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ALMOST PARTITIONING EVERY 2-EDGE-COLOURED
COMPLETE k-GRAPH INTO k MONOCHROMATIC

TIGHT CYCLES

by Allan LO & Vincent PFENNINGER (*)

Abstract. — A k-uniform tight cycle is a k-graph with a cyclic order of its
vertices such that every k consecutive vertices from an edge. We show that for
k ⩾ 3, every red-blue edge-coloured complete k-graph on n vertices contains k
vertex-disjoint monochromatic tight cycles that together cover n − o(n) vertices.

1. Introduction

Monochromatic partitioning is an area of combinatorics that has its ori-
gin in a remark of Gerencsér and Gyárfás [13] that any 2-edge-colouring of
the complete graph Kn contains a spanning path that consists of a red(1)

path followed by a blue path. In particular, every 2-edge-coloured Kn ad-
mits a partition of its vertex set into a red path and a blue path. In a
subsequent paper, Gyárfás [14] proved the stronger result that every 2-edge-
coloured Kn contains a red cycle and a blue cycle that share at most one
vertex and together cover all vertices. Lehel’s conjecture states that in fact
one can do even better. Lehel conjectured that every 2-edge-coloured Kn

can be partitioned into a red cycle and a blue cycle. Here the empty set, a
single vertex, and a single edge are considered to be cycles. Lehel’s conjec-
ture was first proved for large enough n by Łuczak, Rödl and Szemerédi [23]
using the Regularity Lemma. Allen [1] later gave a different proof of this
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(1) We assume that the colours in a 2-edge-colouring are always red and blue.
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that does not use the Regularity Lemma, thus improving the bound on n.
Bessy and Thomassé [5] finally gave a short and elegant proof of Lehel’s
conjecture for all n.

Related problems have also been studied in the case where instead of Kn

we have a graph G with a minimum degree condition [4, 9, 19, 20, 25]
or Kn,n [14, 16, 24, 28]. For related problems with more colours see [10,
17, 19, 24, 25]. See [15] and Sections 7.4 and 9.7 of [27] for surveys on
monochromatic partitioning.

Here our interest lies in generalisations of Lehel’s conjecture to hyper-
graphs and tight cycles (for related problems in hypergraphs about other
types of cycles see [8, 18, 26]). For k ⩾ 2, a k-graph (or k-uniform hyper-
graph) H is a pair of sets (V (H), E(H)) such that E(H) ⊆

(
V (H)

k

)
.(2) A

k-uniform tight cycle is a k-graph with a cyclic order of its vertices such
that its edges are exactly the sets of k consecutive vertices in the order. In
this paper, any set of at most k vertices is also considered a tight cycle.

The problem we want to consider is how to cover almost all vertices of ev-
ery 2-edge-coloured complete k-graph with as few vertex-disjoint monochro-
matic tight cycles as possible. For k = 3, Bustamante, Hàn and Stein [7]
proved that in every 2-edge-coloured complete 3-graph almost all vertices
can be partitioned into a red and a blue tight cycle. Subsequently, Garbe,
Mycroft, Lang, Lo, and Sanhueza-Matamala [12] showed that in fact there
is a partition of all the vertices into two monochromatic tight cycles. Here
it is necessary to allow the two monochromatic tight cycles to possibly have
the same colour. Indeed for every k ⩾ 3, there exists a complete k-graph on
arbitrarily many vertices that does not admit a partition of its vertices into
a red and a blue tight cycle [21, Proposition 1.1]. In an earlier paper [21],
the authors proved that for k = 4 it is also possible to almost partition the
vertices of every 2-edge-coloured 4-graph into a red and a blue tight cycle.
In the same paper, the authors also showed a weaker result for k = 5,
that 4 vertex-disjoint monochromatic tight cycles suffice to cover almost
all vertices of every 2-edge-coloured complete 5-graph. The only bound
for general k that was known is given by a result of Bustamante, Corsten,
Frankl, Pokrovskiy and Skokan [6]. They showed that every r-edge-coloured
complete k-graph on n vertices can be partitioned into c(r, k) monochro-
matic tight cycles. However, the constant c(r, k) that can be obtained from
their proof is very large. Indeed to cover almost all vertices, they simply
repeatedly find a monochromatic tight cycle using the fact that the Ramsey
number for the k-uniform tight cycle on N vertices is linear in N .

(2) For a set X,
(

X
k

)
denotes the set of all subsets of X of size k.
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Our aim here is to show a reasonable general bound on the number of
tight cycles that are needed to almost partition a 2-edge-coloured complete
k-graph on n vertices, that is, covering all but at most εn vertices. A
common approach to this problem is to apply a Ramsey-type result to
find a long monochromatic tight cycle and then delete the vertex-set of
this cycle and repeat. Allen, Böttcher, Cooley and Mycroft [2] showed that
one can always find a monochromatic tight cycle on (1/2 − o(1))n vertices.
On the other hand, Alon, Frankl and Lovász [3] showed that one can only
guarantee a monochromatic matching of size at most n/(k + 1) + k − 1 and
so a monochromatic tight cycle on at most kn/(k + 1) vertices. Thus, this
method always gives a number of tight cycles dependent on ε, namely at
least log(1/ε)/ log(k + 1) tight cycles.

In this paper, we give an upper bound on the number of cycles needed
that is independent of ε. In particular, we show that k tight cycles suffice.
We remark that this result is probably not tight. The only known lower
bound on the number of tight cycles needed is the trivial lower bound of 2.
Furthermore, throughout the paper, we assume that k is fixed and ε is
arbitrarily small. Otherwise, say when k ⩾ log(1/ε), the greedy approach
mentioned above is better.

Theorem 1.1. — For every ε > 0 and k ⩾ 3, there exists an integer n0
such that every 2-edge-coloured complete k-graph on n ⩾ n0 vertices con-
tains k vertex-disjoint monochromatic tight cycles covering at least (1−ε)n
vertices.

Our proof is based on a hypergraph version of Łuczak’s connected match-
ing method (see [22] for the original method). Roughly speaking the idea
is as follows. Let K be a 2-edge-coloured complete k-graph on n vertices.
We apply the Regular Slice Lemma (a form of the Hypergraph Regularity
Lemma that is due to Allen, Böttcher, Cooley and Mycroft [2]) to Kred.(3)

Since any regularity partition for a k-graph is also a regularity partition
for its complement, this gives rise to a reduced k-graph R that is a 2-
edge-coloured almost complete k-graph. So a red edge i1 . . . ik in R means
that Kred is regular with respect to the corresponding clusters Vi1 , . . . , Vik

and at least half the edges of K with one vertex in each Vij , j ∈ [k] are
red.(4) It can be shown that there is a red tight cycle in K that con-
tains almost all of the vertices in

⋃
j∈[k] Vij

. The idea is now to combine
a matching M of red edges in R into an even longer red tight cycle that
(3) For a 2-edge-coloured k-graph H, we denote by Hred and Hblue the subgraph induced
by the red edges and the subgraph induced by the blue edges of H, respectively.
(4) For n ∈ N, we let [n] = {1, . . . , n}.
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covers almost all the vertices in the clusters that are covered by M . How-
ever, in order for this to work we will need to be able to construct a red
tight path(5) that goes from the clusters corresponding to one edge of M

to the clusters corresponding to another edge of M . So we require our red
matching M in R to be ‘connected’ in some sense. To this end, we need
the following definitions. A tight pseudo-walk of length m from e to e′ in a
k-graph H is a sequence of edges e1 . . . em in H such that |ei ∩ ei+1| ⩾ k−1
for each i ∈ [m − 1] and (e1, em) = (e, e′). A k-graph H is tightly connected
if for every pair of edges e, e′ ∈ H, there is a tight pseudo-walk from e to e′

in H. A tight component in a k-graph H is a maximal tightly connected
subgraph of H. Let H be a 2-edge-coloured k-graph. A red or blue tight
component in H is a tight component in Hred or in Hblue, respectively. A
monochromatic tight component in H is a red or a blue tight component
in H. The hypergraph version of Łuczak’s connected matching method that
we need now roughly says the following. If R contains a matching that
covers almost all vertices and uses edges from at most k monochromatic
tight components, then there exists k monochromatic tight cycles in K

that are vertex-disjoint and together cover almost all vertices. See Corol-
lary 4.1 for the formal statement. The proof of Theorem 1.1 is now reduced
to proving that every almost complete 2-edge-coloured k-graph contains a
matching that covers almost all vertices and only uses edges from at most k

monochromatic tight components. This is Lemma 3.1 and is proved in Sec-
tion 3. We deduce Lemma 3.1 from a novel structural lemma (Lemma 3.6)
about the monochromatic tight components in any 2-edge-coloured almost
complete k-graph which we think might be of independent interest. This
structural lemma states that if e1 and e2 are two red edges on the bound-
ary of a blue tight component B (meaning that there exist f1, f2 ∈ B with
|e1 ∩f1| = |e2 ∩f2| = k −1), then either e1 and e2 are in the same red tight
component or every tight pseudo-walk from e1 to e2 contains an edge of B.

The remainder of the paper is organised as follows. In Section 2, we
state the necessary definitions. In Section 3, we prove Lemma 3.1 which
shows that R contains the desired matching that only uses edges from k

monochromatic tight components. In Section 4, we show that Theorem 1.1
follows easily from Lemma 3.1 using the hypergraph version of Łuczak’s
connected matching method (Corollary 4.1).

(5) A tight path is a k-graph with a linear order of its vertices such that every k-
consecutive vertices form an edge. Or alternatively a tight path is a k-graph obtained
by deleting a vertex from a tight cycle.
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2. Preliminaries

2.1. Basics

For n ∈ N, we let [n] = {1, . . . , n}. Moreover, for a set X and i ∈ N,
we let

(
X
i

)
= {S ⊆ X : |S| = i}. We abuse notation by sometimes writing

x1 . . . xj for {x1, . . . , xj}.
For a k-graph H, we abuse notation by identifying H with its edge

set E(H). For a set W ⊆ V (H), we denote by H[W ] the k-graph with
V (H[W ]) = W and E(H[W ]) = {e ∈ E(H) : e ⊆ W}. For a set S ⊆ V (H)
with |S| ⩽ k − 1, we let NH(S) = {S′ ∈

(
V (H)
k−|S|

)
: S ∪ S′ ∈ E(H)} and

dH(S) = |NH(S)|. A k-graph H on n vertices is called (µ, α)-dense if, for
each i ∈ [k − 1], we have dH(S) ⩾ µ

(
n

k−i

)
for all but at most α

(
n
i

)
sets

S ∈
(

V (H)
i

)
and dH(S) = 0 for all other sets S ∈

(
V (H)

i

)
.

When we say that a statement holds for constants a and b such that
0 < a ≪ b < 1, we mean that the statement holds provided that a is chosen
sufficiently small in terms of b. More precisely, we mean that there exists
a non-decreasing function f : (0, 1) → (0, 1) such that the statement holds
for all a, b ∈ (0, 1) with a ⩽ f(b). Similar hierarchies with more variables
are defined analogously. Moreover, if 1/n appears in such a hierarchy then
we implicitly assume that n is a positive integer.

2.2. Tight pseudo-walks and triangulations

Recall that a tight pseudo-walk (of length m) in a k-graph H is a se-
quence of edges e1 . . . em in H such that |ei ∩ ei+1| ⩾ k − 1(6) for every
i ∈ [m − 1]. A closed tight pseudo-walk is a tight pseudo-walk e1 . . . em

such that |e1 ∩ em| ⩾ k − 1.
A plane graph is a planar graph together with an embedding in the

plane R2. A nearly triangulated plane graph is a plane graph such that
every face except possibly the outer face is a triangle. A walk in a plane
graph D is a sequence x1 . . . xm of vertices of D such that xixi+1 ∈ E(D)
for each i ∈ [m − 1]. All graphs and in particular all plane graphs in this
paper are finite.

Given a closed tight pseudo-walk Q = e1 . . . em in a k-graph H, we
say that a nearly triangulated plane graph D is a triangulation of Q if

(6) We use the condition |ei ∩ ei+1| ⩾ k − 1 rather than |ei ∩ ei+1| = k − 1 to allow
ei = ei+1.
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there exists a map φ : V (D) → E(H) such that if xy ∈ E(D), then
|φ(x) ∩ φ(y)| ⩾ k − 1 and the outer face of D is x1 . . . xm (in order) where
φ(xi) = ei for each i ∈ [m]. Note that in this setting, any walk in D

corresponds to a tight pseudo-walk in H.

3. A large matching using edges from few monochromatic
tight components

The aim of this section is to prove the following lemma which says that
in any 2-edge-coloured (1 − ε, ε)-dense k-graph we can find a matching
that covers almost all vertices and only contains edges from at most k

monochromatic tight components.

Lemma 3.1. — Let 1/n ≪ ε ≪ η ≪ 1/k ⩽ 1/2. Let H be a 2-edge-
coloured (1−ε, ε)-dense k-graph on n vertices. Then there exists a matching
in H that covers all but at most ηn vertices of H and only contains edges
from at most k monochromatic tight components of H.

The case k = 3 is already proved in [7] (in which they showed that a red
and a blue tight component suffice). The first step of the proof is to find
a red and a blue tight component R and B, respectively, of H such that
almost all 2-subsets of V (H) are contained in some edge of R ∪ B. One
then finds a large matching in R ∪ B. Thus a natural first step of proving
Lemma 3.1 is to find a constant number of monochromatic tight compo-
nents of H, such that almost all (k − 1)-subsets of V (H) are contained in
some edge of these tight components. However this is not possible when
k ⩾ 4 as shown by the following example. Let V1, . . . , Vℓ be an equiparti-
tion of a set of n vertices. Consider the 2-edge-coloured complete k-graph
on

⋃
i∈[ℓ] Vi such that an edge e is blue if |e ∩ Vi| > k/2, and red otherwise.

Observe that there are ℓ blue tight components. Moreover, each
(

Vi

k−1
)

has
to be “covered” by a distinct blue tight component.

Instead, we will enlarge our maximal matching as we choose tight com-
ponents as described in the following proof sketch. Consider a monochro-
matic tight component F∗ in H and let G1 = {F∗}. We say that two
monochromatic tight components F1 and F2 of H are adjacent if they
have opposite colours and there are edges e1 ∈ F1 and e2 ∈ F2 such that
|e1 ∩ e2| = k − 1. Now for each i ⩾ 2 in turn, let Gi be the set of monochro-
matic tight components that are adjacent to a monochromatic tight com-
ponent in Gi−1 and not already in

⋃
j∈[i−1] Gj . Moreover, for each i ⩾ 1,

we let E(Gi) =
⋃

F ∈Gi
F , that is, E(Gi) is the set of edges that are in some
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monochromatic tight component F ∈ Gi. It is easy to see that all edges
of H are in

⋃
j∈[2k] E(Gj) (see Proposition 3.2). In fact, if F∗ spans almost

all vertices (such an F∗ exists by Proposition 3.8), then almost all edges
of H are in

⋃
j∈[k] E(Gj). For simplicity we assume that H =

⋃
j∈[k] E(Gj).

We now set W0 = V (H) and for each i = 1, . . . , k in turn, we let Mi be
a maximal matching in H[Wi−1] ∩

⋃
j∈[i] E(Gj) and Wi = Wi−1 \ V (Mi).

Since
⋃

j∈[k] E(Gj) = H is (1−ε, ε)-dense,
⋃

j∈[k] Mj is a maximal matching
in H covering almost all vertices of H.

It remains to show that
⋃

j∈[k] Mj is contained in at most k monochro-
matic tight components. Note that, for each i ∈ [k + 1],

H[Wi−1] ∩
⋃

j∈[i−1]

E(Gj) = ∅(3.1)

by our choices of Mi−1 and Wi−1. Hence Mi ⊆ H[Wi−1]∩E(Gi). Therefore,
it suffices to show that H[Wi−1] ∩ E(Gi) (and so Mi) consists of edges from
one monochromatic tight component.

Suppose to the contrary that there are two edges e1 and e2 in H[Wi−1]∩
E(Gi) that are in different monochromatic tight components. Suppose fur-
ther that |Wi−1| ⩾ ηn (or else

⋃
j∈[i−1] Mj is already an almost perfect

matching). Since each component of Gi is adjacent to some components
of Gi−1 and E(Gi) is monochromatic, all edges in E(Gi) (including e1 and e2)
have the same colour, say red. In H[Wi−1], there exists a tight pseudo-
walk P from e1 to e2. Recall that

⋃
j∈[i] E(Gj) is tightly connected, so⋃

j∈[i] E(Gj) contains a tight pseudo-walk P ′ from e2 to e1. Thus PP ′ (the
concatenation of P and P ′) is a closed tight pseudo-walk. We then define a
nearly triangulated plane graph D such that every vertex of D corresponds
to an edge in H, PP ′ is on the outer face and any walk in D corresponds
to a tight pseudo-walk in H. We colour each vertex of D with the same
colour of its corresponding edge in H. Since e1 and e2 are not in the same
monochromatic tight component, there is no red walk in D from e1 to e2.
By adapting the proof of Gale [11] of the fact that the Hex game cannot end
in a draw, one deduces that H contains a blue tight pseudo-walk P ∗ from
an edge of P to an edge of P ′. Since P ′ is contained in

⋃
j∈[i] E(Gj), we have

P ∗ ⊆
⋃

j∈[i−1] E(Gj). Therefore, ∅ ̸= P ∩ P ∗ ⊆ H[Wi−1] ∩
⋃

j∈[i−1] E(Gj)
contradicting (3.1).

We will need the fact that in any not too small induced subgraph of a
(1−ε, ε)-dense k-graph there is a short tight pseudo-walk between any two
edges.
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Proposition 3.2. — Let 1/n ≪ ε ≪ 1/k ⩽ 1/2 and let H be a (1 −
ε, ε)-dense k-graph on n vertices and let W ⊆ V (H) be such that |W | >

2εn. Let e1, e2 ∈ H[W ]. Then there exists a tight pseudo-walk of length 2k

from e1 to e2 in H[W ].

Proof. — Let e1 = x1 . . . xk and e2 = y1 . . . yk. For each i ∈ [k − 1] (in
order), let

zi ∈ NH(z1 . . . zi−1xi . . . xk−1) ∩ NH(z1 . . . zi−1yi . . . yk−1) ∩ W,

fi = z1 . . . zixi . . . xk−1 and f ′
i = z1 . . . ziyi . . . yk−1.

Since H is (1 − ε, ε)-dense, we have, for every i ∈ [k − 1],

|NH(z1 . . . zi−1xi . . . xk−1) ∩ NH(z1 . . . zi−1yi . . . yk−1) ∩ W | ⩾ |W | − 2εn

> 0.

Thus the zi exist. Now e1f1 . . . fk−1f ′
k−1 . . . f ′

1e2 is a tight pseudo-walk of
length 2k in H from e1 to e2. □

Next we show that for any closed tight pseudo-walk Q in a (1 − ε, ε)-
dense k-graph H, we can find a nearly triangulated plane graph D that is
a triangulation of Q.

Lemma 3.3. — Let 1/n ≪ ε ≪ 1/k ⩽ 1/2 and let H be a (1−ε, ε)-dense
k-graph on n vertices. Let Q = e1 . . . em be a closed tight pseudo-walk in H

(of any length m). Then there exists a (finite) nearly triangulated plane
graph D that is a triangulation of Q.

Proof. — First we show that the statement holds for m ⩽ 1/2ε.
Case A: m ⩽ 1/2ε. — In the following we take the first index of each of

the Si,j and each of the ei,j (defined below) modulo m.

Claim 3.4. — There exist edges ei,j ∈ H for all (i, j) ∈ [m] × [k + 1]
such that the following properties hold.

(i) ei,1 = ei for all i ∈ [m].
(ii) |ei,j ∩ ei+1,j |, |ei,j ∩ ei,j+1|, |ei,j ∩ ei−1,j+1| ⩾ k − 1 for all i ∈ [m]

and all j ∈ [k].
(iii) ei,k+1 = ei−1,k+1 for all i ∈ [m].

Proof of Claim. — For each i ∈ [m], let Si,0 = ei. Note that, since
e1, . . . , em is a closed tight pseudo-walk, we have |Si,0 ∩ Si+1,0| ⩾ k − 1.
We show that for each j ∈ [k − 1] in turn, we can for each i ∈ [m] choose
a subset Si,j of Si,j−1 ∩ Si+1,j−1 of size k − j such that for all i ∈ [m],
|Si,j ∩ Si+1,j | ⩾ k − j − 1. Let j ⩾ 1 and assume that the Si,j−1 for i ∈ [m]
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have already been chosen. For each i ∈ [m], we let Si,j be an arbitrary sub-
set of Si,j−1∩Si+1,j−1 of size k−j (this is possible since |Si,j−1 ∩ Si+1,j−1| ⩾
k − j). Then we have, for each i ∈ [m],

|Si,j ∩ Si+1,j | = |Si,j | + |Si+1,j | − |Si,j ∪ Si+1,j | ⩾ 2(k − j) − |Si+1,j−1|
= 2(k − j) − (k − j + 1) = k − j − 1,

as desired, where the inequality follows from the fact Si,j , Si+1,j ⊆ Si+1,j−1.
Since H is (1−ε, ε)-dense and m ⩽ 1/2ε and thus for any (k −1)-sets Ti,

i ∈ [m] such that each Ti is contained in an edge of H, we have∣∣∣∣∣∣
⋂

i∈[m]

NH(Ti)

∣∣∣∣∣∣ ⩾ n − m · εn ⩾ n − n/2 = n/2 > 0.

Hence we can construct edges as follows. For each i ∈ [m], let Si,k = ∅.
For each j ∈ [k], let

zj ∈
⋂

i∈[m]

NH(z1 . . . zj−1 ∪ Si,j) and ei,j+1 = z1 . . . zj ∪ Si,j ∈ H.

Moreover, for every i ∈ [m], let ei,1 = ei = Si,0 so that we have ei,j =
z1 . . . zj−1 ∪ Si,j−1 for every i ∈ [m] and j ∈ [k + 1]. Clearly, (i) and (iii)
hold.

To see (ii), consider i ∈ [m] and j ∈ [k]. We have

|ei,j ∩ ei+1,j | = |(z1 . . . zj−1 ∪ Si,j−1) ∩ (z1 . . . zj−1 ∪ Si+1,j−1)|
= j − 1 + |Si,j−1 ∩ Si+1,j−1| ⩾ j − 1 + k − j = k − 1.

Also,

|ei,j ∩ ei,j+1| = |(z1 . . . zj−1 ∪ Si,j−1) ∩ (z1 . . . zj ∪ Si,j)|
⩾ j − 1 + |Si,j−1 ∩ Si,j | = j − 1 + |Si,j |
= j − 1 + k − j = k − 1,

where we recall that Si,j ⊆ Si,j−1. Finally, we have

|ei,j ∩ ei−1,j+1| = |(z1 . . . zj−1 ∪ Si,j−1) ∩ (z1 . . . zj ∪ Si−1,j)|
⩾ j − 1 + |Si,j−1 ∩ Si−1,j | = j − 1 + |Si−1,j |
= j − 1 + k − j = k − 1,

where we recall that Si−1,j ⊆ Si,j−1. ■

Now let e∗ be the unique edge such that e∗ = ei,k+1 for all i ∈ [m] (e∗
exists by Claim 3.4(iii)) and note that |ei,k ∩ e∗| ⩾ k − 1 for all i ∈ [m] by
Claim 3.4(ii).

Innov. Graph Theory 1, 2024, pp. 1-19



10 A. Lo & V. Pfenninger

Using these edges, we now construct a triangulation of Q. Roughly speak-
ing, D will be a plane graph consisting of k concentric circles, where
{ei,1 : i ∈ [m]} is on the outermost circle and e∗ is at the centre (see
Figure 3.1). We now formally define D. We let D be the graph with
V (D) = {(i, j) : i ∈ [m], j ∈ [k]} ∪ {∗} and

E(D) = {{(i, j), (i + 1, j)} : i ∈ [m], j ∈ [k]}
∪ {{(i, j), (i, j − 1)} : i ∈ [m], 2 ⩽ j ⩽ k}
∪ {{(i, j), (i + 1, j − 1)} : i ∈ [m], 2 ⩽ j ⩽ k} ∪ {{(i, k), ∗} : i ∈ [m]}.

Define the map φ : V (D) → E(H) by setting φ((i, j)) = ei,j for all i ∈ [m]
and j ∈ [k] and φ(∗) = e∗. It follows from Claim 3.4(ii) that |φ(x) ∩ φ(y)| ⩾
k − 1 for all xy ∈ E(D).

Next we show that there exists an embedding of D in the plane such
that (1, 1)(2, 1) . . . (m, 1) is the outer face and all other faces are triangles.
Consider k concentric circles C1, . . . , Ck in the plane R2 around the ori-
gin (0, 0) with radii 1, . . . , k, respectively. For each s ∈ [m], we define the
ray

Rs =
{(

t cos
(

2πs

m

)
, t sin

(
2πs

m

))
: t ⩾ 0

}
,

that is, Rs is the ray {(x, 0) : x ⩾ 0} rotated counterclockwise around the
origin by 2πs/m radians. Consider the embedding of V (D) in the plane R2

that maps ∗ to (0, 0) and (i, j) to the intersection of Ck+1−j and Ri for
each i ∈ [m] and each j ∈ [k]. Then mapping each edge xy ∈ E(D) to
the straight line segment between the images of x and y gives the desired
embedding of D in the plane. Hence D with this embedding forms a trian-
gulation of Q.

Case B: m > 1/2ε. — Suppose that there is some m > 1/2ε for which
the statement of the lemma does not hold. Let m∗ be minimal such that
there is a closed tight pseudo-walk Q = e1 . . . em∗ for which the statement
does not hold. By Case A, we know that m∗ > 1/2ε. Let i∗ = ⌊m∗/2⌋. By
Proposition 3.2, there exist edges f1, . . . , f2k−2 such that ei∗f1 . . . f2k−2e1
is a tight pseudo-walk in H. Note that Q1 = e1 . . . ei∗f1 . . . f2k−2 and Q2 =
e1f2k−2f2k−3 . . . f1ei∗ei∗+1 . . . em∗ are closed tight pseudo-walks in H of
length less than m∗. Thus there exists plane graphs D1 and D2 that are
triangulations of Q1 and Q2, respectively. It is easy to see that we can
combine D1 and D2 by ‘gluing’ along the vertices corresponding to the
edges ei∗ , f1, . . . , f2k−2, e1 to obtain a plane graph D that is a triangulation
of Q. This is a contradiction to the fact that the statement of the lemma
does not hold for Q. □
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Figure 3.1. A triangulation of a closed tight pseudo-walk

The next lemma and its proof was inspired by the proof of the fact that
the Hex game cannot end in a draw (see for example [11]). It helps us find
certain monochromatic walks in nearly triangulated plane graphs whose
vertices are coloured with red and blue.

Lemma 3.5. — Let D be a (finite) nearly triangulated plane graph with
a red-blue colouring of its vertices. Let x1 . . . xm be the outer face of D

where the indices of the xi are taken modulo m. Suppose that x1 is red
and x2 is blue. Then there exists some i∗ ∈ [m] such that xi∗ is blue, xi∗+1
is red, and there exists a red walk in D from x1 to xi∗+1 and a blue walk
in D from x2 to xi∗ .

Proof. — Consider the dual graph D∗ of D. The set of vertices of D∗ is
the set F of faces of D and f1f2 ∈ D∗ if and only if the faces f1 and f2 share
an edge e ∈ D. We say that the edge f1f2 of D∗ corresponds to the edge e

of D. Let f∗ be the outer face of D. Note that for every face f ∈ F \ {f∗},
we have dD∗(f) = 3 since f is a triangle in D. Now consider the spanning
subgraph D̃ of D∗ which contains only the edges f1f2 ∈ D∗ such that the
corresponding edge e ∈ D consists of two vertices with different colours.
Note that for every face f ∈ F \{f∗}, we have d

D̃
(f) ∈ {0, 2}. Thus there is

a unique cycle C in D̃ that contains f∗ and the edge of D̃ that corresponds
to the edge x1x2 ∈ D. The other edge of C incident to f∗ corresponds to

Innov. Graph Theory 1, 2024, pp. 1-19
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an edge xi∗xi∗+1 of D for some i∗ ∈ [m]. Observe that there exists a closed
curve C in the plane that starts on the outer face and only crosses edges
of D that correspond to edges of C. Each edge crossed by C consists of two
vertices of different colours. Moreover, since all faces except the outer face
are triangles, all the vertices of crossed edges of D of one colour are in the
bounded region of R2 \ C and all the vertices of crossed edges of the other
colour are in the unbounded region of R2 \ C. Hence xi∗ is blue and xi∗+1
is red. Furthermore, there is a red path in D from x1 to xi∗+1 and a blue
path in D from x2 to xi∗ . See Figure 3.2. □

x1

x2

x3

x4x5

x6

x7

x8

x9

x10 x11

x12

C

Figure 3.2. A picture of the argument for Lemma 3.5 with m = 12
and i∗ = 5.

The next lemma allows us to deduce that certain edges are in the same
monochromatic tight component.

Lemma 3.6. — Let 1/n ≪ ε ≪ 1/k ⩽ 1/2. Let H be a 2-edge-coloured
(1 − ε, ε)-dense k-graph on n vertices. Let Q = e1 . . . em be a closed tight
pseudo-walk in H such that for some 1 < i < m, we have that e1 and ei

are edges in different red tight components of H. Then there exists a blue
edge in {e2 . . . , ei−1} that is in the same blue tight component as a blue
edge in {ei+1, . . . , em}. The statement also holds with colours reversed.

Proof. — Let s be the number of red edges in {e2, . . . , ei−1}. We proceed
by induction on s.

Case A: s = 0. — By Lemma 3.3, there exists a nearly triangulated
plane graph D that is a triangulation for Q. That is, there exists a map

Innov. Graph Theory 1, 2024, pp. 1-19
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φ : V (D) → E(H) such that if xy ∈ E(D), then |φ(x) ∩ φ(y)| ⩾ k − 1 and
the outer face of D is x1 . . . xm where φ(xi) = ei for each i ∈ [m]. We
colour the vertices of D with red and blue by giving each x ∈ V (D) the
colour of the edge φ(x) ∈ H. Note that any red (or blue) walk y1 . . . yℓ in D

corresponds to a red (or blue) tight pseudo-walk φ(y1) . . . φ(yℓ) in H. Let
the indices of the xi be taken modulo m. By Lemma 3.5, there exists some
i∗ ∈ [m] such that xi∗ is blue, xi∗+1 is red, and there exists a red walk
in D from x1 to xi∗+1 and a blue walk in D from x2 to xi∗ . Note that since
e2, . . . , ei−1 and thus x2, . . . , xi−1 are blue, we have i−1 ⩽ i∗ ⩽ m. Suppose
i∗ = i − 1. Then there is a red walk in D from x1 to xi. This implies that
there is a red tight pseudo-walk in H from e1 to ei, contradicting the fact
that e1 and ei are in different red tight components of H. Hence i ⩽ i∗ ⩽ m.
Since xi is red and xi∗ is blue, we have i + 1 ⩽ i∗ ⩽ m. Since there is a
blue walk in D from x2 to xi∗ , there is a blue tight pseudo-walk from e2 to
ei∗ ∈ {ei+1, . . . , em}.

Case B: s ⩾ 1. — Let j2 ∈ {3, . . . , i} be minimal such that ej2 is a red
edge in a different red tight component than e1. Let j1 ∈ {1, . . . , j2 − 2} be
maximal such that ej1 is red. Note that ej1 is in the same red tight compo-
nent as e1 and thus ej1 is in a different red tight component than ej2 .
Moreover, note that all edges in {ej1+1, . . . , ej2−1} are blue. Hence by
Case A, there exists a blue tight pseudo-walk P∗ from ej1+1 to a blue
edge f ∈ {ej2+1, . . . , em, e1, . . . , ej1−1}. Let P∗ = ej1+1f1 . . . fsf . If f is
not in {e1, . . . , ei}, then we are done. So we may assume that f is in
{e2, . . . , ej1−1, ej2+1, . . . ei−1} (note that f cannot be e1 or ei as these are
red edges). Suppose that f = ei′ for some i′ ∈ {2, . . . , j1 − 1}. Let Q∗
be the closed tight pseudo-walk obtained from Q by replacing ei′ . . . ej1+1
with P∗, that is Q∗ = e1 . . . ei′fsfs−1 . . . f1ej1+1 . . . em. Note that Q∗ has
fewer red edges between e1 and ei. Hence we are done by induction. A
similar argument holds when f ∈ {ej2+1, . . . , ei−1}. □

We will need the fact that any almost complete red-blue edge-coloured
k-graph contains a monochromatic tight component that covers almost all
vertices. This easily follows from the next proposition.

Proposition 3.7 (Corollary 26 in [21]). — Let 1/n ≪ ε ⩽ 1/324. Let F

be a 2-edge-coloured 2-graph with |V (F )| ⩽ n and |E(F )| ⩾ (1 − ε)
(

n
2
)
.

Then there exists a subgraph F ′ of F of order at least (1 − 3
√

ε)n that
contains a spanning monochromatic component.
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We say that a vertex v in a 2-edge-coloured k-graph H is spanned by a
monochromatic tight component K of H if there is an edge e ∈ K such
that v ∈ e.

Proposition 3.8. — Let 1/n ≪ ε ≪ 1/k ⩽ 1/2 and let H be a (1 −
ε, ε)-dense k-graph on n vertices. Then H contains a monochromatic tight
component K of H spanning at least (1 −

√
ε)n vertices of H.

Proof. — Let S ∈
(

V (H)
k−2

)
with dH(S) ⩾ (1 − ε)

(
n
2
)

(the set S exists
since H is (1 − ε, ε)-dense). By Proposition 3.7, the link graph HS contains
a monochromatic component of order at least (1 − 3

√
ε)n. The monochro-

matic tight component K of H that contains the edges in {e ∪ S : e ∈ HS}
has the desired property. □

3.1. Proof of Lemma 3.1

Proof of Lemma 3.1. — We define the graph G whose vertex set V (G)
is the set of monochromatic tight components of H and F1F2 ∈ E(G) if
and only if the monochromatic tight components F1 and F2 have different
colours and there are edges e1 ∈ F1 and e2 ∈ F2 such that |e1 ∩ e2| = k −1.
By Proposition 3.8, there exists a monochromatic tight component F∗ of H

that spans at least (1 − 3
√

ε)n vertices of H. Without loss of generality
assume that F∗ is red.

Claim 3.9. — At most 2
√

εnk edges of H are in monochromatic tight
components of H at distance greater than k − 1 from F∗ in G.

Proof of Claim. — We call an edge e ∈ H bad if it is in a monochromatic
tight component of H at distance greater than k−1 from F∗ in G. There are
at most (3

√
εn)k ⩽

√
εnk edges of H that do not contain a vertex spanned

by F∗. Thus it suffices to show that each vertex v that is spanned by F∗
is contained in at most

√
εnk−1 bad edges of H. Let v be a vertex that is

spanned by F∗ and let e = vx1 . . . xk−1 ∈ F∗. Since H is (1−ε, ε)-dense, for
each 1 ⩽ j ⩽ k −2, there are at most ε

(
n
j

)
nk−j−1 ⩽ εnk−1 many edges f =

vy1 . . . yk−1 of H containing v such that ej(f) = vy1 . . . yjxj+1 . . . xk−1 /∈
H. Hence for all but at most (k − 2)εnk−1 ⩽

√
εnk−1 many edges f of H

that contain v, we have that ee1(f) . . . ek−2(f)f is a tight pseudo-walk of
length k from e to f in H which implies that f is not bad. Hence v is
contained in at most

√
εnk−1 many bad edges of H, as desired. ■

Innov. Graph Theory 1, 2024, pp. 1-19



ALMOST MONOCHROMATIC CYCLE PARTITIONS 15

Let G1 = {F∗} and for each 2 ⩽ i ⩽ k, let

Gi =

 ⋃
F ∈Gi−1

NG(F )

 \
⋃

j∈[i−1]

Gj and E(Gi) =
⋃

F ∈Gi

F,

that is, Gi is the set of monochromatic tight components of H that are at
distance i − 1 from F∗ in G and E(Gi) is the set of edges of H that are
in one of these monochromatic tight components. Note that, since F∗ is
red, if i is odd then the monochromatic tight components in Gi and all
edges in E(Gi) are red (and if i is even they are blue). Let W0 = V (H). For
i = 1, . . . , k in turn, let Mi be a maximal matching in H[Wi−1] ∩ E(Gi) and
let Wi = Wi−1 \ V (Mi). Observe that

(3.2) H[Wi] ∩
⋃

j∈[i]

E(Gj) = ∅ for each i ∈ [k].

Claim 3.10. — We have |Wk| ⩽ ηn.

Proof of Claim. — Since H[Wk] contains no edge in
⋃

j∈[k] E(Gj), H[Wk]
contains only edges of monochromatic tight components that are at dis-
tance greater than k − 1 from F∗ in G. Hence, by Claim 3.9, we have that
|H[Wk]| ⩽ 2

√
εnk. Since H is (1 − ε, ε)-dense, we have

|H[Wk]| ⩾
((

|Wk|
k − 1

)
− ε

(
n

k − 1

))
(|Wk| − εn) ⩾ |Wk|k

kk
− 2εnk.

It follows that |Wk| ⩽ (3
√

εkknk)1/k ⩽ ηn. ■

Claim 3.11. — For each i ∈ [k], Mi contains only edges from one
monochromatic tight component or |Wi−1| ⩽ 2εn.

Proof of Claim. — For i = 1, this trivially holds. Let 2 ⩽ i ⩽ k and
suppose that |Wi−1| > 2εn. Let c be the colour of the monochromatic
tight components in Gi and let c̃ be the opposite colour. Suppose for a
contradiction that there exist two edges e1 and e2 in H[Wi−1] that are in
different monochromatic tight components of Gi. By Proposition 3.2, there
exists a tight pseudo-walk P in H[Wi−1] from e1 to e2. Moreover, by the
definition of the Gi, there exists a tight pseudo-walk P ′ from e2 to e1 that
only uses edges in

⋃
j∈[i] E(Gj). Note that Q = PP ′ is a closed tight pseudo-

walk. By Lemma 3.6, we have that there exists an edge e in P of colour c̃

that is in the same monochromatic tight component as an edge in P ′. Since
all edges of P ′ are in

⋃
j∈[i] E(Gj) and all edges in E(Gi) are of colour c,

we have that e is in
⋃

j∈[i−1] E(Gj). Therefore, e ∈ P ∩
⋃

j∈[i−1] E(Gj) ⊆
H[Wi−1] ∩

⋃
j∈[i−1] E(Gj), a contradiction to (3.2). ■
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Let i∗ ∈ [k] be minimal such that |Wi∗ | ⩽ ηn and let M =
⋃

j∈[i∗] Mi. By
Claim 3.10, i∗ exists. Since ε ≪ η, by Claim 3.11, M contains only edges
from i∗ ⩽ k monochromatic tight components. Moreover, |V (H) \ V (M)| =
|Wi∗ | ⩽ ηn. Hence M is the desired matching. □

4. Proof of Theorem 1.1
To prove Theorem 1.1 we use the following result, which is a hypergraph

version of Łuczak’s connected matching method that reduces the problem of
finding monochromatic tight cycles in 2-edge-coloured complete k-graphs to
finding matchings in monochromatic tight components in 2-edge-coloured
almost complete k-graphs.

Corollary 4.1 ([21, Corollary 20]). — Let 1/n ≪ 1/m ≪ ε ≪ η ≪
γ, 1/k, 1/s with k ⩾ 3. Suppose that every 2-edge-coloured (1 − ε, ε)-dense
k-graph H on m vertices contains a matching in H that covers all but at
most ηm vertices of H and only contains edges from at most s monochro-
matic tight components of H. Then any 2-edge-coloured complete k-graph
on n vertices contains s vertex-disjoint monochromatic tight cycles covering
at least (1 − γ)n vertices.

Now Theorem 1.1 follows immediately from Lemma 3.1 and Corollary 4.1.
We remark that it is easy to see from the proofs of Lemma 3.1 and

Corollary 4.1 that in Theorem 1.1 we could additionally require that at
most ⌈k/2⌉ of the k monochromatic tight cycles have the same colour.
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