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Abstract. In this paper we define a continuous version of multiple zeta functions. They can be analytically
continued to meromorphic functions on C” with only simple poles at some special hyperplanes. The evalua-
tions of these functions at positive integers (continuous multiple zeta values) satisfy the shuffle product. We
give a detailed analysis about the depth structure of continuous multiple zeta values. There are also sum for-
mulas for continuous multiple zeta values. Lastly we calculate some special continuous multiple zeta values
in terms of special values of multiple polylogarithms.
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1. Introduction

For r = 1, the multiple zeta function is defined by

{(s1,82,...57) = >

O<my<im<e<n, M) M2 .1y
For (s1, 83....,8¢) = (k1, ko, ..., k), k1,..., kr—1 = 1, k; = 2, the values
((klykZ)---rkr)

are called multiple zeta values. Multiple zeta values satisfy the stuffle product and the shuffle
product [7]. As a result, there are many relations among multiple zeta values.
For r =1, s; = 1, it is well-known that the harmonic series

zl

n=17

Z 1 fk+1 dx
1=n=k 1t 1 x

1

is divergent. But the modified version
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698 Jiangtao Li

is convergent to a real number which is called Euler constant as k — +oo. The number Y <<y %
is a discrete sum, while the integral flk“ % can be viewed as a continuous sum. Thus, in some
sense, the Euler constant can be viewed as a difference value between a discrete sum and a
continuous sum.

From the following formula
1
ny (g +mp)% (g + e+ )

dxi;dxy...dx,

o9 (L] + [x2D)%2 . ([ ] + -+ + [x )
[my,m+1]x[n2,n2+1]%...[ny,nr+1]

the multiple zeta functions can be viewed as

1
{(s1,82,..0,80) = ),

S
nye=1 1y (1 +12)%2 (R + -+ ) Sr

_ Z dx;dxy...dx,
T | (1St ([xq] + DD %2 . ([ ] + -0+ [x )57
[m,m+1]x[nz,np+1]x...[ny, np+1]
_f dx;dx;...dx,
B . (a9 (g ] + [ 2 oo (g ]+ -+ [ ])S

[1,400

where [x] denotes the Gauss rounding function.
Inspired by the above observations, we define the continuous version of multiple zeta func-

tions as
@ dx;dxy...dx,
C (31)82)-“rsr): e s1 .
X (e +x2)%2 (X e+ X))
[1,400)"

The multiple zeta functions are constructed from the discrete function [x]. The continuous
multiple zeta functions are constructed from the continuous function x. We have

Theorem 1. The continuous multiple zeta function { C(s1,52,...,87) is convergent for
Re(s1+so+---+s,)>r, Re(so+---+s,)>r—1,...,Re(s;) > 1.

Moreover, it can be analytically continued to a meromorphic function on C" with possible poles at
some special hyperplanes.

The detailed structure of the possible poles of { € (s1,5p,...,sr) will be given in Section 2.

The classical multiple zeta values satisfy the stuffle product and the shuffle product [7]. For
the continuous multiple zeta values (values of the continuous multiple zeta functions at positive
integers), one has

Theorem 2 (Rough version). The continuous multiple zeta values satisfy the shuffle product.

From the definition of the Euler constant, we also expect that by studying the algebra of
multiple zeta values and the algebra of continuous multiple zeta values together, one can find
an appropriate algebra to understand the mysterious Euler constant.

Denote by Z¢ the Q-linear space generated by 1 and continuous multiple zeta values. By
Theorem 2, the Q-linear vector space Z¢ is actually a Q-algebra. Thus it is interesting to
investigate the structure of this algebra.

For the continuous multiple zeta values ¢ € (ky,..., k), the number r is called its depth. For

r=1,k=1,itis easy to see that
+00 dx 1
€
1+k :f —_ =
( ( ) 1 x1+k k
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In general cases, we have

Theorem 3. Formy,...,mg =1, define

@ Y +oo dx;...dxg_1dx;
le,mz,...,mg(lr-”’lyz) = 5
S —~— m ms X1...(X7 -+ Xem) (X + -+ Xg)

N

Denote by ®, Z¢ the Q-linear space generated by the continuous multiple zeta values of depth r,
then one has

Q) D Z¢<cD,7Z¢c...cD,Z%<..;
() D, ZC<ch,, . m L. 1,2 s=1,my+---+ms=r,my,...,mg = 1)g, where the right side
——

denotes the Q-linear S]%Sl(,‘e generated by the following elements

(f;l,._.,ms(l,...,l,Z), s=1, m+--+ms=r, my,...,.mg=1;

N
(iii) Asaresult,
dim@D,Z(g <21 vr>1.
For the depth structure of classical multiple zeta values, there is the well-known Broadhurst-
Kreimer conjecture [1], which is related to the generating series of cusp forms of SL,(Z). By

Theorem 3, the depth structure of continuous multiple zeta values is much simpler.
For the classical multiple zeta values, one has the sum formulas:

> Clkryeens kro1, 14 k) = A+ k).
ky+-+kro1+kr=k
kl ..... k,zl

For the continuous multiple zeta values, we have
Theorem 4. Forr =2,k >2(r —1), denote by
fx, %0, x) =X, (o1 + X, =2) [ Xp+ -+ X, =2(r =2)][x1 + -+ X, = 2(r = 1)].

Denote byV the Q-linear space generated by
1 1 1

R Yooy ,,Vlzl
x(x+ 1! (x+mn)!

Definen:V —V as the Q-linear transformation which satisfies

1 1 1 1
17( = (—— ),Vnzo,lzl.
x+mtl) n+1lx! (x+n+1)!
Then
1

Z f(kl,...,kr-l,kr)(%o(kl,...,kr_l,l+kr)=n0"'°n(_l) »
ky+-+kr=k X" x=1
o s | r-1

wherel =k —-2(r —1) and a(x) | <= means a(t) for any rational function a(x).

The theory of multiple polylogarithms is related to the arithmetic theory of number fields.
At the end of this paper, we discuss the relation between continuous multiple zeta values and
evaluations of multiple polylogarithms. We also discuss the depth defect phenomena in the
algebra of continuous multiple zeta values. The results in Section 3 and Section 4 reveal that there
are interesting relations between continuous multiple zeta values and cyclotomic multiple zeta
values.
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2. Analytic continuation of continuous multiple zeta functions

In this section we show that the continuous multiple zeta functions are convergent under some
natural conditions. Furthermore, they can be analytically continued to meromorphic functions

with only simple poles at some special hyperplanes.

Proposition 5. Forr = 1, the continuous multiple zeta function

dx;dx,...dx
( (SI)SZy ,Sr) f f L 2 L
X'

(X1 +x2)%2 ... (%1 + -+ xp)5

[1,+00
is convergent if

Re(sy+so+---+s,)>r, Re(sp+---+s)>r—1, ..., Re(s;)>1.

Proof. Denoteby s;=0;+it;,0,;€R,1<l<r.If
oy+o9+---+0,>1, O2+---+0,>r—-1, ..., o,>1,

for M > 1, we have

f dx;dx;...dx,

X7 (0 + X2) %2 L. (o0 e X)) S
LM

1
<ff o dx;dx,...dx,
i X o+ x2)%2 . (e + e+ X))
3 f dx;dx;...dx;,
[1M X7+ X2)02 L (X e+ )0
dxldxg...dxr_l
F—1 x1 Y +x2)%2. (g + e+ Xp—1)o 1 (1 + X+
[1,M]"~ 1
dxldxg...dx,_l
r—1 xll(x1+x2)‘72 Xy e X )Tt
lM]r 1

(o, =10, +0,-1 —2)...(0, +eto1—1)
Since the above inequality holds for any M > 1, the limit

. dx;dx,...dx,
lim 7
M—+o0 xl (X1 +x2)%2 ... (X1 + -+ x,)07

is convergent. As a result, the continuous multiple zeta function

€
( (SI)SZ)--'rsr)

is convergent.

+ xr—l)ar_1

O

The following lemma will be useful in the analytic continuation of continuous multiple zeta

function.

Lemma 6. Ifo(t) is an infinitely differentiable bounded function on (—e, 1+¢€) for somee > 0, then

1
I(s) =f e 1dt
0

can be analytically continued to a meromorphic function on C with only simple poles at s =

0,-1,...,—n,... andRess=_p, I(s) = ﬂ
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Proof. For k=1, Re(s) > 0, we have

! k gt ko
%@i[@m—ZQFQﬂ%Hm+Z¢(m1
0 .

= = o n os+n’

Denote by R, (£) = () - Tk _, 220 ¢, ps
Ry (1) =0(t5), t—0,
it follows that )
fo Ry(pt*1de

is a holomorphic function for Re(s) > —k.
Since the above analysis holds for any k = 1. The lemma is proved. g

For the continuous multiple zeta function ¢ <g(sl, $2,...,8r), we have

€
( (SI)SZI---)SI‘)

1 dx; dx, dx,
= ... 5 = i e e
1 1,1 1,41 X7 X X
ot (£) (2+%)" (L4 t) 0 o2 o
Z 1 dx; dx, dx;
- $1 $2 Sr 2 2 "2
1 1,1 1 1 X5 X X
o€eS = = 4+ = R r
"0<Xg(1) <Xo(2) < <Xg(r) <1 (X1) (Jﬂ + XZ) "'(Jq et xr) L
-y f 1 dx; dx,  dx,
- a s1 2 sro 2 2 T 2
() (&) () % 8
0<x<xp << <l | xo(1) Xo() = Xo2) Xo(1) Xo(r)

where S, is the permutation group of the set {1,2,...,r}. For o € S;, denote by

IO'(SI)SZJ--'rSr)
1 dx; dx, dx;

LV L\ 1 1V 2 52 2
Lo L)t 1 %2 r
0<x1 <xp<--<xr <l \ Xo(1) Xo1) = Xo(2 Xo(1) Xo(r)

one has
(651,820 8) = Y. Io(51,82,0,5p).

o€Ss,
Proposition 7. Forafixedo € S;, define
m; = 112}2;‘{0(].)}' Vi<isr
Then 15(s1, S2,..., Sr) can be analytically continued to a meromorphic function on C" with possible
poles at
misi=2—-ky, msi+mpss=3-ky, ..., mysi+---+mys,=o+1)-ky,
whereky, ky,.... kr =1.

Proof. Itis clear that

We have

mps1—2 _mpsy—2 mySp—2
I(s1,82,...,8) = ff X)X T L T (X, X2, e, Xp)d X d g L dXy,

0<x]<Xp<--<xp<1
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where 1
X1,X2,.00, Xp) = .
(p( 1,42, ’ r) (xml )Sl(xmz N Xy )52 (xmr et Xy )Sr
Xo(1) Xo)  Xo@ ) T\ Xe@ Xo(r)
By letting
X1=ny2--.¥yr,X2=Y2.-.¥Yr, Xr = yr,
we have

IO‘(SI)SZ)--'rsr)

= f . .fy{msl_zyzmss”mzsz_‘o’...y£"151+"'+m’s’_(r+l)q)(y1,yg,...,yr)dyldyg...dyr,
[0,1]"
where
O(y1, Y2, Yr) =@X1X2... Xpy X2 oo e Xy ooy Xr).
By the definition of (m;, my,...,m;), it follows that ®(y, y»,...,y,) is a infinitely differentiable
function on (—¢,1+¢)" for some € > 0 and ©(0,0,...,0) = 1.
By Lemma 6, it follows that I;(sy, s2,...,S;) can be analytically continued to a meromorphic
function on C" with possible poles at the following hyperplanes:
misy=2—ky,mysi+maso=3—ko,...,myS1+--+mys, =(r+1)—ky,
where ki, ko, ...,k = 1. O
By Proposition 5 and Proposition 7, Theorem 1 is proved.

Remark 8. Zhao [12] proved that the multiple zeta function

((31782)'”)37')

can be analytically continued to a meromorphic function on C" with possible poles at some
special hyperplanes. Proposition 7 shows that the structure of the poles of the continuous
multiple zeta function

(%(81,52,...,3})
is more complicated than that of the multiple zeta function

((Slrsz,---’sr)-

3. Continuous multiple zeta values

In this section, firstly we will prove that the continuous multiple zeta values satisfy the shuffle
product. Here we will use the notations in [7]. Secondly, we will give a detailed analysis of the
depth structure of continuous multiple zeta values. Lastly, we will show that there are also sum
formulas for continuous multiple zeta values.

3.1. The algebra of continuous multiple zeta values

Define $) = Q(x, y) as the non-commutative polynomial ring over Q in two indeterminates x and
y. The shuffle product LUl on §) is defined by
llw=wlwl=uw,
uw) Wovwy = u(w; Wvws) + v(uw; LU wo),
for any u, v € {x, y} and w, wy, w; € § inductively. Under the shuffle product LU, ) is a commuta-

tive Q-algebra. Denote by $),, this commutative Q-algebra. Let §° = Q + y$x. It is clear that $° is
a Q-subalgebra of .
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Define a Q-linear map by
Z:9°—Z%  zm=1, Zyxh Tyt oy Y =k k. k),
for ky,...,kr—1,= 1, kr = 2. The precise version of Theorem 2 is

Theorem 9. The Q-linear map Z : $° — Z ¢ is an algebra homomorphism under the shuffle
product LU on $°.

Proof. For convenience, let ky = 0. For ky, ..., k,—1,= 1,k = 2, it is easy to check that

1
— ff w1 (f)w2(t)...wk(tE).

xf‘ (X1 +x2)k2 L (g + o+ xp) o

+oo> 11> > > >0

Here k=k;+ky +---+ k; and

Xtttk 41 .
wk0+~~~+kj+1(tk0+~~~+kj+1) =e 0T dtko+~~+kj+1, O<sj=sr-1,

w;(t) =dr, l;ék0+"-+kj+l, VOSjSI‘—l.

Thus
dx;dx,...dx
(%(kl,kz,...,kr):f...f kl lk 2 r k
[1,+00)" xl (X1+x2) 2...(x1+-..+xr) r
:ff ff wl(tl)a)Z(tZ)wk(tk) dxlde--.dxr
[1,400)" \+oo>1>fp>->1;>0
) /f Q1 (1) (B2) ... Qe (t),
+00>11>1p>> >0
where

Qk0+"'+kj+l (tk0+---+k‘j+l)

+oo it “lkg+tki+1
_ TXj+1 kg 4otk +1 _
_f (e 0 J dtk0+“~+kj+l) dxj+1 -

1

J
dtk0+...+kj+1, 0<sj=<sr-1,
tk0+---+kj+1

and
Qe =d, l#ko+---+kj+1, V1=I<k.
By the theory of iterated path integrals [2], the theorem is proved. O

Remark 10. Byletting u; = e ,up = e™2,..., u; = e~ in the above theorem, one has

(ki ko, Kep) = ff A (u) Az (u2) ... Ar(ug),
O<uy<-<up<l

where

(=9

du el ki +1,.. ke kg + 13,
Ai(u) =
i i¢{lL ki +1,... k1 +--+k_1+1}.

w
On the other hand, the classical multiple zeta values are defined by
C(ky, ko, ..., k) = ff w1 (Mw2(t2) ... wr (1),
0<fy<-<fi<1
where
ie{lki+1,... ki +---+kr—1+1},

dr
wi=15"
' {%, Pe Lk +1,. ket Koy + 1)
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3.2. The depth structure of continuous multiple zeta values

The depth structure of multiple zeta values is extremely complicated. For the depth two and
depth three cases, now there are only the expected upper bound of the dimension of depth-
graded version multiple zeta values (see [1], [3] and [5]). For the higher depth cases, it is still a
myth.

In this subsection, we will give a detailed analysis of the depth structure of continuous multiple
zeta values. For convenience, for any set « <R, denote by (/)¢ the Q-linear space generated by
the elements in .

By definition, for r = 1, ,Z ¢ is the Q-linear space generated by the continuous multiple zeta
values of depth r. We wish to prove that ©,Z € c®,,1Z%. This statement follows immediately
from the following observation:

dx;dx;...dx,

(%(klykz,...,kr) :[

P ky kr
[1,+00)" Xq (x1+x2)%2...(x1 + +xy)

_[ f dx;dx,...dx,
U+ xR xR (g e+ X+ 1)
[1,4+00)" "1

+f f dx;dx;...dx,
e xR e e xR (e e X+ 1)
[1,4+00)" "1

=(<g(k1yk2;---ykr—1;kr - 1)2) +(<g(k1)k27---ykr—l!kl’yz)-

For r = 1, the statement (ii) of Theorem 3 is obvious. Now we assume that r = 2. For
(€ (ky, ko, ..., ky), one has

+OOF
c‘g(kl,kz,...,kr)=f FOD 4,
1 xkl

1
where

F(x)—f f dx,...dx,
a 1(xl+XZ)k2...(XI+'--+xr)kr.

[1,400)"~

For k) = 2, by integration by parts, we have

(Cg(klyer--wkr):

F(1) 1 f+°° F'(x1)
dxl.
1

+
]Cl -1 ]Cl -1 x{q_l
By induction, it follows that
FO P PP 1 f+°° F*2) (xy) q
ki—1 (ki—1(k1-2) (ki—=D! (ki —=D!'h
For mq, my,...,m, =1, define

dx;dx;...d
(‘nﬁlymz ’’’’’ my (K1, ko, k) = ff . x1dxp...dx, '
X+ x) ke e e xR

(%(klyer---ykr)z X1.

X1

where Hyy) my,...m, = [m1,+00) x [y, +00) x -+ x [m;, +00).
From the above analysis, it is clear that

((g(klrkZ)---)kr)€<(czgjl 1(12)---rlr)) (cg(]-yIZy---)lr) er---»lr*I =1, lr 22>Q

.....

For I, = 2, one can use the similar trick to

.....
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Thus we have
(Cg(kly ka ooy kr) € <C;fl,...,l (l3y ooy lr)y(;gjl,m,l (1r l3’ ceey lr);
((lgjzvm'l(l)13)---)lr))((g(1y1,l3, l )|l3, r 1 >1 l >2>Q
By repeating the above procedure, at last we have

@rZ(gg Cé 1Q,...,1,2)|s=1,my+---+ms=r,my,...,ms =1
my,...,.m
yeeey S\

N

o

As aresult, the statement (ii) of Theorem 3 is proved.
The statement (iii) of Theorem 3 follows from

.
i € i € e -
dimg®,Z s;dlmQ<(mb._”ms(1,...,1,2)|m1+ + m r,ml,...,m321>®

N

rp{(my,...,mg) | mi+-+mg=r,my,...,mg= 1}

( y

1

1l
N (ﬂ’[\/]w IIM\

for r = 1. Here LLIr p«/ means the number of elements of o for any finite set .
Now we give some explicit calculations about continuous multiple zeta values.

Lemmall. Forx,...,x; #0, one has
1 1

XiX2...Xr &5, Xo() (Xo) + X)) .. (Xg()) + Xo2) + ... Xo ()

Proof. For 1 <i <r, one can check that

1 +00
1. f e titidy;,
Xi 1

1 — f f —(x1t1+x280+- +x,t,)dt d
X1X2...Xr

Thus

[1,+00)"
— Z /f e—(xlt1+xztg+-“+xrtr)dtl dtr
g€eS
" 00> g1y > to@)> > to(r)>1
— Z e—(xl fa(1)+x2ta(2)+“'+xrta(r))dtl ...dt,
o€eSy

+o0> 1> 1r>>1>1

Z ff e—(xg(l) H+Xg@) b+ +Xo(r) tr)dtl dtr

og€eSy

+oo>t1>t2> >h>1

f f —[(xg)+Xo(2) 2+ Xo3) I3+ +Xg(r) Ir] de ...de,

+oo>fy>>1>1

O'ES Xo(1)

1

ges, Xa() (X)) + Xo@) ... (Xo) + X2 + ... Xo(r) '

I
O
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Proposition 12.
(i) Forr=2,k;,k, =2, we have
(1,2 = log2, (€ (ki ko) €Q log2+@Q
where Q log2 + Q denotes the Q-linear space generated bylog2,1;
(i) Forr=3,k1,ky =1, ks =2, we have
{6k, ka, k3) €QC%(1,1,2) + Qlog3 + Qlog2 + @,
where
Q%1,1,2) +Qlog3+Qlog2+Q
denotes the Q-linear space generated by (% (1,1,2),log3,log2,1;

(ili) Forr=2,
((g(l ,1,2)= f / dyidys...dy, 1
1+y1+.“+y1---yr_1

[0,1]7~ 1
Proof. The statements (i) and (ii) follow immediately from Theorem 3. Since
1 1

X1X2...Xr o€S, Xo(1) (XU(I) + XU(Z)) vee (xU(l) + Xg@) + .. ~xg(r)) ,

we have
dx;dx,...dx,
f[ X1X2... X (X1 + X2+ + Xp)
[1,+00)"
f f dx;dx,...dx, 1)
UESr Xo) Xy + Xg@) -+ - X ) + Xg@) + - Xo(r))? %_’1’_”
Thus

a 1,2) = lff dxidx,...dx;,
~—" 7 X1 X2 ... X (X + X2 + -+ Xp)

r—1 [1,+00)"

f f dx;dx,...dx,
1 1 1
X1X2.. xr(x—1+x—2+...+x_r)

dx;dx,...dx,
1 1 14"
xlxz"'x’(x_1+x_2+"'+x_,)

0<x1<Xp<--<xr<1

By letting x; = y1¥2...¥r, X2 = ¥2... Vry..., Xr = ¥y, On€ has

€q,...,1,2) = f Yo...yrtdydys...dy,
r—-1 [0,1]" ylyz yr(ylyzmyr + Yoy 4+t ﬁ)
:ff dyi1dy>...dy,
1+y1+“‘+y1y2'°-yr—1
[0,1]"
:ff dyldyz---dyrfl D
1+y1+”.+y1y2’--yr—1.
[0’1]r—1

Remark 13. For r =1, it is clear that
dimg®, Z¢ = 1.
For r = 2, by the Hermite-Lindemann Transcendence Theorem, log2 is a transcendental number.

Thus
dlm@ @ 2 Z € =
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Unfortunately, in most cases (for example r = 4), we only have
dimg®,Z¢ <2""1.
The above inequality follows from the following simple observation:

(ch 1,2) | mi+my=r, my,my= 1>@ = (logr,log(r —1),...,log2)q.

my,my
For r =4, it is clear that
dimg(logr,log(r —1),...,log2)g <r—1.

Remark 14. For r =1,2,3, one can check that

0,2 = (Lo LD s= Lmy et mg=rmy, o mg= 1)
~— Q
S
It is not clear that whether this statement is true or not for r > 4.

Remark 15. From Yamamoto [9], it follows that

dxlde...dek
f : =722,
l-x1+--+(=D'xp...x;++X1... X2 ~——
[0,1]2k k
dxidx,...dxoge
f - ={*(1,2,...,2).
1-x1+--+(=Dixp... x5+ —X1... Xok+1 ——
[0,1]2k+1 k

Here (* (k1, k», ..., kr) denotes the multiple zeta-star values
1

k1 k; kr "
O<nisnp<-<n, nl‘ nzz Ln

(*(klykZ)---)kr):

One can compare the above formulas with Proposition 12 (iii).

3.3. Sum formulas for continuous multiple zeta values

Continuous multiple zeta values also satisfy some kinds of sum formulas. The essential reason is
due to the following lemma.

Lemma 16. For K =2, one has

Z 1 1 1 1
ik X x 02 o[ XK (x4 oK1
ny,np=1
Proof. We have
Z 1
n n.
nm+ny=K*% Hx+o)m
ny,np=1
1 (x+¢c)—x
- L n y
ny+m=k € XM (X +c)"
ny,np=1
1 ( 1 1
Cpim=r \ XM (x+ )27l xm=l(x + )2
ny,np=1
1 1 1 1 1 1
i v Z Tx+o iz | o n m T K-1
clx m+ma=k—1 X" (x+ )" C\ nyemak-1 XM (x+0)™  (x+0)
ny,np=1 ny,np=1
1 1 1
Tl k1T K-1|° =
cxf— (x+ o)k~
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Now we are ready to prove Theorem 4. We have

Z fr(kl;---;kr—l»kr)((g(kln--»kr—l»l+kr)

ky+-+kr=k
ki kr=1
=lk-20-D1- Y KU+ —2) . Tkt k=200 =210 Ky, k1, 1+ k)
ky+-+ky =k
kiy..., kr=1
=[k-2r-D] Y (krmi+k—=2).. ko4 + ke —2(r—2)]
ky+-+kr=k
Kiyeen kr=1

f / d dxr 1
x{cl (X """"'-)Cr—l)kF1 X1+ +x-1 +1)k7

[1,+00) 1

By Lemma 16, for k—2(r —1) > 0, one has

Z f(kly- r lvk)( (klr r 1r1+kr)

ky+-+k,=k
ki,..., krEI
=[k-2(r-1)] > (o1 =2) (ko + + kpp + 11 = 2(r —2))

k1+ +kr_2+lr_1:k
wkr_2=1,1,_1=2

1
/ f ‘(x1+...+xr_2)kr—2

[1,+00)"~ 1

=[k-2(r-1)] > (lo1=2).. (o + ko + L1 = 2(r = 2))
k1+ +kr 2+lr 1= k
wkr_2=1,1,_1>2

=
f f .(x1+ +xr—z)k’*2 (n(xlr_ll

[1,4+00)7 "1

dxl...dx,_zdxr_l dxl...dxr_gdxr_l

o+ 4 X )17l (g e+ X+ D

dx1 eee dxr_zdx,_l.
X=X1++Xr_1

By repeating the above procedure, for k—2(r —1) > 0, it follows that

Z fr(kl;- r lrk)( (kl! r 1,1+k)
ky+-+k =k
ki,..., krEI
=[k-2(r-1)] > (U2 =4 ...+ + krg + L2 —2(r —2))
k1+---+kr_3+lr_2:k
ki,ekr—321,l,_2>4

1
f f 0+ xp_g) ks (77 ! ( xlr-273 )

[1,+00)"~ 2 X

d.X'1 .. .dxr_gdxr_z
X=X1++Xr_2

dx1

+00 1
:[k—2(r—1)]j; no---on(m) N

1
=n—/—’o.”on(—)‘ '
1 xk=20-D )| _,
e

Here the last identity essentially follows from that 7 is a Q-linear transformation on V. As a result,
Theorem 4 is proved.
Now we give some examples of Theorem 4.
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Example 17.
(i) Forr=2,k>2,

1

(k=2 Y kel 14k =1-——;
ky+ka=k 2
ki,k2=1

(i) Forr=3,k >4,

1 1 1
(k=4 Y kslko+ks =2 (ki ko, 1+ ks) = - — ——+ = ——;
ky+ kot ks =k 2 2kt 23k
kl,kQ,kgzl

(iii) Forr=4,k>6,
(k-6) Y kg (ks + kg —2) (g + ke + kg — ) (ky, Ko, K3, 1+ Keg)

ki+ko+ks+ks=k
ki, kz, k3, ks=1

11 1 1
2 k6" 2 3k-6 g k-6’

4. Continuous multiple zeta values and multiple polylogarithms

The multiple polylogarithms are defined by

Z"l an
. 1 -2y
lelw',kr(21,...,zr): Z o & kl,...,krzl.
0<ny<--<ny nl1 Lont
For k, = 1, Liy,, .k, (21,...,2;) is convergent for |zil,...,|z,| < 1. For k; = 2, Lig,,  (21,...,2/) is
convergent for |z;|,...,1z,| < 1. The theory of multiple polylogarithms is related to the K-theory

of number fields. For r = 1, they are called polylogarithms.

For anumber field F, Zagier [11] conjectured that Dedekind zeta values { r(n) can be expressed
in terms of polylogarithms at some special algebraic points. For n = 2, it was proved in [10]. For
n = 3,4, it was proved in [4], [6].

In this section we will show that a statement which is similar to Zagier’s conjecture holds, for
some special continuous multiple zeta values.

Lemma 18. Fork =1, one has

ck c!

1 - 3
X x(x+ok Sl (x+ol!

Proof. We have
1 1 1

cx  x(x+c¢) - clx+c)

Thusfor0<1[< k-1, one has

l I+1 1

c Cc Cc

x(x+0!  x(x+oll (x+otl

It follows that
1 ck c!

x x(x+o0k OSlSZk—l (x+c)l+1’
The lemma is proved. O

Theorem 19. Denote by £¢ the Q-algebra generated by the special values of multiple polyloga-
rithms at rational points. Then forr = 1, (Cg(l, .., 1,2)€ £q.

r
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Proof. For r =1, the statement is obvious. For r = 2, by Proposition 12, one has

aq,... 12)=f...f dyrdys...dy,
» 4y 1+y1+y1y2+...+y1”.yr

J’1=1) dy,...dy,

lo 1+ A+ y2+- )
ﬁl]r[( g " . yr) n=0) 1+y2+-+y2...¥r

:f“‘flog(2+y2+~--+y2...yr)
1+yo+--+y2...0r

dy,...dy,.
[0,1]'71

Since

1
log2+yo+-+¥a2...¥r) _ log(1+yo+---+y2...9) .\ log(I+ y57=5357)

1+y2+...+y2”‘yr 1+y2+-.-+y2,,.yr 1+y2+--.+y2..-yr
_logtyzt-tyy) (! 1
L+ yo+-+V2...¥r =on Ayt yy)ntl
we have

1
a,...,1,2) :f---f(ilogz(l+y2(1+y3+---+y3...yr))

y2=1) dys...dy,

; ¥y2=0) 1+ y3+---+y3...)r
r [01];'2
( n"- lf f( y2=1 dy;...dy,
n>1 0,172 n(1+y2+ +y2..y) " ly=0) 1+ y3+--+y3...¥r
1 log“2+y3+---+y3...
=_f...f 0g’(2+ 3 Yaed) g gy
1+ys+--4y3...¥r
[01]r2
( n"- lf f ) dys...dy,
n>1 @+ys+- Y 14y sy
[01]r2
By Lemma 18, we have
log?(2+ys+- -+ Y3...Yr)
(%(1 ,1,2) = f f g y3 V3. ¥r dys...dy,
1+ys+---+y3...0r
[01]r2
N =D~ 1[ / ..dy,
l<n1<n (2+J’3+ “+y3... Y™
[01]r2
1 log?(2+y3+--+¥3...
__f...f 0g (2+s Vi ¥y g
1+y3+--+y3...0r
[Ol]rz
( 1" lf f ...dy,
n>1 2+y3+ “+y3...Yr
[01]r2
(- 1)" ! dys...d
+ Z f f y J’r — W
1=m<n 2C+ys+-- yr)™m
[01]r2

From the above analysis, we have

(-pnt 1. (Lip(-1)?

log?2 : 1
S 1-—)= =2 Liy(-1)+Lip |-~
+”21 o U-)= 5 (-1 + 12( 2)

((1,1,2)=
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and
(1,1,1,2)

1 llog?(2 _1yn-lg ot 1
[y b
2Jo 1+y = n? 0o 2+y Jo @+ypynt!

1 [llog®2+y) (-1t 3 1(1 1
:Ej(‘) —dy‘i‘ZT lOg—+—(———)

1+y =1 2 n\2" 3"
11 )L | —1)mtn 1
== log 1+y)+2logd+y) ), =D =D dy
2 Jo 1+y e n A+M" e M2 1+ y)ymtnz

- Lia- L 5] -t 5«5
12()115 13 §+13§

1 n-1 1 1 1 1 —1)mt+n2 1
=—lo 32+Z( ) 08 +y1d += (=1 (1_ )
n=1 n o I+ 2 nm=1 ning(ny + ny) 2m+n

He=h (1) H ( 1)+L. ( 1)
—Lip(-1)Liy |- |-Lis|-= iz[—=]-
2 13 3173 3(73
By integration by parts, one can check that

Llog(1+y) llog2 1 1
[, e 1
o (I+y) n 2 n

Thus we have
( l)n—l

1 log2 1 1 1 _1ymtne 1
(1,1,1,2)= log 2+ ) 08 _,__(1__) Loy (-1 (1_ )
n=1 n n n2 n 2 mim=1 1M no(ny + ny) 2n+np
1
—Lix(— 1)L11( Lis (——)+L13 (_5)

= —log 2+Lip |-

—_1)ymtn2
=

nme=1 M (np + I’lz)z 2m+n

1
log2 —Liz(—1) + Lis (_E

)
]

i [ Y-}
o

3

(L11( D)? 1 . (1)L (1
2)Lll( 1) - Ll3(—1)+L13(—§)+L11,2(—1)—L11'2(—§)

w3 sl 4]

FOl‘ r> 3, one can use the fOI’l’nula (].), Lemma 18 al’ld the tI'iCk
T )
k+ tl +”'+ll"'1

=log(k+ 1+ +1 t)+Z(_UH :
=log 1 1...lr = n (k+t1+-"+t1...tr)n.

loglk+1+t+---+1...t) =log(k+ t1+---+t1...t,)+log(1+

repeatedly to deduce that
eq,...,1,2) € L.
~——
r

In a word, from the above analysis, we give an explicit procedure to calculate

aq,...,1,2)
——

in terms of elements in L£q. O
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Remark 20. In general cases, by changing of variables

1,
ti=—,i=1,...,xp,
Xi
one has
dx;dx,...dx,

(%”(kl,kz,...,kr)zf...f

ky ks kr
o) b (x1+x2)2. . (x1+---+xp)

1 dfidey...dt,
Ikl L 1yk 1 1k 242 2
(PG +e G+ D B

[0,1]"
Thus all the continuous multiple zeta values are periods in the sense of Kontsevich-Zagier [8]. For
now, we only know that log2 and log3(which are elements in the algebra of continuous multiple
zeta values) are transcendental. Theorem 19 shows that the algebra of continuous multiple zeta
values is closely related to the special values of multiple polylogarithms.

5. Further remarks

In this section we discuss some related topics which are still unclear for now.

5.1. Depth defect phenomena for continuous multiple zeta values

From Section 3.2 we have that
dimg®,Z%=2""", r=1.2,
dimg®3Z% <4, dimg®,Z% <2}, r=4.

Thus there are depth defect phenomena for continuous multiple zeta values of depth = 4. Can we
give a sharper bound for dimg ©, Z % in case r > 42

5.2. Continuous multiple zeta values and cyclotomic multiple zeta values

For N = 1, cyclotomic multiple zeta values of level N are defined by

n n

( kl,...,kr _ Z 61 '--err
€ er | ke ke’

1ye-or€r O0<ni<--<ny Ny ... Ny

where ki,...,k; = 1,(kr,e;) # (1,1),€) = --- = € = 1. The set of Q-linear combinations of
cyclotomic multiple zeta values of level N is also a Q-algebra.
It is clear that log 2 is a cyclotomic multiple zeta value of level 2. More generally, by the
decomposition
"=1=[] x-e), py =tele" =13,

EEUN
one can check that log N is a cyclotomic multiple zeta value of level N for N = 2.

Since log 2,1og 3 are both continuous multiple zeta values, the algebra of continuous multiple
zeta values and the algebra of cyclotomic multiple zeta values of level N have some common
elements for some N. It is very interesting to give a detailed analysis about the intersection of the
above two sets.
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