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AN ANALYTIC VIEWPOINT ON THE HASSE PRINCIPLE

BY VLERE MEHMETI

Asstract. — Working on non-Archimedean analytic curves, we propose a geometric approach to
the study of the Hasse principle over function fields of curves defined over a complete discretely
valued field. Using it, we show the Hasse principle to be verified for certain families of projective
homogeneous spaces. As a consequence, we prove that said principle holds for quadratic forms
and homogeneous varieties over unitary groups, results originally shown in [8], [36], and [33].

Riésumi: (Un point de vue analytique sur le principe de Hasse). — En travaillant sur des courbes
analytiques non archimédiennes, nous proposons une approche géométrique de ’étude du prin-
cipe de Hasse sur les corps de fonctions des courbes définies sur un corps discrétement valué
complet. En 'utilisant, nous montrons que le principe de Hasse est vérifié pour certaines familles
d’espaces projectifs homogenes. En conséquence, nous prouvons que ce principe est valable pour
les formes quadratiques et les variétés homogenes sur les groupes unitaires, résultats initiale-
ment démontrés dans [8], [36], et [33].
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INTRODUCTION

History. — Let K be a number field, and G/K a semisimple simply connected
linear algebraic group. By results of Kneser ([21], [22]), Harder ([17], [18]) and
Chernousov ([4]), we know that the following Hasse principle holds: a torsor over G
has a K-rational point if and only if it has rational points over all the completions
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876 V. MEnmEeTI

of K. Later on, Harder ([19]) proved that a Hasse principle continues to hold if K is
the function field of a curve defined over a finite field, meaning it holds for all global
fields. In all instances, the proofs are obtained through case-by-case considerations.

During the last couple of decades, similar questions are being studied over function
fields of curves defined over more general fields. In [15], Harbater, Hartmann and
Krashen introduced a new technique to the study of such questions: field patching.
Let F' be the function field of a curve defined over a complete discretely valued field.
Let G/F be a linear algebraic group that is a rational variety. Through field patching,
they showed that a local-global principle holds for projective homogeneous varieties X
over G. This means there exist larger fields F;, ¢ € I, such that X has an F-rational
point if and only if it has Fj-rational points for all i.

In terms of the Hasse principle in this setting, in [8], Colliot-Théléne, Parimala and
Suresh propose the following conjecture:

Consecrure 0.1 ([8, Conj. 1]). — Let k be a p-adic field. Let F be the function field of
a smooth projective geometrically integral curve defined over k. Let ) denote the set
of discrete (rank 1) valuations on F which either extend the norm of k or are trivial
on k. Let X/F be a projective homogeneous space over a connected linear algebraic
group G/F. Then,

X(F)# 9 < X(F,) #2 YveqQ,

where F,, denotes the completion of F' with respect to v.

In [8], the conjecture is proved in the case of quadratic forms. Considerable progress
has been made for classical linear algebraic groups in [33], [36], [34] and [14]. In [§]
and [33], field patching is a crucial ingredient; this is the case in [7] as well, where G
is assumed to be defined over k°—the valuation ring of k. The authors provide a
counterexample to the conjecture when k is not a p-adic field.

In [29], we extend field patching to Berkovich analytic curves and generalize the
results of [15]. We show that Conjecture 0.1 is true provided  is replaced by a larger
set Q valuations. The result does not depend on k being discretely valued. We show:

Tueorewm 0.2 ([29, Cor. 3.18]). — Let k be a complete ultrametric non-trivially valued
field. Let F' be the function field of a normal irreducible projective algebraic curve C
over k. Let Q be the set of all (rank 1) non-trivial valuations v on F such that P
is either trivial or induces the norm on k. Let X/F be a variety on which a rational
linear algebraic group G/F acts strongly transitively. Then

X(F)# @ < X(F,) #9 Y eQ,
where F,, denotes the completion of F' with respect to v.

We recall:

Derinirion 0.3, — The linear algebraic group G/F acts strongly transitively on the
variety X/ F if for any field extension L/F, either X (L) = & or G(L) acts transitively
on X(L).

JE.P — M., 2024, tome 11



AN ANALYTIC VIEWPOINT ON THE HASSE PRINCIPLE 877

From [15, Rem.3.9], if X/K is projective homogeneous over a reductive linear
algebraic group G/K, then G acts strongly transitively on X. This is also the case
if X is a G-torsor.

A geometric approach. — We see from Theorem 0.2 that in order to prove Conjec-
ture 0.1 in the case G is rational it suffices to show

(0.1) X(F)#oVWweQ = X(F,) #9 Yve.

Using the notation of Theorem 0.2, let C*" be the Berkovich analytification of C,
and . the sheaf of meromorphic functions on it. From [1, Prop. 3.6.2], F = .# (C®").
There exists a bijection val : C*" — Q (cf. [29, Prop.3.15]), and the set of points
on C?" corresponding to discrete valuations (i.e., to the points of Q) can be relatively
well described. In [29, Cor. 3.17], we show that for any z € C*", X (.#,) # @ if and
only if X (Fyai(z)) # @. Theorem 0.2 is proved as a corollary of:

X(F)#@ < X(My)+ 2V eC™.

Let us suppose k is discretely valued. Set Sqisc := {x € C*" : val(z) is discrete}.
Relation (0.1) is then equivalent to the following:

(0.2) X(My) % @Yz € Sqie = X (M) # @ Vo € C™.

The study of relation (0.2) provides a geometric approach to Conjecture 0.1 when G
is a rational variety, and is the topic of study of this manuscript.

The set Sgisc is dense in C*". Its points can be described topologically: we recall
that a Berkovich curve has the structure of a real graph; Sqisc contains all its branching
points (i.e., type 2 points) and some of its extreme points (i.e., type 1 points).

Main statements. — In this manuscript we show that several groups of varieties satisfy
relation (0.2), and hence (0.1), above. Here is one of the main results we obtain:

Turorem 0.4 (Corollary 2.9, Proposition 2.12). — Let k be a complete discretely val-
ued field. Let C/k be a smooth irreducible projective algebraic curve and C®" its
Berkovich analytification. Set F := k(C)—the function field of C. Let X/F be a
smooth proper variety such that X (F,) # & for all v € Q.

(1) Let Q be a finite subset of Saisc C C*". For x € Q, there exists a neighbor-
hood Vy of x in C** such that X (A (V;)) # @. Set U := C*" \ U,eq Va- If X has a
smooth proper model over the ring 0°(U) := {f € O(U) : |f(x)] < 1 Yz € U}, then
X(F,) # @ for allv € Q.

(2) We can construct open virtual discs and open virtual annuli By, Bs,..., B,
in C* depending on X such that if X has proper smooth models over O°(B;),
i=1,2,...,n, then X(F,) # @ for allv € Q.

If, in addition, there exists a rational linear algebraic group G/F acting strongly
transitively on X, then X (F) # &.

JEP — M., 2024, lome 11



878 V. MEnmEeTI

The proof of (1) is based on topological considerations of C?**, as well as the
nature of the rings O°(V') for certain open subsets V. Part (2) is then obtained as a
consequence.

Let C be a regular proper model of the algebraic curve C/k over the valuation
ring k° of k. In [2], Berkovich constructed a specialization morphism m : C* — Cs,
where C; is the special fiber of €. Using it and a result of Bosch (see Theorem 1.2),
we can interpret Theorem 0.4 over models of C'. We prove Conjecture 0.1 provided X
has proper smooth models over O ,, © = 1,2,...,n, where the (); are closed points
of a fine enough regular proper model € depending on X (cf. Remark 3.4). These
smoothness results can also be interpreted over the residue fields of the completions
of F' (Theorem 4.7).

Combining Theorem 0.4 with a theorem of Springer, we prove Conjecture 0.1 for
quadratic forms, a result originally shown in [8]. A quadratic form defined over a
field K is said to be K-isotropic if it has a non-trivial zero over K. We continue using
the same notations as in Theorem 0.4. Let us remark here that the case of residue
characteristic two remains unknown.

Tureorem 0.5 (Theorem 5.4). — Suppose char k % 2, where k denotes the residue field
of k. Let q be a quadratic form defined over F'. Then q is F,-isotropic for all v € Q if
and only if it is F,-isotropic for all v € Q. Consequently, if dimq > 2, q is isotropic
over F if and only if it is isotropic over F, for all v € Q.

More generally, if X satisfies such a Springer-type theorem, by combining it with
Theorem 0.4, it should amount to a proof of Conjecture 0.1. In [25], such a “Springer-
type result” is shown for Hermitian forms by Larmour. One can then show Theo-
rem 7.9, a Hasse principle for homogeneous spaces over unitary and special unitary
linear algebraic groups. This result was already shown in [36] and [33]. We merely
translate the proof to our setting.

By relying heavily on the structure of Berkovich analytic curves, something can
also be said about constant varieties.

Tueorem 0.6 (Theorem 6.9). — Suppose k is a complete non-trivially valued ultra-
metric field. Let F be the function field of a smooth connected projective algebraic
curve C/k. Let X be a variety defined over k. Suppose there exists a rational linear
algebraic group G/F acting strongly transitively on X X, F. Under certain conditions
on C, if X(F,) # @ for all v € Q, then

(1) if the value group |k*| is dense in Rsq, then X(F) # &;

(2) if k 4s discretely valued, then X has a zero cycle of degree one over F.

The conditions on C are satisfied for example by curves with semi-stable reduction
over k (in the discretely valued case) and Mumford curves (in general). As for the
zero cycles, there has been an extensive study of varieties for which having a zero
cycle of degree one is equivalent to having a rational point. This is in particular true
for quadratic forms.

JE.P — M., 2024, tome 11



AN ANALYTIC VIEWPOINT ON THE HASSE PRINCIPLE 87()

Structure of the article. — The first section contains some preliminaries and the nota-
tion we use. In Section 2, we work over Berkovich analytic curves, and use the structure
of the rings 0°(U) for a well-chosen open U to prove a local result on the existence
of rational points. The main results here are Theorem 2.3 and Proposition 2.12.

In Section 3, we translate the results of Section 2 over models of algebraic curves.
We prove Theorems 3.6 and 3.12. In Section 4, we interpret the smoothness assump-
tions of the previous sections over residue fields of completions of the field F'; we
prove Theorem 4.7. In Section 5, we use the techniques of Section 2 and a theorem of
Springer to prove Conjecture 0.1 for quadratic forms (Theorem 5.4).

In Section 6, we study Conjecture 0.1 for constant varieties. We construct auto-
morphisms of the analytic curve to prove that relation (0.2) above is satisfied. The
techniques used are of different nature from those of the previous parts. The main
statement here is Theorem 6.9.

Finally, in Appendix 7, we add another example to which the techniques of Section 2
apply: homogeneous varieties over (special) unitary groups, see Theorem 7.9.

Acknowledgements. — The author is grateful to Antoine Ducros, David Harari, and
Jérome Poineau for insightful discussions during the preparation of this manuscript.
Many thanks also to the referee whose suggestion considerably simplified the proof of
Theorem 3.12.

1. PRELIMINARIES AND CONVENTIONS

1.1. PRELIMINARIES. Let k be a complete discretely valued field, k° its valuation
ring, and k its residue field. Given a Berkovich space X, we denote by H(z) the
completed residue field of x € X (cf. [1, Rem. 1.2.2]), obtained by completing x(x)—
the residue field of z. Given f € O(X), we denote by f(z) the image of f under
the natural map O(X) — H(z), and by |f(z)| its norm in the complete ultrametric
field H(x).

1.1.1. The specialization morphism (cf. 2, §1))

(1) The affine case. Let & = Spec A be a flat finite type scheme over k°. The
formal completion 2 of ¥ along its special fiber is Spf(A )7 where A is a topologl-
cally finitely presented ring over k° (cf [2, p.541]). The analytic generic fiber of Z,
denoted by 3&”,,, is defined to be M(A ®yo k), where M(-) is the Berkovich spectrum
(see [1, 1.2]).

There exists a specialization morphism m : EL/V\ — 32‘”; , where 3? is the special fiber
of 3&” which is an anti- continuous function, meaning the pre- image of a closed subset
is open. We remark that 3&” Zs, where £ := Spec(A Qo ) is the special fiber
of Z . Let us describe 7 explicitly. There are embeddings

A A (A@po k)°,
where (A @go k)° is the set of all elements f of A ®o k for which |f(z)| < 1 for all
2 € M(A ®ge k). Let # € M(A @ k). This point determines a bounded morphism
A—H(x)°, which induces an application ¢, : A o k — ﬂ% Then, 7(z) := ker ¢,,.

JEP — M., 2024, lome 11



880 V. MEnmEeTI

Remark 1.1. In [1, 2.4], Berkovich constructs a reduction map

r: M(A @peo k) —> Spec(A @po k);

here

—~—

121\®ko k = (A\ ®ko k‘)o/(;{ ®ko ]{?)OO,

where (A @y k)°° is the set of f € A®yo k such that for z € M(A®pe k), |f(z)| < 1.
If A is a normal domain, then the canonical morphism

¢ : Spec(A ®yo k) —> Spec(A @y k)

is a bijection and m = ¢ o r. This means that some of the properties shown for r in
[1, 2.4] remain true for m. This is shown in [27, Rem. 4.8] by using [27, Th.2.1]; See
also [29, Prop. 4.1] for a proof in this setting.

(2) The proper case. The construction from (1) has good gluing properties. Let 2~
be a finite type scheme over k' k°, and Z its formal completion along the special fiber.
The analytic generic fiber % of 2 is the k- analytlc space we obtain by gluing the
analytic generic fibers of an open affine cover of DA (AT proper, then Z*" = %,77
where 22" is the Berkovich analytification of 2} := £ Xy k (cf. [30, 2.2.2]). There
exists an anti-continuous specialization morphism m : Z2* — s, where 25 is the
special fiber of 2.

1.1.2. The theorem of Bosch. — For a k-analytic space X, let O% be the subsheaf
of Ox defined by

(1.1) 0% (U) :=={f € Ox(U) : [fl. <1Vz e U}

for any open U of X. When there is no risk of ambiguity, we will simply write O°.

Let € be a flat normal irreducible proper k°-analytic curve. Let 6 be its generic
fiber, and % its special fiber. Let k(%) be the function field of €. The specialization
morphism constructed in Section 1.1.1 is an anti-continuous map 7 : C' — %5, where C'
denotes the Berkovich analytification of €.

Tueorewm 1.2 ([3, Th. 5.8], [27, Th.3.1]). — Let P € € be a closed point. Then O/%; =
O° (7~ 1(P)), where O p is the completion of the local ring O p with respect to its
mazximal ideal.

As P is a closed point and 7 is anti-continuous, 7~ !(P) is an open subset of C.
For a proof of Theorem 1.2 in this setting, see [29, Prop.4.5].

Remark 1.3. — From [1, Prop. 2.4.4] and Remark 1.1, if 2 € % is the generic point
of an irreducible component of %, then 7~!(z) is a single type 2 point of C. The
valuation on k(%)) determined by x is the same as that determined by 7~1(z); cf. [29,
Lem. 4.3].

JE.P — M., 2024, tome 11



AN ANALYTIC VIEWPOINT ON THE HASSE PRINCIPLE 881

The following objects play a very important role in this article.

Derinition 1.4, — Let X/k(6%) be a variety. Let U be an open of C such that
k(6;) C Frac(0°(U)) (e.g. see Lemma 2.2). A model of X over 0°(U) is an O°(U)-
scheme X such that X x go(rr) k(%%) = X.

1.1.3. Vertex sets and models of curves. — Let C/k be a proper normal irreducible
Berkovich analytic curve. We denote by C?! the unique algebraic curve such that its
Berkovich analytification is C' (cf. [9, Th. 3.7.2]).

Derinirron 1.5. A non-empty finite set of type 2 points of C' is said to be a vertez
set of C' (cf, [9, 6.3.17]).

Remark 1.6. — Let € be a proper flat normal model of C* over k°. Let Gen(%)
denote the set of generic points of the irreducible components of the special fiber &
of ¥. By Remark 1.3, S¢ := 7 !(Gen(%%)) is a vertex set of C, where 7 is the
specialization morphism C' — %.

Tueorem 1.7 ([10, Th.4.3], [9, 6.3.14]). — The map € +— S¢ induces a bijection
between the following two partially ordered sets:

(1) the isomorphism classes of flat normal proper models of C* over k°, ordered
by morphisms of models,

(2) the vertex sets of C, ordered by inclusion.
Furthermore, for a flat normal proper model € of C* with special fiber €, the cor-
responding specialization morphism w induces a bijection:

{closed points on €} = {connected components of C \ S¢}
P+ 1 Y(P)

If P € €, is a closed point, then the boundary of m—1(P) consists precisely of the
preimages by w of the generic points of the irreducible components of €s containing P.

Examrre 1.8. — Given ]P’é;:n and the Gauss point 79 1 (a semi-norm on Q,[7'] defined
via 370 a, T" = max; |anly), its corresponding model over Z, is P; . To see this,
we may restrict to the affine case of A%p and proceed as in Section 1(1). The special-
ization morphism is a map m : M(Q,{T'}) — A]%-p, where Q,{T'} is the Tate algebra
(cf. [1, 2.1]). From Remark 1.1 and [1, Prop.2.4.4], 7=*(n), where 7 is the generic
point of A%p, is the Shilov boundary of M(Q,{T'}), which is precisely 7.1.

Thanks to Hironaka’s resolution of singularities:

Cororrary 1.9. — Let T be a finite set of type 2 points of C. There exists a proper
reqular model € of C* over k° such that T C Sy¢. The same remains true when
replacing “reqular” with “sncd”.

Remark 1.10. — We recall that a model € of a curve over k° is said to be sncd if its
special fiber is a strict normal crossings divisor (cf. [35, Tag0BI9]). In that case, C is
regular and its singular points are ordinary double points.

JEP — M., 2024, lome 11



882 V. MEnmEeTI

1.2. NOTATIONS AND CONVENTIONS. Unless stated otherwise, we use the following
notation throughout the manuscript.

(1) Let k be a complete discretely valued field, k° its valuation ring, and k its
residue field. We fix a uniformizer ¢ of k.

(2) Let C/k be a proper normal irreducible k-analytic curve. Set F' = .#Z(C),
where .# denotes the sheaf of meromorphic functions on C (cf. [28, 1.7]). The field .4,
of germs of meromorphic functions on x is endowed with a norm. Let ;//: be its
completion.

(3) Let C*! be the unique projective k-algebraic curve whose Berkovich analytifica-
tion is C. It is a normal and irreducible curve. Moreover, k(C?®) = F ([1, Prop. 3.6.2]).
Given a projective algebraic curve Y/k, we have Y = (Y#n)al,

(4) Let V(F) be the set of rank 1 non-trivial valuations v on F' such that v);, either
induces the norm on & or is trivial. For v € V(F), let F,, be the completion of F with
respect to v.

(5) Let X/F be a smooth proper variety such that X (F,) # @ for all discrete
veV(F).

We recall some known consequences of these hypotheses.

Remark 1.11. From [29, Prop.3.15], there exists a bijection val: C < V(F),
T+ vy, such that ;//\T = F,,. Moreover, val induces a bijection between the rigid
points of C (i.e., the Zariski closed points of C*) and v € V(F) such that v is
trivial. In this case, v is the discrete valuation determined by the corresponding
Zariski closed point. If « € C' is of type 2, then val(z) is discrete and it extends the
norm on k. Consequently, X (////\I) # @ for all x € C either a rigid or type 2 point.
This is equivalent to X (.#,,) # @ for all such = (cf. [29, Cor.3.17]). In fact,

(1.2) X(My) # @ Ve € C — X(F,) 2 e V(F).

Remark 1.12. In this article, discs and annuli can have radii in R.

2. AA SMOOTHNESS CRITERION OVER ANALYTIC CURVES

We present here some smoothness criteria over C' that are sufficient for the impli-
cations (0.1) and (0.2) to hold. We start with two auxiliary results.

Levmva 2.1, — Let V be a strict affinoid domain of C. If X(#(V)) # &, then
X(AMy) # D forallz eV.

Proof. — Tt is clearly true for x € IntV. As V =9V UInt V (see [28, Cor.1.8.11]),
it suffices to prove it for points x € V', which is a consequence of Rem. 1.11. O

We will now use the sheaf O° (cf. relation (1.1)).

Lemva 2.2, — Let A be a connected open subset of C such that A consists of type 2
and 3 points. Then F C Frac O°(A).

JE.P — M., 2024, tome 11



AN ANALYTIC VIEWPOINT ON THE HASSE PRINCIPLE 883

Proof. By assumption, 0A contains only type 2 and 3 points, so A # C. Let
y € O~ A. For any z € A, let U, be an affinoid neighborhood of z such that y & U,
(recall C is separated). By compacity, there exists a finite number of points z € A
such that A C |J, U,; moreover A C V := |J_U, # C. From [28, Th.1.8.15(2)],
V is an affinoid domain of C. For any a € F C .#(V), there exist b,c € O(V) such
that a = b/c. The functions b, ¢ are bounded on V. Hence, for a large enough n,
t"b and t"c are bounded by 1 in V. Consequently, they are bounded by 1 in A,
implying a € Frac O°(A). O

To see why the statement is not always true, take C' = P,lc’an and A = A,lc’an.
The meromorphic function T' (after a choice of coordinates) is not contained in
o 1,an
Frac O°(A,™").

Turorem 2.3. — Let x € C. Suppose there exists a connected open neighborhood T,
of x in C such that 0T, contains only type 2 and 3 points, and X has a proper smooth
model X — Spec O°(Ty). Then there exists a neighborhood U, C T, of x such that
X(A(Uy,)) # 2. In particular, X (M) # .

Proof. — By Lemma 2.2, F C Frac 0°(T}). Let V,, C T}, a strict affinoid neighbor-
hood of z, so that 9V, is a finite set of type 2 points. We remark that X has a
proper smooth model over O°(V}). Let € be a proper regular model of C*! over k°
corresponding to a vertex set S of C' containing 9V, (see Corollary 1.9). We denote
by % its special fiber and by 7 the specialization morphism C' — %,. If z € S, then
X(Ay) # @ by assumption. If © € S, set P, := 7w(z). This is a closed point of &,
(see Rem. 1.6). By Theorem 1.7, U, := 7~ 1(P,) is a connected component of C' \. S,
implying U, N S = @.

We continue the proof with two auxiliary lemmas which we will also use later on.

Lemma 2.4. — The following is satisfied: U, C V.

Proof. — Assume that there exists y € U, \ V. As U, is connected, there exists
an injective path [x,y] connecting x and y which is entirely contained in U,. But as
x€Vyandy & V,, [x,y] N OV, # @. This implies that U, NS # &, contradiction. O

By Lemma 2.4, X has a proper smooth model over O°(U, ), which we will continue
to denote by X. By Theorem 1.2, O p, = 0°(7~!(P;)), meaning that 0°(U,) is a
complete regular local ring of dimension 2.

Levma 2.5. — The following is satisfied: X(0°(Uy,)) # &.
Proof. — Let «, be generators of the maximal ideal of O°(U,). Then the local-

ization O°(U;)(q) is a discrete valuation ring with uniformizer o ([35, Tag 0AFS]).

As F' C Frac 0°(T,) C Frac 0°(U,), the completion Frac Ooﬁfm\)(a) of Frac 0°(Uy) (o)
is a complete discretely valued field containing F'. By Remark 2.6 below, it either
extends the norm on k or is trivial there. By assumption, X (Frac 0°(Us)(a)) # 9,

and so X(Frac Ooﬁ]x\)(a)) + .

JEP — M., 2024, lome 11
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—

By the valuative criterion of properness, X(0°(U;))) # @. By taking the
residue field, X(0°(U;)()/()) = X(Frac0°(U;)/(a)) # 9. Again, 0°(U;)/(«a) is
a discrete valuation ring (with uniformizer 3, see [35, Tag00NQ]), so by apply-
ing the valuative criterion of properness, X(0°(U,)/(«)) # @. As the local ring
(0°(Uy), (o, B)) is complete, it is also complete with respect to the topology induced
by the ideal («). In particular, (0°(U,),(«)) is a Henselian couple. Seeing as X
is smooth over O°(U,), by applying the Hensel lifting property (see [13, Th.1.8]),
we obtain that X(0°(U,)) # . O

By Lemma 2.5, X (Frac 0°(U,)) # &, so X(#(U,)) # @ and X (A4;) # @. O

Remark 2.6. — In Lemma 2.5, let o, 8 be generators of the maximal ideal of O°(Uy).
The localizations O°(Us)(a), 0°(Uz) gy are discretely valued rings. As k° C 0°(U,),
depending on whether the uniformizer ¢ of k° is in («) (resp. (8)) or not, the restriction
of the discrete valuation on O°(Uy) () (resp. 0°(Uy)(s)) to k° either induces the norm
on k or is trivial.

Remark 2.7. If the hypotheses of Theorem 2.3 are satisfied, then C' \ T, contains
the rigid points on which X has bad reduction. To see this, assume s € T}, is a bad
reduction point of X. The map 0°(T;) — O¢ s induces 0°(Ty) — k(s), where x(s) is
the residue field of s. But then X has a smooth model over k(s), contradiction.

Before giving a similar global criterion for checking that X(.#,) # &, we start
with an auxiliary result.

Lemvia 2.8, — Let Vi, i = 1,2,...,n, be strict affinoid domains of C. Let A be a
finite set of type 2 points in C. Set D := C~ (AU}, V;). Then D is an open subset
of C and dD s a finite set of type 2 points contained in AU J;_, OV;.

Proof. — As C is separated, its points are closed, so A is a closed subset, implying
AU, Vi is closed, and so D is open. As DNID = &, we obtain dD C |J;_, V; UA.
Suppose there exists i’ € {1,2,...,n} such that 0DNInt V;» # &. Let n € 9D NInt V.
There exists a neighborhood U,, of ) in C such that U,, C Vi». But as n € 9D, we have
U,ND # @, s0 VyyND # @, contradiction. From [28, Cor.1.8.11], D C |J!'_, 9V, UA,
meaning D contains only type 2 points. As |J'_, OV; U A is finite (cf. [29, Prop. 2.5]),
so is 0D. a

The following is a consequence of Theorem 2.3. See the notion of strongly transitive
action in Definition 0.3.

Cororrary 2.9. — Let Q C C be a finite set of rigid and type 2 points. For
z€Q, let V, be a strict affinoid neighborhood of z such that X(.#(V,)) # @. Set
U:=0C~N (U.eqVzUA), with A a finite set of type 2 points. If there exists a smooth
proper model X — Spec O°(U) of X, then X (M) # & for all x € C. Equivalently,
X(F,) # @ for allv e V(F).

Moreover, if there exists a rational linear algebraic group G/F acting strongly tran-
sitively on X, then X(F) # @.
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Proof. By Lemma 2.8, U is an open subset of C' and OU is a finite set of type 2
points. For any = € U, by taking the connected component of U containing = and
applying Theorem 2.3, X (#,) # @. On the other hand, for all z € Q, we have
X (A (V.)) # @, so for any x € (J,c Vs, one obtains X (#;) # @ (see Lemma 2.1).
Thus, X (A4,) # @ for all x € C, so we can conclude by relation (1.2) and [29,
Cor. 3.18]. O

Remark 2.10

(1) One can show as in Remark 2.7 that |, V- contains the bad-reduction points
of X. Without loss of generality, we may assume () contains the bad-reduction points
of X.

(2) Since U does not contain the bad reduction points of X, the latter has a proper
smooth model over O(U). However, O(U) is in general substantially larger than its
subring O°(U) (e.g.if U is the open unit disc over Q,, then O°(U) = Z,[T] and
O(U) 2 Z,[T][1/p]—the bounded functions on U; cf. [27]). Hence, the assumption of
smoothness over O°(U) is stronger. In the next section, we interpret it as a smoothness
assumption over parts of the special fiber of a model of C?!.

As proved by the following remark and proposition, it suffices to show that X has
a smooth model over O°(U) for a finite number of open subsets U C C, which are
considerably smaller than V' from Corollary 2.9.

Remark 2.11. — With the same notation as in Corollary 2.9, let S be any vertex set
of C such that (J,.o 0V, C S. Then for any s € S, X (4;) # 9, so there exists a
neighborhood Us of s in C such that X (.#(Us)) # @. Without loss of generality, we
may assume that U, has finite boundary in C. There exist only a finite number of
connected components of C'\. S not entirely contained in (J, g Us: if that were not the
case, as S is finite, there exists sy € S such that there are infinitely many connected
components of C'\ S not contained in J, g Us and intersecting Us,. Then, they all
intersect the boundary of Uy, implying the latter is infinite, contradiction.

Let Ay, Ao, ..., A, be the connected components of C'\..S not contained in Uses Us.
If S is a triangulation (cf. [9, 5.1.13]), then A; is an open virtual disc or open virtual
annulus (cf. [9, p. 210]). We remark that 9A4; C S. For any i, set B; := A; \ UzeQ V..
This implies that 0B; C 0A4; U UZGQ 0V,. Hence, B; is an open subset of C' and
0B; € SUJ,cg9Us (i-e., a finite set of type 2 points). See Figure 1 for illustrations
of such data.

B =

Figure 1. 5, U, s € S, A;
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Prorosition 2.12. If X has proper smooth models over the rings 0°(B;), i =
1,2,...,n, then X (M) # @ for allx € C. Equivalently, X (F,) # @ for allv € V(F).

If, moreover, there exists a rational linear algebraic group G/F acting strongly
transitively on X, then X (F) # &.

Proof. — Tt & € UueqUs UlUeq Ve, then X(A,) # @. Assume z € U], By, and
let ip € {1,2,...,n} be such that z € B;,. Let € be a proper regular model of C?!
over k° corresponding to a vertex set S’ such that S U |J,.g0Us € S” (see Corol-
lary 1.9). In particular, |J_, dB; C S’. We denote by % its special fiber and by 7
the specialization morphism C' — €. Set P, := n(z) and U, := 7~ *(P,). The proof
of Lemma 2.4 can be applied mutatis mutandis to show that U, C B;,, meaning X
has a proper smooth model over O°(U,). By Theorem 2.3, X (#,) # &, so we can
conclude by relation (1.2) and [29, Cor. 3.18]. O

Let us illustrate how strong the hypotheses of Corollary 2.9 or Proposition 2.12
are with an example where the variety X is given by a quadratic form.

Examrre 2.13. Let ¢ be a diagonal quadratic form over F' with (non-zero) coeffi-
cients ai,as, ..., a,. Let @ be a finite closed subset of C' containing all the zeroes and
poles of the a;. We use the same notation as in Remark 2.11. Fix ¢ € {1,2,...,n}.

By multiplying with a high enough power of the uniformizer ¢ € k (this does not
change the Weil divisors of aj,as,...,a, in C), we may assume that

a1,a2, ..., 0, € O°(B;).

Moreover, we may assume ¢~ 2a; ¢ 0°(B;) for all j € {1,2,...,m}.

The quadratic form ¢ is smooth over O°(B;) if and only if for any maximal ideal M
of 0°(B;) and any j € {1,2,...,m}, a; ¢ M. Consequently, a; € 0°(B;)* for all
such j. This implies that for any x € B; and any j, |a;|, = 1.

In Section 5, by using the techniques of this section and a theorem of Springer, we
prove a general result for quadratic forms (provided char k # 2).

Remark 2.14. — An argument similar to that of Example 2.13 can be applied to a
general variety X. As the smoothness of X is checked by the non-vanishing of minors
of a certain matrix, it suffices to show that for any ¢ € {1,2,...,n}, there exists a
model of X over O°(B;) with corresponding minors ¢; satisfying |e;], = 1 for all
S Bz

Exampre 2.15. — Let k=Q,, p#2,C = %j“, and F = Q,(T). Set
q:=X{ - (1 +pT)X3+TX3;— (T +p)Xj.
The bad reduction points in IP’%D’:H of the corresponding quadric are those for which
IT| =0, |T|=o00, |T+p =0 and |1+ pT|=0.

Set X1 = 1+ pT, Xo =1, and X3 = X4 = 0; this is a zero of ¢ defined on a
neighborhood N of the rigid point || = 0. The open N is a disk centered at 0 and
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of radius the radius of convergence of the series expansion of v/1 + pT. The latter is
strictly larger than 1, so said zero is defined over the open unit disk D (i.e., D C N).
Remark that the point |T' 4+ p| = 0 is in D, and that 191 € N (cf. Example 1.8)
since |T'[,,, = 1.

Set X1 = X9 =0, X3 =+/1+p/T and X4 = 1; it is a zero of ¢ on a neighborhood
of the point |T'| = co. Similarly, this solution is defined on the open disk D, centered
at oo and of radius 1. We remark that Do, contains the point |1 + pT'| = 0.

To the Gauss point 191 € ]P)é);:n corresponds the model IP’%’:‘H (cf. Example 1.8); let
T P(gjn — IP’%F be the specialization morphism. Let U be a connected component
of IP’}QJ:H N (DUDg U{no1}). Set P = w(U). By Theorem 1.2, 0°(U) = L‘TA;:;D is
a local ring; let m be its maximal ideal. As the rigid points |T| = 0, [T+ p| = 0
and |1 + pT| = 0 are not in U, their images via m are different from P, so the
ideals (T), (T + p), (1 + pT) are not contained in m (cf. proof of Lemma 3.2). Thus,
the coefficients of ¢ are in O°(U)*, meaning that the quadric defined by ¢ is proper
and smooth over O°(U).

A crucial point here is that the Weil divisors in ]P’%p of the coefficients of g are not
vertical; see Section 3. We remark that, in this particular case, as N U Do, = Pg:n,

the equation ¢ = 0 has non-trivial solutions over ., for all z € Pa:n, so it has one

over Q, (7).

3. A SMOOTHNESS CRITERION OVER FINE MODELS OF ALGEBRAIC CURVES

We now use Bosch’s theorem to interpret over a model of the algebraic curve C
the results of Section 2. Let us start with a local statement.

Lemma 3.1. — Let C be a proper regular model of C* over k°. Let Cg denote its
special fiber and 7 the corresponding specialization morphism C — C4. Let P € C4 be
a closed point. If X has a smooth proper model over O¢ p, then X (M (n~(P))) # 2.
In particular, for any v € n=Y(P), X(A#,) # @.

Proof. — By Theorem 1.7, U := 7~ !(P) is a connected open subset of C, and its
boundary contains only type 2 points. By assumption, X has a proper smooth model X
over 0°(U) = O/@; (Theorem 1.2). By the proof of Lemma 2.5, X(0°(U)) # &,
implying X (.#(U)) # &, and so for all z € 7~!(P), one obtains X (.#,) # @. O

Let us show that if z € C? is a bad-reduction point of X, then the hypothesis of
Lemma 3.1 is never satisfied for P := 7(z). Recall that for a closed point z € C?!, the
Zariski closure {2z} of {z} in € is some set {2, P,}, where P, is a closed point of C,
(see [26, Def. 10.1.31]).

Levva 3.2. — We use the same notation as in Lemma 3.1. Let z € C* be a Zariski
closed point which we identify with a rigid point in C. Then w(z) = P,.

Proof. — Let V. = Spec A be an open neighborhood of P, and 7(z) in € (cf. [11,
2.2]). Then z corresponds to a principal prime ideal (a) of A, so P, is the unique
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maximal ideal of A containing both a and the uniformizer ¢ € k. From [20, 7.1.10],
this coincides with m(z). O

Remark 3.3. — If X has a proper smooth model over O¢ p for some closed point
P € @, then it has a proper smooth model over some open neighborhood N of P
in C. If z € C! is any Zariski closed point for which {z} = {z, P}, meaning P = 7(2)
by Lemma 3.2, then clearly z € N, so X has a proper smooth model over x(z).
Thus, X has good reduction over z, which is why the bad reduction points of X in C'
will automatically be excluded in Lemma 3.1.

Remark 3.4. — We use the notation of Remark 2.11. By Theorem 1.7, we may assume
the vertex set S of C' corresponds to a regular proper model € over k° of C?!. Let
us denote by %5 its special fiber and by 7 the specialization morphism C — 5.
By loc. cit., for i € {1,2,...,n}, n(B;) = 7(4;) =: {Q:}, where Q; is a closed point
of ¥. By Theorem 1.2, @ = 0°(4;) C 0°(B;). Hence, by Proposition 2.12, if X
has proper smooth models over the rings O« ¢,, then X (#,) # @ for all z € C, and,
equivalently, X (F,) # @ for all v € V(F'). See Figure 2 below for an illustration.

We will now give similar, but global, versions of Lemma 3.1. In order to deal with
the bad-reduction points of X on C', we construct and work on “fine enough” models

of C?,
Ay
\g O
Y A3 Qs

Figure 2. Z,N., z€ Z, S, Us, s € S, Q; = 7(A;)

3.1. REMOVING A FINITE SET FROM THE SPECIAL FIBER. — Let Z C C be a Zariski closed
subset such that X has good reduction over C \ Z.

Construction 1 (The model %). For any z € Z, there exists a strict affinoid
neighborhood V; of z in C such that X (.#(V,)) # @. Let 41 denote a proper regular
model of C* over k° corresponding to a vertex set S of C' such that U.ez0V. CS.
We will denote by ¢, its special fiber and by m; the corresponding specialization
morphism.

See Figure 3 for a couple of illustrations of ¢}, and w1, where the bijection of
Theorem 1.7 associates to 1; € S the irreducible component I; of € ;.

Remark 3.5, — If {J,., V. = C, then for any x € C, X (.#,) # @ (see Lemma 2.1),
and, equivalently, X (F,) # @ for all v € V(F). Hence, without loss of generality,
we may assume that (J,., V. # C.
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I
I3

%
3 =
DN

73,

Figure 3. Ve, z€Z,m; €8

Tueorem 3.6. If there exists a proper model X — € of X/F which is smooth over
G1,s \m(Z), then X(My) # @ for all x € C, and, equivalently, X(F,) # @ for all
v € V(F). Furthermore, if there exists a rational linear algebraic group G/F acting
strongly transitively on X, then X(F) # &.

Remark 3.7. — Let P be any closed point of €1. As O«, p and O, _ p are local rings
with the same residue field, the respective base change of X is smooth over O, p if
and only if it is smooth over O«, _ p.

Proof of Theorem 3.6. — Let x € C' N (U,cz V2 US). Set P, := m(x) € €1 5. Assume
there exists zg € Z such that P, = m(20). Set U, := 771_1(P$). Then zy € U,.
By Theorem 1.7, U, is a connected component of C' \ S. By its connectedness, there
exists an injective path [z, zp| connecting x and zy entirely contained in U,. Asz ¢ V,,
the path [z, zg] must intersect OV, meaning [z, 2] NS # &. As a consequence, one
has U, N S # @, yielding a contradiction. Thus, one has P, € m1(Z). By Lemma 3.1,
X(My) # 2. Ifx€lU,c,V.US, then X (.4,) # & by assumption. We have shown
that X () # @ for all x € C, so we can conclude by relation (1.2) and [29, Cor. 3.18].

O

Remark 3.8. — In light of Remark 3.3, we can take Z to be any Zariski closed subset
of C*, and then the hypothesis of Theorem 3.6 will imply that 7, ' (71(Z)) contains
the bad reduction points of X in C. We thus assumed directly that Z itself contains
them.

3.2. REMOVING IRREDUCIBLE COMPONENTS. — Let Z be as in Section 3.1. We show that
by further refining the model % from Section 3.1, more points from the special fiber
can be forgotten in Theorem 3.6. We will do this in two steps, the first of which
consists of being more restrictive when constructing the neighborhoods V, of z € Z.

Hyporuests 3.9. From now on, throughout this section, we will assume that the
curve C' is smooth. (This is stronger than normal when k is not a perfect field.)

In practice, we only need C' to be smooth at the points of the subset Z. This
ensures the existence of special neighborhoods of these points in C.
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A Berkovich curve has the structure of a real graph (cf. [9, 1.3.1]), so it makes sense
to speak of branches issued from a point of C. See [9, 1.7] for some elements from the
branch language which we use here. See also [9, p. 210] for the notion of a virtual disc.

Levma 3.10. — Let N be a closed virtual disc in C. Then
(1) ON is a single type 2 point {n},
(2) there exists a unique branch b issued from n in C not contained in N .

If z € C is a rigid point, then there exists a neighborhood N of z which is a closed
virtual disc and X (4 (N)) # @.

Proof. — From [9, Th.4.5.4], virtual discs form a basis of neighborhoods of z in C.
As type 2 points are dense, there exists a neighborhood N—a closed virtual disc—
of z satisfying condition (1) and such that X (.#(N)) # @. To show condition (2),

let k := k be the completion of an algebraic closure of k. Then the base change Ny,
is a finite disjoint union of closed discs embedded in Cf. Let D be one of those discs,
and w its unique boundary point. Consider an embedding of D in P,*". Tt suffices
to show that there exists a unique branch issued from w in Cj that is not contained
in D (cf. [9, 1.7.2]). Moreover, one can reduce to the case of Pp*" (cf. [9, 4.2.11.1]),
thus condition (2) is also satisfied. O

ConstructioN 2 (The model %5). — For any point z € Z, let N, denote an affinoid
neighborhood of z in C satisfying the conditions of Lemma 3.10. As in Remark 3.5,
.ez Nz # C. We may also assume that IV,
z € Z, are mutually disjoint. Let so € C be a type 2 point such that so & |J,., N-.
Set T := (J,c; ON..

Let %5 be a proper sncd model of the curve C*! over k° such that the corresponding
vertex set S of C satisfies T'U {so} C S (cf. Corollary 1.9). We denote by > s the
special fiber of 65, and by w3 : C' — %5 s the specialization morphism.

without loss of generality, we may assume | J

Given a point y € S, let I, be the unique corresponding irreducible component
of 65 5. See Figure 4 below for an illustration. We show a statement analogous to that
of Section 3.1, starting with an auxiliary result.

Lemva 3.11. For any two points m,n2 € T, one has I, N I,,, = @.

Proof. Let z; € Z be such that {n;} = ON,,,i = 1,2. Assume, by contradiction,
that there exists P € I, N1,,. As %> is an sncd model, P is an ordinary double point,
S0 it is not contained in a third irreducible component of %2 .. Then U := 7, }(P) is a
connected component of C~\.S and OU = {1y, n2}. Thus, there exists an open injective
path v := (n1,72) contained in U connecting 7; and 75. The only branch issued
from 7; not contained in N, is thus contained in v, i = 1,2. As so € S\ U, IN-,
we have I, U I, # %, 2. So, since s 2 is connected, there exists a third irreducible
component I, s € S, intersecting at least one of I, or I,,, and I, N 1I,,, N I,, = @.
Without loss of generality, let I, N I, =: {Q}. Similarly, 75 *(Q) =: V' is a connected
component of C'\ S and 9V = {s,m}. Remark that P # @Q and thus UNV = @.
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As before, there exists an injective open path +' := (s,71) contained in V, so the
unique branch issued from 7, outside of N, is contained in v'. But then vy N~ # &,
implying U NV # &, contradiction. O
50
S0
n o i
Figure 4. ,N,, z€ Z, S
Tueorem 3.12. — If there exists a proper model X — €5 of X/F which is smooth over

Usesr Is, then X(Ay) # @ for all x € C, and, equivalently, X(F,) # @ for all
v € V(F). Furthermore, if there exists a rational linear algebraic group G/F acting
strongly transitively on X, then X(F) # &.

Proof. — Recall Remark 3.7. Let x € C. If x € J,., N. U S, then X (.4,) # @.
Suppose = & |J,c, N.US. Set U := O\ (U,cy N- US). Let U, be the connected
component of C \ S containing x. By Theorem 1.7, mo(U,) =: {P,}, where P, is a
closed point of 63 s, and 7r2_1(Px) = U,. Let us show that P, € J,cg_p -

By loc. cit., U, C S, so depending on whether P, is a double point or not, U,
consists either of two points or one. If P, is a double point, there is nothing to
check, as by Lemma 3.11, the set |J,.g._p Is contains all the double points of €5 ;.
Suppose that U, is a singleton. Remark that P, € J;cp I; if and only if 0U, € T
(cf. Theorem 1.7). Assume, by contradiction, this is the case. Let 29 € Z be such that
OU, = ON,, =: {n}. There are three possibilities:

(1) N,, UU, = C, in which case S\ {n} C N,,, meaning sy € N,,, contradiction;

(2) U, C N,,, in which case x € N,,, contradiction;

(3) N,y UU, # C and U, € N,; let a € C \ (N, UUy,); let [a,n) be an injective
path in C' connecting a and 7 (but without containing 7); it is entirely contained
in C~ (N, UUy,). As a € N,,, the path [a,n) contains the unique branch b issued
from n that is outside of IV,,. Let us show that b C U,. Let ¢ € U, ~ N,,. There
exists an injective path [¢,n) in U, connecting ¢ and n, without containing 7. This
path intersects a branch issued from n and is disjoint from N, so b C [¢,n), meaning
[e,n) N [a,n) # &, contradicting [a,n) N U, = @.

To resume, we have shown that mp(z) = m2(Us) = Pr € U,cg g Is- This means
that for any € U, X has a proper smooth model over O, p,, hence by Lemma 3.1,
X (A,) # . We can now conclude by relation (1.2) and [29, Cor. 3.18]. O
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Remark 3.13. Let us briefly explain why, in order to apply the techniques of this
manuscript, the point so in Construction 2 is necessary. Let us look at the example
illustrated in Figure 4. If S := {n} = T instead of {so,n}, then % ; contains a unique
irreducible component I,, making the hypothesis of Theorem 3.12 empty. If we took
80 € N, then the hypothesis ensures good reduction of X over I, but the points in
C ~ N, all map to I, \ I, via 7, meaning we can’t apply this technique to them
and they remain unaccounted for.

Remark 3.14. If T = &, meaning Z = &, then the variety X/F has good reduction
over all points of the curve C?. In that case, in Theorems 3.6 and 3.12, we have to
check that X has a proper smooth model over the entire special fiber %5 ; of the
model €, of C?*. Hence, this condition is directly related to the uniformizer ¢ of k°.
More precisely, we check smoothness of X via the nonvanishing of certain minors € of
a matrix defined over F. As ¢ doesn’t vanish anywhere on C?!, it is constant, meaning
defined over k. Then, checking whether X has a model that is smooth over %5 ; comes
down to checking whether ¢ is invertible in £°, or equivalently, whether it is non-zero
on the residue field k of k.

4. A SMOOTHNESS CRITERION OVER RESIDUE FIELDS OF COMPLETIONS

We denote by H(-)° the valuation ring, and by H(-) the residue field of the com-
pleted residue field 3(-).

4.1. OVER THE ANALYTIC CURVE. — We remark that for an open U of C and a point

—_

x € U, there is a map 0°(U) — H(z) induced by the natural map 0°(U) — H(x)°.
As before, we start by proving local statements.

Prorostrion 4.1. — Let x € C. Suppose there exists a strict affinoid neighborhood U

—

of ¢ in C such that X has a proper model X — Spec O°(U) which is smooth over H(y)
for all but a finite number of rigid and type 2 points y of U. Then there exists a
neighborhood Uy C U of x such that X (A (Uy)) # @, and hence X (My) # 2.

Proof. — As already remarked, it makes sense to consider the model X of X (by ap-

—_~

plying a base change) over H(y),y € U. By restricting to a smaller neighborhood

—

of x if necessary, as C is separated, we may assume that X is smooth over H(y) for
all rigid and type 2 points y of U. Let € be a proper regular model of C? over k°
corresponding to a vertex set S of C such that OU C S (see Corollary 1.9). Let %
denote its special fiber and 7 the specialization morphism C — €.

Set P, := w(x) and U, := 7~ 1(P,). As OU, C S, so U, contains only type 2 points.
By the proof of Lemma 2.4, U, C U, and so for any rigid or type 2 point n € U,,

e

the model X of X is smooth over H(n). From [1, 2.4, p.35] (see also Remark 1.1),

the specialization map 7 induces an embedding k(FP,) — %, so X is smooth
over k(Py), and thus over O p, = 0°(U,). Hence, X (A4 (U,)) # @ (cf. Lemma 2.5),

and X (A,) # @. O
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Remark 4.2. As we can see from the proof, the hypotheses of Proposition 4.1 can
be relaxed to: for any neighborhood M of x in C there exists a rigid or type 2 point

ym € M such that X is smooth over H(yar).

Let us now give a similar global version of Proposition 4.1 akin to Corollary 2.9.

COROLLARY 4.3. Let Q be a finite set of rigid and type 2 points of C. For any
z € Q, let V, be a strict affinoid neighborhood of z in C such that X (A (V,)) # &.
Set U :=C~\ (UZEQ V.UA), where A is a finite set of type 2 points. If X has a proper

—_—

model X — Spec O°(U) such that X is smooth over H(y) for all but a finite number
of rigid and type 2 points y € U, then X (M,) # & for all x € C. Equivalently,
X(Fy) # @ for allv e V(F).

If, moreover, there exists a rational linear algebraic group G/F acting strongly
transitively on X, then X (F) # &.

Proof. — By Proposition 4.1, for all © € U, X(.#,,) # @. By construction, for any
€ U.eqV2VUA, X(A,) # 2. Thus, X(A,) # & for all x € C, so we can conclude
by relation (1.2) and [29, Cor. 3.18]. O

It suffices to show that for a finite number of open subsets U C C, there exists
xzy € U a rigid or type 2 point, such that X has a proper model over O°(U) smooth

over H(zy).

Remark 4.4. — With the notation of Corollary 4.3, let S be any vertex set of C
corresponding to a proper regular model € of C*' and such that UZGQ ov, C S.
By assumption, for any s € S, X(#;) # &. Hence, there exists an open neighbor-
hood Us of s in C such that X (.#(U,)) # @. By Remark 2.11, there exist only finitely
many connected components A1, As, ..., A, of C' .S which aren’t entirely contained
in (J,cg Us; see also Figure 2.

Provosition 4.5. — If for any i € {1,2,...,n} there exists a rigid or type 2 point
x; € A; such that X has a proper model X — Spec O°(A;) which is smooth over ﬂ%,
then X (M) # @ for all x € C. Equivalently, X (F,) # @ for allv € V(F). If, more-
over, there exists a rational linear algebraic group G/F acting strongly transitively
on X, then X(F) # @.

Proofs — It € UyegUs Ul.cq Vs then X (4,) # @. Otherwise, suppose there
exists ig € {1,2,...,n} such that € A;,. By Theorem 1.7,

71-(Aio) = 71'(.23) = 7'('(1‘,‘0) = Pio € Cs,

where % is the special fiber of € and 7 the corresponding specialization morphism.
From [1, 2.4, p.35] (see also Remark 1.1), m induces an embedding x(P;,) C H(x;,),
where k(P,,) is the residue field of P,

10

and of the local ring 0°(A;,) = O p, . Conse-
quently, X (or rather, its respective base change) is smooth over x(P;,), meaning X is
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smooth over O°(A;,). By Lemma 2.5, this implies that X(0°(A;,)) # &, hence that
X (M) # . We can now conclude by relation (1.2) and [29, Cor. 3.18]. O

4.2. OVER A MODEL OF THE ALGEBRAIC CURVE. — We translate the results of Section
4.1 over models of C* and using valuations.

Remark 4.6
(1) Let v be a discrete valuation on F' such that vy, is trivial. The residue field
k(v) = F, is a finite field extension of k. In particular, it is uniquely endowed with
a discrete valuation extending that of k. As a consequence, it makes sense to look at
its residue field, which we will call the double residue field of F, and denote by E .
(2) Let v be a discrete valuation on F'. Let x,, € C be the unique point correspond-
ing to the valuation v. By t}wof of [29, Prop. 3.15], if v extends the norm on k,

then F, = H(z,), so F, = H(z,). If, on the other hand, v is trivial on k, then by
loc. cit., Fy = H(xy), so Fy = H(xy).

For the next statement, we work with the models % and %, of C?! from Sections 3.1
and 3.2, respectively.

Tarorem 4.7. — Let X — € be a proper model of X. Assume that for all but a finite
number of discrete v € V(F):

(1) if vy, is trivial with center c, satisfying mi(c,) € €1 \ m1(Z), then X — F, is
smooth,

(2) if vk induces the norm on k and with center c, satisfying c, € €15 \ m(Z),
then X — E s smooth.

Then, X(Fy,) # @ for all v € V(F). Furthermore, if there exists a rational linear
algebraic group G/F acting strongly transitively on X, then X(F) # @.

Remark 4.8. — If v is a discrete valuation on F' which is trivial on k, i.e., induced by
a rigid point x, of C, then ¢, = x, (cf. [26, Rem.8.3.19]). If v is a discrete valuation
on F which extends the norm of k, then by loc. cit., ¢, = m1(z,) (see also Lemma 3.2).

Proofof Theorem 4.7. — For any point P € ] s, the morphism X — % induces, via
base change, a morphism X — Spec O, p, hence one X — Spec x(P). For any z € C,
from [1, 2.4, p. 35] (see also Remark 1.1), the specialization morphism 7; induces an
embedding x(P,) C %, where P, := m(z). As a consequence, X gives rise to a

model over UTC\(_JC/) By Remark 4.6, this implies the existence of such a model over all E
(resp. F,) in the statement. By (1.2), it suffices to show that X (.#,) # @ forall z € C.
This is true for any 2 € (J, ., V. US by construction. Let x € C' \ (U, V= US). Set
P, :=m(x) € 65, and Uy := wfl(Pm). By Theorem 1.7, U, is a connected open
subset of C' and 9U, C S. By the proof of Theorem 3.6, P, & m1(Z), so for all but a
finite number of rigid and type 2 points y € U,, the model X is smooth over ﬂ%
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Hence, by Proposition 4.1, X (4,) # @. We can conclude by relation (1.2) and [29,
Cor. 3.18]. O

Remark 4.9. — The proof of Theorem 4.7 works mutatis mutandis if we take the
model %3 instead of 471, and replace €1 s\ m1(Z) with | J g1 Is (see Construction 2).

5. Tue CASE OF QUADRATIC FORMS

We use the techniques of Section 2 to show a Hasse principle for quadratic forms
in non-dyadic residue characteristic. This is a result originally shown in [8, Th. 3.1],
where the authors also use local rings of dimension 2 induced by points on special
fibers of models of curves.

We start by proving a few (standard) results on sned models of curves. For an sned
model € of C?! let Je, the invertible ideal sheaf of O¢ defining the special fiber C,.

For a € F*, let [a] be the Weil divisor of a in C?, and [a] its Zariski closure in C. Let
div(a) be the Weil divisor of a in €. We remark that div(a) N C* = [a].

Levva 5.1, — Let P € C; be a closed point. Let a € F* such that P ¢ [a]. Ifa € O¢, p,
then either a € Je, p ora € Oé_yp.

Proof. — Suppose a & Je, p; it suffices to show P ¢ div(a). Suppose P € div(a) and
let I be an irreducible component of div(a) containing P. If INC¥ = @, then I C Cy,
which is impossible as a ¢ Je, p. Hence, I N C¥ # @, so there exists a closed point
z € O such that z € div(a), implying z € [a]. If the closure of {z} in C is {z,Q}
(see [26, Def.10.1.31]), then {Q} € {z,Q} C I, so by an argument of dimension:

{2,Q} =I and P = Q. Then I C [a], contradicting the assumption P ¢ [a]. O

Lemma 5.2, Let P € C; be a closed point. There exist generators o, 3 € O¢ p of

the mazimal ideal such that for any a € F* for which a € Q¢ p and P & [al:

(1) if P is not a double point of Cs, then either Je, p = aO¢ p or Je, p = B0¢,p,
and there exist n € NU{0}, u € Of p such that a = ua™, resp. a = uf";

(2) if P is a double point of Cy, then Je,,p = aBO¢ p, and there exist m € NU {0},
v € O¢ p such that a = va™ ™.

Proof. — For: either Je, p = aO¢ p or Je, p = BOe p (resp. Je, p = afB0¢ p) see
[35, Tag OBI9]. For (1), assume, without loss of generality, that Je, p = aO¢, p. There
exist n € NU {0} and u € Q¢ p (resp. m € NU {0} and v € O¢ p for (2)) such that
a = ua™ (resp. a = va™B™) and u € Je, p (resp. v € Je, p). As FracOe p = F, one
obtains u € F* (resp. v € F*). Assume P € [u]. Then there exists z € [u] such that
the closure of {2z} in € is {2, P}. As u,& € O¢,p € Oga ,, neither u or a have poles
on z, implying u has a zero on z which is not a pole of a. This means that z € [a],

contradiction because then P € [a]. Hence, P ¢ [u]. (Using the same arguments in (2),

we find P ¢ [v].) By Lemma 5.1, we obtain u € Og p (resp. v € O¢ p). a

Cororrary 5.3. — Let P € C; be a closed point. There exist generators o, § € O¢ p

of the mazximal ideal such that for any a € F* satisfying P ¢ [a]:
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(1) if P is not a double point of Cs, then there exist n € Z,u € OF p such that
either a = ua™ or a = upB";

(2) if P is a double point of Cs, then there exist m € Z,v € OF p such that
a=va™m™g™m.

Proof. — As a € F = FracO¢ p, there exist b,c € O¢, p such that a = b/c. More-
over, O¢,p is a regular local ring, so a unique factorization domain, hence without
loss of generality, we may assume that b, ¢ have no common prime divisors. Assume
P € [b] U¢]. Then there exists z € [b] U [¢] whose closure in € is {z, P}. Since P ¢ [a],
we have z ¢ [a]. As [a] = [b] —[c], we obtain z € [b]N[c]. This implies b, ¢ € mga ,—the
maximal ideal of O¢a1 ,. Let me, p denote the maximal ideal of O¢ p. As 2 is the generic
point of {z, P}, there exists a canonical embedding O¢ p < Ocai ,. As t € mea ,,
Oe,pNMmga , is a prime, non-maximal, ideal of the ring Oe p. As such, it is principal;
set Oc,p NMmea , =: q0¢,p. Then b,c € qO¢ p, which contradicting the assumption

that b, ¢ are coprime. Hence, P ¢ [b] U [c], and we can conclude by Lemma 5.2. O

We recall that given a commutative ring R and a g a quadratic form defined over it,
q is said to be R-isotropic if it has a non-trivial zero over R.

Taeorem 5.4. — Suppose char k # 2. Let q/F be a quadratic form which is isotropic
over F, for all discrete v € V(F'). Then q is isotropic over F, for all v € V(F).
Furthermore, if dimq # 2, then q is F-isotropic.

Proof. — By Witt decomposition ([24, 1.4.1]), we may assume ¢ is a regular qua-
dratic form. Since char F' # 2, we may assume ¢ is diagonal with coefficients
ai,ag,...,a, € F*. By relation (1.2), it suffices to show ¢ is .#,-isotropic for
all x € C. Let Z C C?! be Zariski closed such that (! [a;] € Z; it can be identified
to a finite set of rigid points in C'. For z € Z, let V, be a strict affinoid neighborhood
of z in C such that q is .# (V,)-isotropic. Let € be a proper sncd model of C?! over k°
corresponding to a vertex set S of C such that (J,.,9V. C S. Let €, denote its
special fiber and 7 : C' — % the specialization morphism. This is the model %7 for
the quadric X determined by ¢; see Section 3.1.

Let x € C. If v € U, , V2 US, then ¢ is .#,-isotropic. Suppose x € |J,., V2 U S.
Set m(z) =: P, and 7 !(x) =: U,. By the proof of Theorem 3.6, P, € m(Z). Let
o, € Og p, be generators of the maximal ideal. By Lemma 3.2, Z U n(Z) is the
Zariski closure of Z in €. As P, ¢ Z U m(Z), we obtain that P, ¢ I, [a;]. Let
a € {ay,as9,...,a,}. By Corollary 5.3, there exist n € Z and u, € O%ﬁPT such that
a = uga"™ or a = u,B" if P, is not a double point of €, resp. a = uuanﬂh if P, is a
double point of €.

By Theorem 1.2, 0°(U,) :O/cgE, so q is F-isomorphic to ¢’ :=q; Lags L Bqg3 LaBqa,
where q1, g2, g3, g4 are diagonal quadratic forms over

0% p. C 0°(Uy)*.
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—

As Frac 0°(Uy)(q) is a complete discretely valued field ([35, Tag 0AFS]) containing F,

—

the quadratic forms ¢ and hence ¢' are Frac 0°(Uy)(q)-isotropic. We may thus assu-
me ¢ is isotropic over the valuation ring O°(Uy),). Note that « is one of its uni-

formizers. By a theorem of Springer ([24, VI, Prop.1.9]), ¢’ is OO(/Uz\)(a)—isotropic
if an only if ¢11B8q3 or gaLBqy is isotropic over 0°(Uy)(q)/() = Frac0°(Uy)/(a).
We may assume ¢; L3¢ is isotropic over O°(U,)/(«). By loc. cit., as 0°(U,)/() is
a discrete valuation ring with uniformizer 8 ([35, Tag00NQ)]), g1 or g3 is isotropic
over (0°(U)/())/(B) = 0°(Uy)/(a, 5). Let us assume that ¢; is isotropic over
0°(Uy)/(ax, B). As @1 is defined over O°(U,)*, the associated quadric is smooth over
0°(U,). By Hensel’s lemma, ¢; is O°(U,)-isotropic, implying ¢’ is 0°(U,)-isotropic.
Consequently, ¢ is .# (U, )-isotropic, and hence .#,-isotropic.

Thus, g is .#,-isotropic for all z € C. We can now conclude via [29, Th.3.12]. O

Remark 5.5. In the proof of Theorem 5.4, if P, is not a double point, then ¢’ is of
the form ¢; Lags L Bgs and, in general, both applications of the theorem of Springer
are necessary. However, if P, is a double point, then the quadratic form ¢ is of
the kind ¢; LaBqs, so the first application of the theorem of Springer is enough to
conclude.

6. THE CASE OF CONSTANT VARIETIES

The techniques and approach presented here differ from those of the previous sec-
tions. Let y € C be such that X (.#,) # @. For a suitably chosen « € C, we construct
an automorphism ¢ of C' such that 2 — gy, with the purpose of showing X (.#,) # @.
To ensure such an implication, as ¢ does not fix F', we assume X is defined over the
smaller k. See Remark 6.4 for more details. We also use different notations.

Norarion 6.1

(1) Let k be a complete non-trivially valued ultrametric field. Let k be the com-
pletion of an algebraic closure k of k.

(2) For a k-analytic space Y and a valued field extension [/k (meaning [ is complete
with a norm extending that of k), Y; is the l-analytic space Y Xy [.

Recall that to a € k and r € Ry, one associates a unique point 7, € IP’,l{’am7 which
is a semi-norm on k[T]. It is the Shilov boundary of the disc centered at a and of
radius r. See Def. 2.2 and Prop. 2.3 of [29] for details. The following is a well-known
auxiliary result.

Lemma 6.2 Forackands>0,let D :={x ¢ Pllc’an S |T — al, < s} be the open
disc centered at o and of radius s. Let 8,7 € k.

(1) If, for somer>0,ng €D, thenngo€ D. For any two rigid points 1,0, 1y,0 € D,

18— <s.
(2) If ngo € D, or equivalently, o — 8| < s, then D = {x € PR : |T — B, < s}.
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Proof
(1) If ng, € D, then

T~ al,,, = max(la - Bl,r) <,

so [T —al,,,=|8—al <s, implying ngo € D. Similarly, if 7,0 € D, then
T —aly, , = |l —7] < s, s0

|8 =7l < max(|or = ], | =7]) <'s.
(2) Let x € D, meaning |T' — af, < s. Then

|T — Ble < max(|T — &, |Ja— B]) < s.
Similarly, if y € P satisfies [T — 8|, < s, then |T — af, < s. O
Remark 6.3. — For any b € k, there exists a canonical retraction dy : ]P’,lc"em — I'y such
that |T'— bl = |T — b|g,(u) for any u € Py™ (cf. [9, 3.4.24]). Moreover, if u,u’ € T},
then uw # v’ implies [T — bl # |T — by . Here Ty, := [np0,00] is the injective path
in ]P’,lc’abn connecting 7,0 and co. Thus, T — b is strictly increasing on I'y and locally
constant elsewhere.

Recall in [9, p. 210] the notions of wvirtual discs and virtual annuli.

Remark 6.4. — Let X/k be a variety. Let L/k be an open virtual disc or open virtual
annulus that can be embedded in ]P’]lc’an. Let y € L be such that X (.#,) # @. We con-
struct automorphisms of L which send a random point = to a point like y, with the
purpose of then obtaining that X (.,) # @.

Prorosirion 6.5. — Let L/k be an open virtual disc embedded in ]P’,lc’an, Let X/k be a
variety. Assume there exists an open neighborhood U in L of the end w of L such that
X(A(U)) # @. Then for any m € N, there exists a finite field extension l/k such
that ([l : k],m) =1 and X (A1, o) # @ for all z € L;.

If k| is dense in Rwg, then one can take | := k.

Proof. — Fix m € N. Let p : ]P’,lc’arl — ]P’i’an be the projection morphism. From
[1, Cor.1.3.6], G := Gal(k/k) acts on P,lc’an in a way that p induces an isomorphism
P,lc’an/G = ]P’i’an. As L is an open virtual disc embedded in P,lc’an, the preimage p~1(L)
is a finite disjoint union |—|ieI D; of open discs D;. By loc. cit., the restriction of p to
Ly = p~ (L), which we still denote p, induces an isomorphism L /G = L.

In order to parse the proof, we break it down into four different parts.

Part I: Lifting to k. — For i € I, let a; € k and s; € R be such that
D;={xz ¢ ]P’,le’an T — ale < 83}

The action of G on | |;c; D;, which permutes the D;, implies that for any ', € I,
sy = si» =: s. The set p~!(w) consists of the unique boundary points w; of D;, and
Wi = N, s for all i € I. As U is an open neighborhood of w, p~!(U) is a disjoint union
of open neighborhoods U; of w; in D;, i € I. As such, we may assume 0p,U; is a finite
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set of points of type 2 or 3 of D;. From [29, Prop.2.3], for z € dp,U;, there exists
o, € k and r, > 0 such that z =n,_ ..

For z € Op,U;, let v, denote the unique path in D; connecting the point 74, o
to w;, meaning v, = {Na,.c € D; : ¢ > 0} (see [28, Rem. 1.8.26]). We recall that it is
homeomorphic to the open interval (0,s). As U; is connected, v, N U; is a connected
subset of 7,. As U; is an open neighborhood of w;, we obtain that

Y NU; ={Na,c € Di:c>r,} CU,
and for any t < ry, 14, ¢+ ¢ U;. For any two points z, 2" € dp,U;,
(6.1) T, < |ay — a.l.
To see this, suppose on the contrary that r. > [a. — a./|. Then na_,. = o, r.-
As 242 r, #£ry. If r, <r,, then Nos,ry = Nay,r,,, MeANING
Narr, €% NU C Ui,

contradiction. Similarly, if 7., < 7., then na, r, = Na_, r., € v=» NU; € Uy, contradic-
tion.

Part 1I: Construction of 1. — By Lemma 6.2(1), for any z,2’ € 9dp,U;, one has
|a, — v < s. Let a,b € Ry be such that

max max (Ja, —ay|)<a<b<s.

i€l z,2/€0p,U;
Lemma 6.6. — There exists a finite field extension l/k such that ([l : k],m) =1 and

w €l with |w| =:r € (a,b) (with respect to the unique norm onl extending that of k).
If |k*| is dense in R, then one can take I = k.

Proof. — The statement is immediate if |k*| is dense in Rs. Otherwise, k is a dis-
cretely valued field, and let m be a uniformizer. Seeing as the divisible closure +/|k*|
of the value group |k*| is dense in R, there exists a large enough integer h such
that (h,m) =1 and (a,b) N {/|k*|, where

V)X == {r € Rsg : 7" € ||}
Let r € (a,b) N {/|k*], meaning there exists n € Z such that 7" = |x|". Set P(X) :=
X" — 7 € Kk[X]. By Eisenstein’s criterion of irreducibility, P(X) is an irreducible
polynomial over k. Set I:=k[X]/(P(X)). Then [l : k]=h. Clearly, | contains a root «
of P(X), implying that |a| = |7|'/". As a consequence, r € |I*|, meaning there
exists w € [ such that |w| = € (a,b). O

From now on, let [/k, w € [ and r be as in Lemma 6.6. A base change of the
isomorphism {[T] — I[T],T — T 4 w, induces an isomorphism

PPy — P
and 1ny.c = Nytw,c for any v € k and ¢ > 0. For i € I, |T — a;|, < s if and only
if |T'— o + wly@) < 5. As |a; — (a; —w)| = |w| < s, by Lemma 6.2(2), one has
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¥(D;) = D;. Thus 1, i.e., the map T — T + w, induces an isomorphism D; — D;
for ¢ € I, meaning an isomorphism Ly — Lg, which we still denote 1.

Part 111: The set (L~ U)yg). Let x € L\ U and 2’ € p~!(x). There exists j € [
such that 2’ € D; and as ¢ U, we have 2’ ¢ U;. Let us show that
(6.2) P(a') € U;.
Let [2/,w;) C D; be the unique injective path connecting =’ to w;. As =’ ¢ Uy, [2, w;)
intersects dp,U; at a single point 7, .. Then [2/,w;) = [2', 94, r.] U (Nas,,r.,w;).
By Lemma 6.2(2), D; = {z € P,™ : |T — a.|, < s}. Its boundary point w; coincides
with 74, s, 80 [2/,w;) = [@, Na, r. )U[Mas ras Nas,s)- By Remark 6.3, [T —a | <7, <.
Then [T — a, + wly@y = [T — azler < 7.
Let us show that
{yeD;: T - +wl, <r} CUj,
thus implying ¢ (z’) € U;. Suppose there exists y € D; such that [T — a, + wl, <,
but y ¢ U;. We remark that
T — .|, = max(|T — a, + wl|y, |jw|) =,
implying do, (y) = Mo, (see Remark 6.3). If y ¢ Uj, then the unique injective path
[¥, Mo, r) I D; connecting y and 7,_,, intersects aD]. Uj at a single point 14, r_, - As
docz (y) = dozz (naz,r) = Na.,r and Neyrr o S [ya naz,r)a
by Remark 6.3, one has do_ (o, ,r.,) ="a. - Consequently, |T'—a./|,, , . =r. At the
same time,
|T - O‘Z|77az/,rz/ = max(‘az - Cvz/|, TZ’)?
so by (6.1), one has [T' — a.|,, , ., = |a, — a.|. Thus, r = |a, — a./|, which is in
contradiction with the choice of 7 in Lemma 6.6.
Part IV: Conclusion. — Let m be the projection m; : Lj — L. Set G’ = Gal(k/l). As
PPy — P
is defined over I, it is G’-equivariant, so it induces a G’-equivariant isomorphism
Ly — Lg. Consequently, we obtain an isomorphism
(ol Lk/G/ — Lk/G/.
From [1, Cor. 1.3.6], Ly /G’ = L;, so ¢ : L; — L;, and the base change to k induces 1.
The diagram (6.3) is commutative, where ¢ is the projection L — L;.

Y

Lk%Lk

(6.3) qi lq

LZT>L1

Let 2 € Ly ~U;. For any y € ¢ *(2), y € ¢ *(U1) = U;e; Ui- Let j € I such

that y € D;. By (6.2) above, ¢(y) € Uj, so q(1(y)) € Ui. As q(¥(y)) = »(a(y)) =
p(x), we obtain p(z) € U;. The isomorphism ¢ induces an isomorphism of fields
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My, e = My, () (Which fixes | but not F'). As p(x) € U, one has m(¢(z))) € U,
so ML(U) C M1 5, (o)) © AL, p(z)- By assumption, X (.41 (U)) # @, so we get
X (M1, p(2) # D As My, p(0) = MLy o, We obtain X (AL, ) # @. If x € Uy, then
MLU) C My (o) C ML, o, implying X (M1, ) # @, thus concluding the proof of
Proposition 6.5. (|

Prorosition 6.7. Let L/k be an open virtual annulus that is embedded in ]P’,lq’an.

Let us denote its ends by wy and wy. Let X/k be a variety. Assume that there exists
an open neighborhood U in L of the end wy of L such that X (#(U)) # @. Then
for any m € N, there exists a finite field extension l/k such that ([l : k],m) =1 and
X( My, ) # D for all x € Ly. If |[k*| is dense in Rsq, then one can take | := k.

Proof. — Let

1,an

1l,an
p:P — Py

denote the projection. Then Ly = p~!(L) is a finite disjoint union |l;c; Li of open
annuli L;. For ¢ € I, there exist a; € k and r;, s; € Ry such that

Li={z¢ ]P’;l;an i1 < T — ile < 84}

As the action of G := Gal(k/k) on | ];c; L; permutes the L;, for any i’,i" € I,
riy = ry =: 7 and s = s;» =: 5. The ends of L; are the points wy ; := 1, s and wg ; :=
Na;,r- The action of G on Ly, permutes the sets {w1 ;}ier and {wa;}ier. Consequently,
p({wn,i}ier) is a single point which is also an end of L; let us assume it is the point wq
(by a change of coordinate on P, if necessary). Similarly, p({wa i }icr) = wo.
For any ¢ € I, let
D; = {z € Py™ : |T — ayl, < s}

This is an open disc satisfying L; € D;. If ¢/ # ", then D;; N D;» = &. Otherwise,
as Dy N Dy is open, it contains a rigid point 7,9 for some v € k. By Lemma 6.2(2),
Dy = Djn. As they have a common end, 0Dy = 0Dy = {1a,, s}, 50 Ly N Lin # 3,
contradiction. Moreover, GG acts on Llie 1 D;, meaning

D :=p(D;) =p(U Di)

iel

is an open virtual disc defined over k and with end w;. By construction, L C D. Let
us fix the integer m. By Proposition 6.5, there exists a field extension I/k such that
([ : k],m) =1 and for any x € D, := D xy 1, we have X (Ap, ) # @. Since L; C Dy,
the proof is concluded. U

Remark 6.8. We recall that if S is a triangulation (cf. [9, 5.1.13]) of a k-analytic
curve C, then the connected components of C' \ S are open virtual discs and open
virtual annuli. There is, a priori, no embedding of an arbitrary open virtual disc or
an open virtual annulus into P12",

We also recall that a smooth analytic curve always has a triangulation (|9,

Th. 5.1.14)).
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Turorem 6.9. Let C/k be a proper normal geometrically connected and smooth
analytic curve. Set F := M (C). Assume C has a triangulation S such that all of
the connected components of C . S can be embedded in IP’,lc’an. Let X be a k-variety.
Suppose there exists a rational linear algebraic group G/F acting strongly transitively
on Xp. If X(Ms) # & forall s € S, and

(1) |k*] is dense in Rsq, then X(F) # &;

(2) k is discretely valued, then X has a zero cycle of degree one over F.

Proof. — Let s € S. As X (.4;) # &, there exists a neighborhood Uy of s in C such
that X (. (Us)) # @. We may assume that OUs is a finite set of points of type 2 and 3.
The set C \ S is a disjoint union of open virtual discs and open virtual annuli. Since
Uses OUs is finite, there are only finitely many connected components of C' . S not
entirely contained in | J, g Us (cf. Remark 2.11). Let us denote them by L1, Lo, . .., Ly,.
If |k*| is dense in Ry, then by Propositions 6.5 and 6.7, X (#¢, ) # @ for all x € C,
so from [29, Th.3.11], X (F) # @.

Otherwise, By Propositions 6.5 and 6.7, there exists a finite extension l;/k for
which X(A1,, ) # @ for all x € Lyy,. Set [y : k] = my. For i € {2,3,...,n},
let I;/k be a finite extension such that ([I; : k], H;;llmj) =1, where m; := [[; : k|, and
X(AMy,,, ) # @ forall z € Ly, Let I/k be the composite of Iy, 1y, ..., I, in k. Then

//(CI)ZF(@]CZ::E.

Also
[[: k] =104l : k] = mima---m, =:m,

and as C is geometrically connected, [E : F] = [l : k] = m. Let p be the projection
C,— C.Forz € C~\ Ui, Li, X(Mc) # @, so0 for x € Cp N \Ji—, Li;, we obtain
X(AMc, 2) # . For x € J_ Liy, by construction, Ay, » = Mo, » C Mc, o for all
i, so we get X (.Mc,,x) # @. From [29, Th. 3.11], one then obtains X (. (C))) # @.

By Propositions 6.5 and 6.7, there exists a finite extension I} /k with ([I1, k], m) = 1,
and X(///Ll,l,lw) # @ for all z € Ly . Set m} = [l : k]. For i € {2,3,...,n}, let
I;/k be a finite field extension such that ([I} : k], mH;;llmg) = 1, where m/, := [} : k],
and X(//ZL“,_@) # @ for all x € L; ;. Let I'/k be the composite of I3, 15,...,1;, in k.
Set m’ := [l’l: k]. Then (m/,m) = 1 and as in the case of I, X (.#(Cy)) # @ and
E' := ¢, (Cy) satisfies [E' : F] = m’. Thus, X(F) # @ and X(E') # @, where
([E: F),[E': F]) =1, so X has a zero cycle of degree one over F. O

Remark 6.10. — In the proof of Theorem 6.9, we only use that a finite number of
the connected components of C'\ S can be embedded in ]P’,lq’an. They depend on the
elements of X (.#s),s € S. Recall that X (.#,) # & is equivalent to X(F,,) # &,
where vs := val(s) (cf. relation (1.2)).

The case C' = ]P’,lc’am satisfies trivially the assumptions of Theorem 6.9 with respect
to any triangulation or vertex set. From [10, 4.4], if S is a vertex set of C' corresponding
to a semi-stable model € of C?, then the assumptions of Theorem 6.9 are satisfied.
Another example is given by Mumford curves, which can be locally embedded in A"
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Remark 6.11. There are several families of varieties for which the existence of zero
cycles of degree one implies the existence of rational points (e.g. see [31]). In particular,
this is true for quadratic forms (cf. [24, VI, Prop. 1.9] and [12]).

CoroLrary 6.12. With the notation of Theorem 6.9, let q be a quadratic form
defined over k. If q is isotropic over My for all s € S, then q is isotropic over F.

7. AAPPENDL‘C OTHER EXAMPLES

In Section 5, we used a theorem of Springer ([24, VI, Prop. 1.9]) on quadratic forms
to reduce to a case where the results of Section 2 are applicable, and thus obtained
Theorem 5.4—a Hasse principle for quadrics. Springer’s theorem allows us to reduce
to quadrics which satisfy some strong smoothness assumptions over models of the
curve. By the same principle, the results of Section 2 should apply to any variety for
which we can show a Springer-type theorem.

7.1. Uxrrary croups (cr. [36] axp [33, §12]). — In [25], Larmour showed a Springer-
type theorem for Hermitian forms. By mimicking the proof of Theorem 5.4 and using
the results of Section 2, this gives rise to a Hasse principle for homogeneous varieties
under unitary groups. Hermitian forms are defined over division algebras, so a natural
starting point is studying whether valuations on a field K (for us, K = Frac 0°(U,),
see proof of Theorem 5.4) extend “well” to division algebras over K.

This has been studied in [36] under some restrictions. The results were then gen-
eralized using the same approach in [33]. In both cases, the authors show a Hasse
principle for homogeneous varieties under unitary groups. We give here a brief sum-
mary of the interpretation of these results in our setting, without claim to originality.
In a [14], the authors generalize the main Theorem 7.9 in some special cases.

For a detailed account on the notions of this section, we refer the reader to [23].
We will use the notation from Section 1.2. Assume, moreover, that k is a local field
and char k # 2.

7.1.1. Homogeneous spaces over unitary groups. — Let L := F(v/A) be a quadratic
field extension over F'. Let A be a central simple algebra over L and D the division
algebra Brauer equivalent to it. Let o be an involution of the second kind on A such
that L7 = F. Let (V, h) be a Hermitian form over (A, o). Then ¢ induces uniquely an
involution of second kind 7 on D, and (V, h) induces uniquely a Hermitian form (V’, h’)

n (D, 7). We will denote by G := U(A,0,h) = U(D,r,}h’) the associated unitary
group defined over F. From [5, Prop.2.4|, G is a rational reductive linear algebraic
group. The form h is isotropic over F' if there exists v € V' \. {0} such that h(v,v) = 0;
a subspace W C V is totally isotropic over (V,h) if for all w € W, h(w,w) = 0.

Derintrion 7.1, — Let 0 < my < mg < -++ < n, < deg A be integers; deg A denotes
the degree of A. Let X, (nq,no,...,n,) be the projective F-variety such that for any
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field extension K/F,
Xh(nl,ng, N ,nr)(K) = {(W17W2, e 7WT) .
0C Wy C Wy C W, C Vi, W; is totally isotropic, dimy W; = n; - deg Ak Vi},

where Ax (= AQr K, Vg =V ®r K.

Tueorem 7.2 ([36, §2], [33, Th.12.1])

(1) For any projective homogeneous F-variety X over G there exists a sequence of
integers 0 <my < ng < --- < n, < deg A/2 such that X = Xp(ny,na,...,n.).

(2) Let K/F be a field extension. Then Xp(n1,na,...,n.)(K) # & if and only if
Xn(n)(K) # @, and ind(A) divides n; for all i, where ind(A) is the index of A.

(3) There exists a bijection X — X, between the projective homogeneous F-va-
rieties over U(A,o,h) and the projective homogeneous F-varieties over U(D, T, h').
Moreover, for any field extension K/F,

X(K)# 2 <= XoK)+#2.

Remark 7.3. — Similar results exist if o is an involution of the first kind and G =
SU(A, o, h)—the special orthogonal group (see [36, §2]). See also Section 7.2.

We haven’t yet used the hypothesis that k is local. It is necessary from this point on.

Prorosition 7.4. — Let X = Xp(ni,ne2,...,n,.) be a homogeneous space over
G=U(A,o,h). Assume X(F,) # @ for all v € V(F) discrete. Then ind(A) divi-
des n; for alli € {1,2,...,r}.

Proof. — By Theorem 7.2(2), for all v € V(F) discrete, ind(A @ F,) divides n; for
all 4. From [15, Th. 5.5] and [32, Prop. 5.10] (see also first paragraph of proof for [33,
Th. 12.2]), ind(A) also divides n; for all 4. O

7.1.2. Maximal orders on division algebras (cf. [33, §10]). — Let R be a complete reg-
ular local ring of dimension 2 (for us, R = 0°(U,), see Section 2). Set K := Frac(R).
Let K be its residue field; assume it is finite and that char K =% 2. Let w,d be gen-
erators of the maximal ideal of R. The rings R, and Rs) are discretely valued.
We denote by E(:), resp. E(T;), their completions.

Let A € R be such that either A = u or A = uw for u € R*. Set L := K(V\).
Let S denote the integral closure of R in L. Then S is also a regular local ring of
dimension 2. Moreover, w1, d generate the maximal ideal of S, where wy :=w if A =u
and w; := y/uw otherwise. Let D be a division algebra over L; we denote its reduced
norm by Nrdp. Let 7 be an involution on L of the second kind such that L™ = K.
Assume D is unramified (see [33, p.4]) on S except possibly at (w1) and ().

Turorem 7.5 ([36, Lem. 3.7], [33, Lem.9.3]). — Assume that (deg D,char K) = 1.
There exists an R-mazimal order A in D such that 7(A) = A, and

(1) there exist wp, 6p € A such that T(wp) =w and 7(dp) = 0;
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(2) if a € A is such that T(a) = a and Nrdp(a) = w"é® for u € R*,r,s € Zxy,
then, up to a square factor in A, a = uwp 67, where {e1,e2} € {0,1}, with same
parity as r and s, respectively.

Remark 7.6. — If h = (a1, as,...,a,) is a Hermitian form over (D, 7), then 7(a;) = a;
for all i. By Theorem 7.5,

h & hlJ_thQL(SDh3J_wD(SDh47
where h; = (b],..., b7, ) with b] € A% for all s and all j.

my

The following is a consequence of the result of Larmour ([25]) for Hermitian forms.
It plays the same role as the theorem of Springer for quadratic forms.

Tueorem 7.7 ([33, Cor.9.5]). — Let h be a Hermitian form over (D,7). If h is
isotropic over Frac(R(,y) or Frac(Rs)), then it is isotropic over K.

Remark 7.8. — Thanks to Theorem 7.2(2), the existence of rational points on X :=
Xn(ny,na,...,n,.) is equivalent to questions of isotropy of the Hermitian form h.
By Remark 7.6 and Theorem 7.7, we can reduce to particular Hermitian forms h of
the type (a1, ...,a,), with a; € A*. The corresponding variety X will then satisfy the
smoothness hypotheses of Section 2.

7.1.3. The Hasse principle for G. — We continue using the same notation as in Sec-
tion 7.1.1. Let X/F be a projective homogeneous variety under G = U(A4, o, h).

Tueorem 7.9 ([36, Th.4.4], [33, Th.12.3]). — Suppose (2 ind(A), chark) = 1. Addi-
tionally, if A = L, then assume the rank of the Hermitian form h is at least 2.
If X(F,) # @ for allv € V(F) discrete, then X (F) # @.

Proof. — By Theorem 7.2, there exists a sequence of integers 0 < ny < -+ < n, <
deg A such that X = Xj(n1,na,...,n,). By loc. cit. and Proposition 7.4, we may
assume X = Xp(n,). It suffices to show Xp(n,)(F) # @. Let Z C C be a set of
rigid points containing the ramification locus of A. For any z € Z, let V, C C?"
be a strict affinoid neighborhood of z such that X, (n,.)(#(V,)) # &. Let € be a
proper sncd model of C* corresponding to a vertex set S such that | J ez V. C S
(Theorem 1.7). Let ¢ : C — %5 be the specialization morphism. If x € |J_., V., US,
then X (A,) # 2.

Let € O\ (U.cy V2US). Set P, := m¢(x) and Uy, = 75" (Py). By Theorem 1.2,
O/cg-,; = 0°(Ug,3), so O°(Ug ;) is a complete regular local ring of dimension 2. Let
w,d € 0°(Ug ) be generators of the maximal ideal as in Corollary 5.3. Set

Fg . =Frac0°(Ug s).

Remark that L ®p Fy , = F%m[\/X] For a fine enough model % (or, equivalently,
large enough \S), we may assume:

z€Z

(a) up to multiplication by a square, A € 0°(Uy ) is either of the form u or uw,
where u € 0°(Ug ;) (cf. [36, Lem. 4.2]);
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(b) the integral closure R’ of 0°(Ug ) in Fy .[V/A] has wi,d as generators of the
maximal ideal, where wy := w if A = v and w; = uw if A = uw (cf. [33, §9]);
(¢) A is unramified on R’ except possibly at (w1) and (6) (Corollary 5.3).

For any model €, of C? refining ¢, Ug, » C Ug, 50 Fg, o C Fy . As in [33,
Th.12.2], we prove by induction on ind(A ®p Fy ) the existence of a proper sncd
model % of C? refining € such that Xj,(n,.)(Fg, ») # 9.

Suppose % is a proper sncd model of C? satisfying the conditions (a), (b), (c).
If ind(A ®p Fy ) = 1, h corresponds to a quadratic form ¢, over Fy ,, and h
is isotropic if and only if g is. One reduces to a question of isotropy of the qua-
dratic form g over Fy , (see proof of [33, Th.12.2]). Then, from [16, Cor.4.7],
Xn(n,)(Fe ) # @. Let s € N be such that s > 2. Let 4 be a proper sncd model
of O satisfying properties (a), (b), (c), and ind(A ®r Fg ) < s. Assume then that
there exists a proper sncd model 6 refining ¢ such that X (n,)(Fy, ») # @.

Now let ¢ be a proper sncd model of C?! satisfying conditions (a), (b), (c) and
such that ind(A ®p F¢ ) = s. Let D, be the division algebra Brauer equivalent
to AQp Fg . over Fg . Then deg D, > 2. Let (D, 7, hy) be the structure induced
on D, by (A®F Fg 4,0, h). By Theorem 7.2, there exists X}, (m)/F , homogeneous
over U(D,, Tz, h;) such that

X (m)(K) £ 8 <= Xn(ng)(K) # 2

™

for all extensions K/Fe ,.

Let A, wy,d; be as in Theorem 7.5. Let < ai,as,...,a, > be a diagonal form
of h, with a; € A,; then 7(a;) = a; for all 4. Set b; :== Nrdp,(a;) € F;z Let € be a
proper sncd model refining € constructed via [36, Lem. 4.3] for by, bs, . .., b,. We may
assume that it still satisfies conditions (a), (b), (c). By Theorem 1.7, %} corresponds
to a vertex set S; O S of C. By construction, 0°(Ug, ,) has generators wy 4, 91,5 of
the maximal ideal such that b; = Nrdp,_(a;) = ulwa(SfI, u; € 0°(Usgy 2) %, 70y 81 € Z,
ic€{L,2,...,n}.If D, ®p, , Fg . is not a division algebra, then ind(A ®r Fy, ) <
ind(A ®r Fe¢ ), so we may conclude by the inductive assumption that there exists a
proper sncd model @3 refining € such that Xp,(n,)(Feg, ) # 9.

If D, QFy , Fe o ts a division algebra, hl, =< ay,as,...,a, > is the Hermitian
form induced by h,, and now the a; satisfy the properties of Theorem 7.5(2). Let
Xn: (m')/Feg, » be the homogeneous variety corresponding to X, (m) xr, , Fe, o
Set

Fi = Frac(Oo(chl’x)(wlym)) and Iy := Frac(Oo(U%hm)(,gm)).

These are both complete discretely valued fields containing F', and by Remark 2.6,
Xn,(m)(F;) # 9, implying Xy, (m')(F;) # @ for j = 1,2. Using an induction
argument (see proof of [33, Th.12.2]), the problem is reduced to one of isotropy
of hl,. By assumption, h/, is isotropic over Fj, j = 1,2, so, by Theorem 7.7, it is
isotropic over F, .. Hence X, (m')(Fe, ») # @. Consequently, X, (m)(Fg, o) # 9,
So Xh(n'r')(F%ﬁ,x) # O
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We have shown that there exists a proper sncd model % of C? satisfying
Xn(ny)(Fe ) # 9. As Fy » C My, we obtain that Xy, (n,)(#,;) # @. Hence, for all
z € C, we have X (A,) # @, implying X, (n,)(F) # @ (cf. [29, Th. 3.11]). O

7.2. SPECIAL UNITARY GROUPS (CF. [36]). If we let A be a central simple algebra with
an involution o of the first kind, and h a Hermitian form on (A, o), then the group
SU(A,o,h) is a rational reductive linear algebraic group (cf. [6, Lem. 5]). By using
techniques similar to those in the case of unitary groups (the difference being that
now L = F = Z(A)), one can prove the Hasse principle also holds for homogeneous
spaces over special unitary groups. This was done in [36]. We refrain from translating
this case to our setting as it would largely amount to repeating the arguments from
Section 7.1.
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