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Abstract. We study an asymptotic preserving scheme for the temporal discretization of a system of parabolic
semilinear SPDEs with two time scales. Owing to the averaging principle, when the time scale separation ϵ vanishes,
the slow component converges to the solution of a limiting evolution equation, which is captured when the time-
step size ∆t vanishes by a limiting scheme. The objective of this work is to prove weak error estimates which are
uniform with respect to ϵ, in terms of ∆t: the scheme satisfies a uniform accuracy property. This is a non trivial
generalization of the recent article [10] in an infinite dimensional framework. The fast component is discretized using
the modified Euler scheme for SPDEs introduced in the recent work [8]. Proving the weak error estimates requires
delicate analysis of the regularity properties of solutions of infinite dimensional Kolmogorov equations. Numerical
experiments illustrate the asymptotic preserving property and the uniform weak error estimates.
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1. Introduction

Applied mathematicians need to face many challenges when they study multiscale stochastic sys-
tems, which appear in all fields of science and engineering, whether one is interested in theoretical
understanding of the behavior of such systems, in their effective numerical approximation, or in their
applications for concrete models. We refer for instance to the monograph [21] for a presentation of
averaging and homogenization techniques applied to multiscale stochastic systems, and to [4, 19] for
a description of possible dynamical behaviors in such problems.

In this work, we study a class of systems of parabolic semilinear stochastic partial differential
equations (SPDEs) of type

∂tXϵ(t, ξ) = ∂ξ

(
a(ξ)∂ξXϵ(t, ξ)

)
+ f(Xϵ(t, ξ),Yϵ(t, ξ))

∂tYϵ(t, ξ) = 1
ϵ
∂ξ

(
a(ξ)∂ξYϵ(t, ξ)

)
+
√

2
ϵ
Ẇ (t, ξ)

(1.1)

where t ∈ (0,∞), ξ ∈ (0, 1), Ẇ is space-time white noise, and the mappings a : [0, 1] → (0,∞) and
f : R2 → R are assumed to be sufficiently smooth. In addition, homogeneous Dirichlet boundary
conditions are applied, and (deterministic) initial values Xϵ(0, · ) = xϵ

0(·), Yϵ(0, · ) = yϵ
0(·) are given.

The time scale separation parameter is denoted by ϵ. The SPDE system (1.1) should be considered in
the sequel as the main example, for which all the abstract required assumptions are satisfied.
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Instead of considering the system (1.1), where the unknowns are random fields Xϵ,Yϵ : [0, T ] ×
(0, 1) → R, in the sequel, we consider systems of stochastic evolution equations (SEEs) (see [15])
of type 

dXϵ(t) = −ΛXϵ(t)dt+ F (Xϵ(t),Yϵ(t))dt

dYϵ(t) = −1
ϵ

ΛYϵ(t)dt+
√

2
ϵ

dW (t),
(1.2)

with initial values Xϵ(0) = xϵ
0 and Yϵ(0) = yϵ

0, where the unknowns Xϵ,Yϵ : [0, T ] → H take values in
an infinite dimensional Hilbert space H (with H = L2(0, 1) to consider the system (1.1)). We refer to
Section 2.2 below for precise assumptions on the linear operator Λ and the nonlinearity F . The second
component in the system (1.2) is driven by a cylindrical Wiener process. In the systems (1.1) and (1.2)
the same linear operator appears in both equations. This choice is made for notational convenience
but considering different linear operators of the same type would be possible.

When the time scale separation parameter ϵ vanishes, the slow component Xϵ converges (in a suitable
sense, under appropriate conditions) to the solution X of a deterministic evolution equation

dX(t) = −ΛX(t)dt+ F (X(t)), (1.3)

with initial value X(0) = x0 = limϵ→0 x
ϵ
0, where the effect of the fast component Yϵ is averaged out:

F (x) =
∫
F (x, y) dν(y)

where ν is a Gaussian distribution. This result, known as the averaging principle, has been proved for
SPDE systems (1.2) for the first time in [14]. We also refer to [12, 13] for similar results, and to [5, 7]
for results on the rate of convergence when ϵ → 0 (in strong and weak senses). This list of references
on the averaging principle for SPDE systems is not exhaustive.

The objective of this article is to introduce and study an effective numerical scheme which allows
to approximate the slow component Xϵ in regimes where the time-scale separation parameter ϵ either
vanishes, or has a fixed value. We only focus on the temporal discretization, even if in practice the
approximation of solutions of SPDEs also needs a spatial discretization procedure (for instance using
finite differences). Since the fast component Yϵ evolves at the time scale t/ϵ, a careful construction is
required to be able to choose a time-step size ∆t which is independent of ϵ. If one is interested only
in the regime where ϵ vanishes, a popular method is the Heterogeneous Multiscale Method (HMM):
see [1] for a general overview of this method, [17] for its description for the approximation of multiscale
stochastic differential equations, and [2, 5, 7] for its analysis and application to multiscale SPDE
systems. The idea of HMM is to discretize slow and fast components using coarse and fine integrators
respectively, depending on different time-step sizes. In addition, in HMM the coarse discretization of
the slow component is inspired by the averaging principle, where the unknown averaged nonlinearity
is approximated using the fine scheme. As a result, the HMM scheme is efficient when ϵ is small, but
not in the regime where the time scale separation parameter does not vanish. In this article, we are
interested in a different methodology, which allows to cover all regimes by a single numerical scheme,
and where the time-step size ∆t can be chosen independently of ϵ.

We propose to discretize the system (1.2) by the following numerical scheme
Xϵ,∆t

n+1 = A∆t

(
Xϵ,∆t

n + ∆tF (Xϵ,∆t
n ,Yϵ,∆t

n+1)
)

Yϵ,∆t
n+1 = A ∆t

ϵ
Yϵ,∆t

n +

√
2∆t
ϵ

B ∆t
ϵ

,1Γn,1 +

√
2∆t
ϵ

B ∆t
ϵ

,2Γn,2,
(1.4)

where A∆t = (I + ∆tΛ)−1, the linear operators B∆t/ϵ,1 and B∆t/ϵ,2 are chosen to satisfy the condi-
tion (2.13). This condition is fundamental and this choice is made in order to preserve the Gaussian
invariant distribution for the fast process for arbitrary values of ∆t and ϵ. In addition Γn,1,Γn,2 are
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independent cylindrical Gaussian random variables. We refer to Section 2.5 for details on the construc-
tion of the scheme (1.4). On the one hand, the slow component Xϵ is discretized using a semi-implicit
Euler scheme. On the other hand, the fast component Xϵ is discretized using the modified Euler
scheme for parabolic semilinear SPDEs introduced in the recent work [8]. The construction of the
scheme allows us to check that for any fixed value of ϵ, Xϵ,∆t

N converges to Xϵ(T ) (with T = N∆t)
when ∆t → 0, and that the scheme is asymptotic preserving, in the following sense. First, for any
value of the time-step size ∆t and all integers n ≥ 1, one has Xϵ,∆t

n → X∆t
n when ϵ → 0, determined

by the limiting scheme
X∆t

n+1 = A∆tX∆t
n + ∆tA∆tF (X∆t

n ,Λ− 1
2 Γn) (1.5)

with initial value X∆t
0 = x0 = limϵ→0 Xϵ,∆t

0 , where
(
Γn
)

n≥0 is a sequence of independent cylindrical
Gaussian random variables. The last but not the least, the limiting scheme (1.5) is consistent with
the limiting evolution equation (1.3): one has X∆t

N → X(T ) when ∆t = T/N → 0. Note that the
choice of the modified Euler scheme to discretize the fast component in the scheme (1.4) is essential
to obtain the last property: it is not satisfied when the standard Euler scheme is used. In other words
the condition (2.13) is crucial. We refer to Section 3 for rigorous statements of the properties above,
in particular about the need to consider convergence in distribution.

The asymptotic preserving property is written as the fact that the diagram

Xϵ,∆t
N

N→∞−−−−→ Xϵ(T )yϵ→0
yϵ→0

X∆t
N

N→∞−−−−→ X(T )

is commutative. Asymptotic preserving methods are popular in the field of numerical analysis of
multiscale PDEs, see for instance the recent review [18] and the references therein. In recent years,
they have been studied for stochastic systems, for instance in [3, 10].

In this article, we make a further major step in the analysis, beyond the notion of asymptotic
preserving schemes, and prove a form of uniform accuracy property. The main result of this manuscript,
Theorem 3.2, can be written as follows: under appropriate regularity and growth conditions, one has
the uniform weak error estimates

sup
ϵ∈(0,ϵ0)

|E[φ(Xϵ,∆t
N )] − E[φ(Xϵ(T ))]| ≤ Cκ(T, φ, x0)∆t

1
3 −κ (1.6)

where κ ∈ (0, 1
3) is an arbitrarily small positive auxiliary parameter, φ : H → R is a mapping of class

C3 with bounded derivatives, and Cκ(T, φ, x0) ∈ (0,∞).
Obtaining the order of convergence 1/3 appearing in the right-hand side of the uniform weak

error estimates (1.6) may seem surprising and not optimal. Indeed, for a fixed value of ϵ, the order of
convergence of the scheme (1.4) is at least 1/2 (see Proposition 6), and for the limiting scheme the order
of convergence is 1 (see Proposition 4). The reduction of the order of convergence is due to the strategy
of the proof, which consists in obtaining two different error estimates based on the commutative
diagram above. Obtaining a positive order of convergence is already a non trivial challenge which
is solved in this manuscript for the first time in the context of stochastic PDEs. In order to prove
the uniform weak error estimate (1.6), we follow the same strategy as in [10] (where a reduction of
the order of convergence is also obtained), which deals with finite dimensional stochastic differential
equations. Substantial modifications due to the infinite dimensional setting are required. Precisely, the
main difficulties appear for the proof of a direct error estimate for the weak error, see Proposition 6.
Compared with [10], additional arguments concerning the regularity properties of the solutions of
the associated Kolmogorov equation need to be studied carefully, see Lemma 4.1 and Section 6.2.
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Numerical experiments reported in Section 7 suggest that the order of convergence 1/3 in the uniform
weak error estimates (1.6) may be optimal.

The system (1.2) considered in this work has a simplified structure compared with the systems
treated in the literature, which is crucial in the analysis performed in this article. First, the evolution
of the fast component Yϵ does not depend on the slow component Xϵ: one can write Yϵ(t) = Y(t/ϵ)
(equality being understood in distribution), where Y is solution of a stochastic evolution equation
which does not depend on ϵ. Second, Yϵ is an infinite dimensional Ornstein–Uhlenbeck process, in
particular Yϵ(t) is an H-valued Gaussian random variable for all t ≥ 0, which plays a crucial role
in the analysis developed in this work. One way to introduce a dependence with respect the slow
component in the fast evolution equation would be to replace Ẇ (t, ξ) by σ(Xϵ(t, ξ))Ẇ (t, ξ) in (1.1), for
some sufficiently smooth real-valued mapping σ. This would mean replacing dW (t) by Σ(Xϵ(t))dW (t)
in (1.2), where Σ(x) is a linear operator from H to H, for all x ∈ H. In that situation, the analysis
developed in this work cannot be applied, since the proposed scheme is not asymptotic preserving
(because the linear operators Σ(x) and Λ do not commute). On the contrary, assume that Ẇ (t, ξ) is
replaced by σ

(∫
Xϵ(t, ξ)dξ

)
Ẇ (t, ξ) in (1.1), then dW (t) is replaced by Σ(Xϵ(t))dW (t) in (1.2) where

x ∈ H 7→ Σ(x) ∈ R is a real-valued mapping. In that case, the proposed scheme is asymptotic
preserving, and it seems that generalizing the analysis presented below would be possible, with extra
technicalities. There are other ways to couple the fast stochastic evolution equation with respect to
the slow component, for which one may obtain different behaviors of the proposed scheme depending
on the way the dependence is introduced. The coupled case is thus not considered in the sequel for
convenience.

The manuscript is organized as follows. First, the setting is described in Section 2. Preliminary
results on the SPDE system are recalled in Section 2.3 and the averaging principle is discussed in
Section 2.4. The numerical scheme studied in this work is presented in Section 2.5. Then the main
results of this work are stated in Section 3: the asymptotic preserving property is studied in Section 3.1
and the main result, Theorem 3.2, is stated in Section 3.2. The auxiliary error estimates required to
prove Theorem 3.2 are stated in Section 3.3. Section 4 provides the regularity properties of solutions of
infinite dimensional Kolmogorov equations, see Lemma 4.1 and Lemma 4.2. The reminder of the man-
uscript is devoted to proving the error estimates, in Section 5 (results from Section 3.1) and Section 6
(results from Section 3.3). Numerical experiments are reported in Section 7, in order to illustrate the
asymptotic preserving property and the uniform weak error estimates for the scheme (1.4).

2. Setting

2.1. Notation

The set of integers is denoted by N = {1, . . .}.
Let H be a separable infinite dimensional Hilbert space, equipped with inner product and norm

denoted by ⟨ · , · ⟩ and | · | respectively. Let also H = H ×H be the Hilbert space, with inner product
and norm as follows: for all (x1, y1), (x2, y2), (x, y) ∈ H, set

⟨(x1, y1), (x2, y2)⟩H = ⟨x1, x2⟩ + ⟨y1, y2⟩
|(x, y)|2H = |x|2 + |y|2.

The set of bounded linear operators from H to H is denoted by L(H), this set is a Banach space, with
the norm ∥ · ∥L(H) defined by

∥L∥L(H) = sup
x∈H\{0}

|Lx|
|x|

.
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The random variables and the stochastic processes considered in this article are defined on a prob-
ability space denoted by (Ω,F ,P). This probability space is equipped with a filtration

(
Ft
)

t≥0 which
is assumed to satisfy the usual conditions. The expectation operator is denoted by E[ · ].

Let
(
βj
)

j∈N denote a sequence of independent standard real-valued Wiener processes, adapted to
the filtration

(
Ft
)

t≥0. The cylindrical Wiener process
(
W (t)

)
t≥0 on H is formally defined as

W (t) =
∑
j∈N

βj(t)ej (2.1)

where
(
ej
)

j∈N is an arbitrary complete orthonormal system of H.
The following terminology is used in the sequel: a random variable Γ is called a cylindrical Gaussian

random variable if

Γ =
∑
j∈N

γjej ,

where
(
γj
)

j∈N is a sequence of independent standard real-valued Gaussian random variables (γj ∼
N (0, 1) for all j ∈ N).

Some of the proofs below require tools from Malliavin calculus [20]. We do not give precise defini-
tions, instead let us state the notation used in this article and quote the most useful results. If Θ is
an H-valued random variable, Dh

s Θ ∈ H is the Malliavin derivative of Θ at time s in direction h ∈ H.
For instance, this means that

Dh
s

(∫ T

0
L(t)dW (t)

)
= L(s)h

if t ∈ [0, T ] 7→ L(t) ∈ L(H) is an adapted process. In addition, if Θ is Ft-measurable, then Dh
s Θ = 0

for all s > t. The Malliavin derivative satisfies a chain rule property: if Φ : H → H is of class C1 with
bounded derivative, then for all s ≥ 0 and h ∈ H one has

Dh
sϕ(Θ) = Dϕ(Θ).Dh

s Θ.

The same type of notation and results are satisfied for R-valued random variables θ. Finally, one has
the following integration by parts formula, which is essential for the proof of weak error estimates,
see [16]: if θ is R-valued random variable and if (t, s) 7→ ϕ(t, s) ∈ R is a given deterministic function,
for all j ∈ N, one has

E
[
θ

∫ t

0
ϕ(t, s)dβj(s)

]
=
∫ t

0
E[Dej

s θϕ(t, s)dβj(s)]. (2.2)

Finally, introduce the following notation. If φ : H → R is a mapping of class C3 with bounded
derivatives of order 1, 2, 3, set

|||φ|||1 = sup
x,h∈H

|Dφ(x).h|
|h|

,

|||φ|||2 = |||φ|||1 + sup
x,h1,h2∈H

|D2φ(x).(h1, h2)|
|h1||h2|

,

|||φ|||3 = |||φ|||2 + sup
x,h1,h2,h3∈H

|D3φ(x).(h1, h2, h3)|
|h1||h2||h3|

.

179



C.-E. Bréhier

If ϕ : H → R is a function of class C2, for all h, k ∈ H and (x, y) ∈ H, the following notation is
used below:

Dxϕ(x, y).h = Dϕ(x, y).(h, 0)
Dyϕ(x, y).h = Dϕ(x, y).(0, h)

D2
xϕ(x, y).(h, k) = D2ϕ(x, y).

(
(h, 0), (k, 0)

)
D2

yϕ(x, y).(h, k) = D2ϕ(x, y).
(
(0, h), (0, k)

)
DxDyϕ(x, y).(h, k) = D2ϕ(x, y).

(
(h, 0), (0, k)

)
.

Similar notation is used for third order derivatives below.
In this work, the values of constants C ∈ (0,∞) (which may depend on auxiliary parameters)

appearing in the error estimates may vary from line to line. All the constants are independent of the
time scale separation parameter ϵ and of the time-step size ∆t.

2.2. Assumptions

The stochastic evolution equations considered in this work are driven by an unbounded self-adjoint
linear operator −Λ : D(Λ) ⊂ H → H, which is assumed to satisfy the following conditions.

Assumption 1. There exists a complete orthonormal system
(
ej
)

j∈N of H and a non-decreasing
sequence

(
λj
)

j∈N of positive real numbers, such that

Λej = λjej

for all j ∈ N. In addition, it is assumed that there exists cΛ ∈ (0,∞) that λj ∼ cΛj
2 when j → ∞.

The self-adjoint unbounded linear operator −Λ generates a semigroup which is denoted by
(
e−tΛ)

t≥0.
Precisely, for all t ≥ 0 and x ∈ H, set

e−tΛx =
∑
j∈N

e−tλj ⟨x, ej⟩ej .

In addition, for all α ∈ [−1, 1], define the self-adjoint linear operators Λα such that

Λαej = λα
j ej

for all j ∈ N. Equivalently,
Λαx =

∑
j∈N

λα
j ⟨x, ej⟩ej .

If α ∈ [−1, 0], Λα is a bounded linear operator from H to H and the expression above is well-defined
for all x ∈ H. For all α ∈ [0, 1], introduce the notation

|x|2α =
(∑

j∈N
λ2α

j ⟨x, ej⟩2
) 1

2

∈ [0,∞],

then for α ∈ (0, 1] Λα is an unbounded self-adjoint linear operator with domain D(Λα) = H2α,
defined by

H2α = {x ∈ H; |x|2α < ∞}.
Finally, let us recall two standard inequalities: for all α ∈ [0, 1], there exists Cα ∈ (0,∞) such that

for all t ∈ (0,∞) and all x ∈ H, one has

|e−tΛx| ≤ Cαt
−α|Λ−αx| (2.3)
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and for all x ∈ H2α one has
|
(
e−tΛ − I

)
x| ≤ Cαt

α|x|2α. (2.4)
Let us now state the regularity and growth assumptions for the nonlinear operator F .

Assumption 2. Let F : H → H be a mapping of class C3, with bounded derivatives of order 1, 2, 3.
Note that in particular F is globally Lipschitz continuous: there exists CF ∈ (0,∞) such that for

all (x1, y1), (x2, y2) ∈ H, one has
|F (x2, y2) − F (x1, y1)| ≤ CF

(
|x2 − x1| + |y2 − y1|

)
.

Assumption 3. For all ϵ ∈ (0, ϵ0), let xϵ
0 ∈ H and yϵ

0 ∈ H, satisfying the following conditions: there
exists x0 ∈ H such that

|xϵ
0 − x0| −→

ϵ→0
0. (2.5)

Moreover, there exists κ0 ∈ (0, 1), such that for all κ ∈ [0, κ0], there exists Cκ ∈ (0,∞) such that
x0 ∈ Hκ and

sup
ϵ∈(0,ϵ0)

(
|Λ

κ
2 xϵ

0| + |Λ
κ
2 yϵ

0|
)

≤ Cκ
(
1 + |Λ

κ
2 x0|

)
. (2.6)

2.3. SPDE system

In this work, we study the behavior of a class of numerical methods applied to the following stochastic
evolution equations system, both for fixed ϵ ∈ (0, ϵ0) and in the regime ϵ → 0:

dXϵ(t) = −ΛXϵ(t)dt+ F (Xϵ(t),Yϵ(t))dt

dYϵ(t) = −1
ϵ

ΛYϵ(t)dt+
√

2
ϵ

dW (t),
(2.7)

with initial values Xϵ(0) = xϵ
0 and Yϵ(0) = yϵ

0, which satisfy Assumption 3. In the system above, the
linear operator Λ satisfies Assumption 1, the nonlinear operator F satisfies Assumption 2 and the
cylindrical Wiener process

(
W (t)

)
t≥0 is given by (2.1).

The following result is a standard well-posedness statement for the system (2.7), see for instance [15].
Proposition 1. Let Assumptions 1 and 2 be satisfied. For all ϵ ∈ (0, ϵ0), the system (2.7) admits a
unique global mild solution

(
Xϵ(t),Yϵ(t)

)
t≥0, with initial values Xϵ(0) = xϵ

0 and Yϵ(0) = yϵ
0: for all

t ≥ 0, 
Xϵ(t) = e−tΛxϵ

0 +
∫ t

0
e−(t−s)ΛF (Xϵ(s),Yϵ(s))ds

Yϵ(t) = e− t
ϵ
Λyϵ

0 +
√

2
ϵ

∫ t

0
e− t−s

ϵ
ΛdW (s).

(2.8)

If Assumption 3 is satisfied, one has the following moment bounds properties, uniformly with respect
to ϵ ∈ (0, ϵ0): for all T ∈ (0,∞),

sup
ϵ∈(0,ϵ0)

(
sup

0≤t≤T
E[|Xϵ(t)|2] + sup

t≥0
E[|Yϵ(t)|2]

)
< ∞. (2.9)

2.4. The averaging principle

Let us describe the behavior of the solution of the system (2.7) when ϵ → 0. Note that the parameter
ϵ introduces a time-scale separation in the evolution of the two components. On the one hand, the fast
component Yϵ is an H-valued Ornstein–Uhlenbeck process, and one has the equality in distribution(

Yϵ(t)
)

t≥0 =
(
e− t

ϵ
Λyϵ

0 + Y
(
t

ϵ

))
t≥0

,
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where the Ornstein–Uhlenbeck process Y is the solution of the stochastic evolution equation
dY(t) = −ΛY(t)dt+

√
2dW (t),

with initial value Y(0) = 0. It is straightforward to check that the H-valued process Y is ergodic and
that its unique invariant distribution is the Gaussian distribution ν = N (0,Λ−1). In addition, for all
t ∈ (0,∞), Yϵ(t) converges in distribution to ν when ϵ → 0. On the other hand, the component Xϵ

evolves slowly, and the behavior of the fast component implies that an averaging principle holds: when
ϵ → 0, Xϵ converges (in various suitable senses) to the solution X of an evolution equation where the
effect of the fast component has been averaged out, with a nonlinearity depending on the Gaussian
distribution ν.

In order to state a rigorous version of the averaging principle, introduce the nonlinear operator
F : H → H defined as follows: for all x ∈ H, set

F (x) =
∫
F (x, y) dν(y) = Eν [F (x,Y)] = E[F (x,Λ− 1

2 Γ)], (2.10)

where Γ is a cylindrical Gaussian random variable. Observe that if F satisfies Assumption 2, then
the mapping F : H → H is of class C3, with bounded derivatives of order 1, 2, 3. In particular, F is
globally Lipschitz continuous.

The asymptotic behavior of the slow component Xϵ in (2.7) is described by the solution of the
averaged equation:

dX(t)
dt = −ΛX(t) + F (X(t)), (2.11)

with initial value X(0) = x0 = limϵ→0 x
ϵ
0 (see Assumption 3). The deterministic evolution equa-

tion (2.11) admits a unique global mild solution: for all t ≥ 0,

X(t) = e−tΛx0 +
∫ t

0
e−(t−s)ΛF (X(s)) ds.

One has the following convergence result.
Proposition 2. Let Assumptions 1, 2 and 3 be satisfied. Then for all t ≥ 0, Xϵ(t) converges to X(t)
when ϵ → 0, in the mean-square sense.

In addition, one has the following weak error estimate: for all κ ∈ (0, κ0) and T ∈ (0,∞), there
exists Cκ(T ) ∈ (0,∞) such that for any function φ : H → R of class C3 with bounded derivatives of
order 1, 2, 3 and all ϵ ∈ (0, ϵ0) one has

|E[φ(Xϵ(T ))] − E[φ(X(T ))]| ≤ Cκ(T )|||φ|||3ϵ1−κ(1 + |Λ
κ
2 x0|2

)
. (2.12)

For the mean-square convergence result, see for instance [5, 14]. The weak error estimate (2.12) is
obtained in [5, 7] (under weaker regularity conditions on φ). It is also retrieved in this article as a
consequence of the auxiliary error estimates stated and proved below.

2.5. Numerical scheme

Let us introduce the notation required to define the numerical scheme studied in this work. The time-
step size is denoted by ∆t. Without loss of generality, it is assumed that there exists a fixed time
T ∈ (0,∞) such that ∆t = T/N for some integer N ∈ N. In the sequel, the limit ∆t → 0 is considered
by letting N → ∞ with T fixed. In addition, it is assumed that ∆t ∈ (0,∆t0). To simplify the notation,
let τ = ∆t

ϵ .
Let A∆t = (I + ∆tΛ)−1, and introduce also linear operators Aτ , Bτ,1 and Bτ,2 assumed to satisfy

(see [8, Section 2])

Aτ = (I + τΛ)−1, Bτ,1 = 1√
2

(I + τΛ)−1, Bτ,2B⋆
τ,2 = 1

2(I + τΛ)−1, (2.13)
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where L⋆ is the adjoint of a linear operator L.
Note that ∥A∆t∥L(H) ≤ 1 for all ∆t ∈ (0,∆t0). In addition, one has the following property: for all

α ∈ [0, 1], there exists Cα ∈ (0,∞) such that for all ∆t ∈ (0,∆t0) and n ∈ {1, . . . , N}, one has

∥ΛαAn
∆t∥L(H) ≤ Cα

(n∆t)α
. (2.14)

Let
(
Γn,1

)
n≥0 and

(
Γn,2

)
n≥0 be two independent sequences of independent cylindrical Gaussian

random variables. Then the scheme is defined as follows: for all n ≥ 0, set
Xϵ,∆t

n+1 = A∆t

(
Xϵ,∆t

n + ∆tF (Xϵ,∆t
n ,Yϵ,∆t

n+1)
)

Yϵ,∆t
n+1 = A ∆t

ϵ
Yϵ,∆t

n +

√
2∆t
ϵ

B ∆t
ϵ

,1Γn,1 +

√
2∆t
ϵ

B ∆t
ϵ

,2Γn,2,
(2.15)

with initial values Xϵ,∆t
0 = xϵ

0 and Yϵ,∆t
0 = yϵ

0.
On the one hand, in the scheme (2.15), the slow component of (2.7) is discretized using a linear

implicit Euler scheme: the definition can be rewritten as

Xϵ,∆t
n+1 = Xϵ,∆t

n − τΛXϵ,∆t
n+1 + τF (Xϵ,∆t

n ,Yϵ,∆t
n+1),

which means that the linear part is discretized implicitly, whereas the nonlinearity part is discretized
explicitly with respect to the slow component Xϵ and implicitly with respect to the fast component
Yϵ. This choice is motivated by the analysis of the scheme when ϵ → 0.

On the other hand, the fast component is discretized using the modified Euler scheme introduced
in the recent work [8]: we refer to this preprint for the construction and the properties of this scheme,
below we only recall the notation required in the analysis of the scheme (2.15). Some properties of the
scheme (2.15) are in fact already studied in [8, Section 9.1]. As explained in [10] (SDE case) and [8]
SPDE case), discretizing the fast component using the standard linear implicit Euler scheme would
not be appropriate in the regime ϵ → 0. The main advantage of the modified Euler scheme is the
preservation of the invariant distribution ν, for any choice of the time-step size ∆t. The main tool to
analyze the modified Euler scheme is the interpretation as the accelerated exponential Euler scheme
applied to a modified stochastic evolution equation (see [8, Section 3.3]): using the notation τ = ∆t

ϵ
and tτn = nτ , one has the equality in distribution(

Yϵ,∆t
n

)
n≥0 =

(
Yτ

n

)
n≥0,

where

Yτ
n+1 = e−τΛτ Yτ

n +
√

2
∫ tτ

n+1

tτ
n

e−(tτ
n+1−t)ΛτQ

1
2
τ dW (s), (2.16)

with initial value Yτ
0 = yϵ

0 = Yϵ,∆t
0 . The linear operators Λτ , Qτ and Q

1
2
τ are defined by the following

expressions: 

Λτx =
∑
j∈N

λτ,j⟨x, ej⟩ej

Qτx =
∑
j∈N

qτ,j⟨x, ej⟩ej

Q
1
2
τ x =

∑
j∈N

√
qτ,j⟨x, ej⟩ej ,

(2.17)
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where the eigenvalues are defined for all j ∈ N and τ ∈ (0,∞) by
λτ,j = log(1 + τλj)

τ
∈ (0, λj)

qτ,j = log(1 + τλj)
τλj

∈ (0, 1).
(2.18)

The auxiliary process defined by (2.16) satisfies Yτ
n = Yτ (tτn) for all n ≥ 0, where the process

(
Yτ (t)

)
t≥0

is the mild solution of the modified stochastic evolution equation

dYτ (t) = −Λτ Yτ (t)dt+
√

2Q
1
2
τ dW (t). (2.19)

Let α ∈ [0, 1] and set

Cα = sup
z∈(0,∞)

z−α

∣∣∣∣ log(1 + z)
z

− 1
∣∣∣∣ < ∞.

One then obtains the following bounds (see [8, Section 5.1]): for all τ ∈ (0,∞) and j ∈ N,{
0 ≤ λj − λτ,j ≤ Cατ

αλ1+α
j

0 ≤ 1 − qτ,j ≤ Cατ
αλα

j ,
(2.20)

which are used below to analyze the error.
Let us provide two results on the numerical scheme (2.15) which are used below to prove the main

result of this article.

Lemma 2.1. Let Assumption 3 be satisfied. Then one has
sup

ϵ∈(0,ϵ0),∆t∈(0,∆t0)
sup
n≥0

E[|Yϵ,∆t
n |2] < ∞. (2.21)

Moreover, for all T ∈ (0,∞), there exists C(T ) ∈ (0,∞) such that for all ϵ ∈ (0, ϵ0) and ∆t = T/N ∈
(0,∆t0), one has

sup
0≤n≤N

E[|Xϵ,∆t
n |2] ≤ C(T )(1 + |x0|2). (2.22)

Proof of Lemma 2.1. Let us first prove the inequality (2.21). One has, for all n ≥ 0, the equality
in distribution

Yϵ,∆t
n = Yτ

n = Yτ (tτn) = e−tτ
nΛτ yϵ

0 +
√

2
∫ tτ

n

0
e−(tτ

n−t)ΛτQ
1
2
τ dW (t).

On the one hand, for all n ≥ 0 and ∆t ∈ (0,∆t0), one has
sup

ϵ∈(0,ϵ0)
|e−tτ

nΛτ yϵ
0| ≤ sup

ϵ∈(0,ϵ0)
|yϵ

0| < ∞,

owing to Assumption 3, since λτ,j ≥ 0 for all j ∈ N and τ ∈ (0,∞).
On the other hand, using Itô’s isometry formula, it is straightforward to check that one has

E
[∣∣∣∣√2

∫ tτ
n

0
e−(tτ

n−t)ΛτQ
1
2
τ dW (s)

∣∣∣∣2] ≤
∫

|y|2dν(y) =
∑
j∈N

1
λj

< ∞.

This concludes the proof of the inequality (2.21). Let us now prove the inequality (2.22). Since F is
globally Lipschitz continuous (Assumption 2) and since ∥A∆t∥L(H) ≤ 1, for all n ≥ 0, one has

|Xϵ,∆t
n+1| ≤ |Xϵ,∆t

n | + ∆t|F (Xϵ,∆t
n ,Yϵ,∆t

n+1)|

≤ (1 + C∆t)|Xϵ,∆t
n | + C∆t(1 + |Yϵ,∆t

n+1|).
Since supϵ∈(0,ϵ0) |xϵ

0| ≤ C(1 + |x0|) owing to Assumption 3, the inequality (2.22) is then obtained by a
straightforward argument, using the inequality (2.21) proved above. The proof of Lemma 2.1 is thus
completed.
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Lemma 2.2. For all κ ∈ (0, 1) and T ∈ (0,∞), there exists Cκ(T ) ∈ (0,∞) such that for all ϵ ∈ (0, ϵ0)
and ∆t = T/N ∈ (0,∆t0), for all n ∈ {1, . . . , N}, one has(

E[|Λ1−κXϵ,∆t
n |2]

) 1
2 ≤ Cκ(T )

(n∆t)1−κ
(1 + |x0|). (2.23)

Moreover, all κ ∈ (0, κ0) and T ∈ (0,∞), there exists Cκ(T ) ∈ (0,∞) such that for all ϵ ∈ (0, ϵ0) and
∆t = T/N ∈ (0,∆t0), one has

sup
0≤n≤N

(
E[|Λ

κ
2 Xϵ,∆t

n |2]
) 1

2 ≤ Cκ(T )(1 + |Λ
κ
2 x0|). (2.24)

Finally, for all n ∈ {1, . . . , N}, one has(
E[|Xϵ,∆t

n+1 − Xϵ,∆t
n |2]

) 1
2 ≤ Cκ(T )

(n∆t)1−κ
∆t1−κ(1 + |x0|) (2.25)

and for all n ∈ {0, . . . , N}, one has(
E[|Λ−1+κ(Xϵ,∆t

n+1 − Xϵ,∆t
n

)
|2]
) 1

2 ≤ Cκ(T )∆t1−κ(1 + |x0|). (2.26)

Proof of Lemma 2.2. Using the inequality (2.14), the identity

Xϵ,∆t
n = An

∆tx
ϵ
0 + ∆t

n−1∑
ℓ=0

An−ℓ
∆t F (Xϵ,∆t

ℓ ,Yϵ,∆t
ℓ ),

the moment bound (2.23) for Λ1−κXϵ,∆t
n is obtained as follows: for all n ∈ {1, . . . , N}, one has(

E[|Λ1−κXϵ,∆t
n |2]

) 1
2 ≤ Cκ

(n∆t)1−κ
|x0| + ∆t

n−1∑
ℓ=0

Cκ(
(n− ℓ)∆t

)1−κ

(
E[|F (Xϵ,∆t

ℓ ,Yϵ,∆t
ℓ )|2]

) 1
2

≤ Cκ

(n∆t)1−κ
|x0| + ∆t

n−1∑
ℓ=0

Cκ(
(n− ℓ)∆t

)1−κ (1 + |x0|)

≤ Cκ(T )
(n∆t)1−κ

(1 + |x0|).

The moment bound (2.24) is proved using in addition the condition |Λ
κ
2 x0| ≤ |Λ

κ0
2 x0| < ∞ from

Assumption 3 for all n ∈ {0, . . . , N}, one has(
E[|Λ

κ
2 Xϵ,∆t

n |2]
) 1

2 ≤ |Λ
κ
2 xϵ

0| + ∆t
n−1∑
ℓ=0

Cκ(
(n− ℓ)∆t

)κ
2

(
E[|F (Xϵ,∆t

ℓ ,Yϵ,∆t
ℓ )|2]

) 1
2

≤ |Λ
κ
2 xϵ

0| + ∆t
n−1∑
ℓ=0

Cκ(
(n− ℓ)∆t

)κ
2

(1 + |x0|)

≤ Cκ(T )(1 + |Λ
κ
2 x0|).

Let us now prove the inequality (2.25). Using the inequality
∥Λ−α(A∆t − I)∥L(H) ≤ Cα∆tα,

with Cα ∈ (0,∞), and the definition (2.15) of the scheme, one has
|Xϵ,∆t

n+1 − Xϵ,∆t
n | = |(A∆t − I)Xϵ,∆t

n + ∆tA∆tF (Xϵ,∆t
n ,Yϵ,∆t

n+1|

≤ |(A∆t − I)Xϵ,∆t
n | + ∆t|F (Xϵ,∆t

n ,Yϵ,∆t
n+1)|

≤ Cκ∆t1−κ|Λ1−κXϵ,∆t
n | + ∆t

(
1 + |Xϵ,∆t

n | + |Yϵ,∆t
n+1|

)
.
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Using the moment bounds (2.22) and (2.21) from Lemma 2.1 and the moment bound (2.23) proved
above, one then obtains the inequality (2.25).
Finally, to obtain the inequality (2.26), note that

|Λ−1+κ(Xϵ,∆t
n+1 − Xϵ,∆t

n

)
| ≤ |Λ−1+κ(A∆t − I)Xϵ,∆t

n | + ∆t|F (Xϵ,∆t
n ,Yϵ,∆t

n+1)|

≤ Cκ∆t1−κ|Xϵ,∆t
n | + ∆t

(
1 + |Xϵ,∆t

n | + |Yϵ,∆t
n+1|

)
.

Using the moment bounds (2.22) and (2.21) from Lemma 2.1, one then obtains the inequality (2.26).
The proof of Lemma 2.2 is completed.

3. Main results

3.1. Asymptotic preserving property

Introduce the limiting scheme defined as follows: for all ∆t = T/N ∈ (0,∆t0) and n ∈ {0, . . . , N − 1},
set

X∆t
n+1 = A∆tX∆t

n + ∆tA∆tF (X∆t
n ,Λ− 1

2 Γn) (3.1)
with initial value X∆t

0 = x0.

Lemma 3.1. For all T ∈ (0,∞), there exists C(T ) ∈ (0,∞) such that for all ∆t = T/N ∈ (0,∆t0),
one has

sup
0≤n≤N

E[|X∆t
n |2] ≤ C(T )(1 + |x0|2). (3.2)

Proof of Lemma 3.1. Since F is globally Lipschitz continuous (Assumption 2), for all n ≥ 0, one
has

|X∆t
n+1| ≤ |X∆t

n | + ∆t|F (X∆t
n ,Λ− 1

2 Γn)|

≤ (1 + C∆t)|X∆t
n | + C∆t(1 + |Λ− 1

2 Γn|).
Using the property

E[|Λ− 1
2 Γn|2] =

∑
j∈N

1
λj

< ∞,

the inequality (3.2) is obtained by a straightforward argument. This concludes the proof of Lem-
ma 3.1.

The fact that (3.1) defines the limiting scheme associated with the scheme (2.15) when ϵ → 0 for
fixed time-step size ∆t is justified by Proposition 3.

Proposition 3. Let φ : H → R be a globally Lipschitz continuous function. For all T ∈ (0,∞),
∆t ∈ (0,∆t0) and n ∈ {0, . . . , N}, one has

lim
ϵ→0

E[φ(Xϵ,∆t
n )] = E[φ(X∆t

n )]. (3.3)

In addition, the limiting scheme (3.1) is consistent with the limiting evolution equation (2.11), as
justified by Proposition 4 below.

Proposition 4. For all κ ∈ (0, 1) and T ∈ (0,∞), there exists Cκ(T ) ∈ (0,∞) such that for any
function φ : H → R of class C2 with bounded first and second order derivatives, for all ∆t ∈ (0,∆t0),
one has

|E[φ(X∆t
N )] − φ(X(T ))| ≤ Cκ(T )|||φ|||2∆t1−κ(1 + |x0|2). (3.4)
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Combining Propositions 3 and 4 shows that the scheme (2.15) is asymptotic preserving.
The proofs of Propositions 3 and 4 are postponed to Section 5.1 and Section 5.2 respectively. In

fact, those two results are reformulations of [8, Theorem 91], and the proofs are given to make the
presentation of the analysis of the scheme (2.15) self-contained. In addition, Proposition 4 is employed
in the proof of the main result of this article.

3.2. Uniform weak error estimates

The main result of this article is Theorem 3.2, which gives uniform weak error estimates for the
numerical scheme.

Theorem 3.2. For all κ ∈ (0, κ0) and T ∈ (0,∞), there exists Cκ(T ) ∈ (0,∞) such that for any
function φ : H → R of class C3 with bounded derivatives of order 1, 2, 3, for all ∆t = T/N ∈ (0,∆t0)
and ϵ ∈ (0, ϵ0), one has

|E[φ(Xϵ,∆t
N )] − E[φ(Xϵ(T ))]| ≤ Cκ(T )∆t

1
3 −κ|||φ|||3

(
1 + |Λ

κ0
2 x0|2

)
. (3.5)

The proof of Theorem 3.2 is given in Section 3.4 below, as a consequence of several auxiliary error
estimates stated in Section 3.3 below, which are proved in Section 6 using non-trivial arguments and
lengthy computations.

3.3. Auxiliary error estimates

The proof of Theorem 3.2 is based on using several auxiliary error estimates.
Let us first introduce the following auxiliary scheme: for all ∆t = T/N ∈ (0,∆t0), x ∈ H and

n ∈ {0, . . . , N − 1}, set
X∆t;x

n+1 = A∆tX
∆t;x
n + ∆tA∆tF (X∆t;x

n ) (3.6)

with initial value X∆t;x
0 = x ∈ H. The scheme (3.6) is the standard linear implicit Euler scheme applied

to the limiting evolution equation (2.11). One has the following convergence result.

Proposition 5. For all κ ∈ (0, κ0) and T ∈ (0,∞), there exists Cκ(T ) ∈ (0,∞) such that for all
∆t ∈ (0,∆t0) one has

|X∆t;x0
n − X(n∆t)| ≤ Cκ(T )∆t1−κ

(
1 + 1

(n∆t)1−κ
|x0|

)
. (3.7)

Even if Proposition 5 is a standard result in the numerical analysis of parabolic evolution equations,
its proof is given in Section 6.1 for completeness. Note that the initial value x0 is only assumed to
satisfy x0 ∈ H in this statement.

Proposition 6 provides a weak error estimate where the right-hand side is allowed to depend on ϵ.
This result provides the consistency of the scheme (2.15) for the approximation of Xϵ(T ) for any value
of ϵ ∈ (0, ϵ0). The order of convergence with respect to ∆t is equal to 1/2.

Proposition 6. For all κ ∈ (0, κ0) and T ∈ (0,∞), there exists Cκ(T ) ∈ (0,∞) such that for any
function φ : H → R of class C3 with bounded derivatives of order 1, 2, 3, for all ∆t = T/N ∈ (0,∆t0)
and ϵ ∈ (0, ϵ0), one has

|E[φ(Xϵ,∆t
N )] − E[φ(Xϵ(T ))]| ≤ Cκ(T )

((∆t
ϵ

) 1
2 −κ

+ ∆t
ϵ

)
|||φ|||3

(
1 + |Λ

κ
2 x0|2

)
. (3.8)

The proof of Proposition 6 is the most delicate part of the analysis in this article.
Finally, Proposition 7 is a variant of Proposition 2 in discrete-time, and is related to Proposition 3

above.
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Proposition 7. For all κ ∈ (0, κ0) and T ∈ (0,∞), there exists Cκ(T ) ∈ (0,∞) such that for any
function φ : H → R of class C2 with bounded first and second order derivatives, for all ∆t = T/N ∈
(0,∆t0) and ϵ ∈ (0, ϵ0), one has

|E[φ(Xϵ,∆t
N )] − E[φ(X∆t

N )]| ≤ Cκ(T )
(

ϵ

∆tκ + ∆t1−κ
)

|||φ|||2(1 + |x0|2). (3.9)

See [10, Lemma 5.4] for a similar statement in the finite dimensional SDE case. Note that the
right-hand side of (3.9) goes to infinity when ∆t → 0, but the upper bound is sufficient for the proof
of Theorem 3.2. Having ϵ instead of ϵ

∆tκ would not change the result. The presence of ∆tκ, with
arbitrarily small κ ∈ (0, κ0) is due to arguments on the analysis of parabolic semilinear evolution
equations.

3.4. Proof of Theorem 3.2

The proof of Theorem 3.2 is a straightforward consequence of auxiliary weak error estimates which have
been stated above. Let us first obtain the weak error estimate (2.12) as a straightforward consequence
of the results stated above.

Proof of the inequality (2.12). The weak error in the right-hand side of (2.12) can be decom-
posed as

|E[φ(Xϵ(T ))] − E[φ(X(T ))]|

≤ |E[φ(Xϵ(T ))] − E[φ(Xϵ,∆t
N )]| + |E[φ(Xϵ,∆t

N )] − E[φ(X∆t
N )]| + |E[φ(X∆t

N )] − E[φ(X(T ))]|,
where the value of ∆t = T/N in the right-hand side of the inequality above is arbitrary. Since the value
of the left-hand side is independent of ∆t, choosing N = ϵ−2 + 1 and using the inequalities (3.8), (3.9)
and (3.4) from Propositions 6, 7 and 4 respectively gives the inequality (2.12).

Proof of Theorem 3.2. The weak error E[φ(Xϵ,∆t
N )]−E[φ(Xϵ(T ))] can be treated using two different

strategies.
On the one hand, one has the inequality (3.8) from Proposition 6:

|E[φ(Xϵ,∆t
N )] − E[φ(Xϵ(T ))]| ≤ Cκ(T )

((∆t
ϵ

) 1
2 −κ

+ ∆t
ϵ

)
|||φ|||3

(
1 + |Λ

κ
2 x0|2

)
.

On the other hand, one has
|E[φ(Xϵ,∆t

N )] − E[φ(Xϵ(T ))]|

≤ |E[φ(Xϵ,∆t
N )] − E[φ(X∆t

N )]| + |E[φ(X∆t
N )] − φ(X(T ))| + |φ(X(T )) − E[φ(Xϵ(T ))]|

≤ Cκ(T )
(

ϵ

∆tκ + ∆t1−κ
)

|||φ|||2(1 + |x0|2)

+ Cκ(T )|||φ|||2∆t1−κ(1 + |x0|2) + Cκ(T )|||φ|||3ϵ1−κ(1 + |Λ
κ
2 x0|2

)
,

using the inequalities (3.9), (3.4) and (2.12) from Propositions 7, 4 and 2 respectively.
Combining the two upper bounds, one obtains

|E[φ(Xϵ,∆t
N )] − E[φ(Xϵ(T ))]| ≤ min

(
R1(∆t, ϵ), R2(∆t, ϵ)

)
where R1(∆t, ϵ) and R2(∆t, ϵ) denote the right-hand sides of the two inequalities above. In the regime
∆t

1
3 ≤ ϵ, one has

min
(
R1(∆t, ϵ), R2(∆t, ϵ)

)
≤ R1(∆t, ϵ) ≤ Cκ,1(T, x0)∆t

1
3 −κ,

188



Uniform error bounds for an AP scheme for SPDE systems

whereas in the regime ∆t
1
3 ≥ ϵ, one has

min
(
R1(∆t, ϵ), R2(∆t, ϵ)

)
≤ R2(∆t, ϵ) ≤ Cκ,2(T, x0)∆t

1
3 −κ.

As a result, one obtains for all ∆t and ϵ

|E[φ(Xϵ,∆t
N )] − E[φ(Xϵ(T ))]| ≤ Cκ(T, x0)∆t

1
3 −κ

with
Cκ(T, x0) = max

(
Cκ,1(T, x0), Cκ,2(T, x0)

)
.

Since the parameter κ ∈ (0, κ0) is arbitrarily small, the proof of Theorem 3.2 is thus completed.

Remark 1. If the fast component Yϵ of the SPDE system (2.7) is discretized using the accelerated
exponential Euler scheme, one obtains the scheme

Xϵ,∆t
n+1 = A∆t

(
Xϵ,∆t

n + ∆tF (Xϵ,∆t
n ,Yϵ,∆t

n+1)
)

Yϵ,∆t
n+1 = e− ∆t

ϵ
ΛYϵ,∆t

n +
√

2
ϵ

∫ tn+1

tn

e− tn+1−t

ϵ dW (s),
(3.10)

with initial values Xϵ,∆t
0 = xϵ

0 and Yϵ,∆t
0 = yϵ

0.
The result of Theorem 3.2 is valid also for the scheme (3.10). In fact, the proof of Proposition 6

would be simpler for that scheme: for instance the error terms e1,ϵ,∆t
n and e2,ϵ,∆t

n defined by (6.11)
and (6.12) below would vanish. We thus focus only on the analysis of the scheme (2.15).

Note that the scheme (3.10) can be applied only if the eigenvalues λj and eigenfunctions ej of the
linear operator Λ (see Assumption 2) are known (in which case it is appropriate to use a spectral
Galerkin discretization in space). On the contrary, the scheme (2.15), based on the modified Euler
scheme introduced in [8], can be applied without this knowledge, and it is appropriate to combine it
with a finite difference discretization in space.

It thus remains to establish all the auxiliary results used in the proof of Theorem 3.2 above.

4. Regularity estimates for solutions of Kolmogorov equations

Let φ : H → R be a continuous mappping. The weak error analysis requires to study the regularity
and growth properties of the auxiliary mappings (t, x, y) ∈ [0, T ] × H 7→ uϵ(t, x, y) and (n, x) ∈
{0, . . . , N} ×H 7→ u∆t

n (x) defined by
uϵ(t, x, y) = Ex,y[φ(Xϵ(t))], (4.1)

u∆t
n (x) = φ(X∆t;x

n ), (4.2)

where
(
Xϵ(t),Yϵ(t)

)
t∈[0,T ] is the mild solution of (2.7) with initial values Xϵ(0) = x and Yϵ(0) = y (this

is the meaning of the notation Ex,y[ · ] in (4.1)), and where
(
X∆t;x

n

)
n=0,...,N

is the solution of (3.6).
The function uϵ is solution of the Kolmogorov equation

∂tu
ϵ(t, x, y) = ⟨Dxu

ϵ(t, x, y),−Λx+F (x, y)⟩+ 1
ϵ

(
−⟨Dyu

ϵ(t, x, y),Λy⟩+
∑
j∈N

D2
yu

ϵ(t, x, y).(ej , ej)
)
, (4.3)

with initial value uϵ(0, x, y) = φ(x). We refer to the monograph [11] for results on infinite dimensional
Kolmogorov equations. In this section, it would be convenient to introduce a spectral Galerkin ap-
proximation procedure to justify all the computations. This is a standard tool, and to simplify the
notation this is omitted in the sequel. All the upper bounds are understood to hold uniformly with
respect to the auxiliary approximation parameter.
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Let us first state regularity results for the mapping uϵ.

Lemma 4.1. For all T ∈ (0,∞) and κ ∈ (0, 1], α ∈ [0, 1), α1, α2 ∈ [0, 1) such that α1 +α2 < 1, there
exist Cκ(T ), Cα(T ), Cα1,α2(T ) ∈ (0,∞) such that for all ϵ ∈ (0, ϵ0) and all φ : H → R of class C3 with
bounded derivatives of order 1, 2, 3, one has the following inequalities.

(1) For all t ∈ (0, T ], x, y ∈ H and h ∈ H, one has

|⟨Dxu
ϵ(t, x, y), h⟩| + 1

ϵ
|⟨Dyu

ϵ(t, x, y), h⟩| ≤ Cα(T )
tα

|||φ|||1|Λ−αh|. (4.4)

(2) For all t ∈ (0, T ], x, y ∈ H and h1, h2 ∈ H, one has

|D2
xu

ϵ(t, x, y).(h1, h2)| + 1
ϵ1−α1

|DxDyu
ϵ(t, x, y).(h1, h2)| + 1

ϵ
|D2

yu
ϵ(t, x, y).(h1, h2)|

≤ Cα1,α2(T )
tα1+α2

|||φ|||2∥Λ−α1h1||Λ−α2h2|. (4.5)

(3) For all t ∈ (0, T ], x, y ∈ H2κ and h ∈ H2κ, one has

|∂t⟨Dxu
ϵ(t, x, y), h⟩| ≤ 1

ϵ

Cκ(T )
t1−κ

|||φ|||3(1 + |Λκx| + |Λκy|)|Λκh|. (4.6)

Lemma 4.1 is a variant of [10, Lemma 5.5] (SDE case), with a more precise analysis of the dependence
with respect to the parameter ϵ of the derivatives with respect to the variable y. In addition, in order
to obtain the optimal weak order of convergence with respect to ∆t (with fixed ϵ) in Proposition 6,
one needs to choose α, α1, α2 > 0. The bounds of type (4.4) and (4.5) are specific to the parabolic
semilinear evolution equations setting, and are related to the smoothing inequality (2.3). We refer for
instance [9] and [16] for similar results (with fixed ϵ) and their use to prove weak error estimates.

Let us now provide regularity results for the mappings u∆t
n defined by (4.2).

Lemma 4.2. For all T ∈ (0,∞) and κ ∈ (0, 1], there exists Cκ(T ) ∈ (0,∞) such that for all ∆t ∈
(0,∆t0), all x, y ∈ H, all h, k ∈ H, all n ∈ {1, . . . , N}, and all φ : H → R of class C2 with bounded
derivatives of order 1, 2, one has

|⟨Du∆t
n (x), h⟩| ≤ Cκ(T )

(n∆t)1−κ
|||φ|||1

(
∆t|h| + |Λ−1+κh|

)
(4.7)

|D2u∆t
n (x).(h, k)| ≤ Cκ(T )

(n∆t)1−κ
|||φ|||2

(
∆t|h| + |Λ−1+κh|

)
|k| (4.8)

|⟨Du∆t
n+1(x) −Du∆t

n (x), h⟩| ≤ Cκ(T )∆t1−κ

(n∆t)1−κ
|||φ|||2(1 + |x|)|h|. (4.9)

Note that with κ = 1, the inequalities (4.7) and (4.8) provide the following result:

sup
0≤∆t≤∆t0

sup
0≤n≤N

|||un|||2 ≤ C(T )|||φ|||2. (4.10)

Lemma 4.2 is a variant of [10, Lemma 5.7] (SDE case), where like in Lemma 4.1 one needs 1−κ ̸= 0.
The proof employs the discrete time version (2.14) of the smoothing inequality (2.3). See also [6,
Lemma 7.2] for a variant of Lemma 4.2 (analysis of HMM schemes in the SPDE case).

The proof of Lemma 4.1 is given in Section 4.1, whereas the proof of Lemma 4.2 is given in Sec-
tion 4.2.
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4.1. Proof of Lemma 4.1

Recall the notation H = H × H. For all h = (hx, hy) ∈ H, one has the following expression for the
first-order derivatives:

Duϵ(t, x, y).h = Dxu
ϵ(t, x, y).hx +Dyu

ϵ(t, x, y).hy

= Ex,y[Dφ(Xϵ(t, x, y)).ηϵ,h
x (t)]

where t ∈ [0, T ] 7→ ηh(t) = (ηϵ,h
x (t), ηϵ,h

y (t)) ∈ H is solution of
dηϵ,h

x (t)
dt = −Ληϵ,h

x (t) +DxF (Xϵ(t),Yϵ(t)).ηϵ,h
x (t) +DyF (Xϵ(t),Yϵ(t)).ηϵ,h

y (t)

dηϵ,h
y (t)
dt = −1

ϵ
Ληϵ,h

y (t),

with initial values ηϵ,h
x (0) = hx and ηϵ,h

y (0) = hy.
For all h1 = (h1

x, h
1
y) ∈ H and h2 = (h2

x, h
2
y) ∈ H, one has the following expression for the second-

order derivatives:

D2uϵ(t, x, y).(h1,h2) = D2
xu

ϵ(t, x, y).(h1
x, h

2
x) +D2

yu
ϵ(t, x, y).(h1

y, h
2
y)

+DxDyu
ϵ(t, x, y).(h1

x, h
2
y) +DyDxu

ϵ(t, x, y).(h1
y, h

2
x)

= Ex,y[Dφ(Xϵ(t)).ζϵ,h1,h2
x (t)] + Ex,y[D2φ(Xϵ(t)).(ηϵ,h1

x (t), ηϵ,h2
x (t))],

where t ∈ [0, T ] 7→ ζϵ,h1,h2(t) = (ζϵ,h1,h2
x (t), ζϵ,h1,h2

y (t)) ∈ H is solution of



dζϵ,h1,h2
x (t)

dt = −Λζϵ,h1,h2
x (t) +DxF (Xϵ(t),Yϵ(t)).ζϵ,h1,h2

x (t) +DyF (Xϵ(t),Yϵ(t)).ζϵ,h1,h2
y (t)

+D2F (Xϵ(t),Yϵ(t)).(ηϵ,h1(t), ηϵ,h2(t))

dζϵ,h1,h2
y (t)

dt = 0,

with initial values ζϵ,h1,h2
x (0) = ζϵ,h1,h2

y (0) = 0. In the expressions above, the fact that the initial value
= uϵ(0, x, y) = φ(x) is independent of y is used.

Proof of the inequality (4.4). Let α ∈ [0, 1).
Observe that for all t ≥ 0, one has ηh

y (t) = e− t
ϵ
Λhy. As a consequence, using the semigroup property

and the smoothing inequality (2.3), for all t ∈ (0,∞), one obtains

|ηϵ,h
y (t)| ≤ Cα

ϵα

tα
|e− t

2ϵ
Λhy| ≤ Cαe

− λ1t

2ϵ
ϵα

tα
|Λ−αhy|. (4.11)

Introduce an auxiliary process defined by η̃ϵ,h
x (t) = ηϵ,h

x (t) − e−tΛhx for all t ≥ 0. Using the mild
formulation

ηϵ,h
x (t) = e−tΛhx +

∫ t

0
e−(t−s)ΛDxF (Xϵ(s),Yϵ(s)).ηϵ,h

x (s)ds

+
∫ t

0
e−(t−s)ΛDyF (Xϵ(s),Yϵ(s)).ηϵ,h

y (s)ds,
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one obtains, for all t ∈ [0, T ],

η̃ϵ,h
x (t) =

∫ t

0
e−(t−s)ΛDxF (Xϵ(s),Yϵ(s)).η̃ϵ,h

x (s)ds

+
∫ t

0
e−(t−s)ΛDxF (Xϵ(s),Yϵ(s)).e−sΛhxds

+
∫ t

0
e−(t−s)ΛDyF (Xϵ(s),Yϵ(s)).e− s

ϵ
Λhyds.

Since the mappings DxF and DyF are bounded (Assumption 2), using the smoothing inequality (2.3)
and the bound above, one then has

|η̃ϵ,h
x (t)| ≤ C

∫ t

0
|η̃ϵ,h

x (s)|ds+ C

∫ t

0
|e−sΛhx|ds+ C

∫ t

0
|e− s

ϵ
Λhy|ds

≤ C

∫ t

0
|η̃h

x(s)|ds+ Cα

∫ t

0
s−αds|Λ−αhx| + Cα

∫ t

0
e− λ1s

2ϵ
ϵα

sα
|Λ−αhy|ds

≤ C

∫ t

0
|η̃h

x(s)|ds+ Cα(T )
(
|Λ−αhx| + ϵ|Λ−αhy|

)
with Cα(T ) =

∫ T
0 s−αds+

∫∞
0 e− λ1s

2 s−αds < ∞, by a straightforward change of variables argument in
the integral.
Applying Gronwall’s inequality, one then obtains

sup
0≤t≤T

|η̃ϵ,h
x (t)| ≤ Cα(T )

(
|Λ−αhx| + ϵ|Λ−αhy|

)
,

with Cα(T ) ∈ (0,∞), independent of ϵ ∈ (0, ϵ0). Therefore, for all t ∈ (0, T ], one obtains the inequality

|ηϵ,h
x (t)| ≤ Cα(T )

( 1
tα

|Λ−αhx| + ϵ|Λ−αhy|
)
. (4.12)

Since Dφ is bounded, one finally obtains the inequality

|Duϵ(t, x, y).h| ≤ Cκ(T )|||φ|||1
( 1
tα

|Λ−αhx| + ϵ|Λ−αhy|
)
,

for all t ∈ (0, T ]. Considering the cases h = (hx, hy) = (h, 0) and h = (hx, hy) = (0, h) then concludes
the proof of the inequality (4.4).

Proof of the inequality (4.5). Let α1, α2 ∈ [0, 1) be such that α1 + α2 < 1.
Observe that ζh1,h2

y (t) = 0 for all t ≥ 0, and that, using a mild formulation, one has, for all t ≥ 0,

ζϵ,h1,h2
x (t) =

∫ t

0
e−(t−s)ΛDxF (Xϵ(s),Yϵ(s)).ζϵ,h1,h2

x (s)ds

+
∫ t

0
e−(t−s)ΛD2F (Xϵ(s),Yϵ(s)).(ηϵ,h1(s), ηϵ,h2(s))ds.

Using the inequalities (4.12) and (4.11), one then obtains

|ζϵ,h1,h2
x (t)| ≤ C

∫ t

0
|ζϵ,h1,h2

x (s)|ds+ C

∫ t

0
|ηϵ,h1(s)||ηϵ,h2(s)|ds

≤ C

∫ t

0
|ζϵ,h1,h2

x (s)|ds

+ Cα1,α2(T )
∫ t

0

(
s−α1 |Λ−α1h1

x| +
(
ϵ+ ϵα1

sα1
e− λ1s

2ϵ
)
|Λ−α1h1

y|
)

(
s−α2 |Λ−α2h2

x| +
(
ϵ+ ϵα2

sα2
e− λ1s

2ϵ
)
|Λ−α2h2

y|
)
ds
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≤ C

∫ t

0
|ζϵ,h1,h2

x (s)|ds

+ Cα1,α2(T )
(
|Λ−α1h1

x||Λ−α2h2
x| + ϵ|Λ−α1h1

y||Λ−α2h2
y|
)

+ Cα1,α2(T )
(
ϵ1−α1 |Λ−α1h1

x||Λ−α2h2
y| + ϵ1−α2 |Λ−α1h1

y||Λ−α2h2
x|
)
,

where Cα1,α2(T ) ∈ (0,∞) is independent of ϵ ∈ (0, ϵ0), using change of variables arguments in the
integrals, like in the proof of the inequality (4.4) above.
Applying Gronwall’s lemma then yields the inequality

sup
0≤t≤T

|ζϵ,h1,h2
x (t)| ≤ Cα1,α2(T )

(
|Λ−α1h1

x||Λ−α2h2
x| + ϵ|Λ−α1h1

y||Λ−α2h2
y|
)

+ Cα1,α2(T )
(
ϵ1−α1 |Λ−α1h1

x||Λ−α2h2
y| + ϵ1−α2 |Λ−α1h1

y||Λ−α2h2
x|
)
,

for all t ∈ [0, T ]. Using that inequality and (4.12), one then obtains
|D2uϵ(t, x, y).(h1,h2)| ≤ |||φ|||1|ζϵ,h1,h2

x (t)| + |||φ|||2|ηϵ,h1
x (t)||ηϵ,h2

x (t)|

≤ Cα1,α2(T )|||φ|||1
(
|Λ−α1h1

x||Λ−α2h2
x| + ϵ|Λ−α1h1

y||Λ−α2h2
y|
)

+ Cα1,α2(T )|||φ|||1
(
ϵ1−α1 |Λ−α1h1

x||Λ−α2h2
y| + ϵ1−α2 |Λ−α1h1

y||Λ−α2h2
x|
)

+ Cκ(T )|||φ|||2
( 1
tα1

|Λ−α1h1
x| + ϵ|Λ−α1h1

y|
)( 1

tα2
|Λ−α2h2

x| + ϵ|Λ−α2h2
y|
)
.

Let h, k ∈ H. Considering the case with h1 = (h1, 0) and h2 = (h2, 0), one obtains
|D2

xu
ϵ(t, x, y).(h1, h2)| = |D2uϵ(t, x, y).((h1, 0), (h2, 0))|

≤ Cα1,α2(T )
tα1+α2

|||φ|||2|Λ−α1h1||Λ−α2h2|.

Similarly, considering the case with h1 = (h1, 0) and h2 = (0, h2), one obtains
|DxDyu

ϵ(t, x, y).(h1, h2)| = |D2uϵ(t, x, y).((h1, 0), (0, h2))|

≤ ϵ1−α1Cα1,α2(T )
tα1

|||φ|||2|Λ−α1h1||Λ−α2h2|,

and considering the case with h1 = (0, h1) and h2 = (0, h2), one obtains
|D2

yu
ϵ(t, x, y).(h1, h2)| = |D2uϵ(t, x, y).((0, h1), (0, h2))|

≤ ϵCα1,α2(T )|||φ|||2|Λ−α1h1||Λ−α2h2|.
The proof of the inequality (4.5) is thus completed.

Proof of the inequality (4.6). Using the fact that uϵ solves the Kolmogorov equation (4.3), one has
∂t⟨Dxu

ϵ(t, x, y), h⟩ = ⟨Dx∂tu
ϵ(t, x, y), h⟩

= ⟨Dxu
ϵ(t, x, y),−Λh+DxF (x, y).h⟩ +D2

xu
ϵ(t, x, y).(−Λx+ F (x, y), h)

− 1
ϵ
DxDyu

ϵ(t, x, y).(h,Λy) + 1
ϵ

∑
j∈N

DxD
2
yu

ϵ(t, x, y).(h, ej , ej).

Using the inequality (4.4), one obtains the upper bound

|⟨Dxu
ϵ(t, x, y),−Λh+DxF (x, y).h⟩| ≤ Cκ(T )

t1−κ
|||φ|||1|Λκh|. (4.13)
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Using the inequality (4.5) and the linear growth property of F , one obtains the upper bounds

|D2
xu

ϵ(t, x, y).(−Λx+ F (x, y), h)| ≤ Cκ(T )
t1−κ

|||φ|||2(1 + |Λκx| + |y|)|h| (4.14)
and

|DxDyu
ϵ(t, x, y).(h,Λy)| ≤ Cκ(T )

t1−κ
|||φ|||2|Λκy||h|. (4.15)

In order to deal with the last term in the expression above, one needs to prove the following upper
bound: for all t ∈ (0, T ], x, y ∈ H and h1,h2,h3 ∈ H, one has

|D3uϵ(t, x, y).(h1,h2,h3)| ≤ Cκ(T )
t1−κ

|h1|(|Λ−1+κh2
x| + |Λ−1+κh2

y|)|h3|, (4.16)

with h2 = (h2
x, h

2
y). The proof of the auxiliary inequality (4.16) is similar to the proofs of the in-

equalities (4.4) and (4.5), but there is a crucial difference which makes the arguments simpler: the
inequality (4.16) states bounds which are uniform with respect to ϵ, whereas for the two other inequal-
ities the dependence with respect to ϵ is made more explicit. A version of (4.16) with a similar analysis
of the dependence with respect to ϵ may be obtained but is useless for the proof of the inequality (4.6)
and is therefore omitted.
Let us give the proof of the auxiliary inequality (4.16). One has the expression

D3uϵ(t, x, y).(h1,h2,h3) = Ex,y[Dφ(Xϵ(t)).ξϵ,h1,h2,h3
x (t)]

+ Ex,y[D2φ(Xϵ(t)).(ηϵ,h1
x (t), ζϵ,h2,h3

x (t))]

+ Ex,y[D2φ(Xϵ(t)).(ηϵ,h2
x (t), ζϵ,h3,h1

x (t))]

+ Ex,y[D2φ(Xϵ(t)).(ηϵ,h3
x (t), ζϵ,h1,h2

x (t))]

+ Ex,y[D3φ(Xϵ(t)).
(
ηϵ,h1

x (t), ηϵ,h2
x (t), ηϵ,h3

x (t))
)
],

where t ∈ [0, T ] 7→ ξϵ,h1,h2,h3(t) = (ξϵ,h1,h2,h3
x (t), ξϵ,h1,h2,h3

y (t))H is solution of

dξϵ,h1,h2,h3
x (t)

dt = −Λξϵ,h1,h2,h3
x (t) +DF (Xϵ(t),Yϵ(t)).ξϵ,h1,h2,h3(t)

+D2F (Xϵ(t),Yϵ(t)).(ηϵ,h1(t), ζϵ,h2,h3(t))

+D2F (Xϵ(t),Yϵ(t)).(ηϵ,h2(t), ζϵ,h3,h1(t))

+D2F (Xϵ(t),Yϵ(t)).(ηϵ,h3(t), ζϵ,h1,h2(t))

+D3F (Xϵ(t),Yϵ(t)).(ηϵ,h1(t), ηϵ,h2(t), ηh3(t)),

dξϵ,h1,h2,h3
y (t)

dt = 0,

with initial values ξϵ,h1,h2,h3
x (0) = 0 and ξϵ,h1,h2,h3

y (0) = 0.
In the proofs of the inequalities (4.4) and (4.5), the following auxiliary results have been obtained
(where the dependence with respect to ϵ is not indicated): for all t ∈ (0, T ], x, y ∈ H and h =
(hx, hy),k ∈ H, one has

|ηϵ,h(t)| ≤ Cκ(T )t−1+κ|Λ−1+κh|

|ζϵ,h,k(t)| ≤ Cκ(T )(|Λ−1+κhx| + |Λ−1+κhy|)|k|.
Using a mild formulation for ξϵ,h1,h2,h3

x (t), the boundedness of the derivatives of F of order 1, 2, 3 (As-
sumption 2), the two upper bounds above (and versions using symmetries with respect to permutations
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of h1, h2 and h3), and Gronwall’s lemma, one obtains the upper bound
sup

0≤t≤T
|ξϵ,h1,h2,h3

x (t)| ≤ Cκ(T )|h1|(|Λ− 1
2 −κh2

x| + |Λ− 1
2 −κh2

y|)|h3|.

Using the expression for D3uϵ(t, x, y).(h1,h2,h3) above and the upper bounds, the proof of the aux-
iliary inequality (4.16) is completed.
We are now in position to conclude the proof of the inequality (4.6): using the auxiliary inequal-
ity (4.16), the last term satisfies the following upper bound:∣∣∣∣∣∑

j∈N
DxD

2
yu

ϵ(t, x, y).(h, ej , ej)
∣∣∣∣∣ ≤ Cκ(T )

t1−κ
|||φ|||3|h|

∑
j∈N

λ−1+κ
j ≤ Cκ(T )

t1−κ
|||φ|||3|h|. (4.17)

Gathering the four upper bounds (4.13), (4.14), (4.15) and (4.17) and using the expression of
∂t⟨Dxu

ϵ(t, x, y), h⟩ then gives the inequality (4.6).

4.2. Proof of Lemma 4.2

Before proceeding with the proofs of the regularity estimates stated in Lemma 4.2, note that the
mapping u∆t

n : H → R is of class C2: this is proved by recursion using the expression

u∆t
n+1(x) = u∆t

n (A∆tx+ ∆tA∆tF (x)), (4.18)

with the initial value u∆t
0 = φ being of class C2.

In addition, using the identity

u∆t
n+1(x) = φ(A∆tX

∆t;x
n + ∆tA∆tF (X∆t;x

n )),

a recursion argument proves the following expressions: for all x, h, k ∈ H, and n ∈ {0, . . . , N}, one has

⟨Du∆t
n (x), h⟩ = ⟨Dφ(X∆;x

n ), η∆t;x,h
n ⟩ (4.19)

D2u∆t
n (x).(h, k) = D2φ(X∆t;x

n ).(η∆t;x,h
n , η∆t;x,k

n ) + ⟨Dφ(X∆t;x
n ), ζ∆t;x,h,k

n ⟩, (4.20)

where the auxiliary sequences
(
η∆t;x,h

n

)
n≥0 and

(
ζ∆t;x,h

n

)
n≥0 are defined by

η∆t;x,h
n+1 = A∆tη

∆t;x,h
n + ∆tA∆tDF (X∆t;x

n ).η∆t;x,h
n (4.21)

ζ∆t;x,h
n+1 = A∆tζ

∆t;x,h,k
n + ∆tA∆tDF (X∆t;x

n ).ζ∆t;x,h,k
n + ∆tA∆tD

2F (X∆t;x
n ).(η∆t;x,h

n , η∆t;x,k
n ), (4.22)

with initial values η∆t;x,h
0 = h and ζ∆t;x,h,k

0 = 0.

Proof of the inequality (4.7). Introduce the auxiliary variable η̃∆t;x,h
n = η∆t;x,h

n − An
∆th for all

n ∈ {0, . . . , N}. Using the inequality (2.14), one obtains
|⟨Du∆t

n (x), h⟩| ≤ |⟨Dφ(X∆t;x
n ),An

∆th⟩| + |⟨Dφ(X∆t;x
n ), η̃∆t;x,h

n ⟩|

≤ Cκ|||φ|||1
(n∆t)1−κ

|Λ−1+κh| + |||φ|||1|η̃∆t;x,h
n |.

Observe that the auxiliary sequence
(
η̃∆t;x,h

n

)
n≥0 satisfies for all n ≥ 0

η̃h
n+1 = A∆tη̃

h
n + ∆tA∆tDF (X∆t;x

n ).η̃h
n + ∆tA∆tDF (X∆t;x

n ).(An
∆th),

with η̃∆t;x,h
0 = 0. As a consequence, one obtains the equality

η̃∆t;x,h
n = ∆t

n−1∑
ℓ=0

An−ℓ
∆t DF (X∆t;x

ℓ ).η̃∆t;x,h
ℓ + ∆t

n−1∑
ℓ=0

An−ℓ
∆t DF (X∆t;x

ℓ ).(Aℓ
∆th),
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which gives, using the inequality (2.14), for all n ∈ {1, . . . , N}

|η̃∆t;x,h
n | ≤ C∆t

n−1∑
ℓ=0

|η̃∆t;x,h
ℓ | + C∆t

n−1∑
ℓ=0

|Aℓ
∆th|

≤ C∆t
n−1∑
ℓ=0

|η̃∆t;x,h
ℓ | + C∆t|h| + ∆t

n−1∑
ℓ=1

Cκ

(ℓ∆t)h
|Λ−1+κh|

≤ C∆t
n−1∑
ℓ=0

|η̃∆t;x,h
k | + C∆t|h| + Cκ(T )|Λ−1+κh|.

Applying the discrete Gronwall inequality yields
|η̃∆t;x,h

n | ≤ Cκ(T )(∆t|h| + |Λ−1+κh|)
for all n ∈ {0, . . . , N}, and finally one obtains the inequality

|⟨Du∆t
n (x), h⟩| ≤ Cκ|||φ|||1

(n∆t)1−κ
|Λ−1+κh| + |||φ|||1|η̃∆t;x,h

n |

≤ Cκ|||φ|||1
(n∆t)1−κ

|Λ−1+κh| + Cκ(T )|||φ|||1(∆t|h| + |Λ−1+κh|)

which concludes the proof of the inequality (4.7).

Proof of the inequality (4.8). Using the identity η∆t;x,h
n = An

∆th + η̃∆t;x,h
n for all n ∈ {0, . . . , N}

and the inequality above, one obtains
|D2u∆t

n (x).(h, k)| ≤ |||φ|||1|ζ∆t;x,h,k
n | + |||φ|||2|η∆t;x,h

n ||η∆t;x,k
n |

≤ |||φ|||1|ζ∆t;x,h,k
n | + Cκ(T )|||φ|||2

Cκ(T )
(n∆t)1−κ

|||φ|||1
(
∆t|h| + |Λ−1+κh|

)
|k|.

It remains to give an upper bound for |ζ∆t;x,h,k
n |: for all n ∈ {0, . . . , N}, one has

ζ∆t;x,h,k
n = ∆t

n−1∑
ℓ=0

An−ℓ
∆t DF (X∆t;x

ℓ ).ζ∆t;x,h,k
ℓ + ∆t

n−1∑
ℓ=0

An−ℓ
∆t D

2F (X∆t;x
ℓ ).(η∆t;x,h

ℓ , η∆t;x,k
ℓ ).

Since F : H → R is of class C2 with bounded first and second order derivatives, one obtains

|ζ∆t;x,h,k
n | ≤ C∆t

n−1∑
ℓ=0

|ζ∆t;x,h,k
ℓ | + C∆t

n−1∑
ℓ=0

|η∆t;x,h
ℓ ||η∆t;x,k

ℓ |

≤ C∆t
n−1∑
ℓ=0

|ζh,k
ℓ | + C∆t|h||k| + ∆t

n−1∑
ℓ=1

Cκ(T )
(ℓ∆t)1−κ

|Λ−1+κh||k|

≤ C∆t
n−1∑
ℓ=0

|ζh,k
ℓ | + Cκ(T )(∆t|h| + |Λ−1+κh|)|k|

for all n ∈ {0, . . . , N}. The discrete Gronwall inequality then yields
sup

0≤n≤N
|ζ∆t;x,h,k

n | ≤ Cκ(T )(∆t|h| + |Λ−1+κh|)|k|.

Gathering the estimates then concludes the proof of the inequality (4.8).

Proof of the inequality (4.9). Using the identity (4.18), for all x, h ∈ H and for all n ∈ {1, . . . , N},
one obtains the equality

⟨Du∆t
n+1(x), h⟩ = ⟨Du∆t

n

(
A∆tx+ ∆tA∆tF (x)

)
,A∆th+ ∆tA∆tDF (x).h⟩.
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As a consequence, one has the inequality
|⟨Du∆t

n+1(x) −Du∆t
n (x), h⟩| ≤ |⟨Du∆t

n (A∆tx+ ∆tA∆tF (x)) −Du∆t
n (x+ ∆tA∆tF (x)), h⟩|

+ |⟨Du∆t
n (x+ ∆tA∆tF (x)) −Du∆t

n (x), h⟩|

+ |⟨Du∆t
n (A∆tx+ ∆tA∆tF (x)), (A∆t − I)h⟩|

+ |⟨Du∆t
n (A∆tx+ ∆tA∆tF (x)),∆tA∆tDF (x).h⟩|

and it remains to prove upper bounds for the four terms appearing in the right-hand side above. Let
κ ∈ (0, 1].
• Using the inequality (4.8), for the first term, one obtains

|⟨Du∆t
n (A∆tx+ ∆tA∆tF (x)) −Du∆t

n (x+ ∆tA∆tF (x)), h⟩|

≤ Cκ(T )
(n∆t)1−κ

|||φ|||2
(
∆t|(A∆t − I)x| + |Λ−1+κ(A∆t − I)x|

)
|h|

≤ Cκ(T )∆t1−κ

(n∆t)1−κ
|||φ|||2|x||h|.

• Using the inequality (4.10) – or the inequality (4.8) with κ = 1 – and the global Lipschitz continuity
of F , for the second term, one obtains

|⟨Du∆t
n (x+ ∆tA∆tF (x)) −Du∆t

n (x), h⟩| ≤ C(T )|||φ|||2∆t|F (x)||h|
≤ C(T )∆t|||φ|||2(1 + |x|)|h|.

• Using the inequality (4.7), for the third term, one obtains

|⟨Du∆t
n (A∆tx+ ∆tA∆tF (x)), (A∆t − I)h⟩| ≤ Cκ(T )

(n∆t)1−κ
|||φ|||1

(
∆t|(A∆t − I)h| + |Λ−1+κ(A∆t − I)h|

)
≤ Cκ(T )∆t1−κ

(n∆t)1−κ
|||φ|||1|h|.

• Using the inequality (4.10) – or the inequality (4.7) with κ = 1 – and the global Lipschitz continuity
of F , for the fourth term, one obtains

|⟨Du∆t
n (A∆tx+ ∆tA∆tF (x)),∆tA∆tDF (x).h⟩| ≤ C(T )|||φ|||1∆t|A∆tDF (x).h|

≤ C(T )∆t|||φ|||1(1 + |x|)|h|.
Gathering the estimates for the fourth terms considered above, one obtains the upper bound

|⟨Du∆t
n+1(x) −Du∆t

n (x), h⟩| ≤ Cκ(T )∆t1−κ

(n∆t)1−κ
|||φ|||2(1 + |x|)|h|,

which concludes the proof of the inequality (4.9).

5. Proof of the asymptotic preserving property

This section is devoted to the proof of Propositions 3 and 4 stated in Section 3.1. The arguments are
the same as in the proof of [8, Theorem 9.1], however they are also given here to make the presentation
self-contained.

5.1. Proof of Proposition 3

Proof of Proposition 3. It is convenient to employ the following interpretation of the modified
Euler scheme (see [8, Section 3.2]): if

(
Γn
)

n≥0 is a sequence of independent cylindrical Gaussian random
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variables, one has the equality in distribution
B ∆t

ϵ
,1Γn,1 + B ∆t

ϵ
,2Γn,2 = B ∆t

ϵ
Γn

for all n ≥ 0, where the self-adjoint linear operator B ∆t
ϵ

= Bτ is defined by

Bτx =
∑
j∈N

√
2 + λjτ√

2 (1 + λjτ)
⟨x, ej⟩ej

for all x ∈ H, and satisfies the identity

B2
τ = B2

τ,1 + Bτ,2B⋆
τ,2 = 1

2
(
A2

τ + Aτ
)

= 1
2(2I + τΛ)(I + τΛ)−2.

As a consequence, one has the equality in distribution(
Xϵ,∆t

n ,Yϵ,∆t
n

)
n≥0 =

(
X̂ϵ,∆t

n , Ŷϵ,∆t
n

)
n≥0

where the scheme
(
X̂ϵ,∆t

n , Ŷϵ,∆t
n

)
n≥0 is defined by
X̂ϵ,∆t

n+1 = A∆t

(
X̂ϵ,∆t

n + τF (X̂ϵ,∆t
n , Ŷϵ,∆t

n+1)
)

Ŷϵ,∆t
n+1 = A ∆t

ϵ
Ŷϵ,∆t

n +

√
2∆t
ϵ

B ∆t
ϵ

Γn,
(5.1)

with initial values X̂ϵ,∆t
0 = xϵ

0 = Xϵ,∆t
0 and Ŷϵ,∆t

0 = yϵ
0 = Yϵ,∆t

0 . In particular, one has
E[φ(Xϵ,∆t

n )] = E[φ(X̂ϵ,∆t
n )].

Since the function φ is assumed to be globally Lipschitz continuous, it suffices to prove that, for all
n ∈ {0, . . . , N}, one has

E[|X̂ϵ,∆t
n − X∆t

n |] −→
ϵ→0

0.

Note that for all n ∈ {0, . . . , N}, one has the identities

X̂ϵ,∆t
n = An

∆tx
ϵ
0 + ∆t

n−1∑
ℓ=0

An−ℓ
∆t F (X̂ϵ,∆t

ℓ , Ŷϵ,∆t
ℓ+1 ),

X∆t
n = An

∆tx0 + ∆t
n−1∑
ℓ=0

An−ℓ
∆t F (X∆t

ℓ ,Λ− 1
2 Γℓ).

Therefore, for all n ∈ {0, . . . , N}, one has

E[|X̂ϵ,∆t
n − X∆t

n |] ≤ |xϵ
0 − x0| + ∆t

n−1∑
ℓ=0

E[|F (X̂ϵ,∆t
ℓ , Ŷϵ,∆t

ℓ+1 ) − F (X̂ϵ,∆t
ℓ ,Λ− 1

2 Γℓ)|]

≤ |xϵ
0 − x0| + ∆t

n−1∑
ℓ=0

E[|F (X̂ϵ,∆t
ℓ , Ŷϵ,∆t

ℓ+1 ) − F̂ (X∆t
ℓ , Ŷϵ,∆t

ℓ+1 )|]

+ ∆t
n−1∑
ℓ=0

E[|F (X∆t
ℓ , Ŷϵ,∆t

ℓ+1 ) − F (X∆t
ℓ ,Λ− 1

2 Γℓ,2)|]

≤ |xϵ
0 − x0| + C∆t

n−1∑
ℓ=0

E[|X̂ϵ,∆t
ℓ − X∆t

ℓ |] + C∆t
n−1∑
ℓ=0

E[|Ŷϵ,∆t
ℓ+1 − Λ− 1

2 Γℓ|],

using the global Lipschitz continuity property of F (Assumption 2).
Using a straightforward recursion argument (see details below), note that it suffices to check the
following claim: for all ℓ ≥ 0, one has

E[|Yϵ,∆t
ℓ+1 − Λ− 1

2 Γℓ|2] −→
ϵ→0

0.
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By the definition of the scheme (5.1), one has

Ŷϵ,∆t
ℓ+1 − Λ− 1

2 Γℓ = A ∆t
ϵ
Ŷϵ,∆t

ℓ +
(√

2∆t
ϵ

B ∆t
ϵ

− Λ− 1
2

)
Γℓ.

On the one hand, using the moment bound
sup

ϵ∈(0,ϵ0),∆t∈(0,∆t0)
sup
ℓ≥0

E[|Ŷϵ,∆t
ℓ |2] = sup

ϵ∈(0,ϵ0),∆t∈(0,∆t0)
sup
ℓ≥0

E[|Yϵ,∆t
ℓ |2] < ∞,

see the inequality (2.21) from Lemma 2.1, one obtains

E
[∣∣A ∆t

ϵ
Ŷϵ,∆t

ℓ

∣∣] ≤ C

1 + λ1
∆t
ϵ

−→
ϵ→0

0.

On the other hand, one has

E
[∣∣∣∣∣
(√

2∆t
ϵ

B ∆t
ϵ

− Λ− 1
2

)
Γℓ

∣∣∣∣∣
2]

=
∑
j∈N

(√
2∆t
ϵ

√
2 + λj

∆t
ϵ√

2(1 + λj
∆t
ϵ )

− 1√
λj

)2

=
∑
j∈N

1(√
2∆t

ϵ

√
2+λj

∆t
ϵ√

2(1+λj
∆t
ϵ

) + 1√
λj

)2

( ∆t
ϵ (2 + λj

∆t
ϵ )

(1 + λj
∆t
ϵ )2

− 1
λj

)2

≤
∑
j∈N

λj
1(

λj(1 + λj
∆t
ϵ )2)2

≤
∑
j∈N

1
λj(1 + λj

∆t
ϵ )4

−→
ϵ→0

0.
As a consequence, one obtains

lim sup
ϵ→0

E[|X̂ϵ,∆t
n − X∆t

n |] ≤ C∆t
n−1∑
ℓ=0

lim sup ϵ −→ 0E[|X̂ϵ,∆t
ℓ − X∆t

ℓ |],

for all n ∈ {0, . . . , N}. Since X̂ϵ,∆t
0 − X∆t

0 = xϵ
0 − x0 →

ϵ→0
0 owing to Assumption 3, it is then straight-

forward to conclude that
lim sup

ϵ→0
E[|X̂ϵ,∆t

n − X∆t
n |] = 0

for all n ∈ {0, . . . , N}. As explained above, this yields
lim
ϵ→0

E[φ(Xϵ,∆t
n )] = lim

ϵ→0
E[φ(X̂ϵ,∆t

n )] = E[φ(X∆t
n )]

and concludes the proof of (3.3) and of Proposition 3.

5.2. Proof of Proposition 4

Proof. Let φ : H → R be a mapping of class C2, with bounded first and second order derivatives,
and let ∆t = T/N ∈ (0,∆t0). Then the weak error in the left-hand side of (3.4) can be decomposed
as follows:

|E[φ(X∆t
N )] − E[φ(X(T ))]| ≤ |φ(X∆t

N ) − φ(X(T ))| + |E[φ(X∆t
N )] − φ(X∆t

N )|,
where X∆t

N = X∆t;x0
N is obtained by using the auxiliary scheme (3.6), with initial value given by

X∆t
0 = X∆t

0 = x0.
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On the one hand, using the error estimate (3.7) from Proposition 5 for the auxiliary scheme, one has
|φ(X∆t

N ) − φ(X(T ))| ≤ |||φ|||1|X∆t
N − X(T )|

≤ Cκ(T )∆t1−κ(1 + |x0|).
On the other hand, the second error term can be written as follows, in terms of the auxiliary mappings
u∆t

n given by (4.2), using a telescoping sum argument: one has
E[φ(X∆t

N )] − φ(X∆t
N ) = E[u∆t

0 (X∆t
N )] − E[u∆t

N (X∆t
0 )]

=
N−1∑
n=0

(
E[u∆t

N−n−1(X∆t
n+1)] − E[u∆t

N−n(X∆t
n )]

)
=

N−1∑
n=0

(
E[u∆t

N−n−1(A∆tX∆t
n + ∆tA∆tF (X∆t

n ,Λ− 1
2 Γn))]

− E[u∆t
N−n−1(A∆tX∆t

n + ∆tA∆tF (X∆t
n ))]

)
.

Owing to Lemma 4.2, for all n ∈ {0, . . . , N − 1}, the mapping u∆t
n is of class C2 and has a bounded

first and second order derivatives. By a Taylor expansion argument, one obtains

E[u∆t
N−n−1(A∆tX∆t

n + ∆tA∆tF (X∆t
n ,Λ− 1

2 Γn))]

= E[u∆t
N−n−1(A∆tX∆t

n + ∆tA∆tF (X∆t
n ))]

+ ∆tE[⟨Du∆t
N−n−1(A∆tX∆t

n ),A∆tF (X∆t
n ,Λ− 1

2 Γn) − A∆tF (X∆t
n )⟩] + r∆t

n

where
|r∆t

n | ≤ C|||u∆t
N−n−1|||2∆t2E[|F (X∆t

n ,Λ− 1
2 Γn) − F (X∆t

n )|2]

≤ C(T )∆t2|||φ|||2(1 + E[|X∆t
n |2])

≤ C(T )∆t2|||φ|||2(1 + |x0|2).
using the inequality (4.10), the Lipschitz continuity of F , the moment bound (3.2) and the bound
E[|Λ− 1

2 Γn|] =
∫

|y|dν(y) < ∞. Moreover, by the definition (2.10) of the nonlinearity F , and since the
random variables X∆t

n and Γn are independent, a conditional expectation argument yields the identity
E[⟨Du∆t

N−n−1(A∆tX∆t
n ),A∆tF (X∆t

n ,Λ− 1
2 Γn) − A∆tF (X∆t

n )⟩] = 0 (5.2)
for all n ∈ {0, . . . , N − 1}. As a consequence, one obtains

|E[φ(X∆t
N )] − φ(X∆t

N )| ≤ C(T )∆t|||φ|||2(1 + |x0|2). (5.3)
Gathering the error estimates then concludes the proof of the inequality (3.4) and of Proposition 4.

Note that the most fundamental argument in the proof of Proposition 4 is the identity (5.2). It
explains both why the limiting scheme (3.1) is consistent with the averaged equation (2.11), and why
it convergence in distribution is considered.

6. Proofs of the error estimates

6.1. Proof of Proposition 5

As already explained in Section 3.3, the proof of Proposition 5 is given below even if it is a standard
result in numerical analysis of parabolic semilinear evolution equations. Providing a detailed proof
allows us to exhibit the absence of regularity requirement for the initial value x0. In the proofs, to
simplify notation, let Xn = X⋉

∆t;x0 .
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Before proceeding with the proof, let us state auxiliary bounds for the solutions of the averaged
equation (2.11) and of the auxiliary scheme (3.6).

Lemma 6.1. For all T ∈ (0,∞) and κ ∈ (0, 1), there exists Cκ(T ) ∈ (0,∞) such that for all
0 < t1 < t2 ≤ T , one has

|X(t2) − X(t1)| ≤ Cκ(T )(t2 − t1)1−κ(1 + t−1+κ
1 |x0|). (6.1)

Moreover, there exists C ∈ (0,∞) such that for all n ∈ N and ∆t ∈ (0,∆t0), one has

|X∆t
n | ≤ eCn∆t(1 + |x0|). (6.2)

Proof of Lemma 6.1. Let us first prove the inequality (6.1). Since F is globally Lipschitz continuous,
for all t ≥ 0, one has

|X(t)| ≤ |e−tΛx0| +
∫ t

0
|e−(t−s)ΛF (X(s))|ds ≤ |x0| + C

∫ t

0
(1 + |X(s)|)ds.

Applying Gronwall’s lemma, one then obtains for all t ≥ 0
|X(t)| ≤ eCt(1 + |x0|).

Let κ ∈ (0, 1), using the inequality (2.3), one then has for all t > 0

|Λ1−κX(t)| ≤ |Λ1−κe−tΛx0| +
∫ t

0
|Λ1−κe−(t−s)ΛF (X(s))|ds

≤ Cκt
−1+κ|x0| + Cκ

∫ t

0
(t− s)−1+κds eCt(1 + |x0|)

≤ Cκ(T )(1 + t−1+κ|x0|).
For all 0 < t1 < t2 ≤ T , using the inequality (2.3), one then has

|X(t2) − X(t1)| ≤ |(e−(t2−t1)Λ − I)X(t1)| +
∫ t2

t1
|e−(t2−t)ΛX(t))|dt

≤ Cκ(T )(t2 − t1)1−κ|Λ1−κX(t1)| + (t2 − t1)
(

1 + sup
0≤t≤T

|X(t))|
)

≤ Cκ(T )(t2 − t1)1−κ(1 + t−1+κ
1 |x0|).

This concludes the proof of the inequality (6.1). Let us now prove the inequality (6.2). Since F is
globally Lipschitz continuous, for all n ≥ 0, one has

|Xn+1| ≤ |A∆tXn| + ∆t|A∆tF (Xn)| ≤ (1 + C∆t)|Xn| + C∆t.
The inequality (6.2) then follows from a straightforward argument. The proof of Lemma 6.1 is thus
completed.

We are now in position to prove Proposition 5.

Proof of Proposition 5. For all n ≥ 0, with the notation tn = n∆t, one has

Xn = An
∆tx0 + ∆t

n−1∑
ℓ=0

An−ℓ
∆t F (Xℓ)

X(n∆t) = e−tnΛx0 +
∫ tn

0
e−(tn−t)ΛF (X(t))dt.

For all n ∈ {0, . . . , N}, set en = |Xn − X(n∆t)|. Using the expressions above, the error en can be
decomposed as follows: for all n ∈ {0, . . . , N}

en ≤ e(1)
n + e(2)

n + e(3)
n + e(4)

n + e(5)
n ,

201



C.-E. Bréhier

where
e(1)

n = |(An
∆t − e−n∆tΛ)x0|

e(2)
n = ∆t

n−1∑
ℓ=0

|An−ℓ
∆t

(
F (Xℓ) − F (X(tℓ))

)
|

e(3)
n = ∆t

n−1∑
ℓ=0

|
(
An−ℓ

∆t − e−(tn−tℓ)Λ)F (X(tℓ))|

e(4)
n =

∫ tn

0
|
(
e−(tn−tℓ)Λ − e−(tn−t)Λ)F (X(tℓ))|dt

e(5)
n =

n−1∑
ℓ=0

∫ tℓ+1

tℓ

|e−(tn−t)Λ(F (X(tℓ)) − F (X(t))
)
|dt.

• Recall the inequality

sup
n∈N

sup
z∈(0,∞)

n| 1
(1 + z)n

− e−nz| < ∞. (6.3)

As a consequence, for all κ ∈ (0, 1), there exists Cκ such that one obtains

e(1)
n = |(An

∆t − e−n∆tΛ)x0| ≤ Cκ

n
|x0| ≤ Cκ

∆t1−κ

(n∆t)1−κ
|x0|

for all n ∈ {1, . . . , N}.
• Using the global Lipschitz continuity property of F , one obtains

e(2)
n = ∆t

n−1∑
ℓ=0

|An−ℓ
∆t

(
F(Xℓ) − F (X(tℓ))

)
| ≤ C∆t

n−1∑
ℓ=0

|Xℓ − X(tℓ)| ≤ C∆t
n−1∑
ℓ=0

eℓ.

• To deal with the third term, using the inequality (6.3): one has

e(3)
n = ∆t

n−1∑
ℓ=0

|
(
An−ℓ

∆t − e−(tn−tℓ)Λ)F (X(tℓ))|

≤ C∆t
n−1∑
ℓ=0

1
(n− k) |F (Xℓ)|

≤ Cκ∆t1−κ∆t
n−1∑
ℓ=0

1(
(n− k)∆t

)1−κ

(
1 + sup

ℓ=0,...,N
|Xℓ|

)
≤ Cκ(T )∆t1−κ(1 + |x0|

)
,

using the global Lipschitz continuous property of F , and the bound (6.2) from Lemma 6.1.
• To deal with the fourth term, the identity e−(tn−tℓ)Λ−e−(tn−t)Λ = e−(tn−t)Λ(e−(t−tℓ)Λ−I) is combined
with the inequalities (2.3) and (2.4), one has

e(4)
n =

∫ tn

0
|
(
e−(tn−tℓ)Λ − e−(tn−t)Λ)F (X(tℓ))|dt

≤ Cκ

∫ tn

0

(t− tℓ)1−κ

(tn − t)1−κ
|F (X(tℓ))|dt

≤ Cκ∆t1−κ
∫ T

0

1
t1−κ

dt
(

1 + sup
ℓ=0,...,N

|Xℓ|
)

≤ Cκ(T )∆t1−κ(1 + |x0|
)

using the global Lipschitz continuous property of F , and the bound (6.2) from Lemma 6.1.
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• To deal with the fifth term, using the global Lipschitz continuity property of F and the inequal-
ity (6.1), one has

e(5)
n =

n−1∑
ℓ=0

∫ tℓ+1

tℓ

|e−(tn−t)Λ(F (X(tℓ)) − F (X(t))
)
|dt

≤ C
n−1∑
ℓ=0

∫ tℓ+1

tℓ

|X(tℓ) − X(t)|dt

≤ Cκ(T )
n−1∑
ℓ=1

∫ tℓ+1

tℓ

(t− tℓ)1−κ(1 + t−1+κ
ℓ |x0|)dt+ C∆t

(
1 + sup

0≤t≤T
|X(t)|

)

≤ Cκ(T )∆t1−κ

(
1 + ∆t

n−1∑
ℓ=0

1
(ℓ∆t)1−κ

|x0| + C∆t(1 + |x0|)
)

≤ Cκ(T )∆t1−κ(1 + |x0|
)
.

• Gathering the estimates then gives

en ≤ ∆t
n−1∑
ℓ=0

eℓ + Cκ(T )∆t1−κ(1 + 1
(n∆t)1−κ

|x0|),

and applying the discrete Gronwall lemma then concludes the proof of the inequality (3.7).

6.2. Proof of Proposition 6

Proof of Proposition 6. Recall that the mapping uϵ is defined by (4.1), and is the solution of
the Kolmogorov equation (4.3) with initial value uϵ(0, x, y) = φ(x). Without loss of generality, it is
assumed that |||φ|||3 ≤ 1 to simplify notation. Recall also that T = N∆t. The weak error is written
and then decomposed as follows, using a standard telescoping sum argument:

E[φ(Xϵ,∆t
N )] − E[φ(Xϵ(T ))] = E[uϵ(0,Xϵ,∆t

N ,Yϵ,∆t
N )] − E[uϵ(T,Xϵ,∆t

0 ,Yϵ,∆t
0 )]

=
N−1∑
n=0

(
E[uϵ(T − tn+1,Xϵ,∆t

n+1,Y
ϵ,∆t
n+1)] − E[uϵ(T − tn,Xϵ,∆t

n ,Yϵ,∆t
n )]

)
=

N−1∑
n=0

(
E[uϵ(T − tn+1,Xϵ,∆t

n+1,Y
ϵ,∆t
n+1)] − E[uϵ(T − tn+1,Xϵ,∆t

n ,Yϵ,∆t
n+1)]

)
+

N−1∑
n=0

(
E[uϵ(T − tn+1,Xϵ

n,Y
ϵ,∆t
n+1)] − E[uϵ(T − tn,Xϵ

n,Yϵ,∆t
n )]

)
.

On the one hand, using a Taylor expansion argument and Lemma 4.1, one has
E[uϵ(T − tn+1,Xϵ,∆t

n+1,Y
ϵ,∆t
n+1)] = E[uϵ(T − tn+1,Xϵ,∆t

n ,Yϵ,∆t
n+1)]

+ E[⟨Dxu
ϵ(T − tn+1,Xϵ,∆t

n ,Yϵ,∆t
n+1),Xϵ,∆t

n+1 − Xϵ,∆t
n ⟩] + rϵ,∆t

n ,

where, owing to the regularity estimate (4.5) from Lemma 4.1, for all n ∈ {0, . . . , N − 2}, one has

|rϵ,∆t
n | ≤ Cκ(T )

(T − tn+1)1−κ
|||φ|||2E

[
|Λ−1+κ(Xϵ,∆t

n+1 − Xϵ,∆t
n )||Xϵ,∆t

n+1 − Xϵ,∆t
n |

]
.

When n = 0, using the inequality (2.26) from Lemma 2.2 and the moment bound (2.22) from
Lemma 2.1, one obtains

|rϵ,∆t
0 | ≤ Cκ(T )|||φ|||2∆t1−κ(1 + |x0|2).
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When n ∈ {1, . . . , N − 2}, using the inequalities (2.25) and (2.26) from Lemma 2.2, one obtains

|rϵ,∆t
n | ≤ Cκ(T )

(n∆t)1−κ(T − tn+1)1−κ
|||φ|||2∆t2(1−κ)(1 + |x0|2).

The case n = N − 1 is treated differently: using the regularity estimate (4.5) with κ = 1 and the
inequality (2.25) from Lemma 2.2 one has

|rϵ,∆t
N−1| ≤ C(T )|||φ|||2E[|Xϵ,∆t

N − Xϵ,∆t
N−1|2]

≤ Cκ(T )(
(N − 1)∆t

)1−κ |||φ|||2∆t1−κ(1 + |x0|2) ≤ Cκ(T )|||φ|||2∆t1−κ(1 + |x0|2),

using the lower bound (N − 1)∆t = T − ∆t ≥ T − ∆t0.
Gathering the estimates, one obtains

N−1∑
n=0

|rϵ,∆t
n | ≤ Cκ(T )|||φ|||2∆t1−2κ(1 + |x0|2). (6.4)

On the other hand, introduce the auxiliary process
(
Ỹϵ,∆t(t)

)
t≥0 defined as the solution of the stochastic

evolution equation

dỸϵ,∆t(t) = −1
ϵ

Λ ∆t
ϵ
Ỹϵ,∆t(t)dt+

√
2
ϵ
Q

1
2
∆t
ϵ

dW (t), (6.5)

with initial value Ỹϵ,∆t(0) = yϵ
0, where the linear operators Λτ and Qτ with τ = ∆t/ϵ are given

by (2.17). By construction, one checks that for all n ∈ N one has the equality in distribution
Ỹϵ,∆t(tn) = Yϵ,∆t

n . (6.6)
The equality above is based on the interpretation of the modified Euler scheme as the accelerated
exponential Euler scheme applied to a modified stochastic evolution equation, see Section 2.5 and [8,
Section 3.3] for details. More precisely, one has Ỹϵ,∆t(t) = Yτ ( t

ϵ) for all t ≥ 0 and Ỹϵ,∆t
n = Yϵ,∆t

n =
Yτ

n = Yτ (tτn), with tτn = n∆t
ϵ = tn

ϵ , where the processes
(
Yτ (t)

)
t≥0 and

(
Yτ

n

)
n≥0 are defined by (2.19)

and (2.16) respectively.
Owing to Assumption 3, for all κ ∈ (0, κ0), one has

sup
ϵ∈(0,ϵ0)

sup
∆t∈(0,∆t0)

sup
t≥0

E[|Λ
κ
2 Ỹϵ,∆t(t)|2] < ∞. (6.7)

The proof is a consequence of Itô’s isometry formula and straightforward computations, see [8,
Lemma 5.3] for details.
The mild solution of the auxiliary stochastic evolution equation (6.5) has the expression

Ỹϵ,∆t(t) = e
− t

ϵ
Λ ∆t

ϵ yϵ
0 +

√
2
ϵ

∫ t

0
e

− t−s
ϵ

Λ ∆t
ϵ Q

1
2
∆t
ϵ

dW (s), (6.8)

for all t ≥ 0.
As a consequence of the equality (6.6) and using Itô’s formula, one obtains

E[uϵ(T − tn+1,Xϵ,∆t
n ,Yϵ,∆t

n+1)] − E[uϵ(T − tn,Xϵ,∆t
n ,Yϵ,∆t

n )]

= E[uϵ(T − tn+1,Xϵ,∆t
n , Ỹϵ,∆t(tn+1))] − E[uϵ(T − tn,Xϵ,∆t

n , Ỹϵ,∆t(tn))]

= −
∫ tn+1

tn

E[∂tu
ϵ(T − t,Xϵ,∆t

n , Ỹϵ,∆t(t))]dt

− 1
ϵ

∫ tn+1

tn

E[⟨Dyu
ϵ(T − t,Xϵ,∆t

n , Ỹϵ,∆t(t)),Λ ∆t
ϵ
Ỹϵ,∆t(t)⟩]dt

+ 1
ϵ

∫ tn+1

tn

∑
j∈N

E[D2
yu

ϵ(T − t,Xϵ,∆t
n , Ỹϵ,∆t(t)).

(
Q∆t

ϵ
ej , ej

)
]dt.
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Since uϵ solves the Kolmogorov equation (4.3), one obtains the following decomposition of the error
terms

E[uϵ(T − tn+1,Xϵ,∆t
n+1,Y

ϵ,∆t
n+1)] − E[uϵ(T − tn,Xϵ,∆t

n ,Yϵ,∆t
n )] = e0,ϵ,∆t

n + e1,ϵ,∆t
n + e2,ϵ,∆t

n + rϵ,∆t
n , (6.9)

where the error terms e0,ϵ,∆t
n , = e1,ϵ,∆t

n and = e2,ϵ,∆t
n for n ∈ {0, . . . , N − 1} are defined by

e0,ϵ,∆t
n = E[⟨Dxu

ϵ(T − tn+1,Xϵ,∆t
n ,Yϵ,∆t

n+1),Xϵ,∆t
n+1 − Xϵ,∆t

n ⟩]

−
∫ tn+1

tn

E[⟨Dxu
ϵ(T − t,Xϵ,∆t

n , Ỹϵ,∆t(t)),−ΛXϵ,∆t
n + F (Xϵ,∆t

n , Ỹϵ,∆t(t))⟩]dt (6.10)

and by

e1,ϵ,∆t
n = −1

ϵ

∫ tn+1

tn

E[⟨Dyu
ϵ(T − t,Xϵ,∆t

n , Ỹϵ,∆t(t)), (Λ ∆t
ϵ

− Λ)Ỹϵ,∆t(t)⟩]dt (6.11)

e2,ϵ,∆t
n = 1

ϵ

∫ tn+1

tn

∑
j∈N

E[D2
yu

ϵ(T − t,Xϵ,∆t
n , Ỹϵ,∆t(t)).

(
(Q∆t

ϵ
− I)ej , ej

)
]dt. (6.12)

Before proceeding with the proof of upper bounds for the error terms, it is necessary to introduce a
further decomposition for e0,ϵ,∆t

n . Using the equalities
Xϵ,∆t

n+1 − Xϵ,∆t
n =

(
A∆t − I)Xϵ,∆t

n + ∆tA∆tF (Xϵ,∆t
n ,Yϵ,∆t

n+1)

=
(
A∆t − I + ∆tΛ)Xϵ,∆t

n

+ ∆t(A∆t − I)F (Xϵ,∆t
n ,Yϵ,∆t

n+1)

+ ∆t
(
−ΛXϵ,∆t

n + F (Xϵ,∆t
n ,Yϵ,∆t

n+1)
)
,

the error term e0
n is decomposed as

e0,ϵ,∆t
n = e0,1,ϵ,∆t

n + e0,2,ϵ,∆t
n + e0,3,ϵ,∆t

n + e0,4,ϵ,∆t
n ,

where the error terms in the right-hand side of the expression above are defined for n ∈ {0, . . . , N−1} by
e0,1,ϵ,∆t

n = E[⟨Dxu
ϵ(T − tn+1,Xϵ,∆t

n ,Yϵ,∆t
n+1), (A∆t − I + ∆tΛ)Xϵ,∆t

n ⟩] (6.13)

e0,2,ϵ,∆t
n = E[⟨Dxu

ϵ(T − tn+1,Xϵ,∆t
n ,Yϵ,∆t

n+1),∆t(A∆t − I)F (Xϵ,∆t
n ,Yϵ,∆t

n+1)⟩] (6.14)

e0,3,ϵ,∆t
n =

∫ tn+1

tn

E[⟨Dxu
ϵ(T − t,Xϵ,∆t

n , Ỹϵ,∆t(t)),ΛXϵ,∆t
n ⟩]dt

− ∆tE[⟨Dxu
ϵ(T − tn+1,Xϵ,∆t

n ,Yϵ,∆t(tn+1)),ΛXϵ,∆t
n ⟩] (6.15)

e0,4,ϵ,∆t
n =

∫ tn+1

tn

E[⟨Dxu
ϵ(T − tn+1,Xϵ,∆t

n , Ỹϵ,∆t(tn+1)), F (Xϵ,∆t
n , Ỹϵ,∆t(tn+1))⟩]dt

−
∫ tn+1

tn

E[⟨Dxu
ϵ(T − t,Xϵ,∆t

n , Ỹϵ,∆t(t)), F (Xϵ,∆t
n , Ỹϵ,∆t(t))⟩]dt. (6.16)

The weak error estimate is then a straightforward consequence of the following inequalities, which are
proved below (using the conditions from Assumption 3 on the initial values xϵ

0 and yϵ
0) there exists

Cκ(T ) ∈ (0,∞), such that for all ϵ ∈ (0, ϵ0) and ∆t ∈ (0,∆t0), one has
N−1∑
n=0

|e1,ϵ,∆t
n | ≤ Cκ(T )∆t(1 + |Λ

κ
2 x0|) + Cκ(T )

(∆t
ϵ

) 1
2 −κ

(1 + |Λ
κ
2 x0|) (6.17)

N−1∑
n=0

|e2,ϵ,∆t
n | ≤ Cκ(T )

(∆t
ϵ

) 1
2 −κ

(6.18)

N−1∑
n=0

|e0,1,ϵ,∆t
n | ≤ Cκ(T )∆t(1 + |Λ

κ
2 x0|) + Cκ(T )∆t1−κ(1 + |x0|) (6.19)
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N−1∑
n=0

|e0,2,ϵ,∆t
n | ≤ Cκ(T )∆t1−κ(1 + |x0|) (6.20)

N−1∑
n=0

|e0,3,ϵ,∆t
n | ≤ Cκ(T )∆t(1 + |Λ

κ
2 x0|) + Cκ(T )

(∆t
ϵ

)1−κ(
1 + |Λ

κ
2 x0|2

)
(6.21)

N−1∑
n=0

|e0,4,ϵ,∆t
n | ≤ Cκ(T )

((∆t
ϵ

) 1
2 −κ

+
(∆t
ϵ

)1−κ

+ ∆t
ϵ

)(
1 + |Λ

κ
2 x0|2

)
. (6.22)

Gathering the inequalities above then concludes the proof of Proposition 6.

It remains to prove the inequalities (6.17)-(6.22). To simplify the notation, in the proofs below, the
parameters ϵ,∆t are omitted when refering to the error terms defined above, or to other error terms
introduced below: for instance one has e1

n = e1,ϵ,∆t
n in the proof of the inequality (6.17).

Proof of the inequality (6.17). Recall that the error term e1
n = e1,ϵ,∆t

n is defined by (6.11) for all
n ∈ {0, . . . , N − 1}. Using (6.8), the error term e1

n is decomposed as
e1

n = e1,1
n + e1,2

n

with

e1,1
n = 1

ϵ

∫ tn+1

tn

E[⟨Dyu
ϵ(T − t,Xϵ,∆t

n , Ỹϵ,∆t(t)), (Λ − Λ ∆t
ϵ

)e
− t

ϵ
Λ ∆t

ϵ yϵ
0⟩]dt

e1,2
n = 1

ϵ

∫ tn+1

tn

E[⟨Dyu
ϵ(T − t,Xϵ,∆t

n , Ỹϵ,∆t(t)), (Λ − Λ ∆t
ϵ

)
√

2
ϵ

∫ t

0
e

− t−s
ϵ

Λ ∆t
ϵ Q

1
2
∆t
ϵ

dW (s)⟩]dt.

• Error term e1,1
n . Owing to the regularity estimate (4.4) from Lemma 4.1, for all n ∈ {0, . . . , N − 1},

one has

|e1,1
n | ≤

∫ tn+1

tn

Cκ(T )
(T − t)1− κ

2
|Λ−1+ κ

2 (Λ − Λ ∆t
ϵ

)e
− t

ϵ
Λ ∆t

ϵ yϵ
0|dt.

The cases n = 0 and n ∈ {1, . . . , N−1} are treated differently. On the one hand, owing to Assumption 3,
one obtains

|e1,1
0 | ≤

∫ t1

t0

Cκ(T )
(T − t)1− κ

2
dt |Λ

κ
2 yϵ

0| ≤ Cκ(T )∆t(1 + |Λ
κ
2 x0|).

On the other hand, owing to the inequality (see [8, Lemma 5.1])
sup

τ∈(0,∞)
sup

t∈(τ,∞)
(t− τ)

1
2 − κ

2 ∥Λ
1
2 − κ

2 e−tΛτ ∥L(H) < ∞,

and to the inequalities (2.20), for all n ∈ {1, . . . , N − 1}, one obtains

|e1,1
n | ≤

∫ tn+1

tn

Cκ(T )
(T − t)1− κ

2

ϵ
1
2 − κ

2

(t− ∆t)
1
2 − κ

2
dt
∣∣∣Λ− 3

2 +κ(Λ − Λ ∆t
ϵ

)yϵ
0

∣∣∣
≤
∫ tn+1

tn

Cκ(T )
(T − t)1− κ

2

ϵ1− κ
2

(t− ∆t)1− κ
2

dt ∆t
1
2 −κ

ϵ
1
2 −κ

|Λ
κ
2 yϵ

0|

≤
∫ tn+1

tn

Cκ(T )
(T − t)1− κ

2

1
(t− ∆t)1− κ

2
dt∆t

1
2 −κ(1 + |Λ

κ
2 x0|).

using Assumption 3.
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• Error term e1,2
n . Using the Malliavin integration by parts formula (2.2), one obtains

e1,2
n =

∫ tn+1

tn

∑
j∈N

E
[
⟨Dyu

ϵ(T − t,Xϵ,∆t
n , Ỹϵ,∆t(t)), ej⟩

∫ t

0
e

− t−s
ϵ

λ ∆t
ϵ ,j dβj(s)

]
dt

(λj − λ∆t
ϵ

,j)
ϵ

√
2q∆t

ϵ
,j

ϵ

= 1
ϵ

∫ tn+1

tn

∫ t

0

∑
j∈N

E[Dej
s
(
⟨Dyu

ϵ(T − t,Xϵ,∆t
n , Ỹϵ,∆t(t)), ej⟩

)
]Iϵ,∆t

j (t, s)dsdt,

where for all t ≥ 0 and j ∈ N one has

Iϵ,∆t
j (t, s) = e

− t−s
ϵ

λ ∆t
ϵ ,j (λj − λ∆t

ϵ
,j)

√
2q∆t

ϵ
,j

ϵ
≥ 0.

Note that for all t ≥ 0 and j ∈ N one has∫ t

0
Iϵ,∆t

j (t, s)ds ≤
(λj − λ∆t

ϵ
,j)

λ∆t
ϵ

,j

√
2q∆t

ϵ
,jϵ.

Using the chain rule, one obtains

e1,2
n = e1,2,1

n + e1,2,2
n ,

for all n ∈ {0, . . . , N − 1}, where

e1,2,1
n = 1

ϵ

∫ tn+1

tn

∫ t

0

∑
j∈N

E[DxDyu
ϵ(T − t,Xϵ,∆t

n , Ỹϵ,∆t(t)).
(
Dej

s Xϵ,∆t
n , ej

)
]Iϵ,∆t

j (t, s)dsdt

e1,2,2
n = 1

ϵ

∫ tn+1

tn

∫ t

0

∑
j∈N

E[D2
yu

ϵ(T − t,Xϵ,∆t
n , Ỹϵ,∆t(t)).

(
Dej

s Ỹϵ,∆t(t), ej
)
]Iϵ,∆t

j (t, s)dsdt.

For all h ∈ H and t ≥ s ≥ 0, the random variable Dh
s Ỹϵ,∆t(t) satisfies

Dh
s Ỹϵ,∆t(t) =

√
2
ϵ
e

− t−s
ϵ

Λ ∆t
ϵ Q

1
2
∆t
ϵ

h.

In particular, one obtains the inequality

|Dej
s Ỹϵ,∆t(t)| ≤

√
2q∆t

ϵ
,j

ϵ
(6.23)

for all t ≥ s ≥ 0 and j ∈ N. Using the chain rule and the definition (2.15) of the scheme, for all h ∈ H,
if s ≥ tn, one has

Dh
sX

ϵ,∆t
n+1 = A∆tDh

sXϵ,∆t
n + ∆tA∆tDxF (Xϵ,∆t

n ,Yϵ,∆t
n+1).Dh

sXϵ,∆t
n + ∆tA∆tDyF (Xϵ,∆t

n ,Y∆t
n+1).Dh

sY
ϵ,∆t
n+1

and Dh
sXϵ,∆t

n = 0 if tn < s. Using the identity Yϵ,∆t
n+1 = Ỹϵ,∆t(tn), the inequality (6.23) above, the

boundedness of DxF and DyF (Assumption 2), one obtains the upper bound

|Dej
s Xϵ,∆t

n | ≤ C(T )

√
2q∆t

ϵ
,j

ϵ
(6.24)

for all s ∈ [0, T ], n ∈ {0, . . . , N − 1} and j ∈ N.
Using the regularity estimates (4.5) from Lemma 4.1 with α1 = 0 and α2 = 1 − κ

2 , and the inequali-
ties (6.23) and (6.24), one thus obtains the upper bound

|e1,2,1
n | + |e1,2,2

n | ≤
∫ tn+1

tn

Cκ(T )
(T − t)1− κ

2

∑
j∈N

√
2q∆t

ϵ
,j

ϵ
λ

−1+ κ
2

j

∫ t

0
Iϵ,∆t

j (t, s)dsdt

≤
∫ tn+1

tn

Cκ(T )
(T − t)1− κ

2
dt
∑
j∈N

q∆t
ϵ

,j

λ∆t
ϵ

,j

λ
−1+ κ

2
j

(
λj − λ∆t

ϵ
,j

)
.
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Using the identity q∆t
ϵ

,j =
λ ∆t

ϵ ,j

λj
and the inequality (2.20) (with α = 1

2 − κ), one then obtains, for all
n ∈ {0, . . . , N − 1}, the upper bound

|e1,2
n | ≤ |e1,2,1

n | + |e1,2,2
n | ≤

∫ tn+1

tn

Cκ(T )
(T − t)1− κ

2
dt
(∆t
ϵ

) 1
2 −κ ∑

j∈N
λ

− 1
2 − κ

2
j ,

with
∑

j∈N λ
− 1

2 − κ
2

j < ∞.
Gathering the estimates for the error terms e1,1

n and e1,2
n and summing for n ∈ {0, . . . , N − 1} then

concludes the proof of the inequality (6.17) for the error term e1
n = e1,1

n + e1,2
n .

Proof of the inequality (6.18). Recall that the error term e2
n = e2,ϵ,∆t

n is defined by (6.12) for all
n ∈ {0, . . . , N−1}. Owing to the regularity estimate (4.5) from Lemma 4.1 and to the inequalities (2.20)
(with α = 1

2 − κ), for all n ∈ {0, . . . , N − 1}, one has

|e2
n| ≤ 1

ϵ

∫ tn+1

tn

∑
j∈N

E
[∣∣D2

yu
ϵ(T − t,Xϵ,∆t

n , Ỹϵ,∆t(t)).
(
(Q∆t

ϵ
− I)ej , ej

)∣∣]dt
≤
∫ tn+1

tn

Cκ(T )
(T − t)1− κ

2
dt
∑
j∈N

1 − q∆t
ϵ

,j

λ
1− κ

2
j

≤
∫ tn+1

tn

Cκ(T )
(T − t)1− κ

2
dt
(∆t
ϵ

) 1
2 −κ ∑

j∈N

1
λ

1+ κ
2

j

≤
∫ tn+1

tn

Cκ(T )
(T − t)1− κ

2
dt
(∆t
ϵ

) 1
2 −κ

.

Summing for n ∈ {0, . . . , N − 1} then concludes the proof of the inequality (6.18).

Proof of the inequality (6.19). Recall that the error term e0,1
n e = n0,1,ϵ,∆t is defined by (6.13) for

all n ∈ {0, . . . , N − 1}. The cases n ∈ {1, . . . , N − 2} and n ∈ {0, N − 1} are treated differently.
On the one hand, if n ∈ {0, . . . , N − 2}, owing to the regularity estimate (4.4) from Lemma 4.1 (with
α = 1 − κ

2 ), one obtains

|e0,1
n | ≤ Cκ(T )

(T − tn+1)1− κ
2
E[|Λ−1+ κ

2 (A∆t − I + ∆tΛ)Xϵ,∆t
n |]

≤ Cκ(T )
(T − tn+1)1− κ

2
E[|Λ−2+κ(A∆t − I + ∆tΛ)Λ1− κ

2 Xϵ,∆t
n |]

≤ Cκ(T )∆t
(T − tn+1)1− κ

2
∆t1−κE[|Λ1− κ

2 Xϵ,∆t
n |].

Using the moment bound (2.23), if n ∈ {1, . . . , N − 2}, one obtains

|e0,1
n | ≤ Cκ(T )∆t

(T − tn+1)1− κ
2

∆t1−κ 1
t
1− κ

2
n

(1 + |x0|).

If n = 0, using Assumption 3 one obtains

|e0,1
0 | ≤ Cκ(T )∆t

(T − t1)1− κ
2

|Λ−1+ κ
2 (A∆t − I + ∆tΛ)xϵ

0|

≤ Cκ(T )∆t|Λ
κ
2 xϵ

0|

≤ Cκ(T )∆t(1 + |Λ
κ
2 x0|).
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On the other hand, if n = N − 1, owing to the regularity estimate (4.4) from Lemma 4.1 (with α = 0),
one obtains

|e0,1
N−1| ≤ C(T )E[|(A∆t − I + ∆tΛ)Xϵ,∆t

N−1|] ≤ C(T )∆tE[|ΛXϵ,∆t
N−1|].

Using the identity

Xϵ,∆t
N−1 = AN−1

∆t xϵ
0 + ∆t

N−2∑
ℓ=0

AN−1−ℓ
∆t F (Xϵ,∆t

ℓ ,Yϵ,∆t
ℓ ),

see the proof of Lemma 2.2, and the moment bounds (2.22) and (2.21) from Lemma 2.1, one obtains
(with (N − 1)∆t = T − ∆t ≥ T − ∆t0)

E[|ΛXϵ,∆t
N−1|] ≤ C

(N − 1)∆t |x
ϵ
0| + ∆t

N−2∑
ℓ=0

C

(N − 1 − ℓ)∆t(1 + |x0|) ≤ C(T )∆t−κ(1 + |x0|),

which gives
|e0,1

N−1| ≤ C(T )∆t1−κ(1 + |x0|).
Gathering the estimates and summing for n ∈ {0, . . . , N − 1} then concludes the proof of the inequal-
ity (6.19).

Proof of the inequality (6.20). Recall that the error term e0,2
n = e0,2,ϵ,∆t

n is defined by (6.14) for
all n ∈ {0, . . . , N − 1}. The cases n ∈ {0, . . . , N − 2} and n = N − 1 are treated differently.
On the one hand, if n ∈ {0, . . . , N − 2}, owing to the regularity estimate (4.4) from Lemma 4.1 (with
α = 1 − κ), one obtains

|e0,2
n | ≤ Cκ(T )∆t

(T − tn+1)1−κ
E[|Λ−1+κ(A∆t − I)F (Xϵ,∆t

n ,Yϵ,∆t
n+1)|]

≤ Cκ(T )∆t
(T − tn+1)1−κ

∆t1−κE[|F (Xϵ,∆t
n ,Yϵ,∆t

n+1)|]

≤ Cκ(T )∆t
(T − tn+1)1−κ

∆t1−κ(1 + |x0|),

using the moment bounds (2.22) and (2.21) from Lemma 2.1.
On the other hand, if n = N − 1, owing to the regularity estimate (4.4) from Lemma 4.1 (with α = 0),
one obtains

|e0,2
N−1| ≤ C(T )∆tE[|(A∆t − I)F (Xϵ,∆t

N−1,Y
ϵ,∆t
N )|] ≤ C(T )∆t(1 + |x0|),

using the moment bounds (2.22) and (2.21) from Lemma 2.1.
Gathering the estimates and summing for n ∈ {0, . . . , N − 1} then concludes the proof of the inequal-
ity (6.20).

Proof of the inequality (6.21). Recall that the error term e0,3
n = e0,3,ϵ,∆t

n is defined by (6.15)
for all n ∈ {0, . . . , N − 1}. The proof of the inequality (6.21) requires more delicate arguments than
the proofs of the inequalities obtained above. The cases n ∈ {1, . . . , N − 1} and n = 0 are treated
differently.
Introduce the auxiliary mapping vϵ,∆t : [0, T ]×H → R defined as follows: for all t ∈ [0, T ], x, y ∈ H, set

vϵ,∆t(t, x, y) = ⟨Dxu
ϵ(T − t, x, y), e− ∆t

ϵ
ΛΛx⟩. (6.25)

For all n ∈ {1, . . . , N − 1}, the error term e0,3
n can then be decomposed as

e0,3
n = e0,3,1

n + e0,3,2
n + e0,3,3

n ,
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where

e0,3,1
n =

∫ tn+1

tn

E[⟨Dxu
ϵ(T − t,Xϵ,∆t

n , Ỹϵ,∆t(t)), (I − e− ∆t
ϵ

Λ)ΛXϵ,∆t
n ⟩]dt

e0,3,2
n = ∆tE[⟨Dxu

ϵ(T − tn+1,Xϵ,∆t
n , Ỹϵ,∆t(tn+1)), (I − e− ∆t

ϵ
Λ)ΛXϵ,∆t

n ⟩]

e0,3,3
n =

∫ tn+1

tn

(
E[vϵ,∆t(t,Xϵ,∆t

n , Ỹϵ,∆t(t))] − E[vϵ,∆t(tn+1,Xϵ,∆t
n , Ỹϵ,∆t(tn+1))]

)
dt.

• Error term e0,3,1
n . Owing to the regularity estimate (4.4) from Lemma 4.1 (with α = 1 − κ

2 ), to the
inequality (2.4) and to the moment bound (2.23) from Lemma 2.2, one obtains for all n ∈ {1, . . . , N−1}

|e0,3,1
n | ≤

∫ tn+1

tn

Cκ(T )
(T − t)1− κ

2
dtE[|(I − e− ∆t

ϵ
Λ)Λ

κ
2 Xϵ,∆t

n |]

≤
∫ tn+1

tn

Cκ(T )
(T − t)1−κ

dt
(∆t
ϵ

)1−κ

E[|Λ1− κ
2 Xϵ,∆t

n |]

≤
∫ tn+1

tn

Cκ(T )
(T − t)1−κ

dt
(∆t
ϵ

)1−κ 1
(n∆t)1− κ

2
(1 + |x0|).

• Error term e0,3,2
n . The cases n ∈ {1, . . . , N − 2} and n = N − 1 are treated differently.

On the one hand, owing to the regularity estimate (4.4) from Lemma 4.1 (with α = 1 − κ
2 ), to the

inequality (2.4) and to the moment bound (2.23) from Lemma 2.2 one obtains for all n ∈ {1, . . . , N−2}

|e0,3,2
n | ≤ Cκ(T )∆t

(T − tn+1)1− κ
2
E[|(I − e− ∆t

ϵ
Λ)Λ

κ
2 Xϵ,∆t

n |]

≤
∫ tn+1

tn

Cκ(T )
(T − t)1−κ

dt
(∆t
ϵ

)1−κ 1
(n∆t)1− κ

2
(1 + |x0|).

On the other hand, owing to the regularity estimate (4.4) from Lemma 4.1 (with α = 0), one obtains
|e0,3,2

N−1| ≤ C(T )∆tE[|(I − e− ∆t
ϵ

Λ)ΛXϵ,∆t
N−1|] ≤ C(T )∆t1−κ(1 + |x0|).

• Error term e0,3,3
n . Recall that the process

(
Ỹϵ,∆t(t)

)
t≥0 is the solution of the stochastic evolution

equation (6.5). Applying Itô’s formula, for all n ∈ {1, . . . , N − 1} and t ∈ [tn, tn+1], one has

E[vϵ,∆t(t,Xϵ,∆t
n , Ỹϵ,∆t(t))] − E[vϵ,∆t(tn+1,Xϵ,∆t

n , Ỹϵ,∆t(tn+1))]

= −
∫ tn+1

t
E[∂tv

ϵ,∆t(s,Xϵ,∆t
n , Ỹϵ,∆t(s))]ds+ 1

ϵ

∫ tn+1

t
E[⟨Dyv

ϵ,∆t(s,Xϵ,∆t
n , Ỹϵ,∆t(s)),Λ ∆t

ϵ
Ỹϵ,∆t(s)⟩]ds

− 1
ϵ

∫ tn+1

t

∑
j∈N

q∆t
ϵ

,jE[D2
yv

ϵ,∆t(s,Xϵ,∆t
n , Ỹϵ,∆t(s)).(ej , ej)]ds.

Therefore, the error term e0,3,3
n is decomposed as

e0,3,3
n = e0,3,3,1

n + e0,3,3,2
n + e0,3,3,3

n

with for all n ∈ {1, . . . , N − 1} one has

e0,3,3,1
n =

∫ tn+1

tn

∫ tn+1

t
E[∂tv

ϵ,∆t(s,Xϵ,∆t
n , Ỹϵ,∆t(s))]dsdt

e0,3,3,2
n =

∫ tn+1

tn

1
ϵ

∫ tn+1

t
E[⟨Dyv

ϵ,∆t(s,Xϵ,∆t
n , Ỹϵ,∆t(s)),Λ ∆t

ϵ
Ỹϵ,∆t(s)⟩]dsdt

e0,3,3,3
n = −

∫ tn+1

tn

1
ϵ

∫ tn+1

t

∑
j∈N

q∆t
ϵ

,jD
2
yv

ϵ,∆(s,Xϵ,∆t
n , Ỹϵ,∆t(s)).(ej , ej)dsdt.
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For the error term e0,3,3,1
n , note that, owing to the regularity estimate (4.6) from Lemma 4.1, for all

t ∈ [0, T ) and x, y ∈ Hκ, one has

|∂tv
ϵ,∆t(t, x, y)| = |⟨∂tDxu

ϵ(T − t, x, y),Λe− ∆t
ϵ

Λx⟩|

≤ Cκ(T )
ϵ(T − t)1− κ

2

(
1 + |Λ

κ
2 x| + |Λ

κ
2 y|
)
|Λ1+ κ

2 e− ∆t
ϵ

Λx|

≤ Cκ(T )
∆tκϵ1−κ(T − t)1− κ

2

(
1 + |Λ

κ
2 x| + |Λ

κ
2 y|
)
|Λ1− κ

2 x|,

using the smoothing inequality (2.3) in the last step. As a consequence, using the moment bounds (2.24)
and (6.7), one obtains, for all n ∈ {1, . . . , N − 1},

|e0,3,3,1
n | ≤

∫ tn+1

tn

∫ tn+1

t
E[|∂tv

ϵ,∆t(s,Xϵ,∆
n , Ỹϵ,∆t(s))|]dsdt

≤
∫ tn+1

tn

∫ tn+1

t

Cκ(T )
∆tκϵ1−κ(T − s)1− κ

2
E[
(
1 + |Λ

κ
2 Xϵ,∆t

n | + |Λ
κ
2 Ỹϵ,∆t(s)|

)
|Λ1− κ

2 X∆t,ϵ
n |]dsdt

≤
∫ tn+1

tn

∫ tn+1

t

Cκ(T )
∆tκϵ1−κ(T − s)1− κ

2
dsdt

(
1 + |Λ

κ
2 x0| + |Λ

κ
2 yϵ

0|
) 1
(n∆t)1− κ

2
|x0|

≤
(∆t
ϵ

)1−κ ∫ tn+1

tn

Cκ(T )
(T − s)1− κ

2
ds
(
1 + |Λ

κ
2 xϵ

0|
)2 1

(n∆t)1− κ
2
.

For the error term e0,3,3,2
n , note that, owing to the regularity estimate (4.5) from Lemma 4.1 (with

α1 = 0 and α2 = 1 − κ/2) and to the inequality (2.3), for all t ∈ [0, T ) and x, y ∈ H, one has

|⟨Dyv
ϵ,∆t(t, x, y), h⟩| = |DxDyu

ϵ(t, x, y).(e− ∆t
ϵ

ΛΛx, h)|

≤ Cκ(T )ϵ
(T − t)1− κ

2

(
ϵ

∆t

)κ
2
|Λ1− κ

2 x||Λ−1+ κ
2 h|.

As a consequence, using the moment bounds (2.23) and (6.7), and the inequality λτ,j ≤ λj for all
j ∈ N and τ ∈ (0,∞) one obtains, for all n ∈ {1, . . . , N − 1},

|e0,3,3,2
n | ≤

∫ tn+1

tn

∫ tn+1

t

1
ϵ
E[|⟨Dyv

ϵ,∆t(s,Xϵ,∆t
n , Ỹϵ,∆t(s)),Λ ∆t

ϵ
Ỹϵ,∆t(s)⟩|]dsdt

≤
∫ tn+1

tn

∫ tn+1

t

Cκ(T )ϵ
κ
2

(T − s)1− κ
2 ∆t

κ
2
E[|Λ1− κ

2 Xϵ,∆t
n ||Λ−1+ κ

2 Λ ∆t
ϵ
Ỹϵ,∆t(s)|]dsdt

≤
∫ tn+1

tn

∫ tn+1

t

Cκ(T )ϵ
κ
2

(T − s)1− κ
2

∆t
κ
2 E[|Λ1− κ

2 Xϵ,∆t
n ||Λ

κ
2 Ỹϵ,∆t(s)|]dsdt

≤ ∆t1− κ
2

∫ tn+1

tn

Cκ(T )
(T − s)1− κ

2
ds 1

(n∆t)1− κ
2

(1 + |Λ
κ
2 x0|)2.

For the error term e0,3,3,3
n , note that, owing to the regularity estimate (4.16) from the proof of

Lemma 4.1 and to the inequality (2.3), for all j ∈ N, t ∈ [0, T ) and x, y ∈ H, one has

|Dyvϵ,∆t(t, x, y).(ej , ej)| = |DxD
2
yv

ϵ,∆t(T − t, x, y).(e− ∆t
ϵ

ΛΛx, ej , ej)|

≤ Cκ(T )
(T − t)1−κ

(
ϵ

∆t

)κ

|Λ1−κx|λ−1+κ
j .
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As a consequence, using the moment bound (2.23), one obtains, for all n ∈ {1, . . . , N − 1},

|e0,3,3,3
n | ≤ 1

ϵ

∫ tn+1

tn

∫ tn+1

t

∑
j∈N

q∆t
ϵ

,jE[D2
yv

ϵ,∆t(s,Xϵ,∆t
n , Ỹϵ,∆t(s)).(ej , ej)|]dsdt

≤ 1
ϵ

∫ tn+1

tn

∫ tn+1

t

Cκ(T )
(T − s)1−κ

dsdt
(
ϵ

∆t

)κ

E[|Λ1−κXϵ,∆t
n |]

∑
j∈N

q∆t
ϵ

,jλ
−1+κ
j

≤
(∆t
ϵ

)1−κ ∫ tn+1

tn

Cκ(T )
(T − s)1−κ

ds 1
(n∆t)1−κ

(1 + |x0|)

Gathering the estimates, for all n ∈ {1, . . . , N − 1}, one then obtains the inequality

|e0,3,3
n | ≤ |e0,3,3,1

n | + |e0,3,3,2
n | + |e0,3,3,3

n | ≤
(∆t
ϵ

)1−κ ∫ tn+1

tn

Cκ(T )
(T − s)1− κ

2
ds
(
1 + |Λ

κ
2 x0|

)2 1
(n∆t)1− κ

2
.

• Error term e0,3
0 . Note that, owing to the regularity estimate (4.4) from Lemma 4.1, one has

|e0,3
0 | ≤

∫ t1

t0
E[|⟨Dxu

ϵ(T − t, xϵ,∆t
0 , Ỹϵ,∆t(t)),Λxϵ

0⟩|]dt

+ ∆tE[|⟨Dxu
ϵ(T − t1, x

ϵ
0,Yϵ,∆t(t1)),Λxϵ,∆t

0 ⟩|]

≤ C(T )∆t(1 + |Λ
κ
2 x0|).

Gathering the estimates for the error terms e0,3,1
n , e0,3,2

n and e0,3,3
n and summing for n ∈ {0, . . . , N−1},

the proof of the inequality (6.21) is thus completed.

Proof of the inequality (6.22). Recall that the error term e0,4
n = e0,4,ϵ,∆t

n is defined by (6.16) for
all n ∈ {0, . . . , N − 1}. The cases n ∈ {1, . . . , N − 1} and n = 0 are treated differently.
Like in the proof of the inequality (6.21), it is necessary to introduce an auxiliary mapping wϵ,∆t :
[0, T ] × H → R defined as follows: for all t ∈ [0, T ], x, y ∈ H, set

wϵ,∆t(t, x, y) = ⟨Dxu
ϵ(T − t, x, y), e− ∆t

ϵ
ΛF (x, y)⟩. (6.26)

For all n ∈ {1, . . . , N − 1}, the error term e0,3
n is then decomposed as

e0,4
n = e0,4,1

n + e0,4,2
n + e0,4,3

n ,

where, for all n ∈ {1, . . . , N − 1}, one has

e0,4,1
n =

∫ tn+1

tn

E[⟨Dxu
ϵ(T − t,Xϵ,∆t

n , Ỹϵ,∆t(t)), (I − e− ∆t
ϵ

Λ)F (Xϵ,∆t
n , Ỹϵ,∆t(t))⟩]dt

e0,4,2
n = ∆tE[⟨Dxu

ϵ(T − tn+1,Xϵ,∆t
n , Ỹϵ,∆t(tn+1)), (I − e− ∆t

ϵ
Λ)F (Xϵ,∆t

n , Ỹϵ,∆t(tn+1))⟩]

e0,4,3
n =

∫ tn+1

tn

(
E[wϵ,∆t(t,Xϵ,∆t

n , Ỹϵ,∆t(t))] − E[wϵ,∆t(tn+1,Xϵ,∆t
n , Ỹϵ,∆t(tn+1))]

)
dt

• Error term e0,4,1
n . Owing to the regularity estimate (4.4) from Lemma 4.1 (with α = 1 − κ) and to

the inequality (2.4), for all n ∈ {1, . . . , N − 1}, one has

|e0,4,1
n | ≤

∫ tn+1

tn

Cκ(T )
(T − t)1−κ

E[|Λ−1+κ(I − e− ∆t
ϵ

Λ)F (Xϵ,∆t
n , Ỹϵ,∆t(t))|]dt

≤
(∆t
ϵ

)1−κ ∫ tn+1

tn

Cκ(T )
(T − t)1−κ

E[|F (Xϵ,∆t
n , Ỹϵ,∆t(t))|]dt

≤
(∆t
ϵ

)1−κ ∫ tn+1

tn

Cκ(T )
(T − t)1−κ

dt(1 + |x0|),

using the Lipschitz continuity of F and the moment bounds (2.21) and (2.22) from Lemma 2.1.
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• Error term e0,4,2
n . The cases n ∈ {1, . . . , N − 2} and n = N − 1 are treated differently.

On the one hand, owing to the regularity estimate (4.4) from Lemma 4.1 (with α = 1 − κ) and to the
inequality (2.4), for all n ∈ {0, . . . , N − 2}, one has

|e0,4,2
n | ≤ Cκ(T )∆t

(T − tn+1)1−κ
E[|Λ−1+κ(I − e− ∆t

ϵ
Λ)F (Xϵ,∆t

n , Ỹϵ,∆t(tn+1))|]

≤
(∆t
ϵ

)1−κ Cκ(T )∆t
(T − tn+1)1−κ

E[|F (Xϵ,∆t
n , Ỹϵ,∆t(tn+1))|]dt

≤
(∆t
ϵ

)1−κ Cκ(T )∆t
(T − tn+1)1−κ

dt(1 + |x0|),

using the Lipschitz continuity of F and the moment bounds (2.21) and (2.22) from Lemma 2.1.
On the other hand, owing to the regularity estimate (4.4) from Lemma 4.1 (with α = 0), one has

|e0,4,2
N−1| ≤ C(T )∆tE[|(I − e− ∆t

ϵ
Λ)F (Xϵ,∆t

N−1, Ỹ
ϵ,∆t(tN ))|]

≤ C(T )∆t(1 + |x0|)

using the Lipschitz continuity of F and the moment bounds (2.21) and (2.22) from Lemma 2.1.

• Error term e0,4,3
n . Applying Itô’s formula, for all n ∈ {1, . . . , N − 1} and t ∈ [tn, tn+1], one has

E[wϵ,∆t(t,Xϵ,∆t
n , Ỹϵ,∆t(t))] − E[wϵ,∆t(tn+1,Xϵ,∆t

n , Ỹϵ,∆t(tn+1))]

= −
∫ tn+1

t
E[∂tw

ϵ,∆t(s,Xϵ,∆
n , Ỹϵ,∆t(s))]ds

+ 1
ϵ

∫ tn+1

t
E[⟨Dyw

ϵ,∆t(s,Xϵ,∆t
n , Ỹϵ,∆t(s)),Λ ∆t

ϵ
Ỹϵ,∆t(s)⟩]ds

− 1
ϵ

∫ tn+1

t

∑
j∈N

q∆t
ϵ

,jE[D2
yw

ϵ,∆t(s,Xϵ,∆t
n , Ỹϵ,∆t(s)).(ej , ej)]ds.

Therefore, one has the decomposition e0,4,3
n = e0,4,3,1

n + e0,4,3,2
n + e0,4,3,3

n , with

e0,4,3,1
n = −

∫ tn+1

tn

∫ tn+1

t
E[∂tw

ϵ,∆t(s,Xϵ,∆t
n , Ỹϵ,∆t(s))]dsdt

e0,4,3,2
n =

∫ tn+1

tn

1
ϵ

∫ tn+1

t
E[⟨Dyw

ϵ,∆t(s,Xϵ,∆t
n , Ỹϵ,∆t(s)),Λ ∆t

ϵ
Ỹϵ,∆t(s)⟩]dsdt

e0,4,3,3
n = −

∫ tn+1

tn

1
ϵ

∫ tn+1

t

∑
j∈N

q∆t
ϵ

,jD
2
yw

ϵ,∆t(s,Xϵ,∆t
n , Ỹϵ,∆t(s)).(ej , ej)dsdt.

For the error term e0,4,3,1
n , note that, owing to the regularity estimate (4.6) from Lemma 4.1, for all

t ∈ [0, T ] and x, y ∈ Hκ, one has

|∂tw
ϵ,∆t(t, x, y)| = |⟨∂tDxu

ϵ(T − t, x, y), e− ∆t
ϵ

ΛF (x, y)⟩|

≤ Cκ(T )
ϵ(T − t)1− κ

2

(
1 + |Λ

κ
2 x| + |Λ

κ
2 y|)|Λ

κ
2 e− ∆t

ϵ
ΛF (x, y)|

≤ Cκ(T )
∆t

κ
2 ϵ1− κ

2 (T − t)1− κ
2

(
1 + |Λ

κ
2 x| + |Λ

κ
2 y|)2,
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using the smoothing inequality (2.3) and the linear growth of F in the last step. As a consequence,
using the moment bounds (2.23) and (6.7), for all n ∈ {1, . . . , N − 1}, one obtains

|e0,4,3,1
n | ≤

∫ tn+1

tn

∫ tn+1

t
E[|∂tw

ϵ,∆t(s,Xϵ,∆t
n , Ỹϵ,∆t(s))|]dsdt

≤
∫ tn+1

tn

∫ tn+1

t

Cκ(T )
∆

κ
2 ϵ1− κ

2 (T − s)1− κ
2

(
1 + E[|Λ

κ
2 Xϵ,∆t

n |2] + E[|Λ
κ
2 Ỹϵ,∆t(s)|2]

)
dsdt

≤
(∆t
ϵ

)1−κ ∫ tn+1

tn

Cκ(T )
(T − s)1− κ

2
ds 1

(n∆t)1−κ

(
1 + |Λ

κ
2 x0|

)2
.

For the error term e0,4,3,2
n , like for the treatment of the error term e1,2

n above (proof of the inequal-
ity (6.17)), the Malliavin integration by parts formula (2.2) is employed. Recall that the mild solution(
Ỹϵ,∆t(t)

)
t≥0 of the stochastic evolution equation (6.5) is given by (6.8). The error term e0,4,3,2

n is then
decomposed as

e0,4,3,2
n = e0,4,3,2,1

n + e0,4,3,2,2
n ,

where for all n ∈ {1, . . . , N − 1} one has

e0,4,3,2,1
n = 1

ϵ

∫ tn+1

tn

∫ tn+1

t
E
[〈
Dyw

ϵ,∆t(s,Xϵ,∆t
n , Ỹϵ,∆t(s)),Λ ∆t

ϵ
e

− s
ϵ

Λ ∆t
ϵ yϵ

0

〉]
dsdt

e0,4,3,2,2
n = 1

ϵ

∫ tn+1

tn

∫ tn+1

t
E
[〈
Dyw

ϵ,∆t(s,Xϵ,∆t
n , Ỹϵ,∆t(s)),Λ ∆t

ϵ

√
2
ϵ

∫ s

0
e

− s−r
ϵ

Λ ∆t
ϵ Q

1
2
∆t
ϵ

dW (r)
〉]

dsdt.

To deal with the error term e0,4,3,2,1
n , note that for all t ∈ [0, T ], x, y ∈ H and h ∈ H, one has

|⟨Dyw
ϵ,∆t(t, x, y), h⟩| ≤ |⟨Dxu

ϵ(T − t, x, y), e− ∆t
ϵ

ΛDyF (x, y).h⟩|

+ |DxDyu
ϵ(T − t, x, y).(e− ∆t

ϵ
ΛF (x, y), h)|

≤ C(T )|||φ|||2(1 + |x| + |y|)|h|.

Owing to the regularity estimates (4.4) and 4.5 from Lemma 4.1. Therefore, using the moment
bounds (2.22) and (6.7), one obtains

|e0,4,3,2,1
n | ≤ 1

ϵ

∫ tn+1

tn

∫ tn+1

t
E
[∣∣∣〈Dyw

ϵ,∆t(s,Xϵ,∆t
n , Ỹϵ,∆t(s)),Λ ∆t

ϵ
e

− s
ϵ

Λ ∆t
ϵ yϵ

0

〉∣∣∣]dsdt
≤ C(T )

ϵ

∫ tn+1

tn

∫ tn+1

t
E[
(
1 + |Xϵ,∆t

n | + |Ỹϵ,∆t(t)|
)
|Λ ∆t

ϵ
e

− s
ϵ

Λ ∆t
ϵ yϵ

0|]dsdt

≤ Cκ(T )∆t
ϵ

∫ tn+1

tn

ϵ1− κ
2

s1− κ
2

ds(1 + |Λ
κ
2 x0|)2,

using the inequality ∣∣∣Λ ∆t
ϵ
e

− s
ϵ

Λ ∆t
ϵ yϵ

0

∣∣∣ ≤ Cκ(T ) ϵ
1−κ

s1−κ
|Λκ

∆t
ϵ

yϵ
0| ≤ Cκ(T ) ϵ

1− κ
2

s1− κ
2

|Λ
κ
2 yϵ

0|

which follows from a version of the smoothing inequality (2.3) applied to the linear operator Λ ∆t
ϵ

instead of Λ and its associated semi-group, and from the inequality λτ,j ≤ λj for all j ∈ N and
τ ∈ (0,∞).
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To deal with the error term e0,4,3,2,2
n , applying the Malliavin integration by parts formula (2.2), one

obtains
e0,4,3,2,2

n

=
√

2
ϵ

3
2

∫ tn+1

tn

∫ tn+1

t

∑
j∈N

E
[
⟨Dyw

ϵ,∆t(s,Xϵ,∆t
n , Ỹϵ,∆t(s)), ej⟩λ∆t

ϵ
,j

∫ s

0
e

− s−r
ϵ

λ ∆t
ϵ ,j
√
q∆t

ϵ
,jdβj(r)

]
dsdt

=
√

2
ϵ

3
2

∫ tn+1

tn

∫ tn+1

t

∫ s

0

∑
j∈N

E[Dej
r
(
⟨Dyw

ϵ,∆t(s,Xϵ,∆t
n , Ỹϵ,∆t(s)), ej⟩

)
]λ∆t

ϵ
,je

− s−r
ϵ

λ ∆t
ϵ ,j
√
q∆t

ϵ
,jdrdsdt

= e0,4,3,2,2,1
n + e0,4,3,2,2,2

n

where, using the chain rule, one has

e0,4,3,2,2,1
n =

√
2

ϵ
√
ϵ

∫ tn+1

tn

∫ tn+1

t

∫ s

0

∑
j∈N

dx,ϵ,∆t
n,j (r, s)λ∆t

ϵ
,je

− s−r
ϵ

λ ∆t
ϵ ,j
√
q∆t

ϵ
,jdrdsdt

e0,4,3,2,2,2
n =

√
2

ϵ
√
ϵ

∫ tn+1

tn

∫ tn+1

t

∫ s

0

∑
j∈N

dy,ϵ,∆t
n,j (r, s)λ∆t

ϵ
,je

− s−r
ϵ

λ ∆t
ϵ ,j
√
q∆t

ϵ
,jdrdsdt

with
dx,ϵ,∆t

n,j (r, s) = E[DxDyw
ϵ,∆t(s,Xϵ,∆t

n , Ỹϵ,∆t(s)).
(
Dej

r Xϵ,∆t
n , ej

)
]

dy,ϵ,∆t
n,j (r, s) = E[D2

yw
ϵ,∆t(s,Xϵ,∆t

n , Ỹϵ,∆t(s)).
(
Dej

r Ỹϵ,∆t(s), ej
)
].

On the one hand, note that for all t ∈ [0, T ], x, y ∈ H and h1, h2 ∈ H, one has

DxDyw
ϵ,∆(t, x, y).(h1, h2) = ⟨Dxu

ϵ(T − t, x, y), e− ∆t
ϵ

ΛDxDyF (x, y).(h1, h2)⟩

+D2
xu

ϵ(T − t, x, y).(h1, e− ∆t
ϵ

ΛDyF (x, y).h2)

+DxDyu
ϵ(T − t, x, y).(e− ∆t

ϵ
ΛDxF (x, y).h1, h2)

+D2
xDyu

ϵ(T − t, x, y).(h1, e− ∆t
ϵ

ΛF (x, y), h2).

Owing to the regularity estimates (4.4), (4.5) and (4.16) from Lemma 4.1 and its proof, and to the
properties of F stated in Assumption 2, one has the upper bound

|DxD
2
yw

ϵ,∆t(t, x, y).(h1, h2)| ≤ C(T )(1 + |x| + |y|)|h1||h2|.

Using the bound (6.24) for the Malliavin derivative Dej
r Xϵ,∆t

n (see the proof of the inequality (6.18))
and the moment bounds (2.22) from Lemma 2.1 and (6.7), one has

|e0,4,3,2,2,1
n | ≤ C(T )

ϵ2
(1 + |x0|)

∫ tn+1

tn

∫ tn

t

∫ s

0

∑
j∈N

λ∆t
ϵ

,je
− s−r

ϵ
λ ∆t

ϵ ,jq∆t
ϵ

,jdrdsdt

≤ C(T )
ϵ

(1 + |x0|)
∫ tn+1

tn

∫ tn

t

∑
j∈N

q∆t
ϵ

,jdsdt

≤ C(T )∆t2

ϵ
(1 + |x0|)|||φ|||3

∑
j∈N

q∆t
ϵ

,j .
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On the other hand, note that for all t ∈ [0, T ], x, y ∈ H and h1, h2 ∈ H, one has
D2

yw
ϵ,∆t(t, x, y).(h1, h2) = DxD

2
yu

ϵ(T − t, x, y).
(
e− ∆t

ϵ
ΛF (x, y), h1, h2)

+DxDyu
ϵ(T − t, x, y).

(
e− ∆t

ϵ
ΛDyF (x, y).h1, h2)

+DxDyu
ϵ(T − t, x, y).

(
e− ∆t

ϵ
ΛDyF (x, y).h2, h1)

+ ⟨Dxu
ϵ(T − t, x, y), e− ∆t

ϵ
ΛD2

yF (x, y).(h1, h2)⟩.
Owing to the regularity estimates (4.4), (4.5) and (4.16) from Lemma 4.1 and its proof, and to the
properties of F stated in Assumption 2, one has the upper bound

|D2
yw

ϵ,∆t(t, x, y).(h1, h2)| ≤ C(T )(1 + |x| + |y|)|h1||h2|.
Using the bound (6.23) for the Malliavin derivative Dej

r Ỹϵ,∆t(s) (see the proof of the inequality (6.18))
and the moment bounds (2.22) from Lemma 2.1 and (6.7), one obtains

|e0,4,3,2,2,2
n | ≤ C(T )

ϵ2
(1 + |x0|)

∫ tn+1

tn

∫ tn

t

∫ s

0

∑
j∈N

λ∆t
ϵ

,je
− s−r

ϵ
λ ∆t

ϵ ,jq∆t
ϵ

,jdrdsdt

≤ C(T )
ϵ

(1 + |x0|)
∫ tn+1

tn

∫ tn

t

∑
j∈N

q∆t
ϵ

,jdsdt

≤ C(T )∆t2

ϵ
(1 + |x0|)

∑
j∈N

q∆t
ϵ

,j .

Note that, for all κ ∈ (0, 1
2) and all τ ∈ (0,∞), one has∑

j∈N
qτ,j =

∑
j∈N

log(1 + τλj)
τλj

≤ Cκ

∑
j∈N

(τλj)
1
2 −κ

τλj
≤ Cκτ

− 1
2 −κ,

using the auxiliary inequality

sup
z∈(0,∞)

log(1 + z)
z

1
2 −κ

< ∞.

Gathering the estimates for the error terms e0,4,3,2,1
n , e0,4,3,2,2,1

n and e0,4,3,2,2,2
n , one obtains

|e0,4,3,2
n | ≤ |e0,4,3,2,1

n | + |e0,4,3,2,2
n | ≤ |e0,4,3,2,1

n | + |e0,4,3,2,2,1
n | + |e0,4,3,2,2,2‘

n |

≤ Cκ(T )∆t
ϵ

(1 + |x0|)
∫ tn+1

tn

1
s1− κ

2
ds|Λ

κ
2 yϵ

0| + Cκ(T )
(∆t
ϵ

) 1
2 −κ

(1 + |x0|).

For the error term e0,4,3,3
n , note that for all t ∈ [0, T ], x, y ∈ H and h1, h2 ∈ H, one has

D2
yw

ϵ,∆t(t, x, y).(h1, h2) = DxD
2
yu

ϵ(T − t, x, y).
(
e− ∆t

ϵ
ΛF (x, y), h1, h2)

+DxDyu
ϵ(T − t, x, y).

(
e− ∆t

ϵ
ΛDyF (x, y).h1, h2)

+DxDyu
ϵ(T − t, x, y).

(
e− ∆t

ϵ
ΛDyF (x, y).h2, h1)

+ ⟨Dxu
ϵ(T − t, x, y), e− ∆t

ϵ
ΛD2

yF (x, y).(h1, h2)⟩.
Owing to the regularity estimates (4.4), (4.5) and (4.16) from Lemma 4.1 and its proof, and to the
properties of F stated in Assumption 2, one has the upper bound

|D2
yw

ϵ,∆t(t, x, y).(h1, h2)| ≤ C(T )(1 + |x| + |y|)|h1||h2|.
As a consequence, using the moment bounds (2.22) and (6.7), one obtains

|e0,4,3,3
n | ≤ C(T )∆t2

ϵ
(1 + |x0|)

∑
j∈N

q∆t
ϵ

,j ≤ Cκ(T )
(∆t
ϵ

) 1
2 −κ

(1 + |x0|).
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Finally, gathering the estimates for the error terms e0,4,3,1
n , e0,4,3,2

n and e0,4,3,3
n , one obtains, for all

n ∈ {1, . . . , N − 1}
|e0,4,3

n | ≤ |e0,4,3,1
n | + |e0,4,3,2

n | + |e0,4,3,3
n |

≤
(∆t
ϵ

)1−κ ∫ tn+1

tn

Cκ(T )
(T − s)1− κ

2
ds 1

(n∆t)1−κ

(
1 + |Λ

κ
2 x0|

)2
+ Cκ(T )∆t

ϵ

∫ tn+1

tn

1
s1− κ

2
ds(1 + |Λ

κ
2 x0|)2 + Cκ(T )

(∆t
ϵ

) 1
2 −κ(1 + |x0|).

• Error term e0,4
0 . Note that, owing to the regularity estimate (4.4) from Lemma 4.1 (with α = 0), for

all t ∈ [0, T ) and x, y ∈ H, one has

|e0,4
0 | ≤

∫ t1

t0
E[|⟨Dxu

ϵ(T − t, xϵ,∆t
0 , Ỹϵ,∆t(t)), F (Xϵ,∆t

0 , Ỹϵ,∆t(t))⟩|]

+ ∆tE[|⟨Dxu
ϵ(T − t1, x

ϵ
0,Yϵ,∆t(t1)), F (Xϵ,∆t

0 , Ỹϵ,∆t(t1))⟩|]

≤ C(T )∆t(1 + |x0|),

using the moment bound (6.7), the linear growth of F and Assumption 3.
• Gathering the estimates for the error terms e0,4,1

n , e0,4,2
n and e0,4,3

n and summing for n ∈ {0, . . . , N−1},
the proof of the inequality (6.21) is thus completed.

6.3. Proof of Proposition 7

Before proceeding with the proof, auxiliary tools are required. The statements and the arguments are
similar to those in [10]. Let us first state and prove an auxiliary lemma about discrete-time Poisson
equations. For all τ ∈ (0,∞), let

(
Yτ

k

)
k≥0 be defined using the modified Euler scheme from [8] applied

to the stochastic evolution equation dY(s) = −ΛY(s)ds+ dW (s) with time-step size τ : for all m ≥ 0,
Yτ

m+1 = AτYτ
m + Bτ,1

√
τΓm,1 + Bτ,2

√
τΓm,2, (6.27)

where the linear operators Aτ , Bτ,1 and Bτ,2 are given by (2.13). Let Pτ denote the associated Markov
transition operator: for any bounded and measurable mapping ϕ : H → R and all y ∈ H,

Pτϕ(y) = Ey[ϕ(Yτ
1)] = E[ϕ(Aτy + Bτ,1

√
τΓ1,1 + Bτ,2

√
τΓ1,2)].

Lemma 6.2. Let ϕ : H → R be a Lipschitz continuous function, which satisfies the centering condition∫
ϕ(y)dν(y) = 0. For all τ ∈ (0,∞) and all y ∈ H, define

ψτ (y) = τ
∞∑

m=0
Pm

τ ϕ(y).

Then ψτ is a solution of the Poisson equation
Pτψ − ψ = −τϕ. (6.28)

Moreover, there exists C ∈ (0,∞), such that for all τ ∈ (0,∞), one has

sup
y∈H

|ψτ (y)|
1 + |y|

≤ C max(τ, 1) sup
y1,y2∈H

|ϕ(y2) − ϕ(y1)|
|y2 − y1|

. (6.29)

Proof of Lemma 6.2. Observe that for all τ ∈ (0,∞), one has

τ
∞∑

m=0

1
(1 + λ1τ)m

= τ

1 − 1
1+λ1τ

= 1 + λ1τ

λ1
≤ C max(τ, 1).
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In addition, using the centering condition on ϕ and the fact that the Gaussian distribution ν is invariant
for the modified Euler scheme (6.27) for any value of τ ∈ (0,∞), for all m ≥ 0, one has

|Pm
τ ϕ(y)| =

∣∣∣∣Pm
τ ϕ(y) −

∫
ϕdν

∣∣∣∣
=
∣∣∣∣Pm

τ ϕ(y) −
∫

Pm
τ ϕ(z)dν(z)

∣∣∣∣
≤ sup

y1,y2∈H

|ϕ(y2) − ϕ(y1)|
|y2 − y1|

∫
|Am

τ (y − z)|dν(z)

≤ 1
(1 + λ1τ)m

sup
y1,y2∈H

|ϕ(y2) − ϕ(y1)|
|y2 − y1|

(∫
|z|dν(z) + |y|

)
.

This proves that ψτ is well-defined for all τ ∈ (0,∞). It is then straightforward to check that the
identity (6.28) and the inequality (6.29). The proof of Lemma 6.2 is thus completed.

Let ∆t = T/N ∈ (0,∆t0). For all n ∈ {0, . . . , N−1}, define the auxiliary function ϕ∆t
n : H×H → R

as follows: for all x, y ∈ H, set
ϕ∆t

n (x, y) = ⟨Du∆t
N−n−1(A∆tx),A∆t

(
F (x, y) − F (x)

)
⟩. (6.30)

Note that the centering condition ∫
ϕ∆t

n (x, · )dν = 0

is satisfied, owing to the definition (2.10) of F (x). Therefore one can define the auxiliary functions
ψ∆t

n : H ×H → R as follows:

ψ∆t,ϵ
n (x, y) = τ

∞∑
m=0

Ey[ϕ∆t
n (x,Yτ

m)], (6.31)

using the definition (6.27) for the auxiliary scheme with time-step size τ = ∆t/ϵ. Owing to Lemma 6.2,
ψ∆t,ϵ

n (x, · ) is solution of the discrete Poisson equation (6.28):

Pτψ
∆t,ϵ
n (x, · ) − ψ∆t,ϵ

n (x, · ) = −τϕ∆t
n (x, · ).

One has the following regularity estimates on the functions ψ∆t,ϵ
n (x, · ), with constants independent of

∆t ∈ (0,∆t0) and ϵ ∈ (0, ϵ0).

Lemma 6.3. For all T ∈ (0,∞) and κ ∈ (0, 1], there exists Cκ(T ) ∈ (0,∞) such that for all ϵ ∈ (0, ϵ0),
∆t = T/N ∈ (0,∆t0), all x, y ∈ H and all n ∈ {0, . . . , N − 1}, one has

|ψ∆t,ϵ
n (x, y)| ≤ C1(T )|||φ|||1 max(τ, 1)(1 + |y|) (6.32)

sup
h∈H;|h|≤1

|⟨Dxψ
∆t,ϵ
n (x, y), h⟩| ≤ C1(T )|||φ|||2 max(τ, 1)(1 + |y|) (6.33)

and for all n ∈ {0, . . . , N − 3}, one has

|ψ∆t,ϵ
n+1(x, y) − ψ∆t,ϵ

n (x, y)| ≤ Cκ(T )∆t1−κ(
(N − n− 2)∆t

)1−κ |||φ|||2 max(τ, 1)(1 + |x|)(1 + |y|), (6.34)

with τ = ∆t/ϵ.

The proof of Lemma 6.3 consists in the application of Lemma 6.2 for three auxiliary mappings, com-
bined with the regularity results on u∆t

N−n−1 from Lemma 4.2. The application of Lemma 6.2 explains
the presence of the factor max(τ, 1) on the right-hand sides of the inequalities, see the inequality (6.29)
from Lemma 6.2.
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Proof of Lemma 3.1. Let us first prove the inequality (6.32). For all n ∈ {0, . . . , N−1}, x, y1, y2 ∈ H,
one has

|ϕ∆t
n (x, y2) − ϕ∆t

n (x, y1)| = |⟨Du∆t
N−n−1(A∆tx),A∆t(F (x, y2) − F (x, y1))⟩|

≤ C(T )|||φ|||1|F (x, y2) − F (x, y1)|
≤ C(T )|||φ|||1|y2 − y1|,

owing to the inequality (4.7) (see Lemma 4.2) and to the global Lipschitz continuity of F (Assump-
tion 2). Since ϕ∆t

n (x, · ) satisfies the centering condition
∫
ϕ∆t

n (x, · )dν = 0, the inequality (6.32) is then
a straightforward consequence of Lemma 6.2.
Let us now prove the inequality (6.33). Since the mappings u∆t

N−n−1, F and F are of class C2 (see
Lemma 4.2 and Assumption 2), x 7→ ϕ∆t

n (x, y) is of class C1, and one has
⟨Dxϕ

∆t
n (x, y), h⟩ = ⟨Du∆t

N−n−1(A∆tx),A∆t

(
DxF (x, y).h−DF (x).h

)
⟩

+D2u∆t
N−n−1(A∆tx).

(
A∆t(F (x, y) − F (x)),A∆th

)
.

In particular, the centering condition ∫
⟨Dxϕ

∆t
n (x, · ), h⟩dν = 0

is satisfied. It is straightforward to check that x 7→ ψ∆t,ϵ
n (x, y) is of class C1, and that one has

⟨Dxψ
∆t,ϵ
n (x, y), h⟩ = τ

∞∑
k=0

Ey[⟨Dxϕ
∆t
n (x,Yτ

k), h⟩.

This means that the mapping ⟨Dxψ
∆t,ϵ
n (x, · ), h⟩ solves the Poisson equation

(Pτ − I)⟨Dxψ
∆t,ϵ
n (x, · ), h⟩ = ⟨Dxϕ

∆t
n (x, · ), h⟩.

In order to apply Lemma 6.2, it suffices to check tha the following property holds: for all n ∈ {0, . . . ,
N − 1}, x, y1, y2 ∈ H, one has∣∣⟨Dxϕ

∆t
n+1τ(x, y2), h⟩ − ⟨Dxψ

∆t
n+1(x, y1), h⟩

∣∣
≤
∣∣⟨Du∆t

N−n−2(A∆tx),A∆t(DxF (x, y2).h−DxF (x, y2).h)⟩
∣∣

+
∣∣D2u∆t

N−n−2(A∆tx).
(
A∆th,A∆t(F (x, y2) − F (x, y1))

)∣∣
≤ C(T )|||φ|||2|h||y2 − y1|,

owing to the inequality (4.10) (see Lemma 4.2) and to the regularity conditions on F (F is of class C2

with bounded first and second order derivatives, see Assumption 2). As a consequence, the inequal-
ity (6.33) is obtained as an application of Lemma 6.2.
It finally remains to prove the inequality (6.34). Set δψ∆t,ϵ

n (x, y) = ψ∆t,ϵ
n+1(x, y) − ψ∆t,ϵ

n (x, y). The
mapping δψ∆t,ϵ

n (x, · ) is solution of the Poisson equation
(Pτ − I)δψ∆t,ϵ

n (x, · ) = τδϕ∆t
n (x, · ),

with the auxiliary function δϕ∆t
n (x, · ) defined by

δϕ∆t
n (x, y) = ⟨Du∆t

N−n−2(A∆tx) −Du∆t
N−n−1(A∆tx),A∆t(F (x, y) − F (x))⟩.

The centering condition

∫
δϕ∆t

n (x, · )dν = 0

is satisfied, therefore the application of Lemma 6.2 requires to upper bound the Lipschitz constant of
δϕ∆t

n (x, · ).
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For all x ∈ H, n ∈ {0, . . . , N − 3}, and y1, y2 ∈ H, one has
|δnϕ

τ (x, y2) − δnϕ
τ (x, y1)| ≤

∣∣⟨Du∆t
N−n−2(A∆tx) −Du∆t

N−n−1(A∆tx),A∆t(F (x, y2) − F (x, y1))⟩
∣∣

≤ ∆t1−κ Cκ(T )(
(N − n− 2)∆t

)1−κ |||φ|||2(1 + |x|)|A∆t(F (x, y2) − F (x, y1))|

≤ ∆t1−κ Cκ(T )(
(N − n− 2)∆t

)1−κ |||φ|||2(1 + |x|)|y2 − y1|,

owing to the inequality (4.9) (see Lemma 4.2) and to the global Lipschitz continuity of F (Assump-
tion 2). Applying Lemma 6.2 then yields the inequality (6.34).
The proof of Lemma 6.3 is thus completed.

We are now in position to provide the proof of Proposition 7.

Proof of Proposition 7. Let T ∈ (0,∞), φ : H → R be of class C2, with bounded first and second
order derivatives, ϵ ∈ (0, ϵ0), and ∆t = T/N ∈ (0,∆t0), with N ∈ N. Recall the notation τ = ∆t/ϵ.
The error in the left-hand side of (3.9) can written as follows:

E[φ(Xϵ,∆t
N )] − E[φ(X∆t

N )] = E[φ(Xϵ,∆t
N )] − φ(X∆t

N ) + φ(X∆t
N ) − E[φ(X∆t

N )].
It suffices to focus on the first error term on the left-hand side: indeed

|φ(X∆t
N ) − E[φ(X∆t

N )]| ≤ C(T )∆t|||φ|||2(1 + |x0|2),
see (5.3) from the proof of Proposition 4.
The error term which remain to be studied can be decomposed as follows:

E[φ(Xϵ,∆t
N )] − φ(X∆t

N ) = E[u∆t
0 (Xϵ,∆t

N )] − u∆t
N (x0)

= E[u∆t
0 (Xϵ,∆t

N )] − E[u∆t
N (Xϵ,∆t

0 )] + u∆t
N (xϵ

0) − u∆t
N (x0),

where the mapping u∆t
N is given by (4.2).

The mapping u∆t
N is globally Lipschitz continuous, more precisely one has the inequality (4.10), and

using Assumption 3 one obtains
|u∆t

N (xϵ
0) − u∆t

N (x0)| ≤ C(T )|xϵ
0 − x0| ≤ C(T )ϵ(1 + |x0|).

Let us now study the remaining error term. Using a telescoping sum argument, one has

E[u∆t
0 (Xϵ,∆t

N )] − E[u∆t
N (Xϵ,∆t

0 )] =
N−1∑
n=0

(
E[u∆t

N−n−1(Xϵ,∆t
n+1)] − E[u∆t

N−n(Xϵ,∆t
n )]

)
=

N−1∑
n=0

(
E[u∆t

N−n−1(A∆tXϵ,∆t
n + ∆tA∆tF (Xϵ,∆t

n ,Yϵ,∆t
n+1))]E[u∆t

N−n−1(A∆tXϵ,∆t
n + ∆tF (Xϵ,∆t

n ))]
)
.

Since u∆t
n is of class C2 owing to Lemma 4.2, by a Taylor expansion, one obtains the equality

E[u∆t
0 (Xϵ,∆t

N )] − E[u∆t
N (Xϵ,∆t

N )] = ∆t
N−1∑
n=0

E[ϕ∆t
n (Xϵ,∆t

n ,Yϵ,∆t
n+1)] +Rϵ,∆t

n ,

with the function ϕ∆t
n defined by (6.30), and where one has
E[|Rϵ,∆t

n |] ≤ ∆t2|||u∆t
N−n−1|||2E[|F (Xϵ,∆t

n ,Yϵ,∆t
n+1) − F (Xϵ,∆t

n )|2]

≤ C(T )∆t2|||φ|||2
(
1 + E[|Xϵ,∆t

n |2] + E[|Yϵ,∆t
n+1|2]

)
,

using the inequality (4.10).
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Using the equality ∆t = τϵ, the error term can be written as

∆t
N−1∑
n=0

E[ϕ∆t
n (Xϵ,∆t

n ,Yϵ,∆t
n+1)] = ϵ

N−1∑
n=0

(
E[ψ∆t,ϵ

n (Xϵ,∆t
n ,Yϵ,∆t

n+1)] − E[Pτψ
∆t,ϵ
n (Xϵ,∆t

n ,Yϵ,∆t
n+1)]

)
= ϵ

N−1∑
n=0

(
E[ψ∆t,ϵ

n (Xϵ,∆t
n ,Yϵ,∆t

n+1)] − E[ψ∆t,ϵ
n (Xϵ,∆t

n ,Yϵ,∆t
n+2)]

)
= ϵ

∑
n∈{0,N−1,N−2}

(
E[ψ∆t,ϵ

n (Xϵ,∆t
n ,Yϵ,∆t

n+1)] − E[ψ∆t,ϵ
n (Xϵ,∆t

n ,Yϵ,∆t
n+2)]

)

+ ϵ
N−3∑
n=1

(
E[ψ∆t,ϵ

n (Xϵ,∆t
n ,Yϵ,∆t

n+1)] − E[ψ∆t,ϵ
n (Xϵ,∆t

n ,Yϵ,∆t
n+2)]

)
(6.35)

where the second equality is a consequence of the Markov property and of the definition of the
scheme (2.15). For technical reasons, it is necessary to treat differently the terms n ∈ {0, N−2, N−1}
and n ∈ {1, . . . , N − 3}.
On the one hand, for if n ∈ {0, N − 2, N − 1}, owing to Lemma 6.3 one has

ϵ
∣∣∣E[ψ∆t,ϵ

n (Xϵ,∆t
n ,Yϵ,∆t

n+1)] − E[ψ∆t,ϵ
n (Xϵ,∆t

n ,Yϵ,∆t
n+2)]

∣∣∣
≤ C(T )|||φ|||1ϵmax(τ, 1)

(
1 + E[|Yϵ,∆t

n+1|] + E[|Yϵ,∆t
n+2|]

)
≤ C(T )|||φ|||1 max(∆t, ϵ),

using the moment bound (2.21) from Lemma 2.1.
On the other hand, using a telescoping sum argument and the Markov property, one obtains the
auxiliary identities

E[Pτψ
∆t,ϵ
N−2(Xϵ,∆t

N−2,Y
ϵ,∆t
N−2)] − E[Pτψ

∆t,ϵ
1 (Xϵ,∆t

1 ,Yϵ,∆t
1 )]

=
N−3∑
n=1

(
E[Pτψ

∆t,ϵ
n+1(Xϵ,∆t

n+1,Y
ϵ,∆t
n+1)] − E[Pτψ

∆t,ϵ
n (Xϵ,∆t

n ,Yϵ,∆t
n )]

)
=

N−3∑
n=1

(
E[Pτψ

∆t,ϵ
n+1(Xϵ,∆t

n+1,Y
ϵ,∆t
n+1)] − E[Pτψ

∆t,ϵ
n (Xϵ,∆t

n ,Yϵ,∆t
n+1)]

+
N−3∑
n=1

(
E[Pτψ

∆t,ϵ
n (Xϵ,∆t

n ,Yϵ,∆t
n+1)] − E[Pτψ

∆t,ϵ
n (Xϵ,∆t

n ,Yϵ,∆t
n )]

)
=

N−3∑
n=1

(
E[ψ∆t,ϵ

n+1(Xϵ,∆t
n+1,Y

ϵ,∆t
n+2)] − E[ψ∆t,ϵ

n (Xϵ,∆t
n ,Yϵ,∆t

n+2)]

+
N−3∑
n=1

(
E[ψ∆t,ϵ

n (Xϵ,∆t
n ,Yϵ,∆t

n+2)] − E[ψ∆t,ϵ
n (Xϵ,∆t

n ,Yϵ,∆t
n+1)]

)
.

Observe that the expression appearing in the last line above corresponds to the expression appearing
in the last line of (6.35). One then obtains

∆t
N−3∑
n=1

E[ϕ∆t
n (Xϵ,∆t

n ,Yϵ,∆t
n+1)] = ϵE[ψ∆t,ϵ

1 (Xϵ
1,Y

ϵ,∆t
2 )] − ϵE[ψ∆t,ϵ

N−2(Xϵ,∆t
N−2,Y

ϵ,∆t
N−1)]

+ ϵ
N−3∑
n=1

(
E[ψ∆t,ϵ

n+1(Xϵ,∆t
n+1,Y

ϵ,∆t
n+2)] − E[ψ∆t,ϵ

n+1(Xϵ,∆t
n ,Yϵ,∆t

n+2)]
)

+ ϵ
N−3∑
n=1

(
E[ψ∆t,ϵ

n+1(Xϵ,∆t
n ,Yϵ,∆t

n+2)] − E[ψ∆t,ϵ
n (Xϵ,∆t

n ,Yϵ,∆t
n+2)]

)
.
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To prove upper bounds for the three terms on the right-hand side above, the properties of the mappings
ψ∆t,ϵ

n provided by Lemma 6.3 and moment bounds for the random variables X∆t,ϵ
n and Y∆t,ϵ

n are
employed. Recall also that ϵmax(τ, 1) = max(∆t, ϵ).
• Using the inequality (6.32), one has

ϵ|E[ψ∆t,ϵ
1 (Xϵ

1,Y
ϵ,∆t
2 )]| ≤ C(T ) max(∆t, ϵ)|||φ|||1(1 + E[|Yϵ,∆t

2 |])
≤ C(T ) max(∆t, ϵ)|||φ|||1,

using the moment bound (2.21) from Lemma 2.1.
Similarly, one has

ϵ|E[ψ∆t,ϵ
N−2(Xϵ,∆t

N−2,Y
ϵ,∆t
N−1)]| ≤ C(T ) max(∆t, ϵ)|||φ|||1(1 + E[|Yϵ,∆t

N−1|])
≤ C(T ) max(∆t, ϵ)|||φ|||1.

• Using the inequality (6.33), one has∣∣∣∣∣ϵ
N−3∑
n=1

(
E[ψ∆t,ϵ

n+1(Xϵ,∆t
n+1,Y

ϵ,∆t
n+2)] − E[ψ∆t,ϵ

n+1(Xϵ,∆t
n ,Yϵ,∆t

n+2)]
)∣∣∣∣∣

≤ C(T ) max(∆t, ϵ)|||φ|||2
N−3∑
n=1

E
[
|Xϵ,∆t

n+1 − Xϵ,∆t
n |(1 + |Yϵ,∆t

n+2|)
]

≤ C(T ) max(∆t, ϵ)|||φ|||2
N−3∑
n=1

(
E[|Xϵ,∆t

n+1 − Xϵ,∆t
n |2]

) 1
2 ,

using Hölder’s inequality and the moment bound (2.21) from Lemma 2.1. Applying Lemma 2.2 then
yields∣∣∣∣∣ϵ

N−3∑
n=1

(
E[ψ∆t,ϵ

n+1(Xϵ,∆t
n+1,Y

ϵ,∆t
n+2)] − E[ψ∆t,ϵ

n+1(Xϵ,∆t
n ,Yϵ,∆t

n+2)]
)∣∣∣∣∣

≤ Cκ(T ) max(∆t, ϵ)|||φ|||2∆t1−κ(1 + |x0|)
N−3∑
n=1

1
(n∆t)1−κ

≤ Cκ(T ) max(∆t, ϵ)|||φ|||2∆t−κ(1 + |x0|).
• Using the inequality (6.34), one has∣∣∣∣∣ϵ

N−3∑
n=1

(
E[ψ∆t,ϵ

n+1(Xϵ,∆t
n ,Yϵ,∆t

n+2)] − E[ψ∆t,ϵ
n (Xϵ,∆t

n ,Yϵ,∆t
n+2)]

)∣∣∣∣∣
≤ Cκ(T ) max(∆t, ϵ)|||φ|||2∆t1−κ

N−3∑
n=1

1(
(N − n− 2)∆t

)1−κE[(1 + |Xϵ,∆t
n |)(1 + |Yϵ,∆t

n+2|)]

≤ Cκ(T ) max(∆t, ϵ)|||φ|||2∆t−κ(1 + |x0|).
• Gathering the estimates, one obtains∣∣∣∣∣∆t

N−3∑
n=1

E[ϕ∆t
n (Xϵ,∆t

n ,Yϵ,∆t
n+1)]

∣∣∣∣∣ ≤ Cκ(T ) max(∆t, ϵ)|||φ|||2∆t−κ(1 + |x0|),

and finally
|E[φ(Xϵ,∆t

N )] − φ(X∆t
N )| ≤ C(T )ϵ|||φ|||1(1 + |x0|) + C(T )∆t|||φ|||2(1 + |x0|2)

+ C(T )|||φ|||1(ϵ+ ∆t) + Cκ(T )
(

ϵ

∆tκ + ∆t1−κ
)

|||φ|||2(1 + |x0|).

This concludes the proof of the inequality (3.9) and of Proposition 7.

222



Uniform error bounds for an AP scheme for SPDE systems

7. Numerical experiments

The objective of this section is to illustrate the behavior of the proposed asymptotic preserving
scheme (1.4), which is rewritten here for convenience:

Xϵ,∆t
n+1 = A∆t

(
Xϵ,∆t

n + ∆tF (Xϵ,∆t
n ,Yϵ,∆t

n+1)
)

Yϵ,∆t
n+1 = A ∆t

ϵ
Yϵ,∆t

n +

√
2∆t
ϵ

B ∆t
ϵ

,1Γn,1 +

√
2∆t
ϵ

B ∆t
ϵ

,2Γn,2.
(7.1)

For comparison, let us introduce the scheme
Xϵ,∆t

n+1 = A∆t

(
Xϵ,∆t

n + ∆tF (Xϵ,∆t
n ,Yϵ,∆t

n+1)
)

Yϵ,∆t
n+1 = A ∆t

ϵ

(
Yϵ,∆t

n +

√
2∆t
ϵ

Γn

)
,

(7.2)

where the second component is discretized using the standard linear implicit Euler scheme. Initial
values are given by Xϵ,∆t

0 = Xϵ,∆t
0 = xϵ

0 and Yϵ,∆t
0 = Yϵ,∆t

0 = yϵ
0.

Owing to Propositions 3 and 4 from Section 3.1, the scheme (7.1) is asymptotic preserving. However,
arguing as in Section 5, one may prove that for any fixed ∆t ∈ (0,∆t0), and for all n ∈ {0, . . . , N},
the solution Xϵ,∆t

n at time n of the scheme (7.2) converges when ϵ → 0 to the solution X∆t
n at time n

of the numerical scheme
X∆t

n+1 = A∆t

(
X∆t

n + ∆tF (X∆t
n , 0),

with initial value X∆t
0 = x0. The limiting scheme above associated with the scheme (7.2) is consistent

with the evolution equation
dX(t)

dt = −ΛX(t) + F (X(t), 0)

which differs from the averaged equation (2.11) when F ( · , 0) ̸= F . In that situation, the scheme (7.2)
is not asymptotic preserving.

The numerical experiments below are performed in a case where the asymptotic behaviors of the
schemes (7.1) and (7.2) are different when ϵ → 0. The superiority of the asymptotic preserving
scheme (7.1) is thus illustrated, qualitatively and quantitatively.

We consider the system of stochastic partial differential equations (1.1) with a(ξ) = 1 for all ξ ∈
(0, 1). As a result the linear operator −Λ is the Laplace operator with homogeneous Dirichlet boundary
conditions.

The nonlinearity f is given by

f(x, y) = 10e−0.5x2(
e−0.1y2 − 1

)
+ 20x, ∀ x, y ∈ R.

It is worth noting that f(x, 0) = 20x for all x ∈ R.
The initial values xϵ

0 and yϵ
0 are chosen to be independent of ϵ and are given by
xϵ

0(ξ) = sin
(
2πξ

)
, yϵ

0(ξ) = 0, ∀ ξ ∈ (0, 1).

Note that x0 = xϵ
0 is an eigenfunction of the operator Λ: Λx0 = −(2π)2x0.

The spatial discretization is performed using the finite difference method with mesh size 10−2. The
final time is equal to T = 0.5.

Let us start with a qualitative comparison of the schemes (7.1) and (7.2), for a fixed value of
∆t = 2−10 = 1/1024, and for a single realization. The results are presented in Figure 7.1. The top left
figure gives the shape of the initial value. The top right figure shows Xϵ,∆t

N , for different values of ϵ ∈
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{10, 1, 10−1, 10−2, 10−3, 10−4}, and with the solid line giving the limiting solution X∆t
N approximated

with ϵ = 10−12. The bottom figures show Xϵ,∆t
N , for two sets of values ϵ ∈ {10, 1, 10−1, 10−2, 10−3, 10−4}

and ϵ ∈ {10−6, 10−7, 10−8}, with the solid line giving the limiting solution X∆t
N approximated with

ϵ = 10−12.
Observe that X∆t

N has the same shape as the initial value x0 displayed on the top left figure, as
expected from the definition of X(T ) and the fact that x0 is an eigenfunction of the linear operator
−Λ + F ( · , 0) = −Λ + 20I. On the contrary, X(T ) has a non-trivial shape. It is clearly visible in
Figure 7.1 that for sufficiently large values of ϵ the two schemes (7.1) and (7.2) have similar behaviors
but that when ϵ tends to 0 only the asymptotic preserving scheme (7.1) is able to approximate the
solution of the averaged equation.

Figure 7.1. Qualitative comparison of the schemes (7.1) and (7.2). Top left: initial
value. Top right: Xϵ,∆t

N computed using the asymptotic preserving scheme (7.1) for
different values of ϵ. Bottom: Xϵ,∆t

N computed using the scheme (7.2) for different
values of ϵ.

Let us then turn to quantitative numerical experiments, where the convergence of E[φ(Xϵ,∆t
N )] and

of E[φ(Xϵ,∆t
N )] to E[φ(Xϵ(T ))], when ∆t → 0, for several values of ϵ, is investigated. The objective is to

illustrate the uniform weak error estimates given by (3.2) for the asymptotic preserving scheme (7.1),
and to show that the scheme (7.2) does not satisfy nice error bounds. The expectations are approx-
imated by Monte Carlo averages over 102 independent realizations. The reference value is computed
for both schemes using the asymptotic preserving scheme (7.1) with a reference time-step size ∆tref .
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Two functions are considered,

φleft(x) = sin
(∫ 1

0
x(ξ)2dξ

)
, φright(x) = sin

(∫ 1

0
x(ξ)dξ

)2
,

where in practice the integrals are approximated using an elementary rectangle quadrature rule.
Figures 7.2, 7.3 and 7.4 display weak error estimates, in logarithmic scales, when the time-step size

∆t varies, for several values of ϵ. A reference line which represents convergence with order 1/3, as
predicted by Theorem 3.2, is indicated. The functions φleft and φright are employed on the left and on
the right respectively.

First, a comparison of the schemes (7.1) (top) and (7.2) (bottom) is presented in Figure 7.2. The
time-step size ∆t takes values in {2−10, 2−11, 2−12, 2−13, 2−14, 2−15, 2−16}, and the reference time-step
size is equal to ∆tref = 2−17. For the scheme (7.1) (top), ϵ takes values in {10−3, 10−4, 10−5, 10−6}.
For the scheme (7.2) (bottom), ϵ takes values in {10−2, 10−3, 10−4, 10−5}. It is clearly visible that for
the scheme (7.2) the behavior as ∆t → 0 is not uniform with respect to ϵ: as ϵ gets small, for large
∆t the error is large and does not depend on ∆t, it requires to choose small ∆t depending on ϵ to
observe the convergence. This is consistent with the behavior observed in Figure 7.1. On the contrary,
the behavior of the error for the scheme (7.1) is compatible with uniform error bounds with rate 1/3
given in Theorem 3.2, and there is clear superiority of the asymptotic preserving scheme (7.1) in this
regime compared with the scheme (7.2).

Figure 7.2. Weak error estimates as a function of the time-step size ∆t in logarith-
mic scales for the schemes (7.1) (top) and (7.2) (bottom). Left: function φleft. Right:
function: φright.

Figures 7.3 and 7.4 illustrate more accurately how the error depends on the parameter ϵ for the
asymptotic preserving scheme (7.1), in the same setting as above. The time-step size ∆t takes values in
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{2−8, 2−9, 2−10, 2−11, 2−12, 2−13, 2−14, 2−15, 2−16, 2−17, 2−18}, and the reference time-step size is equal
to ∆tref = 2−19. In Figure 7.3, the parameter ϵ takes values in {10−4, 10−5, 10−6, 10−7}. In Figure 7.4,
the parameter ϵ takes values in {10−6, 2.10−6, 4.10−6, 8.10−6} (where the dot means multiplication).
One observes that there exist different regimes depending on the values of ∆t and ϵ. In Figure 7.3,
when ϵ = 10−7 in the considered range of values of ∆t the order of convergence seems to be equal to
1, however for the other values of ϵ there is a range of values of ∆t for which the order of convergence
is reduced. Still the behavior is consistent with the uniform error estimates with order of convergence
1/3 obtained in Theorem 3.2. In Figure 7.4, one observes three regimes, depending on the size of ∆t
with respect to ϵ. In the intermediate regime the value of the error depends on ϵ and decreases with
respect to ∆t at a lower rate than 1/3. For large ∆t, the error decreases at a higher rate than 1/3,
and does not depend on ϵ. For small ∆t, the rate of convergence seems to be larger than 1/3.

Figure 7.3. Weak error estimates as a function of the time-step size ∆t in log-
arithmic scales for the scheme (7.1). Left: function φleft. Right: function: φright.
ϵ ∈ {10−5, 10−6, 10−7}. Reference lines: order 1/3 and 1.

Figure 7.4. Weak error estimates as a function of the time-step size ∆t in log-
arithmic scales for the scheme (7.1). Left: function φleft. Right: function: φright.
ϵ ∈ {10−6, 2.10−6, 4.10−6, 8.10−6}. Reference line: order 1/3.

The results displayed in Figures 7.3 and 7.4 validate the main result of this article, Theorem 3.2,
giving upper bounds on the weak error with respect to ∆t, with order 1/3, uniformly with respect to
ϵ. The error has a non-trivial behavior in terms of ϵ and ∆t, and the numerical experiments support
the statement that the order of convergence 1/3 obtained in Theorem 3.2 may be optimal for the
proposed asymptotic preserving scheme.
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