bound

C.(T)At! "
i llella(1+ Lz,

which concludes the proof of the inequality (4.9). ]

lell2(Atl(Aae — Da| + AT (Axg — Dz[) ||

(Diupts () — Dy (), h)| <

5. Proof of the asymptotic preserving property

This section is devoted to the proof of Propositions 3 and 4 stated in Section 3.1. The arguments are
the same as in the proof of [8, Theorem 9.1], however they are also given here to make the presentation
self-contained.

5.1. Proof of Proposition 3

Proof of Proposition 3. It is convenient to employ the following interpretation of the modified

Euler scheme (see [8, Section 3.2]): if (T's), -, is a sequence of independent cylindrical Gaussian random
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variables, one has the equality in distribution
B& 1Fn,1 + B& 2Fn,2 = B&Fn
for all n > 0, where the self-adjoint linear operator B ar = B is defined by
,/ 2 /\
Brx = Z AT <3:,ej>ej
for all x € H, and satisfies the identity

1 1
B2 =B2, 4+ BroBiy = 5(Ai +A;) = S @I+ 7M1 + TA) 2
As a consequence, one has the equality in distribution

(Xe,At’ Y%At)n>0 (XE VAt Ye At)

)50 18 defined by
{Xzﬁf = Ape( X5 + TP (XGA TR0)

) AT (5.1)
Y;ﬁf = AngL’At +4/ BAt
€At

with initial values X5°! = 2§ = X527 and Y52 = y§ = Yg’m. In particular, one has

Elp(X52)] = Elp(X529).
Since the function ¢ is assumed to be globally Lipschitz continuous, it suffices to prove that, for all
n € {0,..., N}, one has

n>0

where the scheme (X§2¢, Y64

E[[%55 - X34 — 0

Note that for all n € {0,..., N}, one has the identities
n—1
REA = AR 2§ + ALY ARCF(XPA, T8,
=0
n—1 L
X0t = AR w0 + At D> AR F(XP, A2T).

Therefore, for all n € {0,..., N}, one has

n—1
S €, € € -1
(XG4 — Xp0|) < |2§ — ol + At Y B[ PG, Vo) — F(XP, A2Ty)|]
/=0
= e AL GeALy £ At
< |z§ — wo| + At Y EB[IF(RGY, ¥or)) — PP, T3]

/=0

n—1 AL L

+ ALY B[ F(XP, Vi) — F(XP, A72T)])
(=0

n—1
< |z§ — zo| + CAt Z E[K04 — X0 + CAt S E[YEA — A73Ty|),
using the global Lipschitz continuity property of F' (Assumption 2).
Using a straightforward recursion argument (see details below), note that it suffices to check the
following claim: for all £ > 0, one has

AL -1
E[[Ygr - A720e] — 0.
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By the definition of the scheme (5.1), one has

o 2At
YA — A3, = Aa VPN + ( B~ Aé>rg.
On the one hand, using the moment bound
sup sup E[| Y At2) = sup sup E[|Y} A2 < 0o,

e€(0,e0),Ate(0,Atg) £>0 e€(0,e0),Ate(0,Atg) £>0
see the inequality (2.21) from Lemma 2.1, one obtains

€,At
EflAx¥p™] < mﬂo

[ )

On the other hand, one has

EH<\/K Ba. _A;>n

V2O +NED VN

jeN

-y 1 <et A At)_1>
jen ( V2N ) L+ A202 A
V20142 E)
1

N

JEN
<> !
— At
P VIU P YE S
— 0
e—0
As a consequence, one obtains
n—1
lim sup E[IXGA — X3 < CAt Y limsup e — 0E[|X] AT,
€E— /=0

for all n € {0,..., N'}. Since X§ At

forward to conclude that

XON = z§ — T Ejo 0 owing to Assumption 3, it is then straight-

lim sup E[|X5AF — X2¢] = 0

e—0
for all n € {0,..., N}. As explained above, this yields
lim E[p(X5;2)] = lim E[p(X5;2)] = E[p(X7")]
e—0 e—0

n

and concludes the proof of (3.3) and of Proposition 3. [ |

5.2. Proof of Proposition 4

Proof. Let ¢ : H — R be a mapping of class C?, with bounded first and second order derivatives,

and let At = T/N € (0, Atp). Then the weak error in the left-hand side of (3.4) can be decomposed
as follows:
< GAt < GAt
Elp(XR)] — E[p(X(T))]] < lo(Xn) — o(X(T))| + [Elp(XR)] — o(Xy )l
where X% Xﬁt " jis obtained by using the auxiliary scheme (3.6), with initial value given by

G At At
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On the one hand, using the error estimate (3.7) from Proposition 5 for the auxiliary scheme, one has
S At < GAt <
lp(Xn) — e(X(T))| < lllell Xy —X(T)]
< Co(T)A (1 + |z0]).

On the other hand, the second error term can be written as follows, in terms of the auxiliary mappings
At given by (4.2), using a telescoping sum argument: one has

Elp(X3)] - o(Xn) = Erﬁ%xmn — E[a}! (X5)]

N—
= Z uN n—1( ﬁh)]*E[UN n(XAt)])

Ho

= Z @R 1 (AAXE! + Atdn, F(XEY, A73T,))]
n=0

— B[y, (AaXE + AtAAF(XE)]).

Owing to Lemma 4.2, for all n € {0,..., N — 1}, the mapping @4" is of class C?> and has a bounded
first and second order derivatives. By a Taylor expansion argument, one obtains

E[ad! . (AaXA + At AN F (XA A72T,))]
=E[uX,, 1 (AxXE + AtANF(XAH)]
+ AtEKDUN n— 1(-AAtX$t), -AAtF(Xﬁt, A_%Fn) - AAtF(Xﬁtm =+ Tv?t

where
8t < ClllaRt, ILAPE[ F(X5, A72T,) — F(X8Y)
< O(T)ALllll2(1 + E[IXR1 )
< C(T)ALllll2(1 + |zof*).-
using the inequality (4.10), the Lipschitz continuity of F, the moment bound (3.2) and the bound

IEHA_%F,LH = [|y|dv(y) < co. Moreover, by the definition (2.10) of the nonlinearity F', and since the
random variables Xm and I'), are independent, a conditional expectation argument yields the identity

E[(DaR’ 1 (AsXR), AacF (X7, A2T0) — A F(XR)] = 0 (5:2)
for all n € {0,...,N — 1}. As a consequence, one obtains
GAt
Elp(X3")] — o(Xn)I < CD)Alllll2(1 + |zof). (5-3)

Gathering the error estimates then concludes the proof of the inequality (3.4) and of Proposition 4. m

Note that the most fundamental argument in the proof of Proposition 4 is the identity (5.2). It
explains both why the limiting scheme (3.1) is consistent with the averaged equation (2.11), and why
it convergence in distribution is considered.

6. Proofs of the error estimates

6.1. Proof of Proposition 5

As already explained in Section 3.3, the proof of Proposition 5 is given below even if it is a standard
result in numerical analysis of parabolic semilinear evolution equations. Providing a detailed proof

allows us to exhibit the absence of regularity requirement for the initial value zy. In the proofs, to

simplify notation, let X,, = XMAt o
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Before proceeding with the proof, let us state auxiliary bounds for the solutions of the averaged
equation (2.11) and of the auxiliary scheme (3.6).

Lemma 6.1. For all T € (0,00) and k € (0,1), there exists Cy(T) € (0,00) such that for all
0<ty <ty <T, one has

[X(t2) = X(t1)] < Ca(T)(t2 = t1) (1 + 7o) ). (6.1)
Moreover, there ezists C' € (0,00) such that for alln € N and At € (0, Aty), one has
K5 < AL 4 o). (6.2)

Proof of Lemma 6.1. Let us first prove the inequality (6.1). Since F is globally Lipschitz continuous,
for all ¢ > 0, one has

RO < Je ol + [ e INFE)Ids < feol +C [ 1+ E(s)has
Applying Gronwall’s lemma, one then obtains for all ¢ > 0

[X()] < €“*(1 + |zol)-
Let x € (0,1), using the inequality (2.3), one then has for all £ > 0

’Al NX( )|<‘A1 Ke tA ’_’_/ ’Al K f(t s)AF( ()]ds

< Cot ™" |z0] + Cs / §)" 1 ds P4 (1 + |o])

< Cu(T)(L 4o ).
For all 0 < t; < t2 < T, using the inequality (2.3), one then has

R(ta) = K(t)] < (70N = () + [ e MK

< Cu()(t2 — )N K 0+ (ta — 1) (1 sup [K(6)])

< Cu(T)(t2 — 1) (1 + 87 o))

This concludes the proof of the inequality (6.1). Let us now prove the inequality (6.2). Since F is
globally Lipschitz continuous, for all n > 0, one has

IXna1| < JAA Xy + AAAF(X)| < (1 4+ CAYIX,| + CAL.
The inequality (6.2) then follows from a straightforward argument. The proof of Lemma 6.1 is thus
completed. n

We are now in position to prove Proposition 5.

Proof of Proposition 5. For all n > 0, with the notation ¢, = nAt, one has

n—1
X = AR,z0 + At Y AR F(Xy)
=0

K(nAL) = e nh gy + / ~(n=DAF(X(1))dt.

For all n € {0,...,N}, set e, = |X,, — X(nAt)|. Using the expressions above, the error e, can be
decomposed as follows: for all n € {0,..., N}

en§€<>+e<>+e(>+e(4>+e<5>
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where
el = I(AZ,: — e A g

= At Z | AR — F(X(te)))|
AtZ\ (AR, — e O F(X ()]

tn =/
€£L4) _ / ‘(ef(tnftg)/\ _ e*(tnft)A)F(X(tg)th
0

n—1 4
@ = 3 [ eI FR ) — PGt
=07t
e Recall the inequality

1
sup sup nj

e < oo (6.3)
neN z€(0,00) (1 + Z)

As a consequence, for all k € (0,1), there exists Cy such that one obtains
Atl=r

C
_ n —nAtA K
=|(Ax, — e )xo| < 7|1‘0| < Cni(nAt)l—“

|zo|

forallme {1,...,N}.
e Using the global Lipschitz continuity property of F, one obtains

n—1 n—1

= At Z |AX; — F(X(t)| < CAt Y Xy — X(te)| < CALY ey
=0 £=0
e To deal with the thlrd term, using the inequality (6.3): one has

n—1
) = Aty (AR — e I TIOMF(X(ty))|
=0
n—1

< CAtZ ! )

n—1

< CLAtYRAL (1 + sup |Xg|)
gz:(:) ((n— k)At)l_H =0,...,N

< CuT) AL (1 + fao ),

using the global Lipschitz continuous property of F', and the bound (6.2) from Lemma 6.1.
e To deal with the fourth term, the identity e~ (n=t)A =t =OA — o=(tn=O)A (o= (t=t)A _T) 5 combined
with the inequalities (2.3) and (2.4), one has

tn —
e = [T (et — e eI PR )t

tn _ o
<c, / f ti | F(R(t))
—

T j—
< C’,{Atl_’“‘/ 1fﬁdt 1+ sup \Xg\)
ot =0, N

< Cu(T)A (1 + |20)|)
using the global Lipschitz continuous property of F', and the bound (6.2) from Lemma 6.1.
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e To deal with the fifth term, using the global Lipschitz continuity property of F and the inequal-
ity (6.1), one has

n—1

tog1 o .
o = 3 [ et O F(R(e) — () e
(=0 """
n—1 togr B
<cY / K (te) — X(6)]dt
=0 "t
n—1 tes1 B
< Cu(T) Z/ (£ — )R (L + £ 1+ | )dt + CAt(l + sup |X(t)|>
=17t 0<t<T

n—1

1
< C(T)At" (1 + AL Wlxo\ + CAL(1+ Iwo|)>
{=0

< Ok (T) A (1 4 |xo]).

e Gathering the estimates then gives
n—1

1
< 1-k
en < At ;:0 er + Cu(T)AL (1 + 7(71 i |zol),

and applying the discrete Gronwall lemma then concludes the proof of the inequality (3.7). ]

6.2. Proof of Proposition 6

Proof of Proposition 6. Recall that the mapping u€ is defined by (4.1), and is the solution of
the Kolmogorov equation (4.3) with initial value u(0,z,y) = ¢(x). Without loss of generality, it is
assumed that [||¢[[|s < 1 to simplify notation. Recall also that ' = NAt. The weak error is written
and then decomposed as follows, using a standard telescoping sum argument:

E[p(X5™)] - E[p(X“(T))] = E[u(0, X3, Yi™)] - Elu (T, X, Y§=)]

N—-1
€ €,A €, € c .
= 37 (B[S (T — g, X2, Y] — E[ut(T — 1, X2, ¥524))

3
o

=2

= N (BT — torr, X531 YOD] — E[us(T — tpsr, X520, YOI)])
0

n
N-1 A
+ > (Bu (T — tog, X5, YD) = Blus(T — 60, X5, Y5 2))).
n=0

On the one hand, using a Taylor expansion argument and Lemma 4.1, one has
A A A
Elu (T =t X:{qtfv YZJFD] =E[u (T — tpta, XfiAt7 Y;JFD]

e, A e, A
+ E[(Dpu(T — tng1, XG0, Yo 21), XG0 — XGA0] 4+ rgAY,

where, owing to the regularity estimate (4.5) from Lemma 4.1, for all n € {0,..., N — 2}, one has
C.(T) _ e, At A e, At A

mHWHbEHA 1+K(Xn’+1 — XSANIXG — XA

When n = 0, using the inequality (2.26) from Lemma 2.2 and the moment bound (2.22) from

Lemma 2.1, one obtains

E,At| S

s

7A —K
g™ < Cu(D)llpllz At (L + |zol).
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When n € {1,..., N — 2}, using the inequalities (2.25) and (2.26) from Lemma 2.2, one obtains
C.(T) _
€,At K 2(1—k) 2
At 1
751 < G gy Il (L o)
The case n = N — 1 is treated differently: using the regularity estimate (4.5) with x = 1 and the
inequality (2.25) from Lemma 2.2 one has

A < Ol BIXGH - X520

Cx(T _ _
<7 “1() A)t)l_ﬁ Il A 51 + [20]) < CulT)llpll2 A (1 + frof?),
using the lower bound (N — 1)At =T — At > T — Aty.
Gathering the estimates, one obtains

N-1
> 1B < CulD)lellla At 251 + o ). (6.4)
On the other hand, introduce the auxiliary process (Y©2(t)) 1> defined as the solution of the stochastic
evolution equation -
~ 1 ~ 2 1
AV (t) = —=Aa YO (2)dE + \[Q 2, dW (1), (6.5)
€ o« € T

with initial value YE?G’N(O) = 1§, where the linear operators A; and @, with 7 = At/e are given
by (2.17). By construction, one checks that for all n € N one has the equality in distribution
YoA(t,) = YEAL. (6.6)
The equality above is based on the interpretation of the modified Euler scheme as the accelerated
exponential Euler scheme applied to a modified stochastic evolution equation, see Section 2.5 and [8,
Section 3.3] for details. More precisely, one has Yo44(t) = Y7(1) for all t > 0 and Y52 = Y52 =
Vi = Y7(t]), with t7, = "L = Inwhere the processes (V7 (¢ ) ;>0 and ()}T) , are defined by (2.19)

and (2.16) respectively.
Owing to Assumption 3, for all x € (0, k), one has

sup sup  supE[JA2Y 2 (1)[?] < oc. (6.7)
e€(0,e0) Ate(0,Atp) =0

The proof is a consequence of It6’s isometry formula and straightforward computations, see [8,
Lemma 5.3] for details.
The mild solution of the auxiliary stochastic evolution equation (6.5) has the expression

By = e g 2 [T gL ams), (69

for all ¢t > 0.
As a consequence of the equality (6.6) and using Itd’s formula, one obtains

Bl (T = tna1 X2, V)] = E[u(T — ta, X5, Y524
= B[u(T — tu1, X2, T (t4))] — Bl (T — 60, X, T9% (1)

tni1 ~
_ / E[0yus (T — , X958 To8 (1))]de
tn
_} tnt1 € o 6, At wre, At ve, AL
E[(Dyus(T — £, X5, ¥o34(1)), A s T2 (1))
tn €

1 tn+1 ~
+ 7/ > E[D2uf (T — t, X5, Y92 (1)).(Qacej, ) ]dt.
€ Jt N €

n jeN
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Since u€ solves the Kolmogorov equation (4.3), one obtains the following decomposition of the error
terms

€ ,A ,A € € € € € € €
E[u (T - tn+17 X;-‘rf’ Y;-ﬁ-f)] - E[u (T - tn’ XﬁAt7YﬁAt)] = 6911 At + 67117 A + 63{ At + rﬁAtv (6'9)

where the error terms %62t = eLeAt gnd = 26488 for € {0,..., N — 1} are defined b
n Y n n Y Y y
0,e,A _ €At yeAly e Al e, At
enE - EK‘D?CUE(T - tn+1v Xn ’Yn-‘,-l)’ X'n,—&—l - Xn >]

tn 1 ~ ~
- / T EDyu (T — £, XA, T92 (1)), ~AXSAY + F(XSA, T2 (1))]dt (6.10)
tn

and by
]_ tn+1 ~ ~
eboAt — _ = / " E[(Dyuf (T — t, XEA YORU (1)), (A ar — A)YS2E(t))]dt (6.11)
€ Jt, €
1 ftn ~
(2At E/ USTRD2UA(T — 4, XEA T (1)), (Qar — Dej, e5)]dE. (6.12)
t s €
n JEN

Before proceeding with the proof of upper bounds for the error terms, it is necessary to introduce a
further decomposition for e?f“. Using the equalities

X0 — X8 = (Aar— DX+ AtANF (K, YY)
= (Ane — I + AtA)XEA
+ At(Aag — DF (XA YY)
+ AH—AXEA! 4 F(XSA Y5AT),

the error term e is decomposed as
0,e,At __ _0,1,e,At 0,2,¢e,At 0,3,¢,At 0,4,e,At
€n =€n + €n + €n + €n ’

where the error terms in the right-hand side of the expression above are defined for n € {0,..., N—1} by
At = B(Dpu (T — tn 1, X5, Vi), (Aag — T+ AtA)XGA)] (6.13)
e oA = E[(Dou (T — tus1, X3, Y00), At(As — DF (X, Vi) (6.14)

tn+1 ~
ep it = / E[(Dyus(T — ¢, X5, Y2 (1), AXE)]dt
tn

— AtE[(Dpus (T — 1, X528 Y2 (t,41)), AXGAD)] (6.15)
lnt1 ~ ~
ettt — [T BUDuT — b X T (b)), PO, T (1)l
tn+1 ~ i
— [ BD (T — XA TS ), PR, TS D))t (6.16)
tn

The weak error estimate is then a straightforward consequence of the following inequalities, which are
proved below (using the conditions from Assumption 3 on the initial values zf and y§) there exists
C.(T) € (0,00), such that for all € € (0,¢) and At € (0, Atg), one has

N1 . AL\ Z " .
> len o8| < Co(T)At(1 + |A2z0|) + Cu(T) <6> (1+ |A2x0|) (6.17)
n=0
N-1 1k
Z le2eAt) < CK(T)<A:> : (6.18)
n=0

N—-1 .

D7 edteAt < CL(T)At(L + |A2z0]) + Cu(T) AL (1 + |zo]) (6.19)

n=0
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N—-1
D7 1e0eA < C(T) A (1 + |zol) (6.20)
n=0
Nl . A .
> [e3) < DAL+ [Nfaol) + CuT) () (1 |ABmoP) (6:21)
€
n=0
N-1 g 1—-k
At 2 At At
3 160t < (T (() () ) (14 A5 aof?). (6.22)
n=0
Gathering the inequalities above then concludes the proof of Proposition 6. [ |

It remains to prove the inequalities (6.17)-(6.22). To simplify the notation, in the proofs below, the
parameters €, At are omitted when refering to the error terms defined above, or to other error terms
introduced below: for instance one has el = el “4? in the proof of the 1nequahty (6.17).

Proof of the inequality (6.17). Recall that the error term e} = eL At is defined by (6.11) for all

n €{0,...,N — 1}. Using (6.8), the error term e, is decomposed as

1
en_ n +en

with
11 L[l At Fre,At —hae
€n = Z/ E[{Dyu(T — ¢, X570, Yo7 (1)), (A — Aac)e = " yp)ldt
ln
12 _ 1 [t At At Aat
eb? = g/ E[(Dyu(T — ¢, X350, Y94 (1)), (A — Aae) / deW( ))ldt.
tn
e Error term el!. Owing to the regularity estimate (4.4) from Lemma 4.1, for all n € {0,..., N — 1},
one has

tt1 O (T I\
et < [ G A A A gl

The casesn = 0and n € {1,..., N—1} are treated differently. On the one hand, owing to Assumption 3,
one obtains

t1 CH T K £
1 [ G et < CnA + o)
g

On the other hand, owing to the inequality (see [8 Lemma 5.1])
sup sup (t—7)27E AR Ee || p g < oo,
7€(0,00) t€(T,00)
and to the inequalities (2.20), for all n € {1 , N — 1}, one obtains

K

lnt1 2732
/ ,ﬁ ‘ 1 th‘A_%—Hi(A—Ag)yé
2(t—At)5_5 &
5 e
<[ e edt S |A Ty
i(t—At) 2 €z~ kK

t”“ L @ AS
K K t t*—l’i + 2 .
/ —t 1*5 (t— A2 (L+[A=o])

using Assumption 3.
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e Error term el?. Using the Malliavin integration by parts formula (2.2), one obtains

tnt+1 t _t=sy . ()\ AAt ) 2qg
ZE|: T —+, XeAt YeAt( ))7€j>/ e © E’Jdﬁj(s)]dt J J e )
¢ 0 € €
n JeN
1 [l NN e, At
:f/ /ZEDS (Dyu (T — £, XG5 T8 (1)), ) Z0% (1, 5)dsdt,
€ Jtn JEN
where for all ¢t > 0 and j € N one has
t—s 2th -
=Sy A, At
IeAt(t S) € %,g(}\]_)\g‘?) 76"720
€ €

Note that for all £ > 0 and j € N one has
(Aj — Aas J)

t
At
/0 I; (t, S)dS é T /2(]%7]-6.
~J

Using the chain rule, one obtains

1,2 1,2,1

_ 122
e, =€)+ ey

for all n € {0,..., N — 1}, where
1 tn+1 .
e = L [ [ S BIDL DT — K TN (). (DG )T 1, s
ln

jEN
1 [tn+1 ~ o~
et = [ / STE[D2uS(T — £, X5, T8 (1)), (DF T2 (1), )52 (1, 5)dsdt.
n JjeN

For all h € H and t > s > 0, the random variable DY (t) satisfies

- 9 _t=sy
Dhgesi(r) = 2o T

In particular, one obtains the inequality
o~ 2qa¢ j
DY YA ()| < e (6.23)
€
for allt > s > 0 and j € N. Using the chain rule and the definition (2.15) of the scheme, for all h € H,
if s > t,, one has
DIXGY = AaDIXGA! + At AN D F(XGA YR DEXGA + AtAa Dy F(XGA, YA DIV

and D'XSAt = 0 if t, < s. Using the identity Y;f{ YeA4(t,), the inequality (6.23) above, the
boundedness of D, F' and DyF (Assumption 2), one obtains the upper bound

o 2(]At j
DS XA < (T | —= (6.24)
€
forall s € [0,7],n €{0,...,N —1} and j € N.
Using the regularity estlmates (4.5) from Lemma 4.1 with a; = 0 and ay = 1 — 4, and the inequali-

ties (6.23) and (6.24), one thus obtains the upper bound

tnt1 /2qm J —1+ e, At
leL? | + |en? _/t 1_7 > 2 / o7 (t, s)dsdt
n JEN
< /tn+1 C;{(T) dt Z P ,] )\ 1+2 ()\ )\ )
—— At
—Jtn (T—t)l_f )\Agtd e J
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Aar
Using the identity ga¢ i = /\?;’] and the inequality (2.20) (with o = % — k), one then obtains, for all

ne{0,...,N —1}, the upper bound

tnt1 Cy(T) At\27" 1
1,2,2 </ dt( ) A2e
A - 2

1-Z
t) jen

|z

] < ley

K

_l_x
with >2ien A 2 2 < oo
Gathering the estimates for the error terms el! and el and summing for n € {0,..., N — 1} then
concludes the proof of the inequality (6.17) for the error term el = eL! + el 2. |

Proof of the inequality (6.18). Recall that the error term e2 = €24 is defined by (6.12) for all
n € {0,..., N—1}. Owing to the regularity estimate (4.5) from Lemma 4.1 and to the inequalities (2.20)
(with a =1 — k), for all n € {0 , N — 1}, one has

2
Gl <t [ BIDRT KA TR 0).(Qa — D)1
tn jeN ¢
tnt1 C

<[ T
[ () s
< /t . ,i(”;F)

s
. 2
jEN )\j

(
tn -k
“Cdt(“) .
T -0\

Summing for n € {0,..., N — 1} then concludes the proof of the inequality (6.18). [ |

n

Proof of the inequality (6.19). Recall that the error term e%le = n01:¢At is defined by (6.13) for
alln €{0,...,N —1}. The cases n € {1,..., N — 2} and n € {0, N — 1} are treated differently.

On the one hand, if n € {0,..., N — 2}, owing to the regularity estimate (4.4) from Lemma 4.1 (with
a =1— %), one obtains

lep!| < mE[A1+§ (Aar — I + AtA)XGA]

< (T_C;L(z))u E[JA™3 (A, — T + AtA)AT X5

< (Tc_”t(i)ﬁf_g ALRE[AT SR,
Using the moment bound (2.23), if n € {1,..., N — 2}, one obtains

e € S A 1 )
If n = 0, using Assumption 3 one obtains
o) < ot I (g — T i
< Cu(T)At|AS i

< Cu(T)AL(L + [AS ).
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On the other hand, if n = N — 1, owing to the regularity estimate (4.4) from Lemma 4.1 (with a = 0),
one obtains
, X¢ A €,A
[e¥01] < CITIE((Ane — 1+ AA)XFT ] < C(T)AE[AXK ||
Using the identity

;VAtl —AN 1 z€ —|—At Z AN 1— ZF(XeAt Yz,At)’
=0
see the proof of Lemma 2.2, and the moment bounds (2.22) and (2.21) from Lemma 2.1, one obtains
(with (N —1)At =T — At > T — Atp)
C R C

E[AX§2 ) < m!wél +AEY m(l + |mo]) < C(T)AL (1 + |x0]),
=0

which gives
N 1| < C(T)A5(1 + |ao)).-

Gathering the estimates and summing for n € {0,..., N — 1} then concludes the proof of the inequal-
ity (6.19). |

Proof of the inequality (6.20). Recall that the error term e%? = %242 is defined by (6.14) for
alln € {0,...,N —1}. The cases n € {0,...,N —2} and n = N — 1 are treated differently.

On the one hand, if n € {0,..., N — 2}, owing to the regularity estimate (4.4) from Lemma 4.1 (with
a =1 — k), one obtains

C.(T)At _ A
02 .~ Lsld)Al 1+x _ e At et
len”| < (T—tn+1)1_’*EHA (Aae — D) F (X520 Y000 ]
Co(T)AL . AL e
< e AR R, YD
Cr(T)At
< S AT ),

using the moment bounds (2.22) and (2.21) from Lemma 2.1.
On the other hand, if n = N — 1, owing to the regularity estimate (4.4) from Lemma 4.1 (with o = 0),
one obtains

N1 ] < C(T)ALE[|(Aar — DF (X, YR < C(T)AH(L + o)),
using the moment bounds (2.22) and (2.21) from Lemma 2.1.

Gathering the estimates and summing for n € {0,..., N — 1} then concludes the proof of the inequal-
ity (6.20). [

Proof of the inequality (6.21). Recall that the error term €23 = %34t is defined by (6.15)
for all n € {0,...,N — 1}. The proof of the inequality (6.21) requires more delicate arguments than

the proofs of the inequalities obtained above. The cases n € {1,...,N — 1} and n = 0 are treated

differently.

Introduce the auxiliary mapping v : [0, T] x H — R defined as follows: for all t € [0, T], z,y € H, set
o2tz y) = (Dyul (T — t,x,y),e_%AAa:). (6.25)

For all n € {1,..., N — 1}, the error term %3 can then be decomposed as

0 3 _ 0 ,3,1 0,3,2 0,3,3
n - n + en + en )
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where

o1 ~
93 = [ BID. (T — 1,5 TN ), (1 e At
tn

082 = AFE[(Dpu (T — ty1, X2, T2 (t01)), (T — e M AXGA)

tnt1 - ~
en’? = t (E[o2(t, X520, YOO (1)) — B0 (tna1, X2, YoM (trg1))]) .
e Error term €2*!. Owing to the regularity estimate (4.4) from Lemma 4.1 (with & =1 — %), to the

inequality (2. 4) and to the moment bound (2.23) from Lemma 2.2, one obtains for alln € {1,...,N—1}
0,3,1 it Cu(T) —ALAN A Ere, At
s [ I - e AT
tn 2

T—-t)=2
it Cw(T) AN s e ar
< el (=) E[AMEXS
tnt1 Co(T) (At) R |
< e (=) ——— (14
<), mea= (S gz Ll

e Error term €232, The cases n € {1,..., N —2} and n = N — 1 are treated differently.
On the one hand, owing to the regularity estimate (4.4) from Lemma 4.1 (with a = 1 — %), to the
inequality (2.4) and to the moment bound (2.23) from Lemma 2.2 one obtains for alln € {1,..., N-2}
C.(T)At P
07 < DAL g — - Mt
(T = tpy1) 2
i1 Cu(T A 1
é/ g 1) () e
tn (T — t) -k € (nAt) -2
On the other hand, owing to the regularity estimate (4.4) from Lemma 4.1 (with o = 0), one obtains
€231 < CDAE[|(I — e FMAXGR || < CT)ALT (1 + [xo]).

(1 + [zol)-

e Error term €233, Recall that the process (iﬁ?e’m(t)) 4> 1s the solution of the stochastic evolution

equation (6.5). Applying Itd’s formula, for all n € {1,...,N — 1} and ¢ € [ty, t,+1], one has
Elo? (8, X2, Yo (1)) = Bloo™ (b1, X5, YO (tn41))]

tn 1 ~ 1 tn 1 ~ ~
= — [ Bl x5 T ds + - [T EID, 0 (s, KA, TN (), T4 (5)Jds
t €

tn 1
[ e B A T 5)) (e ),
JEN

0,3,3

Therefore, the error term e, > is decomposed as

033 — (0331 | 0332 4 0333
with for all n € {1,...,

N — 1} one has

60’3’3’1 _ fnt1 fing ]E[a €, At e, At e, At

" = o2 (s, X2 Y92 (s))]dsdt
tn

0332 tnt1 1 tn+1 €,At e, At wre,At veE AL
[(Dyv©=" (s, X525, Y920 (5)), A as Yo7 (5)) |dsdt
tn €

tn+1 ]_ tn+1
eyt = —/ / Z qas ; Dgv® (s, X580, Y92 (5)). (e, €5)dsdt.
N €
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For the error term €%33! note that, owing to the regularity estimate (4.6) from Lemma 4.1, for all
t€[0,7) and z,y € H", one has

002 (¢, 2, y)| = (O Dpu (T — t, 2, y), Ae™ ¢ Aa))|

T K K £ _At
_G(T(t)l)g(l—#—]A2x|+|A2y|)|A1+2e eAa:|
C(T)

e (14 [A2z| + |AZy|)|A 22,
- At“elf"‘(T—t)l_i( ’ | ‘ ym ‘

using the smoothing inequality (2.3) in the last step. As a consequence, using the moment bounds (2.24)
and (6.7), one obtains, for all n € {1,..., N — 1},

fng1 fIn At A TeAt
< [T Bl (5,32, TR (o)) st
tn t

fotl [l Ck(T) 56 56 A —EgA
< E[(1 4 [A2XGA 4 [A2 YA (s)]) A T2 X590 | dsdt
L s S B0 XA AR ) u

195y
e

tnt1 flntl Cw(T) " 5
< ~dsdt (1 + |A2xg| + |A2yS

AN\YTF fteir O(T . 1
< () / ECLCH N NS )
€ tn (T — 3) 2 (nAt) 2

WWO’

For the error term %332 note that, owing to the regularity estimate (4.5) from Lemma 4.1 (with

ar=0and ap =1 — /<a/2) and to the inequality (2.3), for all ¢t € [0,T) and z,y € H, one has
At
|<Dyv€7At(t’$’y)’h>‘ = ’DnyuE(t,x,y) ( e AAxah)‘

Ci(T)e 3 _5
< S () W el

As a consequence, using the moment bounds (2.23) and (6.7), and the inequality A, ; < A; for all
j € Nand 7 € (0,00) one obtains, for all n € {1,..., N — 1},

0,3,3,2 b1 ftnt ] At At JeAt e, At
e S/ / *EWDyUe’ (5, X575, Y92 (s)), Aae Y7 () |dsdt
tn ¢

tnt1  ftnt1 Cyu(T)ez HAl_ZXe AtHA 1-*-2/\A Y& At( )|]dsdt
tn s)!TEAL

IN

(T —
tn tn T)e5
/ +1/ +1 C,L; )fQKAtQEHAI—erAtHA Ye,At( )Hdsdt
tn (T'—s) "2

/tnnﬂ (chgl)—sd (nAtl) 5 (1+ 1A% 0])*

[SIE

| /\

For the error term e%333 mnote that, owing to the regularity estimate (4.16) from the proof of

Lemma 4.1 and to the inequality (2.3), for all j € N, t € [0,T") and z,y € H, one has
|DYvEAY (2, ). (e, e5)] = |DID§UE’At(T - t,x,y).(ef%AAa:,ej,ejﬂ

CH(T) € " 11—k —1+k
< e () W
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As a consequence, using the moment bound (2.23), one obtains, for all n € {1,..., N — 1},
1 tn+1 tn+1 A A Se A
333 < 2 [ S g DR 5, T s) (e s
n jeN

1 [iet1r riesr O (T) e \"” 1— At -1+
<2 U4 E[IAL-#XE § ’ NTltk
€ /tn /t (T —s)l=x dsdt <At> ! ol q%ﬂ/\j

jeN
At 1-k tn+1 CH(T) 1
< [=
B ( € ) /tn (T - s)l—f@ds (nAt)l—n(l + [o])

Gathering the estimates, for all n € {1,.. 1} one then obtains the inequality
At tt1 Cu(T) " 2 1
0,3,3 0,3,3,1 K 5
en < ley + |ey, ( > / 7nd31—|—A2x 7,€.

e Error term ey’ 93 Note that, owing to the regularity estimate (4.4) from Lemma 4.1, one has

t1
< / E[[(Dou (T — t, 25, T98(4)), Az) ]t

to

’eo’

+ AtE[[(Dpuf (T — t, x5, Yo2H (£1)), Az§™0])

< O(T)AH(1 + A% o)),

0,31 032 0,3,3

Gathering the estimates for the error terms e, and e,>?° and summing for n € {0,..., N —1},
the proof of the inequality (6.21) is thus completed ]

Proof of the inequality (6.22). Recall that the error term e%* = 0442t is defined by (6.16) for
y n n y
alln € {0,...,N —1}. The cases n € {1,..., N — 1} and n = 0 are treated differently.
Like in the proof of the inequality (6.21), it is necessary to introduce an auxiliary mapping w
[0,7] x H — R defined as follows: for all t € [0,T], x,y € H, set
w At 2, y) = (Dus(T — t,2,y), ¢~ ¢ MF(,y)). (6.26)
For all n € {1,...,N — 1}, the error term €23 is then decomposed as
04 — (041 4 042 4 043
€n =€y n n )

where, for all n € {1,..., N — 1}, one has

e,At .

tn+1 -~ ~
At = [ D (T — 3 TR0, (1 e MO, T )
_At € Ve
042 _ AB[(Du (T — g1, X3 T3 (1)), (T — ¢ 3 D) PG T3 1,41)
. tnit ~
e = [ (Bt (e 5, TE)] Bl e, K, T )]l

e Error term e%*!. Owing to the regularity estimate (4.4) from Lemma 4.1 (with o = 1 — x) and to
the inequality (2.4), for all n € {1,..., N — 1}, one has

tn+1 CKT _ K At 6 Se
et < [ S BIATN e PO B o)

At Rt CH(T) €, v At
() [ IR A )

using the Lipschitz continuity of F' and the moment bounds (2.21) and (2.22) from Lemma 2.1.
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e Error term €242, The cases n € {1,..., N —2} and n = N — 1 are treated differently.
On the one hand, owing to the regularity estimate (4.4) from Lemma 4.1 (with « = 1 — k) and to the
inequality (2.4), for all n € {0,..., N — 2}, one has

042 < Ci(T)At
T (T —tpyr)t"

AT O (T) At At S At
< €, €,
< ( - ) (Titnﬂ)l,,ﬁE[\F(Xn , YOI (1)) []de

AN Cu(T)At
< [ == PR A S
- ( € ) (T — tn+1)17“dt(1 * leol).

E[JAT5 (I — e SN PG, T2 (tg)]

using the Lipschitz continuity of F' and the moment bounds (2.21) and (2.22) from Lemma 2.1.
On the other hand, owing to the regularity estimate (4.4) from Lemma 4.1 (with a = 0), one has

At
[eNT1] < COOAME](I — e M F(XER, Yo (tw)) ]
< C(T)AL(L + |zo|)
using the Lipschitz continuity of F' and the moment bounds (2.21) and (2.22) from Lemma 2.1.

e Error term €243, Applying Ito’s formula, for all n € {1,..., N — 1} and t € [t,, t,+1], one has
E[we,At (t, X::L,At’ §{€,At (t))] - E[we,At< n+17 Xe JAt Ye WAN (t +1>)]

tn1 ~
_ / E[8yw (5, XG5, Y92 (s))]ds
t

]_ tn+l ~ i
+ = / E[(Dywe’m(s,Xf{At,Y“At(s)),AgYE’At(s))]ds
t

€

tnt1
_7/ + Zth D2 eAt( XeAt YeAt( )).(ej,ej)]ds.
jEN

Therefore, one has the decomposition e¥%3 = 0431 4 043,24 00,433 (ith
bl n n n n Y

Q0431 _ fntr fing E[0,weA e, At e, At
n - W (Saxn 7Y (3))]d8dt
tn
tnt1 1 tn+1 ~
6%4,3,2 / D wé At( Xe JAL Ye At( )),AQYE’At(S»]det
tn+1 1 tn+1
(0433 _/ / S qae D2wc A (s, XG5 oA (s). (e, e;)dsdt

JEN

For the error term %431 note that, owing to the regularity estimate (4.6) from Lemma 4.1, for all

t €[0,T) and z,y € H", one has

_at
0w (t 2, y)| = (0 Dau (T = t,2,9), e~ <P (2, )|
(T At
< S (L A AB B AR )
CulT)

— —(1+|A2 Azy|)?,
T At2el T2 (T - )1—5< +1Azz]+[Azg))
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using the smoothing inequality (2.3) and the linear growth of F' in the last step. As a consequence,
using the moment bounds (2.23) and (6.7), for all n € {1,..., N — 1}, one obtains

0,4,3,1 fn1 flnt At At FeAt
0 [ [ B4, 5, T ) s
tn Jt

tnt1 tn+1 I{T K k35
S/ ) / PO BATXGA?) + BASTS (o)) dsdt
tn Aze 2(T—s) "2

At 1=K g CH(T) 1 ® 2
<[ = )
_( ) /t (T_S)l_gds(nAt)l_n(l—k!Aza:o!)

€

For the error term e%*32 like for the treatment of the error term el? above (proof of the inequal-
ity (6.17)), the Malliavin 1ntegrat10n by parts formula (2.2) is employed Recall that the mild solution
(Y€’At(t))t>0 of the stochastic evolution equation (6.5) is given by (6.8). The error term e%%32 is then

decomposed as
0,4,3,2 _ _0,4,3,2,1 0,4,3,2,2
€n =€y + €n )

where for all n € {1,..., N — 1} one has
04321 /t"+1 /t”“ K woA (s, XA oA (5 )),AAte_EAA >}dsdt
tn

tn+1 tn+1 A A A 1
e0h3:22 — / / D, wsR (s, XEAL YA Amf/ Q2,dW (r) )|dsdt.
tn €

To deal with the error term 62’4’3’2’1, note that for all t € [0, 7], z,y € H and h € H, one has

__ At
(Dyws (¢, 2,y), h)| < [(Dyu (T — t,2,y), e 2Dy F(x,y).h)]
+ D Dyus (T — t,2,y).(e~ M F (2, y), )|
< C(D)lella(1 + |2] + [y])IAl-

Owing to the regularity estimates (4.4) and 4.5 from Lemma 4.1. Therefore, using the moment
bounds (2.22) and (6.7), one obtains

04321 L [tn+r [ins €At At TeAt L
‘en77,7 ’Si ’ . EH<Dyw’ (87§§n7 7Y7 (8))7‘/\%6 € y0>

co(T tn+1 it ~ -2
CO T [T BI04 g (T4 @) A g s
tn t €

K T At tnt1 -3 K
< C()/ € 2 ds(1+ [AS o))
tn 2

€ 51_

using the inequality

—ehar o el " K € 61_% £ €
[Aare” Y| < CulT) G NS < O(T) =g AT

which follows from a version of the smoothing inequality (2.3) applied to the linear operator A a:

instead of A and its associated semi-group, and from the inequality A;; < A; for all j € N and
€ (0,00).
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To deal with the error term %4322 applying the Malliavin integration by parts formula (2.2), one
obtains
e04:3,2.2
fnt1 fing At At Te,At Pt Aar
= — / ZE (Dyw®=*(s, X570, Y& (8)),6j>)\£j/ e I Jaae ;dB;(r) |dsdt
€2 tn jEN € 0 <
tnt+1  fin+1 _s=ry
_ Ve / / ZE ((Dyuw" (s, X3, T4 (s), ) Aae je © 27 fgar drdsdt
€2 Jtn e’
= 043221 +62,4,3,2,2,2
where, using the chain rule, one has
tn+1  ftan+1
043221 / / Zd“At (r,s) )\Af e ‘ g ;drdsd
6\[ tn e

tn+1

tn+1
043222 / / Z dyEAt (r,s) )\At e [qa: drdsdt
6\f bn ‘

with

dn5 ™ (r,5) = E[Da Dyw™™ (s, X35, ¥924(s)). (D X2, )]

a5 (r,5) = BD2w (s, X550, §934(5)). (DY T44(s), )]

On the one hand, note that for all ¢t € [0,T], z,y € H and h',h? € H, one has

DoDywe(t,3,y).(h*, h2) = (Dous(T — t,z,y), e« Dy Dy F(x,y).(h*, h2))

+ D2u(T — t,x,y»(hl,e—%AD F(z,y).h?)
+ Do Dyu(T — t, 3, y).(e” "« “DyF(z,y).h', h?)
+ D2Dyu (T —t,m,y).(h' e~  “F(z,y), h*).

Owing to the regularity estimates (4.4), (4.5) and (4.16) from Lemma 4.1 and its proof, and to the
properties of F' stated in Assumption 2, one has the upper bound

D, D2t (t 2, y). (W W2)] < C(T)(L+ [e] + [y |12

Using the bound (6.24) for the Malliavin derivative Dy’ X542t (see the proof of the inequality (6.18))
and the moment bounds (2.22) from Lemma 2.1 and (6.7), one has

o) bt fta s e
|edd3221) < 672(1 + ]mo|)/t /1; /0 Z Aae je ?t’fq%Jdrdsdt

C tn+1 tn
dsdt
JeN
c(T)At2
< =22+ lmoDllells D ase -
jeN
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On the other hand, note that for all ¢ € [0,T], z,y € H and h', h? € H, one has
Dzwe’m(t, z,y).(ht, %) = DzDzuE(T —t,x, y).(e*%AF(a:, y),h', h?)
+ D Dyus(T — t,2,y).(e < AD, F(x,y).h", h?)
+ D Dyus(T — t,2,y).(e < D, F(x,y).h2, hY)

+ (Dpus(T = t,,y), e S ADIF (w,y). (b, h?)).
Owing to the regularity estimates (4.4), (4.5) and (4.16) from Lemma 4.1 and its proof, and to the
properties of F' stated in Assumption 2, one has the upper bound

|D2w R (¢, 2,y).(h1, he)| < C(T)(1 + |2 + [y])|h*||h?].

Using the bound (6.23) for the Malliavin derivative Dy’ §(€ A’5( ) (see the proof of the inequality (6.18))

and the moment bounds (2. 22) from Lemma 2.1 and (6.7), one obtains
ln

tn+1 ;AAt

dgat jdrdsdt

tn+1 tn
C dsdt
JjeN
C(T At2
< ( ) +’{L’0| ZQAt
JEN

Note that, for all x € (0, 3) and all 7 € (0, ), one has

1

log(1+ 7X;) (TAj)27" 1
qu' - Z TAj < Ce Z TAj s o2,
jEN JjEN jEN

using the auxiliary inequality

log(1 + z)
Sup —1_—
ze(0,00) 22 F

< oQ.

0,4,3,2,2,2 , one obtains

0,4,3,2,2,2‘ |
n

Gathering the estimates for the error terms e;; and e,

€0482] < Q82T 4 |eD4322) < [eft

04321 ;043221
n

IN

1
C.(T)At tnt1 ] 5. At\27"

For the error term %433 note that for all t € [0,T], x,y € H and h',h? € H, one has
Dzwe’m(t, z,y).(h',h?*) = Do Dju(T — t, =, y).(e*%AF(w, y),h', h?)
+ Dy Dyu(T — t, x, y).(e*%ADyF(a:, y).h', h?)
+ D Dyus(T — t,2,y).(e < D, F(x,y).h2, h')

+ (Dpus(T = t,,y), e S ADIF (w,y). (b, h?)).
Owing to the regularity estimates (4.4), (4.5) and (4.16) from Lemma 4.1 and its proof, and to the
properties of F' stated in Assumption 2, one has the upper bound

| DywS (2, y).(h' h?)] < C(T)(1+ |x] + [y])|R'[[B?].
As a consequence, using the moment bounds (2.22) and (6.7), one obtains

C At2 At o
’62’473’3’ < <7) Zth <C ) (1+‘$0’)
€ JEN
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04,31 0,432
n Y n

0,4,3,3

" , one obtains, for all

Finally, gathering the estimates for the error terms e and e
ne{l,...,N—1}
€943 < e

+ ’62’4’3’2 + ’62’4’3’3’

At 1=K ot CK(T) 1 ® 2

< [ =

- ( € ) /tn (T — s)l_%ds(nAt)lf" (14 1A% 20l

Co(T)At [tn+1 1
o
tn

K
€ 1-5

At

ds(1+[AFao])? + Cu(T)(Z5) (1 + o))

e Error term 68’4. Note that, owing to the regularity estimate (4.4) from Lemma 4.1 (with o = 0), for
all t € [0,T) and x,y € H, one has

t1 ~ ~
6 < [ BT — ™, TN 1), PGS, T (1)
0

+ AE[(Dpu (T — 1,5, YO (1)), PG, YO (1)))]
< C(T)AH(L + [ol),

using the moment bound (6.7), the linear growth of F' and Assumption 3.
e Gathering the estimates for the error terms e2*! %42 and €243 and summing for n € {0,..., N—1},

the proof of the inequality (6.21) is thus completed. ]

6.3. Proof of Proposition 7

Before proceeding with the proof, auxiliary tools are required. The statements and the arguments are
similar to those in [10]. Let us first state and prove an auxiliary lemma about discrete-time Poisson
equations. For all 7 € (0, 00), let (Y7]) >0 Pe defined using the modified Euler scheme from [8] applied

to the stochastic evolution equation dY(s) = —AY(s)ds + dW (s) with time-step size 7: for all m > 0,
i1 =AY 4+ BTl 4 Brav/Thm 2, (6.27)

where the linear operators A;, B and B; 2 are given by (2.13). Let P, denote the associated Markov
transition operator: for any bounded and measurable mapping ¢ : H — R and all y € H,

Pro(y) = Ey[o(YT])] = E[¢p(Ary + Briv/7Tl11 + Bray/Tl12)].

Lemma 6.2. Let ¢ : H — R be a Lipschitz continuous function, which satisfies the centering condition
Jo(y)dv(y) = 0. For all T € (0,00) and all y € H, define

V(y) =7 ) Proy).
m=0
Then Y™ is a solution of the Poisson equation

Moreover, there exists C' € (0,00), such that for all T € (0,00), one has

o O onax(r 1) sup 19@2) — @l (6.29)

yeH 1+ ‘y| y1,y2€H ‘yQ - yl’

Proof of Lemma 6.2. Observe that for all 7 € (0,00), one has

o 1 T 1+ M7
Ty = — = < C'max(T,1).
m=0 (1 + )\IT)m 1 - 1+ 7 )\1
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In addition, using the centering condition on ¢ and the fact that the Gaussian distribution v is invariant
for the modified Euler scheme (6.27) for any value of 7 € (0, 00), for all m > 0, one has

Pro()| = [Pro(y) — [ edv

Pro(y) — [ Pro()duz)
< sup M/Mm 2)|dv(z)

y1,y2€H |y2 - yl

1 sup |Myﬂyl(/\z\dv ‘Hy’)

- (1 + AIT)m y1,y2€H ‘yQ - yl
This proves that 17 is well-defined for all 7 € (0,00). It is then straightforward to check that the
identity (6.28) and the inequality (6.29). The proof of Lemma 6.2 is thus completed. ]

Let At = T/N € (0, Atg). For all n € {0,..., N —1}, define the auxiliary function ¢5 : H x H — R
as follows: for all x,y € H, set

n'(@y) = (DAR", 1 (Aaw), Ani(F(z,y) = F(x))). (6.30)
Note that the centering condition
/ ¢p'(z,-)dv =0

is satisfied, owing to the definition (2.10) of F(z ) Therefore one can define the auxiliary functions
A H x H — R as follows:

Abe(z,y) _TZE (62 (2, YT )], (6.31)

using the definition (6.27) for the auxiliary scheme Wlth time-step size 7 = At/e. Owing to Lemma 6.2,
Mte(x,-) is solution of the discrete Poisson equation (6.28):

Paht(e, ) — 2z, ) = ~702(a, ).
One has the following regularity estimates on the functions 5%¢(z, - ), with constants independent of
At € (0, Ato) and € € (0, 60).

Lemma 6.3. For allT € (0,00) and k € (0,1], there exists Ci(T) € (0,00) such that for all e € (0, €),
At =T/N € (0,Aty), all z,y € H and alln € {0,...,N — 1}, one has

924 ()| < CuT) lplls max(r, 1)(1 + ) (632
sup (Dot (a,), )| < Cu(T)lgll ma(r, 1)1+ [y) (6.3
heH;|h|<1
and for allm € {0,..., N — 3}, one has
. . C.(T)At' "
PRt~ )l < (N_;jz) syrllelemaxtr )@+ @+, 639

with T = At/e.

The proof of Lemma 6.3 consists in the application of Lemma 6.2 for three auxiliary mappings, com-
bined with the regularity results on u%t n—1 from Lemma 4.2. The application of Lemma 6.2 explains
the presence of the factor max(7, 1) on the right-hand sides of the inequalities, see the inequality (6.29)

from Lemma 6.2.
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Proof of Lemma 3.1. Let us first prove the inequality (6.32). Foralln € {0,...,N—1}, x,y1,y2 € H,
one has

|¢$t(xvy2) - gf)ﬁt(u’ﬂ,ylﬂ = ‘<Da%t—n—l(-’4Atx)vAAt(F(x7y2) - F(:Cayl)»‘
)l F(z, y2) — F(z,y1)]

C(Mllelllyz = wl,

owing to the inequality (4.7) (see Lemma 4.2) and to the global Lipschitz continuity of F' (Assump-
tion 2). Since ¢4 (x, - ) satisfies the centering condition [ ¢2¢(z,-)dv = 0, the inequality (6.32) is then
a straightforward consequence of Lemma 6.2.

Let us now prove the inequality (6.33). Since the mappings Hﬁt_n_l, F and F are of class C? (see

<
<

Lemma 4.2 and Assumption 2), z +— ¢5(z,y) is of class C', and one has
<DCIZ ﬁt(xa y)7 h> (DUN n— l(AAtx)7AAt(DJ:F(x7 y)h - DF(Z‘)h))
+ D%uit 1 (Aaz). (Ane(F(z,y) — F(x)), Aah).

In particular, the centering condition

[Da6 (@, ). hydw =0

is satisfied. It is straightforward to check that x — wAt €(x,y) is of class C!, and that one has
(D50 (2, ), b —TZE Az, YT), h).

This means that the mapping (D, v25(z, ), h) 5olves the Poisson equation

(PT - I)<D$ $t76(x7 ’ )7 h> - <D$ ﬁt(xv ’ )7 h>
In order to apply Lemma 6.2, it suffices to check tha the following property holds: for all n € {0, ...,
N — 1}, z,y1,y2 € H, one has

[(Daptim(,y2), ) — (Datpity (w,351), b)|
< [(DuR,,_5(Aax), Aae(DoF (2, y2).h — Dy F(z,2).h)))|
+ |D2UN n2(Anx).(Aath, Aat(F(z, y2) — F(z,y1)))]

< C(D)llelil2lhlly2 = yal,

owing to the inequality (4.10) (see Lemma 4.2) and to the regularity conditions on F (F is of class C?
with bounded first and second order derivatives, see Assumption 2). As a consequence, the inequal-
ity (6.33) is obtained as an application of Lemma 6.2.

It finally remains to prove the inequality (6.34). Set dyat<(z,y) = ¢$_ﬁf(:p y) — Ybe(x,y). The
mapping §55¢(x, - ) is solution of the Poisson equation

(Pr = Dou"(z, ) = 7603" (@),
with the auxiliary function §¢5%(x, - ) defined by

560" (z,y) = (DUR",,_o(Anex) — DUR",_ (Aaew), Ane(F(2,y) — F(2))).
The centering condition

[oodta

is satisfied, therefore the application of Lemma 6.2 requires to upper bound the Lipschitz constant of

5¢$t(mv : )
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For all z € H, n € {0, .. — 3}, and y1,y2 € H, one has
|0n0" (z,y2) — 5n¢>T(x Y1 | < Dug' ,_o(Anx) — Dﬁﬁt_n_l(AM:v),AAt(F(:v,y2) — F(z,1)))|
_ Cw(T)
SAtlH 1+ |z|)|Aae(F(x, — F(x,
((N_n_2)At)1_,JHSDH\2( z]) | Aae(F (2, y2) (x,91))]
. C,u(T)
< At 1+ |z — 1),
W eyl el

owing to the inequality (4.9) (see Lemma 4.2) and to the global Lipschitz continuity of F' (Assump-
tion 2). Applying Lemma 6.2 then yields the inequality (6.34).
The proof of Lemma 6.3 is thus completed. |

We are now in position to provide the proof of Proposition 7.

Proof of Proposition 7. Let T' € (0,00), ¢ : H — R be of class C?, with bounded first and second
order derivatives, € € (0,¢), and At =T /N € (0, Atp), with N € N. Recall the notation 7 = At/e.
The error in the left-hand side of (3.9) can written as follows:
A A GAt At
Elp(X5)] — E[p(X§")] = E[p(X3™)] - oKy ) + o(Xy ) — E[p(X3")].
It suffices to focus on the first error term on the left-hand side: indeed
<At

e (Xi) = Elp(XI)]| < C(D)Alelll2(1 + |zof*),
see (5.3) from the proof of Proposition 4.
The error term which remain to be studied can be decomposed as follows:

A TAL _ A _
Elp(X5 )] - o(Xy ) = Elag" (X3™)] — 4y’ (zo)
_ €,A _ €,A _
= Efug" (X3™)] - Elay' (X5°)] + ay' (z5) — ay' (o),

where the mapping @4 is given by (4.2).
The mapping @ *At is globally Lipschitz continuous, more precisely one has the inequality (4.10), and
using Assumptlon 3 one obtains

ja! () — @i (z0)| < C(T)|af — wo| < C(T)e(1+ |ao)).
Let us now study the remaining error term. Using a telescoping sum argument, one has
N-1

Elay* (X3™)] — Elay! (5] = 3 (Blag’ 1 (55)] - Elay’, (X52))
n=0

= Z( (R 1 (AarXGA + AtANF (XA, Vi )IER. -y (AarXS + ALF(XA))]).

AL

Since @5 is of class C? owing to Lemma 4.2, by a Taylor expansion, one obtains the equality

N—-1
E[ad (X5 — E@yt (X5 = At Y E[pAU(XGA, Y] + RGA,

with the function ¢4 defined by (6.30), and where one has
€,A
E[|R)] < A[lay, - lllE[1F (X35, YRi) — X))

€ A
< C(T)AP|lelll2 (1 + E[IX52 ) + E[[ Y541 7)),
using the inequality (4.10).
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Using the equality At = Te, the error term can be written as

N-1 N-1
€ €7A ,€ €, E,A ,€ €, E,A
At Z E[ ﬁt(Xn’AaYn—i-D] =€ Z (]E[ T%t (XnAt’Yn—o—f)] - E[PT ’I%t (XnAt’Yn—&-D])
n=0 n=0
N-1

e 3 (Bl (X35, Vo] — Elwn ™ (Xp2, Y3o)))

Il
=)

n

(6.35)
=c > (BRREKRSLYRED) - Bl (X3t YR
ne{0,N—1,N—2}
N-3
+e 3 (Elpt (Xg2, Y] — Elgn (X524, Yiis))
n=1
where the second equality is a consequence of the Markov property and of the definition of the
scheme (2.15). For technical reasons, it is necessary to treat differently the termsn € {0, N -2, N —1}
andn e {l,...,N —3}.
On the one hand, for if n € {0, N — 2, N — 1}, owing to Lemma 6.3 one has

A , , A
| Bt (X5A Y th] — Elga<(Xg™, Yy
A A
< O(D)lllellemax(r, 1) (1 + E[ Y521 ) + BV 251
< C(T) el max(At, e),

using the moment bound (2.21) from Lemma 2.1.

On the other hand, using a telescoping sum argument and the Markov property, one obtains the
auxiliary identities

At,e €,A €,A At,e i~r€,A €,
B[P yn S (XN y, YR5)] — B[Py (X0, ¥i2)]

N-3
A A A €/WE €
= Z (E[P7¢niyf(xg+fv Y;’_,_f)] — E[P; ﬁt’ (Xn’Atv YﬁAt)])

n=1
N-3
= Y (B[Pt (X Y] — E[Pgpat(XGA, Yo )]
n=1 N
+ Y (E[Pate(XGA, YO — E[Ppite (XA, Y541))
n=1
N-3
= Y (Elnl (XG0, Yo )] — Elpate (XG4, v )]
= N-3
+ 37 (Eate (XA, Y] — Eate (XS4, YE))-
n=1

Observe that the expression appearing in the last line above corresponds to the expression appearing
in the last line of (6.35). One then obtains

N-3
€ €,A At,e r~xre €,A At,e €,A €,A
At Y Elop (X2, Vo] = eBlwr “(X], Y5 ™)) — eBln"S (Xa—y, Y1)

n=1

=z

-3
Al v, AL 6,A Atye e, A
ey (Bl (Ko Yool — By (XG4, Yais)))
n
= A A A
¢ ¢ ¢
+e€ Z (E[wn+715(XzAt7 Y;+2)] - E[ $t7€(X2AtJ Y;JrZ)])

n=

Il
w =

—_

221



C.-E. BREHIER

To prove upper bounds for the three terms on the right-hand side above, the properties of the mappings
Y24 provided by Lemma 6.3 and moment bounds for the random variables X2t¢ and Y4*¢ are
employed. Recall also that e max(7,1) = max(At, e).
e Using the inequality (6.32), one has

Bl (X, Y] < O(T) max(At, o)1 (1 + E[[Y52]))

< O(T) max(At, €) |l
using the moment bound (2.21) from Lemma 2.1.
Similarly, one has
At,e e, At €, At e, At
€[N (XN g, Y1)l < C(T) max(At, e)[[lll (1 + E[[Y 7 [])

< m
< C(T) max (At e) |1

e Using the inequality (6.33), one has

N-3
At,e i€, A €,A At,€ e, €,A
€ Z (E[wnil (XnJrf? YnJr;)] - E[wnfrl (XnAt7 YnJr;)])

n=1

N-3
€,A €, €,A
< C(T)max(At, e[l D E[XE — X527 (1 + |Y532)]

n=1

= At At(27) 5
< CO(T) max(At, e)lllelll2 Y (BIX T — X52%)) 7,

n=1

using Holder’s inequality and the moment bound (2.21) from Lemma 2.1. Applying Lemma 2.2 then
yields

N-3
At,e i€, €,A At€ e, €,A
€ Z (E[¢ni1 (Xn-l—{’ Yn—i—;)] - EW%L (XnAtv Yn—i—;)]) ‘
n=1
) N-3 1
< Cu(T) max(At, €)|[[lll2 At (1 + |zo|) Y (nAD=

n=1
< Cw(T) max(At, €)|[loll2 A" (1 + [xol).

e Using the inequality (6.34), one has

N-3
At,e €,A €,A
e > (Bl (X2, Yy o)] — E[¢§t’E(Xf{At,Yn+§)])|

n=1

N-3
1
< CW(T) max(At, €) ||| At —
(T) (At e)lllelll2 7?:1 (N —n_2)a1)!

< Cu(T) max(At, €)[[loll2A¢77(1 + |zol)-
e Gathering the estimates, one obtains

E[(1+ [XEA) (1 + [Y534))]

< Cu(T) max(At, e)[|@ll2 At~ (1 + |zol),

N-3
€,A
\At L )
n=1

and finally
€ SAt
Elp(X57)] = (XN < C(Delllell (1 + |zol) + CT)AL[¢llla (1 + |z0]*)
€

At 1 :
o+ A7) llplla(L + )

This concludes the proof of the inequality (3.9) and of Proposition 7. [ |

FC@lelhle+ A0+ ()|
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7. Numerical experiments

The objective of this section is to illustrate the behavior of the proposed asymptotic preserving
scheme (1.4), which is rewritten here for convenience:

XM = Ang (XGA 4+ ALF(XGAE YO

[2At [2At (7.1)
Yot = Aa Y2 + "B Tay 1| = BacTn.

For comparison, let us introduce the scheme

X5 = Aae (X2 + AF(X, YRE))

|24t (7.2)
Yf{ﬁf = A% (Yve{At + GFTL>7

where the second component is discretized using the standard linear implicit Euler scheme. Initial
€,At €,At €,At €,At €
values are given by Xy~ = Xy7 =zf and Yo~ = YT = ;.

Owing to Proposmons 3 and 4 from Section 3 1, the scheme (7.1) is asymptotic preserving. However,
arguing as in Section 5, one may prove that for any fixed At € (0, Aty), and for all n € {0,..., N},
the solution X5t at time n of the scheme (7.2) converges when ¢ — 0 to the solution X5 at time n
of the numerical scheme

Xt = Ane (X3 + ALF(X2,0),

with initial value X§* = zo. The limiting scheme above associated with the scheme (7.2) is consistent
with the evolution equation
dX(t)
dt
which differs from the averaged equation (2.11) when F(-,0) # F. In that situation, the scheme (7.2)
is not asymptotic preserving.

The numerical experiments below are performed in a case where the asymptotic behaviors of the
schemes (7.1) and (7.2) are different when ¢ — 0. The superiority of the asymptotic preserving
scheme (7.1) is thus illustrated, qualitatively and quantitatively.

We consider the system of stochastic partial differential equations (1.1) with a(§) = 1 for all £ €
(0,1). As a result the linear operator —A is the Laplace operator with homogeneous Dirichlet boundary
conditions.

The nonlinearity f is given by

flz,y) = 10e~0-52% (6_0‘1y2 —1)+20z, Vz,yeR.

It is worth noting that f(z,0) = 20z for all = € R.
The initial values xf, and y§ are chosen to be independent of € and are given by

zp(§) =sin(27E), yo(§) =0, V€ (0,1).

Note that x¢ = z§ is an eigenfunction of the operator A: Azg = —(2m)%zg

The spatial discretization is performed using the finite difference method with mesh size 1072. The
final time is equal to T' = 0.5.

Let us start with a qualitative comparison of the schemes (7.1) and (7.2), for a fixed value of
At = 2710 =1/1024, and for a single realization. The results are presented in Figure 7.1. The top left

figure gives the shape of the initial value. The top right figure shows X?{,At, for different values of € €

= —AX(t) + F(X(t),0)
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{10,1,107%,1072,1073,10~*}, and with the solid line giving the limiting solution Xﬁt approximated
with € = 10~ 2. The bottom figures show Xj\’,m, for two sets of values ¢ € {10,1,1071,1072,1073, 1074}
and € € {1076,1077, 1078}, with the solid line giving the limiting solution X4 approximated with
e=10"12.

Observe that Xﬁt has the same shape as the initial value xg displayed on the top left figure, as
expected from the definition of X(T') and the fact that zp is an eigenfunction of the linear operator
—A+ F(-,0) = —A + 201. On the contrary, X(7T') has a non-trivial shape. It is clearly visible in
Figure 7.1 that for sufficiently large values of € the two schemes (7.1) and (7.2) have similar behaviors
but that when e tends to 0 only the asymptotic preserving scheme (7.1) is able to approximate the
solution of the averaged equation.

0o . o 10
=109
—0.25 1
£=10""
- —1p-0m
—0.50 4 £=10
- = =107
=075 1 — g=10%
—_— =10
100 =1.00 1
0.75
050 —1.25 -
025
000
. -1.50
—0.50
073 -1.75
o0 : : : . : :
o A o Py o o 0.0 0.2 0.4 0.6 0.8 10
00 ST PSSP PRSP S S 3 _ -,
‘\'\‘---._ _‘_,.;-,_}" ------- E=10"%
02 r\'\.\\"' ety £=10"3 0.00005
= R kT T e
L \'\\\ ’/’ _.'* £=10"" 0.00000
04 Yoo T o - =10
L T - -
A} —— - . —
W T - o o1 0.00005
0.6 \ . Cs =10™
vy Y, - -0.00010
£
08
(N ! —~0.00015
N o o
e . ‘., -0.00020
A\ " s
- - ¥
-1.2 A - -0.00025
W\ £
14 -~ _ - ~0.00030
0.0 02 0.4 0.6 038 10 0.0 02 0.4 0.6 0.8 10

FIGURE 7.1. Qualitative comparison of the schemes (7.1) and (7.2). Top left: initial

€,At

value. Top right: X3~ computed using the asymptotic preserving scheme (7.1) for

different values of e. Bottom: Xj\}At

values of e.

computed using the scheme (7.2) for different

Let us then turn to quantitative numerical experiments, where the convergence of E[(p(X;’,At)] and
of IE[cp(Xj\’,At)] to E[p(X(T))], when At — 0, for several values of ¢, is investigated. The objective is to
illustrate the uniform weak error estimates given by (3.2) for the asymptotic preserving scheme (7.1),
and to show that the scheme (7.2) does not satisfy nice error bounds. The expectations are approx-
imated by Monte Carlo averages over 10% independent realizations. The reference value is computed
for both schemes using the asymptotic preserving scheme (7.1) with a reference time-step size Atyef.

224



UNIFORM ERROR BOUNDS FOR AN AP SCHEME FOR SPDE SYSTEMS

Two functions are considered,
2

) = sin( [ €706, eugnle) =sin( [ a(9)sc)

where in practice the integrals are approximated using an elementary rectangle quadrature rule.

Figures 7.2, 7.3 and 7.4 display weak error estimates, in logarithmic scales, when the time-step size
At varies, for several values of €. A reference line which represents convergence with order 1/3, as
predicted by Theorem 3.2, is indicated. The functions e, and rign; are employed on the left and on
the right respectively.

First, a comparison of the schemes (7.1) (top) and (7.2) (bottom) is presented in Figure 7.2. The
time-step size At takes values in {2710, 2711 2712 9=13 9=14 9-15 9=161 "and the reference time-step
size is equal to At,es = 2717, For the scheme (7.1) (top), € takes values in {1073,107% 1075, 1076},
For the scheme (7.2) (bottom), € takes values in {1072,1073,10~% 107°}. It is clearly visible that for
the scheme (7.2) the behavior as At — 0 is not uniform with respect to e: as € gets small, for large
At the error is large and does not depend on At, it requires to choose small At depending on € to
observe the convergence. This is consistent with the behavior observed in Figure 7.1. On the contrary,
the behavior of the error for the scheme (7.1) is compatible with uniform error bounds with rate 1/3
given in Theorem 3.2, and there is clear superiority of the asymptotic preserving scheme (7.1) in this
regime compared with the scheme (7.2).

—.— £=107" —.— =107
10t -@ £=10"" -9 =10
S e=10 107 S =107
—— =107 g=1p""
-a= ref 1/3 -4= ref 13
102
1072
10- 103
10°
10° —1p-0
& ==10 & :=10"
== £=107% S £=107%
— e=10"% —— £=10"T
= —a2
- £=10 —de £=107%
. -a= ref 1/3 -4- ref 13
107!
10®
104 102 104 102

FIGURE 7.2. Weak error estimates as a function of the time-step size At in logarith-
mic scales for the schemes (7.1) (top) and (7.2) (bottom). Left: function ¢eg. Right:
function: @right-

Figures 7.3 and 7.4 illustrate more accurately how the error depends on the parameter e for the
asymptotic preserving scheme (7.1), in the same setting as above. The time-step size At takes values in
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{278,279 2710 9=11 9=12 9—13 9—14 9-15 9-16 9-17 2-18) "and the reference time-step size is equal
to Atyer = 2719, In Figure 7.3, the parameter e takes values in {107%,107°,1075,10~7}. In Figure 7.4,
the parameter e takes values in {107,2.1076,4.107¢,8.107%} (where the dot means multiplication).
One observes that there exist different regimes depending on the values of At and e. In Figure 7.3,
when € = 1077 in the considered range of values of At the order of convergence seems to be equal to
1, however for the other values of € there is a range of values of At for which the order of convergence
is reduced. Still the behavior is consistent with the uniform error estimates with order of convergence
1/3 obtained in Theorem 3.2. In Figure 7.4, one observes three regimes, depending on the size of At
with respect to €. In the intermediate regime the value of the error depends on € and decreases with
respect to At at a lower rate than 1/3. For large At, the error decreases at a higher rate than 1/3,
and does not depend on e. For small At, the rate of convergence seems to be larger than 1/3.

@ =107 @ =107
= =10 = £=107%

1071 —= e=10"" 101 —+ e=10""
—fp =10 —fp £ =107
-a= ref 1/3 -4= ref 13
=w= refl =mw= ref 1

10® 1072

103 w03

10 10 103 10 10 103

FIGURE 7.3. Weak error estimates as a function of the time-step size At in log-
arithmic scales for the scheme (7.1). Left: function ¢ef. Right: function: @right.
€€ {107°,1075,10~7}. Reference lines: order 1/3 and 1.

@ =810 @ =810
= £=41077% = =410
—— £=2107¢ —+ =210
- £=107% e E= 1070
10-1 -4~ ref 13 107t -<- ref 13
0% 102
0% 107# 1073 107 107# 1073

FIGURE 7.4. Weak error estimates as a function of the time-step size At in log-
arithmic scales for the scheme (7.1). Left: function ¢er. Right: function: @right.
€€ {107%,2.107%,4.107%,8.107%}. Reference line: order 1/3.

The results displayed in Figures 7.3 and 7.4 validate the main result of this article, Theorem 3.2,
giving upper bounds on the weak error with respect to At, with order 1/3, uniformly with respect to
€. The error has a non-trivial behavior in terms of € and At, and the numerical experiments support
the statement that the order of convergence 1/3 obtained in Theorem 3.2 may be optimal for the
proposed asymptotic preserving scheme.
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