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THE LEMNISCATE TREE OF A RANDOM
POLYNOMIAL

by Michael EPSTEIN, Boris HANIN & Erik LUNDBERG

Abstract. — To each generic complex polynomial p(z) is associated a labeled
binary tree (here referred to as a “lemniscate tree”) that encodes the topologi-
cal type of the graph of |p(z)|. The branching structure of the lemniscate tree is
determined by the configuration (i.e., arrangement in the plane) of the singular
components of those level sets |p(z)| = t passing through a critical point.

In this paper, we ask: how many branches appear in a typical lemniscate tree?
We answer this question first for a lemniscate tree sampled uniformly from the
combinatorial class of all such trees associated to a generic polynomial of fixed
degree and second for the lemniscate tree arising from a random polynomial with
i.i.d. zeros. From a more general perspective, these results take a first step toward
a probabilistic treatment (within a specialized setting) of Arnold’s program of
enumerating algebraic Morse functions.

Résumé. — A chaque polyndme complexe générique p(z) est associé un arbre
binaire étiqueté (appelé dans cet aticle, “arbre de lemniscate™) qui code le type
topologique du graphe de |p(z)|. La structure de ramification de I’arbre de lemnis-
cate est déterminée par la configuration (c’est-a-dire la disposition dans le plan)
des composants singuliers de ces ensembles de niveaux |p(z)| = t passant par un
point critique.

Dans cet article, nous nous intéressons a la question suivante: combien de
branches apparaissent typiquement dans un arbre de lemniscate ? Nous répondons
d’abord a cette question pour un arbre de lemniscate échantillonné uniformément
dans la classe combinatoire de tous ces arbres associés a un polynéme générique de
degré fixé, et ensuite pour un arbre de lemniscate résultant d’un polyndéme aléa-
toire avec des zéros indépendants et identiqguement distribués. D’un point de vue
plus général, ces résultats constituent un premier pas vers un traitement probabi-
liste (dans un cadre spécialisé) du programme d’Arnold consistant a énumérer les
fonctions algébriques de Morse.

Keywords: random polynomial, binary tree, lemniscate, analytic combinatorics.
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1. Introduction

Hilbert's sixteenth problem asks for an investigation of the topology of
real algebraic curves and hypersurfaces. An extension of this program, pro-
moted by V.I. Arnold [1], is to study the possible equivalence classes of
graphs of generic polynomials up to dileomorphism of the domain and
range. Thus, rather than considering a single level set of a polynomial,
Arnold’s problem is concerned with the whole landscape given by its graph.

The special case of classifying graphs arising from the modulyp(z)| of a
generic complex polynomialp was solved by F. Catanese and M. Paluszny
in [9].) They enumerated all possible equivalence classes by establishing a
one-to-one correspondence with the combinatorial class of labeled, increas-
ing, nonplane, binary trees.

Motivated by recent studies on the topology of random real algebraic
varieties [14, 15, 17, 16, 21, 22, 24, 25, 26, 29], we investigate a proba-
bilistic version of Arnold’s problem by studying the topological properties
of the landscape generated by the modulus of a random polynomial. We
focus specifically on the statistical properties of a certain binary tree, the
lemniscate tree defined below, of a random polynomial with independent
identically distributed (i.i.d.) zeros drawn from a fixed probability measure
on the Riemann sphere.

In this setting, the typical binary trees do not resemble the “combinato-
rial baseline” provided by sampling uniformly from the combinatorial class
of all such trees (see Theorem 1.2 and compare with Theorem 1.1). Namely,
the random tree associated to a random polynomial with i.i.d. zeros typ-
ically has very little branching (with probability converging to one in the
limit of large degree, a shrinking portion of the nodes have two children).

1.1. Lemniscate trees

As in [9], we will call a polynomial p O C[z] of degreen + 1 lemniscate
generic (or simply generid if p”has n distinct zeros wy, ..., w, such that
foreach16 i 6 n, p(w;) 0 and such that [p(w;)| = [p(w; )| if and only if
i = . To such a polynomial one can associate a rooted, nonplane, binary

@ This problem fits into Arnold’s setting of real polynomials if we equivalently consider
the square of the modulus and notice that p(z)p(z) has real coe [ciehts as a polynomial
inx and y.

@ The complement of the set of lemniscate generic polynomials forms a set of codimen-
sion one in the parameter space; as a result, in many models of random polynomials
(including the ones studied in Section 3 of this paper) the condition of being lemniscate
generic holds with probability one.
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tree LT (p) with n vertices, whose vertices are bijectively labeled with the
integers from 1 to n such that the labels increase along any path oriented
away from the root. We call LT (p) the lemniscate tree associated top.
LT (p) encodes the topology of the graph ofp(z)| (or equivalently |p(z)|?
which can be viewed as a Morse function). Its vertices correspond to tha
generically distinct critical points of p. To construct its edges consider for
each critical point w of p the connected component

Mw O zOCT|p(2)] = [p(w)[}

of the level set of |p| that contains w. The curve Iy, referred to as a
small lemniscatein [9], is generically a bouquet of two circles with the self-
crossing occurring precisely atw. The root vertex of LT (p) corresponds to
the critical point with the largest value of |p|, which is generically unique.
The descendants of the root are defined inductively as follows. Fix a vertex
in LT (p) corresponding to a critical point w of p. Its children are the vertices
in LT (p) corresponding critical points w"of p for which [p(w9] is the largest
among all critical points whose singular lemniscates o are surrounded by
the same petal ofl"y,. Generically, ', has two petals and each one gives
rise to at most one descendent since the values ¢p| at distinct critical
points are generically distinct. Each vertex in LT (p) therefore generically
has zero, one, or two children. We refer the reader to [9] for more details.

A simple example illustrating a polynomial and its corresponding lemn-
sicate tree is provided in Figure 1.1. The left panel in Figure 1.1 displays
all the singular level sets (each of which may include smooth components
in addition to the singular component) for the modulus of a degree five
polynomial, and the right panel shows the its lemniscate tree. To get a
sense of what high-degree lemniscates can look like, consider Figure 1.3,
where polynomials are generated by sampling zeros i.i.d. uniformly from
the unit disk. A highly non-generic lemniscate, the so-calledErdés lemnis-
cate{z OC:|zN - 1] =1} with N =8, is shown in Figure 1.2. Figure 1.4
shows the singular lemniscates of a random polynomial generated by a lin-
ear combination of Chebyshev polynomials with Gaussian coeldients (see
Section 4 for further discussion of this model).

While the lemniscate trees defined above are undirected, it will be con-
venient for us to adopt a term associated with directed graphs. We may
impose an implicit direction on the edges of the trees so that each edge is
oriented away from the root (such an oriented tree is properly called an
out-arborescencebut there will be no confusion here). In this context the
number of children a vertex has is itsoutdegree defined to be the number
of directed edges emanating from it.

TOME 70 (2020), FASCICULE 4
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Figure 1.1. Left: an example of a landscape (artist's rendition) gener-
ated by a polynomial with five zeros, along with the projection of the
singular component of each critical level. Right: the associated lemnis-
cate tree (each node corresponds to a singular component). The tree
can be constructed using the nesting structure of the singular compo-
nents along with the ordering of heights of critical values.

Figure 1.2. The non-generic lemniscatdz OC: |28 - 1| = 1}.
1.2. Random lemniscate trees

In this section we state our main results on the branching in random
lemniscate trees. For eacmn > 1 we defineLT,, to be the set of all lemniscate
trees onn vertices. That is, LT, is the set of all rooted, nonplane, binary
trees, with vertices bijectively labeled with the integers from 1 to n such
that the labels increase along every path oriented away from the root.
As mentioned above, LT, was shown in [9] to be the space of possible
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lemniscate trees for generic polynomials of degrea + 1 in one complex
variable. For every n > 1; the spacelLT, is nite, and our rst result
concerns the branching structure of a tree sampled uniformly at random
from LTj,:

Theorem 1.1. Let T, 2 LT, be a lemniscate tree of sizen sampled
uniformly at random, and let X, denote the number of vertices of outdegree
two in T,,. Write , for its mean and |, for its standard deviation. Then
asn!l

v= 1 2 n+oq);

and

2
n=

4 2
—+— 1 n+ o(1):

Moreover, the rescaled random variable ., * (X n) converges in distri-
bution to a standard Gaussian random variable asn ! 1

We note that the asymptotic for the mean follows from the asymptotic for
the mean number of leaves which was computed recently in [5] (cf. [4, 7, 6]),
where the same class of trees was referred to ds2 trees. By a standard
application of Chebyshev's inequality, we see that Theorem 1.1 implies
that the number of nodes of outdegree two is concentrated about its mean.
Indeed, choosingdD < < 1=2 we have

2

P(iXn aj>n 726 . 25=0(n '?)=o0(1); asn!l

Therefore, for a uniformly randomly sampled T, 2 LT,, one expects a
constant proportion of its vertices to have two children. Our next result
concerns the number of outdegre@ nodes in the lemniscate tree of a ran-
dom polynomial. Formally, we equip the space of polynomials of degrebl
with a measure under which zeros are chosen i.i.d. on the Riemann sphere,
and push forward this measure toLTy 1 under the map that associates to
a generic polynomial its lemniscate tree.

Theorem 1.2. Let py be a random polynomial of degreeN whose
zeros are drawn i.i.d. from a xed probability measure on S? that has
a bounded density with respect to the uniform (Haar) measure. Then for
every > 0 there exists C so that the number Yy of nodes of outdegree
two in the lemniscate tree associated topy satis es

EYy 6 CNZ* -
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Although Theorem 1.2 does not give variance estimates and asymptotic
normality as in Theorem 1.1, it does show that in contrast to sampling
uniformly from LTy the lemniscate tree of a random polynomial has almost
all nodes with outdegree at most one. It also provides a weak concentration
inequality for the random variables Yy . Namely, for any "o > 0
EYn

P Yy>Nzto 6 —N - 1) asN!1
Nz*"o

(a) Degree 10 (b) Degree 20 (c) Degree 30

Figure 1.3. Lemniscates associated to random polynomials generated
by sampling i.i.d. zeros distributed uniformly on the unit disk. For each

of the three polynomials sampled, we have plotted (using Mathemat-
ica) each of the lemniscates that passes through a critical point. One
observes a trend: most of the singular components have one large petal
(surrounding additional singular components) and one small petal that
does not surround any singular components. Note that only one of the
connected components in each singular level set is singular (the rest of
the components at that same level are smooth ovals).

This sparse branching for the lemniscate tree of a random polynomial
is closely related to the pairing of zeros and critical points for random
polynomials studied by the second author [18, 19, 20] and taken up in [28]
as well. These articles roughly show that for the random polynomials we
consider, each zero op has, with high probability, a paired critical point in
its 1=N neighborhood. As we show in the proof of Theorem 1.2, when such
a pairing occurs, the singular lemniscate ,, passing through the critical
point w of p that is paired to a zero z is likely to have a small petal of
diameter on the order of 1=N surrounding z and no other zeros (and hence
no other singular lemniscates), causing the corresponding vertex to have
outdegree at most1:

A useful heuristic for understanding the critical point pairing (which we
combined with a topological argument in order to prove Theorem 1.2) is

ANNALES DE LINSTITUT FOURIER
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Figure 1.4. Lemniscates associated to a random linear combination of
Chebyshev polynomials with Gaussian coe cients. DegreeN = 20.
This example is not lemniscate generic (since we see multiple critical
points on a single level set). However, this model has the interesting
feature that it seems to generate trees typically having many branches.
See Section 4.

in terms of electrostatics on S?, where critical points of p are viewed as
equilibria of the eld generated by a logarithmic potential with positively
charged point particles at the zeros and negatively charged particles at the
poles, counted with multiplicity.

The contribution to the electric eld from the high-order pole at in n-
ity (which is best understood after changing coordinates byz = 1=w) is
balanced by the electric eld from an individual zero in a neighborhood
with radius of order 1=N. In this neighborhood, the additional in uence of
other zeros ofp is typically of lower order, causing an almost deterministic
pairing of zeros and critical points. We refer the reader to Section 3 below
and to [20, Y1] for more details.

Remark 1.3. There is a fair amount of universality expressed in
Theorem 1.2 in that the distribution is rather arbitrary. What if the
polynomial is instead sampled using random coe cients in front of some
choice of basis? Based on simulations, the lemniscate trees again seem to
have a shrinking portion of nodes with two children in a wide variety of such
models including most of the well-studied Gaussian models (the Kostlan

TOME 70 (2020), FASCICULE 4
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model, the Weyl model, the Kac model). In fact, the only exception we ob-
served was a model based on Chebyshev polynomials (see the empirical ev-
idence presented below in the last section). In another direction, one might
consider randomizing the construction of polynomial reworks described

in [13, Y4] in order to produce polynomials whose trees have many branches.

Remark 1.4.  As a future direction of study it seems natural to inves-
tigate random rational functions on the Riemann sphere. A combinatorial
scheme for classifying associated topological types was developed in [2].
What positive statements can one make on the typical topological type?
The results in [22], investigating a xed level set of a random rational func-
tion (de ned as the ratio of two random polynomials from the Kostlan
ensemble), may lead to some insight in this direction. However, we gener-
ally anticipate the case of rational functions to have a much di erent avor
than the case of polynomials; not only is the underlying combinatorial class
more complicated, but there is no longer a polarization caused by having
a high-order pole at in nity.

Remark 1.5.  Another natural direction of study, returning to Arnold's
problem mentioned at the beginning of the introduction, would be to in-
vestigate the topological type of a random homogeneous polynomial in
projective space. The underlying classi cation problem in this case is still
unsolved; L. Nicolaescu classi ed generic Morse functions on th@-sphe-
re [27] and enumerated them in terms of their number of critical points, but
it is not known which types can be realized within each space of polynomi-
als of given degree (and even less is known in more than two variables) [1].
At this stage, we suggest investigating a coarser structure, such as the so-
called merge tree [11, YVII.1], associated to the graph of a random real
homogeneous polynomial of degreel in n + 1 variables (while pursuing
asymptotic estimates asd! 1 for statistics de ned on the merge tree).

1.3. Outline of the paper

The Gaussian limit law stated in Theorem 1.1 will be established us-
ing perturbed singularity analysis, a method from analytic combinatorics.
Speci cally, in Section 2, we will apply a result from [12] to a bivariate
generating function that was derived in [8]. We prove Theorem 1.2 in Sec-
tion 3 by establishing a prevalence of small lemniscate petals adapting the
method from [20] for studying pairing between zeros and critical points of

ANNALES DE LINSTITUT FOURIER
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random polynomials. In Section 4, we present some empirical results con-
cerning a certain model of random polynomials for which the lemniscate
trees appear to have on average asymptotically one third of their nodes
being of outdegree two.

Acknowledgements

The authors would like to thank Alexandra Milbrand for creating the
picture of the landscape of level sets in gure 1.1. We would like to thank
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2. Sampling uniformly from the combinatorial class: proof
of Theorem 1.1

Let anx denote the number of lemniscate trees of size with k nodes of
outdegree two, and consider the bivariate generating function
an-
F(z;u) = n—’:(ukz”:
nk>0 n:

In [8], an explicit formula for the function F(z;u) is derived by showing
that F satis es a rst-order PDE that can be solved explicitly using the
method of characteristics. This results in the following analytic description

in terms of elementary functions
n # 2

sinh %pl 2u

zPp——
2.1 F(z;u)= cosh = 1 2 CE—
(1) () 2 ! T 2u

There is a well-established theory for deriving probabilistic results from
bivariate generating functions such asF (z; u). For a detailed overview, see
the authoritative text [12, Ch. IX] by Ph. Flajolet and R. Sedgewick; here
we brie y review the connection in the current context. The basic link is
that we arrive at the so-called probability generating function by consid-
ering a normalized coe cient extraction involving F(z;u). Namely, using
[z"] to denote the operation of extracting the z"-coe cient, the univariate
polynomial in u, given by
[z"]F (z;u).

) )

TOME 70 (2020), FASCICULE 4
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is the probability generating function for the random variable X,, de ned
(as in the statement of Theorem 1.1) as the number of nodes of outdegree
two in a random lemniscate tree of sizen. That is, if a lemniscate tree
of sizen is sampled uniformly at random, the probability that it has k
nodes of outdegree two is given by the coe cient ofu® in p, (u). From this,
one can easily compute the mean and variance using simple operations.
Furthermore, a more detailed complex analysis of the singularity structure
of bivariate generating functions such asF (z; u) can be used to establish
probabilistic limit laws.

Concerning the case at hand, viewingu as a complex parameter, the
function F(z;u) is amenable to perturbed singularity analysis and falls
under the movable singularities schema described in [12]; as varies in a
neighborhood ofu = 1, the location of the (nearest to the origin) singularity
of F(z;u) moves while the nature of this singularity is preserved. This
allows us to establish a Gaussian limit law by apply the following result
restated from [12, Thm. 1X.12].

Theorem 2.1. Let F(z;u) be a function that is bivariate analytic
at (z;u) = (0;1) and has non-negative coe cients. Assume the following
conditions hold:

(i) Analytic perturbation: there exist three functions A;B; C; analytic
inadomainD =1fjzj6 rg fi u 1j<"g, such that the following
representation holds in some neighborhood of0; 1), with 2 Zg g,

F(z;u) = A(z;u) + B(z;u)C(z;u)
Furthermore, in jzj 6 r, there exists a unique root ; of the equation
C(z;1) =0, this root is simple, andB( 1;1) 6 0.

(i) Non-degeneracy: one ha®@C( 1;1) @C( 1;1) 6 0, ensuring the
existence of a non-constant analytic function (u) nearu =1, such
that C( (u);u)=0 and (1)= 1.

(i) Variability: one has

2
W=, w1

1) 1) 1)
where (u)= (1) (u) .

Then, the random variable with probability generating function
[z"]F (z; )
[z"]F (z;1)
converges in distribution (after standardization) to a Gaussian random vari-
able with a speed of convergenc®(n 72).

60,

Pn(U) =

ANNALES DE LINSTITUT FOURIER
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P

Verifying condition (i) . Let G(z;u) = cosh %p 1 2u ﬂé%uzu)
so that we haveF (z;u) = G(z;u) 2. Note that G(z;u) is an entire func-
tion of z for each xed u 2 C, and is non-constant foru 6 % Thus, for
ué % F (z;u) is meromorphic with poles at the zeros ofG(z;u) and no
other singularities. First setting u = 1, we nd that the zeros of G(z;1)

areatz = 5 +2 ik;k 2 Z. Among these, ; = 5 is nearest to the ori-

gin. We compute @G( 1;1) = 75 6 0, which shows that ; is a simple
root. This completes the veri cation of condition (i) in Theorem 2.1, where
A =1;B =1 are taken to be constant, =2, and C(z;u) = G(z;u).

Verifying condition (ii) . Having shown above that@G( 1'*)17) 60, we
only need to check that@G( 1;1) 60. We nd @G( 1;1)= 2 (2 ).
This veri es condition (ii), where the desired function (u) is guaranteed to
exist by the implicit function theorem. Furthermore, we can describe (u)
explicitly by solving for z in G(z;u) =0:

P
2 p—— 1 1+ 1 2u

u) = tanh * "1 2u = p lo P

W= P P9 1 T

where we choose the principal brarbch for the logarithm so that (1) = ;=
=2. For ju 1j suciently small, = 1 2u is neari, ensuring analyticity
of the function (u).

Verifying condition (ii).  Let (u)= (1)= (u). Then
)= 5 () 2 Qu);
and
Ru) = 5 2 N2+ (x) 2 )
Thus,

W, W | W*

O =y Ty o
8 2 2 ?
= = 1+1 2 1 %
:i2+E 160:

We conclude that Theorem 2.1 applies, and the random variableN,(T,)
after rescaling converges in distribution to a Gaussian variable with a speed
of convergence @On 172).
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Mean and variance. As pointed out in [12] in the remarks after the
proof of Theorem 1X.12, the mean , and variance 2 are given by

_ W

B EY

n+0(1)= 1 2 n+ O(1);

and 4 o
T=v() n+O()= —+= 1 n+O@):

3. Proof of Theorem 1.2

For a polynomial p of one variable we de ne
Zerosp):= f 2 S%?st.p()=0g; Crits(p):= fw2 S?s.t. dp(w) =0g:

Instead of working the usual holomorphic coordinate S?nflg! C; it
will be more convenient to perform our computations in the coordinate
S2nf0g ! C centered at the point at in nity (cf. [20, Y1]). That is, we
rst choose 1;:::; n 2 S? ii.d. from the probability measure : Up to
multiplication by a non-zero complex number, this determines a unique
meromorphic map py from S? to C[flg with a pole of order N at
in nity and zeros at the ;'s. Since multiplication by a non-zero constant
does not a ect zeros, critical points, and relative sizegpy (z1)j5pn (22)j of

determine the lemniscate tree ofpy . We investigate the structure of this
lemniscate tree using the coordinatew : S?nfOg ! C centered at in nity,
in which py takes the form

where the i.i.d. zeros ; are now written in the coordinate w (we abuse
notation slightly and continue to denote them by ; in this coordinate).

Let us emphasize that whenever a condition likej j 6 N appears below
for some 2 S?, the quantity j j is computed in this system of coordinates.
In particular, denoting by = 1= the image of in the usual coordinates
centered atO, our conditionj j6 N isthesameag j> N :Associated
to eachw 2 Crits(pn ) is the singular component , of the lemniscate

w =22 8% st jpn (2)] = jpn (W)ig;

that passes throughw. That is, among the connected components of ,,
we de ne , to be the one that containsw. For a generic polynomial (a

ANNALES DE LINSTITUT FOURIER
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condition that holds with probability one in our model), there are N 1
distinct singular lemniscates (one passing through each critical point), each
having a unique singular component that is topologically a bouquet of two
circles. We call these two circleghe petals of ,: For the arguments below
we X an auxiliary parameter r 1 such that
1.1
10'10 °
We study the behavior of the lemniscate tree ofpy by considering for each
2 Zeros(py ) the event
8

(3.1) arg 1+r}é 2 8 2[0:2 ]

o 9

< i owj< 'I{‘—J and at least one petal of =

S = . 9tw2Crits(pn) is contained in the disk of radius i
centered at

When the event S.y occurs, we will say that , has a small petal sur-
rounding , and we refer tow as the paired critical point of . We also
consider the events

Bn = ] 9>

8 %2 Zerospn)nf g

To prove Theorem 1.2, we begin with the following observation.

Lemma 3.1. We have

(3.2) #fvertices in LT (py) with at most one childg
X

> Is, \By s
2 Zeros(pn )

where 15 denotes the indicator function of the eventS:

Proof. Observe that if the eventsSy. \ By: and Sy. o\ By: o occur
for some zeros 6 9 then the corresponding paired critical points are also
distinct since the spacing of zeros ensured b .y and B oy is larger than
the sum of the distances between the zeros to their paired critical points
given by S,y and S o . Moreover, when the eventS.y \ B .y occurs, the
vertex in the lemniscate tree of py that corresponds to the critical point
w paired to has outdegree at mostl. Indeed, one of its petals surrounds
only one zero, namely . To complete the proof, we recall a theorem of
Titchmarsh ([30, Y3.55]), which says that inside a connected component of
a lemniscate for an analytic function the number of critical points is one
less than the number of zeros. The petal surrounding has inside one zero
and therefore does not surround any critical points. Hence, the vertex in
the lemniscate tree ofpy that corresponds tow has at most one child.
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