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1. Introduction

A contact manifoldis a pair (M?"+1 &) of areal (2n+1)-dimensional manifold and a subbundle &
T M of rank 2n with the property that if 6 is a local one-form such that ker@ = ¢, then 8 Ad8" # 0.
The Rumin complex is a cochain complex which is adapted to the contact structure and computes
the de Rham cohomology groups. There are many constructions of the Rumin complex, including
Rumin’s original construction via subquotients of differential forms [14], constructions via a
spectral sequence [1, 8, 16], and constructions including a homotopy equivalence with the de
Rham complex [3, 5, 17]. Importantly, the latter constructions yield, as a consequence of the
Homotopy Transfer Theorem [9, 12, 13], a C-structure on the Rumin complex which recovers
the de Rham cohomology algebra.

The Rumin algebra is a specific contact invariant Cy-algebra of differential forms which
computes the de Rham cohomology algebra; indeed, its higher products my, k = 4, all vanish.
Its existence follows from the latter constructions above. Calderbank and Diemer showed [3]
that a curved Bernstein-Gelfand-Gelfand sequence [4] for a parabolic geometry carries a curved
Aso-structure. Bryant, Eastwood, Gover and Neusser pointed out [1] how to recover the Rumin
complex from the BGG sequence for the trivial representation, and their observation extends to
the Rumin algebra. Rumin’s work [17] on the Rumin complex of a Carnot-Carathéodory space
includes a realization of the Rumin complex as a deformation retract of the de Rham complex.
While none of these authors explicitly computed the Co.-structure, Case gave [5] ad hoc formulas
for my in a manner which resembles a construction of Tsai, Tseng and Yau [20] on symplectic
manifolds.
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1376 Jeffrey S. Case

In this short note we present a simple and explicit construction of the Rumin algebra. The
key ingredients are a natural contact invariant deformation retract of the de Rham algebra and
an explicit formula [13] for the transfer of the Homotopy Transfer Theorem. Our deformation
retract coincides with those of Calderbank-Diemer [3] and Rumin [17], and our application of
the Homotopy Transfer Principle explains the ad hoc formulas of Case [5].

By construction, the Rumin algebra is homotopy equivalent, as a C,-algebra, to the de Rham
algebra. It is known that two simply connected manifolds of finite type are rationally homotopy
equivalent if and only if their spaces of polynomial differential forms are homotopy equivalent as
Co-algebras [6, 7, 10, 18]; and that the homotopy type, as a Cy-algebra, of the de Rham algebra
has many implications for the diffeomorphism type of a closed, simply connected, smooth
manifold [19]. For these reasons, we expect the Rumin algebra to be a fundamental invariant
of contact manifolds.

We define the Rumin algebra as a C-algebra on a subspace of differential forms because
of the many applications of the latter (e.g. [18]). This choice means that elements of the Ru-
min algebra are not sections of a vector bundle and the C-structure is not defined in terms
of differential operators. However, the construction is local, and can be formulated in the lan-
guage of sheaves (cf. [5]). Indeed, the Rumin algebra can be equivalently described in terms of
sections of vector bundles [1, 3, 5, 14, 15]. This perspective is used, for example, to prove Hodge
theorems [5, 15].

This note is organized as follows.

In Section 2 we recall some basic facts about Co,-algebras, including Markl’s version [13] of the
Homotopy Transfer Theorem.

In Section 3 we recall some basic facts about contact manifolds and the symplectic structure
on their contact distribution.

In Section 4 we construct the Rumin algebra.

2. Cy-algebras

In this section we discuss some basic facts about C..-algebras, which are the commutative
versions of As,-algebras. We follow the conventions of Keller’s survey article on the latter [11].
We denote by N the set of positive integers and by Ny := N U {0} the set of nonnegative integers.
Let A= @z AF be a Z-graded vector space. A homogeneous element of Ais an element w € AF
for some k € Z. In this case we call k the degree of w and we set |w| := k. Amap f: A%k As
homogeneous of degree ¢ if
f(Ail ®-~®Aik) CAi1+---+ik+[
forall ij,..., ix € Z. In this case we set | f|:= £.
An A -algebra is a pair (A, m) of a Z-graded vector space A and a collection m = {my}en Of
homogeneous operators my: A®F — A of degree 2 — k such that
Dy 1 @ mg®1%) =0 4y
r+s+t=n
for all n €N, where 1: A— A is the identity map and we use the Koszul sign convention

(fegaep) =18 f@)egp)

for homogeneous operators f,g: A — A and homogeneous elements «, 8 € A. The first three
cases of (1) are

mymy =0,
mmey=my(me1+1®m,),

m1m3:m2(1®m2—m2®1)—m3(m1®1®2+1®m1®1+1®2®m1).
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In particular, if (A, m) is an A.-algebra, then (A, m,) is a cochain complex. Graded (associative)
algebras are Ax,-algebras with my = 0 for all k # 2. Differential graded algebras are Ax,-algebras
with my = 0 for all k = 3. The cohomology ring (HA, [m3]) of (A, m) is the graded algebra

_kermin Ak
~immy N AF’
[m2]([w1] ® [w2]) := [M2 (w1 ® w))].

HAF:

Given Ay-algebras (A, m) and (B, m), an A.,-morphism f: (A,m) — (B,m) is a collection of
homogeneous operators fi: A®F — B of degree 1 — k such that
Z (—1)r+5tfr+t+1(1®r®ms®1®[): Z (_I)Zmr(fil ®® fi),

r+s+t=n . 1=sr=n
i1++ir=n

;
=) (r-jij-1),
j=1

for all n € N. Specializing to the cases n € {1,2} yields

fimi=mfi,

fimy=ma(fi® i)+ M1 fo+ or(m ®1+1®my).
In particular, f1: (A,my) — (B,m1) is a cochain map. We call f an A -quasi-isomorphism if
[fil: HA— HB, [fil([a]) := [f1(a)], is an isomorphism of graded algebras.

Denote by S, the group of permutations of {1,2,..., n}. We require the left action of S,, on A®"
defined as follows: Given o € Sy, let p,: A®"™ — A®" be the linear map defined on tensor products
of homogeneous elements x,...,x, € Aby

Po (X1 ® - ®xp) =sgn(a)e(0; X1, ..., Xp) Xg-1(1) ® *** ® Xy-1(p),
where €(0; X1, ..., X;) is the Koszul sign determined by

XIAAXpig= ), €03X1,s Xprg) Xg-1(1) @+ ® Xp-1(pig)-
0€Sp+q

Given p, g € Ny, a (p, q)-shuffleis an element o € Sp+q such that
ol)<---<o(p), op+)<---<olp+q.

Note that a (p, q)-shuffle ¢ is uniquely determined by the set {o(1),...,0(p)}. Denote by Sh), ; <
Sp+q the subset of (p, g)-shuflles. Given s, r € N, the sets

Shpq(s,0):= {0 € Shyg#(l0” (p+ - DY ' (L., p)) = s}
of (p, g)-shuffles such that {o~!(p + g — j)};zf)‘l contains exactly s elements of {1,..., p} give rise
to a partition
Shpg= 1 Shpq(s 1) @)
s+t=r
of Shy, 4. Note that if o € Shy, 4(s, 1), then there are unique a € Shy,_ 4+ and € Sh; ; such that
o= (axP)s:, 3)

where @ and facton{l,...,p+qg-s—tland {p+qg—s—i+1,..., p+q}, respectively, and ¢ € Shy 4
is the (p, g)-shuftle

J iflsjsp-s,

. j+qg-t ifp-s+l=<j<p,
@sc()=19", . .

j—s ifp+l<sj<sp+qg-t,

J, ifp+g-t+l<j<p+gq,
which fixes {1,...,p} and maps {p—s+1,...,plto{p+g—s—t+1,...,p+qg—t}.
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The (p, q)-shuffle product v, q: A®P+D — A2P+4) g

For example, if w, 7,17 € A are homogeneous, then
viiwern) =weTr—(-1)"rew,
Vip2(W®T®N =weT®N— (—1)""”“1®w®n+ (—l)lw‘(lTlJr'"DT@n@w,

vorweten=weten-(-)"Myener+ 1"ty eyer.
Equations (2) and (3) imply that if p, g, r € N are such that r < p + g, then

Vpg = Z (Vp—s,q—t ® Vs,t)P(ps_p 4)
s,teNp
s+t=r

A Cy-algebrais an A.-algebra (A, m) such that
Mp+q°Vp,q =0

for all p, g € N. Graded commutative (associative) algebras are C,-algebras with my = 0 for all
k # 2. Commutative differential graded algebras are Cy,-algebras with my =0 for all k= 3.

Given C,-algebras (A, m) and (B, m), a Coo-morphism f: (A, m) — (B, m) is an As-morphism

such that

fr+a©Vpq=0
forall p, g e N. We call f a C,-quasi-isomorphismif [fi1: HA — HB is an isomorphism of graded
commutative algebras.

The Homotopy Transfer Theorem [12, Theorem 10.3.1] constructs a Co,-structure on a defor-
mation retract of a commutative differential graded algebra and an extension of the inclusion to
a Coo-quasi-isomorphism. We require explicit formulas for the transferred structure and induced
quasi-isomorphism (cf. [12, Theorem 13.1.7]).

Theorem 1. Let (A, d, 1) be a commutative differential graded algebra and let (B, d) be a subcom-
plex of (A, d). Suppose that

(A d) == B,d) (5)
12

is a deformation retract; i.e. w: (A,d) — (B,d) and i: (B,d) — (A,d) are cochain maps, h: A— A
is homogeneous of degree —1, and in = 14— dh— hd and i = 1g. Recursively definey,,: A®" — A,
n=2, by

Vo= Y. (D u(hyse hyy), 6)

S+i=n

with the convention hy = —14. Set my := d and my. := nyi®*, k =2, and fi .= —hyi®, keN.
Then (B, m) is a Cx-algebra and f: (B,m) — (A, d, 1) is a Cw-quasi-isomorphism with fi = i.

Proof. Markl computed [13, Theorem 5] that (B,m) is an As.-algebra and that f: (B,m) —
(A, d, 1) is an Ax-quasi-morphism. We prove the final conclusion by proving that y,,0v, 4 = 0 for
all p, g € N such that p + g = n. The proof is by strong induction in n. Since ¥, = u, we have that
w2ovy1 =0. Suppose now that yov,,=0forall2<k<nandall p,geNsuchthat p+qg=k.
Let p, g € N be such that p + g = n+ 1. On the one hand, Equation (4) implies that

Yni1oVpg= 3 Y DTy @ )V ag-5®Va )P,
s+t=p+q a,beNy
a+b=t
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On the other hand, the inductive hypothesis implies that the only nonzero summands are those
for which (a, b) = (0, g) or (a, b) = (p,0). Combining these facts with the observations Vpo =1land
vo,q =1 and py, , = 1yields

Yni19Vpg = DP uthy, @ hyg) + (DT phy g ® by p)pg,,-

Combining this with the fact gpovy; = 0yields ¢/,4+1 0vp 4 =0, as desired. g

3. The Lefschetz operator on a contact manifold

In this section we discuss the Lefschetz operator on a contact manifold (M?"*1,¢). While this
material is standard (cf. [15, Section 2], [17, Section 5.3]), we take the unorthodox approach of
working with subpaces of the space of differential forms, rather than sections of A¢*. This choice
reflects our definition of the Rumin algebra.

Let (M?"*1 ¢) be a contact manifold. Locally there exists a contact form; i.e. a real one-form 6
with kernel . We say that (M?"+1 &) is coorientableif a global contact form exists.

Denote by o7 * the (real) vector space of differential k-forms on M?"*! and denote by %" the
space of vertical forms; i.e. ,;zfok c /¥ is the subspace annihilated by taking the exterior product
with any local contact form. We require the following simple observation about the exterior
derivative on %k.

Lemma 2. Let 0 be a local contact form on a contact manifold (M?>"*1,¢). If w € </F, then
0 Adw = w A dO wherever 0 is defined.

Proof. Sincew € ;z/ok ,itholds that w = 0 A T for some 7 € &7X~1. Therefore

Ondo=0AdOAT)=0ATAdO=0AdO. O
Suppose that (M?7+1 &) is coorientable. Given a choice of contact form 6, the Lefschetz
operator Ly ) — A is
Lyw:=wAndb.
The restriction to vertical forms ensures that if u € C°°(M) and w € ;zfok , then
Lougw = e Lyw. )

The Lefschetz operator inherits many properties from the symplectic form df|¢. For example,
its powers are isomorphisms when suitably restricted.

Lemma3. Let (MZ”“,E) be a coorientable contact manifold with global contact form 0. If k < n,
then L} : " ¥+1 — o7 **1 is an isomorphism.

Proof. Denote by # % the vector space of smooth sections of A¥¢*. Given w € #7%, denote by @y
the unique element of .&7* such that @y l¢ = w and @y (Tp,-) = 0, where Ty is the Reeb vector field
determined by 8(T) = 0 and d6(T,-) = 0. Then the map

WE3w—0nDg e FF
is an isomorphism. Since d6|; is a symplectic form, (d6|)*: # "~k — %/ "k is an isomorphism [2,
P 3 ymp ¢ P

Proposition 1.1]. The conclusion readily follows. g

We say that w € 7%, k < n, is primitive if 29"+1‘k(0 A w) = 0 for any choice of local contact
form. The following proposition identifies, in a contact invariant way, the non-primitive part of
an arbitrary differential form.
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Proposition 4. Let (M?""1,&) be a contact manifold. There is a unique contact invariant linear

mapT: o* — %k‘l such that given a local contact form 6 and an w € <7*, it holds that
O AwAdO"™ K =Tw A de"+?k, ifk<n, @
Ornw=TwAdo, Fweim%é“”il, ifk=n+1.

Moreover,
1) T(F) =10}
(2) Idr =T; and
3) I'd=1lon<f, k<n.

Proof. Let 6 be a local contact form. Let w € «7*. If k < n, then Lemma 3 yields a unique
{p € /1 such that
OAwAdOIF =g AdOHEE, 9)

Equation (7) implies that T'gw := {y is independent of the choice of 6. If k = n + 1, then Lemma 3
yields a unique {p € &/2"~¥*! such that

OAw=_CgAdOF. (10)

Equation (7) implies that T'gw := {g A dgk-n-1 g independent of the choice of 6. The existence,
uniqueness, and contact invariance of I' readily follow. It follows immediately from (8) that
F(%k) = {0}. Let w € /¥ and let 6 be a local contact form. Suppose first that k < n. Let { € JZ{Ok_l
be as in (9). Lemma 2 implies that

OAdALAdO™IR = ¢ A domtk,

Hence I'dT'w = Tw if k < n. Suppose now that k = n+ 1. Let { € &/""**! be as in (10). Lemma 2
implies that
O Ad AdO* ") = AdoF".

Hence I'dTw =Tw if k = n+ 1. Finally, letw € %k, k < n. Lemma 2 implies that
OndoAdd" F=wado" 1k,

Therefore I'dw = w. g

4. The Rumin algebra

Let (M?"*1 &) be a contact manifold. Set
R* = {weﬂksfwzo,rdwzo},
where T is as in Proposition 4. Note that d(%*) < %**! for all k € Ny. Denote % := ®; Z* and

A = @k JZ{k.
Our main result is that (#, d) is a deformation retract of the de Rham complex.

Theorem 5. Let (M?"*1,&) be a contact manifold. Then
nw:=w—-—dl'w —T'dw (11)

is a homogeneous projection n: o/ — % of degree zero. In particular,
r o,d) == (#,d 12
C2 @, = @a (12)

is a deformation retract, where i: % — < is the inclusion.

Proof. Equation (11) implies that dw = 7d. On the one hand, the definition of &% implies that
7|9 = 1gp. On the other hand, Proposition 4 implies that 'oI' = 0 and I'dI" =T". Therefore I'n = 0
and I'dz =0, and hence 7(%) € Z. O
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Applying Theorem 1 to (12) yields an explicit Cw-structure on the Rumin complex which is
Coo-quasi-isomorphic to the de Rham algebra.

Corollary 6. Let (M?"*1,§) be a contact manifold. Define my.: #°* — % and fi.: #%* — </ by

my =di, h=1i,

my = mui®?, fo=-Tui®,
ms=napulpel-1eTwi®, fz=0

my =0, fr =0, ifk =4.

Then (%Z, m) is a Cx-algebra and f: # — < is a Cx,-quasi-isomorphism.

Proof. Tt suffices to compute my and fi in Theorem 1. Since I'(«/) € o%, it holds that u(T'®T) =0
andTuT'®1)=0=Tu(l®T). We deduce from Equation (6) that

Y2 =N,
Y3=puTuel-180).
Therefore I'y3 = 0. Using Equation (6) again yields

Yy =—pulyelI'ye) =0.

Finally let k = 5. If s,¢ € N satisfy s+ ¢ = k, then max{s, t} = 3. A straightforward induction
argument then yields v = 0. The conclusion readily follows. U

The C.-algebra (%, m) of Corollary 6 is the Rumin algebra. Note that if w,7,n € # are
homogeneous, then

my(w®T)=7(WwAT),
mzweTen) =JT(F((1)/\T)/\T]—(—l)lwlw/\r(‘[/\n)),

recovering the formulas of Case [5, Definitions 8.4 and 8.6, and Theorem 8.8].

Acknowledgements

I thank Andreas Cap for directing me to the work of Calderbank and Diemer, the University
of Washington for providing a productive research environment, and the referee for helpful
suggestions for improving the clarity of this article.

References

[1] R. Bryant, M. G. Eastwood, A. R. Gover, K. Neusser, “Some differential complexes within and beyond parabolic

geometry”, in Differential geometry and Tanaka theory—differential system and hypersurface theory, Advanced

Studies in Pure Mathematics, vol. 82, Mathematical Society of Japan, 2019, p. 13-40.

R. Bryant, P. Griffiths, D. Grossman, Exterior differential systems and Euler-Lagrange partial differential equations,

Chicago Lectures in Mathematics, University of Chicago Press, 2003, viii+213 pages.

D. M. J. Calderbank, T. Diemer, “Differential invariants and curved Bernstein-Gelfand-Gelfand sequences”, J. Reine

Angew. Math. 537 (2001), p. 67-103.

[4] A. Cap, J. Slovak, V. Soucek, “Bernstein-Gelfand-Gelfand sequences”, Ann. Math. 154 (2001), no. 1, p. 97-113.

[5] J.S. Case, “The bigraded Rumin complex via differential forms”, accepted in Mem. Am. Math. Soc., https://arxiv.org/
abs/2108.13911.

2

[3

[6] P. Deligne, P. Griffiths, J. Morgan, D. Sullivan, “Real homotopy theory of Kdhler manifolds”, Invent. Math. 29 (1975),
no. 3, p. 245-274.
[7] Y. Félix, S. Halperin, J.-C. Thomas, Rational homotopy theory, Graduate Texts in Mathematics, vol. 205, Springer,

2001, xxxiv+535 pages.
P, Julg, “Complexe de Rumin, suite spectrale de Forman et cohomologie L? des espaces symétriques de rang 1”, C. R.
Math. Acad. Sci. Paris 320 (1995), no. 4, p. 451-456.

(8


https://arxiv.org/abs/2108.13911
https://arxiv.org/abs/2108.13911

1382 Jeffrey S. Case

[9] T. Kadeishvili, “On the theory of homology of fiber spaces”, Usp. Mat. Nauk 35 (1980), no. 3(213), p. 183-188,
International Topology Conference (Moscow State Univ., Moscow, 1979).

, “Cohomology C-algebra and rational homotopy type”, in Aigebraic topology—old and new, Banach Center
Publications, vol. 85, Polish Academy of Sciences, 2009, p. 225-240.

[11] B. Keller, “Introduction to A-infinity algebras and modules”, Homology Homotopy Appl. 3 (2001), no. 1, p. 1-35.

[12] J.-L. Loday, B. Vallette, Algebraic operads, Grundlehren der Mathematischen Wissenschaften, vol. 346, Springer, 2012,
xxiv+634 pages.

[13] M. Markl, “Transferring A, (strongly homotopy associative) structures”, Rend. Circ. Mat. Palermo (2006), no. 79,
p. 139-151.

[14] M. Rumin, “Un complexe de formes différentielles sur les variétés de contact”, C. R. Math. Acad. Sci. Paris 310 (1990),
no. 6, p. 401-404.

[10]

[15] , “Formes différentielles sur les variétés de contact”, J. Differ. Geom. 39 (1994), no. 2, p. 281-330.

[16] , “Sub-Riemannian limit of the differential form spectrum of contact manifolds”, Geom. Funct. Anal. 10
(2000), no. 2, p. 407-452.

[17] , “An introduction to spectral and differential geometry in Carnot-Carathéodory spaces”, Rend. Circ. Mat.

Palermo (2005), no. 75, p. 139-196.

[18] D. Sullivan, “Differential forms and the topology of manifolds”, in Manifolds—Tokyo 1973 (Proc. Internat. Conf.,
Tokyo, 1973), 1975, p. 37-49.

[19] , “Infinitesimal computations in topology”, Publ. Math., Inst. Hautes Etud. Sci. (1977), no. 47, p- 269-331.

[20] C.-]. Tsai, L.-S. Tseng, S.-T. Yau, “Cohomology and Hodge theory on symplectic manifolds: I11”, J. Differ. Geom. 103
(2016), no. 1, p. 83-143.




	1. Introduction
	2. C infty-algebras
	3. The Lefschetz operator on a contact manifold
	4. The Rumin algebra
	Acknowledgements

	References

