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A version of purity on local abelian groups

Patrick W. KEEF ()

To LaszIé Fuchs on the occasion of his 95™ birthday

ABsTRACT — In [6], generalizations of the standard notion of purity on p-local abelian
groups were defined using functorial methods to create injective resolutions. For exam-
ple, if A is a limit ordinal, then for a group G the completion functor L) G determines
the notion of L »-purity. Another way of constructing a type of purity, called p*-pu-
rity, is defined using the functor [, ., (G/p*G). Properties of this second type of
purity are studied; for example, it is shown to be hereditary if and only if A has count-
able cofinality. In addition, L, and pg*-purity are compared in a variety of contexts,
for example, in the category of Warfield groups.
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1. Introduction

It was through the writings of Professor Fuchs that I learned of the beauty of
abelian groups. Few other topics in mathematics are so strongly identified with a
single individual, and his deep and original contributions are cited in every paper
I have ever published in the field. He has been unfailingly supportive and generous
to me during my career, for which I will always be grateful.

In this paper the term “group” will mean a p-local abelian group (where p
is a fixed prime). As in [7], it would be possible to include non-local groups in
some of these considerations, but focusing on the local case simplifies matters
without unduly restricting our results. Throughout, the letter A will denote a limit
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ordinal and the letter £ will denote the short-exact sequence 0 - G — X —
A — 0, thought of as an element of Ext(A4, G). Unexplained terminology can be
found in [2]. In particular, we will assume some basic familiarity with balanced
projective and Warfield groups, see [2, Chapter 15, Sections 7-9].

Following [6], an injective transformation ¥ = (®, F) is a natural transforma-
tion @ from the identity functor to a functor F on the category of groups (that
is, a collection of natural homomorphisms ®g: G — FG) such that for every
group G, the map ®rg: FG — F(FG) is a split injection. We say & is F-pure if
it represents an element of the kernel of Ext(A4, G) — Ext(A, FG); that is, if we
can complete the diagram

00— G — X —>A4—0

v /]

LG

We denote the group of F-pure sequences by Exts(A4, G) € Ext(4, G).

We will be interested in comparing different examples of these notions of
purity. In particular, if F; and F, are two injective transformations, then a group A
will be said to have the Fy = F»-purity property if any such sequence £ is F1-pure
if and only if it is I, -pure; that is, if Extg, (4, G) = Extg, (A, G) for all groups G.

Let RG and QG denote, respectively, the kernel and cokernel of ®g. If D is
an injective hull for RG, then there is an F-pure injective resolution of G of the
form0 -G - FG& D — QG & (D/RG) — 0, see [6, Corollary 3].

All of the examples considered in [6] have the property that F-purity has
enough projectives, as well as enough injectives. The injective transformation &F
was said to be dense if QG is divisible for all G € A. Dense injective transfor-
mations have several useful properties. For example, they are strongly hereditary
in the sense that an arbitrary subgroup of an F-pure projective shares that prop-
erty [6, Proposition 8]. And when ¥ is dense, the sequence & will be F-pure if and
only if the sequence F§ := 0 > FG — FX — FA — 0 is splitting exact [6,
Proposition 7].

We review a few important examples from [6].

1. p*-puriTy. Following Nunke (see [3, Chapter VI]), if « is an ordinal, then
consider a sequence 0 — Z,y — Ty, — Hy — 0 where Z,) = p*Ty is the
integers (localized at p) and H,, is the “generalized Priifer group.” This determines
an injective transformation P*: G =~ Hom(Z,), G) — Ext(Hg, G) in the usual
manner. For all groups A, G we have Ext,e (4, G) = p* Ext(4, G).

The group A is p®-pure projective if and only if it is isomorphic to a summand
of Tor(Hy, A), see [3, Theorem 82].
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To discuss our other examples, we introduce a slight variation on some standard
terminology. If « is an ordinal, then the group B will be said to be an «-balanced
projective if p®B free and B/ p®B is a totally projective p-group. Similarly, we
say B is < a-balanced projective if B = P4 _, Bg, where each Bg is f-balanced
projective. It follows that a group is balanced projective if and only if it is < «-
balanced projective for some «. A balanced projective group is < A-balanced
projective if and only if it is p*-bounded.

2. L)-puritYy. Let L) G be the completion of G with respect to the A-topology,
which uses { p“G}4 <, as a neighborhood basis of 0. So L, G is the inverse limit
of G/p*G for ¢ < A using the natural maps between these groups. There is
an obvious transformation G — L; G whose kernel is p*G. If A has countable
cofinality, then L, is a dense transformation (i.e., L, G/(G/p*G) will always be
divisible), but this may fail when A has uncountable cofinality [8, Theorem 2.2].

The group A is L) -pure projective if and only if there is a group C and an
exact sequence 0 -~ A®C — B — Z — 0, where B is < A-balanced projective
and Z is p*-pure projective [6, Theorem 4].

3. WEAK p%-PURITY, WHICH WE REFER TO AS p%-PURITY. If « is an ordinal,
then using the canonical epimorphism we have a transformation G — W* G :=
G/ p*G. This is clearly a dense injective transformation (in fact, the cokernel of
G — G/ p“G is0). Using terminology from [4], we refer to this as weak p®-purity
or p&-purity. So £ is p&-pure if and only if £/ p*& := 0 — G/p*G — X/p*X —
A/ p*A — 0 is splitting exact.

The p%-pure projectives are the groups A which have a free subgroup /' C 4
such that A/ F embeds in a p®-bounded totally projective p-group [6, Proposi-
tion 14] and [4, Theorem 2.8].

The group A is p3-pure projective if and only if it is isomorphic to a subgroup
of an a-balanced projective group. In particular, if A is torsion, then it is p%-pure
projective if and only if it is isomorphic to a subgroup of a p*-bounded totally
projective p-group [4, Corollary 2.9].

We now introduce a related injective transformation that will have a central
role in our discussions.

4. pSt-puriTY. Let WG = [14<1 G/ p®G; the diagonal map determines a
transformation G — W<* G, for which RG = p’lG. Note that for each o < A
there is a natural projection WG > G/ p*G which induces a homomorphism
(Wt G)/p*(W=* G) — G/p*G. These fit together to determine a left inverse
to W* G - W=*(W=* G). In other words, W* determines an injective transfor-
mation which we denote by p*.
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Prorposition 1.1. If A, G are groups, then

Ext,<1 (4, G) = [ |Extyg(4.G).

a<A

A group is p3*-pure projective if and only if it is a summand of a group of the form
@D, <1 Ba, where each By is a p%-pure projective; that is, each By is a subgroup
of an a-balanced projective. There are enough pg*-pure projectives.

Proor. The p*-pure sequences will be those in the kernel of

Ext(4, G) —> Ext (A, I1 G/p“G) =~ [] Ex(A. G/ p*G).

a<A a<A

This clearly implies the first statement. Regarding the second, for eacha < A, since
Ext,< (A,G) C Extye(A,G), any pg-pure projective is p;l—pure projective.
Suppose B, — A is a p{-pure projective surjection onto A. The sum map
B.jy = @,<) B« — A defines a surjection and B is p;l—pure projective.
In addition, if « < A, then B.), — A can be viewed as a pushout of the surjection
By — A.So B.) — A will be pJ-pure for all @ < A, i.e., itis a p;’l-pure
projective resolution of A. So p;’l—purity has enough projectives. And if A is
pot-projective, this sequence must split, completing the proof. O

If « is an ordinal, then & is p&-pure if and only if £/ p®£ splits. Proposition 1.1
implies that £ is p;’l—pure if and only if £/ p*£ splits for every o < A. In particular,
the notion of p3*-purity has certainly appeared before, but apparently not using
the functorial approach presented here.

Putting this all together, for any group G and limit ordinal A, there are natural
inclusions G/p*G < L;G C [1y<1 G/P*G = W=*G. In addition, for each
a < A, the kernel of the transformation G — Ext(H,, G) which determines p*-
purity is p*G. Therefore, there will be natural embeddings

WG =[] 6/p°G < [| Ext(Ha. G) = Ext(@H‘x, G) — Ext(Hz, G).

a<A a<A a<A

So for all A we have inclusions
Ext,s (A4, G) € Extz, (4, G) € Ext,<1(4,G) € p*Ext(4, G).

In this work our primary focus will be on studying p;’l—purity and how it
compares with L -purity. In particular, we discuss those groups A that have the
Ly = po-purity property. Almost invariably, the cases where A has countable
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and uncountable cofinality will differ greatly. Summarizing the contents of the
paper, Section 2 contains preliminary material as well as some relevant examples.
Our main results, contained in Section 3, are as follows.

e Theorem 3.1. The reduced group A is balanced projective if and only if A/ p* A
is p;’l—pure projective for every limit ordinal A. This is similar to Hill’s charac-
terization of the balanced projective p-groups as those that are totally projec-
tive.

e Theorem 3.2. ps*-purity is hereditary if and only if A has countable cofinality.
e Theorem 3.3. p*-purity is strongly hereditary if and only if A = w.

e Theorem 3.8. We describe the Warfield groups with the L) = p;’l-purity prop-
erty. If A has countable cofinality, then all Warfield groups have this property,
and if A has uncountable cofinality, then a Warfield group has this property if
and only if it is p*-bounded.

2. Preliminary ideas and examples

We begin with the most straightforward case. If A = w, then p®-purity is just the
classical notion of purity. In addition, L, G will be the p-adic completion of G.
Since this is the generic way to construct pure injective hulls of groups, it follows
that for every A and G we have

Extz, (4, G) = Exty=o (4, G) = p® Ext(4, G).

In other words, every group A has the L, = p®-purity property. We will see that
when A > w these groups of extensions are often quite different.

Therefore, the first time these types of purity can differ is at A = w2, which
we consider now, as least in the case of torsion groups.

ProrosiTioN 2.1. Suppose T is a p-group.

a. If A has countable cofinality, then T is L )-pure projective if and only if it
is p&v—pure projective (i.e., a subgroup of a p*-bounded totally projective
p-group);

b. T is p3®2-pure projective if and only if it is p®2-pure projective.

Proor. (a) Since pé, CcCL,C p*, if T is L) -pure projective, then it must be
pév -pure projective. Conversely, a p*-pure projective is clearly L, -pure projective.
So, since L ;-purity is strongly hereditary, any subgroup of a p*-bounded totally
projective p-group (i.e., a torsion p&v—pure projective) must be L, -pure projective.
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(b) Clearly, any p®2-pure projective is ps®2-pure projective, so assume T

is p5®2-pure projective. It follows that 7' is a summand of a group of the form
B = @, -, Bk, where each By is a p@+k-pure projective. But since p®*+*-purity
is strongly hereditary, the torsion subgroup of a p@**-pure projective is p®**-
pure projective. Therefore, the torsion subgroup of B is p®2-pure projective. And

since T is a summand of B, it is p®2-pure projective as well. O

Note that if 4 is p@2-pure projective, then it is p3*-pure projective for all
A > w2.Butthere is a torsion p®2-pure projective that is not p®-pure projective for
any ordinal «, see [9, Theorem 3.9]. Therefore, the analogue of Proposition 2.1(b)
does not hold for any A > w?2; that is, it is the best such result possible.

We next present a dual to the above.

ProrosiTioN 2.2. Suppose G is a reduced cotorsion group.

a. If A has countable cofinality, then G is L j-pure injective if and only if it is
p(}v-pure injective (i.e., p*-bounded);

b. G is pg®2-pure injective if and only if it is p®*-pure injective.
Proor. (a) Again, since p&v CL,C p*, if G is L -pure injective, then it must
be pl-pure injective. And conversely, any p*-bounded cotorsion group must be
complete in the A-topology [8, Theorem 3.4], that is, L -pure injective.
<w2

(b) Clearly, any p®2-pure injective is p5®2-pure injective. Conversely, suppose

G is py®2-pure injective. It follows that G is a summand of

P = H G/p°tkG.

k<w

But, for each k < w, since G/p®**G is a p®**-bounded cotorsion group, it is
p®*tk_pure injective. Therefore, P is p®2-pure injective, so that G is, as well. [

Any group of length w2 will be p3*-pure injective for any A > 2. On the
other hand, in [5], a cotorsion group of length w2 was constructed that failed to be
p“-pure injective for any « less than the first measurable cardinal. In other words,
Proposition 2.2(b) also fails for A > w2, at least up to the first measurable cardinal.

Our primary goal is to compare L j-purity and p;’l—purity. Recall that if A has
countable cofinality, then L is a dense injective transformation, so that L -purity
is strongly hereditary. The following makes this more explicit.

ProvposiTioN 2.3. If A has countable cofinality, then a group is Lj-pure pro-
Jjective if and only if it is a subgroup of a p;’l—pure projective.
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Proor. Suppose first that B is p;l—pure projective; so B is also L,-pure
projective. If A is a subgroup of B, then since L, is strongly hereditary, A must
also be L, -pure projective.

Conversely, suppose A4 is L -pure projective. We know that A is a summand
of a group that can be embedded in a < A-balanced projective group B. But such
a B will, in fact, be p;’\—pure projective, completing the argument. |

We now consider ordinals of uncountable cofinality. Recall that if A has un-
countable cofinality and B is a group with a decomposition B = P, ., By, where
each B, is p®-bounded, then B is complete in the A-topology. So Proposition 1.1
implies the next statement.

LemMma 2.4. If A has uncountable cofinality, then a p;l—pure projective group
will be complete in the A-topology.

Clearly, if A has countable cofinality, then since L ,-purity is strongly hered-
itary, it has global projective dimension 1. On the other hand, we have the next
result.

ProrposiTion 2.5. If A has uncountable cofinality, then the global projective
dimension of L -purity is infinite.

Proor. Let Gy be any non-zero p-group. Next, having constructed a p-group
G, of L, -pure injective dimension at least n, we then show how to construct G, 1.

Let H be a p-group such that p* H =~ G, and H/p*H is totally projective.
Let Y be a p*-bounded totally projective p-group such that 0 — G, — ¥ —
H — 01is a p*-pure projective resolution of H. So G, is isotype in ¥, and
by Lemma 2.4, Y will be complete in the A-topology. So if Z is the closure of
Gp+1 in the A-topology, then Z/Gpyq = p’lH ~ Gy, and we can identify Z
with L; Gp41.S00 - G,4+1 - Z — G, — 0is our standard L, -pure injective
resolution of G, 4. It easily follows that if the L,-pure injective dimension of
G, is at least n, then the L,-pure injective dimension of G, is at least n + 1,
completing the argument. |

We now turn to a consideration of the L, = pg*-purity property for A > .
Clearly, if A is p;’l—pure projective, then both these groups of extensions will
be 0, so that A has the L, = pg*-purity property. For the same reason, if 4 is
p*-pure projective, then 4 will have the L, = p*-purity property. This applies,
for example, when A4 is a p*-bounded totally projective group. We now consider
a simple case.
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LemmMma 2.6. If A is divisible, then it has the L) = p;’l—purity property.

Proor. One containment being already established, suppose £ is p;’l—pure,
i.e., £/ p“& splits for all « < A. Since A/p®A = 0, we always have G/p*G =
X/p*X. In particular, L, G will be naturally isomorphic to L, X. Therefore,
G - L)Gextendsto X — L X = L,G,ie., £ is L-pure. O

The next result follows directly by considering the standard long-exact se-
quence for L) -purity, so we omit its (straightforward) proof.

Lemma 2.7. Suppose 0 — B — A — C — 0is Ly -pure. If B and C have the
L= p;k-purity property (or the Ly = p*-purity property), then so does A.

A p-group A is said to be a Cy-group if A/p®A is totally projective for all
a < A. It is a classical result of Nunke that a Cj-group has the p;’\ = p*-purity
property, see [3, Theorem 93]. So by Lemma 2.6, any divisible torsion group will
have the L; = p*-purity property.

ProposiTion 2.8. Suppose A is a Cy-group. If A has countable cofinality, then
A has the Ly = p*-purity property. However, if A has uncountable cofinality, then
A may fail to have the L) = p;’l—purity property.

Proor. Suppose first that A has countable cofinality. It is a classical result
that 4 has a p*-pure subgroup B that is totally projective such that C := A4/B
is divisible (i.e., B is a A-basic subgroup of A, see [10]). Since C is a divisible
torsion group, it has the L; = p*-purity property. So0 - B — A — C — 0 is
also Lj-pure. Since B and C have the L, = p*-purity property, by Lemma 2.7,
so does A

Assume now that A has uncountable cofinality and that 4 is some p*-bounded
C,-group that is not totally projective. Find a p*-bounded totally projective
p-group X so that £ is a balanced projective resolution of A. In particular, £ is
pot-pure.

Note that G is isotype in X, which by Lemma 2.4 is complete in the A-topology.
And since p*A4 = 0, G is closed in X. Therefore, G is also complete in the
A-topology; in particular, G is L ,-pure injective.

So, if & were L -pure, it would have to split. This would say that A is isomor-
phic to a summand of X, so that it, too, is totally projective, contrary to assump-
tion. O
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We want to extend Proposition 2.8. The following simple observation will help
us study these types of purity with respect to Ulm subgroups and factors.

LemMa 2.9. Suppose o is an ordinal and A/ p* A is p%-pure projective. Then
& splits if and only if both p®& and &£/ p®& are splitting exact.

Proor. One direction being trivial, suppose p“& and &/ p®¢& split. Let Y be
a subgroup of p*X such that p*X = p*G ® Y (so Y = p%A). It follows
that ¢ .= 0 - G — X/Y — A/p*A — 0 is exact and § +— £ under
Ext(A/p*A, G) — Ext(4, G).

There is a natural isomorphism &’/ p®&’ >~ &/p®€. So, since the latter splits,
so does &'/ p®E’. This implies that §" € Ext,a(A4/p*A, G). But since 4/p*A is
Py -pure projective, we have Ext,a (4/p*A, G) = 0; in particular, § = 0. This
implies that £ = 0, as required. |

ProrosiTioN 2.10. Suppose A = o + p, where p # 0 is also a limit ordinal.
If A, G are groups and A/ p*A is p%-pure projective, then §& — p®£ gives an
isomorphism Ext, < (A, G) = Ext,<u(p®A, p*G).

Proor. If & € Ext(4, G) is p;*—pure, then we know that p®£ is exact. Now, if
G — W~*G extends to X, then p*G — p*(W=* G) = W~*(p®G) extends to
p%X . In particular, p®¢ is py"-pure.

Next, if v € Ext,<u (p® 4, p*G), then we can use general properties of Ext to
find a § € Ext(4, p*G) that restricts to v. We then define £ by extending § using
a pushout on p*G — G. It easily follows that v = p*£ and £ is in Ext,e (4, G),
ie., &/ p*¢& splits.

Now, suppose y < A; we want to show &/ p¥ & splits. First, if y < «, this follows
from the fact that £/ p®£ splits. And if o < y = a+ 8, then &£/ p*& splits, and since
peEis ph-pure, p*&/ p*+3& splits. So by Lemma 2.9, £/ p” & splits, as required.

It follows that Ext,<x (4,G) —> Ext,<u (p*A, p*G) is a surjective homomor-
phism. But a final appeal to Lemma 2.9 also implies that it is injective. |

Suppose A = o + u and A is a group. It is well known that if A/p*A is
p-pure projective and p* A is ph-pure projective, then A is pf-pure projective.
The following easy consequence of Proposition 2.10 gives a similar result.

CoroOLLARY 2.11. Suppose A = o + u, u # 0 and A is a group. If A/ p® A is
D% -pure projective, then A is p;’l-pure projective if an only if p*A is py"-pure
projective.
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If A has countable cofinality and A = « + w as above, then there are natural
isomorphisms p*L;,G = L, p*G and L,G/p*L;G = G/p*G. To see this, we
may clearly assume that p*G = 0. There is an exact sequence

0— L,p*G — L;G — G/p*G — 0.

Since L, p*G/p*G is divisible and G/ p*G is p*-bounded, the first isomorphism
easily follows. And applying this isomorphism to the above exact sequence gives
the second.

Using the ideas of the last paragraph, by a minor modification of the proof of
Proposition 2.10 we have the next result.

ProrosiTiON 2.12. Suppose A = o + . has countable cofinality, where 1 # 0
also has countable cofinality. If A, G are groups and A/ p* A is p%-pure projective,
then § — p*§ gives an isomorphism Extr, (A, G) = Extz, (p* A, p*G).

Proor. The sequence £ will be in Extz, (4, G) if and only if L, § splits. And
using the fact that A/ p*A is p&-pure projective and £/ p“§& will be splitting, this
can easily be seen to be equivalent to the requirement that L, p“£ is splitting, i.e.,
p*&is L, -pure. |

CoroLLARY 2.13. Suppose A = o + p has countable cofinality, u # 0 and
Ais a group. If A/ p® A is pS-pure projective, then A is L) -pure projective if and
only if p*A is L,-pure projective.

When 4 has countable cofinality, by combining Propositions 2.8, 2.10, and 2.12
we can produce a class of examples of groups with the L, = p;’l—purity property.

CoroLLARY 2.14. Suppose A = o + p has countable cofinality, u # 0 and
A/ p*Ais p%-pure projective.
a. A has the L) = p;)“—purity property if and only if p*A has the L, =
pa-purity property.
b. Ifeither (1) u = w, or (2) p*A is a C-group, then for all groups G we have

Extr, (4, G) = p* Ext(p* A, p*G) = Ext,<i (A, G).

On the other hand, if A has uncountable cofinality, the following result puts a
pretty severe restriction on the groups that can have the L) = p;’l—purity property.

ProrosiTioN 2.15. Suppose A has uncountable cofinality. If the group A has
the L) = p;l—purl’ly property, then p* A is divisible.
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ProoF. Let & be a ps*-pure projective resolution of A. In particular, G will be
isotype in X, which by Lemma 2.4 will be complete in the A-topology. This means
thatif ¥ C X satisfies Y/G = p* A, then we can identify ¥ with the completion,
L;G,and0 - G — Y — p*A — 01is an L -pure injective resolution of G.

Now ¢ is pff—pure, so if A had the L; = p;k—purity property, we could
conclude that £ is also L -pure. So the identity on G extends to a homomorphism
p: X —> Y.

Interpret ¢ as a function X — X. Since the identity map, lx, and ¢ agree
on G, their difference, 1y — ¢, determines a homomorphism y: 4 = X/G — X.
Observe that y(p*4) € p*X = 0. This implies that 1y and ¢ must agree not
only on G, but on all of Y. In other words, ¢ will be a splitting of Y C X, i.e.,
X =Y & Z for some subgroup Z C X.

So, modding out by G, we have

AxX/G=Y®2))6G=Y/G)®dZ=p'Ad Z.

But p* A will only be a summand of A if it is divisible. |

3. General results on p:*-purity

The following application of p;’l—pure projectivity is clearly reminiscent of Hill’s
result that the balanced projective p-groups are precisely those that are totally
projective [2, Theorem 6.5].

THeEOREM 3.1. The reduced group A is balanced projective if and only if
A/p*Ais p;l—pure projective for all limit ordinals A.

Proor. It follows easily that if A is balanced projective, then it satisfies the
given condition for all A.

For the converse, consider the following condition, where y is 0 or a limit
ordinal. If p¥ A = 0and A/ p* A is p3*-pure projective for all limit ordinals A < y,
then A is balanced projective. We verify this statement for all y by induction, which
clearly will give the result.

For the base case, if y = 0 and A = p°A = 0, then 4 is trivially balanced
projective.

Suppose next that y = v + w, where v < y is 0 or a limit ordinal and A
satisfies our condition. It easily follows that A/p" A still satisfies our condition
for all limit ordinals A < v. By induction, then, A/p" A4 is balanced projective,
and hence pl-pure projective. Since A =~ A/p¥A is py”-pure projective, by
Corollary 2.11, p¥A is p“-pure projective. That is, p”A is a direct sum of
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cyclics and so, balanced projective. Therefore, since A/ p” A and p* A are balanced
projectives, so is A, as required.

Finally, suppose y is a limit of limit ordinals and A satisfies our condition. If
¢ is any balanced sequence, then we want to show £ splits. For every limit ordinal
A < y, the sequence £/ p*& will again be balanced. And by induction, 4/p* A
will be balanced projective. Therefore, each &/ p*& must split; in other words, £
is py” -pure. But since A = A/pY A is py” -pure projective, £ itself must split, as
required. O

THEOREM 3.2. p;k-purity is hereditary if and only if A has countable cofinal-
ity.

Proor. Suppose first that A has uncountable cofinality. Let0 - M — H —
Zpyo — 0 be p*-pure, where H is a p*-bounded totally projective p-group;
so this sequence is also p;i—pure. Clearly, H is p*-pure projective, and hence
pot-pure projective. In addition, M is not complete in the A-topology; in fact,
LyM = H.Soby Lemma 2.4, M is not p3*-pure projective, so that ps*-purity
is not hereditary.

Conversely, suppose A has countable cofinality; let A be the ascending limit
of the ordinals a,. Clearly, for a group G we can define p3*-purity using the
homomorphism G — [],, ., G/ p*" G, so we identify the later group with W<tG.

Clearly, if Ext;V§A (A,G) = 0 for all groups A and G, then p3*-purity is
hereditary. This will follow if for all G we can show that in the sequence

() 0—>G/pAG—>W<AG—>QG—>(),

which we used to construct a p*-pure injective resolution of G, that Q G is always
po*-pure injective.

To that end, we can identify LG with the set of all vectors {a,) € w<tG
such that ¢, (an+1) = a, for all n < w, where ¢,: G/ p*+1G — G/p“" G is the
canonical epimorphism. We can fit all the ¢,s into a single function ¢: WG -
W<*G, ie., ¢({an)) = (Pn(ans1)). Let W2 G — W4 G be defined by
v = ¢ — ly<a - The kernel of v is precisely L, G.

We next claim that v is surjective, so that W<* G/L;, G =~ W=*G. Let (a,)
be an arbitrary element of W<*G. Let bo = 0. Next, find b; € G/p*'G such
that ¢o(b1) = ao + bp = ap. In general, having chosen by, b;,..., b,, choose
bny1 € G/ p%+1G so that ¢, (bp+1) = a, + by. Therefore,

V(<bn)) = <¢n(bn+l)) - (bn> = <¢n(bn+l) _bn) = (an>’

which shows that v is surjective, as claimed.
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We therefore have a short exact sequence
0— LG — WG — WG — 0.

Compare this with sequence (x). We can think of G/ p*G as a subgroup of L, G.
And since A has countable cofinality, D := L; G/(G/p*G) is divisible. Therefore,

0G =W*G/(G/p*G) =~ (W G/L;,G)® D ~W<*G & D.
Since the last group is clearly p;’l—pure injective, our proof is complete. |
THEOREM 3.3. p;’l—purity is strongly hereditary if and only if A = w.

Proor. We know that p;“-purity agrees with ordinary purity, which is strongly
hereditary, so assume that A > w.

Let D be a divisible torsion group of cardinality 2¥0. Constructa p*-pure exact
sequence

O—)K—)HLD—>O

where H is a p*-bounded totally projective p-group; we may assume K is a
subgroup of H and D = H/K.Let B = @, ., Z,; with torsion-completion B.
For our purposes, the important thing about B is that its socle, B[p], is compact
in the induced p-adic topology. There is an embedding B — D, which we take to
be an inclusion.

Let A=n"1'(B)C H,andfora < A, let A(0) = p*H N A.So A(e) N K =
AN p*H N K = p*K. We next claim that A(o) + K = A. The containment C
is obvious, so assume a € A. We know that p*H + K = H,soa = h + k where
h e p*H and k € K. Now, n(h) = m(a) € B, so that, in fact, 1 € A(«). So
a=h+keAl+ K.

It follows that A(a)/p*K = [A(x) + K]/K = A/K = B.In other words,

0— K/p*K — A/p*K — B — 0

is splitting exact and A(«)/p®*K is a complementary summand to K/p*K. In
particular, for @ > w, we can conclude p*A4 = p*K.

Since H is p-pure projective, it is p;l—pure projective. We will therefore be
done if we can verify that 4 is not p3*-pure projective. Aiming for a contradiction,
suppose A & M =~ @ﬂ< 2 Op, where Qg is pf,—pure projective for each § < A.
Since any subgroup of a pf,—pure projective is also pf,—pure projective, there is
no loss of generality in assuming that each Qg is isomorphic to a subgroup of a
pP -bounded totally projective p-group.



172 P. W. Keef

We have an isomorphism

(K/p“K)® B & (M/p*M) = (Ad M)/(p®° A& p*M) = (P(Qp/p” Qp).
B<A

By a standard argument (see, for example, [1, Lemma 71.1]), there is an @ < A

such that the image of B[p] is contained in @ p<a(Qp/P® Qp). Therefore, the

composition

B — (K/p”K)® B & (M/p®M)
() = P2/ p” ) — D(Qs/p” 0p).

B<A B<a

is an injection. In particular, since B is unbounded, it follows that & > w.
Next observe that the injective homomorphism in (f) can also be expressed as

B — (K/p*K)® B ® (M/p*M)
= (A M)/(p*A® p*M)
=~ P(Qs/p* 0p)

B<A

— P(©Qs/r*0p)

B<a

2§€E)Qﬂ
B<a
— @ 08/p°0s.
B<a

This means that there is an injective homomorphism B — @ p<a Op- Butthis
is impossible, since an unbounded torsion-complete group is never isomorphic to
a subgroup of a (reduced) totally projective p-group. |

So an arbitrary subgroup of a p3*-pure projective need not retain that property.
In particular, we have the following consequence.

CoroLLARY 3.4. We have Eti\§A (A, G) = Exty, (A, G) for all groups A and
G ifand only if A = w.

Proor. If A = w, we know they agree; so suppose A > w. If A has countable
cofinality, then L;-purity is strongly hereditary, whereas p3*-purity is not. If A
has uncountable cofinality, then the result follows from Proposition 2.8. O
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For the remainder of the paper we are going to focus on Warfield groups. These
can be described as the summands of the simply presented groups. Though not
strictly speaking necessary, we will assume all Warfield groups are reduced.

We denote the height of an element x € A by |x|; or perhaps |x|4 for clarity.
The height sequence of x, that is (| p"x|)n<w, has a gap at |p"x| if |p"x| + 1 <
|p"T1x|. If x is an element of infinite order, we will let

1p°x| = sup{| pFx|:k < ).

We say a group A satisfies the A-gap condition if p* A = 0 and whenever x € A
is an element of infinite order whose height sequence has an infinite number of
gaps, then |p®x| < A.

ProrposiTion 3.5. The class of groups satisfying the A-gap condition includes
the < A-balanced projective groups and is closed with respect to direct sums and
subgroups.

Proor. If « < A and A is «-balanced projective, then p*A will be free. If
x € A is an element of infinite order, then since A/ p®A is torsion, there will be a
k < w such that p¥x € p*A. Clearly, the height sequence of x has no gaps after
| p¥ x|, so A satisfies the A-gap condition.

The fact that direct sums of groups satisfying the A-gap condition continue to
do so is routine; in particular, a < A-balanced projective group will satisfy the
A-gap condition.

So suppose A satisfies the A-gap condition and C € A is a subgroup. Since
p’lA = 0, it immediately follows that p*C = 0, as well.

Suppose x € C has infinite order and |p®x|c = A; clearly |p®x|q4 = A, as
well. Since A is assumed to satisfy the A-gap condition, we know that the height
sequence of x computed in 4 has a finite number of gaps. In particular, A = v+
for some v < A.

We need to show that x also has a finite number of gaps in its height sequence
when computed in C. Replacing x by pFx for some k < w, we may assume
|x|4 > |x|c > v and x has no gaps in its height sequence computed in A. Assume
|x|4 = |x|c + m where m < w. Therefore, for all n < @ we have

Ip"x|c < |p"x|la = |x|a +n=|x|c +m +n.

This, however, implies that computed in C, the height sequence of x has at most
m gaps, as required. O

CoroLLARY 3.6. Any Lj-pure projective, and in particular, any p;’l-pure
projective, satisfies the A-gap condition.
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We are going to consider the converse of the last result. In other words, are there
situations in which a group that satisfies the A-gap condition will necessarily be
p;l—pure projective? Certainly, it does not hold for an arbitrary group and limit
ordinal. Even if A = w, then any reduced torsion-free group satisfies the w-gap
condition, but such a group will be p;“-pure projective (or L,-pure projective)
if and only if it is pure projective if and only if it is free.

In a positive direction, we have the next result.

Provrosition 3.7. If A is a Warfield group, then the following are equivalent:
1. Ais p;k-pure projective;
2. Ais Lj-pure projective;
3. A satisfies the A-gap condition.

Proor. We certainly know (1) = (2), and by Corollary 3.6, (2) = (3), so
assume A is Warfield and satisfies the A-gap condition. Any p*-bounded totally
projective p-group is p;l—pure projective, so adding such a summand to A4, we
may assume there is a decomposition A = €p,.; B;, where for eachi € I, B;
is a simply presented Warfield group (with the A-gap condition) of (torsion-free)
rank 1. Clearly, if we can prove each B; is p;*—projective, then sois A. So, without
loss of generality, assume A = B; has rank 1.

Suppose (x) is a nice infinite cyclic subgroup of B such that B/(x) is totally
projective (and p*-bounded). Suppose first that the height sequence of x has only
a finite number of gaps. Replacing x by p¥x for some k < w, we may assume x
has no such gaps. If @ := |x| < A, then it easily follows that B will be the direct
sum of an «-balanced projective and a totally projective p-group. In particular, it
will be ps*-pure projective.

Assume next that x has an infinite number of gaps in its height sequence. Let
a = |p®x]|. Since B satisfies the A-gap condition, we can conclude that ¢ < A. It
is also easily seen that B is isomorphic to B’ @ T', where T is a totally projective
p-group and B’ is p®-bounded. Without loss of generality, we may clearly assume
T =0and B =B’

Let C be an «-balanced projective such that p*C = (y) is infinite cyclic. It
follows from the theory of simply presented groups that the assignment x +— y
extends to a homomorphism ¢: B — C.

We can define a homomorphism X — C’ := C & (X/{x)) using the formula
z + (¢(z),z 4+ (x)). Since the kernel of the second coordinate map is {x) and
¢ is injective on (x), it follows that this is an embedding of X into C’. But C’ is
clearly an a-balanced projective. Therefore, B is a p%-pure projective, and hence
a p;l—pure projective, as required. O
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We conclude with our promised characterization of the Warfield groups with
the L; = p*-purity property.

THEOREM 3.8. Suppose A is a Warfield group.
a. If A has countable cofinality, then A has the L) = p;’l—purity property.
b. If A has uncountable cofinality, then the following are equivalent:
1. A has the L) = p;k-purity property;
2. prA=0;
3. Ais p;’l—pure projective, so Exty, (A,G) = Extpy (A,G) =0 forall G.

Proor. (a) Since A has countable cofinality, it follows from Proposition 2.8
that any totally projective p-group has the L) = p;k—purity property. Since any
po*-pure projective group satisfies the L; = ps*-purity property, by the same
decomposition result used in the proof of Proposition 3.7, it suffices to prove the
following: if B is a simply presented group of (torsion-free) rank 1 that fails to
satisfy the A-gap condition, then B hasthe L) = p;k—purity property. So we may
assume that B has a nice infinite cyclic subgroup generated by x such that one
of two things happens: (1) |[p®x| = A and x has an infinite number of gaps in its
height sequence, or (2) |p®x| > A.

In either case, if we let T be the torsion subgroup of A, then we claim that
T/p*T — A/p*A is an isomorphism for all @ < A.

Let us first show how verifying the claim leads to a proof of (a). First off, it
implies that L, T — LA is an isomorphism. So T — LT extends to A via
A— LyA = L,T;thatis, T is Ly-pure in A.

Next, for every ¢ < A, we have T/p*T =~ A/p*A is a torsion Warfield
module, i.e., it is a totally projective p-group. In particular, T is a Cy-group, so
by Proposition 2.8, it has the L, = p;’l—purity property.

Finally, since A/ T is clearly divisible, by Lemma 2.6 it has the L, = ps*-pu-
rity property. So by Lemma 2.7, A also has the L, = p;k—purity property.

Returning to verifying the claim, leta < A. Since T isisotypein A, T/ p*T —
A/ p®A is injective. So assume y € A \ T'; so y has infinite order and 0 # p/y €
(x) for some j < w. Itis elementary to see that either condition (1) or (2) implies
that there is a k > j such that [pXy| > « + k. So, if z € A satisfies |z| > « and
p*y = pFz theny = z 4+ (y — z) € p*A + T. Therefore, T/p*T — A/p®A is
also surjective. This proves the claim, and completes the proof of (a).

(b) Suppose A has uncountable cofinality. By Proposition 2.15, we know that
(1) = (2). It follows from Proposition 3.7 and the fact that A has uncountable
cofinality that (2) = (3). Finally, trivially (3) = (1). O
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