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Abstract. The aim of this work is to understand some of the asymptotic properties of sequences of lattices
in a fixed locally compact group. In particular we will study the asymptotic growth of the Betti numbers of
the lattices renormalized by the covolume and the rank gradient, the minimal number of generators also
renormalized by the covolume. For doing so we will consider the ultraproduct of the sequence of actions of
the locally compact group on the coset spaces and we will show how the properties of one of its cross sections
are related to the asymptotic properties of the lattices.
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Introduction

Let us consider a real-valued invariant P of countable groups, that is PP assigns to every countable
group I a (possibly infinite) real number P (I'). The main examples for us will be when P = d is
the rank, that is the minimal number of generators, and when P = b; is the i Betti number, that
is the dimension of the i homology group with rational coefficients. However the questions that
we address are still interesting and often open for many other invariants such as the rank of the
abelianization or the dimension of the homology with coefficients in a finite field. We want to
understand the following problem, see [32].

Approximation problem for P. For a countable, residually finite group T and a sequence of
finite index subgroups {I' ,}, of T such that the index [I': T';;] tends to infinity does the sequence
PT)/T: Tyl converge? If so does the limit depend on the sequence {I,},? Can we compute this
limit?
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A first striking result in this direction is the Liick’s approximation theorem [30] which states
that whenever I’ is the fundamental group of a compact manifold and {I';}, is a (nested) chain
of normal subgroups of T satisfying n,I';, = {1r}, then the sequence b;([';)/[I': T',] converges
to the i™ ¢2-Betti number of the group I', which will be denoted by B;(I'). Therefore, under
some assumptions on the group and on the chain, the approximation problem is completely
understood and the limit does not depend on the chain. The needed assumptions on the
sequence of finite index subgroups were later weakened by Farber.

Definition. A sequence of finite index subgroups {I,,}, is called Farber if for everyy e T'\ {11} we

have

[{eTnel/Ty: yeglng™'}|
[I': Tyl

Farber proved in [17] that the sequence b; (I',,)/[I": T',;] also converges to §;(I') whenever {I',,},
is a Farber and nested chain of finite index subgroups of I'. The approximation problem for b; was
later studied in several different occasion, for example in the case of non Farber chains in [10],
for sofic approximations in [16] and in a more general setting in [13].

Another invariant for which the approximation problem has been widely studied is the rank.
Abért and Nikolov proved in [7] that whenever I' is a finitely generated group and {I',;} ,, is a Farber
chain of finite index subgroups, then the sequence d(I';;)/[I": T';;] converges towards the cost of
the associated profinite action (minus 1). In this case however it is still unknown whether the limit
depends on the chosen Farber sequence, indeed it is unknown whether all free p.m.p. actions of a
fixed countable group have the same cost, [20]. Abért and Nikolov’s theorem was later generalized
to non-nested sequences in [8] and [13], where in general only one inequality is proved.

In our work we are interested in a variant of the approximation problem for lattices in locally
compact groups.

lim 0.
n

Lattice approximation problem for P. For a locally compact, second countable group G and a
sequence of lattices {I',,}, of G such that the covolume covol(I',) tends to infinity does the sequence
P(T)/ covol(T'y,) converge? If so does the limit depend on the sequence (Il ,},? Can we compute this
limit?

The lattice approximation problem was first studied for Betti numbers in [5] where, among
many other things, it is proven that if G is a connected center-free semi-simple Lie group and
{T's}n is a sequence of lattices which is nowhere thin and almost everywhere thick, then the

sequence b; (') / covol(T';;) converges to the ith ¢2_Betti number of the associated homogeneous
space.

Definition. A sequence of lattices {T';},, is

+ nowhere thin (or uniformly discrete) if there exists a neighborhood of the identity U < G
such that for every g € G and n € N we have that gU,g ' nU = {15};
« almost everywhere thick (or Farber) if for every neighborhood of the identity U < G we
have
vol({gT, € GIT,: gTng™ ' NU ={16}})

=1.
covol(T';,)

im
n

A similar result was obtain in [36] for totally disconnected groups acting cocompactly on
simplicial complexes. In this context they were also able to get an inequality for the limit without
the “nowhere thinness” assumption. One of the purposes of this work is to give a unified proof of
these two results and to generalize them in the context of a general locally compact group.

Theorem (Corollary 47). Let G be a unimodular l.c.s.c. compactly generated group and let us fix a
Haar measure A on G. Let{I',},, be a Farber sequence of cocompact torsion free lattices of G. Assume
that one of the following conditions holds.
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o The group G is almost connected.

o The group G is totally disconnected and it acts cocompactly and properly on a contractible
simplicial complex.

o The quotient G/ Gy satisfies the previous condition, where Gy < G denotes the connected
component of the identity

Then bi(C)
piG) = m}lln covol(T';,)
and if the sequence {I ,,}, is nowhere thin, then

pi(G) = 11}1111 covol(T',) "

Here by f;(G) we mean the i ¢2-Betti number of the locally compact group G as defined
in [35] and [27]. In particular we derive as a corollary the above stated theorem in [5] and in [36]
for torsion free lattices!. But our result can be also applied to a large new class of locally compact
groups with interesting lattices, the S-adic groups, the groups which appear as (local) product of
real and p-adic Lie groups.

We will prove the above theorem in a much more general context, see Theorem 46, of actions
on what we call well-covered G-spaces, see Definition 45. In particular a similar convergence
will be derived for every cocompact, proper and isometric action on a contractible Riemannian
manifold or for every cocompact, proper and simplicial action on a contractible simplicial space.
The theorem above will be then a corollary of Theorem 46 by considering the action of G on a
contractible well-covered G-space.

Let us observe that for some groups G which either have property (T) or (7) and which satisfy
the conclusion of the Stuck-Zimmer theorem, any sequence of lattices whose covolume tends to
infinity is automatically almost everywhere thick, or Farber see [5,24] and [28]. We will dedicate
a small note about this phenomenon in a further work [12].

Using similar techniques we are also able to obtain an analogous theorem for the the lattice
approximation problem for the rank. For this we need the notion of cost for a p.m.p. action of a
locally compact group. Such a cost can be defined, see Definition 34, to be the cost of one its cross
sections renormalized by the covolume, thatis if G acts on (X, u) and Y < X is a cross section, then
Cost(Ry) -1

covol(Y)

Theorem (Theorem 40). Let G be a compactly generated unimodular l.c.s.c. group and fix a Haar
measure A. Let {T';}, be a nowhere thin and almost everywhere thick sequence of lattices of G. Then
dT,) -1

Cost (G~ [GITR) = 1 +1lim ——— > Cost(G).
ost (G~ [GIT,ly) ltlxncovol(rn) oste

Cost(GNA X)) =1+

The probability space [G/T,]¥ is a measure-theoretic ultraproduct of the measure spaces
{G/T',}, and will be the main object of study in this work. The cost of this action is in most of
the cases unknown, it seems very hard to compute and we will not give concrete bounds of it.

The case of Lie groups

Loosely speaking the assumption of nowhere thinness is needed because the homology/cost of
the limit will only depend on the thick part of the quotients by the lattices I';;. For Lie groups we
can make this observation a little bit more precise.

1The general form of Theorem 1.3 of [36] can also be derived from our techniques but in this text we will only work
with torsion free lattices.
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Let G be a connected Lie group, let Ky < G be a maximal compact subgroup and consider the
homogeneous space M := Ky\G. Let us fix a Riemannian metric on M for which the action of G is
isometric and we denote by dj, the associated (geodesic) distance. For a positive real number ¢
we consider the e-thick part

(MIT)g:={peM: du(p,py) =€ YyeT\{1}}/T.

Finally if P < Q is an inclusion of topological spaces we will denote by V; (P, Q) the dimension
of the image of the i™ homology group of P inside the homology of Q. The following theorem
follows from Theorem 48 and Lemma 63.

Theorem. LetG be a unimodular l.c.s.c. compactly generated group and let us fix a Haar measure
A on G. Let M be a contractible Riemannian manifold equipped with the Riemannian metric dy;
and on which G acts by isometries. Let {I',}, be a Farber sequence of torsion free lattices of T'. Then
for every € > 0 we have that

Vi((MITy)e, MITy)

covol(I',,)

Bi(G) = linm

The theorem becomes easier to understand whenever we have that (M/T;,), already contains
all the homological information of the space, that is when V;(M/T), M/T,) = b;(M/T}). In
this work we will not study this phenomenon. We will just observe in Corollary 49 that an easy
consequence of the thin-thick decomposition, [37, Theorem 4.5.6], the work of Gromov, [9] and
the more recent work of Gelander, [23], imply that it is the case for i = 1, for higher rank non
cocompact lattices and in rank 1. In this way we are able to get a result similar to [5, Theorem 1.8]
and to a recent work by Abért, Bergeron, Biringer and Gelander [4].

Similarly, for the rank-cost approximation problem we obtain the following.

Theorem (Theorem 44). Let G be a semisimple Lie group without compact factors and fix a Haar
measure on G. Let{I',,}, be a Farber sequence of torsion free lattices. Then

. dIp) -1
Cost(G~ [GIT,1 ) =1 +h{1n#l(l“n) > Cost(G).

Ultraproducts of actions

All the above stated theorems will be derived using the notion of ultraproducts of p.m.p. actions
of locally compact groups along some fixed ultrafilter u. Note that if a locally compact group
G acts measurably on a sequence of probability spaces, then it will not act measurably on the
associated ultraproduct. But it will however act measurably on a factor of it, which in the context
of von Neumann algebras is sometime called the equicontinuous part, [38]. We will use a similar
ultraproduct which we will call the regular ultraproduct.

Definition (Definition 7 and 8). Assume that the l.c.s.c. group G acts measurably on the sequence
of probability spaces {(Xp, tn)}tn. We define [X,)R = [Tpen Xn! ~B for the equivalence relation
defined by (x,) ~E (yn)n if there is a sequence g, € G such thatlim, g, = 1 and gnx, = yn for
u-almost every n.

We say that a sequence of subsets {A, < X}, is (u-)regular if for every € > 0 there exists a
neighborhood of the identity U < G such that UA,, is measurable and such that pu,(UA,\ Ay) <&
foru-almost every n.

The regular ultraproduct is the probability space whose underlying set is [X,,]%, the o-algebra
of measurable subsets is generated by the class of regular sequences [A,]® and for such a
sequence the measure is defined to be ,uff([An]ff) =1limy, p, (Ap).
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Theorem (Theorem 16). Let G be a l.c.s.c. group. Suppose that G acts in a Borel manner on the
sequence of standard probability spaces (X, 1) preserving the measure. Then G acts continuously

and measurably on the regular ultraproduct ([X,1%, 88, u®).

One of the main tools for understanding p.m.p. actions of locally compact groups is the notion
of cross section. For the regular ultraproduct we have an explicit one: the cross section of the
regular ultraproduct is the ultraproduct of the cross sections.

Theorem (Theorem 30). Let G be a lc.s.c. unimodular group, fix an open neighborhood of
the identity U' < G and a Haar measure A. Suppose that G acts on the sequence of standard
probability spaces (X, u,). Assume that for every n there exists a U’ -cross section Y;, € X,, such
that {covol(Y,)™ Y}, is bounded and denote by v, the induced measure on Y,. Take a compact
neighborhood of the identity U < U’. Let Y,, be the ultraproduct of {(Yy, vn)} . Consider the function

ql;GXYu_’Xf “P(gy[J’n]u) = [‘Dn(g;_)/n)]ﬁ-

Then (Yy,, V) is an external U -cross section of the action of G on the G-invariant measurable subset
G, (U x Y )1’ < XB with covolume covol(Y,) = lim,, covol(Y;,).

Moreover we will show that this property extends also naturally to the associated cross equiv-
alence relations, see Theorem 32.

Sketch of the proof(s)

Our understanding of the lattice approximation problem will be derived from the study of the
regular ultraproduct and its cross section. Indeed using that the cross section of the regular
ultraproduct is the ultraproduct of the cross sections we will reduce the problem to the case of
ultraproducts of finite graphed equivalence relations studied in [13]. The idea behind the proofis
not hard but since we will have to work with non standard probability spaces we have to be very
careful about the measurability problems. We will now sketch the proof of one of these theorems,
say Theorem 48, assuming that everything is measurable.

Let us fix a connected Lie group G, denote by Ky a maximal compact subgroup. Put M := Ko\G
and let djs be a geodesic G-invariant metric on M. Consider an almost everywhere thick sequence
of lattices {I',},, and a positive real number ¢. Take a sufficiently small n and for every n consider
asubset D, < (M/T,), which is maximal n-discrete so that the cover by the ball or radius 27 and
center in D;, covers (M/T';;).. We will now assume that the union of these balls is (M/T';;), which
is obviously not true in general but (M/T",;) can be easily sandwiched between two such covers.

Let D, be the associated n-discrete I',-invariant subset of M. For every g € G we consider
D, g to be the translate of D, inside M/(g~'T,g) and observe that D,,g is the quotient of D, g
by g7'T',g. In this way we get a random pointed n-discrete subset of M indexed by G/T', (up to
an inversion) which can also be thought as a random pointed n-discrete subset of the “random
space” M/(g'T,g). Let us denote by E, a random element according to this measure, that is a
random translate of D,,.

Let us fix an ultrafilter u. For every sequence of pointed 7-discrete subsets {E,}, we can
form the pointed (at the identity) Hausdorff limit to obtain a n-discrete subset E,, of M. The
assumption that {I',;},, is almost everywhere thick now translate to the fact that E,, is 2n-dense.
Therefore if we consider the space of sequences of elements in G/T';, modulo the fact the
Hausdorff limit are the same, that is the regular ultraproduct, we obtain a random G-invariant
n-discrete, 2n-dense subset of M. By considering the balls of radius 27 around the points of E,;,
we obtain a random cover of M. Let us discretize the problem.

For every n by construction the set D,, is finite. We consider now the finite set of translates of
D,, which are pointed at an element of the original D,,. When we take the nerve of the associated
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covering by balls of radius 2 we are just considering a finite simplicial complex and we are
choosing its root at random.

Now as above we let n go to infinity and we take the ultraproduct of the sequence of pointed
finite simplicial complexes as in [13] (which is closely related to the Benjamini-Schramm conver-
gence of finite simplicial complexes). This will give us a random (not anymore finite) simplicial
complex. Again, the hypothesis that the sequence is Farber, will tell us that this random simplicial
complex is contractible. Now the fact that the ultraproduct of the cross sections is the cross sec-
tion of the regular ultraproduct will tell us that the random simplicial complex obtained in this
way is a field of simplicial complexes of the cross equivalence relation of an action of G.

We now have to observe two facts. The first is that [27] implies that the £2-Betti numbers of the
discretization and the process itself are the same (modulo a covolume factor). The second is that
it follows from [13] that the £2-Betti numbers of the finite random simplicial complexes converge
as in Liick approximation theorem to the #2-Betti numbers of the ultraproduct of the sequence.
Finally a little bit of checking on covolumes and constants will give the desired result.
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1. Ultraproducts of actions of locally compact groups

One of the main concept in this work will be the notion of ultraproduct. Hence we fix now and
for the entire work a non-principal ultrafilter u over the natural numbers N. We will say that a
property of a sequence {a,}, holds for u-almost every n if the set of n € N for which a,, satisfy the
property is in the ultrafilter u.

In this text measure spaces will always be complete and o-finite, in most of the cases proba-
bility spaces. We will denote by (X, %, u) a measure space, or briefly (X, u) when we do not need
to specify the o-algebra Z. We say that the o-finite measure space (X, %, u) is separable if the
the o-algebra 4 is generated up to null-sets by a countable subset. A measurable map between
measure spaces isamap T : (X, u) — (Z,v) such that for every measurable subset A < Z we have
that T~1(A) is measurable. We will say that T is (inverse) measure preserving if u(T’1 (A) =v(A)
for every measurable subset Ac Z.

We will work with locally compact second countable (l.c.s.c.) groups, often denoted by G and
almost always unimodular and compactly generated. We will denote their left Haar measure by
A. By a neighborhood of the identity we mean a precompact Borel subset of G which contains
an open subset containing the identity, which is usually denoted by 1¢. In particular for us
neighborhoods of the identity have finite Haar measure. A measure preserving action of G on a
measure space (X, p) is an action of G on the set X such that for every g € G the map x — gx is
a measure preserving trasformation of the space. Note that gx is defined for every x € X. For an
action of G on the probability space (X, 1) we will denote by @ : G x X — X the action map, that is
(g, x) =gx.

Definition 1. We say that an action is measurable if the action map @ : G x X — X is measurable.

As an example any Borel action of a l.c.s.c. group on a standard Borel space is measurable.
Indeed if A € X is measurable, then there are Borel subsets A; and A, such that Ay € A< A,
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and pu(A;) = p(A,). Clearly ®71(A;) € @ 1(A) € @ !(A;) and by assumption ®1(A;) is Borel.
Therefore Fubini? implies that A x u(®~! (A, \ A;)) = 0 and hence that ®~!(A) is measurable.

We will say that a measurable action of G on the measure space (X, u) is probability measure
preserving (p.m.p.) if u is a probability measure and the action preserves it.

1.1. Continuity of actions

Denote by Aut(X, ) the group of all measure preserving automorphism of the probability space
(X, w). This group is equipped with a topology, called the weak topology, which is induced by the
functions T — p(AATA) for all measurable subsets A < X. This topology is Polish whenever (X, u)
is a standard probability space.

An action of a l.c.s.c. group G on a probability space (X, p) is continuous if the induced map
p: G — Aut(X, p) is continuous.

Since we will encounter non-continuous actions of locally compact groups, it is convenient
to introduce some more terminology. Assume that the l.c.s.c. group G acts on the probability
measure space (X, u) preserving the measure. Let U < G be a neighborhood of the identity and
take £ > 0. A measurable subset A< X is (U, €)- invariant if sup, c ;; H(AAgA) < €.

Observe that since the action is measure preserving, A is (U, ¢)-invariant if and only if it is
(Uu U}, ¢)-invariant. We say that a measure preserving action of G on the probability space
(X, ) is continuous at the measurable subset A < X if for every € > 0 there exists U such that A is
(U, €)-invariant. Clearly by definition of the weak topology on Aut(X, u), an action is continuous
if and only if it is continuous at every element of finite measure. The following lemma is a
straightforward computation.

Lemma 2. Assume that the lc.s.c. group G acts on the probability space (X,u) and consider
measurable subsets A,B € X which are (U, ) -invariant. Then gA is (gUg ™', €)-invariant, X \ A
is (U, €)-invariant and An B and AU B are (U, 2¢) -invariant. In particular if G is continuous at A
and B, then it is continuous at gA, AN B and X \ A.

If a l.c.s.c. group G acts in a Borel manner on the standard probability space (X, u), then
the induced map from G to Aut(X, u) is Borel and hence is automatically continuous, see [22,
Theorem 2.3.3]. Therefore any Borel action is automatically continuous. Let us sketch the proof
of the analogous statement for general measure spaces.

Proposition 3. Assume that the l.c.s.c. group G acts measurably on the probability space (X, 11).
Then the action is continuous.

Proof. Take a measurable subset A < X, let U < G be a symmetric neighborhood of the identity
and denote by A a Haar measure on G. Take € € (0, A(U)). Since ®~!(A) € G x X is measurable
there exists a measurable finite partition {W;}; of U and measurable subsets B; < X such that if
we set T:= U;W; x B;, then A x u(TA(U x XN ®~1(A))) < €?. For g € G, set Ty := {x € X: (g,x) € T}
and observe that if g,h € W;, then Ty = Ty, = B;. Put V := {g € U: u(gAATy) < €}. Observe that
AxpU\V)<e.

Fix i such that Z := W; n V has positive Haar measure. By [19, Proposition 443D (c)] whenever
E < G has positive Haar measure, the set E"'E is a neighborhood of the identity. In particular,
Z~1Z contains an open neighborhood of the identity U’ < U. For every u € U’ there are g,h € Z
such that u = g~ ! h. Therefore

(uAANA) = u(gAARA) < u(gAAT,) + u(hAAT)) < 2¢. O

2which holds for every probability space, see [19, Theorem 252B]
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Since the groups we consider are separable every continuous action is locally described by a
separable o-algebra.

Lemma 4. Assume that G acts on the probability space (X, %, |1) preserving the measure. Suppose
that P is a subset of # such that G is continuous at every element of P. Then G acts continuously
on the G-invariant o -subalgebra %p generated by P.

If P can be generated by a countable subset, then $p is separable.

Proof. Let H < G be a dense countable subgroup and let us denote by Ay the algebra of subsets
generated by {hP}}c g. By Lemma 2, the group G is continuous at every element of Ay . Observe
that if P is generated by a countable subset, then Ay is. Since H < G is dense and the action
is continuous, we have that 4y is dense in the algebra A¢ generated by the G-translates of P.
Remark that Ay € %p is dense, that is for every element B € Zp and € > 0 there exists A; € Ay
such that u(BAA;) < ¢, see for example [19, Proposition 136H]. Finally, let us check that the action
of G is continous at every element of #p. Given B € #p and € > 0, there is an element A, € Ay
and a neighborhood of the identity U < G such that A; is (U, €)-invariant and u(A:AB) < €. Then
B is (U, 3¢)-invariant, indeed

sup p(BAgB) < sup (u(A:AB) + u(A:AgAe) + 1 (§BAg Ag)) < 3e. O

geu geu

Suppose that G acts on the probability space (X, %, u) preserving the measure. The set of

sub-o-algebras of # for which the action of G is continuous admits joins, that is for every two
continuous sub-o-algebras the o-algebra generated by them is still continuous. Therefore there
exists a maximal sub-c-algebra of 4 for which the action of G is continuous. This o-algebra is
explicit: it is the o-algebra generated by all the A € % such that G is continuous at A.

1.2. Ultraproducts

We will now define the regular ultraproduct of G-probability spaces. Let us fix a (non principal)
ultrafilter u.

Definition 5. Let{X,},en be asequence of sets and let X be their Cartesian product X =[], en Xn-
The ultraproduct of the sequence {X,}, is the set [Xply = [1nen Xn! ~u Where the equivalence
relation ~,, is defined as usual by saying that (x,)p, ~u (Yn)n if X = yn foru-almost every n.

When the sequence {X,}, is clear from the context we put X;, := [X,],,. We will denote by x,,
and A, elements and subsets of X;,. For a sequence {x, € X,},, we will denote by [x,],, its class
in X, and similarly for a sequence of subsets {A; < X}, we will denote its class by [A,],. If each
X, is a probability space, then there is a canonical way to construct a probability measure on X,,,
the Loeb probability space, see for example [11].

Theorem 6. Let{(X;, B, in)}nen be a sequence of probability spaces and let X,, be the ultraprod-
uct of the sequence {X,},. Then there exists a complete probability space (X, B\, l) such that
(1) for every sequence{A; € Bntn the set [Ayly is in By and py, ([Anly) =limy p,(Ay),
(2) forevery Ay € B, there exists a sequence {A,, € B}, such that p, (AyAlAyly) =0.

From now on we fix al.c.s.c. group G and we assume that it acts on the sequence of probability
spaces {(Xy, B, Un)}nen preserving the measure. We can define an action of G on the ultraprod-
uct by the formula g[x,],, = [gx,]y. This action preserves the measure u, on X,,. However even
if the action of G on X, is continuous for every n, the action of G on the ultraproduct X,;, may
be neither continuous nor measurable. The main point of this section is to define a continuous
factor of the ultraproduct action.
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Definition 7. Assume that the lL.c.s.c. group G acts measurably on the sequence of probability
spaces {(Xy, n)tn. We set [Xn]ﬁ =[lnen Xn/ ~§ for the equivalence relation defined by (x,)n, ~1,j
(Yn)n ifthereis a sequence{gy}, of elements of G such thatlim,, g, = 1 and gy x, = y» foru-almost
every n.

If the sequence { X}, of spaces is clear from the context we will put X := [X,,]¥. We will denote
by [x,1® € X2 the point associated to the sequence (x,),. We will often denote by AR subsets of
XR.put G := {(gn)n € [1en G: limy gy = 16} Since G is a topological group multiplication and
inversion are continuous in G and therefore G is a group. Whenever G acts on the sequence
of spaces {(X, un)}, we can define an action of Gﬂ on Xy by (gn)nlxnly == [gnXnly. Observe
that [X,]R = [X,,],/GY. We will denote by 7f : [X,,],, — [X,]® the associated quotient map. For

every g € G we have that gG)g™! = GY so the group G acts on [X,]® by the same formula

g[xn]ﬁ = nﬁ (glxply) = [gxn]ﬁ and nﬁ is G-invariant.

If X,, = G/T;, for some sequence of lattices (I';,) , and y, is the normalized Haar measure, then
[X,]® corresponds to the metric ultraproduct of the sequence (X,), with respect to a suitable
proper metric. Observe however that if covol(I';) tends to infinity, then the limit metric on [Xn]ﬁ
is only defined with values in [0, +oc]. Two points in [Xn]ﬁ are at bounded distance for this limit
metric if and only if they are in the same G-orbit. We will now define the measurable structure

and the probability measure on [Xn]ff.

Definition 8. We say that a sequence of subsets {A, < X}, is (u-) regular if for every € > 0 there
exists a neighborhood of the identity U < G such that UA,, is measurable for u-almost every n and
foru-almost every n we have p,(UA,\ Ap) < €.

Remark that for every sequence of subsets {A, < X}, and neighborhood of the identity U € G
we have that Gg[A,,]u < [UA,ly. Therefore if {A,}, is regular we have that Gg[An]u € A, and
pu(GOLARTY) = py ([AR]y). For {A,}, regular we put [A,]R = n%([A,,],) and we will say that [A,]}
is a regular subset of [ X,,]R.

Definition 9. Assume that the l.c.s.c. group G acts measurably on the sequence of probability
spaces {(Xy, tn)}n and let [Xn]ﬁ' be as in Definition 7. We let 93{1 be the smallest o-algebra of
subsets of [ Xn|® which is generated by the sets [A,)R for regular sequences {Ay},,. Then we have
that (nB)"Y(BE) < B, and we let uR = (n8). (uy), that is pR(AR) = p, (@871 (AR)). We let now
PBE be the uR -completion on the o -algebra %.,. We will call the measure space ([X,|%, 2R, uR) the
regular ultraproduct of the sequence of probability spaces {(X,,, B, in)}tn-

In particular if {A,}, is regular, we have that
s ([An]]) = i (GG LAR]W) = pu (1An]u) = lim g (Ap),

and the action of G on ([X,]%, uf) is measure preserving.

Let G be a l.c.s.c. group and let (Hy), be a sequence of subgroups of G. We say that (Hy),
converges to the subgroup H of G with respect to the Hausdorff pointed topology, if for every
compact subset K € G and neighborhood of the identity U < G, for every n big enough, we have
Kn(UH,;)> KnH and Kn(UH) > Kn H,. Remark that every sequence of subgroups (Hy) , admits
a converging sub-sequence. Indeed given (Hy), set Hy, := {lim,, h,: h, € H,}. Then it is easy to
remark that H,, is a closed subgroup and (H,), converges to H, with respect to the Hausdorff
pointed topology along the ultrafilter u.

Lemma 10. Let G be a lLc.s.c. group. Suppose that G acts in a Borel manner on the sequence of
standard probability spaces {(Xy,, in)}n preserving the measure. For every sequence {x, € Xy}, the
stabilizer Gy, convergesto G, R in the Hausdorff pointed topology along the ultrafilter u.
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Proof. Assume that for u-almost every n we have that g,x, = x, and that the sequence gn
is bounded. Put g := lim, g, and observe that (h,), = (g8, € GO. So glx,l% = [gx, I} =
[hnxn]ﬁ =[x ] On the other hand assume that g[xn] [xn]R Then there exists a sequence
(8n)n € G, such that gx,, = g, x, for u-almost every n whence g,,'g € Gy, andlim, g,,'g=g. O

The great advantage of the regular ultraproduct is that the group G acts continuously and
measurably on it, see Theorem 16. It follows quite easily from the definition that the action is
continuous, however the proof that the action is measurable is more complicated. For this, we will
have to understand better regular subsets. These sets behave like compact subsets in a standard
probability space.

Lemma 11. Let{A.}, be a regular sequence of subsets and let U} be neighborhoods of the identity
such that N Uy = {1¢}. Then N Uil AplR = [ApR.

Proof. For the proof we will assume that Uy is symmetric and that Uy o Uy, for every k. An
element [xn] € NrUk[AL)R if and only if for every k there exists u; € Uy and a sequence of
elements g¥ such that u;g*x, € A, for u-almost every n and lim, g% = 15. Set ay == {n > k: gk e
Ui and ukg,fxn € Ap}. By assumption ay € u for every k. Set k,, := 1 for all n ¢ Uay and define

ky, to be the maximum of all k € N such that n € a; otherwise. Put g, := uy, g],;”. Observe that
for every n € a; we have that g,x, € A,. Moreover for every n € a; we have that g, € UI% and
therefore lim,, g, = 1 which implies that [xn]{f € [An]ﬁ as claimed. O

Lemma 12.

o Let {A,}, and {B,}, be regular sequences. Then {A,, N By}, and {A, U By}, are regular
sequences and [A, U B,1% = [A,1R U (B8 and [A, 0 B,)E = (AR (BL1E.

e Foreveryi € N we let {A;}n be a regular sequence. Then there exists a regular sequence
{Au}n such that [Apn)R < ni[ALIR and pB (0 AR\ [ALR) = 0.

Proof. For every U < G we have that both U(An B)\ (AnB) and U(AU B) \ (AU B) are contined
in (UA\ A) U (UB\ B). Therefore if {A,}, and {B,}, are regular sequences, then {A, N B,}, and
{A, U By}, are regular sequences. If [xn]ﬁ €A, U Bn]ﬁ, then there exists an element (g,), € Gg
such that g,x, € A, U B, for u-almost every n. Hence for u-almost every n the element g, x, is
either in A, orin B,. The ultrafilter will choose one of the two and therefore [x,]% € [A, 1B U[B,,]%.
The argument for the intersection is similar.

Fix now for every i € N a regular sequence {Al},,. Observe that by the previous point for every
N €N we have that "N [A}]R = ("N ALIR and {ﬂf[ Al}, is a regular sequence. Therefore we can
assume that for every z and n € N we have that A}, A’n“. Then a standard diagonal argument as
in Lemma 11 tells us that there exists a monotone function f: N — N such that [Aﬁ(m]u cn; [Ail]u
and ,uu(n,-[Afl]Ll \ [Aﬁ(")]u) =0. Set A,, :== Aﬁ(n) and let us prove that {A,}, is regular. Fix € > 0.
There exists N such that p, (A \ A,,) < € for u-almost every n. There also exists U < G such that
un(UAN\ AN < ¢ for u-almost all 7. Therefore

tn(UAR\ Ap) < pn (UAN N AY) + iy (AN A) < 26 O

Lemma 13. Let U < G be a nezghborhood of the identity. If {A,}, and {UA,}, are regular
sequences, then [UAn]R U[An] . Similarly if (X, \ Ap}tn and {X,, \ UA,}, are regular, then

[Xn \ UAn]u = [Xn]u \ U[An]u-

Proof. Observe that [yn]ﬁ € [UAn]ff if and only if there exists a sequence of elements g, € G
such that g := limy g, € U and element x, € A, such that y, = g,x, for u-almost every n. So
[yn]u [gxn]R g[xn]R and therefore [UAn]R U[An] . The other case is analogous. O

__ We fix a compatible metric d on the l.c.s.c. group G. We will set B, := {g € G: d(g,1¢) < r} and
Br:={geG:d(glg) =T}
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Lemma 14. Assume that the l.c.s.c. group G acts measurably on the sequence of probability spaces
{(Xy, un)tn preserving the measure. Consider a sequence of measurable subsets {A,}, such that
EA, < X, is measurable for every Borel subset E < G. Then for almost all r € R we have that
By Apln, (BrApdn, (X \ B, Ap}p and {X \ B, A}y, are regular sequences.

Proof. Let us prove the lemma for {B;A,},, the proof for the other cases is similar. Set
a,(r) = pu,(BrA,) and observe that it is an increasing function. Therefore the function a,,(r) :=
lim,, p,, (B Ay) is increasing and hence continuous almost everywhere. Let r be a point of conti-
nuity of @, (r). We claim that {B, A,,}, is a regular sequence. Indeed let us fix € > 0. By continuity
there exists s = r such that |a,(s) — ay (r)| < €/3. For u-almost all n we have that |a,(s) — ay, ()|
and |a,(r) — ay(r)| are both small than /3. Hence we get that for u-almost all n we have that
lan(s) —an(r)| < € that is |u,(Bs—r(BrAp)) — un(BrAp)| < € which implies that {B, A}, is regu-
lar. Il

We are now able to prove the following useful characterization.

Proposition 15. For every AR € 2R and every € > 0 there is a regular subset [B,)® such that
[Bu)f < Afl and pf(A{\[B,)) <.

Proof. Let us denote by A the set of subsets AX < X® for which both A and its complement
satisfy the condition in the statement. Observe that since the definition is symmetric AR € A
implies that X%\ AR € A. Lemma 12 implies that countable intersections of elements in A are in
A. Therefore A is a g-algebra. Finally Lemma 11 and 14 tell us that every regular subset is in .4
and hence the o-algebra generated by the regular subsets is contained in 4. g

Using the above Lemmas 13 and 14, we can finally show that the group G acts continuously

and measurably on the complete probability space ([X,]%, 2%, u&).

Theorem 16. Let G be a lL.c.s.c. group. Suppose that G acts in a Borel manner on the sequence
of standard probability spaces {(Xu, Un)}n preserving the measure. Then G acts continuously and
measurably on the regular ultraproduct ([X,1%, 2, u®).

Proof. The action is clearly continuous at every regular subset [A,]¥ ¢ XF and these subsets
generate the o-algebra. Therefore the action is continuous (which follows also from Proposition 3
and the measurability of the action). To show the measurability let us denote by ® : G x [Xn]ﬁ —
[Xn]ﬁ the action map. Proceeding as for standard Borel spaces, as explained after Definition 1, by
Proposition 15 it is enough to show that for every regular subset [A,]% such that [X,,\ A1 is also
regular we have that @1 ([An]ﬁ) is measurable (cf. also with Lemma 11 and 14).

Let k € N and let U < G be a neighborhood of the identity such that {UA;}, and {X,;, \ U(X, \
Ap)}y, are regular and u,(UAy) < pu(Ay) + 2=k and Un(UXp\Ap)) = 1—-pu(Ap) + 27k Consider a
countable subset {g;}; < G such that uU; Ugl.’1 = G and for each i let D; Ugl.’1 be a measurable
subset such that {D;}; forms a measurable partition of G. Define

Ski=UiDi x & [Xn \UXy\ Ap)]" and Ty := U;D; x gi[UARIR.

Observe that S; and T} are measurable and Sy < (D‘l([A,,]ff) C Ty. Put S = UrSr and T = N Tk.
Then we still have that S € ®~! ([An]ff) < T and Fubini tells us that 7'\ S is a null set (with respect
to the product measure). Therefore ®1([A,,]%) is measurable. g

Finally we remark that one can prove that if a measurable subset A, € %, is G -invariant,
then there exists a regular sequence {A;}, such that y, ([A;],AA,) = 0. Therefore the o-algebra
generated by the regular subsets (in [X}],) is up to null-sets the same as the sub-o-algebra
of %, of G%-invariant sets. This common measure algebra is also the same as the one which
is sometime used in the context of von Neumann algebras, the measure algebra generated
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by the equicontinuous sequences of subsets of X;. In our work will not use these different
characterizations and hence we will not prove the equivalence. Let us also remark that we do not
know whether these constructions actually define the same o-algebra and whether this o-algebra
is the maximal continuous o-algebra, the one that can be constructed thanks to Lemma 4.

2. Cross sections of ultraproducts

From now on G will be a unimodular l.c.s.c. group and we will fix a Haar measure A on G.
Whenever G acts in a Borel way on a standard probability space (X, u) preserving the measure
and Z < X is a Borel subset we will denote by @ : G x Z — X the map induced by the action, that
is ®(g,z) = gz. Clearly ®(gh, z) = go(h, ).

Definition 17. Fix a neighborhood of the identity U < G. Consider a Borel action of G on the
standard probability space (X, ). A U- cross section is a Borel subset Y < X such that the map
®:U x Y — X isinjective and such that u(X \ GY) =0.

We say that Y is a cross section if it is a U-cross section for some neighborhood of the identity
U. We recall the following theorem of Forrest [18], see also [27, Theorem 4.2].

Theorem 18. Every free p.m.p. action of a l.c.s.c. group G on a standard Borel space admits a cross
section.

In the following we will fix a not necessarily free® action of G on the standard probability space
(X, 1) and a cross section Y < X. We consider the equivalence relation

Ry ={(1,y2) € Y x Y : there exists g € G such that gy; = y»}.

Since the map U x Y — X is injective Ry is an equivalence relation with countable classes. We
recall some properties of R, see [27, Proposition 4.3].

Proposition 19. There exists a probability measurev on 'Y and a real number 0 < covol(Y) < oo
such that @ (Aly x v) = covol(Y) ttlow~ y). Moreover

(1) the equivalence relation Ry is Borel and the probability measure v is Ry -invariant,
(2) (Ry,v) isergodic if and only if the action of G is ergodic,
(3) (Ry,v) has infinite orbits almost everywhere if and only if G is non-compact.

Our aim is to understand cross sections of the regular ultraproduct. Observe however that
Definition 17 requires two structures on the standard probability space, the measurable structure
and the Borel structure. This cannot be easily generalized to our setting. Therefore, in order to
define the notion of cross section for regular ultraproducts, we need to modify the definition.

Definition 20. Let G be a unimodular l.c.s.c. group, fix a left Haar measure A and a neighborhood
of the identity U. Suppose that G acts measurably on the probability space (X, |1) preserving the
measure. An external U- cross section of covolume covol(Y) is a probability space (Y,v) and a
measurable G-equivariant map ¥V : G x Y — X such that

o thesubsetW (U x Y) <€ X is measurable,

e therestriction ¥ | uxy IS a bijective measure preserving isomorphism between (U x Y, A x v)
and (VY (U x Y),covol(Y)p),

o the measurable subset W (G x Y) has full measure in X.

3The existence of a cross section forces the stabilizers to be discrete.
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We will show in Proposition 26 that an external cross section of a Borel and probability
measure preserving action on a standard Borel space is up to a null set a Borel cross section in
the sense of Definition 17. Also remark that since ¥ is bijective and ¥ (G x Y) has full measure in
X, the existence of an external cross section implies that almost every stabilizer of the action of G
on X is discrete.

Proposition 21. In the notation of Definition 20, for any measurable subset T < G x Y we have
that ¥ (T) is measurable and if V|7 is injective, then covol(Y)u(¥(T)) = A x v(T).

Proof. Let T < G x Y be a measurable subset and let {g;}jen be a dense subset of G. Since
{g]TIU x Y}; covers T we can find measurable subsets T} < gjfl U x Y in such a way {T}}; is a

partition of a conull subset of T\ U x Y. Hence ¥ (T}) = gj‘l‘I’(g ;T}) is measurable and
p(P(T))=p(Pg;T))=covol(Y) ' A x v(g; T;) = covol(Y) 'A x v(T}). O

Proposition 22. In the notation of Definition 20, there exists a measurable subset T < G x Y such
that T o U x Y and such that the map V¥ : (T, A x v|7) — (X,covol(Y)u) is a measure preserving
isomorphism.

Proof. Let{g;};>1 be a countable dense subset of G and set gy := 1. Set Tp := U x Y. Inductively
define Tj:=T;— U \I’lgleX y(P(gjUxY)\¥(T;-1)) and observe that T := UT; satisfy the required
conditions. O

Proceeding as in the case of standard Borel spaces, we can define an equivalence relation on
any external cross section. Indeed, let us suppose that the l.c.s.c. unimodular group G acts on
the probability space (X, u) preserving the measure and let Y be an external cross section as in
Definition 20. Then we can define an equivalence relation Ry on Y by saying that (y, ') € Ry if
there exists g € G such that g¥(1g,y) = ¥(16,)"). The equivalence relation Ry is called the cross
equivalence relation.

We will now show that this equivalence relation preserves the measure v: let us prove that
there exists a countable family of partial measure preserving isomorphisms {¢;}; such that for
every (y,)") € Ry thereis j such that ¢ (y) = y'. Let us define the partial maps ¢ first.

Proposition 23. Let G be a unimodular l.c.s.c. group. Suppose that G acts measurably on the
probability space (X, u) preserving the measure. Let Y be an external U-cross section for some
neighborhood of the identity U < G. Consider g € G and an open subset V < U such that
gVg 'vug lv-lgc U. Define

Dg:={yeY:¥(g,y)e¥(VxY)}
and consider the map ¢ : Dg — Y defined by

@(y) is the unique y' € Y such that\¥(g,y) € ¥ (V x {)/}).
Then Dg is measurable and ¢ is a bijective measure preserving isomorphism between Dg and
9(Dg).
Proof. Let us first show that Dg < Y is measurable. For every k € N, take a neighborhood of the
identity Vi < G such that Vi € V and Uy Vi = V. Then for every k
PP (Vex V) ={(g, 1) eGxY: ¥(g,y) € (Vi x Y)} = Ugegigh ¥ Dg

where D§ ={yeY: V(g y e ¥Y(Vi x Y)}. Since p-l (¥ (Vi x Y)) is measurable, Fubini’s theorem
implies that D’gC is measurable for almost every g and every k. Now if we fix g € G, there is a

sequence (g5), converging to g such that D’éﬁn is measurable for every k and n. Then using the
equivariance of ¥ and the fact that V is open, one can show that
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k
Dg=Urnp UnzNDgn

so that Dy is measurable.

Observe that since W|y. v is injective, for every y € D there exist unique v, € V and y’ € Y such
that ¥(g,y) = ¥(v), ). So ¢ is well-defined.

We claim that ¢ is injective. Take y1, y» € Y and let v; = vy, be such that ¥ (g, y;) = ¥ (v;, ¢ (y:))
as before. If ¢(y1) = ¢(y2), then

v W (g ) =¥ (16,0(n) = ¥ (16, 9(12)) = v; ' W(g, 2)
and hence ¥(g™'v;'g, y1) = ¥(g7'v;'g, y2). By hypothesis g7'V™!g < U and ¥|yy is injective,
S0 y1 = y» as claimed.
Moreover since
Y(guy) =guvg ' P(g,y) = gug 'V (vy,0()
the hypothesis that gV g~V c U implies that

gY(Vx{yN=Y(gVg vy xlp(»}) cPUxY).

That is we showed that g: ¥(V x Dg) — g¥W(V x Dg) is a measurable isomorphism which maps
“horizontal lines to horizontal lines”. Therefore ¢ is a measurable isomorphism. Finally since G
is unimodular A(gVg™! vy) = AM(V). Moreover since G preserves the measure an easy application
of Fubini yields that ¢ is measure preserving. g

Corollary 24. There is a countable family of partial measure preserving isomorphisms {¢}; such
that for every (y,y") € Ry thereis j such thatp;(y) = y'.

Proof. Since G is paracompact, there is a countable family {g;}; < G and open subsets V;
U such that gVjg~'V; Ug‘lvj‘lg € U such that UV]._lgj = G. For every j, define ¢; as in
Proposition 23 with respect to g; and V.

If (,y) € Ry, then there is g € G such that g¥(1g,y) = ¥(1g,)'). Consider j such that
g= v’lgj with v € V;. Finally observe that ¢ ;(y) = y/, since

V(g y)=Ywg,n=Yw)y)e¥(V;x{)y}). O

Let us warn the reader that we have not proven that Ry is a measurable equivalence relation
in the sense of [13, Section 2.1]. However, as a consequence of Theorem 32, we will get that the
cross equivalence relation of the external cross sections of the ultraproduct is. Therefore we will
be able to use the results in [13].

Proposition 25. In the notation of Definition 20, assume that the action of G is free. Then the cross
equivalence relation Ry on'Y constructed in the Proposition 23 satisfies:

e (Ry,v) is ergodic if and only if the action of G is ergodic,

e (Ry,v) has infinite orbits almost everywhere if and only if G is non-compact.

The proof is similar to the proof of Proposition 19 and therefore it is omitted. Let us finally
show that an external cross section of a standard Borel space naturally induces a cross section in
the space. For this we will need the following construction. Suppose now that the l.c.s.c. group G
acts on the standard probability space (X, ) in a Borel manner and let A < X be a Borel subset.
For every open neighborhood of the identity U < G we define EU(A) to be the set of the x € X
such that for almost every g € U we have gx € A, thatis

It (A):={xe X: A({ge U: gxe A}) = A(U)}.

The main point is that EU(A) is Borel. Indeed since the action is Borel, the set {(g,x) € U x
X: gx € A} is Borel. Therefore [19, Lemma 417B (b)] tells us that the map x — A({ge U: gx e A})
is Borel which directly implies that EU(A) is Borel.
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Proposition 26. Let G be a l.c.s.c. unimodular group, fix a Haar measure A and a neighborhood
of the identity U. Consider a Borel action of G on the standard probability space (X, u) and let
(Y,¥) be an external U-cross section. Then there exists a full measure subset Yy < Y such that
Z =Y ({1} x Yy) € X isa Borel U-cross section. Moreover the equivalence relation on Y constructed
before Proposition 23 is orbit equivalent via ¥ to the one on Z of Proposition 19.

The proof of the proposition when G has no small subgroups is quite straightforward. Indeed take
a Borel subset A’ € ¥ (U x Y) of full measure and Fubini implies that Z := EU(A’ S Y({lgtxY)
is a Borel U-cross section. In general we need to work a bit more.

Proof. Let W; be compact neighborhoods of the identity such that W; < U and n; W; = {15}.
Consider the measurable subsets A; := ¥(W; x Y) € X and take a Borel subset A;. c A; such
that u(A; \ A}) = 0. By the above discussions, the sets Z; := It (A)) are Borel. By Fubini,
p-l (Z;) n{1g} x Y has full measure. Set Z := N; Z; and observe that

Y2 NWUxY)SnW;xY c{lg}x Y.

The moreover part follows easily from the definitions. g

2.1. Cross sections and standard factors

Working outside the context of standard probability spaces has the big disadvantage that one
cannot use many of the standard facts about ergodic theory. Many of the arguments can be
easily adapted to the more general setting, as we have seen for cross sections. In some other
cases, it is possible to reduce the problem to the context of standard probability spaces by the
means of a standard factor. This phenomenon is widely used in the context of model theory: the
downward Lowenheim-Skolem theorem roughly states that every model of a countable theory
has a countable model. We will now state and prove a version of this theorem for actions of
l.c.s.c. groups, see Proposition 28, and for actions with a fixed cross section, see Proposition 29.
These results are not necessary to obtain our main theorems and applications, however these
propositions will allow us to ignore some technicalities and, in some sense, always pretend we
are working with standard Borel spaces.

The following proposition is a slightly more general version of [39, Proposition B.5]. We will
not present the proof of it since it is basically the same as the case of standard Borel spaces.

Proposition 27. Let G be a l.c.s.c. group. Suppose that G acts on the probability space (X, $x, 1)
measurably and preserving the measure. Assume furthermore that G acts on the standard Borel
space (Z,n) preserving the measure and in a Borel manner. Let T: X — Z be an almost everywhere
surjective measurable and measure preserving map such that for every g € G and almost every
x € X we have that T(gx) = gT(x). Then there exist a co-null subset Zy < Z and a measure
preserving surjective map T': X — Zy which is G-equivariant and is almost everywhere equal to T.

Combining the above proposition with a well known theorem of Mackey, [34], we get the
following.

Proposition 28. Let G be a l.c.s.c. group which acts measurably on the probability space
(X, Bx, ux) preserving the measure and let ', < Bx be a G-invariant separable sub-o -algebra.
Then there exist a Borel action of G on a standard probability space (Z,%z,1z) and a measure
preserving, G-equivariant map T: X — Z which induces an isomorphism of measure algebras be-
tween (X, %', ux) and (Z, Bz, uz).

Proof. Let {B;};cn be a countable generating set for 4. Define T: X — 0,1N by T(x) =
(xB; (x));. Then the pre-image of every Borel set of Z := {0, 1V is in %;( We define a measure
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7z on Z by pushing down the measure px. Mackey’s theorem, [34], implies that there exists a
Borel, measure preserving action of G on (Z, 1z) which represents the action of G on (the measure
algebra of) (X, %, 1x). The measurable map T is not necessarily G-invariant but if g € G, then
(Tg)™! and (gT) ! represent the same function at the level of measure algebras so that T satisfies
the hypothesis of Proposition 27. g

Proposition 29. Let G be a L.c.s.c. unimodular group which acts measurably on the probability
space (X, Bx, 1) preserving the measure and let (Y, By,vy,¥) be an external U-cross section, for
some neighborhood of the identity U < G. Let & be a separable sub-o -algebra of #y. Then, up to
removing a null-set, there are

e a Borel action of G on a standard probability space (Z, 8, |Lz) and a measure preserving
G-equivariant map T: (X, Bx, ux) — (Z, Bz, 112);

e a Borel cross section (W, By,vw) for the action of G on (Z,%z,1tz) and a measure
preserving map S: (Y, By,vy) — (W,Bw,vw) which is a factor of cross equivalence
relations and which induces an injective map on B < By;

such that the diagram commutes

where id: G — G is the identity map and ®(g,y) = gy is the action map as defined before
Definition 17.

Proof. Let us fix a countable family {¢;}; as in Corollary 24 for Ry. Denote by %' the separable
o-algebra generated by %, containing the domains of definition {D;}; of {¢;}; and invariant by
each ¢ ;. Let D € 4’ be a countable generating subset invariant by the family {¢;} ;. As in the proof
of Proposition 28, we set W := {0, 1}D andlet S: Y — W defined by S(x) := (yp(x)) pep- Equip W
with the push-forward measure denoted vy and denote the o-algebra of measurable subsets
by By . Clearly the measure algebras of Zy, and %’ are the same (up to null-sets) and hence for
every j we have a partially defined measure preserving isomorphism @; on W. Denote by Ry the
equivalence relation generated by the family {¢;} ; and clearly S maps Ry -classes to Ry -classes.
The equivalence relation Ry is the standard factor as constructed in [13, Theorem 3.28].

Denote by % the g-algebra of measurable subsets on G with respect to the Haar measure.
Then W (% x #') is a G-invariant sub-o-algebra of measurable subsets of Zx. Hence Proposi-
tion 28 gives us a standard probability space (Z, %, 11z) on which G acts in a Borel manner and
preserving the measure and a measure preserving, G-equivariantmap 7: X — Z.

The G-equivariant map ¥ can be restricted to the o-algebra % x %’. Since W and Z are both
standard, the map ¥ induces a G-equivariant map Yy : G x W — Z and it is easy to check that
(W, ¥y ) is an external cross section of the action of G on Z. Clearly @y o (idx S) = To V.

We claim that Ry is the cross equivalence relation. Indeed let us fix j. Consider g; € G and
V; € G which are used to define ¢;. Assume that $;(w) = w' and let y € Y such that S(y) = w.
Then ¢;(y) = y' for some y’ such that S(y') = v/, that is ¥(g, y) = ¥ (v, y"). By the commutativity
of the diagram, we get that ¥ (g, w) = Yw (v, w') and so the claim is proven.

Finally, we can use Proposition 26 to replace the external cross section with a Borel cross
section, up to a null set. So the proof is complete. O

We showed in [13, Theorem 3.28] that measurable equivalence relations with countable classes
have nice standard factors, that is class-bijective factors which are weakly equivalent to the start-
ing equivalence relation. We can combine now the theorem with Proposition 29 to obtain that
action of locally compact groups have nice standard factors. In particular, the cost (Definition 34)
can be detected by standard factors.
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2.2. Ultraproducts of cross sections

Now that we have collected enough information about cross section outside the context of
standard probability spaces, we can finally state and prove the main technical theorem of this
work: the ultraproduct of cross sections is a cross section of the ultraproduct. This will allow us to
reduce problems of convergence of invariants for actions of locally compact groups to invariants
of their cross sections.

Theorem 30. Let G be al.c.s.c. unimodular group, fix an open neighborhood of the identity U’ < G
and a Haar measure A. Suppose that G acts on the sequence of standard probability spaces (Xy, itn)-
Assume that for every n there exists a U’ -cross section Y,, © X, such that {covol(Yy) 1}, is bounded
and denote by v, the measure on Y, as in Proposition 19. Take a compact neighborhood of the
identity U c U'. Let Yy, be the ultraproduct of {(Yy, v)}n. Consider the function

W:iGxYy—XE (g yulu) =[Pl )]

Then (Yy, V) is an external U -cross section of the action of G on the G-invariant measurable subset
GI®, (U x Y)I1B < XB with covolume covol(Yy) = lim,, covol ().

Let us observe that G[®,(U x Y,)|® c X® is measurable. First since U < U’ is compact it
is not hard to show that the sequence {®, (U x Y;,)}, is regular. Now take a sequence of open,
bounded subsets U; < G such that the sequence {U;®,, (U x Y;)}, is regular and U;U; = G. Then
by Lemma 13 we have U;[U;®,(U x Y,)IR = U;U;[®@,(U x Y)IR = G[®,(U x Y,))I%. Further-
more remark that p,(®,(U x Y;)) = A(U)/ covol(Y,) and therefore the assumptions implies that
G[D,(U % Yn)]ﬁ has positive measure. However it is possible that G[®, (U x Y,,)]ff has measure
strictly less than 1 and hence (Y, W) is not always an external cross section of X2,

For every n € N the Borel subset Y, € X;, is a U-cross section and we let R, be the cross
equivalence relation on Y, constructed before Proposition 23. Theorem 30 tells us that the
ultraproduct Yy, is an external cross section of XX and we will denote by R, the cross equivalence
relation on Y. We will now prove that R, is the ultraproduct of the sequence R, with respect
to a preferred sequence of graphings. Before stating the theorem, we will need to fix some
terminology.

A graphing © = {¢} e of a p.m.p. equivalence relation R on the probability space (Y,V) is a
countable collection of partial measure preserving isomorphisms {¢;}; of Y such that

« foralmostevery ye Y and j € J,if ¢ (y) is defined, then (¢;(y),y) € R.
A graphing is said to be generating if
« the equivalence relation R is the smallest equivalence relation containing the graph of
each ¢; for j e J.

Clearly given a graphing © of an equivalence relation R, we can consider the sub-equivalence
relation R’ generated by ©, that is the sub-equivalence relation R’ for which © is a generating
graphing.

For cross sections we have a somewhat canonical graphing given by Corollary 24.

Definition 31. Consider a measurable and measure preserving action of the l.c.s.c. group G on the
probability space (X, 1), let (Y,¥) be an external U-cross section for some U < G. Let Ry be the
cross equivalence relation on'Y . Denote by ] a countable set. Forevery j € ], takegj € GandV; < G
satisfying g;V; g}Tl Viu gjfl Vj‘1 gj < U. For every j € ], Proposition 23 grants us a partial measure
preserving isomorphism ¢ ; and denote by © := {¢ ;} ; the obtained graphing. Set K := U; Vj_lg jand
we will say that © is K - supported. We say that the cross equivalence relation Ry is K - generated
if it admits a K -supported graphing.

Similarly we will say that © is compactly supported if it is K-supported for some pre-compact
K and Ry is compactly generated if it admits a compactly supported generating graphing.
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A remark is in order. Assume that we have g,V and ¢ as in Proposition 23. Then for every y in
the domain of definition of ¢, we have that ¥ (15, ¢(y)) = ¥(v~'g, y) for some v € V. Whenever G
acts freely on a standard probability space, then we obtain that © is K-supported if and only if

o if ¢ € O, the for every y in the support of ¢, we have that ¢(y) = gy for some g € K;
e whenever g € K is such that gy € Y, there is ¢ € ® such that ¢(y) = gy.

We also say that the cross section Y is cocompact if there exists a compact subset K' € G
such that u(¥ (K’ x Y)) = 1. Cross equivalence relations of cocompact cross sections are always
compactly generated, see Lemma 33.

Let us now define the ultraproduct of equivalence relations, cf.
cite[Section 2.7]CGS. For every n € N, let R, be a p.m.p. equivalence relation on the probability
space (Y,,vy). Let J be a countable set and for each n, let ®, = {(p{l}jej be a graphing of R,,.
Then for each j, we can define a partial measure preserving isomorphism @], of the ultraproduct
space (Yy,vy) via @} := [@}]y, that is ¢} ([yx]u) = [@}(yx)]u whenever y, is in the domain of
@l Put O = {p]} j and let Ry, be the p.m.p. equivalence relation on Y, generated by it. The
couple (R, 0,) is the ultraproduct equivalence relation of the sequence of graphed equivalence
relations (R, 9;,).

Theorem 32. Let G be a lLc.s.c. unimodular group, fix an open neighborhood of the identity
U’ < G and a Haar measure A. Suppose that G acts on the standard probability spaces (X, iin)
preserving the measure and assume that for every n there exists a U’ -cross section Y,, € X,, such
that {covol(Y;,)™1},, is bounded. Denote by Ry and R, the cross equivalence relations on Y, and
Y, respectively. Then there are generating graphing ©, = {p]} jand ©, = (o]} j of Ry and Ry
respectively such that

o the ultraproduct of the sequence of graphed equivalence relations (R, 0,) is (R, ©y).

Assume moreover that G is compactly generated and there is a compact subset K' such that

lim,, p1, (K'Yy) = 1. Then there is a compact subset K < G containing K' and K -supported graphings
0K ={pl}; and X = {pl}; of Ry and R, respectively such that

o the graphing ©X of R, is generating and in particular R,, is compactly generated;

o the ultraproduct of the sequence of graphed equivalence relations (RX,0%) is (R, 0X).

We remark here that in the moreover part the graphings ©X of R, are not necessarily generat-
ing.

2.3. Proof of Theorem 30 and Theorem 32

We start by proving Theorem 30. In the proof we will set
Yy=¥y.y, and @py=0|;,, ., .
Let us start by showing that Wy is injective. For this, take u, u’' € U and [y ]y, [V}]u € Yy. If
(@, )]y =¥ (1, lynle) = ¥ (4, (Y3)) = [@ned, y)]

then there exists a sequence (g,), such that lim, g, = 1¢ and g,®(w,y,) = ®,/,y},). For
u-almost every n we have that g,u € U’ and since Y, is a cross section we get that g,u = v’
and y, =y}, for u-almost every n and therefore u = v’. Hence ¥y is injective as claimed.

We will now prove that Wy is a measurable isomorphism with its image. If B < U’ is a compact
subset and [C]y, € Yy, is a measurable subset, then {®, (B x Cj)}, is regular. Indeed let us fix € > 0.
Then there exists a neighborhood of the identity V < G such that A(VB) < A(B) + ¢ and such that
VB c U'. Put ¢ :=lim, covol(Y,,) ! € R\ {0}. For u-almost every n we have that

Un (VO (B xCp)) = covol(Yy,) AV B)V,(Cp) < covol(Y,) T A(B)v,,(Cp) + (Bc/2)e.
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In particular since {®, ({16} x C,)}, and {®, (B x C,)}, are regular, Lemma 13 yields
W (B x [Cply) = BY ({16} % [Cply) = BI®, ({16} x C)IR = [®,(B x C,)1%

Since the subset of the form B x [C},],, generated the measure algebra of U x Y;, the above
computation implies that for every measurable subset A,, < U x Y;, we have that W(A,) is
measurable and p, (¥ (Ay)) = cA x vy (Ay). Therefore covol(Yy,) = ¢ 1= lim,, covol(Yy). In order
to conclude the proof we have to show that the for every DX c W(U x Y,,) we have that ‘Pz,l (D)
is measurable.

As a first step let us assume that fo = [Dn]ff is regular. Consider E;, := @;YIU(D,,) and for every
Yn €Yy, set

E)':={geU: (g yn) € En}.

By Lemma 11, 13 and 14 we can assume that E%" is compact for every n and y, € Y},. Since the
Hausdorff topology on the compact subsets of U is compact, for every [y,], € Y, the sequence
(E)"), converges along the ultrafilter u to a compact subset El[ly"]u S U.Put B, == Uy, ey, ELy"]“.
We claim that W' (Df) = E,. Indeed ¥(g, [ynlu) = [®x(g, yn)1§ € DE if and only if there exists
a sequence g, such that lim,, g, = 1 and for u-almost every n we have that (g,g,y») € En.
Therefore g, g € EJ" and the limit lim, g,g =g € El[ly "l Let us show now that E, is measurable.
For this take for every j € N a compact neighborhood of the identity W; such that n; W; = {1¢}.
For K, K’ € U, we set

N(K,K') :=max{j eN: W;K >K"and W;K' > K} € NU {oo}

and set N(K, K’) to be 0 if no such ] e)ﬂsts By compactness of the Hausdorff topology, for every
Jj there are compact subsets K ! J ! of U such that for every compact subset K of U we have

that there exists i satisfying N (K K]’) = j.Set
j,1 n .
cht= {y,,e Yy: N(E,Z K}) 2]}
and recursively
j,i n i . j,h
cht= {yn €Yy,: N(E% K]l) 2]}\Uh<i Gy
Consider the measurable subset

VI e
Fu._uiIIWJKJ.x

Clearly F/ > E,. Observe also that WJ.ZEI[B' nlu 5 WiK ]’ whenever [y,]y € [C]], and therefore
W?E, > F|. Lemma 11 implies that n;W?D{{ = D{f and hence

Ey ="' (DF)=n;w?¥! (DF) > n,F] 5 Ey.

Therefore for every regular subset DX we have that W7, 1(DR) is measurable. Let now DF ¢
Yy (U x Yy) be any measurable subset. By Proposition 15 there are subsets AR and Bf such that

ARc DR BRnDE=9¢, p.(YuUxY)\(ARUuBf))=0

and such that both AR and B[ are increasing union of regular subsets. Observe now that \I’(‘Jl (AR
and W (BY) are measurable and that p,, (Af) = cA x v, (¥} (AF)) and similarly for BY. Hence
Ux Y\ (\I’&1 (AByy \I’I‘JI (BE) is a null set and since the product measure is complete ¥y is a
measurable map and therefore a measurable, measure preserving isomorphism. So the proof of
Theorem 30 is complete.

Before proceeding with the proof of Theorem 32 we will prove the following lemma which is
essentially [27, Proposition 4.6].
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Lemma 33. Assume that the l.c.s.c. group G is compactly generated. Consider a p.m.p. action of
G on (X, ) and let (Y,V) be an external cross section. If V(K x Y) € X has full measure for some
compact subset K < G, then there are compact subsets K', K" such that K" > K' > K and

o W(K' x Y) contains a full measure G-invariant subset,

o the cross equivalence relation Ry is K" -generated.

Proof. Let V © G be a symmetric compact neighborhood of the identity and set K’ := VK.
Consider A:= X\ ¥(K' x Y). Then VA< X\ ¥ (K x Y) and therefore VA is a null set and hence
GA is. Therefore ¥ (K’ x Y)\ GA is G-invariant and has full measure.

The second point can now be proven exactly as in [27, Proposition 4.6], therefore we only
sketch it. Let C € G be a compact generating subset such that C = C~! and set K := (K')"!CK’".
Consider g € G and y € Y’ such that W(g,y) € Y({1g} x Y). Since C is generating, there are
g1,..-,81 € Csuchthat g=g;... g1. Since ¥(g; ... g1,y) € Y(K' x Y) there are elements k; € K’
such that W(k;'g; ... g1,¥) € ¥({1g} x Y). Therefore we can set hig = ki g1 and h; = k! g;k;_1 for
l1<i<land h;:= grk;—1. Then h; € K" for every i and h; ... h; = g. O

Let us now prove Theorem 32. Fix a compatible right invariant metric dg on G. Consider a
countable subset {gj}je; S G, a real number 6 > 0 and open pre-compact neighborhoods of the
identity {W;}; such that

- - -1
giBsWjg; ' BsWjug;' (BsW;)  gj<U
as in Proposition 23 and such that Ujo‘lgj =G.For je Jand r <4 we set

EL = {(ynlu € Yu: ¥ (g, [ynly) € ¥ (B W x Yy},
D} ={yn€ Yn: @, (gj,yn) € Pn (B, Wjx Yy)}
and observe that for every 0 < r < r’ < § we have

. . ;!
Jr Jr Jr
Dy'| <SB! < LSE.

pr’
Dy

We now proceed as in the proof of Lemma 14. The function f : r — v, (E}") is monotone
increasing and therefore there exists a 0 < r; < § such that f is continuous at r;. The above
equation implies that

Jorj ot
ul (D f] A7) =0
Let us denote by ¢/ and ¢, ' the partlal isomorphism defined in Proposition 23 for Y, and Y,
respectively associated with B, W;. Let @}, := lp]], the partial isomorphism defined on [D] N
by the formula

PlLyal) = [wf;(yn)

We claim that (pu w/ uptoanullset. If y, € D "I then
j R
(Dn(l/nr(Pn(J/n)) u

for some sequence v, € Brj W;.Setv:=limy vy € Brj W; and observe that

W(gj, [ynlu) = [(Dn(g] J’n)]

(O (V»¢{1(yn)) f

D, (Vnr(/’{z(.)/n)) i =

Therefore whenever v € Brj w;

) = ‘P(U,(,D{l ([yn]n))y

Jirj—

(gj, [ynl) = ¥ (v, [q){;(yn)

and by injectivity we get that y/ = (p{l on Uy [D ] NE, Which is conullin E{l’rj as claimed.
Therefore (R, ©,,) is the ultraproduct of the graphed equivalence relations (R ;,0;).
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Assume now that G is compactly generated and that limy, y, (K’Y,) = 1. Then Lemma 33
implies that the equivalence relation R, is K" -generated for some compact subset K" < G. Then,
we can choose finitely many indices jo, ..., jm € J such that K:=U; B, Wj > K ", Now remark that
K is pre-compact, R, is K-generated and (R, ©X) is the ultraproduct of {(RX,©X)},,. Therefore
the moreover part is proven and this concludes the proof of Theorem 32.

3. Rank and cost

The cost of a measure preserving action of a countable group and more generally of a p.m.p.
equivalence relation (with countable orbits) was defined by Levitt in [29] and widely studied
in [20], see also [1] or [13] for a discussion in the context of general probability spaces. Let us
recall the definition. Let R be a measure preserving equivalence relation on the probability space
(X, ). As we have already recalled a graphing of R is a countable set of measure preserving
partially defined bijections of the probability space whose graphs are contained in R and we
define the cost of the graphing to be the sum of the measures of the domains of the partially
defined bijections. A graphing of R is generating if the smallest equivalence relation containing
the graphing is (up to a null set) R itself. The cost of the equivalence relation R is the infimum of
the costs of all generating graphings of k.

In our work we will also need the notion of cost for measure preserving actions of unimodular
locally compact groups. Observe however, as for the £2-Betti numbers [35], that this definition
depends on a choice of a Haar measure on the group and it is not an invariant of orbit equiva-
lence, see [14, Theorem 1.20].

Definition 34. Let G be a unimodular l.c.s.c. group G and let us fix a Haar measure A. Assume that
G acts on the standard probability space (X, u) and fix a cross section Y < X and denote by Ry the
cross equivalence relation. We set
Cost(Ry) -1

covol(Y)

Observe that if Y and Y’ are cross sections, then Ry and Ry are strongly orbit equivalent
with compression factor covol(Y)/ covol(Y"), see [27, Proposition 4.3], and therefore the cost of a
p-m.p. action of G is well defined. As for countable groups we define the cost of the group to be the
infimum of the cost of all of its free p.m.p. actions Cost(G) := infg~ x Cost(G ~ X) with respect to
a fixed Haar measure. The fixed price problem can also be posed in the context of 1.c.s.c. groups:
does there exist a l.c.s.c. unimodular group G equipped with a fixed Haar measure A and two free
actions of G which do not have the same cost? As an example amenable groups have fixed price 1
(which does not depend on the measure) since every cross equivalence relation is amenable, [27,
Proposition 4.3]. It has also been announced that SL, (R) has fixed price. It is unknown whether
SL,(R) has fixed price 1 for n = 3 and even whether for any l.c.s.c. group G the group Z x G has
fixed price 1.

The definition of cost clearly makes sense outside the context of standard probability space,
one con use an external cross section instead of a cross section. Also remark that combining
Proposition 29 and [13, Theorem 3.28] we obtain that the cost of an action on a non standard
probability space is the same as the cost of some of its standard factors.

Cost(GNAX):=1+

Definition 35. Let G beall.c.s.c. group. Suppose that G acts on the probability measure space (X, 1)
preserving the measure and let U < G be a neighborhood of the identity. We set

Xy={xeX: gx#x VgeU\{lg}}.

Clearly if the action is free (X)y = X for every U. We say that the action is U - thick if (X)y = X up
to a null set.



396 Alessandro Carderi

Definition 36. Let G be a lc.s.c. group. We say that a sequence of actions on the probability
spaces {(Xp, Un)tn is u- Farber if for every neighborhood of the identity limy u,(X,)y) = 1 and
the sequence is called Farber iflim, y1,(X,)y) = 1.

Clearly a sequence of actions is Farber if and only if it is u-Farber for every ultrafilter. Observe
that Lemma 10 implies that if {(X},, tt,,)}, is u-Farber, then the action of G on [anﬁ is essentially
free.

3.1. Lattices

As always we will say that a discrete subgroup I" of a locally compact group G is a lattice if the
quotient G/T has finite Haar measure and we will denote this measure by covol(I'). Let G be a
L.c.s.c. group with Haar measure A and let {I',;},, be a sequence of lattices of G. Observe that if
U < G is aneighborhood of the identity, then (G/T)y = {g € G/T: gTg" ' nU = {15}}. Therefore we
can restate Definition 36 in the following way.

Definition 37. We say that the sequence {I';;},, is (1-) Farber or almost everywhere thick for every
neighborhood of the identity U < G
i A({ge€GIT,: gTag ' nU=1{1}}) L
u covol(T';,)
Remark that if a sequence is u-Farber, then lim,, covol(I';;) = co.

Similarly we say that a lattice is U - thick if (G/T)y = G/T'. Clearly every cocompact lattice is U -
thick for some U and non cocompatct lattices are never U -thick for any U. We say that a sequence of
lattices {I',}, is nowhere thin (sometime called uniformly discrete) if there exists a neighborhood
of the identity U such that for every n e N the latticeT ), is U -thick.

Let I' < G be a lattice. A U- separated subset Y of G/T is a finite subset such that for every
y #y' € Y we have that Uy n Uy’ = @. We will say that a U-separated subset Y of G/T is maximal
if it has maximal cardinality (which is always bounded by covol(I')/A(U)).

Lemma 38. Let G be a unimodular l.c.s.c. group and fix a Haar measure A. Let {I',},, be a u-
Farber sequence of lattices and let U < G be a neighborhood of the identity. For every n € N, let
Y, € (G/T ) y-1y be a maximal U -separated set. Then Y,, is a U-cross section for the action of G on
GITj, of covolume covol(Yy,) = covol(T',) /| Y| such that

O _ . A(UTUY,)
A(U™'U) = limcovol(Yy) = A(U) and lim —————— =
u u  covol(T,)

Proof. Let I be a lattice of G and denote by u the normalized Haar measure on G/T. If y €
(G/T)y-1y, then the map u € U — uy € G/T is injective. Indeed if for u;,uy € U, then u1y = upy
if and only if u; Y11y = y which is impossible if y € (G/T);-1;;. Therefore U-separated subsets of
(GIT )1y are cross-sections. Also observe that if Y < (G/T') ;-1 is a U-separated subset, then
puUY) =Y|A(U)/ covol(T). That is, covol(Y) = covol(I')/| Y| and

AY|
covol(l)
If a U-separated subset Y € (G/T)-1, is maximal, then U™'UY 2 (G/T);-1. Indeed given

any x € (G/T) -1y \U™UY, the subset Y U {x} € (G/T) -1y, is still U-separated. In particular,
lYIA(U1D)

covol(I')

Now the lemma follows from the fact that if {I';},, is a Farber sequence, we have that
AU(GIT p)y-1y)/ covol(T'y) tends to 1. O

pwUY) =1= A(U) < covol(Y).

> u((G/IM)y-1y) = A(UU) 2 p((G/T) y-1y) covol(Y).
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Let {I';;},, be a u-Farber sequence of lattices of the unimodular, compactly generated l.c.s.c.
group G. Let us fix a neighborhood of the identity U < G. For each n, let Y,, < (G/T';) -1y be
a maximal U-separated set. Then we can apply Theorem 30 and Theorem 32 to obtain that the
cross equivalence relation on the ultraproduct is compactly generated and it is the ultraproduct
of the finite equivalence relations on the cross sections Y;,. In this and in the next section we will
show that this cross equivalence relation retains many properties of the sequence of lattices.

3.2. Cost and rank gradient

For a countable group I' we will denote by d(I') the minimal number of elements of I which are
needed to generate it.

Proposition 39. Let G be a l.c.s.c. group G with fixed Haar measure A and letT < G be a lattice.
Then Cost(G) < 1+ (d(I') — 1)/ covol(I').

Proof. Consider a free p.m.p. action of T on (Y, v) and induce it to an action of Gon X := Y x G/T,
see [39, Definition 4.2.21]. Then Y < X is a cross section of covolume covol(Y) = covol(I’) and

therefore
CostT ~Y)—1 - dn -1

< O.
covol(Y) covol(I')

Cost(GAX)=1+

The following theorem is an analogue for locally compact groups of [7,8] and [13].

Theorem 40. Let G be a compactly generated unimodular L.c.s.c. group and fix a Haar measure A.
Let (T}, be a nowhere thin Farber sequence of lattices of G. Then
CoM(er[G/Fﬂﬁ)21+J%né§£%%?%z(kmﬂGL

The second inequality follows from Proposition 39 and hence if the group G has fixed price the
above inequalities are equalities.

We will prove a stronger version of the theorem and for doing so we will need some notation.
Let G be a l.c.s.c. group, let I" be a lattice and let U < G be a neighborhood of the identity. Fix a
U-cross section Y of G/T" and assume that the projection of the identity is in Y. Let us now define
the cross groupoid Gy associated to the cross section. The set of units of Gy consists on Y and
the elements of Gy are couples (g, y) where g € G, y € Y such that gy € Y. Clearly it is a transitive
groupoid and the stabilizers are conjugated to I'. Fix a compact subset U < K < G. We define a
graphing ©X exactly as in Definition 31, ©X consists on the set of elements (g, y) such that g € K,
y €Y and gy € Y. The graphing is bounded* by some constant which only depends on U and K
but not the size of Y. We will denote by GX the groupoid generated by ©X, by RY the associated
equivalence relation and by I'* < T the stabilizer of the projection of the identity. One can check
that the cost of g§ as a groupoid is (see for example [6, Lemma 21])

ark)-1
r -

Denote by 7 : G — G/T the projection map and let Y := 77!(Y). The following lemma is
straightforward.

Cost(g{f) =1+

Lemma 41. An elementy €T is in TX if and only if there are elements 71, ..., 75 € Y such that
V1=1G, yn =y andyis1 € Ky; foreveryi < h—1. In particularifKyY = G, then for every K o KO‘IKO
we have thatTX =T and G = Gy. IfT isU-thick and K > U™ U, then GX = Gy.

4that is there exists a constant D such that for every y € Y there are at most D elements g € G such that (g, y) is in the
graphing.
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The following theorem is a strengthening of Theorem 40.

Theorem 42. Let G be a compactly generated unimodular l.c.s.c. group and fix a Haar measure
A. Let {T',},, be a Farber sequence of lattices of G and let U < G be a neighborhood of the identity.
For every n fix a maximal U -separated subset Yy, < (GIT ) y-1y;. Consider a compact subset K' < G
containing U. Then there exists K 2 K’ such that

K

Cost (G~ [GIT %) 21 +limd(r"—)1.
u covol(I',)

Proof. Denote by i, the renormalized Haar measure on G/T',. By Lemma 38, {Y},}; is a sequence
of cross-sections. The group G acts measurably on [G/T,]% and by Theorem 30 we have that Y,
is an external cross section. Moreover we can also choose K > K’ as in Theorem 32 to obtain
that the cross equivalence relation R, is the ultraproduct of the graphed equivalence relations
(R{f ,@In( ). Since the sequence is Farber the action on [G/T;],, is free and hence R, is also the
ultraproduct of the sequence (GX, ©X). Remark that ©X is uniformly bounded on 7 and hence we
can apply [13, Theorem 3.13] to obtain that

d(ry)-1
Cost(Ry) =1+1lim ————.
u [Vl
Observe that covol(Y,) = covol(I',,)/|Y,| whence we get
drs) -1 Y, drs)-1
Cost(G ~ [G/ITy1R) =1 +1im (L) lim—2m 4 i O
u Yl u covol(I';,) u covol(';)

We would like now to identify the subgroup I' < T in the case of quasi connected groups.
Remember that al.c.s.c. group is quasi connected if one of its quotients by a compact subgroup is
connected. In this case we also have that there exists a unique up to conjugacy maximal compact
subgroup Ky < G and that Ky\G is contractible, see [25, Theorem 8] and [2, Theorem A.5]. Put
M := Ko\ G. We will denote by p the quotient map from G to M and by p' the quotient map from
G/T to M/T where T < G is any lattice.

If T is a torsion free lattice of G, then the fundamental group of M/T is T itself. The isomor-
phism is given as follows. Any loop (whose start point is the class of the identity) in M/I" can
lifted to a path in M which starts at the class of the identity and ends at the class of an element
of I'. The isomorphism maps the loop to this element.

Proposition 43. Let G be a quasi connected l.c.s.c. unimodular group. Let I' < G be a torsion
free lattice, let U < K < G be neighborhoods of the identity such that KoU = U, U = Ut p(Uz)
contractible and K > U* compact. Let Y < (G/T) 2 be a U-cross section and assume that 1 € Y.
ThenTX contains the image of w1 (o' (Y U?), 1) inside w1 (M/T,1¢) =T through the map induced
by the inclusion pr(YUZ) — M/T.

Proof. Consider a loop ¢ in p' (Y U?). Since p(U?) is contractible and Y < (G/T);2 we have that
p' (yU?) is contractible for every y € Y. Observe also that p' restricted to Y and p restricted to
Y =a1(Y)<Gare injective. By compactness there are finitely pr(yl), e pr(yh) € pr(Y) such
that p"'(y1) = p" (y,) = 1 and ¢ is contained in U;p' (y;)U? and p' (y;41) € U*p' (3;). Consider
a lifting p of ¢ inside M whose starting point is the identity. Then there are p(7;) € p(Y) which
lifts the elements p' (y;) such that p' (7;) = 1 and such that p is contained in U;p(7;) U?> and
p(¥is1) € Ut p(¥:). This implies also that ¥;,; € U4J7i. Finally observe that the image of ¢ seen as
an element of nl(pr(YUz)) inside m; (M/T) =T is the element p(yy) € I'. Therefore we can use
Lemma 41 to complete the proof. O

Combining the above proposition, Theorem 42 and a result of Gelander [23] we obtain the
following.
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Theorem 44. Let G be a semisimple Lie group without compact factors and fix a Haar measure on
G. Let{T'},, be a Farber sequence of torsion free lattices. Then

Cost (G~ [G/Tyly) 2 1+lim #urnl) > Cost(G).
Proof. Gelander proved in [23, Theorem 1.5, Lemma 4.1, Proposition 4.8, Theorem 7.4 and
Section 9], that for every such a Lie group G there exists a neighborhood of the identity U (which
is just a ball of some radius) for which for every lattice I' there exists Y < (G/I');2 satisfying that
the map induced by the inclusion from 7; (o' (Y U?)) to 11 (M/T) =T is surjective. Therefore given
a Farber sequence {I';}, of lattices we can find cross sections Y, for which Flrf =T, for every n
and hence Theorem 42 allows us to conclude the proof. O

4. ¢?-Betti numbers

In the last section, we studied the asymptotics of the minimal number of generators of lattices
of unimodular, compactly generated l.c.s.c. groups. We showed that the limit is related to the
cost of the group. In this section, we will study the similar question for the Betti numbers of the
lattices. Since we will work with higher homological invariants, the hypothesis that G is compactly
generated is not sufficient anymore. We will need that G acts cocompactly and properly on a nice
topological space.

We say that an open cover of a topological space is a good cover if the finite intersections of
open sets of the cover are either empty or contractible. The nerve of an open cover is the simplicial
complex whose vertices are the elements of the open cover and whose k-simplices correspond to
the intersections of k + 1 open sets. It is well known, see for example [26, Corollary 4G.3], that the
nerve of a good cover of a paracompact space is homotopic to the space itself.

Definition 45. Awell-covered G- space is a topological space M on which G acts continuously on
the right and such that

e theaction is proper, that is the induced map G x M — M x M given by (g, m) — (mg~',m)
is proper’;

e the action is cocompact, that is the quotient M/ G is a compact and Hausdorf{f space;

o there exists a G-invariant good cover O made of open and relatively compact sets;

 there arefine good covers, that is there are compact subsets Ayy € M and Ag < G such that
for every symmetric neighborhood of the identity W, there are Oy, ..., Oy, € O satisfying
U;0; € Ay, (U;04)G = M and whenever we have O;g1 N O;j # @ and O;jg2 N O; # @ for
somel<i,j<smandg,g €G,then g1g2‘1 € WK for some compact subgroup K < Ag.

Notable examples of well-covered G-spaces are given by isometric, proper and cocompact
actions of l.c.s.c. groups on Riemannian manifold. Indeed the set of balls of arbitrarily small
radius form the fine good coverings, see Lemma 63. Another example is given by proper and
cocompact simplicial actions on simplicial spaces and in this case the fine good coverings are
given by the stars of barycentric subdivisions, see Lemma 65. The last condition of Definition 45
is inspired by the above two cases, it is a key feature that both open covers share and it is what is
needed in order to see M and M/T as I'-simplicial complexes in a coherent way, see 4.2.

For a topological space Q we will denote by b; (Q) the i™ Betti number, that is the dimension
of the i™ homology group (with rational coefficients). From now on, we will also use the termi-
nology introduced in Definition 37. The main theorem of this section is the following.

5A map is proper if the preimage of any compact set is compact.
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Theorem 46. Let G be a unimodular l.c.s.c. compactly generated group and fix a Haar measure A
on G. Let M be a contractible well-covered G-space. Let {I',},, be a Farber sequence of torsion free
lattices of G. Then we have

bi(MIT )

i(G) <liminf ————,
bi(G) n  covol(T';,)
and if the sequence {I',;} is nowhere thin, then

. bi(MITy)
pi(@) = 11’r1n covol(T,) "

By f(G) we mean the i"" ¢2-Betti number of G as defined in [35]. This invariant is equal
to the quantity §;(I')/ covol(T') for any lattice I' in G, see [27]. In this work, we will not directly
work with the #2-Betti numbers of G, but with the #2-Betti numbers of the cross-sections of its
actions. Indeed, given any free p.m.p. action of G on (X, ) and given any cross-section Y <€ X,
then B;(G) = B;(Ry)/ covol(Y), see [27] and the discussions in Section 4.1.

It is not hard to observe that if ' is a cocompact torsion free lattice of G, then b; (M/T) = b; (T),
see Corollary 52. In Section 4.5 we will give examples of unimodular l.c.s.c. compactly generated
groups which admit contractible well-covered spaces. In particular we get the following.

Corollary 47. Let G be a unimodular l.c.s.c. compactly generated group and let us fix a Haar
measure A on G. Let {I',},, be a Farber sequence of cocompact torsion free lattices of G. Assume
that one of the following conditions holds.

e The group G is almost connected.

o The group G is totally disconnected and it acts cocompactly and properly on a contractible
simplicial complex.

o The quotient G/ Gy satisfies the previous condition, where Gy < G denotes the connected
component of the identity

Then
.. bi (rn)
(G) <1 f—————
piG) = m}lln covol(T';;)
and if the sequence {I;} is nowhere thin, then
bi (rn)

b = ol

Before stating the next theorem we will need the following notation: for an inclusion of
topological spaces P < Q, we will denote by V;(P,Q) the dimension of the image of the map
induced by the inclusion at the level of homologies H;(P) — H;(Q).

Let us assume that the well-covered G-space M admits a proper and compatible metric dys
such that G acts isometrically on (M, dy). This is the case for example if M is a Riemannian
manifold and dj is the geodesic distance. Let I' < G be a lattice and ¢ a real positive number.
We define

(M) :={peM: VyeT\{Ir}, du(py,p) > €}
and we will set (M/T), := (M)E/ I'. We will prove the following theorem.

Theorem 48. Let G be a unimodular l.c.s.c. compactly generated group and let us fix a Haar
measure A on G. Let M be a contractible well-covered G-space and assume that M admits a proper
and compatible metric dy; such that G acts isometrically on (M, dyy). Let{T' ,}, be a Farber sequence
of torsion free lattices of T'. Then for every € > 0 we have that

Vi((MITp)e, MIT )
covol(I',,)

Bi(G) = li’rzn
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Let us give a concrete example. Let G be a Lie group, let us denote by Ky < G a maximal
compact subgroup. Take a Riemannian left Ky-invariant and right G-invariant metric dg on G.
Set M := K\ G and denote by dj, the metric induced by d. Then clearly the action by translation
of G on the right is isometric and M is a well-covered G-space by Lemma 63.

Theorem 48 becomes extremely easy to understand whenever we have that (M/I',), al-
ready contains all the homological information of the space, that is when V;((M/T' ), M/T},)
= b;(M/T,), or more generally when the dimention of the homology of M/T",,\ (M/T ), is sub-
linear with respect to the covoulume. This, in some cases, is an immediate consequence of the
thin-thick decomposition, [37, Theorem 4.5.6], the work of Gromov, [9] and the more recent work
of Gelander, [23]. In this way we are able to get a result similar to [5, Theorem 1.8] and the main
result of [4].

Corollary 49. Assume that G is a connected semisimple Lie group and let us fix a Haar measure A
on G. Let {T',}, be a Farber sequence of torsion free lattices of G.

o It always follows that
. bl (rn)
G) =lim—.
hrG) 1,1111 covol(T';,)
o IfG has higher rank andT ,, is not cocompact for every n, then for every i

. bi (T'n)
i(G) =lim —————.
pil@)=lin covol(T'p)
e IfG has rank 1 and the associated symmetric space M .= Ko\G has dimension d = 4, then
foreveryi#d—-1
i(G) =lim ————.
pi(G) h covol(T';,)
If Ty, is cocompact for every n, then the above equation holds for every i.

Proof. Inall cases we have that V;((M/T'y,)., M/T}) = b; (M /T ;). The first two points follows from
the work of Gelander [23] exactly as in the proof of Theorem 44. The third point follows from the
thick-thin decomposition, see [37, Theorem 4.5.6] for the hyperbolic case, and the Mayer-Vietoris
exact sequence.

Indeed let us fix a lattice I' of a rank 1 Lie group. First note that the result is trivial for i = 0
or i = d. For i = 1 if follows from the fist part and Poincaré duality implies that the statement
holds for i = d — 1 whenever I';, is cocompact. Therefore let us fix 1 < i < d — 2. The thick-
thin decomposition states that there exists € > 0 independent of n, such that M/T', \ (M/Tj,)¢
is composed of a disjoint union of neighborhoods of closed geodesics and cusps. Fix n and let us
denote by B and C the open set obtain as the union of the neighborhoods of the closed geodesics
and cusps respectively, so that M/T',, = (M /T ;) UBUC.

First remark that the cusps are homeomorphic to products of manifolds with the reals. In
particular, it is easy to check that V;((M/T',). u B,M/T'}) = b;(M/T ;). On the other hand, let us
observe that each connected component of B is a disk bundle over a circle. Therefore (M/T ;). N B
is homotopic to a sphere bundle over a circle and its homology vanishes in every dimension not
equalto0,1,d —2 and d — 1. Since i > 1, we clearly have that H;(B) = 0. Therefore Mayer—Vietoris
tells us that

H;((MIT )e) — H; ((M/T )¢ UB) — Hy—y ((M/T )¢ 0 B) — H;_y ((MIT )e) & Hi_y (B).

Nowif2 < i <d-2, then H;_;(M/T,):nB) =0 and hence the map H;(M/Ty)e) = Hi(MITy)sU
B) is surjective. For i = 2, observe that the map induced by the inclusion H; (M/T' ;). nB) — H;(B)
is an isomorphism and in particular is injective. Therefore, the exactness of the sequence implies
that Ho(M/Ty,)¢) — Ho((M/T ) UB) is surjective and the proof of the corollary is completed. [
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We do not know whether for a rank 1 Lie group we have V4_ (M/T',)¢, MIT ) = bg— (M/T},).
We do not see any easy way to deduce Corollary 49 for non-cocompact lattices in rank 1 Lie
groups in dimension d — 1 from Theorem 48 and the thick-thin decomposition. However one
could obtain the result by proceeding as in [4, Proposition 3.1]: there are very few short geodesic
compared to the volume.

4.1. Reminders about ¢?-Betti numbers for equivalence relations and cross-sections

Let us briefly recall the notion of £2-Betti number of p.m.p. equivalence relations with countable
classes defined in [21]. Let R be a p.m.p. equivalence relation over the probability space (X, u).
A R-simplicial complex is a field of simplicial complexes X over X on which R acts smoothly
and commuting with the boundary operators, see [21, Définition 2.6] or Section 5 of [13] in the
setting of general probability spaces. For x € X we will denote by Z, the simplicial complex “over”
the point x € X. We say that such a complex is uniformly bounded if there exists a D such that for
almost every x € X, the 1-skeleton of X is a graph of degree bounded by D. Note that this implies
that the field of simplicial complexes is uniformly bounded in every dimension.

One can define the (simplicial) chain complex associated to £ and complete it to a Hilbert
space by using the measure u on X. If the simplicial complex is uniformly bounded, then the
boundary operators are bounded and one can define the (reduced) homology as usual. Since
the boundary operators commute with the action of R, the equivalence relation still acts on
the homology and we will denote by §;(Z) the R-dimension of the i™ homology group. Gabo-
riau proved that the value §;(Z) only depends on the homotopy-class of X, [21, Corollaire 4.9].
In particular, whenever X is a R-simplicial complex such that X, is contractible for almost ev-
ery x € X, we will set §;(R) := B;(X). This value does not depend on the chosen contractible
‘R-simplicial complex Z. Moreover if R is the orbit equivalence relation induced by an action
of a countable group I' on a probability space (X, ) and I' acts freely on the contractible sim-
plicial complex S, then one can form the R-simplicial complex X := S x X and one obtains
Bi(T) = Bi(R) [21, Théoréme 3.11].

Let us take a unimodular l.c.s.c. compactly generated group G and let us fix a Haar measure.
Suppose we have a free action of G on the probability measure space (X, u) preserving the
measure. Consider an external cross section (Y, ¥). Denote as always by Ry the cross equivalence
relation. Then S;(G) = B;(Ry)/covol(Y), so that the ratio only depends on G and its Haar
measure, [27]. Note that the fact that the ratio §;(Ry)/ covol(Y) only depends on G and its Haar
measure can be easily proven with the results in [21] and we will not explicitly use any of the
results in [27].

4.2. From well-covered G-spaces to I -simplicial complexes

Let G be a unimodular l.c.s.c. compactly generated group and let M be a well-covered G-space.
Since M has a G-invariant good cover, it is homotopic to a simplicial complex on which G acts. If G
is not countable, the nerve of the good cover is a simplicial complex with in general uncountably
many simplices. However, whenever we fix a countable subgroup I' < G, we can take a countable
I'-invariant good cover of M and hence obtain an action of ' on a simplicial complex with
countably many cells. If I' < G is a lattice, then we obtain that M is homotopic to a simplicial
complex on which I acts freely.

Lemma 50. LetG be a unimodular l.c.s.c. compactly generated group and let M be a well-covered
G-space. Denote its G-invariant good cover by O. LetT' < G be a cocompact torsion free lattice. Then
thereare Oy, ..., Oy, € O such that
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e the cover Or :={0;Y}1<i<m,yer is a good cover of M;
o the quotient cover Or/T on M/T is a good cover.

Lemma 50 tells us that well-covered G-spaces behave in a very good manner when we see
them as I'-spaces. Indeed M is not only homotopic to a bounded simplicial complex on which T’
acts cocompactly, but also that the taking the nerve and the quotient by the action of I' commute.
We will not use Lemma 50 explicitly, but the methods of its proof will be essential for proving
Theorem 46.

We will need the following well-known fact.

Lemma51. Let G be a unimodular l.c.s.c. compactly generated group. For every neighborhood of
the identity V < G and compact subset A< G there exists a symmetric neighborhood of the identity
W, such that for every latticeT satisfyingl NV = {1}, we have thatT' n WK consists of elements of
finite order, for every compact subgroup K contained in A.

Proof. Let W) < G be an open subset such that W Wl‘1 c V. Consider I' such thatI'nV = {15}.
Remark that for every g € G, we have that |I'n W;g| < 1. Indeed if y;,y2 € ' n W, g, then
Y17, € Tn Wi Wt = {1}. Let N be the maximal cardinality of a W;-separated subset of W; A.
Observe that N < A(WZA)/A(W)) is finite. Consider a symmetric neighborhood of the identity
W, < G such that WZN < M. Since Ais compact there is a symmetric neighborhood of the identity
W < G such that giWg~! < W, for every g € A. Let K € A be a compact subgroup and consider
YeT'nWK. Let n < N and observe that y” € W, K. Indeed if y = wk with w € W and k € K, then
Y*=(wk)" = wkwk H(k2wk™2)... (k" Twk~ "Dk e WZ”K c Wi K. Then lr,}/,yz, . )/N are
N +1 elements in I'n W, K € Wj A. But since [I'n W; g| < 1 for every g € G, these elements are
W, -separated and by definition of N we must have that for some n < N, we have that y” = 1r as
claimed. g

Proof of Lemma 50. There is a neighborhood of the identity V < G such that Vngl'g™! = {1}
for every g € G. Let us fix the compact subset Ag < G as in the last condition of well-covered
G-spaces, Definition 45. Let W be as in Lemma 51 with respect to the neighborhood V and the
compact subset Ag. Then since M is a well-covered G-space, there are Oy, ..., O, € O satisfying
(U;0;)G = M and whenever we have O;g1 N O; # @ and O;g2 N O; # @ for some 1 < i, j < m and
81,8 €G, then g1 g, 1 e WK for some compact subgroup K < Ag. By cocompactness of G on M
and T, there is a finite subset F € G such that Uy <;<m Ufer O; fT = M. Assume now that for some
1<i,j=m,v1,y2€T and f, f> € F we have that

OifivinOjfa #¢ and O;fiyanOjfa # @.

Then by assumption fiy1y;' f;' € WK for some compact subgroup K contained in Ag. Remark
that I is torsion free and fiI'fi NV = {15}, therefore Lemma 51 yields that y; = y,. In particular,
if we take i = j and fi = f>, we obtain that the action of I' on the cover {O; fv}; r,y is free.
Finally, observe that since O; fy n O; f if and only if y = 1r, we have that O; f seen inside M/T
is contractible. Similarly, since given 1 < i, j < m and fi, f> € F, the sets O; fi and O; f>y meets
for at most one y €T, their intersection in the quotient M/T is also contractible. Since this is true
for arbitrary finite intersections, we obtain that the sets {O; f}1<;<m, re F induce a good cover of
MIT. 0

Let us also remark that Lemma 51 implies that the action of any lattice on a well-covered G-
space is properly discontinuous. In the next corollary we will denote by 8;(M,T) the i ¢2-Betti
number of M seen as a I'-space (or simplicial complex).

Corollary 52. Let G be a unimodular l.c.s.c. compactly generated group and let M be a well-
covered G-space. If T is a torsion free lattice of G, then the action of T on M is free and properly
discontinuous. In particular if M is contractible, then ; (M, T) = B; ().
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4.3. Proof of Theorem 46 and Theorem 48

Let G be a unimodular l.c.s.c. compactly generated group, let V < G be any neighborhood of the
identity and let M be a well-covered G-space. Let us fix the compact subset Ays € M as in the last
condition of well-covered G-spaces, Definition 45. Recall that Ay;G = M.

Given any neighborhood of the identity U < G and a lattice I' < G, let us set

(G =1{geG: gTg ' nU={15}}.

Remark that (G){]/F = (G/T)y as defined in Definition 35.
Recall that given an inclusion of topological spaces P < Q, we denote by V; (P, Q) the dimension
of the image of the map induced by the inclusion at the level of homologies H; (P) — H;(Q).

Theorem 53. Let G be a unimodular l.c.s.c. compactly generated group and fix a Haar measure A
on G. Let M be a contractible well-covered G-space. Let {I',;},, be a Farber sequence of torsion free
lattices of G. Then for any neighborhood of the identity V

Vi(AM(G) 1T, MIT,)
Bi(G) =lim

covol(T';,)

We will prove Theorem 53 in the next section, Section 4.4. Let us show first how it implies
both Theorem 46 and Theorem 48. We start with Theorem 46. For the reader’s convenience, let us
repeat the statement.

Theorem (Theorem 46). Let G be a unimodular l.c.s.c. compactly generated group and fix a Haar
measure A on G. Let M be a contractible well-covered G-space. Let {I',}, be a Farber sequence of
torsion free lattices of G. Then we have
.. bi(MITy)
(@) <liminf ————,
pi@ =li n covol(l'y,)
and if the sequence {I;} is nowhere thin, then
. bi(MITy)
(G) =lim ———.
pi(©) e covol(I';,)

Proof. Clearly we have that

Vi (AM(GY Ty, MIT, ) < bi(MIT).
Therefore Theorem 53 yields
. bi(MITy)
i(G) =lim—————
pi(©) W covol(I';,)
and since this is true for every ultrafilter, we get
bi(MIT )
covol(T',) "

Suppose now that {I';;},, is nowhere thin. Then there is a neighborhood of the identity U < G
such that (G/T' )y = G/T',, for every n. This implies that (G){]” = G and hence Theorem 53 gives
us that

Bi(G) < lin}Linf

r,
5:(G) = lim Vi(AM(G)U /Fn’M/Fn) i ViM/T, MIT) o bi(MIT )
(G) = — im A2 M) Ol )
u

= . 0
covol(T';,) u covol(T'y,) u covol(T'y,)

Before showing how Theorem 53 implies Theorem 48 let us note the following easy fact: if
P) € P, € P3 are topological spaces, then

Vi(P1,P3) < V;(P5,P3).
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Let us recall the notation
(ML ={peM: Vyel\{Ir}, du(py,p) >}
and
(M/T)e = (M)LIT.

Theorem (Theorem 48). Let G be a unimodular l.c.s.c. compactly generated group and let us fix
a Haar measure on G. Let M be a contractible well-covered G-space and assume that M admits a
proper and compatible metric dy; such that G acts isometrically on (M, dyr). Let{T',,},, be a Farber
sequence of torsion free lattices of I'. Then for every € > 0 we have that

vi((M/rn)e; M/rn)
covol(T',) ’

Bi(G) =lim

Proof. LetI' < G be any lattice and fix € > 0. Since the action is proper, there is V < G open and
precompact neighborhood of the identity such that dy;(pg, p) > € whenever g ¢ V and p € Ay,.
We claim that
(M)g 2 Ap(G)Y,.
Indeedfixpe Ayyand g e (G)‘r/. By assumption gI'g~'nV = {15}, so for every y € I' not the identity

dv(pgy, pg) = du (pgyg ™', p) > ¢

that is pg € (M)! as claimed.
Let now U < G be a precompact neighborhood of the identity such that dy;(pu, p) < € for every
ue U and p € Ay. Then we claim that

(M); € Au(G)y,.
For this, consider p € M\ Ay (G)},. Then there is g € G\ (G)}; such that pg™' € Ay Let u # 1 be
such that g~'ug € T. Then by assumption on U, we have that
dy (pg~'ug,p) = du(pg 'u,pg™") <,

which implies that p ¢ (M)[ and the claim is proven.
We can now finish the proof of the theorem,

Vi(AMGII T MIT,) V(M) /Ty, MIT,)
Bi(G) =lim <lim
u covol(T';,) u covol(T';,)

Vi(AM(GI 1T, MIT,)

=B (G). O

<lim
u covol(T';,)

4.4. Proof of Theorem 53

Let us once again repeat the setting and prove some preliminary lemmas.

Let G be a unimodular l.c.s.c. compactly generated group and let V < G be any symmetric
neighborhood of the identity. Let M be a well-covered G-space. Let us take the compact subsets
Apr € M and Ag < G as in the last condition of well-covered G-spaces, Definition 45.

Since the action of G on M is proper, there is a compact subset Kj such that whenever
Amgn Ay # @, then g € K{. Again, since the action is proper, there is Ky such that whenever
AMK(I)gﬁ AMK6 # @, then g € K.

Let W as in Lemma 51 with respect to the neighborhood V and the compact subset Ag. Then
since M is a well-covered G-space, there are Oy, ..., O, € O satistying U;O; < Ay, (U;0;)G =M
and whenever we have O;g1 N O; # @ and O;g2NO; # @ forsome 1 <i,j <mand g, € G,
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then g; gz‘1 € WK for some compact subgroup K < Ag. Since for every i € {1, ..., m} the set O; is
relatively compact, there exists a finite subset S < Ky such that

u;0; €U, 0;8S.

Let u be an ultrafilter and consider a u-Farber sequence of lattices {I',;},, of G and set X, :=
G/T',,. Fix a Haar measure A on G and denote by pu, the induced probability measure on Xj,.
Recall that given any neighborhood of the identity U ¢ G, we have

Xnu={xeX,: ux#x, YU\ {1g}}.

Since {I',,}, is u-Farber, we have that for every precompact open neighborhood of the identity
U < G one has that limy, ¢, (X)) = 1.

The set U;0;V? is compact, clearly U;0;V? < U;0;SV3, therefore there is a finite subset
F < SV3 < Ky V3 such that

Ul'OiVZ c Ul'(_)i‘_/z c U;0;F.
Our first step is to fix the sequence of cross-sections Yy,. Set Vi := V3K ' VK V3.

Lemma 54. For every n, there is a finite subset Y, < (X,)v, containing the class of the identity,
satisfying the following conditions

e Y, isaV -cross section;

« V2V 2 (Xn)w;

e FY,cXuv.

Proof. Let Y, € (X;)v, be a maximal V-separated subset. Since V7 2 V2, we can apply Lemma 38
to get that Y, is a cross-section and by maximality V2V, 2 (X,)yv,. Finally for every f € F,
y €Y, < (Xp)v, and v € V, we have that f~'vf € V; and therefore vfy = ff 'vfy # fy so that
fy e (Xy,)v as claimed. 0

Since the action of G on M is proper, there is a compact subset By < G, such that for every
g€ G\ B(]

(U;O;iF)n(U;O;F) g =¢.

The group G acts on the regular ultraproduct X[ of the sequence {X,},, and Theorem 30 tell
us that Yy, the ultraproduct of {Y,},, is an external cross section with respect to some map
¥, : G x Yy — X,. Theorem 32 implies that there exists a compact subset K 2 By such that the
ultraproduct of the sequence of graphed equivalence relations (RX, ©X) is the cross equivalence
relation R,, on Y, which is graphed by ©X. The graphings ©X are K-supported as in Definition 31,
that is the equivalence relation RX is generated by the element of K which maps points of ¥,
to Yy,.

For yeY,, put

wp,={g€G: (1,gy) R}
Wny={g€G: gyeYu}.

; K K _ K o1 ; ; K -1 - K Qimi
Remark that if g € w;, , then w;, o, = wy, ,g"" and in particular that w, ,yI'y™" = w,, . Similar

equations hold for w,,, and moreover w,,, = Ugewn, wl,igyg.
For every neNand y € Yy, let us set

Ol,iy::{oifgzlsism,feF and g(—:wl,f,y};
Ony={0ifg:1<i=m,feF and gewyy}.
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Observe that (’)K is a good cover of M,; , :=uU -O~Fway and O, is a good cover of M,y :=
U;iOiFwy,y. Clearlyw,l y SWny SO that Mn = Mn yand
M"J’_UOF(U”J/_U U OFwngyg_ U gyg
i 8€Wn,y 8EWn,y

Lemma55. ForeveryyeY,andgeG,
s ifgewy,, then Mj . g = My ,;
. ifge wn,y\wlriy, then M,IfgygmMrfgy = .

Proof. Suppose that g € w}; . Then w}; , =}, ., g and hence

ny
M,If,yzuiOiFwn =U;0; Fwngyg gyg.
Take y € Y;, and g € G. Assume that

(U;0)Fwy ,(Ui0NFw) 4,8 # ®.

Then there are hy € w}; , and hg), € W} ., such that

ngy

(U;i0)Fhyg g, (\(UiO)F #
and therefore hyg‘lhg}, € By € K. Fix k € K such that h, = khgyg. Observe that (y,khg,gy) =
(»hyy) € RK. Since both khgygy and hgy, gy are elements of Yy, by definition of RE we have

that (khgygy, hgygy) € RX. Therefore (y,hgygy) € RX. By hypothesis (gy, hgygy) € RX, thus
8y € Rl,f and we concluded the proof of the Lemma 55. O

Remark that the subsets M,If,y are not necessarily connected, they are unions of con-
nected components which are close with respect to K. We will now consider the quotients
My, ! (T y~1). We will start by showing the analogous of Lemma 50.

Lemma 56. For everyy € Yy, the cover induced by Op,, on My, ,/ (yTny™") is a good cover.

Proof. The proofis similar to the proof of Lemma 50. In order to show that the induced cover is a
good cover, it is enough to show that given any O, O’ € O, there is at most an element y € yT', y1
such that the intersection O n O’y is not empty. Indeed if it is the case, then the intersection
of translates of O, in the quotient M, ,/yT, y~! are homeomorphic to the corresponding
intersection in M, ;. Since the latter are either empty or contractible, the former have to satisfy
the same property. That is, the cover induced by O, on My, ,,/ (3T, y~1)is a good cover.

So let us fix such open sets and by definition O = O; fig1 and O' = O} fog> forsome 1 < i, j < m,
N, f2€ Fand g1, g2 € wy,y. Assume that there are y1,7y»2 € I' such that

O01ig1y1N02foge # @ and Oy f181Y2N O2fo82 # P.
Then by the assumptions on the {O;};, we must have that

_ _ _ _1y—1 _ _ _
hemg ' (harg ' ) = Ay g i e WK

for some compact subgroup K’ contained in Ag. On the other hand

figmys' g fite igyTalfigiy) ™
Since by hypothesis g,y € Y;,, we have that f1 g,y € FY,, < (X;,)v. That is, we have that
fgnTa(figry) ™ nV=11.
So Lemma 51, implies that

harys gl it e igiyTu(figiy) P nWK'

must be a torsion element. Since I', is torsion free, y; = y» as claimed. O
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For every y € Y, we have a topological space M,Ify/(yrny‘l) and a cover of it Ogy/(yl“ny‘l).
Denote by ZIn(' yM the nerve of this cover. The set Y), is finite for every n, so Oy,y/(yI'n y Hisa
finite cover for every y. Hence Zl,f’ yM is a finite simplicial space. Moreover given g € wy, ,, the
multiplication on the right by g~! induces an homeomorphism

K K K _ K _ K -1
dg: Mn,y = UiOiFwn,y — Mn,gy = u,-Ol-Fa)nygy = U,-Ol-Fa)nyyg .

K
ny’

Clearly ag is equivariant with respect to the action of yIny~! on M,IE y and the action of

gy gl on M,If ¢y~ Therefore a induces an isomorphism of simplicial spaces

~ . yK K
Fg: Ik M—3zK M.

It is easy to see then that X M := {Zln(, yMilyey, isa RK_simplicial complex. We can therefore argue
as in [10, Proposition 2.3].

Lemma 57. In the above notation, for everyye Yy,
b; (Mn,y/yrny_l)
1Yl
Before proving the lemma, let us remark that the same arguments as before, show that if
¥,8Y € Yy, then the multiplication by g~! on the right induces an homeomorphism between

My, yT'y y~'and M, gy 8YI'n y~lg~!. Therefore the statement of the lemma does not depend
ony.

pi (z, M) =

Proof. Fix n € N. Choose a representative {y;}; for each Rln( -class in Y}, and let C; be the size of
the class of y;. Clearly }°; C; = |Y,| and we can write M}, y as a disjoint union

K
Mn,y = Uan,sz/l'

Following [10, Proposition 2.3] we obtain that

Cil bi\ My /yiTny)! bi(My,yi/YTny ™| bi(MyylyTay™)
ﬁi(ZIn(M)=Zu ( i I)ZZ ( Y ): i(Mn,y!yUny .

3 |Yn| |Cl| i |Yn| |Yn|

O

We finally prove the main technical hearth of Theorem 53.

Proposition 58. [n the above notation,
covol(¥,) B (G) = lim B; (5, M).

The proposition will follows from Theorem 32 and [13, Theorem 5.9]. For the proof, we will
need to work with ultraproduct of simplicial complexes, which we will recall only in our specific
setting.

Proof. Consider our fixed cross sections Y,, < X,, and equip them with the renormalized counting
measure v,. On each finite set Y,, we have the equivalence relation RX graphed by ©X. The
graphings ®F are K-supported as in Definition 31. Recall that given y,y’ € Y, then there is
¢ € ©X such that ¢(y) = y' ifand only if y’ € Ky. By Theorem 32, the ultraproduct of the graphed
equivalence relations (RX,©X) is the equivalence relation R,, which is the cross-equivalence
relation of the external cross section Y;, = [Y;],, for the action of G on the regular ultraproduct Xff .

For each n, we also have a RX -simplicial complex =X M. We will now take the ultraproduct of
this sequence of simplicial complexes to obtain a R, -simplicial complex. Let us start with the
0-skeleton. We can define a length function ¢,, on the 0-simplices of X M which associate to
O; f g x {y} the minimal n such that there is 1 € (K U K~1)" satisfying

(Oifgx{y)h=0ifgh™" x (hy}€{Oifh<i<m, fer x Yn.
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The 0-simplices of 25 . M will be given by u-equivalence classes of sequences of 0-simplices
[Oi, fngnlu where O;, f, gy is a 0-simplex of ZIH(M, thatisl<i,<m, f,e Fand g, € wlriyn, with
the additional assumption that

lim £, (O, fagn * (yn}) < co.

Remark that since m and F are finite, one can always assume that i, = i < m and f,, € F are fixed.
Since the length ¢,(0; f x {y}) = 0, the 0-simplices of X, |y,], are therefore given by [O; f gnlu
where g, € w{fy y, is any bounded sequence. Define g, := lim,, g,. Now remark that by definition
of the regular ultraproduct, we must have that (g, y,]u = gulyr]u (inside X;, and hence in Y, since

¥, is injective). That is, if we denote

Oy ={8€G: ([Ynlw 8lynlu) € Ru}

then the 0-simplices ofzfyuM are given by O; fgwith1<i<m, fe Fand g€ wyy,,
The higher skeletons of fo, y M are constructed similarly. That is a k-simplex of 25 M
corresponds to a k + 1-tuple

k
[Oiofiogizm]u’ s lkfllcg( )]
such that iy, ..., iy €{1,..., m}, fo, ..., fr € Fand g(o) . ,g,(lk) ny are such that
N Ol]fl] ) % @ for u-almost every n. (1)

j=0,..,

It is easy to see that fo M = {Z{f - M}y, ey, is a Ry-simplicial complex [13, Proposition 5.6]
and it is the ultraproduct of the simplicial complexes XX M. Since the action of G is proper, the
simplicial complexes {Zl,f M} are uniformly bounded and hence we can apply [13, Theorem 5.9]
to get that for every i,

i (5M) = lim (=5 ).
We are left to show that §; (Z{f M) is contractible. Indeed in this case, we would have that
lim B; (2, M) = Bi (2 M) = Bi(Ru) = B (G) covol(Yy).

Before showing that this simplicial complex is contractible, let us give a different description
on what happens over each point y,,. For this, let us fix [y,], € ;. For every k € N, let us denote
by ZK (k)M c ZK , M the finite simplicial sub-complex consisting on all the simplices of Zl,i M
whose 0 skeleton has ¢,,-length less than k. Since the action of G is cocompact and Y, is V-
discrete, the number of simplices on each dimension of ZK (k)M can be bounded independently
of n. Therefore there are only finitely many possibility for the simplicial complexes Zl,f )(,';)M
The ultrafilter u select one of these choices and this finite simplicial complex is exactly the
corresponding 25 Y[(Jl/cr)z]u M.

In order to show that the simplicial complex is contractible, we can argue as in [13, Proposi-
tion 5.8]: it is enough to show that for every ky there is k; such that any homotopy sphere lying in

K, (ko) K, (k1)
w[ynlu w[ynlu

The previous discussion implies that we can prove that for u-almost every n any homotopy
sphere lying in ZK (kO)M is null-homotopic in Zl,f J(,’Zl)M This follows from the fact that M is
contractible and {Fn}n is a Farber sequence. Indeed, by definition Zn,ynM is the nerve of the
cover Oy y,/yuT'pn y;l. Since {I',,}, is Farber, for almost every [y,],, the nerves of the covers
Onyu! Ynl'n y,! and Oy, coincide on bigger and bigger subsets. In particular for each k € N,
the simplicial complex ZK'(k)M is the nerve of a finite sub-covering of Oy, ,, of M. Since M is

M is null-homotopic in

contractible, for every ko there is kj such that every homotopy sphere in ZK (k") M has to be null-
homotopic in some ZK (kl)M . Therefore the proof of the proposition is concluded. d
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We will now show that the boundary is small. We say that an open set O € O,,),/(yI'y y Hisa
boundary set if the closure of O meets the complement of M,,,/(yI',y~") in M/yT, y~L. Recall
that given a neighborhood of the identity U < G and n € N, we defined

G)y ={geG: grng ' nU={16}}.
Remark that given a neighborhood of the identity U < G and any subset B < G, for every n we

have
B(G)g" c (G, 2)

-1y =\ U
Indeedif ge (G)lt;'i1 UB and b € B, then

bgl,g b 'nUcgl,g ' nB lUB<S 1},

Lemma 59. For every n, pick y, € Yy. Then the number of boundary elements in Oy, / nly, Y
grows sublinearly with respect to | Y| as n tends to infinity (along the ultrafilter u).

Proof. Asremarked after Lemma 57, the lemma does not depend on the choice of y, € ¥;,. So let
us assume that y,, is the class of the identity for every n. Let us fix g € wy,y, and a neighborhood of
theidentity B G. Then g € (G)FB" ifand onlyif gT',, € (X;) p. Lemma 54 yields that V2Y, 2 (X,) Vi-
We claim that Vza)n,y,Z 2 (G)?,;’. Indeed, if g € (G)‘r/;‘, then gI';, € (X,,)v, and therefore there are

vev?, gn € wy such that gT', = vg,y,. Thatis, gevg,I', < Vzwn,yn. In particular, we have that

2 r
Mn,yn = UiO,'F(un,yn 2U;0;V Wn,y, 2 U,‘Oi(G)V:’.

I
(SF)~1»i SF’

Ul-(_)iFgg U;0;SFg < U;0;SF(G)

If gewy,y, N(G) Equation (2) yields

Iy
(SFH)~'W SF

Therefore the number of boundary elements is bounded by

SUI0I(G)}! S My,

mIF|| Yo\ (X0) spy-1v; 58| -
Finally remark that since {I',,}, is Farber,

lim | Y00 (Xn)(sp) 1115 _
u [ Yyl

so the proof of the lemma is concluded. O

1

As a direct consequence of the above lemma and the Mayer—Vietoris long exact sequence we
obtain the following.

Lemma 60. In the above notation, for every y € Yy,

 bi(Myy/yTny™)  Vi(Myy/yTpy ™, MIyTpy™)
lim =lim .
u | Yl u [V
Proof. Fix i, n e N. To simplify our notation, as for the lemma above, we can assume that y is the
class of the identity, so that yI', y‘1 =TI, and set My, := My, ,,. Denote by a;,; the dimension of the

kernel of the map induced by the inclusion H; (M, /T ;) — H;(M/T ;). By definition
ani+Vi(MuITy,MITy) =b;(Mp/T).

Denote by E,, < M,,/T,, the union of the boundary open sets. Set
Dy:=M,I/T,, Dy=MIT)\((M,/Ty)\E,).

Clearly Dy n Dy = E,. The Mayer-Vietoris long exact sequence of the decomposition M/T,, =
Do U D; tells us that
H;(Ep) — H;(M/T'p) ® Hi(D1) — H;(MIT')
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is exact for every i and n. Therefore a, ; < b;(E,). By Lemma 59, we have that b;(E,) grows
sublinearly and hence

. Vi(Mn/rn;M/rn) . bi(Mn/rn)
lim <lim
u [V u |Vl
. Qi+ Vi(Mp/Ty, MIT,)
=lim
u | Yl
. Dbi(Ep) +Vi(Mu/Ty, MIT})
<lim
u [V
. VilMy,IT,,MI/T})
=lim
u [ Yyl

Let us now compare the obtained My, with the topological spaces in the statement of
Theorem 53.

O

Lemma6l. IfyeY, isthe class of the identity, we have that

AM(G)%IVIKO MY, < Au(G)y.

Proof. By hypothesis we have FY; S (X,)v. This can be restated as saying that Fwp y S (G){,”.
Therefore

My, =U0;0;Fw,, < U;0:(G)" < Ap(G)y.
On the other hand, U; 0; Ky 2 Aps and V2w ny =2 (G)‘F,;l. Therefore, using Equation (2), we obtain

Iy Ty Iy
Mrlz(,y =U;0;Fwy,y 2 UiOiVan,y 2 UiOi(G)V1 2 UiOiKO(G)K’lVlKo =2 AM(G)K’IVlKo' O
0 0

Summing up all the previous statements, we obtain the following.
Lemma 62. For every symmetric neighborhood of the identity V, set V, := K; ' V2K, ' VKo VK.
Then we have
v, (AM(G)‘F/;‘/F,,,M/F,Z) v, (AM(G)‘F/”/FH,M/F,Z)
< Bi(G) covol(Yy) <lim
|| u ||

Proof. By assumption, the class of the identity is in Y},. Denote this class by y,. Then combining
Lemma 57, Proposition 58 and Lemma 60, we obtain

Vi(Mp,y, /T p, MIT )
| Yl
Therefore the lemma follows from Lemma 61. O

lim
u

Bi(G) covol(Yy) = liLIln

Let us conclude the proof of Theorem 53. Let us fix a neighborhood of the identity V. Consider
a neighborhood of the identity U such that

Uy =Ky ' UK ' UK UKy S V.
Then clearly (G)Z’z’ c (G)E". So applying Lemma 62 to V and U, we get

Vi(AM(G\ 1T MIT,) Vi(AM(G) /T, MIT,)
Bi(G) covol(Yy) <lim <lim < Bi(G) covol(Yy).
u [Ynl u [Ynl

Since covol(Yy) = lim, covol(Y};) (Theorem 30) and covol(Y;;) = covol(I';;)/|Y,,| (Lemma 38), we
get

¥, Vi(AM(Gy /T, MIT,) Vi (AM(@y /T, MIT,)
Bi(G) =lim i =lim
u covolT,) | Yyl u covol(I',,)

and the proof of Theorem 53 is completed.
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4.5. Examples of well-covered spaces

We will now provide some examples of well-covered spaces and in particular we will finish the
proof of Corollary 47. All our examples will be G-CW complexes, see [31].

Lemma 63. Let G be a l.c.s.c. group and suppose it acts on the Riemannian manifold M in a
cocompatct, isometric and proper way. Then M is a well-covered G-space.

Proof. Letus denote by d the geodesic distance on M. Since small geodesic balls of a Riemannian
manifolds are convex, they form a good cover of the space, see [15]. We need therefore to show
only the last point of Definition 45. Consider a compact subset C = M such that CG = M. Set
Ap = B{\’I (C). Since the action is proper, the set

Ag={geG: gCnC+# o}

is compact. Let us denote by K4 € Ag the union of all compact subgroups contained in Ag. Let
us fix an open neighborhood of the identity W < G. Remark that W K is open. For every x € C let
us define
e(x) =d(x,x(G\ (WKQ))).

Remark that if xg = x, then g is in a subgroup contained in Ag, that is g € K4. Moreover since the
action is cocompact, and in particular since M/G is Hausdorff, each orbit is closed and the map
g — xg is closed. Therefore, x(G \ (WK,)) is a closed subset not containing x and the function
x—d(x,x(G\ (WKy,))) is continuous. In particular, £q := min(minye ¢ £(x), 1) is strictly positive.

Since M/G is compact, there are finitely many p;, ..., pm € C such that UiBé‘(/)IM(pi)G = M. Now
assume that for some 1 < i, j < m and g1, g2 € G, we have that

B, ,(pig) B, (pj) # ¢ and BY ,(pig2) n B, ,(p)) # @.

Then the triangular inequality gives us that d(p; g1, pig2) < €o. Since the action is isometric, we
obtain that d(p; g1 gz’l, pi) < €o. Finally the choice of ¢y < (p;) tells us that g; gz’1 € WK, and the
proof of the lemma is completed. O

Remark 64. Note that in the proof of Lemma 63 the assumption that the action is isometric it is
not crucial. Indeed, it is enough to know that for every € > 0 there is § such that whenever x, y € M
are such that d(x, y) <9, then d(xg, yg) < e forevery g€ G.

A group G is said almost connected if the quotient of G by the connected component of the
identity is compact. If G is almost connected, then M := Ky\G is a EG space for some maximal
compact subgroup Kj of G, see [2, Theorem A.5] and [3, Corollary 4.14] or [31]. Observe that
any almost connected group admits a normal compact subgroup such that the quotient is a Lie
group [25, Theorem 8]. Therefore M is naturally a contractible Riemannian manifold on which
G acts by isometry and hence M is a contractible well-covered G-space. We therefore have the
following.

Fact. Every almost connected group acts on a contractible well-covered G-space.
We now examine our second class of examples.

Lemma 65. Suppose that the l.c.s.c. group G acts simplicially, properly and cocompactly on a
simplicial complex M (with countably many cells). Then M is is a well-covered G-space.

In order to prove Lemma 65, we could introduce a metric on M and proceed as in Lemma 63.
We will present instead a combinatorial proof which uses the barycentric subdivision. Let us
recall that if M is a simplicial complex, the 0-simplices of its barycentric subdivision BS(M) are
in correspondence with the simplices of M. Two 0-simplices in BS(M) are the boundary of a 1-
simplex in BS(M) if and only if one is contained in the other as simplices of M. It is convenient to
isolate the following lemma.
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Lemma 66. Suppose that thel.c.s.c. group G acts simplicially on a simplicial complex M. Suppose
thato},o) are simplices of BS(M) and take g1, 8> € G such that o} contains both g, and o} g».
Thenoygi = 038.

Proof. Let q' be any 0-simplex of aé. Then both g'g; and g' g, are 0-simplices of 0}. If they are
distinct, there is a 1-simplex in BS(M) whose boundary is {c/1 g1, ql g»}. In this case we would have
that g' g1 and g' g, are associated to simplices of M of different dimensions, which is impossible

since the action of G is simplicial. O

Proof of Lemma 65. Denote by BS, (M) the barycentric subdivision of BS(M). We claim that the
covering by stars of the 0-simplices of BS, (M) satisfies the required conditions. First observe that
the intersection of stars is either empty or is a star of a higher dimensional simplex. Therefore it
is a good cover and since the action of G is simplicial, it is G-invariant. We are left again to prove
the last condition. As in Lemma 63, we consider a compact subset C £ M such that CG = M. We
let Ajs be the closed star around C. Since the action is proper, the set

Ac={g€G: gAun Ay # B}

is compact.
Given a 0-simplex p? of BS,(M), we will denote by S(p?) the open star around p?. By cocom-
pactness, there are finitely many plz. e Cfori=1,..., m, such that ul-S(p?)G = M. Assume now

that there are g1,82 € Gand 1 < i, j < m such that
S(pigi)n S(p?) #¢ and S(pig)n S(p?) # 3.

For every 1 < i < m, we denote by Ull. the simplex of BS(M) associated to p?. Since the dimension
of 011. g is the same for every g € G, we must have that one of the two following conditions hold

+ 0 contains both o} g, and 0} g»;

.0 is contained in both o}gl and Ull-gz.
In the first case, Lemma 66 implies that g1 g, ! fixes U}. In the second, U} contains both 0'} 87 land
o' g; ! and hence Lemma 66 implies that g ' g; fixes a}.. Therefore g1 g, fixes 0} g ' Remark that
p; € C and that p?gz‘1 is connected by a 1-simplex in BSz(M) to p? and therefore p?gz‘1 € Ay

In either cases, the element g g, ! fixes a 0-simplex in Ay, therefore it is contained in a compact
subgroup contained in Ag. g

Well-covered G-spaces behave nicely with respect to products.

Lemma 67. Let G1,Gy be Lc.s.c. groups and let M; be well-covered G;-spaces for i = 1,2. Then
M x M> is a well-covered G, x G -space.

Proof. Clearly the action of G; x G, on M; x M, is proper and cocompact. Also remark that if 0!
is a G;-invariant good cover of M;, then the collection

0'x0*={0'x0*: 0’ 0',i=1,2}
is a G-invariant good cover and the last condition can be easily verified. U
Finally assume that G is a general locally compact group and denote by Gy < G the connected
component of the identity.

Fact. If the group G/ Gy acts cocompactly and properly on a contractible simplicial complex My,
then there is a contractible well-covered G-space.

We will not prove this fact. In [33] it is explained how to induce a E(G/Gy) space to a EG without
changing the quotient. Following their construction, the preimage of each point in the quotient is
a countable union of connected Riemannian manifolds. Therefore we can construct good covers
by taking the product of the cover by stars of Mj and small geodesic balls in the manifolds.
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