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MEANS ON CV,(G)-SUBSPACES
OF CV,(G) WITH RNP
AND SCHUR PROPERTY

by Frangoise LUST-PIQUARD

Introduction.

Let G be a Ica group and 1 < p < 2. We generalize to the space
CV,(G) of bounded convolution operators: L?(G) » L?(G) (1<p<2)
some results which are obvious for p = 1 and were obtained for p = 2
by L. H. Loomis, G.S. Woodward, P.Glowacki and the author. We
also generalize some results of N.Lohoué on convolution operators.
Our motivation was a question raised by E. Granirer: is there a
generalization of Loomis theorem [Loo] for convolution operators? A
positive answer is given in theorem 2.8: Let E — G be compact and
scattered. Then CV,(E), the space of convolution operators on L?(G)
which are supported on E, is the norm closure of finitely supported
measures on E, and this space has Radon-Nikodym property. We also
prove (theorem 2.14) that under the same assumptions CV,(E) has the
Schur property.

The natural predual of CV,(G) is A4,(G), which by C. Herz
fundamental result is an algebra for pointwise multiplication and has
some properties similar to those of A4,(G) (we recall that A,(G) is
isometric to L'(G) and CV,(G) is isometric to L®(G)). But the proofs
of Loomis theorem for p = 2 actually use the fact that every ye G
defines an isometric multiplier : CV,(G) - CV,(G) and that if S = CV,(G)
has a compact support

I1Sllevye) = Sug I<S, x>
Y€

where G is a group (the dual group of G).

Key-words : Invariant means - Convolution operators - Schur property - Radon-
Nikodym property.

A.M.S. classification : 43A07 - 43A22 - 43A26 - 46D22.
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One of the ingredients in this paper is to provide CV,(G) with an

equivalent norm such that
IS, = sup [<S,fHI.
feZn6)

where %,(G) is a semi-group of functions of A4,(G). This is done by
using numerical ranges. We can thus adapt to CV,(G) a theory of
means which is the usual one on CV,(G) or rather on L*(G)[Gr], and
which fits Eberlein’s theory ([Eb1] Part. I). Topological means on CV,(G)
were already defined in [G]. This is done in part 1 where we also give

notation, definitions and recall the properties of CV,(G) and A4,(G)
that we need.

In part 2 we prove our main results theorems 2.8 and 2.14. The
crucial lemma 2.2 allows to adapt the techniques of [Loo] [W1] [W2]
[L-P1] [L-P2] [GI]]. In part 3 we show how theorems 2.8 and 2.14 also
imply results on some CV,(A) where A is discrete. The main result is
theorem 3.3, which is a generalization of a result of [L-P1] and [L-P3].

In part 3, 4 we give some transfer theorems between CV,(G) and
CV,(Gy) (G4 is G provided with the discrete topology) and we prove
an Eberlein decomposition (theorem 4.2) for elements of CV,(G) which
are totally topologically p-ergodic (see definition 1.7) and we precise it
for (weak) p-almost periodic elements of CV,(G) (see definition 4.5).
This generalizes results of [Eb2] [W2] [L-P2] [Gra] [Lohl].

We take this opportunity to thank Ed. Granirer for nice and useful
discussions.

1. Notation, definitions, states and means on CV,(G).
We consider Banach spaces over the field C of complex numbers.
We denote by X* the dual space of a Banach space X.
For € > 0 D, is the open disc in C centered at {0} with radius €.

G denotes a lca group, G, is the same group provided with the
discrete topology, G is the dual group of G.

For 1<p< oo L?(G) is the space of equivalence classes of
p-integrable functions with respect to the Haar measure on G; L®(G)

11
is the dual space of L'(G). For 1<p<2 p' is defined by ;+;}—,=1;
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the duality between L?(G) and L”(G) is defined by

&)= J f(x) g(x)dx.

Co(G) is the space of continuous functions on G which tends to 0 at
infinity. M(G) is the space of bounded Borel measures on G, ie. the
dual space of Co(G). For 1 <p <2 CV,(G) denotes the space of
bounded convolution operators: L?(G) — L?(G), i.e. operators which
commute with translation by elements of G, provided with the operator
norm. We recall that CV,(G) = M(G) and CV,(G) is the space of
Fourier transforms of the functions in L*(G).

CV,(G) is also the space of bounded convolution operators :
L?”(G) - L?(G) (1<p<2) hence, by Riesz interpolation theorem, identity
is continuous with norm 1

CV,(G) » CVo(@),  1<p <p<2.

For 1 < p < o and fe L?(G) we denote f(x) = f(—x).

For 1 < p < 2 A4,(G) denotes the space of functions f on G which
can be represented as

f= Zun*bn

nz1

where Z NupllzeeyllvnllLr’ @) < + oo and the norm of f is the infimum

nz1

of these sums over all such representations of f.

Hence A4,(G) is the space of Fourier transforms of the elements of
LY(G).

For p=1 we replace L”(G) by C,(G) in the definition above,
hence A4,(G) = Co(G).

The duality between CVp(G)Vand A,(G) is defined by
(Suxv)y = (Su),v).
CV,(G) is clearly the dual space of A4,(G). In particular
4,(G) « Apz(G)7 l<p<p.<2.

As functions which are continuous on G with a compact support are
dense in L?(G) (1<p<2) 4,,(G) is dense in A4, (G), hence identity:
CV,,(G) = CVp (G) is one to one.



972 FRANGCOISE LUST-PIQUARD

For xe G and feL?(G)(1<p<o) or 4,(G)(1<p<2) we denote
by f the translate of f by xi.e. f,(t) = f(t—x). For Se CV,(G) (1<p<2)
the translate S, is defined by S,(f) = (S(f)). for f € L?(G). Translation
in A}*(G) is defined by duality, ie. {S,F,) =S, F) for
Fe A¥*(G); when restricted to 4,(G) this definition coincides with the
first one. The support of Se CV,(G) is the (closed) set of x'se G such
that for every neighborhood V(x) there exists f € A,(G) such that f is
supported on ¥V(x) and <{S,f) # 0.

Let Ec G be a closed subset; we denote by CV,(E) the closed
subspace of CV,(G) whose elements are supported on a subset of E.
We denote by ¢'(E)' ', the closed subspace of CV,(E) = CV,(G)
spanned by measures whose support is finite and lies in £E. We denote
by CV,(E;) the closed subspace of CV,(G;) whose elements are
supported on a subset of E. We recall Herz’s fundamental results
([P] proposition 10.2, 19.8) : 4,(G) is a Banach algebra for pointwise
multiplication (1<p<2). Let B,(G) denote the algebra of pointwise
multipliers of 4,(G). Then for fe 4,(G)

“f”Ap(G) = “fHBp(G)-

More generally let H be a lca group such that G, is a subgroup of
H,, the embedding G — H is continuous and G is dense in H (hence
H continuously embeds in G the Bohr compactification of G i.e. the
dual group of G,). Then ([Ey] théoréme 1, [Loh1] chap. IV, théoréme IV.1,
p. 108)

Vf e B,(H), ”f”Bp(G) = ”f“Bp(H)-

In the sequel we will write only G - H and this will mean that the
above assumptions on G and H are satisfied. Actually we will only use
the particular cases G » G, G4 > G, G- G.

Let ¢ € B,(G) ; we will consider the pointwise multiplication operator
associated to ¢ and the adjoint operators

4,(G) - 4,(G)
. fof
CV,(G) « CV,(G)
oS « §
A3*(G)—> A3*(G)
F ~» oF.
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Let E = G be a closed subset; I,(E) is the closed ideal of functions
of A,(G) which are zero on E. We denote the quotient algebra
A

7”(%%) by A,(E). We recall that every x€ G is a set of synthesis for
p

A,(G) ([H1] theorem B, [P] proposition 19.19) which means that if
f€A,(G) and f(x) = 0, f is the norm limit of a sequence of functions

in 4,(G) which are zero on a neighborhood of x in G.

Let W c G be a set of positive finite Haar measure. We denote
Pw =W Ly+Ty.
lowlla,e = 1= 00)(1<p<2).

The group G satisfies Folner-condition ([Gre] theorem 3.6.2): for
every € >0 and every compact K < G there is a compact set
W = W(K) c G with finite positive Haar measure such that

1
VxeK, — |WAW| <ece.

(W]
Hence
(Iw)x 1y 1
VxeK, - < gP.
‘ (WP WP ey

By [H2] 9. lemma 5, the family (@ «,)x iS an approximate identity for
A,(G) ie. for every € > 0 and f e A4,(G) there exists a compact set
K = G such that Hf—f(pW(K)HApG) < €. Obviously every @y, has a

compact support.

If G is provided with its discrete topology and if F < G is a finite
set (i.e. F is a compact set in G,) we denote Pp= |F|™! 1y 1,
(convolution is taken in G,) instead of @,. Let & be the net of finite

F
subsets of G. For every xe G Pg(x) — 1.

We recall that a Banach space X has the Schur property if every
sequence (X,),»; in X such that x, > 0 o(X,X*) is norm convergent.
A Banach space X has the Radon-Nikodym property (RNP in short) if
every bounded linear operator 7: L'[0 1] - X is representable i.e. there
exists a bounded strongly measurable function F: [0 1] - Xs.t.

Voe L'[0 1], T(o) = j Ft)o(t) dt .
[0 1]
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We recall that if every separable subspace of X has RNP so has X
and that every separable dual space has RNP.

States on CV,(G).
CV,(G) (1<p<2) is a convolution algebra with unit §,.

Following the theory of numerical ranges [BD], we denote by & ,(G)
the following set of states on CV,(G):

Fo(G) = {f € A(G)|If o, =1=f(0)}.
Let
1,(G) = {f € 4,(G)|f =g * h,lIgllLee)=1hllLs &)= f gx)h(x)dx=1}.

Obviously n, =« &,.

Lemma 1.1. — (i) &,(G) is the norm closure of the convex hull of
7,(G).

(i) #3°(G) = {Fe A3*(G)| | Fllage)=1=<F, 80>}

Proof. — Let us denote the last set by 2,.

Obviously 2, is norm closed and convex, and
Con,c Fpc &P <9,
By [BD] chap. 1, § 2, definition 1 and chap. 3, §9, theorem 3:
VSe CVy(G), Cof<S,fren, = {{S,F)}reg, = C.
As
ColdS, /Y ren, © (S, D) res, = (LS FVlpegy < (S, F)}rea,

these sets are the same and Hahn-Banach theorem implies (i) and (ii).
O

By the fundamental theorem on numerical ranges [BD] chap. 1, §4,
theorem 1,

1Sllev,) 2 lfug IS, Fy| > e} ISlicv, @
hence by lemma 1.1

(1) VSeCVy(G)lISllev,er = sup [, f>1 = e ISllev ) -

fe%p(G)
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As we are investigating geometric properties of subspaces of CV,(G)
we can as well provide CV,(G) with the equivalent norm

sup [<S,f>!. The set &,(G) is the set of functions in the unit sphere
feZ(6)

of A4,(G) such that f >0 on G. Hence &,(G)(1<p<2) will replace
the face of positive elements in the unit sphere of L'(G).

Remark 1.2. — Let us mention ([BD] éhdp. 6, § 31, theorem 1) that
the mappings

S~ ({8,17)
CVy(G) —» C(&,) or CVy(G) - C(&3)

are isometries of CV,(G) provided with its new norm into a closed
subspace of the continuous functions on &, or &3’ provided with the
(4,(G)**,CV,(G)) topology. &;° is compact for this topology and the
closure of &,. Every Fe A¥*(G) can be written as

F = o,F, — o,F, + ioF; — o F,

4
where F;e #3°(G), o; = 0 (1<i<4) and ) o; < ﬁsup [{S,F)| where
i=1

the supremum is taken on

{§eCVy(G)IVf e Z(G) IKS.fOI<1}. O

As A,(G) is an algebra for pointwise multiplication & ,(G) is an
abelian semi-group. Multiplication by f € &,(G) is continuous on &,(G)
provided with o(4,(G)**, CV,(G)), ie. &,(G) is a semi-topological
semi-group. In this setting the measures ad,(a € C) are constant functions
on #,(G) and if SeCV,(G), fe ¥, (G)fS is the translate of S
(considered as a function on &¥,(G)) by f. The set {fS};. #5(6) is the
orbit of S under the action of &,(G). We denote by K its pointwise
closure (for pointwise convergence on &,(G)); by remark 1.2 K can
be also identified with the closure of {fS},. Z5(6) for o(CV,(G),A4,(G)).
&,(G) is convex (as a subset of functions on G) and S defines an
affine function on &,(G).

Means on CV,(G).

DEeFINITION 1.3. — Let G be a Ica group and let G - H. Let 1<p<2.
A H-mean on CV,(G) is an element me & (G) such that

Voe & p(H), om

m.
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This definition is consistent because Fp(H) < B,(G). The set of
H-means is compact for o(4,(G)**, CV,(G)).

If H= G a H-mean is called a topological mean [Gra).

If H= G a H-mean is called a mean. If p = 2 means and topological
means on CV,(G) are Fourier transforms of usual means and topological
means on L, (G). If G is discrete the only topological mean on CV,(G)
is 1,,(1<p<2). If p=1 and G is any lca group the only mean on
CVi(G) = M(G) is 1.

LemMma 1.4. — Let G be a Ica group, G- H, 1 <p < 2.

(i) Let¢ m be a H-mean. Let ¢eB,(H) be such that
lollz e =1 = @(0). Then @t = m.

(ii) A topological mean on CV,(G) is a H-mean.

Proof. — (i) Let ¢,€ &,(H). By definition @, = m hence
PQo1 = @rit. As @@, € L, (H) @@t = 1.

(ii) Let m be a topological mean and ¢ € %, (H). As o€ B,(G)
om = m by (i). O

This proof is similar to [Gre] proposition 2.1.3.

LeEmMA 1.5. — Let G be a Ica group, G>H, 1 <p <2.

(1) Let (W, )yca be a basis of open neighborhoods of {0} in H. Let
(fu)xeca be a net in &,(G) such that f, is supported on W, for every
o. Then every cluster point of (fy)eca for c(AX*(G), CV,(G)) is a H-
mean.

(ii) Conversely let mi be a H-mean on CV,(G). There exists a net
(Fduea in Fo(G) such that (a): f, > m, oc(A}¥*(G),CV,(G)); (b)for
every open neighborhood W of {0} in H there exists o € A such that for
every o > o, f, is supported on Wn G.

Proof. — (i) Let Fe #(G) be a cluster point of (f,)sca. Let
oeS,(H). As {0} is a set of synthesis for A,(H), for every ¢ >0
there exists @, such that [|@ —@clla,a) < € and @ = 1 in a neighborhood
W of {0} in H. As soon as W, < W ¢.f, = f, hence o F = F and
IOF = @cFllage) < ||(p—(pelpr(G) < ¢. This implies F = o¢F.

(i) Let m be a H-mean on CV,(G). For every _neighborhood W of
{0} in H let W' be a neighborhood of {0} in H such that W' — W' < W.
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As @y is a multiplier of &,(G) m = Q1 lies in {F,(G)NL, (W NG)}™.
Hence
e ({LH(GC)NL(WAG)™
w

where W runs through a basis of neighborhoods of {0} in H, and this
proves the claim. O

Let G be a Ica group and G —» H. For 1 < p <2 and Se CV,(G)
let us define

MI(S) = {(S,m>|m is a H-mean on CV,(G)}.
If H= G we will write MS(S) = M,(S).
MZE(S) is a compact subset of C and ME(S) > M¥(S) (1<p<2).
If ¢ ,(G) M(eS) = M(S).

LemmMa 16. — Let G be a Ica group and G —> H. Let
SeCV,(G)(1<p<2). Then for every & > 0 there exists an open
neighborhood W(0) in H such that M}(S) < {{S,fYIf € #,(G), [ is
supported on WnG} < MZ(S) + D,.

Proof. — The left inclusion is obvious by lemma 1.5 (ii). If the
right one does not hold there exists € > 0 such that for every W(0) in
H there exists f,e¥,(G), supported on W(0) such that
d({S, fan . ME(S)) = ¢. By lemma 1.5(i) any cluster point of (f(w))
for 6(43*(G), CV,(G)) (when W runs through a basis of neighborhoods
of {0} in H) is a H-mean ri, and the distance from <{S,m) to MJ(S)
would be greater than ¢, which is a contradiction.

DeriniTioN 1.7. — Let G be a Ica group, G> H, 1 < p<2. An
element Se CV,(G) is H-p-ergodic at 0 if MJI(S) is a point. S is
H-p-ergodic at xe G if S, is H-p-ergodic at 0 and S is H-p-totally
ergodic if it is H-p-ergodic at every point xe G. If H = G we say that
S is topologically p-ergodic at x instead of G-p-ergodic at x .

This definition is apparently weaker than [Eb1] definition 3.1. Hence
our next lemma is stronger than [Ebl] theorem 3.1 applied to this
setting.

For p = 2 it was proved in [W1] corollary 3, under the assumption
that S is uniformly continuous and in full generality in [L-P2] proposi-
tion 1.
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LemMma 18. — Let G be a Ica groupy Go> H, 1 <p<2. The
following assertions on S e CV,(G) are equivalent :

(i) S is H-p-ergodic at 0.
(ii)) There exists M € C such that

Ve >0, doe¥,(H), ||(pS—M60|!cvp<G) <eE.

(iii) There exists M eC such that for every & > 0 there exists
V€ A,(H) whose support is disjoint from {0} and

||S“M50_‘IJSHCVP(G) <E.

Proof. — (iii) » (i) by lemma 1.5 (ii), and M¥(S) = {M}.

(i) = (i) : let us put {M} = ME(S) hence MZ(S—M3,) = {0}. For
every € > 0 we choose W as in lemma 1.6. Hence if W' — W' c W
and W’ is an open neighborhood of {0} in H

VfeZp(G), IKS—M3o, fow,>| <t

which implies by (1)
”(pW,S_MSOHCVp(G) < eg
(ii) = (iii) For every € > 0 let ¢ be as in (ii). As {0} is a set of

synthesis for A4,(H) there exists ¢.€ 4,(H) such that [|[¢— .l A, S €
and ¢, = 1 in a neighborhood of {0} in H. For ¥y =1 — ¢,

||5—M5o_‘l/s||cvp(o) = ||(P55—M50||cvp<c) <g+ SHS”CVP(G)' U

DEeFINITION 1.9. — Let G be a Ica group, 1 < p < 2. UC,(G) is
the closed subspace of CV,(G) spanned by compactly supported elements.

Obviously UC,(G) is the norm closure in CV,(G) of
{fSIf € 4,(G),S € CV,(G)}.

It is a norm closed unitary subalgebra of CV,(G) ([Gra], proposition 12).
UC,(G) is the space of Fourier transforms of uniformly continuous
functions on G. B,(G) can be identified with a subspace of UC,(G)*
in the following way : let (9,).c4 € ¥,(G) be an approximate identity
for A,(G) and Fe B,(G). For every Se CV,(G) and f € A4,(G)

fS,Fg,) = (S, [Fo.) — (S, fF)
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hence the net (F@,)y.4 which is bounded in A4,(G) (hence in
UC}(G)) converges for o(UC,(G)*, UC,(G)), its limit can be identified
with F.

Lemma 1.10. — Let G be a Ica group, G- H, 1 <p < 2.

(i) Let m be a H-mean on CV,(G). For every ¢ € ¥,(G) om is a
topological mean.

(ii) A topological mean is uniquely determined by its restriction to
UcC,(G).

(iii) Let S e UC,(G). Then M*(S) = M,(S).

Proof. — Let K < G be a compact set. The topologies on K induced
by G and H are the same. For every neighborhood V of {0} in G there
exists a neighborhood W of {0} in H such that Vn K> W~ K.

(1) Let (fu)xea€ Lp(G), fyo—m as in lemma 1.5 (ii). Hence if
0eS,(G) of, = o, c(A¥*(G),CV,(G)) and if ¢ has a compact
support K the above remark and lemma 1.5 (i) imply that om is a
topological mean. Every ¢ e %,(G) is the norm limit in A4,(G) of
(Pn)ns1€ £,(G) where ¢, has a compact support (n>1). Hence
o,m(n>=1) and @m are topological means.

(if) Let m be a topological mean on CV,(G). Then
VSeCV,y(G), YoeZ,(G), (Smy =S, om) = @S,m)

hence if m and m' are topological means which coincide on UC,(G)
they coincide on CV,(G).

(iii) Let us first assume that S has a compact support and let
K = G be a compact set whose interior contains the support of S. Let
ee,(G). As {0} is a set of synthesis for A,(G), for every € > 0
there exists ¢, such that 0= @cllay6) < € and @, = 1 in a neighborhood
of {0} in G which we denote by V. Let W < H be such that
WnKc VK. Hence for every fe A,(G) which is supported on
W({l—e)fel,(K)and <{S,(1—¢.)f> = 0. For every H-mean i lemma 1.5
(i1) now implies {S,m) = (S, hence {(S,m)y = {(S,pm). The same
is true if S is a norm limit of S,’s with compact supports. By (i) ¢m
is a topological mean, hence M,(S) = MJ(S).

Lemma 1.10 (iii) generalizes the fact that there is no need to
distinguish means and topological means on uniformly continuous
functions of G ([Gre], lemma 2.2.2).
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Though we won’t use the next results in the next parts of this paper
. we think they are worth being noticed.

. Lemma 1.11. — Let G be a Ica group, G>H, 1 <p<2. Let
(¥p)pep be a basis of neighborhoods of {0} in H and Se CV,(G). The
i following assertions are equivalent :

- (i) S is H-p-ergodic.

(ii) For every net (fy)yca in &,(G) such that for every Vj there

. exists o) such that f, is supported on Vy for every o > a(P), the net
€S, fxD)uca converges.

i(iii) For every net (f.)sea as in (ii) (fyS)yca is norm converging in
CV,(G).

- Proof. — (i) = (ii): by lemma 1.5 (i) every cluster point of (f,)yca
for o(43*(G),CV,(G)) is a H-mean.

(i1) = (ii1) ¥ if; (fu)uca is @ met as in (i) such that (f,S)yc4 is not a
Cauchy filter for the norm there exists € > 0 such that for every ae 4
there exist a” > o' > o and

”f:x”S_fa’S”CVp(G) =€,
hence by (1) there exists g, € &,(G) such that

|<fd”S’g¢l>_<fa'Saga>I 2 ae_l.

The .net. ;(hy)ye (ol defined byu';,ha,"l = fa’ga hu,z = fot”ga ie. C= (A,{I,Z})
...satisfies the assumptions of (ii), yet ({S,h,)),.c does not converge.

- (iii) = (1) : let (fy)xca be a net as in (ii). The norm limit of (f,S)yca
must be M3, where MeC might depend on (f,),.s. Hence M3,
belongs to the norm closure of ¥ ,(G)S. Let m be a topological mean
on CV,(G). Then (S,m) = (Md,,m) = M hence M does not depend
on the net (f,),c4: In particular for every net (f,).,. as in (ii)

foS = My,  o(CV,(G), A3*(G))
hence
foS = M3y, a(UC,G), UCH(G)).

As the constant function 1 belongs to B,(G) hence to UCF(G)
<S’fot>"'=n !<qua1> - M.

By lemma 1.5 (ii) this implies {S,m)-= M for every H-mean # on
CV,(G). |
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Lemma 1.11 generalizes [L-P2], theorem 1.

Actually (f,).ca in lemma 1.11 can be taken in %,(G); hence if'
S e CV,(G) is H-p-ergodic there is a scalar multiple of 3, in the norm
closure of &,(G)S in CV,(G).

Let Se CV,(G). We recall that K is the closure of the convex set
F,(G)S for o(CV,(G),4,(G)). Ks is compact for this topology. For
every Fe B,(G) such that ]|F||BP(G) = F(0) = 1 FS belongs to Kz as a
limit of (@,FS),ca Where (Qq)yca€ FH(G) is an approximate identity
for A4,(G). Bus this does not give the whole of K in general (especially
if G is compact). Let ¢" € %,(G)". We define ¢”S as an element of
CV,(G) as follows : let (@,),. 4 be a bounded net in #,(G) converging
to ¢” for o(A¥*(G),CV,(G)); ¢"§ is the limit of (¢,S), .4 for
o(CV,(G),A,(G)). Clearly

Ks = {0"Slo" € 93°(G))
and actually we only have to consider the restriction of ¢™’s to UC,(G).
If G is discrete UC,(G) is the norm closure in CV,(G) of finitely
supported measures. In this case UC,(G)* = B,(G) by [Loh], chap. IV,

theorem 1, p. 79, [H2], theorem 2, [P], proposition 19.11.

We now consider the following questions: when is a H-mean
constant on Ks? when is it a Baire — 1 function on K (provided with
its o(CV,(G),A4,(G)) topology)?

Lemma 1.12. — Let G be a lca group, G—>H, 1 <p<2. Let
SeCV,G). Let m be a H-mean whichis constant on Ks. Then
coincide on Kg with a topological mean and S is topologically p-ergodic.

Proof. — By assumption for every ¢” € #°(G) <¢"S,m) = M. For
every ¢ € ,(G) ¢9"S e K hence

Q"S, 0y = {Q@"S,m) = M
and o@m is a topological mean by lemma 1.10.

Let (fusea be a net in %,(G) converging to m  for
o (4F*(G),CV,(G)):

Yo" € Zp(G), {fuS,9") = 9"S,fu) - (@"S,m) = M= (M3, ¢").

By Remark 1.2 'it"implies that M, belongs to the -weak closure of
&,(G)S, hence to the norm closure of %,(G)S which implies the claim
by lemma 1.5.
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Lemma 1.13. — Let G be a lca group, G>H, 1 <p<2. Let
Se CV,(G). The following assertions are equivalent :

(i) S is H-p-ergodic

(i) every H-mean on CV,(G) is constant on Kg

(iii) all H-means on CV,(G) are constant and equal on K.
If H= G these assertions are equivalent to

(iv) there exists a topological mean which is constant on Kg.

Proof. — (i) = (i) : By lemma 1.8 there exists M e C such that for
every ¢ > 0 there exists Yy e & ,(H) with [|[\S—M3J,|| < € hence for
every H-mean m and ¢" € & (G)

e"S,my = {Yo"S,my  and  [[Y@"S—M3 [l < ¢
which implies {@"S,m) = M.

(ii) = (iii)) by lemma 1.12.

(iii) = (i) : we saw that S e K hence the claim is obvious.

If H= G (iii) = (iv) is obvious and (iv) = (i) by lemma 1.12. u)

Se CV,(G) may be topologically p-ergodic without Kg being the
norm closure of #,(G)S: for example if G is discrete, if S does not
belong to the norm closure of finitely supported measures, S belongs

to Kg and not to UC,(G) hence not to ¥,(G)S'', though S is
topologically p-ergodic.

LemMma 1.14. — Let G be a Ica group, G- H, 1 < p<2. Let
SeCV,(G). Then &,(H)S is dense in Ky for o(CV,(G),A4,(G)).
Proof. — As & ,(H) lies in B,(G) we saw that &% ,(H)S lies in K.

By [Lohl], chap. II, theorem 1.2 or [Loh2], theorem 1, if T e CV,(G)
has a compact support it determines Te CV,(H) such that
3THcvp(c) = HTHCVP(H) and

VFe A,(H), (T,F) = lim (FT,¢,)

where (9,),c4 is an approximate identity (in &,(G)) for A4,(G).

Hence there is a canonical isometry from UCp(G) to a closed unitary
subalgebra E, of UC,(H) = CV,(H).
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Every ¢ € &,(G) defines a state on UC,(G) hence it can be identified
with the restriction to E, of an element § € & °(H). Hence there exists
a net (Pp)pe s in & ,(H) such that

V€4, (G), {0pS.f> = <fS.0p) 5 JS&) = (0S.f>
which proves the claim.

Lohoué’s theorem is obvious if p = 2 and easy if G is discrete (see
lemma 13.2 below).

Lemma 1.14 implies that a H-mean which is continuous on Kj is

constant on K.

ProrosiTioN 1.15. — Let G be a metric Ica group, G - H,1 < p < 2.
Let Se CV,(G) and let i be a H-mean on CV,(G). If {S,m) ¢ M,(S)
m is not a Baire 1-function on Kg.

Proof. — If m is a Baire l-function on K there is an open set
0 = K such that

diam {0,/ )} < %d((S,rh),M,,(S))‘

As &,(G)S and &,(H)S are dense in K by definition and lemma 1.14
there exist € &,(G) and ¢ € &,(H) such that

diam {<0,7 )} > [YS,m) —(@S,m)| = |(YS,m)—<S,m)|.
By lemma 1.10 yri is a topological mean, hence
[US,m)y—=(S,mp| = d({S,m), M,(S))

which is a contradiction.

If G is discrete every Se CV,(G) has a countable support hence K
is metrizable and the conclusion of proposition 1.15 holds true:

If m is a H-mean and if <{S,m) # (S,1,,> M is not a Baire
1-function on K.

For general Ica group G we do not know if there exist H-means
on CV,(G) which are Baire 1-functions on K without being constant
on Kg.
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2. Some subspaces of CV,(G) with Radon-Nikodym
and Schur property.
A generalization of Loonris theorem.

We first prove a lemma (lemma 2.2 (b) below) which will be a key
for this paper. It is obvious when p = 2 and is implicitly used in [W1],
[(W2] for p = 2, in [Lohl] for 1 < p < 2. Neither in [W1] nor in [Loh]
its whole strengh is used.

Lemma 2.1, — Let G be alca group, G > H,1 < p<2. Let Fc G
be a finite set. There exists a neighborhood W of {0} in H such that,
for every (k,k') € n,(G) supported on W x W,k x k') * Pp lies in &,(G),
where (k * k') * Py is defined by

(kxk')y* Pp= 5  Pu(x;)(k * E’)xi.

Pp(x;)#0

Proof. — We choose W a neighborhood of {0} in H such that the
sets x; + W (x;€ F) are pairwise disjoint. Let (k,k") € 7,(G) be supported
on W x W. Hence

1= Hu:ll/p Yk,

x;€F

<|F|“< y kxi)*< Y (k“;j)>

(iif) 1F1‘1< ) k)( Y (lc';j)>
= |F| 7 Yy (k# K Yoy, = (k%K') % Pp

FxF

(iv) (k%K') * Pp(0)=k*k'(0) = 1.

= HlF|—1/p' Z k;j
LP(6)

XjEF

LP'(6)

(i) 1>

A,(6)

LEmMMA 2.2. — Let G be a Ica group, G~ H, 1 < p<2.a) Let
W be a neighborhood of {0} in H.

For every fe % ,(G) ouf lies in the norm closed convex hull of
{k* K'|(k, k") € m,(G),(k,k") is supported on W X W}.

b) Let F — G be a finite set and m be a H-mean on CV,(G). Then
m* Pp lies in &(G), where m* Py is defined by

MrPp= Y Pe(x)iy.

Pp(xp)#0
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Proof. — a)The claim is proved for fe%,(G) as soon as it is
proved for f = g=*g where (g,8") € n,(G) owing to lemma 1.1.

By the proof of [Ey] theorem 1, (g *¢')oy belongs to the norm
closed convex hull of

gIWI Y (1y), gIWIT (1),
* 7 =
llgl W] _llp'(lw)xHLP(G) llg' 1w~ 1P (IW)xHLP’(G)

where x e G, and
_ e Wy g,
g W1~ "1yl ooy gl W1 Ly e o)
b) Let (fy)uea€ Fp(G) be such that f, - m, c(A¥*(G),CV,(G)).

Let W be chosen as in lemma 2.1. By lemmas2.1 and 2.2(a)
(f+9w) * Pre &,(G). Obviously

(fo@w) * P ;o7 tix Py, o(A¥*(G),CV,(G). O

The proof of lemma 2.2b is much simpler for p = 2: let (f,)yca
be a net as in lemmal5b. Then f,>0 hence f,Pr>0.
1o * Prllaye = Sfo* Pp(0); moreover f,* Pp(0) = f,(0)Ps(0) =1 as
soon as the x; + W(x,;e F) are disjoint and f, is supported on W.

Lemma 2.2 will be the main ingredient in the definition of the
mappings A4, in part4. It is also an ingredient in the proof of
proposition 2.3 below, and it will be revisited in the proof of lemma 2.10
below. Proposition2.3 is a generalization of [W1] theorem 9 (i1)). We
keep some arguments of his proof but his crucial use of properties of
. almost periodic functions is replaced by lemma 2.2.

ProrosiTiON 2.3. — Let G be a Ica group, G »> H, 1 < p < 2. Let
us assume that S e CV,(G) is H-p-ergodic at every x # 0, xe€ G. Then
for every & > 0 there exists @€ %, (H) such that for every finite set
FcG

Let us write it in another way: let # be a H-mean on CV,(G). Let

@" = Y Pplxri, =+ (Pp—1,) € AXG).

x;#0

Z Pp(x)o(x;) Mf(Sxi) Sx,.
x;#0
Pp(x;)#0

< €.
CVP(G)
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Then ¢”(¢S) defined as an element of CV,(G) as in part 1 (description
of Kj) satisfies
0" (¢S) = Z PF(xi)(p(xi)Mg(Sxi)Sxi'

x;#0

Proposition 2.3 does not imply that S is H-p-ergodic at 0 in general.
But if G is not discrete and if we apply it for G = G, and H = G we
get that for every € > 0 there exists ¢ € &,(G) such that

VF ﬁnite F c G ||PF((pS_ <S,1:0;>60)Hcvp(gd) S €

hence
oS — (S,1,,> SOHCVP(Gd) <€

which means by lemma 1.8 that Se CV,(G,) is G-p-ergodic at 0. For
p = 2 this was noticed in [Gl].

Thus Proposition 2.3 easily implies the following corollary whose
proof is the same as in [GI] Corollary 2, where p = 2:

COROLLARY 2.4. — Let G be a Ica group, 1 <p<2. Let Ec (G
be closed and scattered. Then every S € CV,(E,;) c CV,(Gy) is G-totally
p-ergodic.

Proof. — Let N = {xe G|S is not G-p-ergodic at x}. By lemma 1.8
N < E because E is closed in G. Let N be the closure of N in E. If
N is not empty there exists x e N which is an isolated point of N
hence x € N. But there exists ¢ € ¥,(G) such that the support of ¢,S
meets N only at {x}. By Proposition2.3 and the remark above ¢,S is
G-p-ergodic at x hence so is S and this is a contradiction.

Proof of proposition 2.3. — For every € > 0 we choose W(0) ¢ H
as in lemma 1.6 and ¢ = ¢y e S, (H) such that W’ is an open
neighborhood of {0} in H and W' — W' < W. For every finite set
F < G, every H-mean i on CV,(G) and every ge ¥,(G) lemma 1.6
and lemma 2.2 (b) imply

gesS, Y. Pwlx)h.)eMy(S) + D,.
PF(K.‘)#O
On the other hand
<g(PS’ Z PF(xi)mxi> = <S,7f'l> + z PF(xi)g(xi)(p(xi)<Samxi> .

Pp(xj)#0 Pp(x)#0
x;#0
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Hence for every ge & ,(G), as S is H-p-ergodic at every x # 0

My(S) + Y Prlx)o(x)M(S,)8..8> = M7(S) + D..
Pp(x;)#0
x;#0

Hence
sup <) PF(xi)(P(xi)M;I(Sx,-)Bx,-,g>| S

ge‘(/’P(G) Pp(x;)#0
x;#0

which implies by (1)

[

Y Prlx)o(x)My(S,,)3,,
Pp(x;)#0
x;#0

CVy(G) < ee.

In order to prove our generalization of Loomis theorem (theorem 2.8
below) we now state the obvious generalization of a part of the original
proof.

DEFINITION 2.5. — Let G be a Ica group, and 1 < p < 2. An element
S € CV,(G) if p-almost periodic if Se¢'(G) 'cvp© ie. if S lies in the
norm closure in CV,(G) of finitely supported measures. S is said to be
p-almost periodic at x € G if there exists f e A,(G) such that f(x) # 0
and S is p-almost periodic.

Equivalent definitions of p-almost periodic elements of CV,(G) are
given in theorem 4.8 below.
LEmMA 2.6. — Let G be a lca group, G - H, 1 <p < 2.

a) If Se CV,(G) is p-almost periodic, S is totally H-p-ergodic and
for every & > 0 there exists a finite set F <= G such that for every
H-mean m

IS= (@i * Pp)Sllcv,) < & and S — (hx Pp)Sel'(G) cvp©.
b) If Se CV,(G) has a compact support K and is p-almost periodic
at every point of K, S is p-almost periodic.

c) If SeCV,(G) has a compact support K, such that 0e K, is
p-almost periodic at every xe K, x # 0, and topologically p-ergodic at
0, S is p-almost periodic.
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Proof. — a) (m = Py)S is defined as in part 1 (see also proposition 2.3)
as a finitely supported measure. Moreover for every S’ e CV,(G)

| (i * PF)S’HCVP(G) < HSI”CVP(G)

by definition and lemma 2.2. Both assertions of (a) are obvious if S is
a finitely supported measure and verified by norm density if
Se/'(G) cvp© . (These facts will be used again in lemma 3.2 and
theorem 4.1.)

The proof of b) is amalogue to [Loo] theorem 1: there exist
(f)1<j<n € A,(G) such that f,S is p-almost periodic and Y ;> 0 on

1<j<n

K, there exists f e A4,(G) such that f( Y fj> = 1 in a neighborhood

1<jsn
of K hence S = Y ff;S is p-almost periodic.
1<j<sn
c) Every yS defined as in lemma 1.8 (iii) satisfies the assumptions
of (b), hence S is p-almost periodic and so is S by lemma 1.8. O

We now prove a generalization of [Loo] theorem 2.3, but with a
different proof: it will be a consequence of proposition 2.3.

ProprosITION2.7. — Let G be a lca group, 1 < p < 2. Let Se CV,(G)
with a compact support K such that O0e K. If S is p-almost periodic at
every x € k except {0} then S is p-almost periodic.

Proof. — By lemma 2.6 it is enough to show that S is topologically
p-ergodic at {0}. S verifies the assumptions of Proposition2.3 for
H = G. For every ¢ > 0 we choose ¢ e€%,(G) as in proposition 2.3
and we choose f, ge & ,(G) such that

diam M,(S) — € = diam M,(¢S) — ¢ = [{oS,f—g>|.

As {0} is a set of synthesis for A4,(G) our assumption on S implies
that (f—g)oS is p-almost periodic at every x € G hence p-almost periodic
by lemma 2.6 b). By lemma 2.6 a), for every &€ > O there exists a finite
set F < G such that for any mean m on CV,(G)

1(f=8)oS— (M * Pe)(f —2)0S 775l vy < €.
Let W < G be a compact set such that
H(f_g)—(f—g)(PWHAp(O) < EHS”El}p(G)'
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Hence by our choice of ¢

oS, f—g>| < e+ [(f~ 89S, 0w>| < 2e+[(h * Pr)(f —8)0S, 0w |
= 28+ |{(h* (Pr—1,0))0S,0w(f —8)>| < 4e.

Hence diam M,(S) < 5S¢ and S is topologically p-ergodic at {0}.

THEOREM 2.8. — Let G be a lca group, 1 < p < 2.

a) Let Ec G be compact and scattered.‘ Then  CV,(E) =
/ME)"'evp© and CV,(E) has Radon-Nikodym property.

b) If Ec G is compact and not scattered CV,(E) does not have
Radon-Nikodym property nor Schur property.

Theorem 2.8 is obvious for p = 1. For p = 2 theorem 2.8 (a) is
Loomis theorem [Loo].

Proof. — a) Proposition 2.7 implies that every Se CV,(FE) is p-
almost periodic at every x € G exactly as in [Loo] proof of theorem 4,
or as in the proof of corollary 2.4 above. Lemma 2.6 finishes the proof
of the first assertion. Every separable subspace of CV,(E) is a subspace
of CV,(E') where E’ is a separable closed subset of E. Hence E’ is
compact and countable. By the first assertion CV,(E’) is separable, and
it is a dual space. Hence CV,(E’) and CV,(E) have RNP.

b) The proof is the same as for p = 2 [L-P1] proposition 3: By [V]
chap. 4.3, E has a closed perfect subset E’ such that

M(E") = CV,(E") = CV(E")
and M(E") does not have RNP nor the Schur property. |

Theorem 2.8 (a) implies the following corollary exactly as Loomis
theorem implies [Gl] Proposition4 :

CoROLLARY 2.9. — Let G be a lca group and let F = G be closed
and scattered. Then every S € CV,(E)(1<p<2) is totally topologically
p-ergodic.

Proof. — We prove that S is topologically p-ergodic at {0}. Let
f e #,(G) with a compact support. The support of fS is compact and
scattered hence by theorem 2.8 (a) and lemma 2.6 f'S is topologically
p-ergodic at {0} hence so is S.
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Our aim now is to prove (theorem 2.14 below) that under the
assumptions of theorem 2.8 (a) CV,(E) has the Schur property. Exactly
as in the case p = 2 [L-P1] theorem 1, we begin with the case where E
is a convergent sequence. The following lemma is crucial. It is a
generalization of [W1], proof of theorem 9 (ii), and the proof uses the
same ideas as lemma 2.2, proposition 2.3 above.

Lemma 2.10. — Let G be a Ica group and E = (ey)y»; < G be a
sequence such that e, — 0(k— + o0) and e, # 0(k=>1). Let 1 < p < 2.

a) For every N > 1 and € > Q there exists Wy, a neighborhood of
{0} in G such that for every f, ge ¥ ,(G) there exists he ¥ ,(G) such
that ’

@ “g_h“Ap(EN) < 2
(i) 11/ gl gy < 26

where Ey = {e,, ... ,ex}.

b) Let 0 be an open subset of the compact metric topological space
& 2(G) provided with 6(A}*(G),CV,(E)). There exists W a neighborhood
of {0} in G such that for every S e CV,(E) which is supported on W
and every topological mean m on CV,(G)

(lll) sup |<S‘<S,ﬁl>80,f>[ < ZSUP |<S~ <S’m>807h>l,

feyp(G)

(i) 15— <8, 8olloy, g, < 2e diam {(5,05}.

Proof. — a) Let (g)icuy, be a finite family in &,(G) such that
(v) Vge &,(G), Jiely,, llg—gillayey < &

As {0} is a set of synthesis for 4,(G) there exists V. a neighborhood
of {0} in G such that

(Vl) ViEIN.aa ng_ 1||Ap(‘7N,s) S 8’
where V. is the closure of Vy, in G.

There exists a finite set Fy, < G such that
N

(vii) [[1=Pry llayep < 3 11— Pry (ex)] < €.
k=1

There exists Vy,. a neighborhood of {0} in G such that
Ve = Ve S Ve, and the x; + Vi, — Viy(x;€ Fy. U {Fy.— Fy,.}) are
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pairwise disjoint. There exists Wy, a neighborhood of {0} in G such
that

(viii) ||1_(pv;,‘c“Ap(Vl7N’£) <&
For every feyp(G) (ov, f) * Pp, € F,(G) by lemmas 2.1, 2.2 (a).

Hence by (vii)
(ix) Vie Iy ((@v,,f) * Pry )8 € &,(G).

k
(x) ligi— (@), [ * PFN’E)giHAp(EN) = llg: Z (1 —PFN’s(ek))HAp(EN) < E.

k=1
For every ge %,(G) we choose i eIy, such that 18— 8igllapmy < €.
Let h = ((@v,, /) * Pry )8,
Then he &,(G) by (ix) and satisfies (i) by our choice of g, and
(x). Moreover by our choice of V., (viii) and (vi)
If = hllayoy gy < I =@v, fllaomy o T 11(@vy ) * Pry —hlla,ony,, < 2
which proves (ii).

b) Let 0 be as in the statement. By theorem 2.8 (a) there exist
hye #,(G), N and 0 < g < (6e)” " such that

05 (he PL(G)VISKSN |h(ex)—holes)| <2¢}.

Let W = Wy, be chosen as in (a). Let Se CV,(F) which is supported
on W and let fe%,(G) be such that

(xi) (1—¢) sup [{(S=LS,m)8,, f')] < [KS=LS,my8o, f)1.
f'e€Sp(6)

Let us define h as in (a) for this f and g = hy,. By (i) he€ 0 and (ii),
(xi) imply (i) via (1).

We now prove (iv) : let Pr, be defined as in (a) and let
h' = (i * Ppy Jho.

By lemma 2.2 (b) h" € #,°(G) ; for k > 1<8,,,h") = Pr, (ex)ho(ey) hence
h' €0 by (vii). By (ii)) and our choice of W

(xii)  [{S=LS,m)8,, fH] =[S, f> =S,y = [{S,f)—<S,h")
< 2¢)|S— <S’m>5of|cvp(c) + [{S,hy=(Sh' ).

Hence (xi) and (xii) imply (iv) via (1).
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ProposiTiON2.11. — Let G be a lca group and E = G be a compact
countable set with only one cluster point. Then CV,(E) (1<p<2) has
the -Schur property.

Proof. — We assume that E = (e;),>, as in lemma 2.10. Let (S,).s:
be a sequence in CV,(E) such that S, -0 o(CV,(E),A¥*(G)). By
theorem 2.8 (a) and by eventually extracting a subsequence we may
assume that there .exists a sequence (S;),., of measures whose finite
support lies in E\{0}, such that HS,,—S;,HCVP(E) <27 "(n=1) and the
S, are supported on disjoint blocks {ey ek i1,-..,€x, -1} Where
(kn)ns1-1s a strictly increasing sequence of positive integers. In order to
prove the claim we assume that

>0, Vn=1, [ISul cvye >3
~and we will show that this is impossible.
Let C = sup ”Sanvp(G); we may assume that HS;,HCVP(G) < 2C. Let

e = 0(8eC)”'. We define a subsequence (Sh));>: and a decreasing
sequence (0;);5, in & °(G) in the following way: 0, = &}°(G) ; assume
that 0; and S};-, have been defined; by lemma2.10 define a
neighborhood W, of {0} in E such that assertion (iii) is satisfied for 0,

and ¢; choose n(j) > n(j—1) such that S, is supported on W,, and
.0;-, such that

0501 = {he 011<Su), h>| = sup {Shans B DTl Shpll} -
'EOj

Take h; in the closure of 0; for o(A4%*(G),CV,(E)) such that
[<Ship, bl = hs'ul?) [{Shi>hid !, j=1.
€0

Let hye #3(G) be a cluster point of (h));5, for o(¥°(G),CV,(E)).
Then

W1, [(Sihd| 35 sup [(Shg /)l = 26C > 8/de
g O(G)

L
2 eyt
by (1). Hence (S);,);»: does not converge weakly to zero, which is a

contradiction. OJ

This proof is similar to [L-P1] lemma 2. It is sufficient in order to

prove theorem 2.14 below. But proposition 2.11 can be improved as
follows :
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DerFiNiTION 2.12. — A Banach space X has the strong Schur property
if there exists C > 0 such that for every 0 < & < 2 and every sequence
(Xp)n>1 in X such that

@) [1xal <1 (n=1)
() 11x,—x4ll = 8 (n#k)
there exists a subsequence (x,,)s>, such that

N N
(iii) Yo, ...,ayeC, Y X X, || = 8C Y Jayl.
k=1 k=1
ProrosiTiION 2.13. — Let G be a Ica group and E = G be a compact

countable set with only one cluster point. Then CV,(E) (1<p<2) has
the strong Schur property.

Proof. — By (1) we can consider CV,(E) as a closed subspace of °
the continuous functions on the compact space % °(G) provided with
the o(4}*(G),CV,(E)) topology. As CV,(E) is -separable by
theorem 2.8 (a) this topology is metrizable. Proposition2.13 is thus
implied by theorem B of [S], if we replace lemmal of [S] by
lemma 2.10 (b).

We do not know whether CV,(E) still has the strong Schur property
when E is compact countable with an infinite number of cluster points.

THEOREM 2.14. — Let G be a Ica group, let E = G be compact and
scattered. Then CV,(E) (1<p<2) has the Schur property.

Proof. — As we dgal with sequences of elements'in CV,(E)
theorem 2.8 (a) shows that we actually work in CV,(E,) where E, c E
is compact and countable. We can now use the proof of [L-Pl]
theorem 1, writing « CV,(E,)» instead of « PM(E)». The proof uses
transfinite induction and deduces the general case from the particular
case where E,; has only one cluster point i.e. from proposition2.11. O

3. A consequence of theorems 2.8 and 2.14.

Let G be a Ica group, 1 < p < 2.

We denote by X,(G) the closed subspace of CV,(G,) of those elements
which are totally G-p-ergodic, and by Y,(G) the closed subspace of
CV,(G) of those elements which are totally topologically p-ergodic.
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We first show the existence of bounded linear mappings
B, : CV,(G,) = CV,(G) (1<p<2) which are identity on finitely supported
measures on G. They were already defined in [L-P2] for p = 2.

THEOREM 3.1. — Let G be a lca group, 1 < p < 2. Let (Prp)pcs be
an approximate identity in A,(Gy). Let ® be a cluster point of (Pr)re#
for o(A¥*(G,),CV,(Gy)). Let us define B, : CV,(G,) » CV,(G) by

VfeAd,(G), VSeCV,(Ga), (Bu(S).f> = {fS o).
This mapping has the following properties :
) ”Bm”cvp(ad)—»cva) < 1.
(i1) B, restricted to finitely supported measures is identity.
{ill) B, commutes with multiplication by elements of B,(G).

(iv) If A = G and A is the closure of A in G, B, maps CV,(Ay)
into CV,(A).

(v) B, is one to one on X,(G) and sends X,(G) into Y,(G).
Proof. — (i) By definition ® € ¥ 3°(G,) = ¥(G,). By [Ey] theorem 1
A,(G) is a subspace of B,(G,) hence {fS,w) is well defined and
IKfS,o)| < HfSHch(Gd) < IS Hf“Ap(G)'
(ii)) As Pp(x) > 1(Fe %) for every x€ G,
(o 0) = f(x) = 8y, [
for every fe A,(G) hence B,(5,) = J,. ‘

(ii) By [Ey] theorem 1 B,(G) is a subspace of B,(G,) hence (iii)
holds by the definition of B,,.

(iv) is obvious from the definitions.

(v) Let S < CV,(G,), S # 0. Hence there exists x,€ G such that
(8, 1,,,,> # 0. If moreovoer Se X,(G), M§(S,) = <S.,1,,,> for every
x e G. By Lemma 1.8 for every € > 0 and x € G there exists ¢ € & ,(G)
such  that  |0,8—<8,1,: 08l cv,6p <€ By (), (), (i)
<(pr0,(S)—<S,1,x;>8x|lcvp(c) < ¢ which implies by lemma 1.8 again that
B,(S) € Y,(G) and that ¢, B,(S) is not zero for a suitable ¢. |

The following lemma is proved in [Lohl] chap. 2, theorem 1.1,
proprosition 3.2.0. Actually a more general result is proved there and
we recall a short proof for this particular case.
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LemmA 3.2. — Let G be a Ica group, 1 < p < 2. Let p be a finitely
supported measure on G. Then ”u!lcvp(g) = llullev, oy -

Proof. — The inequality Il evyep < Ikllevye is proved by a
computation similar to the proof of lemma 2.1: Letk, k' be finitely
supported functions in the unit sphere of L?(G,) and L” (Gy,) respectively.
Let W be an open neighborhood of {0} in G such that the x; + W — W
are pairwise disjoint for x; lying in the union of the supports of
k,k",pn. Hence

() kxky = (uk* k') % o)
(i) (k * kv') *Qw = <| W| —ue Z k(xi)(lw)x,»)

k(xp)#0
* <| Wi Z El(xj)(iw)xj>

’
K (xj)#0

(iii) 1= “IWI‘”" Y k),

k(x;)#0

LP(c)

LP'(G)

=“]W|—Up’ Z E'(xj)dw)xj

r
K (xj)#0

hence (k * k') * @, belongs to the unit ball of 4,(G).

The converse inequality ”l~l||cvp(o)< IIuHCVP(G p» comes from
theorem 3.1 (i) and (ii). O
We can now prove a consequence of theorem 2.8 and 2.14; for

p = 2 it was proved in [L-P1] theorem 3 and partly in [L-P3] theorem 2.2,
by two different methods.

THeoreM 3.3. — Let G be a discrete abelian group and A < G. We
assume that there exists a lca group H such that G — H (as it was
defined in part 1) and the closure A of A in H is compact and scattered.
Then CV,(A) is the norm closure in CV,(G) of finitely supported measures
on A; it has the Radon-Nikodym and the Schur property.

We give a first proof which is similar to [L-P1] proposition 2,
theorem 3, but simpler, owing to corollary 2.4.

Proof. — By assumption G is a closed subgroup of H, hence by
[H1] theorem A, CV,(G) is a closed subspace of CV,(H;) and CV,(A)
is a closed subspace of CV,((A),) = CV,(H,). By theorem 3.1 (iv) and
theorem 2.8, B, : CV,((A)y) = ¢'(A)' '¢vpth. By lemma 3.2 there exists
an isometry which we denote by A4: m“ “cv,,m)_,ml' v, Hg)
which is identity when restricted to finitely supported measures.
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By corollary 2.4 CV,((A),) lies in X,(H), hence with the notations
of the proof of theorem 3.1 (v) for every S = CV,((A),) and xe G

I<A o Bw(S)altx$>_<‘Sv]{x;>| = |<(pr o Bm(S)alix;>—’<S91{x}>
< “A” I|(pr<n(S)—<Sallx:> stCVp(H) Sy

which implies that 4 o B, is identity on CV,((A),). This proves that
CV,((A)y) = /—1(7\3” 'evpdHy ; as ||B,l| < 1 this proves also that B, is an
isometry : CV,((A)y) - CV,(A). Hence theorem 2.8 and 2.14 imply that
CV,((A)y) and its subspace CF,(A) have RNP and the Schur
property. O

Alternatively theorem 3.3 has another proof which is similar to
[L-P3] theorem 2.2 : We keep the previous notations. By lemma 3.2 the
spaces /'(A);) ‘VpHa) and £'(A)''cvyah are isometric, hence by
theorem 2.8 and 2.14 the first one has RNP and the Schur property.
It remains to prove that this space is the same as CV,((A);) which is
a consequence of the following lemma, a generalization of [L-P3]
theorem 2.1 :

LemMa 3.4. — Let G be a discrete abelian group, A = G, 1 <p < 2.
Then ¢'(A) '<Vp© has RNP iff it coincides with CV,(A).

Proof. — Let S CV,(A). It defines a bounded multiplier:
A5(G) » CV,(A), f-~»fS. As functions with finite support are
dense in 4,(G) the range of this multiplier lies in £1(A)' 'ev,@ . If this
space has RNP there exists a bounded strongly measurable function F:
G - Y (A) ¢ such that

Vfedy,(G), fS= j FF@)dy.
G

In particular for every y;e G
j_ FfS@ -y dy = fS') = f FOFD) dy
G G

hence for almost all ye G, F()(Y) = 9)(y’) and F(y) =yS. In
particular S e /'(A)"cvp©.

Conversely if £'(A)"'cvp@ = CV,(A) the same equality is true for!
every countable subset A’ < A: hence CV,(A') is a separable dual and:



MEANS ON CV,(G) 997

has RNP. This implies that every separable subspace of CV,(A) (which

is a subspace of a CV,(A") where A’ is countable) has RNP, hence
CV,(A) has RNP.

DerFmNiTION 3.5. — Let G be a discrete group, A = G, 1 <p < 2.
If 7' (AN)'evp6) = CV,(A) we call A a p-Rosenthal set.

Obviously every A is a 1-Rosenthal set and a 2-Rosenthal set is
usually called a Rosenthal set. Theorem 3.3 gives examples of sets A
which are p-Rosenthal for every 1 < p < 2. We do not know whether

«A is p-Rosenthal » implies « A is g-Rosenthal » for 1 < ¢ < p, but
we have the following result :

LemMMmAa 3.6. — Let G be a countable discrete abelian group and
AcG. Let 1 <gq<p<?2. Let A be a p-Rosenthal set.

a) Every bounded sequence in A,(A) has a weak Cauchy subsequence.

b) If £1(A)"'cvp® is weakly complete A is q-Rosenthal.

Proof. — a) By assumption CV,(A) is a separable dual. Hence its
predual A4,(A) has no /'-sequence. Rosenthal’s theorem [R] implies the
claim.

b) Let (P ).>: be an approximate identity in 4,(G). By (a) the
sequence (R(Pr, )=, of restrictions to A has a weak-Cauchy subsequence
in A,(A). As identity: CV,(A) - CV,(A) is continuous, so is:
Ap(A) » A4,(A). Hence (R(P,)),>: has a weak Cauchy subsequence in
A (A). For every Se CVy(A), n > 1,P; S = R(Pp,Se/'(A) © and
Pp. S = 8, 6(CVy(A),A,(A)). Tt also has a weak Cauchy subsequence

in /'(A)"'cvg) hence it converges weakly to S and S lies in
/ I(A)II HCVP((;) . E

If A =.G is a Sidon set identity is continuous (by definition) :
LY A) > CV,(A) - CVy(A) — £'(A).
If A, < G, and A, = G, are two Sidon sets we have
LA XA,) = CVo(ArXA,) = CVy(AXA,) = £1Q /1.

Is A; X A, a p-Rosenthal set for 1 < p < 2? (This is true if A, and
A, satisfy the assumptions of theorem 3.3 because A, X A, also satisfy
them.) We can also define p-Riesz sets as follows :
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DeriNiTION 3.7. — Let G be a discrete abelian group and A < G.
1 <p<2. Aisa p-Riesz set if every fe B,(G) which is supported on
A lies in A,(G).

A 2-Riesz set is usually called a Riesz set. We do not define
1-Riesz sets because A,(G) = Cy(G), B,(G) = /*(G) hence no infinite
set is 1-Riesz. In order to generalize results on Riesz sets for p-Riesz
sets (1<p<2) it is necessary to know whether 4,(G) is weakly complete
or not when G is discrete, which the author does not know.

(This is true if G is compact by [L-P4] theorem 4.)

If there exists f e B,(G) which is supported on A and such that
f¢Cy(G) A is not a p-Riesz set for any 1 < p < 2 because f is not
in 4,(G). This is the case if A contains the spectrum of a Riesz
product.

4. Transfer theorems.

We have already proved one transfer theorem, namely theorem 3.1.
We now prove a «converse» one, by defining mappings
Ay CV,(G) - CV,(G,). Actually all these mappings will coincide on
£'(G)"'cvp6) and their common restriction is the mapping 4 which we
already used in the proof of theorem 3.3. Mappings 4 and B, were
already used implicitly in [Lohl], [Loh2]. For p = 2 4, was defined in
[W2], p. 104 and [W1], p.292, on UC,(G) and it was defined in full
generality in [L-P2]. The proof below is different.

THEOREM 4.1. — Let G be a lca group, 1 < p < 2. Let (Pp)res be
an approximate identity in A,(Gy). Let m be a topological mean on
CV,(G). The linear mapping A, : CV,(G) = CV,(G,) is defined by

VS e CV,(G), VfeA,(Gy), (An(S),f) = lim {(h * Pp)S,f)
F

A, has the following properties :
(1) “AmHCVp(G)HCVp(Gd) < L
(i1) Ay restricted to finitely supported measures on G is identity.
(iil) A; commutes with multiplication by functions of B,(G).
(iv) If E = G is a closed subset
Ay tCV(E) = CV,(Ey).

(v) A; maps Y,(G) into X,(G).
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Proof. — We first explain the definition of 4;. (M * Pr)S is defined

as in proposition 2.3, lemma 2.6 and part ! by
(v) Vfed,06),
<(m * PF)sz> = <fS,ﬁ1* PF> = Z PF(xi) <Ssr;lxi><6xiaf>'
Pp(x;)#0
It is a finitely supported measure on G. By lemmas 2.2 and 3.2
(i) [ISllev,e) 2 I (7t ¥ Pp)Sllicy @) = (7 % Pr)Sllcv,, -

Let fe A,(G;) with a finite support. Then

(viii) (R * Pr)S, [
= Y Pex)f() Sz Y f(x) (Sorg)

fxp#0 flxp)#0

Hence (m * Pp)S = Z Py(x;) (S, »d, (Fe F) is a bounded net
Pp(x)#0

in CV,(G;) which converges for o(CV,(G,),A,(G,)) to a limit which
we denote by A4,,(S). A, is clearly a linear mapping.

(i) is implied by (vii)kand (viit) ; (ii) is implied by (viii) because
o> = p(x;) if p is finitely supported.

(i) Let Fe B,(G) and ¢ € ¥,(G). For every xe G, ¢, Fe 4,(G).
As x is a point of synthesis for A4,(G) lemma 1.5(b) implies
@ FS 1.y = F(x) (S, As Q. FS,my ) = (FS,m.) (viii)
implies (iii).

(iv) By lemma 1.5 (b) {(S,m,> = 0 if x lies outside the support of
S. Hence (viii) implies (iv).

(v) If we write M,(S,) instead of {S,1,,,> the proof of (v) is similar
to the proof of (v) in theorem 3.1. O

Let us notice however that A4, is not one to one on Y,(G): e.g. if
pe M(G) is a diffuse measure A,() = 0. This will be precised in
theorem 4.2 below.

Theorem 4.2 provides an Eberlein p-decomposition for elements of
Y,(G).

- THEOREM 4.2. — Let G be a lca group, 1 < p < 2. Let m be any

topological mean on CV,(G), let A; and B be as in theorems 3.1, 4.1.

a) Aso B, is identity on X,(G); B, is an isometry on X,(G), A, is
an isometry on B,(X,(G)).
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b) For every Se Y,(G), S = B,0 Ax(S) + S;, where

B, o A,(S) € Y,(G)

~

and does not depend on m, and A,(S;) = 0.

c) If m is a topological mean on CV,(G), X,(G) and Y,(G) can be
replaced by X,(G) n CV,(G,) and Y,(G) n CV,(G) in the assertions
above.

For p = 2 this result was partly proved in [W2] corollary 2, and
proved in [L-P2] theorem 7. '

Proof. — a) Let Se X,(G). By the proof of theorem 3.1 (v), for
every € > 0 and x e G there exists ¢ € &#,(G) such that

l@xBy(S)—<S, 14> 8chvvp-(G) < e
hence by theorem 4.1

19xA450 By(S)— <S8, 14> 6x||cvp(cd) Se€
hence
Vxe G, <A;z0B,(5),1,> =<{8514,>.

As | B,ll, 14l <1 the rest of the claim is now obvious.

b) Let Se Y,(G). By theorems 4.1 (v) and 3.1 (v) 4,(S) € X,(G) and
B,0A;(S)eY,(G). By (a) (4zoB,)o0A4;(S)= A4:(S) hence
S — B,0 A;(S)eker 4;. On the other hand all 4, coincide on Y,(G)
for topological means m on CV,(G).

c) By (a) 4,0 B, is identity on X,(G) hence on X,(G) n CV,(G,).
The rest of the proof is similar to the proof of (a), (b). O

Theorem 4.2 (c) implies [Lohl] chap. 2, corollaire de la pro-

position II1. 2.0, p. 56, where ¢'(G)""cv2) n CV,(G) is shown to be iso-

metric to  £'(G)''ev260 N CV,(G;). We do not know whether
X,(G) 0 CV,(Gy) is strictly larger than X,(G) or not (and the same
question for Y,(G) n CV,(G) and Y,(G)). However let 1 <qg<p
and let SeCV,(G,). Lemma 1.8 and the interpolation inequality

<1 0 1—e>
_=_+_
P 4 2

HS|chp<Gd) < HSH%vq«;d) “SHl OCV2<Gd>
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imply that if SeX,(G) then SeX,(G). In the same way
CV,(G) n Yy(G) = Y,(G). The following result is a generalization of
[Gl} theorem 4, where p = 2.

THEOREM 4:3. — Let G be a lca group; let E = G be closed and
scattered:. Let 1 < p < 2. Then CV,(E) and CV,(E,) are isometric.

Proof. — By corollary 2.4, CV,(E) is. a closed subspace of X,(G).
By theorem4.2 (a):(b) B, is an isometry.: CV,(E,) » CV,(E) and 4,
is. an isometry : CV,(E) - CV,(E,). if CV,(E) c B,(X,(G)) hence if
Ay is one to.one an CV,(E). Let now S.e CV,(E), S # 0. Hence the
support E’ of S is a closed non empty subset. of E. As E is scattered
let x be an isolated point of E'. Let V be: a. neighborhood of x in G
such- that V' n E' = {x}. By assumption there exists ¢, € 4,(G) which
is supported on ¥V and such that {(S,9,) is not zero. The support of
@S is. {x} hence o@uS = (S,0,> 8, and A,(¢yS) is not zero, By
theorem: 4.1 (iii): A,(QvS) = ©v4;(S) which preves the claim.

Alternatively we could have used Glowacki’s result (whose proof
is the same as above, for p=2) and theorem:4.2 (c). O

Theorem 3.3 is an obvious consequence of theorems 4.3, 2.8, 2.14.
But we prefered to give a direet simpler proof.

Our next aim is: to precise the Eberlein decomposition of Se CV,(G)
when S is p-weak almost periodic. We first establish a general lemma :

LemMA 44. — Let G be a lca group and ¥ < p < 2. CV,(G) is
isometric to the space of multipliers : A,(G) — CV,(G) and to the space
of multipliers : A4,(G), — CV,(G) provided with operator norm,

Proof. — (i) For every f e A4,(G), ge 4,(G), SeCV,(G)
(fS.g> = g5, > =<S.gf>

hence
181l a,-evy = 1Slayaev, < ISllap-cv, < USllev, -

(ii) Conversely let. S be a multiplier : 4,(G) - CV,(G). Let (0,);c 4
be an approximate identity with compact support in &,(G). Hence
NIS@Illevyer < | Sltag-cv,. For every f e 4,(G) with a compact support
K there exists gxe 4,(G) such that g, =1 on K. Hence as
lPugx— 8xllaya) >0

(8@, S = {S(@a)sgxf > = {S(@:8k).[) = {S(gx). S
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It implies that (S(@,))se 4 converges for 6(CV,(G),4,(G)) ; let s e CV,(G),
Sievye < 1Sllag-cv, be the limit. In particular for f as above

{S(gx).f> = {gxs,.f). We now verify that hs = S(h) in CV,(G) when
he 4,(G). It is sufficient to prove it when h has a compact support K.
Then for every fe 4,(G), as gxh = h

Chs=S(h), f) = {gxs—S(gx),hf> = 0.
It implies the above claim hence ||S]| agmcv, S ||s||CVp(G).

The assertion of the lemma is now obvious. O

Let us recall the definition of p-WAP(G), the weak p-almost periodic
elements of CV,(G):

DermniTioN 4.5 [Gra]. — Let G be a lca group, 1 <p<2.
p-WAP(G) is the subspace of CV,(G) of elements S which define weakly
compact multipliers : A,(G) - CV,(G).

Let Se CV,(G). By remark 1.2 it is easy to see that Se p-WAP(G)
iff {fS},eypm) is relatively compact for o(CV,(G),4¥*(G)) hence iff
{fS}re S5 is relatively weakly compact in C(¥,(G)), which means
by [BIJM] chapter 3, definition 8.1, thatS is a weak almost periodic
function on the semi-group %,(G).

In the same way S is a compact multiplier: 4,(G) - CV,(G) iff S
is an almost periodic function on'the semi-group & ,(G) [BIM] 3,
definition 9.1.

By [Gra], proposition 9, p-WAP(G) is a closed subspace of Y,(G).
By [Gra] proposition 7, M(G) is a subspace of p-WAP(G).

Assertion (c) <> (d) in the next theorem is Eberlein’s decomposition
of WAP function on G [Eb2] when p = 2. (b)<(d) is a particular
case of [BJM] chapter 3, corollary 16.14.

THEOREM 4.6. — Let G be a Ica group, G- H, 1 <p<2. Let
Se CV,(G). The following assertions are equivalent :

a) S e p-WAP(G).
b) &,(G)S is relatively weakly compact in CV,(G).
c) &,(H)S is relatively weakly compact in CV,(G).
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d) S = B,0A,(S) + S’ where m is a topological mean on CV,(G),
B,, A; are defined as in theorems 3.1, 4.1, B, o0 A;(S) belongs to
£HG)evp©6) and does not depend on ® nor on m, S’ € p-WAP(G) and
Ax(S") = 0.

Proof. — (a) = (b) is obvious.

(a) <= (b) is easy by remark 1.2 as we already told above.

(b) = (c¢) : When we studied K in part 1 we saw that &% ,(H)S lies
in K.

If (b) holds K is the norm closure of &,(G)S and K is weakly
compact in CV,(G).

(c)=(b): By lemma 1.14, &,(H)S is dense in K for
o(CV,(G),4,(G)).

I (c) holds K is the norm closure of &,(H)S and Kj is weakly
compact.

(b) = (d) : the assumption implies that S € ¥,(G) hence theorem 4.2 (b)
holds. We claim that A4,(S) lies in £'(G)"'cvpGa>: by definition and
lemma 2.2 {(i * P;)S|F = G, F finite} lies in Ks and in £(G) ¢V»(©
(see the proof of theorem 4.1 (a)). By assumption it is relatively weakly
compact in CV,(G) hence in £1(G) 'evy© hence in £1(G) '“VpGa by
lemma 3.2. The definition of A4, (see the proof of theorem 4.1) now
proves the claim. As B, is identity on ¢£'(G)

B, 0 A,(S)e /' (G)"evy©),

it does not depend on w, nor on m by theorem 4.2 (b), it lies obviously
in p-WAP(G).

d = a is obvious. O

Motivated by lemma 4.4 and a result of Lohoué¢ on compact
multipliers : 4,(G) - CV,(G) [Lohl] chap. 2, theorem III.1, p.50, we
also consider elements of CV,(G) which are weakly compact multipliers :
A,(G) - CV,(G). We do not know if they are weakly compact
multipliers : 4,(G) - CV,(G), but they have analogous properties. In
particular they lie in ¥,(G) : let W be a decreasing basis of neighborhoods
of {0} in G. If Se CV,(G) and if &¥,(G)S is relatively weakly compact
in CV,(G) (¢wS)wew has a weak cluster point which must be a scalar
multiple of 8, and which belongs to the norm closure of &,(G)S.
Lemma 1.8 finishes the proof.
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THeOREM 4.7. — Theorem 4.6 holds true if we replace & ,(G) by
S,(G) and p-WAP(G) by the set of weakly compact multipliers :
A,(G) = CV,(G).

Proof. — By lemma 4.4 such a multiplier is given by an element
SeCV,y(G). The proof then follows the same lines as the proof of
theorem 4.6. It is even simpler: for example lemma 1.14 is obvious for
p = 2, it implies that %,(H)S and %,(G)S have the same closure for
o(CV,(G),A,(G)). If m is a topological mean on CV,(G) and if
&,(G)S is relatively weakly compact in CV,(G) (s ' P;)S lies in the
norm closure of &,(G)S hence A;(S) e t’—‘(_G_)” levyG o) by the same proof
as in theorem 4.6. As Se Y,(G) 4:(S) does not depend on # when m
is a topological mean on CV,(G). O

Theorem 4.7 implies the following improvement of [Lohl] chap. 2,
theorem III.1 :

THEOREM 4.8. — Let G be a Ica.group, G—->H, 1 <p<2, let
SeCV,(G).

The following assertions are equivalent :

(a) SeY(G) levy©),

(b) S is a compact multiplier : A,(G) - CV,(G).

(c) &,(G)S is relatively compact in CV,(G).

(d) &,(G)S is relatively compact in CV,(G).

(e) S,(H)S is relatively compact in CV,(G).

) Z.(G)S is relatively weakly compact in CV,(G) and relatively
compact in CV,(G).

Proof. — (a) = (b) = (¢) = (d) = (f) are obvious.
(e) <> (d) by the proof of theorem 4.7. -
(f) = (a): By theorem 4.7

S=B,04,5)+ S and B,oA.(S)e (G) vy,

We only have to prove that S’ =0 in CV,(G) or that S'"=0 in
CV,(G). We know that 4,(S’) =0 and that &,(G)S' is relatively
compact in CV,(G) because &,(G)S' is o(CV,(G),A4,(G)) dense in the
o(CV,(G),A,(G)) closure of ¥,(G)S’. Hence S’ is an almost periodic
function on G in the usual sense and (yS’,m) = 0 for every character
x on G and every mean m on L*(G). Hence S’ =0 by classical
results. |
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