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Abstract. The aim of this work is to understand some of the asymptotic properties of sequences of lattices
in a fixed locally compact group. In particular we will study the asymptotic growth of the Betti numbers of
the lattices renormalized by the covolume and the rank gradient, the minimal number of generators also
renormalized by the covolume. For doing so we will consider the ultraproduct of the sequence of actions of
the locally compact group on the coset spaces and we will show how the properties of one of its cross sections
are related to the asymptotic properties of the lattices.
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Introduction

Let us consider a real-valued invariantP of countable groups, that isP assigns to every countable
group Γ a (possibly infinite) real number P(Γ). The main examples for us will be when P = d is
the rank, that is the minimal number of generators, and when P = bi is the i th Betti number, that
is the dimension of the i th homology group with rational coefficients. However the questions that
we address are still interesting and often open for many other invariants such as the rank of the
abelianization or the dimension of the homology with coefficients in a finite field. We want to
understand the following problem, see [32].

Approximation problem for P . For a countable, residually finite group Γ and a sequence of
finite index subgroups {Γn}n of Γ such that the index [Γ : Γn] tends to infinity does the sequence
P(Γn)/[Γ : Γn] converge? If so does the limit depend on the sequence {Γn}n? Can we compute this
limit?
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A first striking result in this direction is the Lück’s approximation theorem [30] which states
that whenever Γ is the fundamental group of a compact manifold and {Γn}n is a (nested) chain
of normal subgroups of Γ satisfying ∩nΓn = {1Γ}, then the sequence bi (Γn)/[Γ : Γn] converges
to the i th `2-Betti number of the group Γ, which will be denoted by βi (Γ). Therefore, under
some assumptions on the group and on the chain, the approximation problem is completely
understood and the limit does not depend on the chain. The needed assumptions on the
sequence of finite index subgroups were later weakened by Farber.

Definition. A sequence of finite index subgroups {Γn}n is called Farber if for every γ ∈ Γ \ {1Γ} we
have

lim
n

∣∣{gΓn ∈ Γ/Γn : γ ∈ gΓn g−1
}∣∣

[Γ : Γn]
= 0.

Farber proved in [17] that the sequence bi (Γn)/[Γ : Γn] also converges to βi (Γ) whenever {Γn}n

is a Farber and nested chain of finite index subgroups of Γ. The approximation problem for bi was
later studied in several different occasion, for example in the case of non Farber chains in [10],
for sofic approximations in [16] and in a more general setting in [13].

Another invariant for which the approximation problem has been widely studied is the rank.
Abért and Nikolov proved in [7] that whenever Γ is a finitely generated group and {Γn}n is a Farber
chain of finite index subgroups, then the sequence d(Γn)/[Γ : Γn] converges towards the cost of
the associated profinite action (minus 1). In this case however it is still unknown whether the limit
depends on the chosen Farber sequence, indeed it is unknown whether all free p.m.p. actions of a
fixed countable group have the same cost, [20]. Abért and Nikolov’s theorem was later generalized
to non-nested sequences in [8] and [13], where in general only one inequality is proved.

In our work we are interested in a variant of the approximation problem for lattices in locally
compact groups.

Lattice approximation problem for P . For a locally compact, second countable group G and a
sequence of lattices {Γn}n of G such that the covolume covol(Γn) tends to infinity does the sequence
P(Γn)/covol(Γn) converge? If so does the limit depend on the sequence {Γn}n? Can we compute this
limit?

The lattice approximation problem was first studied for Betti numbers in [5] where, among
many other things, it is proven that if G is a connected center-free semi-simple Lie group and
{Γn}n is a sequence of lattices which is nowhere thin and almost everywhere thick, then the
sequence bi (Γn)/covol(Γn) converges to the i th `2-Betti number of the associated homogeneous
space.

Definition. A sequence of lattices {Γn}n is

• nowhere thin (or uniformly discrete) if there exists a neighborhood of the identity U ⊆ G
such that for every g ∈G and n ∈Nwe have that gΓn g−1 ∩U = {1G };

• almost everywhere thick (or Farber) if for every neighborhood of the identity U ⊆ G we
have

lim
n

vol
({

gΓn ∈G/Γn : gΓn g−1 ∩U = {1G }
})

covol(Γn)
= 1.

A similar result was obtain in [36] for totally disconnected groups acting cocompactly on
simplicial complexes. In this context they were also able to get an inequality for the limit without
the “nowhere thinness” assumption. One of the purposes of this work is to give a unified proof of
these two results and to generalize them in the context of a general locally compact group.

Theorem (Corollary 47). Let G be a unimodular l.c.s.c. compactly generated group and let us fix a
Haar measureλ on G. Let {Γn}n be a Farber sequence of cocompact torsion free lattices of G. Assume
that one of the following conditions holds.
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• The group G is almost connected.
• The group G is totally disconnected and it acts cocompactly and properly on a contractible

simplicial complex.
• The quotient G/G0 satisfies the previous condition, where G0 < G denotes the connected

component of the identity

Then

βi (G) ≤ liminf
n

bi (Γn)

covol(Γn)
and if the sequence {Γn}n is nowhere thin, then

βi (G) = lim
n

bi (Γn)

covol(Γn)
.

Here by βi (G) we mean the i th `2-Betti number of the locally compact group G as defined
in [35] and [27]. In particular we derive as a corollary the above stated theorem in [5] and in [36]
for torsion free lattices1. But our result can be also applied to a large new class of locally compact
groups with interesting lattices, the S-adic groups, the groups which appear as (local) product of
real and p-adic Lie groups.

We will prove the above theorem in a much more general context, see Theorem 46, of actions
on what we call well-covered G-spaces, see Definition 45. In particular a similar convergence
will be derived for every cocompact, proper and isometric action on a contractible Riemannian
manifold or for every cocompact, proper and simplicial action on a contractible simplicial space.
The theorem above will be then a corollary of Theorem 46 by considering the action of G on a
contractible well-covered G-space.

Let us observe that for some groups G which either have property (T ) or (τ) and which satisfy
the conclusion of the Stuck–Zimmer theorem, any sequence of lattices whose covolume tends to
infinity is automatically almost everywhere thick, or Farber see [5, 24] and [28]. We will dedicate
a small note about this phenomenon in a further work [12].

Using similar techniques we are also able to obtain an analogous theorem for the the lattice
approximation problem for the rank. For this we need the notion of cost for a p.m.p. action of a
locally compact group. Such a cost can be defined, see Definition 34, to be the cost of one its cross
sections renormalized by the covolume, that is if G acts on (X ,µ) and Y ⊆ X is a cross section, then

Cost(G y X ) := 1+ Cost(RY )−1

covol(Y )
.

Theorem (Theorem 40). Let G be a compactly generated unimodular l.c.s.c. group and fix a Haar
measure λ. Let {Γn}n be a nowhere thin and almost everywhere thick sequence of lattices of G. Then

Cost
(
G y [G/Γn]R

u

)≥ 1+ lim
u

d(Γn)−1

covol(Γn)
≥ Cost(G).

The probability space [G/Γn]R
u is a measure-theoretic ultraproduct of the measure spaces

{G/Γn}n and will be the main object of study in this work. The cost of this action is in most of
the cases unknown, it seems very hard to compute and we will not give concrete bounds of it.

The case of Lie groups

Loosely speaking the assumption of nowhere thinness is needed because the homology/cost of
the limit will only depend on the thick part of the quotients by the lattices Γn . For Lie groups we
can make this observation a little bit more precise.

1The general form of Theorem 1.3 of [36] can also be derived from our techniques but in this text we will only work
with torsion free lattices.
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Let G be a connected Lie group, let K0 <G be a maximal compact subgroup and consider the
homogeneous space M := K0\G . Let us fix a Riemannian metric on M for which the action of G is
isometric and we denote by dM the associated (geodesic) distance. For a positive real number ε
we consider the ε-thick part

(M/Γ)ε := {
p ∈ M : dM (p, pγ) ≥ ε ∀ γ ∈ Γ\ {1}

}
/Γ.

Finally if P ⊆Q is an inclusion of topological spaces we will denote by ∇i (P,Q) the dimension
of the image of the i th homology group of P inside the homology of Q. The following theorem
follows from Theorem 48 and Lemma 63.

Theorem. Let G be a unimodular l.c.s.c. compactly generated group and let us fix a Haar measure
λ on G. Let M be a contractible Riemannian manifold equipped with the Riemannian metric dM

and on which G acts by isometries. Let {Γn}n be a Farber sequence of torsion free lattices of Γ. Then
for every ε> 0 we have that

βi (G) = lim
n

∇i ((M/Γn)ε, M/Γn)

covol(Γn)
.

The theorem becomes easier to understand whenever we have that (M/Γn)ε already contains
all the homological information of the space, that is when ∇i ((M/Γn)ε, M/Γn) = bi (M/Γn). In
this work we will not study this phenomenon. We will just observe in Corollary 49 that an easy
consequence of the thin-thick decomposition, [37, Theorem 4.5.6], the work of Gromov, [9] and
the more recent work of Gelander, [23], imply that it is the case for i = 1, for higher rank non
cocompact lattices and in rank 1. In this way we are able to get a result similar to [5, Theorem 1.8]
and to a recent work by Abért, Bergeron, Biringer and Gelander [4].

Similarly, for the rank-cost approximation problem we obtain the following.

Theorem (Theorem 44). Let G be a semisimple Lie group without compact factors and fix a Haar
measure on G. Let {Γn}n be a Farber sequence of torsion free lattices. Then

Cost
(
G y [G/Γn]R

u

)≥ 1+ lim
u

d(Γn)−1

covol(Γn)
≥ Cost(G).

Ultraproducts of actions

All the above stated theorems will be derived using the notion of ultraproducts of p.m.p. actions
of locally compact groups along some fixed ultrafilter u. Note that if a locally compact group
G acts measurably on a sequence of probability spaces, then it will not act measurably on the
associated ultraproduct. But it will however act measurably on a factor of it, which in the context
of von Neumann algebras is sometime called the equicontinuous part, [38]. We will use a similar
ultraproduct which we will call the regular ultraproduct.

Definition (Definition 7 and 8). Assume that the l.c.s.c. group G acts measurably on the sequence
of probability spaces {(Xn ,µn)}n . We define [Xn]R

u := ∏
n∈N Xn/ ∼R

u for the equivalence relation
defined by (xn)n ∼R

u (yn)n if there is a sequence gn ∈ G such that limu gn = 1G and gn xn = yn for
u-almost every n.

We say that a sequence of subsets {An ⊆ Xn}n is (u-)regular if for every ε > 0 there exists a
neighborhood of the identity U ⊆G such that U An is measurable and such that µn(U An \ An) ≤ ε

for u-almost every n.

The regular ultraproduct is the probability space whose underlying set is [Xn]R
u , the σ-algebra

of measurable subsets is generated by the class of regular sequences [An]R
u and for such a

sequence the measure is defined to be µR
u([An]R

u) := limuµn(An).
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Theorem (Theorem 16). Let G be a l.c.s.c. group. Suppose that G acts in a Borel manner on the
sequence of standard probability spaces (Xn ,µn) preserving the measure. Then G acts continuously
and measurably on the regular ultraproduct ([Xn]R

u ,BR
u ,µR

u).

One of the main tools for understanding p.m.p. actions of locally compact groups is the notion
of cross section. For the regular ultraproduct we have an explicit one: the cross section of the
regular ultraproduct is the ultraproduct of the cross sections.

Theorem (Theorem 30). Let G be a l.c.s.c. unimodular group, fix an open neighborhood of
the identity U ′ ⊆ G and a Haar measure λ. Suppose that G acts on the sequence of standard
probability spaces (Xn ,µn). Assume that for every n there exists a U ′-cross section Yn ⊆ Xn such
that {covol(Yn)−1}n is bounded and denote by νn the induced measure on Yn . Take a compact
neighborhood of the identity U ⊆U ′. Let Yu be the ultraproduct of {(Yn ,νn)}n . Consider the function

Ψ : G ×Yu → X R
u Ψ

(
g , [yn]u

)
:= [

Φn(g , yn)
]R
u .

Then (Yu,Ψ) is an external U -cross section of the action of G on the G-invariant measurable subset
G[Φn(U ×Yn)]R

u ⊆ X R
u with covolume covol(Yu) = limu covol(Yn).

Moreover we will show that this property extends also naturally to the associated cross equiv-
alence relations, see Theorem 32.

Sketch of the proof(s)

Our understanding of the lattice approximation problem will be derived from the study of the
regular ultraproduct and its cross section. Indeed using that the cross section of the regular
ultraproduct is the ultraproduct of the cross sections we will reduce the problem to the case of
ultraproducts of finite graphed equivalence relations studied in [13]. The idea behind the proof is
not hard but since we will have to work with non standard probability spaces we have to be very
careful about the measurability problems. We will now sketch the proof of one of these theorems,
say Theorem 48, assuming that everything is measurable.

Let us fix a connected Lie group G , denote by K0 a maximal compact subgroup. Put M := K0\G
and let dM be a geodesic G-invariant metric on M . Consider an almost everywhere thick sequence
of lattices {Γn}n and a positive real number ε. Take a sufficiently small η and for every n consider
a subset Dn ⊆ (M/Γn)ε which is maximal η-discrete so that the cover by the ball or radius 2η and
center in Dn covers (M/Γn)ε. We will now assume that the union of these balls is (M/Γn)ε, which
is obviously not true in general but (M/Γn)ε can be easily sandwiched between two such covers.

Let D̃n be the associated η-discrete Γn-invariant subset of M . For every g ∈ G we consider
Dn g to be the translate of Dn inside M/(g−1Γn g ) and observe that Dn g is the quotient of D̃n g
by g−1Γn g . In this way we get a random pointed η-discrete subset of M indexed by G/Γn (up to
an inversion) which can also be thought as a random pointed η-discrete subset of the “random
space” M/(g−1Γn g ). Let us denote by En a random element according to this measure, that is a
random translate of D̃n .

Let us fix an ultrafilter u. For every sequence of pointed η-discrete subsets {En}n we can
form the pointed (at the identity) Hausdorff limit to obtain a η-discrete subset Eu of M . The
assumption that {Γn}n is almost everywhere thick now translate to the fact that Eu is 2η-dense.
Therefore if we consider the space of sequences of elements in G/Γn modulo the fact the
Hausdorff limit are the same, that is the regular ultraproduct, we obtain a random G-invariant
η-discrete, 2η-dense subset of M . By considering the balls of radius 2η around the points of Eu,
we obtain a random cover of M . Let us discretize the problem.

For every n by construction the set Dn is finite. We consider now the finite set of translates of
Dn which are pointed at an element of the original Dn . When we take the nerve of the associated
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covering by balls of radius 2η we are just considering a finite simplicial complex and we are
choosing its root at random.

Now as above we let n go to infinity and we take the ultraproduct of the sequence of pointed
finite simplicial complexes as in [13] (which is closely related to the Benjamini–Schramm conver-
gence of finite simplicial complexes). This will give us a random (not anymore finite) simplicial
complex. Again, the hypothesis that the sequence is Farber, will tell us that this random simplicial
complex is contractible. Now the fact that the ultraproduct of the cross sections is the cross sec-
tion of the regular ultraproduct will tell us that the random simplicial complex obtained in this
way is a field of simplicial complexes of the cross equivalence relation of an action of G .

We now have to observe two facts. The first is that [27] implies that the `2-Betti numbers of the
discretization and the process itself are the same (modulo a covolume factor). The second is that
it follows from [13] that the `2-Betti numbers of the finite random simplicial complexes converge
as in Lück approximation theorem to the `2-Betti numbers of the ultraproduct of the sequence.
Finally a little bit of checking on covolumes and constants will give the desired result.
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1. Ultraproducts of actions of locally compact groups

One of the main concept in this work will be the notion of ultraproduct. Hence we fix now and
for the entire work a non-principal ultrafilter u over the natural numbers N. We will say that a
property of a sequence {an}n holds for u-almost every n if the set of n ∈N for which an satisfy the
property is in the ultrafilter u.

In this text measure spaces will always be complete and σ-finite, in most of the cases proba-
bility spaces. We will denote by (X ,B,µ) a measure space, or briefly (X ,µ) when we do not need
to specify the σ-algebra B. We say that the σ-finite measure space (X ,B,µ) is separable if the
the σ-algebra B is generated up to null-sets by a countable subset. A measurable map between
measure spaces is a map T : (X ,µ) → (Z ,ν) such that for every measurable subset A ⊆ Z we have
that T −1(A) is measurable. We will say that T is (inverse) measure preserving if µ(T −1(A)) = ν(A)
for every measurable subset A ⊆ Z .

We will work with locally compact second countable (l.c.s.c.) groups, often denoted by G and
almost always unimodular and compactly generated. We will denote their left Haar measure by
λ. By a neighborhood of the identity we mean a precompact Borel subset of G which contains
an open subset containing the identity, which is usually denoted by 1G . In particular for us
neighborhoods of the identity have finite Haar measure. A measure preserving action of G on a
measure space (X ,µ) is an action of G on the set X such that for every g ∈ G the map x 7→ g x is
a measure preserving trasformation of the space. Note that g x is defined for every x ∈ X . For an
action of G on the probability space (X ,µ) we will denote byΦ : G ×X → X the action map, that is
Φ(g , x) := g x.

Definition 1. We say that an action is measurable if the action map Φ : G ×X → X is measurable.

As an example any Borel action of a l.c.s.c. group on a standard Borel space is measurable.
Indeed if A ⊆ X is measurable, then there are Borel subsets A1 and A2 such that A1 ⊆ A ⊆ A2
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and µ(A1) = µ(A2). Clearly Φ−1(A1) ⊆ Φ−1(A) ⊆ Φ−1(A2) and by assumption Φ−1(Ai ) is Borel.
Therefore Fubini2 implies that λ×µ(Φ−1(A2 \ A1)) = 0 and hence that Φ−1(A) is measurable.

We will say that a measurable action of G on the measure space (X ,µ) is probability measure
preserving (p.m.p.) if µ is a probability measure and the action preserves it.

1.1. Continuity of actions

Denote by Aut(X ,µ) the group of all measure preserving automorphism of the probability space
(X ,µ). This group is equipped with a topology, called the weak topology, which is induced by the
functions T 7→µ(A∆T A) for all measurable subsets A ⊆ X . This topology is Polish whenever (X ,µ)
is a standard probability space.

An action of a l.c.s.c. group G on a probability space (X ,µ) is continuous if the induced map
ρ : G → Aut(X ,µ) is continuous.

Since we will encounter non-continuous actions of locally compact groups, it is convenient
to introduce some more terminology. Assume that the l.c.s.c. group G acts on the probability
measure space (X ,µ) preserving the measure. Let U ⊆ G be a neighborhood of the identity and
take ε> 0. A measurable subset A ⊆ X is (U ,ε)- invariant if supg ∈U µ(A∆g A) ≤ ε.

Observe that since the action is measure preserving, A is (U ,ε)-invariant if and only if it is
(U ∪U−1,ε)-invariant. We say that a measure preserving action of G on the probability space
(X ,µ) is continuous at the measurable subset A ⊆ X if for every ε> 0 there exists U such that A is
(U ,ε)-invariant. Clearly by definition of the weak topology on Aut(X ,µ), an action is continuous
if and only if it is continuous at every element of finite measure. The following lemma is a
straightforward computation.

Lemma 2. Assume that the l.c.s.c. group G acts on the probability space (X ,µ) and consider
measurable subsets A,B ⊆ X which are (U ,ε)-invariant. Then g A is (gUg−1,ε)-invariant, X \ A
is (U ,ε)-invariant and A∩B and A∪B are (U ,2ε)-invariant. In particular if G is continuous at A
and B, then it is continuous at g A, A∩B and X \ A.

If a l.c.s.c. group G acts in a Borel manner on the standard probability space (X ,µ), then
the induced map from G to Aut(X ,µ) is Borel and hence is automatically continuous, see [22,
Theorem 2.3.3]. Therefore any Borel action is automatically continuous. Let us sketch the proof
of the analogous statement for general measure spaces.

Proposition 3. Assume that the l.c.s.c. group G acts measurably on the probability space (X ,µ).
Then the action is continuous.

Proof. Take a measurable subset A ⊆ X , let U ⊆ G be a symmetric neighborhood of the identity
and denote by λ a Haar measure on G . Take ε ∈ (0,λ(U )). Since Φ−1(A) ⊆ G × X is measurable
there exists a measurable finite partition {Wi }i of U and measurable subsets Bi ⊆ X such that if
we set T :=∪i Wi ×Bi , then λ×µ(T∆(U ×X ∩Φ−1(A))) < ε2. For g ∈G , set Tg := {x ∈ X : (g , x) ∈ T }
and observe that if g ,h ∈ Wi , then Tg = Th = Bi . Put V := {g ∈ U : µ(g A∆Tg ) ≤ ε}. Observe that
λ×µ(U \V ) ≤ ε.

Fix i such that Z :=Wi ∩V has positive Haar measure. By [19, Proposition 443D(c)] whenever
E ⊆ G has positive Haar measure, the set E−1E is a neighborhood of the identity. In particular,
Z−1Z contains an open neighborhood of the identity U ′ ⊆U . For every u ∈U ′ there are g ,h ∈ Z
such that u = g−1h. Therefore

µ(u A∆A) =µ(
g A∆h A

)≤µ(
g A∆Tg

)+µ (h A∆Th) ≤ 2ε. �

2which holds for every probability space, see [19, Theorem 252B]
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Since the groups we consider are separable every continuous action is locally described by a
separable σ-algebra.

Lemma 4. Assume that G acts on the probability space (X ,B,µ) preserving the measure. Suppose
that P is a subset of B such that G is continuous at every element of P. Then G acts continuously
on the G-invariant σ-subalgebra BP generated by P.

If P can be generated by a countable subset, then BP is separable.

Proof. Let H ≤G be a dense countable subgroup and let us denote by AH the algebra of subsets
generated by {hP }h∈H . By Lemma 2, the group G is continuous at every element of AH . Observe
that if P is generated by a countable subset, then AH is. Since H ≤ G is dense and the action
is continuous, we have that AH is dense in the algebra AG generated by the G-translates of P .
Remark that AH ⊆ BP is dense, that is for every element B ∈ BP and ε > 0 there exists Aε ∈AH

such thatµ(B∆Aε) < ε, see for example [19, Proposition 136H]. Finally, let us check that the action
of G is continous at every element of BP . Given B ∈ BP and ε > 0, there is an element Aε ∈AH

and a neighborhood of the identity U ⊆G such that Aε is (U ,ε)-invariant and µ(Aε∆B) ≤ ε. Then
B is (U ,3ε)-invariant, indeed

sup
g ∈U

µ
(
B∆g B

)≤ sup
g ∈U

(
µ(Aε∆B)+µ(Aε∆g Aε)+µ(

g B∆g Aε

))≤ 3ε. �

Suppose that G acts on the probability space (X ,B,µ) preserving the measure. The set of
sub-σ-algebras of B for which the action of G is continuous admits joins, that is for every two
continuous sub-σ-algebras the σ-algebra generated by them is still continuous. Therefore there
exists a maximal sub-σ-algebra of B for which the action of G is continuous. This σ-algebra is
explicit: it is the σ-algebra generated by all the A ∈B such that G is continuous at A.

1.2. Ultraproducts

We will now define the regular ultraproduct of G-probability spaces. Let us fix a (non principal)
ultrafilter u.

Definition 5. Let {Xn}n∈N be a sequence of sets and let X be their Cartesian product X :=∏
n∈N Xn .

The ultraproduct of the sequence {Xn}n is the set [Xn]u := ∏
n∈N Xn/ ∼u where the equivalence

relation ∼u is defined as usual by saying that (xn)n ∼u (yn)n if xn = yn for u-almost every n.

When the sequence {Xn}n is clear from the context we put Xu := [Xn]u. We will denote by xu
and Au elements and subsets of Xu. For a sequence {xn ∈ Xn}n we will denote by [xn]u its class
in Xu and similarly for a sequence of subsets {An ⊆ Xn}n we will denote its class by [An]u. If each
Xn is a probability space, then there is a canonical way to construct a probability measure on Xu,
the Loeb probability space, see for example [11].

Theorem 6. Let {(Xn ,Bn ,µn)}n∈N be a sequence of probability spaces and let Xu be the ultraprod-
uct of the sequence {Xn}n . Then there exists a complete probability space (Xu,Bu,µu) such that

(1) for every sequence {An ∈Bn}n the set [An]u is in Bu and µu([An]u) = limuµn(An),
(2) for every Au ∈Bu there exists a sequence {An ∈Bn}n such that µu(Au∆[An]u) = 0.

From now on we fix a l.c.s.c. group G and we assume that it acts on the sequence of probability
spaces {(Xn ,Bn ,µn)}n∈N preserving the measure. We can define an action of G on the ultraprod-
uct by the formula g [xn]u := [g xn]u. This action preserves the measure µu on Xu. However even
if the action of G on Xn is continuous for every n, the action of G on the ultraproduct Xu may
be neither continuous nor measurable. The main point of this section is to define a continuous
factor of the ultraproduct action.
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Definition 7. Assume that the l.c.s.c. group G acts measurably on the sequence of probability
spaces {(Xn ,µn)}n . We set [Xn]R

u := ∏
n∈N Xn/ ∼R

u for the equivalence relation defined by (xn)n ∼R
u

(yn)n if there is a sequence {gn}n of elements of G such that limu gn = 1G and gn xn = yn for u-almost
every n.

If the sequence {Xn}n of spaces is clear from the context we will put X R
u := [Xn]R

u . We will denote
by [xn]R

u ∈ X R
u the point associated to the sequence (xn)n . We will often denote by AR

u subsets of
X R
u . Put G0

u := {(gn)n ∈ ∏
n∈NG : limu gn = 1G }. Since G is a topological group multiplication and

inversion are continuous in G and therefore G0
u is a group. Whenever G acts on the sequence

of spaces {(Xn ,µn)}n we can define an action of G0
u on Xu by (gn)n[xn]u := [gn xn]u. Observe

that [Xn]R
u = [Xn]u/G0

u. We will denote by πR
u : [Xn]u → [Xn]R

u the associated quotient map. For
every g ∈ G we have that gG0

ug−1 = G0
u so the group G acts on [Xn]R

u by the same formula
g [xn]R

u :=πR
u(g [xn]u) = [g xn]R

u and πR
u is G-invariant.

If Xn =G/Γn for some sequence of lattices (Γn)n and µn is the normalized Haar measure, then
[Xn]R

u corresponds to the metric ultraproduct of the sequence (Xn)n with respect to a suitable
proper metric. Observe however that if covol(Γn) tends to infinity, then the limit metric on [Xn]R

u

is only defined with values in [0,+∞]. Two points in [Xn]R
u are at bounded distance for this limit

metric if and only if they are in the same G-orbit. We will now define the measurable structure
and the probability measure on [Xn]R

u .

Definition 8. We say that a sequence of subsets {An ⊆ Xn}n is (u-) regular if for every ε > 0 there
exists a neighborhood of the identity U ⊆G such that U An is measurable for u-almost every n and
for u-almost every n we have µn(U An \ An) ≤ ε.

Remark that for every sequence of subsets {An ⊆ Xn}n and neighborhood of the identity U ⊆G
we have that G0

u[An]u ⊆ [U An]u. Therefore if {An}n is regular we have that G0
u[An]u ∈ Bu and

µu(G0
u[An]u) =µu([An]u). For {An}n regular we put [An]R

u :=πR
u([An]u) and we will say that [An]R

u

is a regular subset of [Xn]R
u .

Definition 9. Assume that the l.c.s.c. group G acts measurably on the sequence of probability
spaces {(Xn ,µn)}n and let [Xn]R

u be as in Definition 7. We let B′
u be the smallest σ-algebra of

subsets of [Xn]R
u which is generated by the sets [An]R

u for regular sequences {An}n . Then we have
that (πR

u)−1(BR
u ) ⊆ Bu and we let µR

u := (πR
u)∗(µu), that is µR

u(AR
u) = µu((πR

u)−1(AR
u)). We let now

BR
u be the µR

u-completion on the σ-algebra B′
u. We will call the measure space ([Xn]R

u ,BR
u ,µR

u) the
regular ultraproduct of the sequence of probability spaces {(Xn ,Bn ,µn)}n .

In particular if {An}n is regular, we have that

µR
u

(
[An]R

u

)=µu (
G0
u[An]u

)=µu ([An]u) = lim
u
µn(An),

and the action of G on ([Xn]R
u ,µR

u) is measure preserving.
Let G be a l.c.s.c. group and let (Hn)n be a sequence of subgroups of G . We say that (Hn)n

converges to the subgroup H of G with respect to the Hausdorff pointed topology, if for every
compact subset K ⊆G and neighborhood of the identity U ⊆G , for every n big enough, we have
K∩(U Hn) ⊃ K∩H and K∩(U H) ⊃ K∩Hn . Remark that every sequence of subgroups (Hn)n admits
a converging sub-sequence. Indeed given (Hn)n set Hu := {limu hn : hn ∈ Hn}. Then it is easy to
remark that Hu is a closed subgroup and (Hn)n converges to Hu with respect to the Hausdorff
pointed topology along the ultrafilter u.

Lemma 10. Let G be a l.c.s.c. group. Suppose that G acts in a Borel manner on the sequence of
standard probability spaces {(Xn ,µn)}n preserving the measure. For every sequence {xn ∈ Xn}n the
stabilizer Gxn converges to G[x]R

u
in the Hausdorff pointed topology along the ultrafilter u.
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Proof. Assume that for u-almost every n we have that gn xn = xn and that the sequence gn

is bounded. Put g := limu gn and observe that (hn)n := (g g−1
n )n ∈ G0

u. So g [xn]R
u = [g xn]R

u =
[hn xn]R

u = [xn]R
u . On the other hand assume that g [xn]R

u = [xn]R
u . Then there exists a sequence

(gn)n ∈G0
u such that g xn = gn xn for u-almost every n whence g−1

n g ∈Gxn and limu g−1
n g = g . �

The great advantage of the regular ultraproduct is that the group G acts continuously and
measurably on it, see Theorem 16. It follows quite easily from the definition that the action is
continuous, however the proof that the action is measurable is more complicated. For this, we will
have to understand better regular subsets. These sets behave like compact subsets in a standard
probability space.

Lemma 11. Let {An}n be a regular sequence of subsets and let Uk be neighborhoods of the identity
such that ∩kUk = {1G }. Then ∩kUk [An]R

u = [An]R
u .

Proof. For the proof we will assume that Uk is symmetric and that Uk ⊃ Uk+1 for every k. An
element [xn]R

u ∈ ∩kUk [An]R
u if and only if for every k there exists uk ∈ Uk and a sequence of

elements g k
n such that uk g k

n xn ∈ An for u-almost every n and limu g k
n = 1G . Set αk := {n ≥ k : g k

n ∈
Uk and uk g k

n xn ∈ An}. By assumption αk ∈ u for every k. Set kn := 1 for all n ∉ ∪αk and define
kn to be the maximum of all k ∈ N such that n ∈ αk otherwise. Put gn := ukn g kn

n . Observe that
for every n ∈ α1 we have that gn xn ∈ An . Moreover for every n ∈ αk we have that gn ∈ U 2

k and
therefore limu gn = 1G which implies that [xn]R

u ∈ [An]R
u as claimed. �

Lemma 12.

• Let {An}n and {Bn}n be regular sequences. Then {An ∩ Bn}n and {An ∪ Bn}n are regular
sequences and [An ∪Bn]R

u = [An]R
u ∪ [Bn]R

u and [An ∩Bn]R
u = [An]R

u ∩ [Bn]R
u .

• For every i ∈ N we let {Ai
n}n be a regular sequence. Then there exists a regular sequence

{An}n such that [An]R
u ⊆∩i [Ai

n]R
u and µR

u(∩i [Ai
n]R

u \ [An]R
u) = 0.

Proof. For every U ⊆G we have that both U (A ∩B) \ (A ∩B) and U (A ∪B) \ (A ∪B) are contined
in (U A \ A)∪ (U B \ B). Therefore if {An}n and {Bn}n are regular sequences, then {An ∩Bn}n and
{An ∪Bn}n are regular sequences. If [xn]R

u ∈ [An ∪Bn]R
u , then there exists an element (gn)n ∈ G0

u

such that gn xn ∈ An ∪Bn for u-almost every n. Hence for u-almost every n the element gn xn is
either in An or in Bn . The ultrafilter will choose one of the two and therefore [xn]R

u ∈ [An]R
u∪[Bn]R

u .
The argument for the intersection is similar.

Fix now for every i ∈N a regular sequence {Ai
n}n . Observe that by the previous point for every

N ∈ N we have that ∩N
i [Ai

n]R
u = [∩N

i Ai
n]R

u and {∩N
i Ai

n}n is a regular sequence. Therefore we can
assume that for every i and n ∈Nwe have that Ai

n ⊃ Ai+1
n . Then a standard diagonal argument as

in Lemma 11 tells us that there exists a monotone function f : N→N such that [A f (n)
n ]u ⊆∩i [Ai

n]u
and µu(∩i [Ai

n]u \ [A f (n)
n ]u) = 0. Set An := A f (n)

n and let us prove that {An}n is regular. Fix ε > 0.
There exists N such that µn(AN

n \ An) ≤ ε for u-almost every n. There also exists U ⊆ G such that
µn(U AN

n \ AN
n ) ≤ ε for u-almost all n. Therefore

µn(U An \ An) ≤µn
(
U AN

n \ AN
n

)+µn
(

AN
n \ An

)≤ 2ε. �

Lemma 13. Let U ⊆ G be a neighborhood of the identity. If {An}n and {U An}n are regular
sequences, then [U An]R

u =U [An]R
u . Similarly if {Xn \ An}n and {Xn \U An}n are regular, then

[Xn \U An]R
u = [Xn]R

u \
◦

U [An]R
u .

Proof. Observe that [yn]R
u ∈ [U An]R

u if and only if there exists a sequence of elements gn ∈ G
such that g := limu gn ∈ U and element xn ∈ An such that yn = gn xn for u-almost every n. So
[yn]R

u = [g xn]R
u = g [xn]R

u and therefore [U An]R
u =U [An]R

u . The other case is analogous. �

We fix a compatible metric d on the l.c.s.c. group G . We will set Br := {g ∈G : d(g ,1G ) < r } and
B r := {g ∈G : d(g ,1G ) ≤ r }.
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Lemma 14. Assume that the l.c.s.c. group G acts measurably on the sequence of probability spaces
{(Xn ,µn)}n preserving the measure. Consider a sequence of measurable subsets {An}n such that
E An ⊆ Xn is measurable for every Borel subset E ⊆ G. Then for almost all r ∈ R we have that
{Br An}n , {B r An}n , {X \ Br An}n and {X \ B r An}n are regular sequences.

Proof. Let us prove the lemma for {Br An}n , the proof for the other cases is similar. Set
αn(r ) := µn(Br An) and observe that it is an increasing function. Therefore the function αu(r ) :=
limuµn(Br An) is increasing and hence continuous almost everywhere. Let r be a point of conti-
nuity of αu(r ). We claim that {Br An}n is a regular sequence. Indeed let us fix ε> 0. By continuity
there exists s ≥ r such that |αu(s)−αu(r )| < ε/3. For u-almost all n we have that |αn(s)−αu(s)|
and |αn(r )−αu(r )| are both small than ε/3. Hence we get that for u-almost all n we have that
|αn(s)−αn(r )| < ε that is |µn(Bs−r (Br An))−µn(Br An)| < ε which implies that {Br An}n is regu-
lar. �

We are now able to prove the following useful characterization.

Proposition 15. For every AR
u ∈ BR

u and every ε > 0 there is a regular subset [Bn]R
u such that

[Bn]R
u ⊆ AR

u and µR
u(AR

u \ [Bn]R
u) ≤ ε.

Proof. Let us denote by A the set of subsets AR
u ⊆ X R

u for which both AR
u and its complement

satisfy the condition in the statement. Observe that since the definition is symmetric AR
u ∈ A

implies that X R
u \ AR

u ∈A. Lemma 12 implies that countable intersections of elements in A are in
A. Therefore A is a σ-algebra. Finally Lemma 11 and 14 tell us that every regular subset is in A
and hence the σ-algebra generated by the regular subsets is contained in A. �

Using the above Lemmas 13 and 14, we can finally show that the group G acts continuously
and measurably on the complete probability space ([Xn]R

u ,BR
u ,µR

u).

Theorem 16. Let G be a l.c.s.c. group. Suppose that G acts in a Borel manner on the sequence
of standard probability spaces {(Xn ,µn)}n preserving the measure. Then G acts continuously and
measurably on the regular ultraproduct ([Xn]R

u ,BR
u ,µR

u).

Proof. The action is clearly continuous at every regular subset [An]R
u ⊆ X R

u and these subsets
generate theσ-algebra. Therefore the action is continuous (which follows also from Proposition 3
and the measurability of the action). To show the measurability let us denote by Φ : G × [Xn]R

u →
[Xn]R

u the action map. Proceeding as for standard Borel spaces, as explained after Definition 1, by
Proposition 15 it is enough to show that for every regular subset [An]R

u such that [Xn \ An]R
u is also

regular we have that Φ−1([An]R
u) is measurable (cf. also with Lemma 11 and 14).

Let k ∈N and let U ⊆ G be a neighborhood of the identity such that {U An}n and {Xn \U (Xn \
An)}n are regular and µn(U An) ≤ µ(An)+2−k and µn(U (Xn \ An)) ≤ 1−µ(An)+2−k . Consider a
countable subset {gi }i ⊆ G such that ∪iUg−1

i = G and for each i let Di ⊆Ug−1
i be a measurable

subset such that {Di }i forms a measurable partition of G . Define

Sk :=∪i Di × gi
[

Xn \U (Xn \ An)
]R
u and Tk :=∪i Di × gi [U An]R

u .

Observe that Sk and Tk are measurable and Sk ⊆Φ−1([An]R
u) ⊆ Tk . Put S :=∪k Sk and T :=∩k Tk .

Then we still have that S ⊆Φ−1([An]R
u) ⊆ T and Fubini tells us that T \ S is a null set (with respect

to the product measure). Therefore Φ−1([An]R
u) is measurable. �

Finally we remark that one can prove that if a measurable subset Au ∈ Bu is G0
u-invariant,

then there exists a regular sequence {An}n such that µu([An]u∆Au) = 0. Therefore the σ-algebra
generated by the regular subsets (in [Xn]u) is up to null-sets the same as the sub-σ-algebra
of Bu of G0

u-invariant sets. This common measure algebra is also the same as the one which
is sometime used in the context of von Neumann algebras, the measure algebra generated
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by the equicontinuous sequences of subsets of Xn . In our work will not use these different
characterizations and hence we will not prove the equivalence. Let us also remark that we do not
know whether these constructions actually define the sameσ-algebra and whether thisσ-algebra
is the maximal continuous σ-algebra, the one that can be constructed thanks to Lemma 4.

2. Cross sections of ultraproducts

From now on G will be a unimodular l.c.s.c. group and we will fix a Haar measure λ on G .
Whenever G acts in a Borel way on a standard probability space (X ,µ) preserving the measure
and Z ⊆ X is a Borel subset we will denote by Φ : G × Z → X the map induced by the action, that
is Φ(g , z) = g z. Clearly Φ(g h, z) = gΦ(h, z).

Definition 17. Fix a neighborhood of the identity U ⊆ G. Consider a Borel action of G on the
standard probability space (X ,µ). A U - cross section is a Borel subset Y ⊆ X such that the map
Φ : U ×Y → X is injective and such that µ(X \GY ) = 0.

We say that Y is a cross section if it is a U -cross section for some neighborhood of the identity
U . We recall the following theorem of Forrest [18], see also [27, Theorem 4.2].

Theorem 18. Every free p.m.p. action of a l.c.s.c. group G on a standard Borel space admits a cross
section.

In the following we will fix a not necessarily free3 action of G on the standard probability space
(X ,µ) and a cross section Y ⊆ X . We consider the equivalence relation

RY := {
(y1, y2) ∈ Y ×Y : there exists g ∈G such that g y1 = y2

}
.

Since the map U ×Y → X is injective RY is an equivalence relation with countable classes. We
recall some properties of R, see [27, Proposition 4.3].

Proposition 19. There exists a probability measure ν on Y and a real number 0 < covol(Y ) <∞
such that Φ∗(λ|U ×ν) = covol(Y )µ|Φ(U×Y ). Moreover

(1) the equivalence relation RY is Borel and the probability measure ν is RY -invariant,
(2) (RY ,ν) is ergodic if and only if the action of G is ergodic,
(3) (RY ,ν) has infinite orbits almost everywhere if and only if G is non-compact.

Our aim is to understand cross sections of the regular ultraproduct. Observe however that
Definition 17 requires two structures on the standard probability space, the measurable structure
and the Borel structure. This cannot be easily generalized to our setting. Therefore, in order to
define the notion of cross section for regular ultraproducts, we need to modify the definition.

Definition 20. Let G be a unimodular l.c.s.c. group, fix a left Haar measure λ and a neighborhood
of the identity U . Suppose that G acts measurably on the probability space (X ,µ) preserving the
measure. An external U - cross section of covolume covol(Y ) is a probability space (Y ,ν) and a
measurable G-equivariant map Ψ : G ×Y → X such that

• the subset Ψ(U ×Y ) ⊆ X is measurable,
• the restrictionΨ

∣∣
U×Y is a bijective measure preserving isomorphism between (U ×Y ,λ×ν)

and (Ψ(U ×Y ),covol(Y )µ),
• the measurable subset Ψ(G ×Y ) has full measure in X .

3The existence of a cross section forces the stabilizers to be discrete.
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We will show in Proposition 26 that an external cross section of a Borel and probability
measure preserving action on a standard Borel space is up to a null set a Borel cross section in
the sense of Definition 17. Also remark that since Ψ is bijective and Ψ(G ×Y ) has full measure in
X , the existence of an external cross section implies that almost every stabilizer of the action of G
on X is discrete.

Proposition 21. In the notation of Definition 20, for any measurable subset T ⊆ G ×Y we have
that Ψ(T ) is measurable and if Ψ|T is injective, then covol(Y )µ(Ψ(T )) =λ×ν(T ).

Proof. Let T ⊆ G × Y be a measurable subset and let {g j } j ∈N be a dense subset of G . Since
{g−1

j U ×Y } j covers T we can find measurable subsets T j ⊆ g−1
j U ×Y in such a way {T j } j is a

partition of a conull subset of T \U ×Y . Hence Ψ(T j ) = g−1
j Ψ(g j T j ) is measurable and

µ
(
Ψ(T j )

)=µ(
Ψ(g j T j )

)= covol(Y )−1λ×ν(g j T j ) = covol(Y )−1λ×ν(T j ). �

Proposition 22. In the notation of Definition 20, there exists a measurable subset T ⊆G ×Y such
that T ⊃ U ×Y and such that the map Ψ : (T,λ×ν|T ) → (X ,covol(Y )µ) is a measure preserving
isomorphism.

Proof. Let {g j } j ≥1 be a countable dense subset of G and set g0 := 1G . Set T0 :=U ×Y . Inductively
define T j := T j−1 ∪Ψ|−1

g j U×Y (Ψ(g jU ×Y ) \Ψ(T j−1)) and observe that T :=∪T j satisfy the required
conditions. �

Proceeding as in the case of standard Borel spaces, we can define an equivalence relation on
any external cross section. Indeed, let us suppose that the l.c.s.c. unimodular group G acts on
the probability space (X ,µ) preserving the measure and let Y be an external cross section as in
Definition 20. Then we can define an equivalence relation RY on Y by saying that (y, y ′) ∈RY if
there exists g ∈G such that gΨ(1G , y) =Ψ(1G , y ′). The equivalence relation RY is called the cross
equivalence relation.

We will now show that this equivalence relation preserves the measure ν: let us prove that
there exists a countable family of partial measure preserving isomorphisms {ϕ j } j such that for
every (y, y ′) ∈RY there is j such that ϕ j (y) = y ′. Let us define the partial maps ϕ first.

Proposition 23. Let G be a unimodular l.c.s.c. group. Suppose that G acts measurably on the
probability space (X ,µ) preserving the measure. Let Y be an external U -cross section for some
neighborhood of the identity U ⊆ G. Consider g ∈ G and an open subset V ⊆ U such that
gV g−1V ∪ g−1V −1g ⊆U . Define

Dg := {
y ∈ Y : Ψ(g , y) ∈Ψ(V ×Y )

}
and consider the map ϕ : Dg → Y defined by

ϕ(y) is the unique y ′ ∈ Y such that Ψ(g , y) ∈Ψ(
V × {y ′}

)
.

Then Dg is measurable and ϕ is a bijective measure preserving isomorphism between Dg and
ϕ(Dg ).

Proof. Let us first show that Dg ⊆ Y is measurable. For every k ∈N, take a neighborhood of the
identity Vk ⊆G such that V̄k ⊆V and ∪kVk =V . Then for every k

Ψ−1 (Ψ(Vk ×Y )) = {
(g , y) ∈G ×Y : Ψ(g , y) ∈Ψ(Vk ×Y )

}=∪g ∈G {g }×Dk
g

where Dk
g := {y ∈ Y : Ψ(g , y) ∈Ψ(Vk ×Y )}. Since Ψ−1(Ψ(Vk ×Y )) is measurable, Fubini’s theorem

implies that Dk
g is measurable for almost every g and every k. Now if we fix g ∈ G , there is a

sequence (gn)n converging to g such that Dk
gn

is measurable for every k and n. Then using the
equivariance of Ψ and the fact that V is open, one can show that
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Dg =∪k ∩N ∪n≥N Dk
gn

so that Dg is measurable.
Observe that sinceΨ|U×Y is injective, for every y ∈ D there exist unique vy ∈V and y ′ ∈ Y such

that Ψ(g , y) =Ψ(vy , y ′). So ϕ is well-defined.
We claim that ϕ is injective. Take y1, y2 ∈ Y and let vi = vyi be such that Ψ(g , yi ) =Ψ(vi ,ϕ(yi ))

as before. If ϕ(y1) =ϕ(y2), then

v−1
1 Ψ(g , y1) =Ψ(

1G ,ϕ(y1)
)=Ψ(

1G ,ϕ(y2)
)= v−1

2 Ψ(g , y2)

and henceΨ(g−1v−1
1 g , y1) =Ψ(g−1v−1

2 g , y2). By hypothesis g−1V −1g ⊆U andΨ|U×Y is injective,
so y1 = y2 as claimed.

Moreover since
Ψ(g v, y) = g v g−1Ψ(g , y) = g v g−1Ψ

(
vy ,ϕ(y)

)
the hypothesis that gV g−1V ⊆U implies that

gΨ(V × {y}) =Ψ(
gV g−1vy × {ϕ(y)}

)⊆Ψ(U ×Y ).

That is we showed that g : Ψ(V ×Dg ) → gΨ(V ×Dg ) is a measurable isomorphism which maps
“horizontal lines to horizontal lines”. Therefore ϕ is a measurable isomorphism. Finally since G
is unimodular λ(gV g−1vy ) = λ(V ). Moreover since G preserves the measure an easy application
of Fubini yields that ϕ is measure preserving. �

Corollary 24. There is a countable family of partial measure preserving isomorphisms {ϕ j } j such
that for every (y, y ′) ∈RY there is j such that ϕ j (y) = y ′.

Proof. Since G is paracompact, there is a countable family {g j } j ⊆ G and open subsets V j ⊆
U such that gV j g−1V j ∪ g−1V −1

j g ⊆ U such that ∪V −1
j g j = G . For every j , define ϕ j as in

Proposition 23 with respect to g j and V j .
If (y, y ′) ∈ RY , then there is g ∈ G such that gΨ(1G , y) = Ψ(1G , y ′). Consider j such that

g = v−1g j with v ∈V j . Finally observe that ϕ j (y) = y ′, since

Ψ
(
g j , y

)=Ψ(v g , y) =Ψ(v, y ′) ∈Ψ(
V j × {y ′}

)
. �

Let us warn the reader that we have not proven that RY is a measurable equivalence relation
in the sense of [13, Section 2.1]. However, as a consequence of Theorem 32, we will get that the
cross equivalence relation of the external cross sections of the ultraproduct is. Therefore we will
be able to use the results in [13].

Proposition 25. In the notation of Definition 20, assume that the action of G is free. Then the cross
equivalence relation RY on Y constructed in the Proposition 23 satisfies:

• (RY ,ν) is ergodic if and only if the action of G is ergodic,
• (RY ,ν) has infinite orbits almost everywhere if and only if G is non-compact.

The proof is similar to the proof of Proposition 19 and therefore it is omitted. Let us finally
show that an external cross section of a standard Borel space naturally induces a cross section in
the space. For this we will need the following construction. Suppose now that the l.c.s.c. group G
acts on the standard probability space (X ,µ) in a Borel manner and let A ⊆ X be a Borel subset.

For every open neighborhood of the identity U ⊆ G we define Int
U

(A) to be the set of the x ∈ X
such that for almost every g ∈U we have g x ∈ A, that is

Int
U

(A) := {
x ∈ X : λ

({
g ∈U : g x ∈ A

})=λ(U )
}

.

The main point is that Int
U

(A) is Borel. Indeed since the action is Borel, the set {(g , x) ∈ U ×
X : g x ∈ A} is Borel. Therefore [19, Lemma 417B(b)] tells us that the map x 7→ λ({g ∈U : g x ∈ A})

is Borel which directly implies that Int
U

(A) is Borel.
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Proposition 26. Let G be a l.c.s.c. unimodular group, fix a Haar measure λ and a neighborhood
of the identity U . Consider a Borel action of G on the standard probability space (X ,µ) and let
(Y ,Ψ) be an external U -cross section. Then there exists a full measure subset Y0 ⊆ Y such that
Z :=Ψ({1G }×Y0) ⊆ X is a Borel U -cross section. Moreover the equivalence relation on Y constructed
before Proposition 23 is orbit equivalent via Ψ to the one on Z of Proposition 19.

The proof of the proposition when G has no small subgroups is quite straightforward. Indeed take

a Borel subset A′ ⊆Ψ(U ×Y ) of full measure and Fubini implies that Z := Int
U

(A′) ⊆Ψ({1G }×Y )
is a Borel U -cross section. In general we need to work a bit more.

Proof. Let Wi be compact neighborhoods of the identity such that Wi ⊆ U and ∩i Wi = {1G }.
Consider the measurable subsets Ai := Ψ(Wi × Y ) ⊆ X and take a Borel subset A′

i ⊆ Ai such

that µ(Ai \ A′
i ) = 0. By the above discussions, the sets Zi := Int

Wi (A′
i ) are Borel. By Fubini,

Ψ−1(Zi )∩ {1G }×Y has full measure. Set Z :=∩i Zi and observe that

Ψ−1(Z )∩ (U ×Y ) ⊆∩i Wi ×Y ⊆ {1G }×Y .

The moreover part follows easily from the definitions. �

2.1. Cross sections and standard factors

Working outside the context of standard probability spaces has the big disadvantage that one
cannot use many of the standard facts about ergodic theory. Many of the arguments can be
easily adapted to the more general setting, as we have seen for cross sections. In some other
cases, it is possible to reduce the problem to the context of standard probability spaces by the
means of a standard factor. This phenomenon is widely used in the context of model theory: the
downward Löwenheim-Skolem theorem roughly states that every model of a countable theory
has a countable model. We will now state and prove a version of this theorem for actions of
l.c.s.c. groups, see Proposition 28, and for actions with a fixed cross section, see Proposition 29.
These results are not necessary to obtain our main theorems and applications, however these
propositions will allow us to ignore some technicalities and, in some sense, always pretend we
are working with standard Borel spaces.

The following proposition is a slightly more general version of [39, Proposition B.5]. We will
not present the proof of it since it is basically the same as the case of standard Borel spaces.

Proposition 27. Let G be a l.c.s.c. group. Suppose that G acts on the probability space (X ,BX ,µ)
measurably and preserving the measure. Assume furthermore that G acts on the standard Borel
space (Z ,η) preserving the measure and in a Borel manner. Let T : X → Z be an almost everywhere
surjective measurable and measure preserving map such that for every g ∈ G and almost every
x ∈ X we have that T (g x) = g T (x). Then there exist a co-null subset Z0 ⊆ Z and a measure
preserving surjective map T ′ : X → Z0 which is G-equivariant and is almost everywhere equal to T .

Combining the above proposition with a well known theorem of Mackey, [34], we get the
following.

Proposition 28. Let G be a l.c.s.c. group which acts measurably on the probability space
(X ,BX ,µX ) preserving the measure and let B′

X ⊂ BX be a G-invariant separable sub-σ-algebra.
Then there exist a Borel action of G on a standard probability space (Z ,BZ ,µZ ) and a measure
preserving, G-equivariant map T : X → Z which induces an isomorphism of measure algebras be-
tween (X ,B′

X ,µX ) and (Z ,BZ ,µZ ).

Proof. Let {Bi }i ∈N be a countable generating set for B′
X . Define T : X → {0,1}N by T (x) :=

(χBi (x))i . Then the pre-image of every Borel set of Z := {0,1}N is in B′
X . We define a measure
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µZ on Z by pushing down the measure µX . Mackey’s theorem, [34], implies that there exists a
Borel, measure preserving action of G on (Z ,µZ ) which represents the action of G on (the measure
algebra of) (X ,B′

X ,µX ). The measurable map T is not necessarily G-invariant but if g ∈ G , then
(T g )−1 and (g T )−1 represent the same function at the level of measure algebras so that T satisfies
the hypothesis of Proposition 27. �

Proposition 29. Let G be a l.c.s.c. unimodular group which acts measurably on the probability
space (X ,BX ,µ) preserving the measure and let (Y ,BY ,νY ,Ψ) be an external U -cross section, for
some neighborhood of the identity U ⊆G. Let B be a separable sub-σ-algebra of BY . Then, up to
removing a null-set, there are

• a Borel action of G on a standard probability space (Z ,BZ ,µZ ) and a measure preserving
G-equivariant map T : (X ,BX ,µX ) → (Z ,BZ ,µZ );

• a Borel cross section (W,BW ,νW ) for the action of G on (Z ,BZ ,µZ ) and a measure
preserving map S : (Y ,BY ,νY ) → (W,BW ,νW ) which is a factor of cross equivalence
relations and which induces an injective map on B ⊆BY ;

such that the diagram commutes

G ×Y X

G ×W Z

Ψ

id×S T

Φ

where id: G → G is the identity map and Φ(g , y) = g y is the action map as defined before
Definition 17.

Proof. Let us fix a countable family {ϕ j } j as in Corollary 24 for RY . Denote by B′ the separable
σ-algebra generated by B, containing the domains of definition {D j } j of {ϕ j } j and invariant by
eachϕ j . LetD ⊆B′ be a countable generating subset invariant by the family {ϕ j } j . As in the proof
of Proposition 28, we set W := {0,1}D and let S : Y → W defined by S(x) := (χD (x))D ∈D . Equip W
with the push-forward measure denoted νW and denote the σ-algebra of measurable subsets
by BW . Clearly the measure algebras of BW and B′ are the same (up to null-sets) and hence for
every j we have a partially defined measure preserving isomorphism ϕ̂ j on W . Denote byRW the
equivalence relation generated by the family {ϕ̂ j } j and clearly S maps RY -classes to RW -classes.
The equivalence relation RW is the standard factor as constructed in [13, Theorem 3.28].

Denote by BG the σ-algebra of measurable subsets on G with respect to the Haar measure.
Then Ψ(BG ×B′) is a G-invariant sub-σ-algebra of measurable subsets of BX . Hence Proposi-
tion 28 gives us a standard probability space (Z ,BZ ,µZ ) on which G acts in a Borel manner and
preserving the measure and a measure preserving, G-equivariant map T : X → Z .

The G-equivariant mapΨ can be restricted to the σ-algebra BG ×B′. Since W and Z are both
standard, the map Ψ induces a G-equivariant map ΨW : G ×W → Z and it is easy to check that
(W,ΨW ) is an external cross section of the action of G on Z . Clearly ΦW ◦ (id×S) = T ◦Ψ.

We claim that RW is the cross equivalence relation. Indeed let us fix j . Consider g j ∈ G and
V j ⊆ G which are used to define ϕ j . Assume that ϕ̂ j (w) = w ′ and let y ∈ Y such that S(y) = w .
Then ϕ j (y) = y ′ for some y ′ such that S(y ′) = w ′, that is Ψ(g , y) =Ψ(v, y ′). By the commutativity
of the diagram, we get that ΨW (g , w) =ΨW (v, w ′) and so the claim is proven.

Finally, we can use Proposition 26 to replace the external cross section with a Borel cross
section, up to a null set. So the proof is complete. �

We showed in [13, Theorem 3.28] that measurable equivalence relations with countable classes
have nice standard factors, that is class-bijective factors which are weakly equivalent to the start-
ing equivalence relation. We can combine now the theorem with Proposition 29 to obtain that
action of locally compact groups have nice standard factors. In particular, the cost (Definition 34)
can be detected by standard factors.
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2.2. Ultraproducts of cross sections

Now that we have collected enough information about cross section outside the context of
standard probability spaces, we can finally state and prove the main technical theorem of this
work: the ultraproduct of cross sections is a cross section of the ultraproduct. This will allow us to
reduce problems of convergence of invariants for actions of locally compact groups to invariants
of their cross sections.

Theorem 30. Let G be a l.c.s.c. unimodular group, fix an open neighborhood of the identity U ′ ⊆G
and a Haar measureλ. Suppose that G acts on the sequence of standard probability spaces (Xn ,µn).
Assume that for every n there exists a U ′-cross section Yn ⊆ Xn such that {covol(Yn)−1}n is bounded
and denote by νn the measure on Yn as in Proposition 19. Take a compact neighborhood of the
identity U ⊆U ′. Let Yu be the ultraproduct of {(Yn ,νn)}n . Consider the function

Ψ : G ×Yu → X R
u Ψ

(
g , [yn]u

)
:= [

Φn(g , yn)
]R
u .

Then (Yu,Ψ) is an external U -cross section of the action of G on the G-invariant measurable subset
G[Φn(U ×Yn)]R

u ⊆ X R
u with covolume covol(Yu) = limu covol(Yn).

Let us observe that G[Φn(U × Yn)]R
u ⊆ X R

u is measurable. First since U ⊆ U ′ is compact it
is not hard to show that the sequence {Φn(U ×Yn)}n is regular. Now take a sequence of open,
bounded subsets Ui ⊆ G such that the sequence {UiΦn(U ×Yn)}n is regular and ∪iUi = G . Then
by Lemma 13 we have ∪i [UiΦn(U × Yn)]R

u = ∪iU i [Φn(U × Yn)]R
u = G[Φn(U × Yn)]R

u . Further-
more remark that µn(Φn(U ×Yn)) = λ(U )/covol(Yn) and therefore the assumptions implies that
G[Φn(U ×Yn)]R

u has positive measure. However it is possible that G[Φn(U ×Yn)]R
u has measure

strictly less than 1 and hence (Yu,Ψ) is not always an external cross section of X R
u .

For every n ∈ N the Borel subset Yn ⊆ Xn is a U -cross section and we let Rn be the cross
equivalence relation on Yn constructed before Proposition 23. Theorem 30 tells us that the
ultraproduct Yu is an external cross section of X R

u and we will denote by Ru the cross equivalence
relation on Yu. We will now prove that Ru is the ultraproduct of the sequence Rn with respect
to a preferred sequence of graphings. Before stating the theorem, we will need to fix some
terminology.

A graphing Θ = {ϕ j } j ∈ J of a p.m.p. equivalence relation R on the probability space (Y ,ν) is a
countable collection of partial measure preserving isomorphisms {ϕ j } j of Y such that

• for almost every y ∈ Y and j ∈ J , if ϕ j (y) is defined, then (ϕ j (y), y) ∈R.

A graphing is said to be generating if

• the equivalence relation R is the smallest equivalence relation containing the graph of
each ϕ j for j ∈ J .

Clearly given a graphing Θ of an equivalence relation R, we can consider the sub-equivalence
relation R′ generated by Θ, that is the sub-equivalence relation R′ for which Θ is a generating
graphing.

For cross sections we have a somewhat canonical graphing given by Corollary 24.

Definition 31. Consider a measurable and measure preserving action of the l.c.s.c. group G on the
probability space (X ,µ), let (Y ,Ψ) be an external U -cross section for some U ⊆ G. Let RY be the
cross equivalence relation on Y . Denote by J a countable set. For every j ∈ J , take g j ∈G and V j ⊆G
satisfying g j V j g−1

j V j ∪ g−1
j V −1

j g j ⊆U . For every j ∈ J , Proposition 23 grants us a partial measure

preserving isomorphismϕ j and denote byΘ := {ϕ j } j the obtained graphing. Set K :=∪ j V −1
j g j and

we will say that Θ is K - supported. We say that the cross equivalence relation RY is K - generated
if it admits a K -supported graphing.

Similarly we will say that Θ is compactly supported if it is K -supported for some pre-compact
K and RY is compactly generated if it admits a compactly supported generating graphing.
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A remark is in order. Assume that we have g ,V and ϕ as in Proposition 23. Then for every y in
the domain of definition ofϕ, we have thatΨ(1G ,ϕ(y)) =Ψ(v−1g , y) for some v ∈V . Whenever G
acts freely on a standard probability space, then we obtain that Θ is K -supported if and only if

• if ϕ ∈Θ, the for every y in the support of ϕ, we have that ϕ(y) = g y for some g ∈ K ;
• whenever g ∈ K is such that g y ∈ Y , there is ϕ ∈Θ such that ϕ(y) = g y .

We also say that the cross section Y is cocompact if there exists a compact subset K ′ ⊆ G
such that µ(Ψ(K ′×Y )) = 1. Cross equivalence relations of cocompact cross sections are always
compactly generated, see Lemma 33.

Let us now define the ultraproduct of equivalence relations, cf.
cite[Section 2.7]CGS. For every n ∈N, let Rn be a p.m.p. equivalence relation on the probability
space (Yn ,νn). Let J be a countable set and for each n, let Θn = {ϕ j

n} j ∈ J be a graphing of Rn .

Then for each j , we can define a partial measure preserving isomorphism ϕ
j
u of the ultraproduct

space (Yu,νu) via ϕ
j
u := [ϕ j

n]u, that is ϕ j
u([yn]u) = [ϕ j

n(yn)]u whenever yn is in the domain of
ϕ

j
n . Put Θu := {ϕ j

u} j and let Ru be the p.m.p. equivalence relation on Yu generated by it. The
couple (Ru,Θu) is the ultraproduct equivalence relation of the sequence of graphed equivalence
relations (Rn ,Θn).

Theorem 32. Let G be a l.c.s.c. unimodular group, fix an open neighborhood of the identity
U ′ ⊆ G and a Haar measure λ. Suppose that G acts on the standard probability spaces (Xn ,µn)
preserving the measure and assume that for every n there exists a U ′-cross section Yn ⊆ Xn such
that {covol(Yn)−1}n is bounded. Denote by Ru and Rn the cross equivalence relations on Yu and
Yn respectively. Then there are generating graphing Θu = {ϕ j

u} j and Θn = {ϕ j
u} j of Ru and Rn

respectively such that

• the ultraproduct of the sequence of graphed equivalence relations (Rn ,Θn) is (Ru,Θu).

Assume moreover that G is compactly generated and there is a compact subset K ′ such that
limuµn(K ′Yn) = 1. Then there is a compact subset K ⊆G containing K ′ and K -supported graphings
ΘK
u = {ϕ j

u} j and ΘK
n = {ϕ j

u} j of Ru and Rn respectively such that

• the graphing ΘK
u of Ru is generating and in particular Ru is compactly generated;

• the ultraproduct of the sequence of graphed equivalence relations (RK
n ,ΘK

n ) is (Ru,ΘK
u ).

We remark here that in the moreover part the graphingsΘK
n of Rn are not necessarily generat-

ing.

2.3. Proof of Theorem 30 and Theorem 32

We start by proving Theorem 30. In the proof we will set

ΨU :=Ψ∣∣
U×Yu

and Φn,U :=Φ∣∣
U×Yn

.

Let us start by showing that ΨU is injective. For this, take u,u′ ∈U and [yn]u, [y ′
n]u ∈ Yu. If[

Φn(u, yn)
]R
u =Ψ(

u, [yn]u
)=Ψ(

u′, [y ′
n]u

)= [
Φn(u′, y ′

n)
]R
u

then there exists a sequence (gn)n such that limu gn = 1G and gnΦ(u, yn) = Φn(u′, y ′
n). For

u-almost every n we have that gnu ∈ U ′ and since Yn is a cross section we get that gnu = u′

and yn = y ′
n for u-almost every n and therefore u = u′. Hence ΨU is injective as claimed.

We will now prove thatΨU is a measurable isomorphism with its image. If B ⊆U ′ is a compact
subset and [Cn]u ⊆ Yu is a measurable subset, then {Φn(B×Cn)}n is regular. Indeed let us fix ε> 0.
Then there exists a neighborhood of the identity V ⊆G such that λ(V B) ≤ λ(B)+ε and such that
V B ⊆U ′. Put c := limu covol(Yn)−1 ∈R\ {0}. For u-almost every n we have that

µn (VΦn(B ×Cn)) = covol(Yn)−1λ(V B)νn(Cn) ≤ covol(Yn)−1λ(B)νn(Cn)+ (3c/2)ε.
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In particular since {Φn({1G }×Cn)}n and {Φn(B ×Cn)}n are regular, Lemma 13 yields

Ψ(B × [Cn]u) = BΨ ({1G }× [Cn]u) = B [Φn({1G }×Cn)]R
u = [Φn(B ×Cn)]R

u .

Since the subset of the form B × [Cn]u generated the measure algebra of U × Yu the above
computation implies that for every measurable subset Au ⊆ U × Yu we have that Ψ(Au) is
measurable and µu(Ψ(Au)) = cλ×νu(Au). Therefore covol(Yu) = c−1 = limu covol(Yn). In order
to conclude the proof we have to show that the for every DR

u ⊆Ψ(U ×Yu) we have that Ψ−1
U (DR

u )
is measurable.

As a first step let us assume that DR
u = [Dn]R

u is regular. Consider En :=Φ−1
n,U (Dn) and for every

yn ∈ Yn set

E yn
n := {

g ∈U : (g , yn) ∈ En
}

.

By Lemma 11, 13 and 14 we can assume that E yn
n is compact for every n and yn ∈ Yn . Since the

Hausdorff topology on the compact subsets of U is compact, for every [yn]u ∈ Yu the sequence
(E yn

n )n converges along the ultrafilter u to a compact subset E [yn ]u
u ⊆U . Put Eu :=∪[yn ]u∈YuE [yn ]u

u .
We claim that Ψ−1

U (DR
u ) = Eu. Indeed Ψ(g , [yn]u) = [Φn(g , yn)]R

u ∈ DR
u if and only if there exists

a sequence gn such that limu gn = 1G and for u-almost every n we have that (gn g , yn) ∈ En .
Therefore gn g ∈ E yn

n and the limit limu gn g = g ∈ E [yn ]u
u . Let us show now that Eu is measurable.

For this take for every j ∈ N a compact neighborhood of the identity W j such that ∩ j W j = {1G }.
For K ,K ′ ⊆U , we set

N (K ,K ′) := max
{

j ∈N : W j K ⊃ K ′ and W j K ′ ⊃ K
} ∈N∪ {∞}

and set N (K ,K ′) to be 0 if no such j exists. By compactness of the Hausdorff topology, for every
j there are compact subsets K 1

j , . . . ,K
m j

j of U such that for every compact subset K of U we have

that there exists i satisfying N (K ,K i
j ) ≥ j . Set

C j ,1
n :=

{
yn ∈ Yn : N

(
E yn

n ,K 1
j

)
≥ j

}
and recursively

C j ,i
n :=

{
yn ∈ Yn : N

(
E yn

n ,K i
j

)
≥ j

}∖
∪h<i C j ,h

n .

Consider the measurable subset

F j
u :=∪m j

i=1W j K i
j ×

[
C j ,i

n

]
u
⊆U ×Yu.

Clearly F j
u ⊃ Eu. Observe also that W 2

j E [yn ]u
u ⊃ W j K i

j whenever [yn]u ∈ [C j ,i
n ]u and therefore

W 2
j Eu ⊃ F j

u. Lemma 11 implies that ∩ j W 2
j DR

u = DR
u and hence

Eu =Ψ−1 (
DR

u

)=∩ j W 2
j Ψ

−1 (
DR

u

)⊃∩ j F j
u ⊃ Eu.

Therefore for every regular subset DR
u we have that Ψ−1

U (DR
u ) is measurable. Let now DR

u ⊆
ΨU (U ×Yu) be any measurable subset. By Proposition 15 there are subsets AR

u and B R
u such that

AR
u ⊆ DR

u , B R
u ∩DR

u =;, µu
(
ΨU (U ×Yu) \

(
AR
u ∪B R

u

))= 0

and such that both AR
u and B R

u are increasing union of regular subsets. Observe now thatΨ−1
U (AR

u)
and Ψ−1

U (B R
u ) are measurable and that µu(AR

u) = cλ×νu(Ψ−1
U (AR

u)) and similarly for B R
u . Hence

U ×Yu \ (Ψ−1
U (AR

u)∪Ψ−1
U (B R

u )) is a null set and since the product measure is complete ΨU is a
measurable map and therefore a measurable, measure preserving isomorphism. So the proof of
Theorem 30 is complete.

Before proceeding with the proof of Theorem 32 we will prove the following lemma which is
essentially [27, Proposition 4.6].
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Lemma 33. Assume that the l.c.s.c. group G is compactly generated. Consider a p.m.p. action of
G on (X ,µ) and let (Y ,Ψ) be an external cross section. If Ψ(K ×Y ) ⊆ X has full measure for some
compact subset K ⊆G, then there are compact subsets K ′,K ′′ such that K ′′ ⊃ K ′ ⊃ K and

• Ψ(K ′×Y ) contains a full measure G-invariant subset,
• the cross equivalence relation RY is K ′′-generated.

Proof. Let V ⊆ G be a symmetric compact neighborhood of the identity and set K ′ := V K .
Consider A := X \Ψ(K ′×Y ). Then V A ⊆ X \Ψ(K ×Y ) and therefore V A is a null set and hence
G A is. Therefore Ψ(K ′×Y ) \G A is G-invariant and has full measure.

The second point can now be proven exactly as in [27, Proposition 4.6], therefore we only
sketch it. Let C ⊆ G be a compact generating subset such that C = C−1 and set K ′′ := (K ′)−1C K ′.
Consider g ∈ G and y ∈ Y ′ such that Ψ(g , y) ∈ Ψ({1G } × Y ). Since C is generating, there are
g1, . . . , gl ∈ C such that g = gl . . . g1. Since Ψ(gi . . . g1, y) ∈Ψ(K ′×Y ) there are elements ki ∈ K ′

such thatΨ(k−1
i gi . . . g1, y) ∈Ψ({1G }×Y ). Therefore we can set h0 = k−1

1 g1 and hi = k−1
i gi ki−1 for

1 < i < l and hl := gl kl−1. Then hi ∈ K ′′ for every i and hl . . . h1 = g . �

Let us now prove Theorem 32. Fix a compatible right invariant metric dG on G . Consider a
countable subset {g j } j∈J ⊆ G , a real number δ > 0 and open pre-compact neighborhoods of the
identity {W j } j such that

g j BδW j g−1
j BδW j ∪ g−1

j

(
BδW j

)−1 g j ⊆U

as in Proposition 23 and such that ∪ j W −1
j g j =G . For j ∈ J and r ≤ δ we set

E j ,r
u :={

[yn]u ∈ Yu : Ψ
(
g j , [yn]u

) ∈Ψ(
Br W j ×Yu

)}
,

D j ,r
n :={

yn ∈ Yn : Φn
(
g j , yn

) ∈Φn
(
Br W j ×Yn

)}
and observe that for every 0 < r < r ′ < δ we have[

D j ,r
n

]
u
⊆ E j ,r

u ⊆
[

D j ,r ′
n

]
u
⊆ E j ,r ′

u .

We now proceed as in the proof of Lemma 14. The function f : r 7→ νu(E j ,r
u ) is monotone

increasing and therefore there exists a 0 < r j < δ such that f is continuous at r j . The above
equation implies that

µR
u

([
D

j ,r j
n

]
u
∆E

j ,r j
u

)
= 0.

Let us denote by ψ j and ϕ j
n the partial isomorphism defined in Proposition 23 for Yn and Yu

respectively associated with Br j W j . Let ϕ j
u := [ϕ j

n]u the partial isomorphism defined on [D
j ,r j
n ]u

by the formula

ϕ
j
u([yn]u) =

[
ϕ

j
n(yn)

]
u

.

We claim that ϕ j
u =ψ j up to a null set. If yn ∈ D

j ,r j
n , then

Ψ(g j , [yn]u) = [
Φn(g j , yn)

]R
u =

[
Φn

(
vn ,ϕ j

n(yn)
)]R

u

for some sequence vn ∈ Br j W j . Set v := limu vn ∈ Br j W j and observe that[
Φn

(
vn ,ϕ j

n(yn)
)]R

u
=

[
Φn

(
v,ϕ j

n(yn)
)]R

u
.

Therefore whenever v ∈ Br j W j

Ψ(g j , [yn]u) =Ψ
(
v,

[
ϕ

j
n(yn)

]
u

)
=Ψ

(
v,ϕ j

u

(
[yn]n

))
,

and by injectivity we get thatψ j =ϕ j
u on ∪k [D

j ,r j
n ]R

u∩E
j ,r j −2−k

u which is conull in E
j ,r j
u as claimed.

Therefore (Ru,Θu) is the ultraproduct of the graphed equivalence relations (Rn ,Θn).
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Assume now that G is compactly generated and that limuµn(K ′Yn) = 1. Then Lemma 33
implies that the equivalence relation Ru is K ′′-generated for some compact subset K ′′ ⊆G . Then,
we can choose finitely many indices j0, . . . , jm ∈ J such that K :=∪ j Br j W j ⊃ K ′′. Now remark that
K is pre-compact, Ru is K -generated and (Ru,ΘK

u ) is the ultraproduct of {(RK
n ,ΘK

n )}n . Therefore
the moreover part is proven and this concludes the proof of Theorem 32.

3. Rank and cost

The cost of a measure preserving action of a countable group and more generally of a p.m.p.
equivalence relation (with countable orbits) was defined by Levitt in [29] and widely studied
in [20], see also [1] or [13] for a discussion in the context of general probability spaces. Let us
recall the definition. Let R be a measure preserving equivalence relation on the probability space
(X ,µ). As we have already recalled a graphing of R is a countable set of measure preserving
partially defined bijections of the probability space whose graphs are contained in R and we
define the cost of the graphing to be the sum of the measures of the domains of the partially
defined bijections. A graphing of R is generating if the smallest equivalence relation containing
the graphing is (up to a null set) R itself. The cost of the equivalence relation R is the infimum of
the costs of all generating graphings of R.

In our work we will also need the notion of cost for measure preserving actions of unimodular
locally compact groups. Observe however, as for the `2-Betti numbers [35], that this definition
depends on a choice of a Haar measure on the group and it is not an invariant of orbit equiva-
lence, see [14, Theorem 1.20].

Definition 34. Let G be a unimodular l.c.s.c. group G and let us fix a Haar measureλ. Assume that
G acts on the standard probability space (X ,µ) and fix a cross section Y ⊆ X and denote by RY the
cross equivalence relation. We set

Cost(G y X ) := 1+ Cost(RY )−1

covol(Y )
.

Observe that if Y and Y ′ are cross sections, then RY and RY ′ are strongly orbit equivalent
with compression factor covol(Y )/covol(Y ′), see [27, Proposition 4.3], and therefore the cost of a
p.m.p. action of G is well defined. As for countable groups we define the cost of the group to be the
infimum of the cost of all of its free p.m.p. actions Cost(G) := infGyX Cost(G y X ) with respect to
a fixed Haar measure. The fixed price problem can also be posed in the context of l.c.s.c. groups:
does there exist a l.c.s.c. unimodular group G equipped with a fixed Haar measure λ and two free
actions of G which do not have the same cost? As an example amenable groups have fixed price 1
(which does not depend on the measure) since every cross equivalence relation is amenable, [27,
Proposition 4.3]. It has also been announced that SL2(R) has fixed price. It is unknown whether
SLn(R) has fixed price 1 for n ≥ 3 and even whether for any l.c.s.c. group G the group Z×G has
fixed price 1.

The definition of cost clearly makes sense outside the context of standard probability space,
one con use an external cross section instead of a cross section. Also remark that combining
Proposition 29 and [13, Theorem 3.28] we obtain that the cost of an action on a non standard
probability space is the same as the cost of some of its standard factors.

Definition 35. Let G be a l.c.s.c. group. Suppose that G acts on the probability measure space (X ,µ)
preserving the measure and let U ⊆G be a neighborhood of the identity. We set

(X )U := {
x ∈ X : g x 6= x ∀ g ∈U \ {1G }

}
.

Clearly if the action is free (X )U = X for every U . We say that the action is U - thick if (X )U = X up
to a null set.
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Definition 36. Let G be a l.c.s.c. group. We say that a sequence of actions on the probability
spaces {(Xn ,µn)}n is u- Farber if for every neighborhood of the identity limuµn((Xn)U ) = 1 and
the sequence is called Farber if limn µn((Xn)U ) = 1.

Clearly a sequence of actions is Farber if and only if it is u-Farber for every ultrafilter. Observe
that Lemma 10 implies that if {(Xn ,µn)}n is u-Farber, then the action of G on [Xn]R

u is essentially
free.

3.1. Lattices

As always we will say that a discrete subgroup Γ of a locally compact group G is a lattice if the
quotient G/Γ has finite Haar measure and we will denote this measure by covol(Γ). Let G be a
l.c.s.c. group with Haar measure λ and let {Γn}n be a sequence of lattices of G . Observe that if
U ⊆G is a neighborhood of the identity, then (G/Γ)U = {g ∈G/Γ : gΓg−1∩U = {1G }}. Therefore we
can restate Definition 36 in the following way.

Definition 37. We say that the sequence {Γn}n is (u-) Farber or almost everywhere thick for every
neighborhood of the identity U ⊆G

lim
u

λ
({

g ∈G/Γn : gΓn g−1 ∩U = {1}
})

covol(Γn)
= 1.

Remark that if a sequence is u-Farber, then limu covol(Γn) =∞.
Similarly we say that a lattice is U - thick if (G/Γ)U =G/Γ. Clearly every cocompact lattice is U -

thick for some U and non cocompact lattices are never U -thick for any U . We say that a sequence of
lattices {Γn}n is nowhere thin (sometime called uniformly discrete) if there exists a neighborhood
of the identity U such that for every n ∈N the lattice Γn is U -thick.

Let Γ < G be a lattice. A U - separated subset Y of G/Γ is a finite subset such that for every
y 6= y ′ ∈ Y we have that U y ∩U y ′ =;. We will say that a U -separated subset Y of G/Γ is maximal
if it has maximal cardinality (which is always bounded by covol(Γ)/λ(U )).

Lemma 38. Let G be a unimodular l.c.s.c. group and fix a Haar measure λ. Let {Γn}n be a u-
Farber sequence of lattices and let U ⊆ G be a neighborhood of the identity. For every n ∈ N, let
Yn ⊆ (G/Γn)U−1U be a maximal U -separated set. Then Yn is a U -cross section for the action of G on
G/Γn of covolume covol(Yn) = covol(Γn)/|Yn | such that

λ
(
U−1U

)≥ lim
u

covol(Yn) ≥λ(U ) and lim
u

λ
(
U−1U Yn

)
covol(Γn)

= 1.

Proof. Let Γ be a lattice of G and denote by µ the normalized Haar measure on G/Γ. If y ∈
(G/Γ)U−1U , then the map u ∈U 7→ uy ∈ G/Γ is injective. Indeed if for u1,u2 ∈U , then u1 y = u2 y
if and only if u−1

2 u1 y = y which is impossible if y ∈ (G/Γ)U−1U . Therefore U -separated subsets of
(G/Γn)U−1U are cross-sections. Also observe that if Y ⊆ (G/Γ)U−1U is a U -separated subset, then
µ(U Y ) = |Y |λ(U )/covol(Γ). That is, covol(Y ) = covol(Γ)/|Y | and

λ(U )|Y |
covol(Γ)

=µ(U Y ) ≤ 1 ⇒λ(U ) ≤ covol(Y ).

If a U -separated subset Y ⊆ (G/Γ)U−1U is maximal, then U−1U Y ⊇ (G/Γ)U−1U . Indeed given
any x ∈ (G/Γ)U−1U \U−1U Y , the subset Y ∪ {x} ⊆ (G/Γ)U−1U is still U -separated. In particular,

|Y |λ(
U−1U

)
covol(Γ)

≥µ(
(G/Γ)U−1U

)⇒λ
(
U−1U

)≥µ(
(G/Γ)U−1U

)
covol(Y ).

Now the lemma follows from the fact that if {Γn}n is a Farber sequence, we have that
λ((G/Γn)U−1U )/covol(Γn) tends to 1. �
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Let {Γn}n be a u-Farber sequence of lattices of the unimodular, compactly generated l.c.s.c.
group G . Let us fix a neighborhood of the identity U ⊆ G . For each n, let Yn ⊆ (G/Γn)U−1U be
a maximal U -separated set. Then we can apply Theorem 30 and Theorem 32 to obtain that the
cross equivalence relation on the ultraproduct is compactly generated and it is the ultraproduct
of the finite equivalence relations on the cross sections Yn . In this and in the next section we will
show that this cross equivalence relation retains many properties of the sequence of lattices.

3.2. Cost and rank gradient

For a countable group Γ we will denote by d(Γ) the minimal number of elements of Γ which are
needed to generate it.

Proposition 39. Let G be a l.c.s.c. group G with fixed Haar measure λ and let Γ < G be a lattice.
Then Cost(G) ≤ 1+ (d(Γ)−1)/covol(Γ).

Proof. Consider a free p.m.p. action of Γ on (Y ,ν) and induce it to an action of G on X := Y ×G/Γ,
see [39, Definition 4.2.21]. Then Y ⊆ X is a cross section of covolume covol(Y ) = covol(Γ) and
therefore

Cost(G y X ) = 1+ Cost(Γy Y )−1

covol(Y )
≤ 1+ d(Γ)−1

covol(Γ)
�.

The following theorem is an analogue for locally compact groups of [7, 8] and [13].

Theorem 40. Let G be a compactly generated unimodular l.c.s.c. group and fix a Haar measure λ.
Let {Γn}n be a nowhere thin Farber sequence of lattices of G. Then

Cost
(
G y [G/Γn]R

u

)≥ 1+ lim
u

d(Γn)−1

covol(Γn)
≥ Cost(G).

The second inequality follows from Proposition 39 and hence if the group G has fixed price the
above inequalities are equalities.

We will prove a stronger version of the theorem and for doing so we will need some notation.
Let G be a l.c.s.c. group, let Γ be a lattice and let U ⊆ G be a neighborhood of the identity. Fix a
U -cross section Y of G/Γ and assume that the projection of the identity is in Y . Let us now define
the cross groupoid GY associated to the cross section. The set of units of GY consists on Y and
the elements of GY are couples (g , y) where g ∈G , y ∈ Y such that g y ∈ Y . Clearly it is a transitive
groupoid and the stabilizers are conjugated to Γ. Fix a compact subset U ⊆ K ⊆ G . We define a
graphing ΘK exactly as in Definition 31, ΘK consists on the set of elements (g , y) such that g ∈ K ,
y ∈ Y and g y ∈ Y . The graphing is bounded4 by some constant which only depends on U and K
but not the size of Y . We will denote by GK

Y the groupoid generated by ΘK , by RK
Y the associated

equivalence relation and by ΓK < Γ the stabilizer of the projection of the identity. One can check
that the cost of GK

Y as a groupoid is (see for example [6, Lemma 21])

Cost
(
GK

Y

)= 1+ d
(
ΓK

)−1

|Y | .

Denote by π : G → G/Γ the projection map and let Ỹ := π−1(Y ). The following lemma is
straightforward.

Lemma 41. An element γ ∈ Γ is in ΓK if and only if there are elements ỹ1, . . . , ỹh ∈ Ỹ such that
ỹ1 = 1G , ỹh = γ and ỹ i+1 ∈ K ỹ i for every i ≤ h−1. In particular if K0Ỹ =G, then for every K ⊃ K −1

0 K0

we have that ΓK = Γ and GK
Y =GY . If Γ is U -thick and K ⊃U−1U , then GK

Y =GY .

4that is there exists a constant D such that for every y ∈ Y there are at most D elements g ∈G such that (g , y) is in the
graphing.
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The following theorem is a strengthening of Theorem 40.

Theorem 42. Let G be a compactly generated unimodular l.c.s.c. group and fix a Haar measure
λ. Let {Γn}n be a Farber sequence of lattices of G and let U ⊆ G be a neighborhood of the identity.
For every n fix a maximal U -separated subset Yn ⊆ (G/Γn)U−1U . Consider a compact subset K ′ ⊆G
containing U . Then there exists K ⊇ K ′ such that

Cost
(
G y [G/Γn]R

u

)≥ 1+ lim
u

d
(
ΓK

n

)−1

covol(Γn)
.

Proof. Denote by µn the renormalized Haar measure on G/Γn . By Lemma 38, {Yn}n is a sequence
of cross-sections. The group G acts measurably on [G/Γn]R

u and by Theorem 30 we have that Yu

is an external cross section. Moreover we can also choose K ⊃ K ′ as in Theorem 32 to obtain
that the cross equivalence relation Ru is the ultraproduct of the graphed equivalence relations
(RK

n ,ΘK
n ). Since the sequence is Farber the action on [G/Γn]u is free and hence Ru is also the

ultraproduct of the sequence (GK
n ,ΘK

n ). Remark thatΘK
n is uniformly bounded on n and hence we

can apply [13, Theorem 3.13] to obtain that

Cost(Ru) ≥ 1+ lim
u

d
(
ΓK

n

)−1

|Yn |
.

Observe that covol(Yn) = covol(Γn)/|Yn | whence we get

Cost
(
G y [G/Γn]R

u

)= 1+ lim
u

d
(
ΓK

n

)−1

|Yn |
lim
u

|Yn |
covol(Γn)

= 1+ lim
u

d
(
ΓK

n

)−1

covol(Γn)
. �

We would like now to identify the subgroup ΓK < Γ in the case of quasi connected groups.
Remember that a l.c.s.c. group is quasi connected if one of its quotients by a compact subgroup is
connected. In this case we also have that there exists a unique up to conjugacy maximal compact
subgroup K0 < G and that K0\G is contractible, see [25, Theorem 8] and [2, Theorem A.5]. Put
M := K0\G . We will denote by ρ the quotient map from G to M and by ρΓ the quotient map from
G/Γ to M/Γ where Γ<G is any lattice.

If Γ is a torsion free lattice of G , then the fundamental group of M/Γ is Γ itself. The isomor-
phism is given as follows. Any loop (whose start point is the class of the identity) in M/Γ can
lifted to a path in M which starts at the class of the identity and ends at the class of an element
of Γ. The isomorphism maps the loop to this element.

Proposition 43. Let G be a quasi connected l.c.s.c. unimodular group. Let Γ < G be a torsion
free lattice, let U ⊆ K ⊆ G be neighborhoods of the identity such that K0U = U , U = U−1, ρ(U 2)
contractible and K ⊃U 4 compact. Let Y ⊆ (G/Γ)U 2 be a U -cross section and assume that 1G ∈ Y .
Then ΓK contains the image of π1(ρΓ(Y U 2),1G ) inside π1(M/Γ,1G ) = Γ through the map induced
by the inclusion ρΓ(Y U 2) ,→ M/Γ.

Proof. Consider a loop ` in ρΓ(Y U 2). Since ρ(U 2) is contractible and Y ⊆ (G/Γ)U 2 we have that
ρΓ(yU 2) is contractible for every y ∈ Y . Observe also that ρΓ restricted to Y and ρ restricted to
Ỹ := π−1(Y ) ⊆ G are injective. By compactness there are finitely ρΓ(y1), . . . , ρΓ(yh) ∈ ρΓ(Y ) such
that ρΓ(y1) = ρΓ(yn) = 1G and ` is contained in ∪iρ

Γ(yi )U 2 and ρΓ(yi+1) ∈ U 4ρΓ(yi ). Consider
a lifting p of ` inside M whose starting point is the identity. Then there are ρ(ỹ i ) ∈ ρ(Ỹ ) which
lifts the elements ρΓ(yi ) such that ρΓ(ỹ1) = 1G and such that p is contained in ∪iρ(ỹ i )U 2 and
ρ(ỹ i+1) ∈U 4ρ(ỹ i ). This implies also that ỹ i+1 ∈U 4 ỹ i . Finally observe that the image of ` seen as
an element of π1(ρΓ(Y U 2)) inside π1(M/Γ) = Γ is the element ρ(ỹh) ∈ Γ. Therefore we can use
Lemma 41 to complete the proof. �

Combining the above proposition, Theorem 42 and a result of Gelander [23] we obtain the
following.
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Theorem 44. Let G be a semisimple Lie group without compact factors and fix a Haar measure on
G. Let {Γn}n be a Farber sequence of torsion free lattices. Then

Cost
(
G y [G/Γn]R

u

)≥ 1+ lim
u

d(Γn)−1

covol(Γn)
≥ Cost(G).

Proof. Gelander proved in [23, Theorem 1.5, Lemma 4.1, Proposition 4.8, Theorem 7.4 and
Section 9], that for every such a Lie group G there exists a neighborhood of the identity U (which
is just a ball of some radius) for which for every lattice Γ there exists Y ⊆ (G/Γ)U 2 satisfying that
the map induced by the inclusion from π1(ρΓ(Y U 2)) to π1(M/Γ) = Γ is surjective. Therefore given
a Farber sequence {Γn}n of lattices we can find cross sections Yn for which ΓK

n = Γn for every n
and hence Theorem 42 allows us to conclude the proof. �

4. `2-Betti numbers

In the last section, we studied the asymptotics of the minimal number of generators of lattices
of unimodular, compactly generated l.c.s.c. groups. We showed that the limit is related to the
cost of the group. In this section, we will study the similar question for the Betti numbers of the
lattices. Since we will work with higher homological invariants, the hypothesis that G is compactly
generated is not sufficient anymore. We will need that G acts cocompactly and properly on a nice
topological space.

We say that an open cover of a topological space is a good cover if the finite intersections of
open sets of the cover are either empty or contractible. The nerve of an open cover is the simplicial
complex whose vertices are the elements of the open cover and whose k-simplices correspond to
the intersections of k +1 open sets. It is well known, see for example [26, Corollary 4G.3], that the
nerve of a good cover of a paracompact space is homotopic to the space itself.

Definition 45. A well-covered G- space is a topological space M on which G acts continuously on
the right and such that

• the action is proper, that is the induced map G ×M → M ×M given by (g ,m) 7→ (mg−1,m)
is proper5;

• the action is cocompact, that is the quotient M/G is a compact and Hausdorff space;
• there exists a G-invariant good cover O made of open and relatively compact sets;
• there are fine good covers, that is there are compact subsets AM ⊆ M and AG ⊆G such that

for every symmetric neighborhood of the identity W , there are O1, . . . , Om ∈ O satisfying
∪i Oi ⊆ AM , (∪i Oi )G = M and whenever we have Oi g1 ∩O j 6= ; and Oi g2 ∩O j 6= ; for
some 1 ≤ i , j ≤ m and g1, g2 ∈G, then g1g−1

2 ∈W K for some compact subgroup K ⊆ AG .

Notable examples of well-covered G-spaces are given by isometric, proper and cocompact
actions of l.c.s.c. groups on Riemannian manifold. Indeed the set of balls of arbitrarily small
radius form the fine good coverings, see Lemma 63. Another example is given by proper and
cocompact simplicial actions on simplicial spaces and in this case the fine good coverings are
given by the stars of barycentric subdivisions, see Lemma 65. The last condition of Definition 45
is inspired by the above two cases, it is a key feature that both open covers share and it is what is
needed in order to see M and M/Γ as Γ-simplicial complexes in a coherent way, see 4.2.

For a topological space Q we will denote by bi (Q) the i th Betti number, that is the dimension
of the i th homology group (with rational coefficients). From now on, we will also use the termi-
nology introduced in Definition 37. The main theorem of this section is the following.

5A map is proper if the preimage of any compact set is compact.
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Theorem 46. Let G be a unimodular l.c.s.c. compactly generated group and fix a Haar measure λ
on G. Let M be a contractible well-covered G-space. Let {Γn}n be a Farber sequence of torsion free
lattices of G. Then we have

βi (G) ≤ liminf
n

bi (M/Γn)

covol(Γn)
,

and if the sequence {Γn} is nowhere thin, then

βi (G) = lim
n

bi (M/Γn)

covol(Γn)
.

By βi (G) we mean the i th `2-Betti number of G as defined in [35]. This invariant is equal
to the quantity βi (Γ)/covol(Γ) for any lattice Γ in G , see [27]. In this work, we will not directly
work with the `2-Betti numbers of G , but with the `2-Betti numbers of the cross-sections of its
actions. Indeed, given any free p.m.p. action of G on (X ,µ) and given any cross-section Y ⊆ X ,
then βi (G) =βi (RY )/covol(Y ), see [27] and the discussions in Section 4.1.

It is not hard to observe that if Γ is a cocompact torsion free lattice of G , then bi (M/Γ) = bi (Γ),
see Corollary 52. In Section 4.5 we will give examples of unimodular l.c.s.c. compactly generated
groups which admit contractible well-covered spaces. In particular we get the following.

Corollary 47. Let G be a unimodular l.c.s.c. compactly generated group and let us fix a Haar
measure λ on G. Let {Γn}n be a Farber sequence of cocompact torsion free lattices of G. Assume
that one of the following conditions holds.

• The group G is almost connected.
• The group G is totally disconnected and it acts cocompactly and properly on a contractible

simplicial complex.
• The quotient G/G0 satisfies the previous condition, where G0 ≤ G denotes the connected

component of the identity

Then

βi (G) ≤ liminf
n

bi (Γn)

covol(Γn)
and if the sequence {Γn} is nowhere thin, then

βi (G) = lim
n

bi (Γn)

covol(Γn)
.

Before stating the next theorem we will need the following notation: for an inclusion of
topological spaces P ⊆ Q, we will denote by ∇i (P,Q) the dimension of the image of the map
induced by the inclusion at the level of homologies Hi (P ) → Hi (Q).

Let us assume that the well-covered G-space M admits a proper and compatible metric dM

such that G acts isometrically on (M ,dM ). This is the case for example if M is a Riemannian
manifold and dM is the geodesic distance. Let Γ < G be a lattice and ε a real positive number.
We define

(M)Γε := {
p ∈ M : ∀ γ ∈ Γ\ {1Γ}, dM (pγ, p) > ε}

and we will set (M/Γ)ε := (M)Γε/Γ. We will prove the following theorem.

Theorem 48. Let G be a unimodular l.c.s.c. compactly generated group and let us fix a Haar
measure λ on G. Let M be a contractible well-covered G-space and assume that M admits a proper
and compatible metric dM such that G acts isometrically on (M ,dM ). Let {Γn}n be a Farber sequence
of torsion free lattices of Γ. Then for every ε> 0 we have that

βi (G) = lim
n

∇i
(
(M/Γn)ε, M/Γn

)
covol(Γn)

.
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Let us give a concrete example. Let G be a Lie group, let us denote by K0 ≤ G a maximal
compact subgroup. Take a Riemannian left K0-invariant and right G-invariant metric dG on G .
Set M := K0\G and denote by dM the metric induced by dG . Then clearly the action by translation
of G on the right is isometric and M is a well-covered G-space by Lemma 63.

Theorem 48 becomes extremely easy to understand whenever we have that (M/Γn)ε al-
ready contains all the homological information of the space, that is when ∇i ((M/Γn)ε, M/Γn)
= bi (M/Γn), or more generally when the dimention of the homology of M/Γn \ (M/Γn)ε is sub-
linear with respect to the covoulume. This, in some cases, is an immediate consequence of the
thin-thick decomposition, [37, Theorem 4.5.6], the work of Gromov, [9] and the more recent work
of Gelander, [23]. In this way we are able to get a result similar to [5, Theorem 1.8] and the main
result of [4].

Corollary 49. Assume that G is a connected semisimple Lie group and let us fix a Haar measure λ
on G. Let {Γn}n be a Farber sequence of torsion free lattices of G.

• It always follows that

β1(G) = lim
n

b1(Γn)

covol(Γn)
.

• If G has higher rank and Γn is not cocompact for every n, then for every i

βi (G) = lim
n

bi (Γn)

covol(Γn)
.

• If G has rank 1 and the associated symmetric space M := K0\G has dimension d ≥ 4, then
for every i 6= d −1

βi (G) = lim
n

bi (Γn)

covol(Γn)
.

If Γn is cocompact for every n, then the above equation holds for every i .

Proof. In all cases we have that ∇i ((M/Γn)ε, M/Γn) = bi (M/Γn). The first two points follows from
the work of Gelander [23] exactly as in the proof of Theorem 44. The third point follows from the
thick-thin decomposition, see [37, Theorem 4.5.6] for the hyperbolic case, and the Mayer-Vietoris
exact sequence.

Indeed let us fix a lattice Γ of a rank 1 Lie group. First note that the result is trivial for i = 0
or i ≥ d . For i = 1 if follows from the fist part and Poincaré duality implies that the statement
holds for i = d − 1 whenever Γn is cocompact. Therefore let us fix 1 < i ≤ d − 2. The thick-
thin decomposition states that there exists ε > 0 independent of n, such that M/Γn \ (M/Γn)ε
is composed of a disjoint union of neighborhoods of closed geodesics and cusps. Fix n and let us
denote by B and C the open set obtain as the union of the neighborhoods of the closed geodesics
and cusps respectively, so that M/Γn = (M/Γn)ε∪B ∪C .

First remark that the cusps are homeomorphic to products of manifolds with the reals. In
particular, it is easy to check that ∇i ((M/Γn)ε∪B , M/Γn) = bi (M/Γn). On the other hand, let us
observe that each connected component of B is a disk bundle over a circle. Therefore (M/Γn)ε∩B̄
is homotopic to a sphere bundle over a circle and its homology vanishes in every dimension not
equal to 0,1,d −2 and d −1. Since i > 1, we clearly have that Hi (B) = 0. Therefore Mayer–Vietoris
tells us that

Hi ((M/Γn)ε) → Hi ((M/Γn)ε∪B) → Hi−1
(
(M/Γn)ε∩ B̄

)→ Hi−1((M/Γn)ε)⊕Hi−1(B̄).

Now if 2 < i ≤ d−2, then Hi−1((M/Γn)ε∩B̄) = 0 and hence the map Hi ((M/Γn)ε) → Hi ((M/Γn)ε∪
B) is surjective. For i = 2, observe that the map induced by the inclusion H1((M/Γn)ε∩B̄) → H1(B̄)
is an isomorphism and in particular is injective. Therefore, the exactness of the sequence implies
that H2((M/Γn)ε) → H2((M/Γn)ε∪B) is surjective and the proof of the corollary is completed. �
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We do not know whether for a rank 1 Lie group we have ∇d−1((M/Γn)ε, M/Γn) = bd−1(M/Γn).
We do not see any easy way to deduce Corollary 49 for non-cocompact lattices in rank 1 Lie
groups in dimension d − 1 from Theorem 48 and the thick-thin decomposition. However one
could obtain the result by proceeding as in [4, Proposition 3.1]: there are very few short geodesic
compared to the volume.

4.1. Reminders about `2-Betti numbers for equivalence relations and cross-sections

Let us briefly recall the notion of `2-Betti number of p.m.p. equivalence relations with countable
classes defined in [21]. Let R be a p.m.p. equivalence relation over the probability space (X ,µ).
A R-simplicial complex is a field of simplicial complexes Σ over X on which R acts smoothly
and commuting with the boundary operators, see [21, Définition 2.6] or Section 5 of [13] in the
setting of general probability spaces. For x ∈ X we will denote byΣx the simplicial complex “over”
the point x ∈ X . We say that such a complex is uniformly bounded if there exists a D such that for
almost every x ∈ X , the 1-skeleton of Σ is a graph of degree bounded by D . Note that this implies
that the field of simplicial complexes is uniformly bounded in every dimension.

One can define the (simplicial) chain complex associated to Σ and complete it to a Hilbert
space by using the measure µ on X . If the simplicial complex is uniformly bounded, then the
boundary operators are bounded and one can define the (reduced) homology as usual. Since
the boundary operators commute with the action of R, the equivalence relation still acts on
the homology and we will denote by βi (Σ) the R-dimension of the i th homology group. Gabo-
riau proved that the value βi (Σ) only depends on the homotopy-class of Σ, [21, Corollaire 4.9].
In particular, whenever Σ is a R-simplicial complex such that Σx is contractible for almost ev-
ery x ∈ X , we will set βi (R) := βi (Σ). This value does not depend on the chosen contractible
R-simplicial complex Σ. Moreover if R is the orbit equivalence relation induced by an action
of a countable group Γ on a probability space (X ,µ) and Γ acts freely on the contractible sim-
plicial complex S, then one can form the R-simplicial complex Σ := S × X and one obtains
βi (Γ) =βi (R) [21, Théorème 3.11].

Let us take a unimodular l.c.s.c. compactly generated group G and let us fix a Haar measure.
Suppose we have a free action of G on the probability measure space (X ,µ) preserving the
measure. Consider an external cross section (Y ,Ψ). Denote as always byRY the cross equivalence
relation. Then βi (G) = βi (RY )/covol(Y ), so that the ratio only depends on G and its Haar
measure, [27]. Note that the fact that the ratio βi (RY )/covol(Y ) only depends on G and its Haar
measure can be easily proven with the results in [21] and we will not explicitly use any of the
results in [27].

4.2. From well-covered G-spaces to Γ-simplicial complexes

Let G be a unimodular l.c.s.c. compactly generated group and let M be a well-covered G-space.
Since M has a G-invariant good cover, it is homotopic to a simplicial complex on which G acts. If G
is not countable, the nerve of the good cover is a simplicial complex with in general uncountably
many simplices. However, whenever we fix a countable subgroup Γ<G , we can take a countable
Γ-invariant good cover of M and hence obtain an action of Γ on a simplicial complex with
countably many cells. If Γ < G is a lattice, then we obtain that M is homotopic to a simplicial
complex on which Γ acts freely.

Lemma 50. Let G be a unimodular l.c.s.c. compactly generated group and let M be a well-covered
G-space. Denote its G-invariant good cover byO. Let Γ<G be a cocompact torsion free lattice. Then
there are O1, . . . , Om ∈O such that
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• the cover OΓ := {Oiγ}1≤ i ≤m,γ∈Γ is a good cover of M;
• the quotient cover OΓ/Γ on M/Γ is a good cover.

Lemma 50 tells us that well-covered G-spaces behave in a very good manner when we see
them as Γ-spaces. Indeed M is not only homotopic to a bounded simplicial complex on which Γ
acts cocompactly, but also that the taking the nerve and the quotient by the action of Γ commute.
We will not use Lemma 50 explicitly, but the methods of its proof will be essential for proving
Theorem 46.

We will need the following well-known fact.

Lemma 51. Let G be a unimodular l.c.s.c. compactly generated group. For every neighborhood of
the identity V ⊆G and compact subset A ⊆G there exists a symmetric neighborhood of the identity
W , such that for every lattice Γ satisfying Γ∩V = {1G }, we have that Γ∩W K consists of elements of
finite order, for every compact subgroup K contained in A.

Proof. Let W1 ⊆ G be an open subset such that W1W −1
1 ⊆ V . Consider Γ such that Γ∩V = {1G }.

Remark that for every g ∈ G , we have that |Γ ∩ W1g | ≤ 1. Indeed if γ1,γ2 ∈ Γ ∩ W1g , then
γ1γ

−1
2 ∈ Γ∩W1W −1

1 = {1}. Let N be the maximal cardinality of a W1-separated subset of W1 A.
Observe that N ≤ λ(W 2

1 A)/λ(W1) is finite. Consider a symmetric neighborhood of the identity
W2 ⊆G such that W N

2 ⊆W1. Since A is compact there is a symmetric neighborhood of the identity
W ⊆ G such that gW g−1 ⊆ W2 for every g ∈ A. Let K ⊆ A be a compact subgroup and consider
γ ∈ Γ∩W K . Let n ≤ N and observe that γn ∈ W1K . Indeed if γ= wk with w ∈ W and k ∈ K , then
γn = (wk)n = w(kwk−1)(k2wk−2) . . . (kn−1wk−(n−1))kn ∈ W n

2 K ⊆ W1K . Then 1Γ,γ,γ2, . . . , γN are
N + 1 elements in Γ∩W1K ⊆ W1 A. But since |Γ∩W1g | ≤ 1 for every g ∈ G , these elements are
W1-separated and by definition of N we must have that for some n ≤ N , we have that γn = 1Γ as
claimed. �

Proof of Lemma 50. There is a neighborhood of the identity V ⊆ G such that V ∩ gΓg−1 = {1G }
for every g ∈ G . Let us fix the compact subset AG ⊆ G as in the last condition of well-covered
G-spaces, Definition 45. Let W be as in Lemma 51 with respect to the neighborhood V and the
compact subset AG . Then since M is a well-covered G-space, there are O1, . . . , Om ∈O satisfying
(∪i Oi )G = M and whenever we have Oi g1 ∩O j 6= ; and Oi g2 ∩O j 6= ; for some 1 ≤ i , j ≤ m and
g1, g2 ∈ G , then g1g−1

2 ∈ W K for some compact subgroup K ⊆ AG . By cocompactness of G on M
and Γ, there is a finite subset F ⊆G such that ∪1≤ i ≤m ∪ f ∈F Oi f Γ= M . Assume now that for some
1 ≤ i , j ≤ m, γ1,γ2 ∈ Γ and f1, f2 ∈ F we have that

Oi f1γ1 ∩O j f2 6= ; and Oi f1γ2 ∩O j f2 6= ;.

Then by assumption f1γ1γ
−1
2 f −1

1 ∈W K for some compact subgroup K contained in AG . Remark
that Γ is torsion free and f1Γ f1 ∩V = {1G }, therefore Lemma 51 yields that γ1 = γ2. In particular,
if we take i = j and f1 = f2, we obtain that the action of Γ on the cover {Oi f γ}i , f ,γ is free.
Finally, observe that since Oi f γ∩Oi f if and only if γ = 1Γ, we have that Oi f seen inside M/Γ
is contractible. Similarly, since given 1 ≤ i , j ≤ m and f1, f2 ∈ F , the sets Oi f1 and O j f2γ meets
for at most one γ ∈ Γ, their intersection in the quotient M/Γ is also contractible. Since this is true
for arbitrary finite intersections, we obtain that the sets {Oi f }1≤ i ≤m, f ∈F induce a good cover of
M/Γ. �

Let us also remark that Lemma 51 implies that the action of any lattice on a well-covered G-
space is properly discontinuous. In the next corollary we will denote by βi (M ,Γ) the i th `2-Betti
number of M seen as a Γ-space (or simplicial complex).

Corollary 52. Let G be a unimodular l.c.s.c. compactly generated group and let M be a well-
covered G-space. If Γ is a torsion free lattice of G, then the action of Γ on M is free and properly
discontinuous. In particular if M is contractible, then βi (M ,Γ) =βi (Γ).
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4.3. Proof of Theorem 46 and Theorem 48

Let G be a unimodular l.c.s.c. compactly generated group, let V ⊆G be any neighborhood of the
identity and let M be a well-covered G-space. Let us fix the compact subset AM ⊆ M as in the last
condition of well-covered G-spaces, Definition 45. Recall that AM G = M .

Given any neighborhood of the identity U ⊆G and a lattice Γ<G , let us set

(G)ΓU := {
g ∈G : gΓg−1 ∩U = {1G }

}
.

Remark that (G)ΓU /Γ= (G/Γ)U as defined in Definition 35.
Recall that given an inclusion of topological spaces P ⊆Q, we denote by∇i (P,Q) the dimension

of the image of the map induced by the inclusion at the level of homologies Hi (P ) → Hi (Q).

Theorem 53. Let G be a unimodular l.c.s.c. compactly generated group and fix a Haar measure λ
on G. Let M be a contractible well-covered G-space. Let {Γn}n be a Farber sequence of torsion free
lattices of G. Then for any neighborhood of the identity V

βi (G) = lim
u

∇i

(
AM (G)Γn

V /Γn , M/Γn

)
covol(Γn)

.

We will prove Theorem 53 in the next section, Section 4.4. Let us show first how it implies
both Theorem 46 and Theorem 48. We start with Theorem 46. For the reader’s convenience, let us
repeat the statement.

Theorem (Theorem 46). Let G be a unimodular l.c.s.c. compactly generated group and fix a Haar
measure λ on G. Let M be a contractible well-covered G-space. Let {Γn}n be a Farber sequence of
torsion free lattices of G. Then we have

βi (G) ≤ liminf
n

bi (M/Γn)

covol(Γn)
,

and if the sequence {Γn} is nowhere thin, then

βi (G) = lim
n

bi (M/Γn)

covol(Γn)
.

Proof. Clearly we have that

∇i

(
AM (G)Γn

V /Γn , M/Γn

)
≤ bi (M/Γn).

Therefore Theorem 53 yields

βi (G) ≤ lim
u

bi (M/Γn)

covol(Γn)
and since this is true for every ultrafilter, we get

βi (G) ≤ liminf
n

bi (M/Γn)

covol(Γn)
.

Suppose now that {Γn}n is nowhere thin. Then there is a neighborhood of the identity U ⊆ G
such that (G/Γn)U = G/Γn for every n. This implies that (G)Γn

U = G and hence Theorem 53 gives
us that

βi (G) = lim
u

∇i

(
AM (G)Γn

U /Γn , M/Γn

)
covol(Γn)

= lim
u

∇i (M/Γn , M/Γn)

covol(Γn)
= lim

u

bi (M/Γn)

covol(Γn)
. �

Before showing how Theorem 53 implies Theorem 48 let us note the following easy fact: if
P1 ⊆ P2 ⊆ P3 are topological spaces, then

∇i (P1,P3) ≤∇i (P2,P3).
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Let us recall the notation

(M)Γε =
{

p ∈ M : ∀ γ ∈ Γ\ {1Γ}, dM (pγ, p) > ε}
and

(M/Γ)ε = (M)Γε/Γ.

Theorem (Theorem 48). Let G be a unimodular l.c.s.c. compactly generated group and let us fix
a Haar measure on G. Let M be a contractible well-covered G-space and assume that M admits a
proper and compatible metric dM such that G acts isometrically on (M ,dM ). Let {Γn}n be a Farber
sequence of torsion free lattices of Γ. Then for every ε> 0 we have that

βi (G) = lim
n

∇i
(
(M/Γn)ε, M/Γn

)
covol(Γn)

.

Proof. Let Γ < G be any lattice and fix ε > 0. Since the action is proper, there is V ⊆ G open and
precompact neighborhood of the identity such that dM (pg , p) > ε whenever g ∉V and p ∈ AM .

We claim that

(M)Γε ⊇ AM (G)ΓV .

Indeed fix p ∈ AM and g ∈ (G)ΓV . By assumption gΓg−1∩V = {1G }, so for everyγ ∈ Γnot the identity

dM (pgγ, pg ) = dM
(
pgγg−1, p

)> ε
that is pg ∈ (M)Γε as claimed.

Let now U ⊆G be a precompact neighborhood of the identity such that dM (pu, p) ≤ ε for every
u ∈U and p ∈ AM . Then we claim that

(M)Γε ⊆ AM (G)ΓU .

For this, consider p ∈ M \ AM (G)ΓU . Then there is g ∈G \ (G)ΓU such that pg−1 ∈ AM . Let u 6= 1G be
such that g−1ug ∈ Γ. Then by assumption on U , we have that

dM
(
pg−1ug , p

)= dM
(
pg−1u, pg−1)≤ ε,

which implies that p ∉ (M)Γε and the claim is proven.
We can now finish the proof of the theorem,

βi (G) = lim
u

∇i

(
AM (G)Γn

V /Γn , M/Γn

)
covol(Γn)

≤ lim
u

∇i

(
(M)Γn

ε /Γn , M/Γn

)
covol(Γn)

≤ lim
u

∇i

(
AM (G)Γn

U /Γn , M/Γn

)
covol(Γn)

=βi (G). �

4.4. Proof of Theorem 53

Let us once again repeat the setting and prove some preliminary lemmas.
Let G be a unimodular l.c.s.c. compactly generated group and let V ⊆ G be any symmetric

neighborhood of the identity. Let M be a well-covered G-space. Let us take the compact subsets
AM ⊆ M and AG ⊆G as in the last condition of well-covered G-spaces, Definition 45.

Since the action of G on M is proper, there is a compact subset K ′
0 such that whenever

AM g ∩ AM 6= ;, then g ∈ K ′
0. Again, since the action is proper, there is K0 such that whenever

AM K ′
0g ∩ AM K ′

0 6= ;, then g ∈ K0.
Let W as in Lemma 51 with respect to the neighborhood V and the compact subset AG . Then

since M is a well-covered G-space, there are O1, . . . , Om ∈O satisfying ∪i Oi ⊆ AM , (∪i Oi )G = M
and whenever we have Oi g1 ∩O j 6= ; and Oi g2 ∩O j 6= ; for some 1 ≤ i , j ≤ m and g1, g2 ∈ G ,
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then g1g−1
2 ∈ W K for some compact subgroup K ⊆ AG . Since for every i ∈ {1, . . . , m} the set Oi is

relatively compact, there exists a finite subset S ⊆ K0 such that

∪i Ōi ⊆∪i Oi S.

Let u be an ultrafilter and consider a u-Farber sequence of lattices {Γn}n of G and set Xn :=
G/Γn . Fix a Haar measure λ on G and denote by µn the induced probability measure on Xn .
Recall that given any neighborhood of the identity U ⊆G , we have

(Xn)U = {x ∈ Xn : ux 6= x, ∀U \ {1G }} .

Since {Γn}n is u-Farber, we have that for every precompact open neighborhood of the identity
U ⊆G one has that limuµn((Xn)U ) = 1.

The set ∪i Ōi V̄ 2 is compact, clearly ∪i Ōi V̄ 2 ⊆ ∪i Oi SV 3, therefore there is a finite subset
F ⊆ SV 3 ⊆ K0V 3 such that

∪i Oi V 2 ⊆∪i Ōi V̄ 2 ⊆∪i Oi F.

Our first step is to fix the sequence of cross-sections Yn . Set V1 :=V −3K −1
0 V K0V 3.

Lemma 54. For every n, there is a finite subset Yn ⊆ (Xn)V1 containing the class of the identity,
satisfying the following conditions

• Yn is a V -cross section;
• V 2Yn ⊇ (Xn)V1 ;
• F Yn ⊆ (Xn)V .

Proof. Let Yn ⊆ (Xn)V1 be a maximal V -separated subset. Since V1 ⊇V 2, we can apply Lemma 38
to get that Yn is a cross-section and by maximality V 2Yn ⊇ (Xn)V1 . Finally for every f ∈ F ,
y ∈ Yn ⊆ (Xn)V1 , and v ∈ V , we have that f −1v f ∈ V1 and therefore v f y = f f −1v f y 6= f y so that
f y ∈ (Xn)V as claimed. �

Since the action of G on M is proper, there is a compact subset B0 ⊆ G , such that for every
g ∈G \ B0

(∪i Oi F )∩ (∪i Oi F ) g =;.

The group G acts on the regular ultraproduct X R
u of the sequence {Xn}n and Theorem 30 tell

us that Yu, the ultraproduct of {Yn}n , is an external cross section with respect to some map
Ψu : G ×Yu → Xu. Theorem 32 implies that there exists a compact subset K ⊇ B0 such that the
ultraproduct of the sequence of graphed equivalence relations (RK

n ,ΘK
n ) is the cross equivalence

relationRu on Yu which is graphed byΘK
u . The graphingsΘK

n are K -supported as in Definition 31,
that is the equivalence relation RK

n is generated by the element of K which maps points of Yn

to Yn .
For y ∈ Yn , put

ωK
n,y :={

g ∈G : (y, g y) ∈RK
n

}
;

ωn,y :={
g ∈G : g y ∈ Yn

}
.

Remark that if g ∈ ωK
n,y , then ωK

n,g y = ωK
n,y g−1 and in particular that ωK

n,y yΓy−1 = ωK
n,y . Similar

equations hold for ωn,y and moreover ωn,y =∪g∈ωn,yω
K
n,g y g .

For every n ∈N and y ∈ Yn , let us set

OK
n,y :=

{
Oi f g : 1 ≤ i ≤ m, f ∈ F and g ∈ωK

n,y

}
;

On,y :={
Oi f g : 1 ≤ i ≤ m, f ∈ F and g ∈ωn,y

}
.
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Observe that OK
n,y is a good cover of M K

n,y := ∪i Oi FωK
n,y and On,y is a good cover of Mn,y :=

∪i Oi Fωn,y . Clearly ωK
n,y ⊆ωn,y so that M K

n,y ⊆ Mn,y and

Mn,y =
⋃

i
Oi Fωn,y =

⋃
i

⋃
g∈ωn,y

Oi FωK
n,g y g = ⋃

g∈ωn,y

M K
n,g y g .

Lemma 55. For every y ∈ Yn and g ∈G,

• if g ∈ωK
n,y , then M K

n,g y g = M K
n,y ;

• if g ∈ωn,y \ωK
n,y , then M K

n,g y g ∩M K
n,y =;.

Proof. Suppose that g ∈ωK
n,y . Then ωK

n,y =ωK
n,g y g and hence

M K
n,y =∪i Oi FωK

n,y =∪i Oi FωK
n,g y g = M K

n,g y g .

Take y ∈ Yn and g ∈G . Assume that

(∪i Oi )FωK
n,y

⋂
(∪i Oi )FωK

n,g y g 6= ;.

Then there are hy ∈ωK
n,y and hg y ∈ωK

n,g y such that

(∪i Oi )F hy g−1h−1
g y

⋂
(∪i Oi )F 6= ;

and therefore hy g−1h−1
g y ∈ B0 ⊆ K . Fix k ∈ K such that hy = khg y g . Observe that (y,khg y g y) =

(y,hy y) ∈ RK
n . Since both khg y g y and hg y g y are elements of Yn , by definition of RK

n we have
that (khg y g y,hg y g y) ∈ RK

n . Therefore (y,hg y g y) ∈ RK
n . By hypothesis (g y,hg y g y) ∈ RK

n , thus
(y, g y) ∈RK

n and we concluded the proof of the Lemma 55. �

Remark that the subsets M K
n,y are not necessarily connected, they are unions of con-

nected components which are close with respect to K . We will now consider the quotients
Mn,y /(yΓn y−1). We will start by showing the analogous of Lemma 50.

Lemma 56. For every y ∈ Yn , the cover induced by On,y on Mn,y /(yΓn y−1) is a good cover.

Proof. The proof is similar to the proof of Lemma 50. In order to show that the induced cover is a
good cover, it is enough to show that given any O,O′ ∈On,y there is at most an element γ ∈ yΓn y−1

such that the intersection O ∩O′γ is not empty. Indeed if it is the case, then the intersection
of translates of On,y in the quotient Mn,y /yΓn y−1 are homeomorphic to the corresponding
intersection in Mn,y . Since the latter are either empty or contractible, the former have to satisfy
the same property. That is, the cover induced by On,y on Mn,y /(yΓn y−1) is a good cover.

So let us fix such open sets and by definition O =Oi f1g1 and O′ =O j f2g2 for some 1 ≤ i , j ≤ m,
f1, f2 ∈ F and g1, g2 ∈ωn,y . Assume that there are γ1,γ2 ∈ Γ such that

O1 f1g1γ1 ∩O2 f2g2 6= ; and O1 f1g1γ2 ∩O2 f2g2 6= ;.

Then by the assumptions on the {Oi }i , we must have that

f1g1γ1g−1
2 f −1

2

(
f1g1γ2g−1

2 f −1
2

)−1 = f1g1γ1γ
−1
2 g−1

1 f −1
1 ∈W K ′

for some compact subgroup K ′ contained in AG . On the other hand

f1g1γ1γ
−1
2 g−1

1 f −1
1 ∈ f1g1 yΓn( f1g1 y)−1.

Since by hypothesis g1 y ∈ Yn , we have that f1g1 y ∈ F Yn ⊆ (Xn)V . That is, we have that

f1g1 yΓn( f1g1 y)−1 ∩V = {1}.

So Lemma 51, implies that

f1g1γ1γ
−1
2 g−1

1 f −1
1 ∈ f1g1 yΓn( f1g1 y)−1 ∩W K ′

must be a torsion element. Since Γn is torsion free, γ1 = γ2 as claimed. �
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For every y ∈ Yn , we have a topological space M K
n,y /(yΓn y−1) and a cover of it OK

n,y /(yΓn y−1).
Denote by ΣK

n,y M the nerve of this cover. The set Yn is finite for every n, so On,y /(yΓn y−1) is a
finite cover for every y . Hence ΣK

n,y M is a finite simplicial space. Moreover given g ∈ ωK
n,y , the

multiplication on the right by g−1 induces an homeomorphism

αg : M K
n,y =∪i Oi FωK

n,y → M K
n,g y =∪i Oi FωK

n,g y =∪i Oi FωK
n,y g−1.

Clearly αg is equivariant with respect to the action of yΓn y−1 on M K
n,y and the action of

g yΓn y−1g−1 on M K
n,g y . Therefore αg induces an isomorphism of simplicial spaces

α̃g : ΣK
n,y M →ΣK

n,g y M .

It is easy to see then thatΣK
n M := {ΣK

n,y M }y∈Yn is a RK
n -simplicial complex. We can therefore argue

as in [10, Proposition 2.3].

Lemma 57. In the above notation, for every y ∈ Yn

βi
(
ΣK

n M
)= bi

(
Mn,y /yΓn y−1

)
|Yn |

.

Before proving the lemma, let us remark that the same arguments as before, show that if
y, g y ∈ Yn , then the multiplication by g−1 on the right induces an homeomorphism between
Mn,y /yΓn y−1 and Mn,g y /g yΓn y−1g−1. Therefore the statement of the lemma does not depend
on y .

Proof. Fix n ∈ N. Choose a representative {yl }l for each RK
n -class in Yn and let Cl be the size of

the class of yl . Clearly
∑

l Cl = |Yn | and we can write Mn,y as a disjoint union

Mn,y =∪l M K
n,yl

yl .

Following [10, Proposition 2.3] we obtain that

βi
(
ΣK

n M
)=∑

l

|Cl |
|Yn |

bi

(
M K

yl

/
ylΓn y−1

l

)
|Cl |

=∑
l

bi

(
M K

yl
yl

/
yΓn y−1

)
|Yn |

= bi (Mn,y /yΓn y−1)

|Yn |
. �

We finally prove the main technical hearth of Theorem 53.

Proposition 58. In the above notation,

covol(Yu)βi (G) = lim
u
βi

(
ΣK

n M
)

.

The proposition will follows from Theorem 32 and [13, Theorem 5.9]. For the proof, we will
need to work with ultraproduct of simplicial complexes, which we will recall only in our specific
setting.

Proof. Consider our fixed cross sections Yn ⊆ Xn and equip them with the renormalized counting
measure νn . On each finite set Yn , we have the equivalence relation RK

n graphed by ΘK
n . The

graphings ΘK
n are K -supported as in Definition 31. Recall that given y, y ′ ∈ Yn , then there is

ϕ ∈ΘK
n such that ϕ(y) = y ′ if and only if y ′ ∈ K y . By Theorem 32, the ultraproduct of the graphed

equivalence relations (RK
n ,ΘK

n ) is the equivalence relation Ru which is the cross-equivalence
relation of the external cross section Yu = [Yn]u for the action of G on the regular ultraproduct X R

u .
For each n, we also have a RK

n -simplicial complex ΣK
n M . We will now take the ultraproduct of

this sequence of simplicial complexes to obtain a Ru-simplicial complex. Let us start with the
0-skeleton. We can define a length function `n on the 0-simplices of ΣK

n M which associate to
Oi f g × {y} the minimal n such that there is h ∈ (K ∪K −1)n satisfying(

Oi f g × {y}
)

h =Oi f g h−1 × {hy} ∈ {Oi f }1≤ i ≤m, f ∈F ×Yn .
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The 0-simplices of ΣK
u,yuM will be given by u-equivalence classes of sequences of 0-simplices

[Oin fn gn]u where Oin fn gn is a 0-simplex of ΣK
n M , that is 1 ≤ in ≤ m, fn ∈ F and gn ∈ωK

n,yn
, with

the additional assumption that

lim
u
`n

(
Oin fn gn × {yn}

)<∞.

Remark that since m and F are finite, one can always assume that in = i ≤ m and fn ∈ F are fixed.
Since the length `n(Oi f × {y}) = 0, the 0-simplices of Σu,[yn ]u are therefore given by [Oi f gn]u
where gn ∈ ωK

n,yn
is any bounded sequence. Define gu := limu gn . Now remark that by definition

of the regular ultraproduct, we must have that [gn yn]u = gu[yn]u (inside Xu and hence in Yu since
Ψu is injective). That is, if we denote

ω[yn ]u := {
g ∈G :

(
[yn]u, g [yn]u

) ∈Ru
}

then the 0-simplices of ΣK
u,yuM are given by Oi f g with 1 ≤ i ≤ m, f ∈ F and g ∈ω[yn ]u .

The higher skeletons of ΣK
u,yuM are constructed similarly. That is a k-simplex of ΣK

u,yuM
corresponds to a k +1-tuple [

Oi0 fi0 g (0)
n

]
u , . . . ,

[
Oik fik g (k)

n

]
u

such that i0, . . . , ik ∈ {1, . . . , m}, f0, . . . , fk ∈ F and g (0)
n , . . . , g (k)

n ∈ωK
n,yn

are such that⋂
j=0, ...,k

Oi j fi j g ( j )
n 6= ; for u-almost every n. (1)

It is easy to see that ΣK
u M = {ΣK

u,yuM }yu∈Yu is a Ru-simplicial complex [13, Proposition 5.6]
and it is the ultraproduct of the simplicial complexes ΣK

n M . Since the action of G is proper, the
simplicial complexes {ΣK

n M } are uniformly bounded and hence we can apply [13, Theorem 5.9]
to get that for every i ,

βi
(
ΣK
u M

)= lim
u
βi

(
ΣK

n M
)

.

We are left to show that βi (ΣK
u M) is contractible. Indeed in this case, we would have that

lim
u
βi

(
ΣK

n M
)=βi

(
ΣK
u M

)=βi (Ru) =βi (G)covol(Yu).

Before showing that this simplicial complex is contractible, let us give a different description
on what happens over each point yu. For this, let us fix [yn]u ∈ Yu. For every k ∈N, let us denote
by ΣK ,(k)

n,yn
M ⊆ ΣK

n,yn
M the finite simplicial sub-complex consisting on all the simplices of ΣK

n,yn
M

whose 0-skeleton has `n-length less than k. Since the action of G is cocompact and Yn is V -
discrete, the number of simplices on each dimension of ΣK ,(k)

n,yn
M can be bounded independently

of n. Therefore there are only finitely many possibility for the simplicial complexes ΣK ,(k)
n,yn

M .
The ultrafilter u select one of these choices and this finite simplicial complex is exactly the
corresponding ΣK ,(k)

u,[yn ]u
M .

In order to show that the simplicial complex is contractible, we can argue as in [13, Proposi-
tion 5.8]: it is enough to show that for every k0 there is k1 such that any homotopy sphere lying in

Σ
K ,(k0)
u,[yn ]u

M is null-homotopic in ΣK ,(k1)
u,[yn ]u

M .

The previous discussion implies that we can prove that for u-almost every n any homotopy
sphere lying in Σ

K ,(k0)
n,yn

M is null-homotopic in Σ
K ,(k1)
n,yn

M . This follows from the fact that M is
contractible and {Γn}n is a Farber sequence. Indeed, by definition ΣK

n,yn
M is the nerve of the

cover On,yn /ynΓn y−1
n . Since {Γn}n is Farber, for almost every [yn]u, the nerves of the covers

On,yn /ynΓn y−1
n and On,yn coincide on bigger and bigger subsets. In particular for each k ∈ N,

the simplicial complex ΣK ,(k)
n,yn

M is the nerve of a finite sub-covering of On,yn of M . Since M is

contractible, for every k0 there is k1 such that every homotopy sphere in ΣK ,(k0)
n,yn

M has to be null-

homotopic in some ΣK ,(k1)
n,yn

M . Therefore the proof of the proposition is concluded. �
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We will now show that the boundary is small. We say that an open set O ∈On,y /(yΓn y−1) is a
boundary set if the closure of O meets the complement of Mn,y /(yΓn y−1) in M/yΓn y−1. Recall
that given a neighborhood of the identity U ⊆G and n ∈N, we defined

(G)Γn
U = {

g ∈G : gΓn g−1 ∩U = {1G }
}

.

Remark that given a neighborhood of the identity U ⊆G and any subset B ⊆G , for every n we
have

B(G)Γn

B−1U B
⊆ (G)Γn

U . (2)

Indeed if g ∈ (G)Γn

B−1U B
and b ∈ B , then

bgΓn g−1b−1 ∩U ⊆ gΓn g−1 ∩B−1U B ⊆ {1G }.

Lemma 59. For every n, pick yn ∈ Yn . Then the number of boundary elements in On,yn /(ynΓy−1
n )

grows sublinearly with respect to |Yn | as n tends to infinity (along the ultrafilter u).

Proof. As remarked after Lemma 57, the lemma does not depend on the choice of yn ∈ Yn . So let
us assume that yn is the class of the identity for every n. Let us fix g ∈ωn,yn and a neighborhood of
the identity B ⊆G . Then g ∈ (G)Γn

B if and only if gΓn ∈ (Xn)B . Lemma 54 yields that V 2Yn ⊇ (Xn)V1 .
We claim that V 2ωn,yn ⊇ (G)Γn

V1
. Indeed, if g ∈ (G)Γn

V1
, then gΓn ∈ (Xn)V1 and therefore there are

v ∈V 2, gn ∈ωn such that gΓn = v gn yn . That is, g ∈ v gnΓn ⊆V 2ωn,yn . In particular, we have that

Mn,yn =∪i Oi Fωn,yn ⊇∪i Oi V 2ωn,yn ⊇∪i Oi (G)Γn
V1

.

If g ∈ωn,yn ∩ (G)Γn

(SF )−1V1SF
, Equation (2) yields

∪i Ōi F g ⊆∪i Oi SF g ⊆∪i Oi SF (G)Γn

(SF )−1V1SF
⊆∪i Oi (G)Γn

V1
⊆ Mn,y .

Therefore the number of boundary elements is bounded by

m|F | ∣∣Yn \ (Xn)(SF )−1V1SF

∣∣ .

Finally remark that since {Γn}n is Farber,

lim
u

∣∣Yn ∩ (Xn)(SF )−1V1SF

∣∣
|Yn |

= 1

so the proof of the lemma is concluded. �

As a direct consequence of the above lemma and the Mayer–Vietoris long exact sequence we
obtain the following.

Lemma 60. In the above notation, for every y ∈ Yn ,

lim
u

bi
(
Mn,y /yΓn y−1

)
|Yn |

= lim
u

∇i
(
Mn,y /yΓn y−1, M/yΓn y−1

)
|Yn |

.

Proof. Fix i ,n ∈N. To simplify our notation, as for the lemma above, we can assume that y is the
class of the identity, so that yΓn y−1 = Γn and set Mn := Mn,y . Denote byαn,i the dimension of the
kernel of the map induced by the inclusion Hi (Mn/Γn) → Hi (M/Γn). By definition

αn,i +∇i (Mn/Γn , M/Γn) = bi (Mn/Γn).

Denote by En ⊆ Mn/Γn the union of the boundary open sets. Set

D0 := Mn/Γn , D1 := (M/Γn) \ ((Mn/Γn) \ En) .

Clearly D0 ∩ D1 = En . The Mayer-Vietoris long exact sequence of the decomposition M/Γn =
D0 ∪D1 tells us that

Hi (En) → Hi (Mn/Γn)⊕Hi (D1) → Hi (M/Γn)
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is exact for every i and n. Therefore αn,i ≤ bi (En). By Lemma 59, we have that bi (En) grows
sublinearly and hence

lim
u

∇i (Mn/Γn , M/Γn)

|Yn |
≤ lim

u

bi (Mn/Γn)

|Yn |
= lim

u

αn,i +∇i (Mn/Γn , M/Γn)

|Yn |
≤ lim

u

bi (En)+∇i (Mn/Γn , M/Γn)

|Yn |
= lim

u

∇i (Mn/Γn , M/Γn)

|Yn |
. �

Let us now compare the obtained Mn,y with the topological spaces in the statement of
Theorem 53.

Lemma 61. If y ∈ Yn is the class of the identity, we have that

AM (G)Γn

K −1
0 V1K0

⊆ M K
n,y ⊆ AM (G)Γn

V .

Proof. By hypothesis we have F Yn ⊆ (Xn)V . This can be restated as saying that Fωn,y ⊆ (G)Γn
V .

Therefore
M K

n,y =∪i Oi Fωn,y ⊆∪i Oi (G)Γn
V ⊆ AM (G)Γn

V .

On the other hand, ∪i Oi K0 ⊇ AM and V 2ωn,y ⊇ (G)Γn
V1

. Therefore, using Equation (2), we obtain

M K
n,y =∪i Oi Fωn,y ⊇∪i Oi V 2ωn,y ⊇∪i Oi (G)Γn

V1
⊇∪i Oi K0(G)Γn

K −1
0 V1K0

⊇ AM (G)Γn

K −1
0 V1K0

. �

Summing up all the previous statements, we obtain the following.

Lemma 62. For every symmetric neighborhood of the identity V , set V2 := K −1
0 V −2K −1

0 V K0V 2K0.
Then we have

lim
u

∇i

(
AM (G)Γn

V2
/Γn , M/Γn

)
|Yn |

≤βi (G)covol(Yu) ≤ lim
u

∇i

(
AM (G)Γn

V /Γn , M/Γn

)
|Yn |

.

Proof. By assumption, the class of the identity is in Yn . Denote this class by yn . Then combining
Lemma 57, Proposition 58 and Lemma 60, we obtain

βi (G)covol(Yu) = lim
u

∇i
(
Mn,yn /Γn , M/Γn

)
|Yn |

.

Therefore the lemma follows from Lemma 61. �

Let us conclude the proof of Theorem 53. Let us fix a neighborhood of the identity V . Consider
a neighborhood of the identity U such that

U2 := K −1
0 U−2K −1

0 U K0U 2K0 ⊆V.

Then clearly (G)Γn
U2

⊆ (G)Γn
V . So applying Lemma 62 to V and U , we get

βi (G)covol(Yu) ≤ lim
u

∇i

(
AM (G)Γn

V /Γn , M/Γn

)
|Yn |

≤ lim
u

∇i

(
AM (G)Γn

U2
/Γn , M/Γn

)
|Yn |

≤βi (G)covol(Yu).

Since covol(Yu) = limn covol(Yn) (Theorem 30) and covol(Yn) = covol(Γn)/|Yn | (Lemma 38), we
get

βi (G) = lim
u

|Yn |
covol(Γn)

lim
u

∇i

(
AM (G)Γn

V /Γn , M/Γn

)
|Yn |

= lim
u

∇i

(
AM (G)Γn

V /Γn , M/Γn

)
covol(Γn)

and the proof of Theorem 53 is completed.
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4.5. Examples of well-covered spaces

We will now provide some examples of well-covered spaces and in particular we will finish the
proof of Corollary 47. All our examples will be G-CW complexes, see [31].

Lemma 63. Let G be a l.c.s.c. group and suppose it acts on the Riemannian manifold M in a
cocompact, isometric and proper way. Then M is a well-covered G-space.

Proof. Let us denote by d the geodesic distance on M . Since small geodesic balls of a Riemannian
manifolds are convex, they form a good cover of the space, see [15]. We need therefore to show
only the last point of Definition 45. Consider a compact subset C ⊆ M such that CG = M . Set
AM := B M

1 (C ). Since the action is proper, the set

AG := {
g ∈G : gC ∩C 6= ;}

is compact. Let us denote by K A ⊆ AG the union of all compact subgroups contained in AG . Let
us fix an open neighborhood of the identity W ⊆G . Remark that W K A is open. For every x ∈C let
us define

ε(x) := d
(
x, x(G \ (W K A))

)
.

Remark that if xg = x, then g is in a subgroup contained in AG , that is g ∈ K A . Moreover since the
action is cocompact, and in particular since M/G is Hausdorff, each orbit is closed and the map
g 7→ xg is closed. Therefore, x(G \ (W K A)) is a closed subset not containing x and the function
x 7→ d(x, x(G \ (W K A))) is continuous. In particular, ε0 := min(minx∈C ε(x),1) is strictly positive.

Since M/G is compact, there are finitely many p1, . . . , pm ∈C such that ∪i B M
ε0/4(pi )G = M . Now

assume that for some 1 ≤ i , j ≤ m and g1, g2 ∈G , we have that

B M
ε0/4(pi g1)∩B M

ε0/4(p j ) 6= ; and B M
ε0/4(pi g2)∩B M

ε0/4(p j ) 6= ;.

Then the triangular inequality gives us that d(pi g1, pi g2) < ε0. Since the action is isometric, we
obtain that d(pi g1g−1

2 , pi ) < ε0. Finally the choice of ε0 ≤ ε(pi ) tells us that g1g−1
2 ∈W K A and the

proof of the lemma is completed. �

Remark 64. Note that in the proof of Lemma 63 the assumption that the action is isometric it is
not crucial. Indeed, it is enough to know that for every ε> 0 there is δ such that whenever x, y ∈ M
are such that d(x, y) < δ, then d(xg , y g ) < ε for every g ∈G .

A group G is said almost connected if the quotient of G by the connected component of the
identity is compact. If G is almost connected, then M := K0\G is a EG space for some maximal
compact subgroup K0 of G , see [2, Theorem A.5] and [3, Corollary 4.14] or [31]. Observe that
any almost connected group admits a normal compact subgroup such that the quotient is a Lie
group [25, Theorem 8]. Therefore M is naturally a contractible Riemannian manifold on which
G acts by isometry and hence M is a contractible well-covered G-space. We therefore have the
following.

Fact. Every almost connected group acts on a contractible well-covered G-space.

We now examine our second class of examples.

Lemma 65. Suppose that the l.c.s.c. group G acts simplicially, properly and cocompactly on a
simplicial complex M (with countably many cells). Then M is is a well-covered G-space.

In order to prove Lemma 65, we could introduce a metric on M and proceed as in Lemma 63.
We will present instead a combinatorial proof which uses the barycentric subdivision. Let us
recall that if M is a simplicial complex, the 0-simplices of its barycentric subdivision BS(M) are
in correspondence with the simplices of M . Two 0-simplices in BS(M) are the boundary of a 1-
simplex in BS(M) if and only if one is contained in the other as simplices of M . It is convenient to
isolate the following lemma.
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Lemma 66. Suppose that the l.c.s.c. group G acts simplicially on a simplicial complex M. Suppose
that σ1

1,σ1
2 are simplices of BS(M) and take g1, g2 ∈ G such that σ1

1 contains both σ1
2g1 and σ1

2g2.
Then σ1

2g1 =σ1
2g2.

Proof. Let q1 be any 0-simplex of σ1
2. Then both q1g1 and q1g2 are 0-simplices of σ1

1. If they are
distinct, there is a 1-simplex in BS(M) whose boundary is {q1g1, q1g2}. In this case we would have
that q1g1 and q1g2 are associated to simplices of M of different dimensions, which is impossible
since the action of G is simplicial. �

Proof of Lemma 65. Denote by BS2(M) the barycentric subdivision of BS(M). We claim that the
covering by stars of the 0-simplices of BS2(M) satisfies the required conditions. First observe that
the intersection of stars is either empty or is a star of a higher dimensional simplex. Therefore it
is a good cover and since the action of G is simplicial, it is G-invariant. We are left again to prove
the last condition. As in Lemma 63, we consider a compact subset C ⊆ M such that CG = M . We
let AM be the closed star around C . Since the action is proper, the set

AG := {
g ∈G : g AM ∩ AM 6= ;}

is compact.
Given a 0-simplex p2 of BS2(M), we will denote by S(p2) the open star around p2. By cocom-

pactness, there are finitely many p2
i ∈ C for i = 1, . . . , m, such that ∪i S(p2

i )G = M . Assume now
that there are g1, g2 ∈G and 1 ≤ i , j ≤ m such that

S
(
p2

i g1
)∩S

(
p2

j

)
6= ; and S

(
p2

i g2
)∩S

(
p2

j

)
6= ;.

For every 1 ≤ i ≤ m, we denote by σ1
i the simplex of BS(M) associated to p2

i . Since the dimension
of σ1

i g is the same for every g ∈G , we must have that one of the two following conditions hold

• σ1
j contains both σ1

i g1 and σ1
i g2;

• σ1
j is contained in both σ1

i g1 and σ1
i g2.

In the first case, Lemma 66 implies that g1g−1
2 fixesσ1

i . In the second,σ1
i contains bothσ1

j g−1
1 and

σ1
j g−1

2 and hence Lemma 66 implies that g−1
2 g1 fixesσ1

j . Therefore g1g−1
2 fixesσ1

j g−1
2 . Remark that

p2
i ∈ C and that p2

j g−1
2 is connected by a 1-simplex in BS2(M) to p2

i and therefore p2
j g−1

2 ∈ AM .

In either cases, the element g1g−1
2 fixes a 0-simplex in AM , therefore it is contained in a compact

subgroup contained in AG . �

Well-covered G-spaces behave nicely with respect to products.

Lemma 67. Let G1,G2 be l.c.s.c. groups and let Mi be well-covered Gi -spaces for i = 1,2. Then
M1 ×M2 is a well-covered G1 ×G2-space.

Proof. Clearly the action of G1 ×G2 on M1 ×M2 is proper and cocompact. Also remark that if Oi

is a Gi -invariant good cover of Mi , then the collection

O1 ×O2 :=
{

O1 ×O2 : Oi ∈Oi , i = 1,2
}

is a G-invariant good cover and the last condition can be easily verified. �

Finally assume that G is a general locally compact group and denote by G0 ≤G the connected
component of the identity.

Fact. If the group G/G0 acts cocompactly and properly on a contractible simplicial complex M0,
then there is a contractible well-covered G-space.

We will not prove this fact. In [33] it is explained how to induce a E(G/G0) space to a EG without
changing the quotient. Following their construction, the preimage of each point in the quotient is
a countable union of connected Riemannian manifolds. Therefore we can construct good covers
by taking the product of the cover by stars of M0 and small geodesic balls in the manifolds.
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