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Simultaneous Diophantine approximation with a
divisibility condition

par Bernard de MATHAN

Résumé. Dans un article précédent ([9]), nous étudiions des approximations
rationnelles simultanées dans R2 qui présentent une certaine analogie avec les
fractions continues. Nous obtenions des résultats autour de la conjecture de
Littlewood en utilisant de telles approximations. Nous montrons ici que ces
résultats restent vrais si l’on ajoute des conditions de divisibilité.

Abstract. In a previous paper ([9]), we studied certain sequences of simul-
taneous rational approximations in R2 which present some analogy with the
continued fractions. We got results around the Littlewood conjecture by using
such approximations. Here we show that these results also hold when we add
divisibility conditions.

1. Introduction
The Littlewood conjecture in simultaneous diophantine approximation

claims that for every pair (α, β) of real numbers, there exists for every
ϵ > 0, a triple of integers (q, r, s) with q > 0, such that
(L) q|qα− r||qβ − s| ≤ ϵ.

Some results are known about this conjecture. Cassels and Swinnerton-Dyer
proved that every pair of numbers in a cubic field satisfies this statement [5].
A more precise result was given by Peck [11]. Einsiedler, Katok and Lin-
denstrauss proved that the set of exceptional pairs (α, β) is very small, that
is to say that it has Hausdorff dimension zero [7].

Here we consider other conditions. For instance, we may ask whether for
any pair (α, β) ∈ R2, there is a positive constant C = C(α, β) such that for
any positive number D there exist integers q, r, and s, with q > 0 and
(LB) q|qα− r||qβ − s| ≤ C, D|q
(the notation D|q means that D divides q). This condition is weaker than
the Littlewood conjecture since if a triple (q, r, s) satisfies (L) with ϵ = D−3,
then the triple (Dq,Dr,Ds) satisfies (LB) with C = 1. We do not know
whether (LB) is satisfied for any pair (α, β) ∈ R2.

Manuscrit reçu le 18 avril 2023, révisé le 14 décembre 2023, accepté le 26 janvier 2024.
2020 Mathematics Subject Classification. 11J13, 11J68.
Mots-clefs. Littlewood conjecture. Simultaneous Diophantine approximation. Divisibility.



988 Bernard de Mathan

Here we consider a stronger condition. For any pair (α, β) ∈ R2, we ask
whether there exists for every ϵ > 0 and every integer D ≥ 1, a triple of
integers (q, r, s) with q > 0 such that

(Ldiv) q|qα− r||qβ − s| ≤ ϵ, D|q, gcd(q, r, s) = 1

We can again consider the following stronger condition: for any ϵ > 0 and
for any positive integer D, does exist a triple of integers (q, r, s), with q > 0,
such that

(Ldiv2) q|qα− r||qβ − s| ≤ ϵ, q ≡ r ≡ 0 mod D, gcd(q, r, s) = 1 ?

Frequently we simply denote the greatest common divisor gcd(q, r, s) by
(q, r, s).

Notice that in order to get (Ldiv2), it is enough to require that q ≡ r ≡
0 mod D, and (D, s) = 1. Indeed, if we consider ∆ = gcd(q, r, s), we then
have (D,∆) = 1 and if we put q1 = q/∆, r1 = r/∆ and s1 = s/∆, then we
have

q1|q1α−r1||q1β−s1| ≤ ϵ

∆3 ≤ ϵ, q1 ≡ r1 ≡ 0 mod D, gcd(q1, r1, s1) = 1,

which is (Ldiv2).
If α is a rational number or has an infinite Markov constant, then condi-

tion (Ldiv2) is satisfied for any β ∈ R. Indeed, in this case, for every ϵ > 0
and every positive integer D, there exist integers q, r and s, q > 0, such
that

q|qα− r| ≤ ϵ

D2(D + 1) , |qβ − s| < 1.

Taking q′ = Dq, r′ = Dr, and choosing an integer s′ such that (D, s′) = 1
and |q′β − s′| < D + 1 (for instance s′ = Ds+ 1), we get

q′|q′α− r′||q′β − s′| ≤ ϵ, q′ ≡ r′ ≡ 0 mod D, gcd(D, s′) = 1,

which implies (Ldiv2) by the above remark.
The converse is true when β is a rational number, that is to say that,

given β ∈ Q, the pair (α, β) satisfies (Ldiv2) if and only if α has an infinite
Markov constant (or is a rational number). Indeed, suppose that β = B/C,
where B and C are integers with (B,C) = 1 and C > 0. In order to get
(Ldiv2) with a triple (q, r, s), we must take s with (s,D) = 1. Hence if q is
a multiple of D, q = DQ, then

|DQβ − s| = |DBQ− sC|
C

,

thus if D ∤ C, we have then DBQ− sC ̸= 0 and

|DQβ − s| ≥ 1
C

·
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Accordingly if we have (Ldiv2) with r = DR, we must have

Q|Qα−R| ≤ C

D2 ϵ,

thus α has an infinite Markov constant. Note that the condition (Ldiv2) is
not symmetrical since for instance, if β is a rational number, then the pair
(β, α) satisfies (Ldiv2) for every α ∈ R while (α, β) satisfies (Ldiv2) only if
α has an infinite Markov constant or is a rational number.

We do not know any example of a pair (α, β) ∈ R2 which does not
satisfy (Ldiv). For (Ldiv2), we do not know any exception other than the
pairs (α, β) where α is a real number with a finite Markov constant and β
is a rational number.

We shall obtain some results about these conditions by using the notion
of recurrent word. This notion was already used in view of another version
of the Littlewood conjecture in [2]. The results which we shall give involve
pairs (α, β) of real numbers which are simultaneously badly approximable,
namely for which there exists a real constant C = C(α, β) > 0 such that

(Bad2) q1/2 max{|qα− r|, |qβ − s|} ≥ C

for every triple of integers (q, r, s) with q > 0.
We use the Vinogradov notations ≪, ≫ and ≍ (we write A ≪ B to mean

that 0 ≤ A ≤ KB for some positive constant K; A ≍ B means that A ≪ B
and B ≪ A). The dependence of the implied constants will be generally
clear.

We start from simultaneous approximations which we have studied in [9],
where we proved the following result:

Proposition 1.1. Let (α, β) be a pair of real numbers. If (α, β) satisfies
(Bad2), then there exists a sequence of triples of integers (qn, rn, sn)n≥0,
with qn > 0, satisfying the following conditions:

q1/2
n |qnα− rn| ≪ 1, q1/2

n |qnβ − sn| ≪ 1,(1.1)
qn ≍ qn−1, (n ≥ 1);(1.2)

there exists a positive integer χ and a constant K > 1 such that
qn+χ ≥ Kqn (n ≥ 0),(1.3) ∣∣∣∣∣∣

qn rn sn
qn−1 rn−1 sn−1
qn−2 rn−2 sn−2

∣∣∣∣∣∣ ̸= 0 (n ≥ 2).(1.4)

Conversely, if there exists a sequence of triples of integers (qn, rn, sn) with
qn positive and unbounded, such that conditions (1.1), (1.2) and (1.4) are
satisfied, then the pair (α, β) satisfies (Bad2).

We also proved in [9]:



990 Bernard de Mathan

Lemma 1.2. Let (α, β) be a pair of real numbers. Suppose that
(qn, rn, sn)n≥0 is a sequence of triples of integers, with qn positive, satis-
fying the conditions (1.1), (1.2), (1.4). Then there exist sequences (an)n≥3,
(bn)n≥3 and (cn)n≥3 of rational numbers of bounded height such that for
any n ≥ 2, we have

qn+1 = an+1qn + bn+1qn−1 + cn+1qn−2,(1.5)
rn+1 = an+1rn + bn+1rn−1 + cn+1rn−2,(1.6)

and

sn+1 = an+1sn + bn+1sn−1 + cn+1sn−2.(1.7)

We shall use these properties to state our results. Recall again the defi-
nition:

Definition. An infinite word (µn)n≥0, where the µn lie in a finite set (the
alphabet), is recurrent if for each integer N ≥ 0, there exists an integer
k > 0 such that:

µn = µn+k (0 ≤ n ≤ N).

We can then state our results:

Theorem 1.3. Let (α, β) be a pair of real numbers satisfying (Bad2). Let
(qn, rn, sn) be a sequence of triples of integers, with qn > 0, satisfying con-
ditions (1.1), (1.2), (1.3) and (1.4). Suppose that the sequence of the triples
of coefficients (an, bn, cn)n≥3 satisfying (1.5), (1.6) and (1.7) is an infinite
recurrent word. Then the pair (α, β) satisfies the condition (Ldiv2). More
precisely, for any ϵ > 0 and any integer D > 0, there exist integers Q, R,
and S, with Q > 0 and gcd(Q,R, S) = 1, such that

(1.8) |Qα−R| ≤ ϵQ−1/2, |Qβ − S| ≪α,β Q
−1/2, Q ≡ R ≡ 0 mod D

(the constant which is implied in (1.8) only depends upon α and β).

Note that the condition that the word (an, bn, cn)n≥3 is recurrent makes
sense since this sequence takes only a finite number of values (which are
triples of rational numbers of bounded height).

In [9], we had already proved that under the hypotheses of Theorem 1.3,
the pair (α, β) satisfies the Littlewood conjecture (L).

Theorem 1.3 asserts in particular that there is a constant C0 = C0(α, β)>
0 such that for each positive integer D, there exist infinitely many positive
integers Q satisfying

(1.9) Q1/2 max{∥Qα∥, ∥Qβ∥} ≤ C0, Q ≡ 0 mod D,

(where ∥ · ∥ denotes the distance to the nearest integer).
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In [4], Bugeaud studies the Lagrange constant of a pair (α, β) of real
numbers:

c(α, β) = liminf
Q>0

Q1/2 max{∥Qα∥, ∥Qβ∥}.

Here inequality (1.9) implies that:

c(Dα,Dβ) ≤ C0D
−1/2.

Hence we have got:

Corollary 1.4. Under the hypotheses of Theorem 1.3, we have for each
positive integer D
(1.10) c(Dα,Dβ) ≪α,β D

−1/2,

where the implied constant only depends upon the pair (α, β). In particular
lim
D→∞

c(Dα,Dβ) = 0.

Corollary 1.4 applies in particular when (1, α, β) is a basis of a cubic field
since in [9] we have proved that, in this case, there is a sequence of triples
of integers (qn, rn, sn) with qn > 0, satisfying (1.1), (1.2), (1.3) and (1.4),
for which the sequence (an, bn, cn) defined by conditions (1.5), (1.6) and
(1.7), is recurrent. However in the case of a pair (α, β) of numbers in the
same cubic field, inequality (1.10) was already proved by Bugeaud in [4].
We do not know whether (1.10) is true for any pair of simultaneously badly
approximable numbers.

In the case where (1, α, β) is a basis of a cubic field E, Theorem 1.3
also applies, however (Ldiv) was already ensured by an argument of [10,
Théorème 3.1]. Here we shall give a more effective version by using the
classical method of Peck [11]. Let us define a multiplicative function ψ on
the set Z>0 of the positive integers such that for each prime number p and
each positive integer ν,

ψ(pν) = (p6 − 1)pν .
That means that for every positive integer D, we have

ψ(D) = D
∏
p|D

(p6 − 1).

We shall prove:

Theorem 1.5. Let E be a cubic field, and let α and β be numbers such
that (1, α, β) is a linear basis of E.

(a) If E has a unique real embedding, then for every 0 < ϵ ≤ 1 and
every positive integer D, there exists a triple (Q,R, S) of integers
with Q > 1 and gcd(Q,R, S) = 1, satisfying

(1.8) |Qα−R| ≤ ϵQ−1/2, |Qβ − S| ≪α,β Q
−1/2, Q ≡ R ≡ 0 mod D,
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with

(1.11) logQ ≪α,β ϵ
−1ψ(D).

(b) If the field E is totally real, then the same holds when replacing
(1.11) by

(1.12) logQ ≪α,β ϵ
−1ψ2(D).

(All the implied constants only depend upon α and β).

In [4, Theorem 1.3], Bugeaud claims that under the hypotheses of The-
orem 1.5, for any prime number p,

[4, (1.7)] liminf
Q>0

Q1/2(logQ)|Q|p max{∥Qα∥, ∥Qβ∥} < +∞.

This is implied by our Theorem 1.5 in the case (a). Indeed, if we take ϵ = 1
and D = pν , where ν is a positive integer, then we deduce from Theorem 1.5
that there is a positive integer Q such that

|Qα−R| ≤ Q−1/2, |Qβ − S| ≪α,β Q
−1/2, Q ≡ 0 mod pν

with
0 < logQ ≪α,β (p6 − 1)pν ,

i.e.,
|Q|p logQ ≪α,β,p 1.

Then (1.8) leads to [4, (1.7)].
However it seems that the proof of [4, (1.7)] which is given in [4] works

only in the case (a), because for any unit η of E, and any complex not real
embedding σ of E, we have then |σ(η)| = |η|−1/2. This condition fails in
the case (b), it is only possible to construct “dominant” units η such that
for any real embedding σ other than identity, |σ(η)| is “nearly” equal to
|η|−1/2. For this reason, it seems that the proof of [4, (1.7)] is incomplete
in the case (b). In this case, Theorem 1.5 leads to the inequality:

liminf
Q>0

Q1/2(logQ)1/2|Q|p max{∥Qα∥, ∥Qβ} < +∞,

which can be already found in [10].

2. Proof of Theorem 1.3
For convenience, we reproduce here some preliminaries which are analo-

gous to those which we used in [9]. Let qn, rn, sn, be sequences of integers
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with qn > 0, and suppose that conditions (1.1), (1.2), (1.3) and (1.4) are
satisfied. For 2 ≤ m < k, consider the determinants:

(2.1)

xm,k =

∣∣∣∣∣∣
qm rm qk
qm−1 rm−1 qk−1
qm−2 rm−2 qk−2

∣∣∣∣∣∣ ,
ym,k =

∣∣∣∣∣∣
qm rm rk
qm−1 rm−1 rk−1
qm−2 rm−2 rk−2

∣∣∣∣∣∣ ,
zm,k =

∣∣∣∣∣∣
qm rm sk
qm−1 rm−1 sk−1
qm−2 rm−2 sk−2

∣∣∣∣∣∣ .
These determinants are integers.

Lemma 2.1. We have the estimations:

(2.2) max{|xm,k|, |ym,k|, |zm,k|} ≪ q1/2
m qk,

and

(2.3) max{|xm,kα− ym,k|, |xm,kβ − zm,k|} ≪ q1/2
m q

−1/2
k .

Furthermore there exists a constant L > 0, which depends only upon α and
β, such that if k −m ≥ L, then we have xm,k ̸= 0.

Proof. Set

qnα− rn = αn, qnβ − sn = βn.

We get inequality (2.2) by writing

(2.4)

xm,k = −

∣∣∣∣∣∣
qm αm qk
qm−1 αm−1 qk−1
qm−2 αm−2 qk−2

∣∣∣∣∣∣ ,
ym,k = −

∣∣∣∣∣∣
qm αm rk
qm−1 αm−1 rk−1
qm−2 αm−2 rk−2

∣∣∣∣∣∣ ,
zm,k = −

∣∣∣∣∣∣
qm αm sk
qm−1 αm−1 sk−1
qm−2 αm−2 sk−2

∣∣∣∣∣∣ .
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Then we get (2.2) by using (1.1) and (1.2). It follows from (2.4) that

(2.5)

xm,kα− ym,k = −

∣∣∣∣∣∣
qm αm αk
qm−1 αm−1 αk−1
qm−2 αm−2 αk−2

∣∣∣∣∣∣ ,
xm,kβ − zm,k = −

∣∣∣∣∣∣
qm αm βk
qm−1 αm−1 βk−1
qm−2 αm−2 βk−2

∣∣∣∣∣∣ .
Then we get

max{|xm,kα− ym,k|, |xm,kβ − zm,k|} ≪ q1/2
m q

−1/2
k ,

which is (2.3).
Let us prove that xm,k ̸= 0. First note that it is not possible that xm,k =

ym,k = zm,k = 0. Indeed set∣∣∣∣∣∣
qn rn sn
qn−1 rn−1 sn−1
qn−2 rn−2 sn−2

∣∣∣∣∣∣ = ∆n.

By (1.4), we have ∆n ̸= 0 for each n. As ∆m ̸= 0, if xm,k = ym,k = zm,k = 0,
then the vectors (qk, qk−1, qk−2), (rk, rk−1, rk−2), and (sk, sk−1, sk−2) should
belong to the plane Q(qm, qm−1, qm−2) + Q(rm, rm−1, rm−2), contrarily to
the fact that ∆k ̸= 0. Now notice that by (1.2) and (1.3), we have

(1.3′) qk ≫ K
k−m

χ qm,

thus we deduce from (2.3) that

max{|xm,kα− ym,k|, |xm,kβ − zm,k|} ≪ K
m−k

2χ .

Consequently there exists an integer L > 0, only depending upon α and β,
such that, for k −m ≥ L, we have

max{|xm,kα− ym,k|, |xm,kβ − zm,k|} < 1.
Hence, if xm,k = 0, then we must have ym,k = zm,k = 0, which is impossible.
Thus we get xm,k ̸= 0.

It will be useful in the sequel to note that
(2.6) |∆n| ≍ 1.
Indeed, ∆n is a non zero integer, and as we can write

∆n =

∣∣∣∣∣∣
qn αn βn
qm−1 αm−1 βm−1
qm−2 αm−2 βm−2

∣∣∣∣∣∣ ,
we have

1 ≤ |∆n| ≪ 1. □
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We regard now the coefficients an, bn, and cn, defined by (1.5), (1.6) and
(1.7). Put

µn = (an, bn, cn).
The crucial point is the following:

Lemma 2.2. Let m and k be integers with 2 < m < k. Suppose that for
each integer i with 0 ≤ i ≤ m− 3, we have

µk−i = µm−i,

i.e.,
µk = µm, . . . , µk−m+3 = µ3.

Then
(2.7) xm,k

∆m
= x2,k−m+2

∆2
,

ym,k
∆m

= y2,k−m+2
∆2

,
zm,k
∆m

= z2,k−m+2
∆2

·

Moreover, we have
(2.8) qk ≍ qmqk−m

(the constants which are implied in (2.8) only depend upon the pair (α, β)
and the sequence of triples (qn, rn, sn) chosen).

Proof. We introduce the matrices

An =

an bn cn
1 0 0
0 1 0


and

Qn =

 qn rn sn
qn−1 rn−1 sn−1
qn−2 rn−2 sn−2

 .
Equations (1.5), (1.6) and (1.7) can be written

Qn = AnQn−1 (n ≥ 3).
Since Am = Ak, we have qm rm qk

qm−1 rm−1 qk−1
qm−2 rm−2 qk−2

 = Am

qm−1 rm−1 qk−1
qm−2 rm−2 qk−2
qm−3 rm−3 qk−3

 .
Therefore we get

xm,k = (detAm)xm−1,k−1.

Now, as
∆m = (detAm)∆m−1,

we get
xm,k
∆m

= xm−1,k−1
∆m−1

·
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By repeating this argument, we get
xm,k
∆m

= x2,k−m+2
∆2

·

The same proof applies to the equalities
ym,k
∆m

= y2,k−m+2
∆2

,
zm,k
∆m

= z2,k−m+2
∆2

,

and thus (2.7) is proved.
We prove then (2.8). Setting k −m = h, by (1.4) and (1.2), we can find

rational numbers U , V , W , such that we have for j = 0, 1, 2,
(2.9) qj+h = Uqj + V rj +Wsj ,

and
max{|U |, |V |, |W |} ≪ qh.

Now as (an+h, bn+h, cn+h) = (an, bn, cn) for each integer n with 3 ≤ n ≤ m,
equality (2.9) holds true for every j with 0 ≤ j ≤ m. Putting

U ′ = U + V α+Wβ,

we can write
(2.10) qj+h = U ′qj − V αj −Wβj (0 ≤ j ≤ m).

We have |V αj +Wβj | ≪ q
−1/2
j qh. Let us write this inequality in an explicit

form:
|V αj +Wβj | ≤ K1q

−1/2
j qh

with a constant K1 > 0, depending only upon the sequence (qn, rn, sn). We
need also to write (1.3′) in an explicit form: there is a constant K2 > 0 such
that for any pair of integers (n, l) with n ≥ l ≥ 0, we have

(1.3′′) qn ≥ K2K
n−l

χ ql.

Hence qj ≥ K2K
j/χq0 and qh+j ≥ K2K

j/χqh, thus we get

|V αj +Wβj | ≤ K1K
− 1

2
2 K

− j
2χ q

− 1
2

0 qh ≤ K1K
− 3

2
2 K

− 3j
2χ q

− 1
2

0 qh+j .

Since K > 1, we can find a positive integer j0, which only depends upon
(α, β), such that K3j0/(2χ) ≥ 2K1K

−3/2
2 q

−1/2
0 . If 2 < m < j0, as j0 is a

constant, we then have by (1.2), qm ≍ 1 and qk−m ≍ qk, thus (2.8) is
trivial. If m ≥ j0, then we deduce from the above inequality that for any j
such that j0 ≤ j ≤ m, we have

|V αj +Wβj | ≤ qh+j
2 ·

If we compare this inequality with (2.10), then we get
1
2qh+j ≤ U ′qj ≤ 3

2qh+j (j0 ≤ j ≤ m).
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We take successively j = m and j = j0 in this inequality: for j = m, we get

U ′qm ≍ qk,

and for j = j0 (a constant, so that by (1.2), qh+j0 ≍ qh and qj0 ≍ 1):

U ′ ≍ qh,

Thus we have
qk ≍ qhqm,

which is (2.8). □

We can now achieve the proof of Theorem 1.3. Since the word (µn)n≥3
is recurrent, there exists a strictly increasing sequence of integers (ki) such
that

(2.11) µki+1 = µki
, . . . , µki+1−ki+3 = µ3.

Indeed, we may construct inductively such a sequence by starting for in-
stance from k0 = 3, and given ki, we choose ki+1 > ki such that the finite
word (µk)3≤k≤ki

is identical to the word (µk)ki+1−ki+3≤k≤ki+1 . Note that
for any pair of integers (i, h) with h > i ≥ 0, we have

(2.11′) µkh−j = µki−j (0 ≤ j ≤ ki − 3).

Replacing the sequence (ki) by a subsequence, we can also suppose that for
each pair of integers (i, h) with h > i ≥ 0, we have kh ≥ ki + L, where the
constant L is defined as in Lemma 2.1.

By Lemma 2.2, we have

xki,kh
= ∆ki

∆2
x2,kh−ki+2,

and by (2.6) and Lemma 2.1 with m = 2 and k = kh − ki + 2,

(2.12) 0 < |xki,kh
| ≪ qkh−ki

.

By Lemma 2.2 and inequality (2.6), we have

|xki,kh
β − zki,kh

| ≍ |x2,kh−ki+2β − z2,kh−ki+2|,

thus, by Lemma 2.1,

(2.13) |xki,kh
β − zki,kh

| ≪ q
−1/2
kh−ki

.

Now there exists an infinite set H of non negative integers such that for
every pair (i, h) ∈ H ×H with 0 ≤ i < h, we have

qki−j ≡ qkh−j mod D, rki−j ≡ rkh−j mod D (j = 0, 1, 2),

which implies by (2.1) that

(2.14) xki,kh
≡ yki,kh

≡ 0 mod D.
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Using the compactness of the projective space P2(R), we see that there are
pairs of integers (i, h) ∈ H × H with h > i ≥ 0 for which there is a real
number λi,h such that

|αkh−j − λi,hαki−j | ≤ ϵ max
0≤j≤2

|αkh−j | ≪ ϵq
−1/2
kh

(j = 0, 1, 2).

As by (2.5)

xki,kh
α− yki,kh

= −

∣∣∣∣∣∣
qki

αki
αkh

qki−1 αki−1 αkh−1
qki−2 αki−2 αkh−2

∣∣∣∣∣∣
= −

∣∣∣∣∣∣
qki

αki
αkh

− λi,hαki

qki−1 αki−1 αkh−1 − λi,hαki−1
qki−2 αki−2 αkh−2 − λi,hαki−2

∣∣∣∣∣∣ ,
we get

|xki,kh
α− yki,kh

| ≪ ϵq
1/2
ki
q

−1/2
kh

,

hence by (2.8) :

(2.13′) |xki,kh
α− yki,kh

| ≪ ϵq
−1/2
kh−ki

.

Replacing if necessary ϵ by C1ϵ for a convenient constant C1, only depending
of α and β, we deduce from (2.12), (2.13), (2.14) and (2.13′) that if we set
Q = xki,kh

, R = yki,kh
, and S = zki,kh

, then we have got:

(2.15) |Qα−R| ≤ ϵ|Q|−1/2, |Qβ − S| ≪α,β |Q|−1/2,

Q ̸= 0, Q ≡ R ≡ 0 mod D

(where the implied constant in the inequality ≪α,β only depends upon α
and β).

To make the proof complete, we must then find a triple of integers
(Q′, R′, S′) satisfying condition (2.15), with (Q′, R′, S′) = 1. We shall use
the following lemma:

Lemma 2.3. Let (α, β) be a pair of real numbers simultaneously badly
approximable. Let C2 be a positive real number. Suppose that a triple of
integers (Q,R, S), with Q ̸= 0, satisfies

|Qα−R| ≤ |Q|−1/2, |Qβ − S| ≤ C2|Q|−1/2.

Denote by g the gcd:
g = gcd(Q,R, S).

Then there exists a positive integer G, which depends only upon (α, β) and
C2, such that g is a divisor of G.
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Proof. Let C be a positive constant such that for every triple of integers
(q̂, r̂, ŝ) with q̂ > 0, we have

(Bad2) q̂1/2 max{|q̂α− r̂|, |q̂β − ŝ|} ≥ C,

and set
C3 = C−2/3 max{1, C2/3

2 }.
Then we have:

(2.16) 0 < g ≤ C3.

Indeed, putting
Q = gq, R = gr, S = gs,

we have

|q|1/2|qα− r| ≤ g−3/2, |q|1/2|qβ − s| ≤ C2g
−3/2,

and by (Bad2), we get (2.16). Then denote by G the least common multiple
of all the positive integers at most equal to C3. It follows from (2.16) that
g divides G.

Now, to complete the proof of Theorem 1.3, we can suppose that 0 <
ϵ ≤ 1, and we apply Lemma 2.3 with the constant C2 which is implied in
(2.15). As this constant only depends on the pair (α, β), finally the integer
G depends only on (α, β). Replacing D by GD, we can find a triple (Q,R, S)
of integers, with Q ̸= 0, such that

(2.15A) |Qα−R| ≤ ϵ|Q|−1/2, |Qβ − S| ≤ C2|Q|−1/2,

Q ≡ R ≡ 0 mod GD.

Put
g = gcd(Q,R, S),

and
Q = gQ′, R = gR′, S = gS′.

As g divides G, we thus obtain integers Q′ ̸= 0, R′, S′, such that

|Q′α−R′| ≤ ϵ|Q′|−1/2, |Q′β − S′| ≤ C2|Q′|−1/2, Q′ ≡ R′ ≡ 0 mod D,

with gcd(Q′, R′, S′) = 1. Thus Theorem 1.3 is proved. □

3. Proof of Theorem 1.5
First we prove the following lemma:

Lemma 3.1. Let p be a prime number, let Ωp be the algebraic closure of
Qp, and let ζ be an element of Ωp of degree at most 3 over Qp. Suppose
that

|ζ|p = 1.
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Then for each positive integer ν,

(3.1) |ζ(p6−1)pν − 1|p < p−ν+1.

Proof. First, note that if u is an element of Ωp with |u|p < 1, then
(1 + u)p = 1 + v

with
(3.2) |v|p ≤ |u|p max{1/p, |u|p−1

p }.
Indeed, by the Newton formula,

v =
p−1∑
k=1

(
p

k

)
uk + up

and for 0 < k < p, ∣∣∣∣∣
(
p

k

)∣∣∣∣∣
p

= p−1,

so that ∣∣∣∣∣∣
p−1∑
k=1

(
p

k

)
uk

∣∣∣∣∣∣
p

= p−1|u|p,

which proves (3.2). By induction, from (3.2), we deduce that, if |u|p ≤
p−1/(p−1), then for each integer ν ≥ 0

(1 + u)pν = 1 + vν

with
(3.2′) |vν |p ≤ p−ν |u|p.
Now denote by Aζ the ring of the elements x ∈ Qp(ζ) such that |x|p ≤ 1,
and by Iζ the maximal ideal of Aζ , i.e., Iζ = {x ∈ Aζ ; |x|p < 1}. As ζ
has degree at most 3 over Qp, the quotient field Aζ/Iζ is Fp, or Fp2 , or Fp3 .
Also, for x ∈ Iζ , we have |x|p ≤ p−1/ deg ζ . Since |ζ|p = 1, we have in all the
cases

|ζp6−1 − 1|p < 1,
hence

|ζp6−1 − 1|p ≤ p−1/3.

If p ≥ 5, we get by (3.2′)

|ζ(p6−1)pν − 1|p ≤ p−1/3−ν ,

and the result is proved in this case.
If p = 3, and if [Qp(ζ) : Qp] ≤ 2, then we have similarly for each ν ≥ 0,

|ζ(p6−1)pν − 1|p ≤ p−1/2−ν ,
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which proves Lemma 3.1 in this case. If p = 3 with [Qp(ζ) : Qp] = 3, we
have just to look at the initial values; starting from

|ζp6−1 − 1|p ≤ p−1/3,

which leads by (3.2) to

|ζ(p6−1)p − 1|p ≤ p−1,

we get by (3.2′):

|ζ(p6−1)pν − 1|p ≤ p−ν (ν > 0).
If p = 2, and if ζ lies in Qp, then

|ζp6−1 − 1|p ≤ p−1,

and by (3.2′), we have for each ν ≥ 0,

|ζ(p6−1)pν − 1|p ≤ p−(ν+1).

If p = 2 and [Qp(ζ) : Qp] = 2, we have

|ζp6−1 − 1|p ≤ p−1/2,

then
|ζ(p6−1)p − 1|p ≤ p−1,

and by (3.2′), for each ν > 0,

|ζ(p6−1)pν − 1|p ≤ p−ν .

If p = 2 with [Qp(ζ) : Qp] = 3, then

|ζp6−1 − 1|p ≤ p−1/3, |ζ(p6−1)p − 1|p ≤ p−2/3, |ζ(p6−1)p2 − 1|p ≤ p−4/3,

thus by (3.2′)
|ζ(p6−1)pν − 1|p ≤ p−ν+2/3 (ν ≥ 2).

Hence (3.1) is proved. □

Then we can prove the following lemma. Recall that in the introduction,
we have defined the function ψ by

ψ(D) = D
∏
p|D

(p6 − 1)

for each positive integer D.

Lemma 3.2. Let E be a cubic field and let θ be an algebraic integer in E
such that

Tr(θ) = 0.
Let ζ be a unit of E. Then for each positive integer D, we have

Tr(θζψ(D)) ≡ 0 mod D.
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Proof. Let p be a prime number and let σj,p (j = 0, 1, 2) be the embeddings
of E into Ωp. Let ν be a positive integer. As Tr(θ) = 0, we can write:

Tr(θζ(p6−1)pν ) = Tr(θ(ζ(p6−1)pν − 1)) =
∑

0≤j≤2
σj,p(θ)(σj,p(ζ)(p6−1)pν − 1).

As θ is an algebraic integer, we have |σj,p(θ)|p ≤ 1, and since ζ is a unit,
we have |σj,p(ζ)|p = 1. Therefore, applying Lemma 3.1 to σj,p(θ), we get

|Tr(θζ(p6−1)pν )|p < p−ν+1.

Now Tr(θζ(p6−1)pν ) lies in Z, hence |Tr(θζ(p6−1)pν )|p ∈ p−N, and thus the
above inequality leads to

(3.3) |Tr(θζ(p6−1)pν )|p ≤ p−ν .

If |D|p = p−ν with ν > 0, then ψ(D) = N(p6 − 1)pν where N is a positive
integer. As (3.3) also applies when replacing ζ by ζN , we have

(3.3′) |Tr(θζψ(D))|p ≤ p−ν .

Since this inequality holds for each prime divisor p of D, we conclude that
Tr(θζψ(D)) is divisible by D. □

We can then prove Theorem 1.5. As the bilinear form (x, y) 7→ Tr(xy) on
E is non degenerate, and since (1, α, β) is a basis of E over Q, there exists
a number γ0 ∈ E such that

Tr(γ0) = Tr(γ0α) = 0, Tr(γ0β) = 1.

Thus, taking γ = Γγ0 where Γ is a convenient integer, we can find a number
γ ∈ E with γ > 0, such that γ, γα and γβ are algebraic integers and

(3.4) Tr(γ) = Tr(γα) = 0.

In both the cases (a) and (b), the proof will be obtained with

(3.5) Q = Tr(γζψ(D)), R = Tr(γαζψ(D)), S = Tr(γβζψ(D))

where ζ is a convenient unit of E. Condition (3.5) implies in view of (3.4)
and Lemma 3.2, that

(D) Q ≡ R ≡ 0 mod D.

Let σj (j = 1, 2) be the embeddings other than identity of E into the
complex field C. In the case (a), σ2 = σ1, and in the case (b), σ1 and σ2 are
both real. In order to choose the unit ζ, we ask for some conditions. First,
we require that there is a constant C4 > 1, only depending upon (α, β),
such that

(3.6) ζ ≥ C4, |σj(γ)||σj(ζ)ψ(D)| ≤ γζψ(D)

4 (j = 1, 2).
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Writing
Q = γζD + σ1(γζD) + σ2(γζD),

we see that (3.6) implies that Q will be a positive integer with

(3.7) γζψ(D)

2 ≤ Q ≤ 3γζψ(D)

2 ·

Let us write

Qα−R = σ1(γ)(α− σ1(α))σ1(ζψ(D)) + σ2(γ)(α− σ2(α))σ2(ζψ(D))(3.8)

Qβ − S = σ1(γ)(β − σ1(β))σ1(ζψ(D)) + σ2(γ)(β − σ2(β))σ2(ζψ(D)),(3.9)

and note that it follows from (3.4) that

(3.8′) Qα−R = σ1(γ)(α− σ1(α))(σ1(ζψ(D)) − σ2(ζψ(D))).

We shall also require that

(3.10) |σ1(ζψ(D)) − σ2(ζψ(D))| ≪α,β ϵ|σ1(ζψ(D))|

(the notation ≪α,β means that the implied constant only depends upon α
and β). In particular, taking ϵ small enough (in terms only depending on
(α, β)), we can then suppose that

(3.10′) |(σ1(ζψ(D)) − σ2(ζψ(D))| ≤ 1
2 |σ1(ζψ(D))|,

hence
1
2 |σ1(ζψ(D))| ≤ |σ2(ζψ(D))| ≤ 3

2 |σ1(ζψ(D))|,

and since |NE/Q(ζ)| = |ζσ1(ζ)σ2(ζ)| = 1, we shall have

(3.11) |σj(ζψ(D))| ≤
√

2|ζ−ψ(D)/2| (j = 1, 2).

If we have got ζ ≥ C4 > 1, then the second part of condition (3.6) will be
ensured if

(3.6′) C
3ψ(D)/2
4 ≥ 4

√
2max{|σ1(γ)|, σ2(γ)|}

γ
·

Now note that in Theorem 1.5, we may replace D by a multiple D′ of
D such that D′/D is bounded (in terms only depending upon α and β).
Accordingly, there is no loss of generality if we suppose D ≥ D0, where D0
is an integer only depending upon the pair (α, β). Thus, as ψ(D) ≥ D, we
will obtain (3.6′), and (3.6) will follow. From (3.7), (3.8′), (3.9), (3.10) and
(3.11), we shall then deduce that

(3.12) |Qα−R| ≪α,β ϵQ
−1/2, |Qβ − S| ≪α,β Q

−1/2.

Suppose now that E has a unique real embedding. Let η be an irrational
unit of E, replacing if necessary η by η±2, we can suppose that η > 1. Let σ
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and σ be not real embeddings of E into C. Since NE/Q(η) = η|σ(η)|2 = 1,
we have |σ(η)| = η−1/2 Let τ be a real number such that

σ(η) = η−1/2eiτ .

Thus for every positive integer m:

|σ(ηmψ(D)) − σ(ηmψ(D))| = η−mψ(D)/2|e2imψ(D)τ − 1|

≤ 2πη−mψ(D)/2
∥∥∥∥mψ(D)τ

π

∥∥∥∥
(where ∥ · ∥ denotes the distance to the nearest integer). By Dirichlet’s
Theorem, if 1/ϵ is an integer, we can choose an integer m such that

(3.13) 0 < m ≤ 1
ϵ
,

∥∥∥∥mψ(D)τ
π

∥∥∥∥ < ϵ.

We thus get

(3.10a) |σ(ηmψ(D)) − σ(ηmψ(D))| ≤ 2πϵη−mψ(D)/2,

which ensures (3.10) by taking ζ = ηm ≥ η > 1. We get also the first part
of condition (3.6), hence in order to obtain the second part of (3.6), it is
enough to suppose that D is sufficiently large. Thus the integers Q, R and
S which are defined by (3.5) satisfy (3.12) together with the condition (D).
Moreover log ζψ(D) ≪α,β mψ(D), hence by (3.13)

logQ ≪α,β ϵ
−1ψ(D),

which proves Theorem 1.5(a) without the condition (Q,R, S) = 1. To
add this last condition, Lemma 2.3 applies. Indeed it is well known that
if (1, α, β) is a basis of a cubic field, then the pair (α, β) is simultane-
ously badly approximable. We replace D by GD, where G is defined as in
Lemma 2.3, and we take a triple of integers (Q,R, S) with Q > 0, satisfying
(3.12), with

Q ≡ R ≡ 0 mod GD, logQ ≪α,β ϵ
−1ψ(GD).

Define
g = gcd(Q,R, S)

and
Q′ = Q

g
, R′ = R

g
, S′ = S

g
·

These integers satisfy (3.12), and since g | G, we get

Q′ ≡ R′ ≡ 0 mod D, gcd(Q′, R′, S′) = 1.

Moreover we have

(1.11′) logQ′ ≤ logQ ≪α,β ϵ
−1ψ(GD).
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Now ψ(GD) ≤ ψ(G)ψ(D), and since G only depends on (α, β), we get
logQ′ ≪α,β ϵ

−1ψ(D),
which is (1.11). Thus Theorem 1.5(a) is proved.

Suppose now that E has two real embeddings σj (j = 1, 2), other than
identity. The group of units of E has rank 2 [8], hence there exist multi-
plicatively independent units ϵ1 and ϵ2. Replacing ϵ1 and ϵ2 by ϵ±2

1 and ϵ±2
2 ,

we can suppose that ϵ1 > 1, ϵ2 > 1 and σj(ϵκ) > 0 (i = 1, 2, κ = 1, 2).
Given a positive integer D and 0 < ϵ ≤ 1 such that 1/ϵ is an integer,
we construct a unit ζ = ϵm1

1 ϵm2
2 such that conditions (3.6) and (3.10) are

satisfied. Note that σ1(ϵj) ̸= σ2(ϵj) for j = 1, 2, therefore we can find by
Dirichlet’s Theorem integers mj ∈ Z (j = 1, 2) such that

(3.14) |m1 (log σ1(ϵ1) − log σ2(ϵ1)) +m2 (log σ1(ϵ2) − log σ2(ϵ2)) |

≤ |log σ1(ϵ2) − log σ2(ϵ2)| ϵ

ψ(D)
and

(3.15) 0 < |m1| < ψ(D)
ϵ

·

We get

m1 log ϵ1 +m2 log ϵ2 = m1

(
log ϵ1 − log σ1(ϵ1) − log σ2(ϵ1)

log σ1(ϵ2) − log σ2(ϵ2) log ϵ2
)

+ tϵ

ψ(D) ,

with
|t| ≤ log ϵ2.

As ϵj is a unit for j = 1, 2, we have
log ϵj + log σ1(ϵj) + log σ2(ϵj) = 0,

thus we get

m1 log ϵ1 +m2 log ϵ2 = m1

(
log ϵ1 − 2 log σ1(ϵ1) + log ϵ1

2 log σ1(ϵ2) + log ϵ2
log ϵ2

)
+ tϵ

ψ(D) ,

i.e.,

(3.16) m1 log ϵ1 +m2 log ϵ2

= 2log ϵ1 log σ1(ϵ2) − log ϵ2 log σ1(ϵ1)
2 log σ1(ϵ2) + log ϵ2

m1 + tϵ

ψ(D) ·

A classical result asserts that
log ϵ1 log σ1(ϵ2) − log ϵ2 log σ1(ϵ1) ̸= 0

(see [8, p. 66]). Then set

M =
∣∣∣∣ log ϵ1 log σ1(ϵ2) − log ϵ2 log σ1(ϵ1)

2 log σ1(ϵ2) + log ϵ2

∣∣∣∣ > 0.
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As before we can suppose that D is large enough (in terms only depending
upon α and β) to get

log ϵ2
ψ(D) ≤ M.

Replacing if necessary the integers mj by their opposites, we have

log ϵ1 log σ1(ϵ2) − log ϵ2 log σ1(ϵ1)
2 log σ1(ϵ2) + log ϵ2

m1 > 0,

hence by (3.16),

(3.17) 0 < M ≤ M |m1| ≤ m1 log ϵ1 +m2 log ϵ2 ≤ 3M |m1|.

Taking ζ = ϵm1
1 ϵm2

2 , we consider Q, R and S defined by (3.5). Condi-
tion (3.14) means that

(3.18) |log σ1(ζ) − log σ2(ζ)| ≪α,β
ϵ

ψ(D) ·

This inequality implies that

σ1(ζψ(D)) ≍α,β σ2(ζψ(D)),

and thus we deduce from (3.18) that

|σ1(ζψ(D)) − σ2(ζψ(D))| ≪α,β ϵσ1(ζψ(D)),

which is the condition (3.10). By (3.17), if D is large, condition (3.6) is
satisfied with C4 = eM . Hence condition (3.12) is satisfied together with
condition (D). Moreover by (3.7), (3.15) and (3.17),

logQ ≪α,β |m1|ψ(D) ≪α,β
ψ(D)2

ϵ
·

To achieve the proof of Theorem 1.5(b), we must again ensure the condition
gcd(Q,R, S) = 1. We proceed as in the case (a). We obtain then a triple
(Q′, R′, S′) satisfying (3.12) with

Q′ ≡ R′ ≡ 0 mod D, gcd(Q′, R′, S′) = 1,

and

(1.12′) logQ′ ≪α,β
ψ(GD)2

ϵ
,

where G is a positive integer only depending upon (α, β). As ψ(GD) ≪α,β

ψ(D), (1.12) immediately follows, thus Theorem 1.5(b) is proved.
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4. Conclusion
Unfortunately, the link between a pair (α, β) of real numbers and a se-

quence (an, bn, cn) as defined in Lemma 1.2 is not clear. Given a finite set
A, if we consider the measure µ on AN: µ =

⊗
N λ, where λ is the mea-

sure on A such that for each set X ⊂ A, λ(X) = card(X)/ card A, then
µ-almost all infinite words formed with elements of A are recurrent. Thus,
if we denote by B the set of simultaneously badly approximable pairs (α, β)
for which there exists a word (an, bn, cn) as defined in Lemma 1.2 which is
recurrent, it is natural to think that “many” pairs (α, β) satisfying (Bad2)
are in B. Nevertheless, we cannot prove this, even we cannot ensure that
there exist in B other elements than pairs of numbers in the same cubic
field. We cannot prove that B is uncountable. One can also ask whether B
has full Hausdorff dimension. In the opposite sense, we do not know any ar-
gument which ensures that there exists simultaneouly badly approximable
pairs which are not in B. Notice that any pair of real numbers which does
not satisfy (Bad2) satisfies the Littlewood conjecture, however we do not
know whether such a pair satisfies (Ldiv).

It would be interesting to extend to (Ldiv) some results which are known
around the Littlewood conjecture. For instance, is it possible to prove that
the set of exceptions for (Ldiv) has Hausdorff dimension zero? The same
question may be restricted to simultaneously badly approximable pairs.

Our results can be extended to a field of formal power series over a finite
ground field. It is well known that for an infinite ground field K, there
exists a pair (α, β) ∈ K((T−1)) × K((T−1)) which does not satisfy the
Littlewood conjecture ([3, 6]). When the ground field K is infinite, one can
ask whether there exists a pair (α, β) ∈ K((T−1))×K((T−1) which satisfies
the Littlewood conjecture and does not satisfy (Ldiv).

Notice that a counterexample to the mixed Littlewood conjecture in
F3((T−1)) is given in [1].
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