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Abstract. In this paper we define a continuous version of multiple zeta functions. They can be analytically
continued to meromorphic functions on Cr with only simple poles at some special hyperplanes. The evalua-
tions of these functions at positive integers (continuous multiple zeta values) satisfy the shuffle product. We
give a detailed analysis about the depth structure of continuous multiple zeta values. There are also sum for-
mulas for continuous multiple zeta values. Lastly we calculate some special continuous multiple zeta values
in terms of special values of multiple polylogarithms.
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1. Introduction

For r ≥ 1, the multiple zeta function is defined by

ζ(s1, s2, . . . sr ) = ∑
0<n1<n2<···<nr

1

ns1
1 ns2

2 . . .nsr
r

.

For (s1, s2. . . . , sr ) = (k1,k2, . . . ,kr ), k1, . . . ,kr−1 ≥ 1,kr ≥ 2, the values

ζ(k1,k2, . . . ,kr )

are called multiple zeta values. Multiple zeta values satisfy the stuffle product and the shuffle
product [7]. As a result, there are many relations among multiple zeta values.

For r = 1, s1 = 1, it is well-known that the harmonic series∑
n≥1

1

n

is divergent. But the modified version ∑
1≤n≤k

1

n
−

∫ k+1

1

dx

x

ISSN (electronic) : 1778-3569 https://comptes-rendus.academie-sciences.fr/mathematique/

https://doi.org/10.5802/crmath.440
mailto:lijiangtao@csu.edu.cn
https://comptes-rendus.academie-sciences.fr/mathematique/


698 Jiangtao Li

is convergent to a real number which is called Euler constant as k →+∞. The number
∑

1≤k≤n
1
n

is a discrete sum, while the integral
∫ k+1

1
dx
x can be viewed as a continuous sum. Thus, in some

sense, the Euler constant can be viewed as a difference value between a discrete sum and a
continuous sum.

From the following formula

1

ns1
1 (n1 +n2)s2 . . . (n1 +·· ·+nr )sr

=
∫
· · ·

∫
[n1,n1+1]×[n2,n2+1]×...[nr ,nr +1]

dx1dx2 . . .dxr

[x1]s1 ([x1]+ [x2])s2 . . . ([x1]+·· ·+ [xr ])sr
,

the multiple zeta functions can be viewed as

ζ(s1, s2, . . . , sr ) = ∑
n1,...,nr ≥1

1

ns1
1 (n1 +n2)s2 . . . (n1 +·· ·+nr )sr

= ∑
n1,...,nr ≥1

∫
· · ·

∫
[n1,n1+1]×[n2,n2+1]×...[nr ,nr +1]

dx1dx2 . . .dxr

[x1]s1 ([x1]+ [x2])s2 . . . ([x1]+·· ·+ [xr ])sr

=
∫
· · ·

∫
[1,+∞)r

dx1dx2 . . .dxr

[x1]s1 ([x1]+ [x2])s2 . . . ([x1]+·· ·+ [xr ])sr
,

where [x] denotes the Gauss rounding function.
Inspired by the above observations, we define the continuous version of multiple zeta func-

tions as

ζC (s1, s2, . . . , sr ) =
∫
· · ·

∫
[1,+∞)r

dx1dx2 . . .dxr

xs1
1 (x1 +x2)s2 . . . (x1 +·· ·+xr )sr

.

The multiple zeta functions are constructed from the discrete function [x]. The continuous
multiple zeta functions are constructed from the continuous function x. We have

Theorem 1. The continuous multiple zeta function ζC (s1, s2, . . . , sr ) is convergent for

Re(s1 + s2 +·· ·+ sr ) > r, Re(s2 +·· ·+ sr ) > r −1, . . . ,Re(sr ) > 1.

Moreover, it can be analytically continued to a meromorphic function on Cr with possible poles at
some special hyperplanes.

The detailed structure of the possible poles of ζC (s1, s2, . . . , sr ) will be given in Section 2.
The classical multiple zeta values satisfy the stuffle product and the shuffle product [7]. For

the continuous multiple zeta values (values of the continuous multiple zeta functions at positive
integers), one has

Theorem 2 (Rough version). The continuous multiple zeta values satisfy the shuffle product.

From the definition of the Euler constant, we also expect that by studying the algebra of
multiple zeta values and the algebra of continuous multiple zeta values together, one can find
an appropriate algebra to understand the mysterious Euler constant.

Denote by Z C the Q-linear space generated by 1 and continuous multiple zeta values. By
Theorem 2, the Q-linear vector space Z C is actually a Q-algebra. Thus it is interesting to
investigate the structure of this algebra.

For the continuous multiple zeta values ζC (k1, . . . ,kr ), the number r is called its depth. For
r = 1,k ≥ 1, it is easy to see that

ζC (1+k) =
∫ +∞

1

dx

x1+k
= 1

k
.
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In general cases, we have

Theorem 3. For m1, . . . ,ms ≥ 1, define

ζC
m1,m2,...,ms

(1, . . . ,1,2︸ ︷︷ ︸
s

) =
∫ +∞

m1

· · ·
∫ +∞

ms

dx1 . . .dxs−1dxs

x1 . . . (x1 +·· ·+xs−1)(x1 +·· ·+xs )2 .

Denote by Dr Z C the Q-linear space generated by the continuous multiple zeta values of depth r ,
then one has

(i) D1Z
C ⊆D2Z

C ⊆ ·· · ⊆Dr Z C ⊆ . . . ;
(ii) Dr Z C ⊆ 〈ζC

m1,...,ms
(1, . . . ,1,2︸ ︷︷ ︸

s

) | s ≥ 1,m1+·· ·+ms = r,m1, . . . ,ms ≥ 1〉Q, where the right side

denotes theQ-linear space generated by the following elements

ζC
m1,...,ms

(1, . . . ,1,2︸ ︷︷ ︸
s

), s ≥ 1, m1 +·· ·+ms = r, m1, . . . ,ms ≥ 1;

(iii) As a result,

dimQDr Z C ≤ 2r−1, ∀ r ≥ 1.

For the depth structure of classical multiple zeta values, there is the well-known Broadhurst–
Kreimer conjecture [1], which is related to the generating series of cusp forms of SL2(Z). By
Theorem 3, the depth structure of continuous multiple zeta values is much simpler.

For the classical multiple zeta values, one has the sum formulas:∑
k1+···+kr−1+kr =k

k1,...,kr ≥1

ζ(k1, . . . ,kr−1,1+kr ) = ζ(1+k).

For the continuous multiple zeta values, we have

Theorem 4. For r ≥ 2,k > 2(r −1), denote by

f (x1, x2, . . . , xr ) = xr (xr−1 +xr −2) . . . [x2 +·· ·+xr −2(r −2)][x1 +·· ·+xr −2(r −1)].

Denote by V theQ-linear space generated by

1

x l
,

1

(x +1)l
, . . . ,

1

(x +n)l
, . . . ,∀ l ≥ 1.

Define η : V → V as theQ-linear transformation which satisfies

η

(
1

(x +n)l

)
= 1

n +1

(
1

x l
− 1

(x +n +1)l

)
,∀ n ≥ 0, l ≥ 1.

Then ∑
k1+···+kr =k

k1,...,kr ≥1

f (k1, . . . ,kr−1,kr )ζC (k1, . . . ,kr−1,1+kr ) = η◦ · · · ◦η︸ ︷︷ ︸
r−1

(
1

x l

)∣∣∣∣
x=1

,

where l = k −2(r −1) and α(x)
∣∣

x=t means α(t ) for any rational function α(x).

The theory of multiple polylogarithms is related to the arithmetic theory of number fields.
At the end of this paper, we discuss the relation between continuous multiple zeta values and
evaluations of multiple polylogarithms. We also discuss the depth defect phenomena in the
algebra of continuous multiple zeta values. The results in Section 3 and Section 4 reveal that there
are interesting relations between continuous multiple zeta values and cyclotomic multiple zeta
values.
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2. Analytic continuation of continuous multiple zeta functions

In this section we show that the continuous multiple zeta functions are convergent under some
natural conditions. Furthermore, they can be analytically continued to meromorphic functions
with only simple poles at some special hyperplanes.

Proposition 5. For r ≥ 1, the continuous multiple zeta function

ζC (s1, s2, . . . , sr ) =
∫
· · ·

∫
[1,+∞)r

dx1dx2 . . .dxr

xs1
1 (x1 +x2)s2 . . . (x1 +·· ·+xr )sr

is convergent if

Re(s1 + s2 +·· ·+ sr ) > r, Re(s2 +·· ·+ sr ) > r −1, . . . , Re(sr ) > 1.

Proof. Denote by sl =σl + i tl ,σl , tl ∈R,1 ≤ l ≤ r . If

σ1 +σ2 +·· ·+σr > r, σ2 +·· ·+σr > r −1, . . . , σr > 1,

for M > 1, we have∣∣∣∣∣∣
∫
· · ·

∫
[1,M ]r

dx1dx2 . . .dxr

xs1
1 (x1 +x2)s2 . . . (x1 +·· ·+xr )sr

∣∣∣∣∣∣
<

∫
· · ·

∫
[1,M ]r

∣∣∣∣ 1

xs1
1 (x1 +x2)s2 . . . (x1 +·· ·+xr )sr

∣∣∣∣dx1dx2 . . .dxr

=
∫
· · ·

∫
[1,M ]r

dx1dx2 . . .dxr

xσ1
1 (x1 +x2)σ2 . . . (x1 +·· ·+xr )σr

= 1

σr −1

∫
· · ·

∫
[1,M ]r−1

dx1dx2 . . .dxr−1

xσ1
1 (x1 +x2)σ2 . . . (x1 +·· ·+xr−1)σr−1 (1+x1 +·· ·+xr−1)σr −1

< 1

σr −1

∫
· · ·

∫
[1,M ]r−1

dx1dx2 . . .dxr−1

xσ1
1 (x1 +x2)σ2 . . . (x1 +·· ·+xr−1)σr−1+σr −1

< 1

(σr −1)(σr +σr−1 −2) . . . (σr +·· ·+σ1 − r )
.

Since the above inequality holds for any M > 1, the limit

lim
M→+∞

∫
· · ·

∫
[1,M ]r

dx1dx2 . . .dxr

xσ1
1 (x1 +x2)σ2 . . . (x1 +·· ·+xr )σr

is convergent. As a result, the continuous multiple zeta function

ζC (s1, s2, . . . , sr )

is convergent. □

The following lemma will be useful in the analytic continuation of continuous multiple zeta
function.

Lemma 6. Ifϕ(t ) is an infinitely differentiable bounded function on (−ϵ,1+ϵ) for some ϵ> 0, then

Iϕ(s) =
∫ 1

0
ϕ(t )t s−1dt

can be analytically continued to a meromorphic function on C with only simple poles at s =
0,−1, . . . ,−n, . . . and Ress=−n Iϕ(s) = ϕ(n)(0)

n! .
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Proof. For k ≥ 1, Re(s) > 0, we have

Iϕ(s) =
∫ 1

0

(
ϕ(t )−

k∑
n=0

ϕ(n)(0)

n!
t n

)
t s−1d t +

k∑
n=0

ϕ(n)(0)

n!

1

s +n
.

Denote by Rϕ(t ) =ϕ(t )−∑k
n=0

ϕ(n)(0)
n! t n . As

Rϕ(t ) = O(t k ), t → 0,

it follows that ∫ 1

0
Rϕ(t )t s−1dt

is a holomorphic function for Re(s) >−k.
Since the above analysis holds for any k ≥ 1. The lemma is proved. □

For the continuous multiple zeta function ζC (s1, s2, . . . , sr ), we have

ζC (s1, s2, . . . , sr )

=
∫
· · ·

∫
[0,1]r

1(
1

x1

)s1
(

1
x1

+ 1
x2

)s2
. . .

(
1

x1
+·· ·+ 1

xr

)sr

dx1

x2
1

dx2

x2
2

. . .
dxr

x2
r

= ∑
σ∈Sr

∫
· · ·

∫
0<xσ(1)<xσ(2)<···<xσ(r )<1

1(
1

x1

)s1
(

1
x1

+ 1
x2

)s2
. . .

(
1

x1
+·· ·+ 1

xr

)sr

dx1

x2
1

dx2

x2
2

. . .
dxr

x2
r

= ∑
σ∈Sr

∫
· · ·

∫
0<x1<x2<···<xr <1

1(
1

xσ(1)

)s1
(

1
xσ(1)

+ 1
xσ(2)

)s2
. . .

(
1

xσ(1)
+·· ·+ 1

xσ(r )

)sr

dx1

x2
1

dx2

x2
2

. . .
dxr

x2
r

,

where Sr is the permutation group of the set {1,2, . . . ,r }. For σ ∈ Sr , denote by

Iσ(s1, s2, . . . , sr )

=
∫
· · ·

∫
0<x1<x2<···<xr <1

1(
1

xσ(1)

)s1
(

1
xσ(1)

+ 1
xσ(2)

)s2
. . .

(
1

xσ(1)
+·· ·+ 1

xσ(r )

)sr

dx1

x2
1

dx2

x2
2

. . .
dxr

x2
r

,

one has

ζC (s1, s2, . . . , sr ) = ∑
σ∈Sr

Iσ(s1, s2, . . . , sr ).

Proposition 7. For a fixed σ ∈ Sr , define

mi = min
1≤ j≤i

{σ( j )}, ∀ 1 ≤ i ≤ r.

Then Iσ(s1, s2, . . . , sr ) can be analytically continued to a meromorphic function on Cr with possible
poles at

m1s1 = 2−k1, m1s1 +m2s2 = 3−k2, . . . , m1s1 +·· ·+mr sr = (r +1)−kr ,

where k1,k2, . . . ,kr ≥ 1.

Proof. It is clear that

r ≥ m1 ≥ m2 ≥ ·· · ≥ mr = 1.

We have

Iσ(s1, s2, . . . , sr ) =
∫
· · ·

∫
0<x1<x2<···<xr <1

xm1s1−2
1 xm2s2−2

2 . . . xmr sr −2
r ϕ(x1, x2, . . . , xr )dx1dx2 . . .dxr ,
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where
ϕ(x1, x2, . . . , xr ) = 1(

xm1
xσ(1)

)s1
(

xm2
xσ(1)

+ xm2
xσ(2)

)s2
. . .

(
xmr
xσ(1)

+·· ·+ xmr
xσ(r )

)sr
.

By letting
x1 = y1 y2 . . . yr , x2 = y2 . . . yr , xr = yr ,

we have

Iσ(s1, s2, . . . , sr )

=
∫
· · ·

∫
[0,1]r

ym1s1−2
1 yms s1+m2s2−3

2 . . . ym1s1+···+mr sr −(r+1)
r Φ(y1, y2, . . . , yr )dy1dy2 . . .dyr ,

where
Φ(y1, y2, . . . , yr ) =ϕ(x1x2 . . . xr , x2 . . . xr , . . . , xr ).

By the definition of (m1,m2, . . . ,mr ), it follows that Φ(y1, y2, . . . , yr ) is a infinitely differentiable
function on (−ϵ,1+ϵ)r for some ϵ> 0 andΦ(0,0, . . . ,0) = 1.

By Lemma 6, it follows that Iσ(s1, s2, . . . , sr ) can be analytically continued to a meromorphic
function on Cr with possible poles at the following hyperplanes:

m1s1 = 2−k1,m1s1 +m2s2 = 3−k2, . . . ,m1s1 +·· ·+mr sr = (r +1)−kr ,

where k1,k2, . . . ,kr ≥ 1. □

By Proposition 5 and Proposition 7, Theorem 1 is proved.

Remark 8. Zhao [12] proved that the multiple zeta function

ζ(s1, s2, . . . , sr )

can be analytically continued to a meromorphic function on Cr with possible poles at some
special hyperplanes. Proposition 7 shows that the structure of the poles of the continuous
multiple zeta function

ζC (s1, s2, . . . , sr )

is more complicated than that of the multiple zeta function

ζ(s1, s2, . . . , sr ).

3. Continuous multiple zeta values

In this section, firstly we will prove that the continuous multiple zeta values satisfy the shuffle
product. Here we will use the notations in [7]. Secondly, we will give a detailed analysis of the
depth structure of continuous multiple zeta values. Lastly, we will show that there are also sum
formulas for continuous multiple zeta values.

3.1. The algebra of continuous multiple zeta values

Define H=Q〈x, y〉 as the non-commutative polynomial ring over Q in two indeterminates x and
y . The shuffle product ⊔⊔ on H is defined by

1⊔⊔w = w ⊔⊔1 = w,

uw1 ⊔⊔ v w2 = u(w1 ⊔⊔ v w2)+ v(uw1 ⊔⊔w2),

for any u, v ∈ {x, y} and w, w1, w2 ∈H inductively. Under the shuffle product ⊔⊔, H is a commuta-
tiveQ-algebra. Denote by H⊔⊔ this commutativeQ-algebra. Let H0 =Q+ yHx. It is clear that H0 is
aQ-subalgebra of H⊔⊔.
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Define aQ-linear map by

Z :H0 →Z C , Z (1) = 1, Z (y xk1−1 y xk2−1 . . . y xkr −1) = ζC (k1,k1, . . . ,kr ),

for k1, . . . ,kr−1,≥ 1,kr ≥ 2. The precise version of Theorem 2 is

Theorem 9. The Q-linear map Z : H0 → Z C is an algebra homomorphism under the shuffle
product ⊔⊔ on H0.

Proof. For convenience, let k0 = 0. For k1, . . . ,kr−1,≥ 1,kr ≥ 2, it is easy to check that

1

xk1
1 (x1 +x2)k2 . . . (x1 +·· ·+xr )kr

=
∫
· · ·

∫
+∞>t1>t2>···>tk>0

ω1(t1)ω2(t2) . . .ωk (tk ).

Here k = k1 +k2 +·· ·+kr and

ωk0+···+k j +1(tk0+···+k j +1) = e
−x j+1tk0+···+k j +1 dtk0+···+k j +1, 0 ≤ j ≤ r −1,

ωl (tl ) = dtl , l ̸= k0 +·· ·+k j +1, ∀ 0 ≤ j ≤ r −1.

Thus

ζC (k1,k2, . . . ,kr ) =
∫
· · ·

∫
[1,+∞)r

dx1dx2 . . .dxr

xk1
1 (x1 +x2)k2 . . . (x1 +·· ·+xr )kr

=
∫
· · ·

∫
[1,+∞)r

 ∫
· · ·

∫
+∞>t1>t2>···>tk>0

ω1(t1)ω2(t2) . . .ωk (tk )

dx1dx2 . . .dxr

=
∫
· · ·

∫
+∞>t1>t2>···>tk>0

Ω1(t1)Ω2(t2) . . .Ωk (tk ),

where

Ωk0+···+k j +1(tk0+···+k j +1)

=
∫ +∞

1

(
e
−x j+1tk0+···+k j +1 d tk0+···+k j +1

)
dx j+1 = e

−tk0+···+k j +1

tk0+···+k j +1
dtk0+···+k j +1, 0 ≤ j ≤ r −1,

and
Ωl (tl ) = dtl , l ̸= k0 +·· ·+k j +1, ∀ 1 ≤ l ≤ k.

By the theory of iterated path integrals [2], the theorem is proved. □

Remark 10. By letting u1 = e−t1 ,u2 = e−t2 , . . . ,uk = e−tk in the above theorem, one has

ζC (k1,k2, . . . ,kr ) =
∫
· · ·

∫
0<u1<···<uk<1

λ1(u1)λ2(u2) . . .λk (uk ),

where

λi (u) =
{ du

ln 1
u

, i ∈ {1,k1 +1, . . . ,k1 +·· ·+kr−1 +1},

du
u , i ∉ {1,k1 +1, . . . ,k1 +·· ·+kr−1 +1}.

On the other hand, the classical multiple zeta values are defined by

ζ(k1,k2, . . . ,kr ) =
∫
· · ·

∫
0<t1<···<tk<1

ω1(t1)ω2(t2) . . .ωk (tk ),

where

ωi (t ) =
{

dt
1−t , i ∈ {1,k1 +1, . . . ,k1 +·· ·+kr−1 +1},
dt
t , i ∉ {1,k1 +1, . . . ,k1 +·· ·+kr−1 +1}.
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3.2. The depth structure of continuous multiple zeta values

The depth structure of multiple zeta values is extremely complicated. For the depth two and
depth three cases, now there are only the expected upper bound of the dimension of depth-
graded version multiple zeta values (see [1], [3] and [5]). For the higher depth cases, it is still a
myth.

In this subsection, we will give a detailed analysis of the depth structure of continuous multiple
zeta values. For convenience, for any set A ⊆R, denote by 〈A 〉Q the Q-linear space generated by
the elements in A .

By definition, for r ≥ 1, Dr Z C is theQ-linear space generated by the continuous multiple zeta
values of depth r . We wish to prove that Dr Z C ⊆Dr+1Z

C . This statement follows immediately
from the following observation:

ζC (k1,k2, . . . ,kr ) =
∫
· · ·

∫
[1,+∞)r

dx1dx2 . . .dxr

xk1
1 (x1 +x2)k2 . . . (x1 +·· ·+xr )kr

=
∫
· · ·

∫
[1,+∞)r

dx1dx2 . . .dxr

xk1
1 (x1 +x2)k2 . . . (x1 +·· ·+xr )kr −1(x1 +·· ·+xr +1)

+
∫
· · ·

∫
[1,+∞)r

dx1dx2 . . .dxr

xk1
1 (x1 +x2)k2 . . . (x1 +·· ·+xr )kr (x1 +·· ·+xr +1)

= ζC (k1,k2, . . . ,kr−1,kr −1,2)+ζC (k1,k2, . . . ,kr−1,kr ,2).

For r = 1, the statement (ii) of Theorem 3 is obvious. Now we assume that r ≥ 2. For
ζC (k1,k2, . . . ,kr ), one has

ζC (k1,k2, . . . ,kr ) =
∫ +∞

1

F (x1)

xk1
1

dx1,

where

F (x1) =
∫
· · ·

∫
[1,+∞)r−1

dx2 . . .dxr

(x1 +x2)k2 . . . (x1 +·· ·+xr )kr
.

For k1 ≥ 2, by integration by parts, we have

ζC (k1,k2, . . . ,kr ) = F (1)

k1 −1
+ 1

k1 −1

∫ +∞

1

F ′(x1)

xk1−1
1

dx1.

By induction, it follows that

ζC (k1,k2, . . . ,kr ) = F (1)

k1 −1
+ F ′(1)

(k1 −1)(k1 −2)
+·· ·+ F (k−2)(1)

(k1 −1)!
+ 1

(k1 −1)!

∫ +∞

1

F (k−2)(x1)

x1
dx1.

For m1,m2, . . . ,mr ≥ 1, define

ζC
m1,m2,...,mr

(k1,k2, . . . ,kr ) =
∫
· · ·

∫
Hm1,m2,...,mr

dx1dx2 . . .dxr

xk1
1 (x1 +x2)k2 . . . (x1 +·· ·+xr )kr

,

where Hm1,m2,...,mr = [m1,+∞)× [m2,+∞)×·· ·× [mr ,+∞).
From the above analysis, it is clear that

ζC (k1,k2, . . . ,kr ) ∈
〈
ζC

2,1,...,1(l2, . . . , lr ), ζC (1, l2, . . . , lr )
∣∣∣ l2, . . . , lr−1 ≥ 1, lr ≥ 2

〉
Q

.

For l2 ≥ 2, one can use the similar trick to

ζC
2,1,...,1(l2, . . . , lr ),ζC (1, l2, . . . , lr ) , l2, . . . , lr−1 ≥ 1, lr ≥ 2.
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Thus we have

ζC (k1,k2, . . . ,kr ) ∈ 〈ζC
3,1,...,1(l3, . . . , lr ),ζC

2,1,...,1(1, l3, . . . , lr ),

ζC
1,2,...,1(1, l3, . . . , lr ),ζC (1,1, l3, . . . , lr ) | l3, . . . , lr−1 ≥ 1, lr ≥ 2〉Q.

By repeating the above procedure, at last we have

Dr Z C ⊆
〈
ζC

m1,...,ms
(1, . . . ,1,2︸ ︷︷ ︸

s

)
∣∣∣ s ≥ 1,m1 +·· ·+ms = r,m1, . . . ,ms ≥ 1

〉
Q

.

As a result, the statement (ii) of Theorem 3 is proved.
The statement (iii) of Theorem 3 follows from

dimQDr Z C ≤
r∑

s=1
dimQ

〈
ζC

m1,...,ms
(1, . . . ,1,2︸ ︷︷ ︸

s

)
∣∣∣m1 +·· ·+ms = r,m1, . . . ,ms ≥ 1

〉
Q

≤
r∑

s=1
⊔⊔r p

{
(m1, . . . ,ms )

∣∣m1 +·· ·+ms = r,m1, . . . ,ms ≥ 1
}

=
r∑

s=1

(
r −1

s −1

)
= 2r−1,

for r ≥ 1. Here ⊔⊔r pA means the number of elements of A for any finite set A .
Now we give some explicit calculations about continuous multiple zeta values.

Lemma 11. For x1, . . . , xr ̸= 0, one has

1

x1x2 . . . xr
= ∑
σ∈Sr

1

xσ(1)(xσ(1) +xσ(2)) . . . (xσ(1) +xσ(2) + . . . xσ(r ))
,

Proof. For 1 ≤ i ≤ r , one can check that

1

xi
=

∫ +∞

1
e−xi ti dti .

Thus

1

x1x2 . . . xr
=

∫
· · ·

∫
[1,+∞)r

e−(x1t1+x2t2+···+xr tr )dt1 . . .dtr

= ∑
σ∈Sr

∫
· · ·

∫
+∞>tσ(1)>tσ(2)>···>tσ(r )>1

e−(x1t1+x2t2+···+xr tr )dt1 . . .dtr

= ∑
σ∈Sr

∫
· · ·

∫
+∞>t1>t2>···>tr >1

e−(x1tσ(1)+x2tσ(2)+···+xr tσ(r ))dt1 . . .dtr

= ∑
σ∈Sr

∫
· · ·

∫
+∞>t1>t2>···>tr >1

e−(xσ(1)t1+xσ(2)t2+···+xσ(r )tr )dt1 . . .dtr

= ∑
σ∈Sr

1

xσ(1)

∫
· · ·

∫
+∞>t2>···>tr >1

e−[(xσ(1)+xσ(2))t2+xσ(3)t3+···+xσ(r )tr ]dt1 . . .dtr

. . . . . . . . .

= ∑
σ∈Sr

1

xσ(1)(xσ(1) +xσ(2)) . . . (xσ(1) +xσ(2) + . . . xσ(r ))
. □
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Proposition 12.

(i) For r = 2,k1,k2 ≥ 2, we have

ζC (1,2) = log2, ζC (k1,k2) ∈Q log2+Q
whereQ log2+Q denotes theQ-linear space generated by log2,1;

(ii) For r = 3,k1,k2 ≥ 1,k3 ≥ 2, we have

ζC (k1,k2,k3) ∈QζC (1,1,2)+Q log3+Q log2+Q,

where
QζC (1,1,2)+Q log3+Q log2+Q

denotes theQ-linear space generated by ζC (1,1,2), log3, log2,1;
(iii) For r ≥ 2,

ζC (1, . . . ,1︸ ︷︷ ︸
r−1

,2) =
∫
· · ·

∫
[0,1]r−1

dy1dy2 . . .dyr−1

1+ y1 +·· ·+ y1 . . . yr−1
.

Proof. The statements (i) and (ii) follow immediately from Theorem 3. Since
1

x1x2 . . . xr
= ∑
σ∈Sr

1

xσ(1)(xσ(1) +xσ(2)) . . . (xσ(1) +xσ(2) + . . . xσ(r ))
,

we have∫
· · ·

∫
[1,+∞)r

dx1dx2 . . .dxr

x1x2 . . . xr (x1 +x2 +·· ·+xr )

= ∑
σ∈Sr

∫
· · ·

∫
[1,+∞)r

dx1dx2 . . .dxr

xσ(1)(xσ(1) +xσ(2)) . . . (xσ(1) +xσ(2) + . . . xσ(r ))2 = r !ζC (1, . . . ,1︸ ︷︷ ︸
r−1

,2).

Thus

ζC (1, . . . ,1︸ ︷︷ ︸
r−1

,2) = 1

r !

∫
· · ·

∫
[1,+∞)r

dx1dx2 . . .dxr

x1x2 . . . xr (x1 +x2 +·· ·+xr )

= 1

r !

∫
· · ·

∫
[0,1]r

dx1dx2 . . .dxr

x1x2 . . . xr ( 1
x1

+ 1
x2

+·· ·+ 1
xr

)

=
∫
· · ·

∫
0<x1<x2<···<xr <1

dx1dx2 . . .dxr

x1x2 . . . xr ( 1
x1

+ 1
x2

+·· ·+ 1
xr

)
.

By letting x1 = y1 y2 . . . yr , x2 = y2 . . . yr , . . . , xr = yr , one has

ζC (1, . . . ,1︸ ︷︷ ︸
r−1

,2) =
∫
· · ·

∫
[0,1]r

y2 . . . y r−1
r dy1dy2 . . .dyr

y1 y2
2 . . . y r

r ( 1
y1 y2...yr

+ 1
y2...yr

+·· ·+ 1
yr

)

=
∫
· · ·

∫
[0,1]r

dy1dy2 . . .dyr

1+ y1 +·· ·+ y1 y2 . . . yr−1

=
∫
· · ·

∫
[0,1]r−1

dy1dy2 . . .dyr−1

1+ y1 +·· ·+ y1 y2 . . . yr−1
. □

Remark 13. For r = 1, it is clear that

dimQD1Z
C = 1.

For r = 2, by the Hermite–Lindemann Transcendence Theorem, log2 is a transcendental number.
Thus

dimQD2Z
C = 2.
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Unfortunately, in most cases (for example r ≥ 4), we only have

dimQDr Z C < 2r−1.

The above inequality follows from the following simple observation:〈
ζC

m1,m2
(1,2)

∣∣m1 +m2 = r, m1,m2 ≥ 1
〉
Q
= 〈logr, log(r −1), . . . , log2〉Q.

For r ≥ 4, it is clear that
dimQ〈logr, log(r −1), . . . , log2〉Q < r −1.

Remark 14. For r = 1,2,3, one can check that

Dr Z C =
〈
ζC

m1,...,ms
(1, . . . ,1,2︸ ︷︷ ︸

s

)
∣∣∣ s ≥ 1,m1 +·· ·+ms = r,m1, . . . ,ms ≥ 1

〉
Q

.

It is not clear that whether this statement is true or not for r ≥ 4.

Remark 15. From Yamamoto [9], it follows that∫
[0,1]2k

dx1dx2 . . .dx2k

1−x1 +·· ·+ (−1)i x1 . . . xi +·· ·+x1 . . . x2k
= ζ⋆(2, . . . ,2︸ ︷︷ ︸

k

),

∫
[0,1]2k+1

dx1dx2 . . .dx2k+1

1−x1 +·· ·+ (−1)i x1 . . . xi +·· ·−x1 . . . x2k+1
= ζ⋆(1,2, . . . ,2︸ ︷︷ ︸

k

).

Here ζ⋆(k1,k2, . . . ,kr ) denotes the multiple zeta-star values

ζ⋆(k1,k2, . . . ,kr ) = ∑
0<n1≤n2≤·≤nr

1

nk1
1 nk2

2 . . .nkr
r

.

One can compare the above formulas with Proposition 12(iii).

3.3. Sum formulas for continuous multiple zeta values

Continuous multiple zeta values also satisfy some kinds of sum formulas. The essential reason is
due to the following lemma.

Lemma 16. For K ≥ 2, one has∑
n1+n2=K
n1,n2≥1

1

xn1 (x + c)n2
= 1

c

[
1

xK−1
− 1

(x + c)K−1

]
.

Proof. We have∑
n1+n2=K
n1,n2≥1

1

xn1 (x + c)n2

= ∑
n1+n2=K
n1,n2≥1

1

c

(x + c)−x

xn1 (x + c)n2

= 1

c

∑
n1+n2=K
n1,n2≥1

(
1

xn1 (x + c)n2−1 − 1

xn1−1(x + c)n2

)

= 1

c

 1

xK−1
+ ∑

n1+n2=K−1
n1,n2≥1

1

xn1 (x + c)n2

− 1

c

 ∑
n1+n2=K−1

n1,n2≥1

1

xn1 (x + c)n2
+ 1

(x + c)K−1


= 1

c

[
1

xK−1
− 1

(x + c)K−1

]
. □



708 Jiangtao Li

Now we are ready to prove Theorem 4. We have∑
k1+···+kr =k

k1,...,kr ≥1

fr (k1, . . . ,kr−1,kr )ζC (k1, . . . ,kr−1,1+kr )

= [k −2(r −1)] · ∑
k1+···+kr =k

k1,...,kr ≥1

kr (kr−1 +kr −2) . . . [k2 +·· ·+kr −2(r −2)]ζC (k1, . . . ,kr−1,1+kr )

= [k −2(r −1)]
∑

k1+···+kr =k
k1,...,kr ≥1

(kr−1 +kr −2) . . . [k2 +·· ·+kr −2(r −2)]

·
∫
· · ·

∫
[1,+∞)r−1

dx1 . . .dxr−1

xk1
1 . . . (x1 +·· ·+xr−1)kr−1 (x1 +·· ·+xr−1 +1)kr

.

By Lemma 16, for k −2(r −1) > 0, one has

∑
k1+···+kr =k

k1,...,kr ≥1

f (k1, . . . ,kr−1,kr )ζC (k1, . . . ,kr−1,1+kr )

= [k −2(r −1)]
∑

k1+···+kr−2+lr−1=k
k1,...,kr−2≥1,lr−1≥2

(lr−1 −2) . . . (k2 +·· ·+kr−2 + lr−1 −2(r −2))

·
∫
· · ·

∫
[1,+∞)r−1

1

xk1
1 . . . (x1 +·· ·+xr−2)kr−2

(
dx1 . . .dxr−2dxr−1

(x1 +·· ·+xr−1)lr−1−1
− dx1 . . .dxr−2dxr−1

(x1 +·· ·+xr−1 +1)lr−1−1

)
= [k −2(r −1)]

∑
k1+···+kr−2+lr−1=k
k1,...,kr−2≥1,lr−1>2

(lr−1 −2) . . . (k2 +·· ·+kr−2 + lr−1 −2(r −2))

·
∫
· · ·

∫
[1,+∞)r−1

1

xk1
1 . . . (x1 +·· ·+xr−2)kr−2

(
η

(
1

x lr−1−1

)∣∣∣∣
x=x1+···+xr−1

)
dx1 . . .dxr−2dxr−1.

By repeating the above procedure, for k −2(r −1) > 0, it follows that∑
k1+···+kr =k

k1,...,kr ≥1

fr (k1, . . . ,kr−1,kr )ζC (k1, . . . ,kr−1,1+kr )

= [k −2(r −1)]
∑

k1+···+kr−3+lr−2=k
k1,...,kr−3≥1,lr−2>4

(lr−2 −4) . . . (k2 +·· ·+kr−3 + lr−2 −2(r −2))

·
∫
· · ·

∫
[1,+∞)r−2

1

xk1
1 . . . (x1 +·· ·+xr−3)kr−3

(
η◦η

(
1

x lr−2−3

)∣∣∣∣
x=x1+···+xr−2

)
dx1 . . .dxr−3dxr−2

...
...

...

= [k −2(r −1)]
∫ +∞

1

η◦ · · · ◦η︸ ︷︷ ︸
r−1

(
1

xk−2r+1

)∣∣∣∣
x=x1

dx1

= η◦ · · · ◦η︸ ︷︷ ︸
r−1

(
1

xk−2(r−1)

)∣∣∣∣
x=1

.

Here the last identity essentially follows from that η is aQ-linear transformation on V. As a result,
Theorem 4 is proved.

Now we give some examples of Theorem 4.
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Example 17.

(i) For r = 2,k > 2,

(k −2)
∑

k1+k2=k
k1,k2≥1

k2ζ
C (k1,1+k2) = 1− 1

2k−2
;

(ii) For r = 3,k > 4,

(k −4)
∑

k1+k2+k3=k
k1,k2,k3≥1

k3(k2 +k3 −2)ζC (k1,k2,1+k3) = 1

2
− 1

2k−4
+ 1

2

1

3k−4
;

(iii) For r = 4,k > 6,

(k −6)
∑

k1+k2+k3+k4=k
k1,k2,k3,k4≥1

k4(k3 +k4 −2)(k2 +k3 +k4 −4)ζC (k1,k2,k3,1+k4)

= 1

6
− 1

2
· 1

2k−6
+ 1

2
· 1

3k−6
− 1

6
· 1

4k−6
.

4. Continuous multiple zeta values and multiple polylogarithms

The multiple polylogarithms are defined by

Lik1,...,kr (z1, . . . , zr ) = ∑
0<n1<···<nr

zn1
1 . . . znr

r

nk1
1 . . .nkr

r

, k1, . . . ,kr ≥ 1.

For kr = 1, Lik1,...,kr (z1, . . . , zr ) is convergent for |z1|, . . . , |zr | < 1. For kr ≥ 2, Lik1,...,kr (z1, . . . , zr ) is
convergent for |z1|, . . . , |zr | ≤ 1. The theory of multiple polylogarithms is related to the K -theory
of number fields. For r = 1, they are called polylogarithms.

For a number field F , Zagier [11] conjectured that Dedekind zeta values ζF (n) can be expressed
in terms of polylogarithms at some special algebraic points. For n = 2, it was proved in [10]. For
n = 3,4, it was proved in [4], [6].

In this section we will show that a statement which is similar to Zagier’s conjecture holds, for
some special continuous multiple zeta values.

Lemma 18. For k ≥ 1, one has

1

x
− ck

x(x + c)k
= ∑

0≤l≤k−1

c l

(x + c)l+1
.

Proof. We have
1

cx
− 1

x(x + c)
= 1

c(x + c)
.

Thus for 0 ≤ l ≤ k −1, one has

c l

x(x + c)l
− c l+1

x(x + c)l+1
= c l

(x + c)l+1
.

It follows that
1

x
− ck

x(x + c)k
= ∑

0≤l≤k−1

c l

(x + c)l+1
.

The lemma is proved. □

Theorem 19. Denote by LQ the Q-algebra generated by the special values of multiple polyloga-
rithms at rational points. Then for r ≥ 1, ζC (1, . . . ,1︸ ︷︷ ︸

r

,2) ∈LQ.
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Proof. For r = 1, the statement is obvious. For r ≥ 2, by Proposition 12, one has

ζC (1, . . . ,1︸ ︷︷ ︸
r

,2) =
∫
· · ·

∫
[0,1]r

dy1dy2 . . .dyr

1+ y1 + y1 y2 +·· ·+ y1 . . . yr

=
∫
· · ·

∫
[0,1]r−1

(
log

(
1+ y1(1+ y2 +·· ·+ y2 . . . yr )

) ∣∣∣y1=1

y1=0

)
dy2 . . .dyr

1+ y2 +·· ·+ y2 . . . yr

=
∫
· · ·

∫
[0,1]r−1

log(2+ y2 +·· ·+ y2 . . . yr )

1+ y2 +·· ·+ y2 . . . yr
dy2 . . .dyr .

Since

log(2+ y2 +·· ·+ y2 . . . yr )

1+ y2 +·· ·+ y2 . . . yr
= log(1+ y2 +·· ·+ y2 . . . yr )

1+ y2 +·· ·+ y2 . . . yr
+

log(1+ 1
1+y2+···+y2...yr

)

1+ y2 +·· ·+ y2 . . . yr

= log(1+ y2 +·· ·+ y2 . . . yr )

1+ y2 +·· ·+ y2 . . . yr
+ ∑

n≥1

(−1)n−1

n

1

(1+ y2 +·· ·+ y2 . . . yr )n+1 ,

we have

ζC (1, . . . ,1︸ ︷︷ ︸
r

,2) =
∫
· · ·

∫
[0,1]r−2

(
1

2
log2(1+ y2(1+ y3 +·· ·+ y3 . . . yr ))

∣∣∣y2=1

y2=0

)
dy3 . . .dyr

1+ y3 +·· ·+ y3 . . . yr

+ ∑
n≥1

(−1)n−1

n

∫
· · ·

∫
[0,1]r−2

(
− 1

n(1+ y2 +·· ·+ y2 . . . yr )n

∣∣∣y2=1

y2=0

)
dy3 . . .dyr

1+ y3 +·· ·+ y3 . . . yr

= 1

2

∫
· · ·

∫
[0,1]r−2

log2(2+ y3 +·· ·+ y3 . . . yr )

1+ y3 +·· ·+ y3 . . . yr
dy3 . . .dyr

+ ∑
n≥1

(−1)n−1

n2

∫
· · ·

∫
[0,1]r−2

(
1− 1

(2+ y3 +·· ·+ y3 . . . yr )n

)
dy3 . . .dyr

1+ y3 +·· ·+ y3 . . . yr

By Lemma 18, we have

ζC (1, . . . ,1︸ ︷︷ ︸
r

,2) = 1

2

∫
· · ·

∫
[0,1]r−2

log2(2+ y3 +·· ·+ y3 . . . yr )

1+ y3 +·· ·+ y3 . . . yr
dy3 . . .dyr

+ ∑
1≤n1≤n

(−1)n−1

n2

∫
· · ·

∫
[0,1]r−2

dy3 . . .dyr

(2+ y3 +·· ·+ y3 . . . yr )n1

= 1

2

∫
· · ·

∫
[0,1]r−2

log2(2+ y3 +·· ·+ y3 . . . yr )

1+ y3 +·· ·+ y3 . . . yr
dy3 . . .dyr

+ ∑
n≥1

(−1)n−1

n2

∫
· · ·

∫
[0,1]r−2

dy3 . . .dyr

2+ y3 +·· ·+ y3 . . . yr

+ ∑
1≤n1<n

(−1)n−1

n2

∫
· · ·

∫
[0,1]r−2

dy3 . . .dyr

(2+ y3 +·· ·+ y3 . . . yr )n1+1 . (1)

From the above analysis, we have

ζ(1,1,2) = log2 2

2
+ ∑

n≥1

(−1)n−1

n2 (1− 1

2n ) = (Li1(−1))2

2
−Li2(−1)+Li2

(
−1

2

)
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and

ζ(1,1,1,2)

= 1

2

∫ 1

0

log2(2+ y)

1+ y
d y + ∑

n≥1

(−1)n−1

n2

(∫ 1

0

dy

2+ y
+

∫ 1

0

dy

(2+ y)n+1

)
= 1

2

∫ 1

0

log2(2+ y)

1+ y
dy + ∑

n≥1

(−1)n−1

n2

[
log

3

2
+ 1

n

(
1

2n − 1

3n

)]
= 1

2

∫ 1

0

1

1+ y

[
log2(1+ y)+2log(1+ y)

∑
n≥1

(−1)n−1

n

1

(1+ y)n + ∑
n1,n2≥1

(−1)n1+n2

n1n2

1

(1+ y)n1+n2

]
dy

−Li2(−1)Li1

(
1

3

)
−Li3

(
−1

2

)
+Li3

(
−1

3

)
= 1

6
log3 2+ ∑

n≥1

(−1)n−1

n

∫ 1

0

log(1+ y)

(1+ y)n+1 dy + 1

2

∑
n1,n2≥1

(−1)n1+n2

n1n2(n1 +n2)

(
1− 1

2n1+n2

)
−Li2(−1)Li1

(
1

3

)
−Li3

(
−1

2

)
+Li3

(
−1

3

)
.

By integration by parts, one can check that∫ 1

0

log(1+ y)

(1+ y)n+1 dy =− 1

n

log2

2n + 1

n2

(
1− 1

2n

)
.

Thus we have

ζ(1,1,1,2) = 1

6
log3 2+ ∑

n≥1

(−1)n−1

n

[
− 1

n

log2

2n + 1

n2

(
1− 1

2n

)]
+ 1

2

∑
n1,n2≥1

(−1)n1+n2

n1n2(n1 +n2)

(
1− 1

2n1+n2

)
−Li2(−1)Li1

(
1

3

)
−Li3

(
−1

2

)
+Li3

(
−1

3

)
= 1

6
log3 2+Li2

(
−1

2

)
log2−Li3(−1)+Li3

(
−1

2

)
+ ∑

n1,n2≥1

(−1)n1+n2

n1(n1 +n2)2

(
1− 1

2n1+n2

)
−Li2(−1)Li1

(
1

3

)
−Li3

(
−1

2

)
+Li3

(
−1

3

)
=− (Li1(−1))3

6
−Li2

(
−1

2

)
Li1(−1)−Li3(−1)+Li3

(
−1

2

)
+Li1,2(−1)−Li1,2

(
−1

2

)
−Li2(−1)Li1

(
1

3

)
−Li3

(
−1

2

)
+Li3

(
−1

3

)
.

For r > 3, one can use the formula (1), Lemma 18 and the trick

log(k +1+ t1 +·· ·+ t1 . . . tr ) = log(k + t1 +·· ·+ t1 . . . tr )+ log

(
1+ 1

k + t1 +·· ·+ t1 . . . tr

)
= log(k + t1 +·· ·+ t1 . . . tr )+ ∑

n≥1

(−1)n−1

n

1

(k + t1 +·· ·+ t1 . . . tr )n .

repeatedly to deduce that

ζC (1, . . . ,1︸ ︷︷ ︸
r

,2) ∈LQ.

In a word, from the above analysis, we give an explicit procedure to calculate

ζC (1, . . . ,1︸ ︷︷ ︸
r

,2)

in terms of elements in LQ. □
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Remark 20. In general cases, by changing of variables

ti = 1

xi
, i = 1, . . . , xr ,

one has

ζC (k1,k2, . . . ,kr ) =
∫
· · ·

∫
[1,+∞)r

dx1dx2 . . .dxr

xk1
1 (x1 +x2)k2 . . . (x1 +·· ·+xr )kr

=
∫

[0,1]r

1

( 1
t1

)k1 ( 1
t1
+ 1

t2
)k2 . . . ( 1

t1
+·· ·+ 1

tr
)kr

dt1dt2 . . .dtr

t 2
1 t 2

2 . . . t 2
r

.

Thus all the continuous multiple zeta values are periods in the sense of Kontsevich–Zagier [8]. For
now, we only know that log2 and log3(which are elements in the algebra of continuous multiple
zeta values) are transcendental. Theorem 19 shows that the algebra of continuous multiple zeta
values is closely related to the special values of multiple polylogarithms.

5. Further remarks

In this section we discuss some related topics which are still unclear for now.

5.1. Depth defect phenomena for continuous multiple zeta values

From Section 3.2 we have that

dimQDr Z C = 2r−1, r = 1,2,

dimQD3Z
C ≤ 4, dimQDr Z C < 2r−1, r ≥ 4.

Thus there are depth defect phenomena for continuous multiple zeta values of depth ≥ 4. Can we
give a sharper bound for dimQDr Z C in case r ≥ 4?

5.2. Continuous multiple zeta values and cyclotomic multiple zeta values

For N ≥ 1, cyclotomic multiple zeta values of level N are defined by

ζ

(
k1, . . . ,kr

ϵ1, . . . ,ϵr

)
= ∑

0<n1<···<nr

ϵ
n1
1 . . .ϵnr

r

nk1
1 . . .nkr

r

,

where k1, . . . ,kr ≥ 1,(kr ,ϵr ) ̸= (1,1),ϵN
1 = ·· · = ϵN

r = 1. The set of Q-linear combinations of
cyclotomic multiple zeta values of level N is also aQ-algebra.

It is clear that log 2 is a cyclotomic multiple zeta value of level 2. More generally, by the
decomposition

xn −1 = ∏
ϵ∈µN

(x −ϵ), µN = {ϵ |ϵN = 1},

one can check that log N is a cyclotomic multiple zeta value of level N for N ≥ 2.
Since log 2, log 3 are both continuous multiple zeta values, the algebra of continuous multiple

zeta values and the algebra of cyclotomic multiple zeta values of level N have some common
elements for some N . It is very interesting to give a detailed analysis about the intersection of the
above two sets.
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