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Closed ideals in the uniform topology on the ring of

real-valued continuous functions on a frame

Mostafa Abedi (�) – Ali Akbar Estaji (��)

Abstract – For a completely regular frame L, the ring RL of real-valued continuous
functions on L is equipped with the uniform topology. The closed ideals of RL in
this topology are studied, and a new, merely algebraic characterization of these ideals
is given. This result is used to describe the real ideals of RL, and to characterize
pseudocompact frames and Lindelöf frames. It is shown that a frame L is finite if and
only if every ideal of RL is closed. Finally, we prove that every closed ideal in RL is
an intersection of maximal ideals.
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1. Introduction

By the term ring we mean a commutative ring with identity and by the term ideal
we mean a proper ideal. All topological spaces are supposed to be completely
regular and Hausdorff. All frames considered here are assumed to be completely
regular.

Given a space X , the ring C.X/ of real-valued continuous functions on X is
equipped with the uniform topology (see [16] for more details). Uniformly closed
ideals in classical rings C.X/ have a lucid characterization in terms of z-ideals
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and zero sets which often reduce calculations with these types of ideals (see [24]
for more details).

The main goal of the present paper is to generalize the characterization of
uniformly closed ideals of C.X/, pseudocompact spaces and Lindelöf spaces as
found in [3, 22, 24], to the more general setting of pointfree topology, that is,
frames.

Here is an overview of the paper. In the preliminaries, we collect some prop-
erties of frames that we shall use. Ring-theoretic concepts which are not ordinary
will be recalled as needed.

A discussion of !-divisible ideals in RL is provided in Section 3. These ideals
and uniformly closed ideals in RL are closely related. We commence by providing
Proposition 3.1 which enables us to prove that a frame L is compact if and only if
every divisible ideal inRL is fixed (Corollary 3.3). A characterization ofF -frames
based on divisible ideals in RL is given in Theorem 3.4. We determine the relation
between !-divisible ideals in the ring RL and their cozero parts in Lemma 3.7.
This lemma enables us to give ring-theoretic characterizations of pseudocompact
frames and Lindelöf frames (see Corollary 3.9 and Theorem 3.10, respectively).

We begin Section 4 by recalling the definition of uniform topology on the ring
RL of real-valued continuous functions on a frame L. The main characterization
of uniformly closed ideals of RL in terms of !-divisible ideals is provided in
Proposition 4.4. This proposition is applied to describe the real ideals of RL,
and to characterize pseudocompact frames and Lindelöf frames (see Theorem 4.6,
Corollary 4.7 and Theorem 4.8). Finally, in Theorem 4.10, we show that

every ideal of RL is closed if and only if L is a finite frame.

M -ideals of the ring RL equipped with the uniform topology are investigated
in the last section. In Lemma 5.1, we prove that for all I 2 ˇL, the closure
of an M -ideal M I is equal to the closure of an O-ideal OI . This leads to the
characterization of pseudocompact frame L as those for which the closure of
every prime ideal of RL is a (necessarily maximal) ideal (Proposition 5.3). In
Proposition 5.7, it is shown that fixed maximal ideals in RL are closed. We end
by showing that for a closed ideal Q in RL, there is I 2 ˇL such that Q D M I

(Proposition 5.8). This proposition says (Corollary 5.9)

every closed ideal in RL is an intersection of maximal ideals.
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2. Preliminaries

2.1 – Frames

For the basic terms and notations in frames, [23] is recommended. For undefined
terms and notations see [5] on pointfree function rings, and see [16] on C(X). Here,
we recall a few definitions and results that will be relevant for our discussion.

A frame is a complete lattice for which finite meets distribute over arbitrary
joins. Let L be a frame. We denote the top element and the bottom element of
L by >L and ?L respectively, and we omit the subscripts if that does not lead
to ambiguity. Throughout this context L will denote a frame. The frame of open
subsets of a topological space X is denoted by O.X/. A pseudocomplement of an
element x 2 L is denoted by x�. An element x of L is complemented whenever
x _ x� D >. An element p of L is a point (or a prime) whenever p < > and
a ^ x � p implies that a � p or x � p. We denoted the set of all points of L by
Pt.L/.

A frame L is completely regular if, for each x 2 L, x D
W

¹a 2 L j a �� xº,
where a �� x means that there are elements (cq) indexed by the rational numbers
Q\ Œ0; 1� such that c0 D x; c1 D a, and cp � cq for p < q. Note that a � x means
that x _ a� D >.

2.2 – The Stone–Čech compactification

An ideal J of a frame L is completely regular if for each a 2 J there is b 2 J

such that a �� b. The frame of completely regular ideals of L, denoted by ˇL,
is a compact completely regular frame. This shows that ˇL is spatial, that is,
ˇL Š O.X/ for some topological space X . The join map

W

WˇL ! L is dense
onto and referred to as the Stone–Čech compactification of L. We denoted its
adjoint by rL, and recall that (1) rL.a/ D ¹x 2 L j x �� aº for each a 2 L, and
(2) rL preserves �� (see [7] for more details).

2.3 – The Lindelöf coreflection

Recall that a frame L is called Lindelöf whenever
W

T D > implies
W

S D >

for some countable S � T . An ideal J of CozL is a �-ideal if it is closed under
countable joins. The regular Lindelöf coreflection of a frame L is the frame of �-
ideals of CozL denoted by �L. Now, we recall that Hewitt realcompactification
of a frame L, denoted �L, is constructed in the following procedure (see [9, 21]
for more details). For any a 2 L, if Œa� D ¹x 2 CozL j x � aº, then the map
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`W�L ! �L with `.J / D Œ
W

J � ^
V

¹M 2 Pt.�L/ j J � M º is a nucleus and
�L D Fix.`/. The map nWˇL ! �L given by n.I / D hI i� , the �-ideal generated
by I in CozL, is an onto frame homomorphism. Therefore, there exists an onto
frame homomorphism ˇL ! �L given by I 7! `.hI i� /.

2.4 – The ring RL

Regarding the frame of the reals L.R/ and the f -ring RL of continuous real func-
tions on L, we use the notation of [5]. For every r 2 R, define the constant frame
map r 2 RL by r.p; q/ D >, whenever p < r < q, and otherwise r.p; q/ D ?.
An element ˛ 2 RL is called bounded if ˛.p; q/ D > for some p; q 2 Q, and L
is called pseudocompact if RL D R

�L, where R
�L denotes the subring of RL

consisting of its bounded elements. Note that R�L Š R.ˇL/. This shows that
R
�L Š C.X/ for some topological space X , since C.X/ Š R.O.X// Š R.ˇL/.

We freely use the properties of the cozero map cozWRL ! L, given by

coz˛ D
_

¹˛..p; 0/_ .0; q// j p < 0 or q > 0º;

and those of CozL D ¹coz˛ j ˛ 2 RLº, the cozero part of L. Note that CozL is
a regular sub-�-frame of L, and a frame is completely regular if and only if it is
generated by its cozero part. We refer to [4, 5, 8] for general properties of cozero
elements and cozero parts of frames. Here, we emphasize the following:

(1) for any ˛ � 0 in RL, coz˛ D
W

¹coz..˛ � r/C/ j 0 < r 2 Qº, and

(2) whenever a �� x in L, there exists b 2 CozL such that a �� b �� x.

For ideals Q of RL and J of CozL, we write cozŒQ� D ¹coz' j ' 2 Qº and
coz ŒJ � D ¹' 2 RL j coz' 2 J º, respectively. The following statements hold
(see [12]):

(1) if Q is an ideal of RL, then cozŒQ� is an ideal of CozL;

(2) if J is an ideal of L or CozL, then coz ŒJ � is an ideal of RL;

(3) if M is a maximal ideal of RL, then cozŒM� is a maximal ideal of CozL;

(4) if J is a maximal ideal ofL or CozL, then coz ŒJ � is a maximal ideal ofRL.

Recall from[12, 15] that an ideal Q of RL is called

z-ideal if, for any ˛; ˇ 2 RL, coz˛ D cozˇ and ˛ 2 Q imply ˇ 2 Q, or,
equivalently, coz ŒcozŒQ�� D Q;

fixed whenever
W

cozŒQ� < >, and we say that it is free otherwise.
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3. !-divisible ideals in RL

An ideal I in a ring A is divisible if for two members x1 and x2 in I there exist
a 2 I and y1; y2 2 A such that x1 D ay1 and x2 D ay2 (see [19]). We note that
if I is a divisible ideal of a ring A, then ¹xAºx2I is a directed family of ideals
of A, which implies that I is the direct limit of ¹xAºx2I (see [17]). Therefore, a
divisible ideal is exactly a directed limit of principal ideals.

For each f 2 C.X/, the zero-set Z.f / is the set of zeros of f , that is,
Z.f / D ¹x 2 X j f .x/ D 0º. An ideal I in C.X/ is called fixed if

T

ZŒI � D
T

f 2I Z.f / ¤ ;. As remarked in [3, p. 325], Theorem 4.11 in [16] implies thatX
is compact if and only if every divisible ideal in C.X/ is fixed. Now, we are going
to extend these results to frames. We begin with the following proposition. For the
proof of this proposition, we shall use the following fact. Suppose f1; f2 2 C.X/.
Let g D .jf1j C jf2j/

1=2. Now, for i D 1; 2, we define

(�) hi .x/ D

8

ˆ

<

ˆ

:

fi .x/

g.x/
if x 62 Z.g/,

0 if x 2 Z.g/.

then it is clear that hi.x/ 2 C.X/ and fi D ghi .x/ (see[19]).
We say an idealQ ofRL satisfies the property .�/ if ˛ 2 Q implies j˛j1=2 2 Q.

Note that the property .�/ implies that if ˛ 2 Q, then j˛j 2 Q.

Proposition 3.1. If Q is an ideal of RL which satisfies the property .�/, then
Q is a divisible ideal.

Proof. Suppose ˛1; ˛2 2 Q. Let ˇ1 D ˛1

1Cj˛1j
, ˇ2 D ˛2

1Cj˛2j
and 
 D

.jˇ1j C jˇ2j/
1=2. Then ˇ1, ˇ2 and 
 belong to Q. Since they are in R

�L, and
R
�L is isomorphic to a C.X/ via an f -ring isomorphism, we infer from (�) that

ˇ1 D ˛1

1Cj˛1j
and ˇ2 D ˛2

1Cj˛2j
are multiples of 
 . This implies ˛1 and ˛2 are a

multiple of 
 . Therefore Q is a divisible ideal. �

A prime idealP of RL satisfies the property .�/. To see this, take ˛ 2 P . Then
j˛jj˛j D ˛2 2 P and hence j˛j1=2j˛j1=2 D j˛j 2 P , implying that j˛j1=2 2 P .
Therefore every prime ideal ofRL is a divisible ideal. In particular, every maximal
ideal of RL is a divisible ideal. Since the set of ideals satisfying .�/ is clearly
closed under arbitrary intersections, we have the following corollary.

Corollary 3.2. If Q is an intersection of prime ideals of RL, then Q is a
divisible ideal.
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An immediate consequence of the above corollary and [13, Lemma 4.7], is the
next corollary.

Corollary 3.3. A frame L is compact if and only if every divisible ideal in
RL is fixed.

The next theorem demonstrates that in general, RL contains ideals which are
not divisible ideals. Recall from [11, Proposition 3.2] that a frameL is anF -frame
if and only if RL is a Bézout ring, meaning that every finitely generated ideal of
RL is principal.

It is straightforward that a finitely generated divisible ideal is principal. It is
also clear that every ideal of a ring is divisible if and only if every finitely generated
ideal of the ring is divisible. It follows that every ideal of a ring R is divisible if
and only if the ring is a Bézout ring. Now, the following theorem follows readily
from [11, Proposition 3.2].

Theorem 3.4. Every ideal of RL is a divisible ideal if and only if L is an
F -frame.

The main tool to be used in this paper is the concept of !-divisible ideals,
which was defined by Azarpanah in [3] under the name of strongly divisible ideals,
and used there to characterize Lindelöf spaces as follows:

X is Lindelöf if and only if every !-divisible ideal of C.X/ is fixed.

Definition 3.5. An ideal I of a ringA is !-divisible if every at most countably
generated ideal J � I is contained in a principal ideal.

In this section, we will show that L is Lindelöf if and only if every !-divisible
ideal ofRL is fixed. To prove the main results of this section, we need the following
lemma. In order to state the following lemma, we need some background. Suppose
that .˛n/ is a sequence of positive elements of RL. The set

¹.˛1 ^ 2
�1/C .˛2 ^ 2

�2/C � � � C .˛n ^ 2
�n/ j n 2 Nº

has a supremum in the poset RL (see [6]). This supremum is denoted by

1
X

nD1

.˛n ^ 2
�n/:

Proposition 3.6. [18] Let ˛; ˇ 2 RL. If j˛j � jˇjp for some 1 < p 2 Q, then
˛ is a multiple of ˇ.
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Lemma 3.7. For an ideal Q of the ring RL, the following statements hold.

(1) IfQ is a z-ideal of RL such that cozŒQ� is closed under countable join, then
Q is !-divisible.

(2) If Q is !-divisible, then cozŒQ� is closed under countable join.

Proof. (1) Let .˛n/ � Q. Then we have

ˇ D

1
X

nD1

2
�n˛

2

3

n .1 C ˛
2

3

n /
�1 2 RL

and it is clear that cozˇ D
W1
nD1 coz˛n. Since cozŒQ� is closed under countable

join, cozˇ 2 cozŒQ�, implying that ˇ belongs to the z-ideal Q. But for each n,

2�n
˛

2
3
n

1C˛
2
3
n

� ˇ, and so j˛nj � jˇ2n.1 C ˛
2

3

n /j
3

2 . Now, by Proposition 3.6, each ˛n

is a multiple of ˇ2n.1 C ˛
2

3

n /, which implies that ˛n is a multiple of ˇ. Therefore
Q is !-divisible.

(2) Let .˛n/ � Q. Then ¹coz˛n j n 2 Nº is a countable subset of cozŒQ�.
SinceQ is !-divisible, take ˇ 2 Q such that ˇ divides ˛n, for each n. This shows
that for each n, coz˛n � cozˇ, implying that

W1
nD1 coz˛n � cozˇ. But cozŒQ�

is an ideal containing cozˇ, therefore
W1
nD1 coz˛n belongs to cozŒQ�. �

In what follows, we intend to present a characterization of pseudocompact
frames in terms of !-divisible ideals. Before this characterization is proposed,
we need some background. We know that, for any maximal ideal M , the field
RL
M

always contains a canonical copy of the field R of real numbers: the set of
images of the constant functions under the canonical homomorphism. Now, M is
a real ideal when the canonical copy of the field R is the entire field RL

M
(see [16,

Chapter 5] for more details). We also need the next proposition which is proved
in [14].

Proposition 3.8. A frame L is pseudocompact if and only if every maximal
ideal of RL is real.

Corollary 3.9. For a frame L, the following statements hold.

(1) A maximal ideal of RL is real if and only if it is !-divisible.

(2) L is pseudocompact if and only if every maximal ideal of RL is !-divisible.

(3) L is pseudocompact if and only if every ideal is contained in an !-divisible
z-ideal.
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Proof. .1/LetQ be a maximal ideal inRL. By [14, Proposition 3.6],Q is real
if and only if cozŒQ� is closed under countable join if and only ifQ is !-divisible,
by Lemma 3.7.

.2/ The combination of (1) with Proposition 3.8 implies (2).

.3/ Since every maximal ideal of RL is a z-ideal, it is obvious by (2). �

We will use the following characterizations of Lindelöf frames to prove the
next theorem. A frame L is Lindelöf if and only if

W

W�L ! L is codense, that is,
if and only if

W

J < > for all proper �-ideals J of CozL (see [9]).

Theorem 3.10. A frame L is Lindelöf if and only if every !-divisible ideal in
RL is fixed.

Proof. Necessity. Suppose thatQ is an !-divisible ideal in RL. Then cozŒQ�
is closed under countable join, by Lemma 3.7. Now suppose, by way of contra-
diction, that

W

cozŒQ� D >. Since the frame L is Lindelöf, there is a count-
able J � Q with

W

cozŒJ � D
W

cozŒQ� D >. Since the ideal Q is !-
divisible, the ideal generated by J is principal, say generated by ˛. It follows that
coz˛ D

W

cozŒJ � D >. This implies that ˛ is a unit element of RL, a contradic-
tion. Therefore

W

cozŒQ� < >, this means that Q is fixed.
Sufficiency. Let J be a proper �-ideal of CozL. Then, by Lemma 3.7,

coz ŒJ � is an !-divisible ideal and hence
W

cozŒcoz ŒJ �� < >. Therefore
W

J D
W

cozŒcoz ŒJ �� < >. �

4. Uniformly closed ideals in RL

Let  2 RL. For each r 2 QC, let

B. ; r/ D ¹˛ 2 RL j j˛ �  j � rº and B D ¹B. ; r/ j r 2 QCº:

Then there is a unique topology on RL for which for any  2 RL, the family
¹B. ; r/ j r 2 QCº forms a base for the neighborhood system of  . This topology
is called the uniform topology on RL (briefly u-topology on RL). A typical basic
neighborhood in the uniform topology on the subring R

�L of RL denoted by
B�. ; r/,  2 R

�L (for more details see [2, 5]). We are going to determine the
relation between !-divisible ideals and closed ideals in the uniform topology on
RL. For this, we first provide the necessary tools in the following.

Proposition 4.1 ([10]). Let ˛; ˇ 2 RL. If coz˛ �� cozˇ, then ˛ is a multiple
of ˇ.
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If T is a subset of RL, then xT will denote its (uniform) closure in RL. We note
that the equality jjxj � jyjj � jx � yj holds true in a totally ordered ring, and,
consequently, in every f -ring.

Lemma 4.2. LetQ be a z-ideal of RL. If ˛ 2 xQ, then j˛j 2 xQ.

Proof. For every positive integer n, take ˇn 2 Q such that j˛ � ˇnj � 1

n
. It

follows that jj˛j � jˇnjj � j˛ � ˇnj � 1

n
for every n 2 N. Since Q is a z-ideal,

jˇnj 2 Q for every n 2 N. Therefore j˛j 2 xQ. �

Lemma 4.3. Let ˛ 2 RL and r 2 QC. If ˇ D ..˛ � r/ _ 0/C ..˛ C r/ ^ 0/,
then cozˇ �� coz˛.

Proof. We see that

coz..˛ � r/ _ 0/ D coz..˛ � r/C/ D .˛ � r/.0;�/ D ˛.r;�/

and

coz..˛ C r/ ^ 0/ D coz..�˛ � r/ _ 0/

D coz..�˛ � r/C/

D .�˛ � r/.0;�/

D �˛.r;�/

D ˛.�;�r/:

On the other hand, cozˇ � coz..˛ � r/_ 0/_ coz..˛C r/^ 0/. In consequence,
cozˇ � ˛..�;�r/ _ .r;�//. Since, by [5, Corollary 1], .�;�r/ _ .r;�/ ��

.�; 0/ _ .0�/, we have ˛..�;�r/_ .r;�// �� ˛..�; 0/ _ .0�// D coz˛ because
˛ preserves ��. Therefore cozˇ �� coz˛. �

Proposition 4.4. Let Q be an ideal of RL. Then Q is closed in the uniform
topology on RL if and only if Q is an !-divisible z-ideal.

Proof. Necessity. Let Q be a closed ideal of RL. We first show that Q is a
z-ideal. Consider ˛ 2 RL and ˇ 2 Q with coz˛ D cozˇ. For every positive
integer n, let


n D
h�

˛ �
1

n

�

_ 0

i

C
h�

˛ C
1

n

�

^ 0

i

:

Then, by Lemma 4.3, coz 
n �� coz˛ D cozˇ, for each n. Now, Proposition 4.1
implies that each 
n is a multiple of ˇ, thus each 
n belongs to the ideal Q. But
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j˛ � 
nj � 2

n
! 0 as n ! 1, therefore 
n converges to ˛ in the uniform

topology. This shows that ˛ 2 Q, proving that Q is a z-ideal. It remains to
show that Q is !-divisible. Let .˛n/ be a countable subset of Q. By Lemma 3.7,
to prove !-divisibility it suffices to show that

W1
nD1 coz˛n 2 cozŒQ�. Now,

putting 'n D
Pn
iD1.j˛i j ^ 2�i / for each n 2 N, it is clear that the sequence

'n converges to ' D
P1
nD1.j˛nj ^ 2�n/ in the uniform topology. But for each n,

coz'n D
Wn
iD1 coz˛i 2 cozŒQ�. This show that each 'n 2 Q because Q is a

z-ideal. Consequently, ' 2 Q since Q is closed. Therefore

1
_

nD1

coz˛n D coz' 2 cozŒQ�:

Sufficiency. Consider 0 � ˛ 2 xQ. Then for every positive integer n, take
ˇn 2 Q such that j˛ � ˇnj � 1

n
. Now, we have ˛ � ˇn C 1

n
, hence

�

˛ � 1

n

�C
�

jˇnj and therefore coz
��

˛ � 1

n

�C�

� coz.jˇnj/ D cozˇn. In consequence,

coz˛ D
W1
nD1 coz

��

˛ � 1

n

�C�

�
W1
nD1 cozˇn. Next, Lemma 3.7 implies that

W1
nD1 cozˇn 2 cozŒQ�, implying that coz˛ 2 cozŒQ�. But Q is a z-ideal, so

˛ 2 Q. Finally, for arbitrary ˛ 2 xQ, by Lemma 4.2, j˛j 2 xQ, showing that
j˛j 2 Q, by what we have just observed. In consequence, ˛ 2 Q since Q is a
z-ideal. Therefore xQ D Q, which means that Q is closed. �

Corollary 3.8 in [10] says that the following algebraic condition is necessary
and sufficient for an idealQ in RL to be a z-ideal:

given ˛ 2 RL, if there exists ˇ 2 Q such that ˛ belongs to every
maximal ideal containing ˇ, then ˛ 2 Q.

Therefore, as asserted, Proposition 4.4 is algebraic in nature.
An immediate consequence of Lemma 3.7 and the foregoing proposition, is

the following corollary.

Corollary 4.5. An ideal Q of RL is closed if and only if it is a z-ideal such
that cozŒQ� is closed under countable join.

The next result characterizes real ideals of RL in terms of closed and !-divis-
ible ideals.

Theorem 4.6. The following are equivalent for an ideal Q of RL:

(1) Q is a real ideal;

(2) Q is a closed maximal ideal of RL;
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(3) Q is a maximal closed ideal of RL;

(4) Q is a maximal !-divisible ideal of RL;

(5) Q is an !-divisible maximal ideal of RL.

Proof. The equivalences of .1/, .2/, and .5/ are clear from Corollary 3.9 and
Proposition 4.4.

.2/ H) .3/. It is obvious.

.3/ H) .4/. Suppose M is an !-divisible ideal and let Q � M . Then, by
Lemma 3.7, coz ŒcozŒM�� is an !-divisible z-ideal, and hence it is closed by
Proposition 4.4. Since Q � M � coz ŒcozŒM��, by .3/, Q D coz ŒcozŒM��,
showing that Q D M . Therefore Q is a maximal !-divisible ideal of RL.

.4/ H) .3/. Suppose M is a closed ideal and let Q � M . Then, by Proposi-
tion 4.4, M is !-divisible. Therefore Q D M , by .4/.

.3/ H) .5/. Suppose, by way of contradiction, that Q is not maximal and
choose a maximal ideal M of RL such that Q � M . Pick ˛ 2 M nQ. We claim
that

J D ¹a 2 CozL j a � coz˛ _ cozˇ; for some ˇ 2 Qº

is an ideal of CozL such that is closed under countable join. To see this, obviously,
J is an ideal of CozL. Since Q is closed, Proposition 4.4 implies that it is !-
divisible, and hence, by Lemma 3.7, cozŒQ� is closed under countable join. This
shows that J is closed under countable join. Now, by Lemma 3.7, coz ŒJ � is an
!-divisible z-ideal and thus, by Proposition 4.4, coz ŒJ � is a closed ideal of RL.
Clearly, Q � coz ŒJ �. But ˛ 2 coz ŒJ � and ˛ 62 Q imply that Q � coz ŒJ �.
This contradicts .3/. �

The following extends Theorem 3.10 in [2] with !-divisible ideals.

Corollary 4.7. The following are equivalent for any frame L:

(1) L is pseudocompact;

(2) the closure of any ideal in RL is an ideal;

(3) every ideal in RL is contained in an !-divisible ideal;

(4) every ideal in RL is contained in a closed ideal.

Proof. The equivalences of .1/, .2/, and .4/ are proved in [2, Theorem 3.10].
.2/ H) .3/. By Proposition 4.4, it is obvious.

.3/ H) .1/. It follows from .3/ that every maximal ideal of RL is !-divisible.
This implies that the frame L is pseudocompact due to Corollary 3.9 .2/. �
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The next result characterizes Lindelöf frames in terms of closed ideals of RL.

Theorem 4.8. A frame L is Lindelöf if and only if every closed ideal in RL is
fixed.

Proof. Necessity. By Proposition 4.4 and Theorem 3.10, it is obvious.
Sufficiency. By Theorem 3.10, it is enough to show that every !-divisible

ideal in RL is fixed. Let Q be an !-divisible ideal of RL. Then Q � M D

coz ŒcozŒQ��. Since M is an !-divisible z-ideal, Proposition 4.4 shows that it
is closed. Thus the present hypothesis implies that

W

M < >, implying that
W

Q < >, since
W

Q �
W

M . Therefore Q is fixed. �

The next corollary is obvious by combination of Theorem 3.10 with previous
theorem.

Corollary 4.9. Every closed ideal in RL is fixed if and only if every !-
divisible ideal in RL is fixed.

In what follows, as an application of this section, we study frames L for which
every countably generated ideal of RL is principal. We show that all such frames
are finite. We will use the following results to prove the next theorem.

(1) RL is a Noetherian ring if and only if L is finite (see [1, Theorem 3.11]).

(2) A frame L is a P -frame in case a _ a� D > for each a 2 CozL. Every
ideal of RL is a z-ideal if and only if L is a P -frame if and only if for every
˛; ˇ 2 RL, the ideal generated by ˛2Cˇ2 contains both ˛ andˇ. In particular,
if L is a P -frame, every finitely generated ideal of RL is principal (see [10,
Proposition 3.9]).

Theorem 4.10. For a frame L, the following are equivalent:

(1) L is finite;

(2) every countably generated ideal of RL is principal;

(3) every ideal of RL is !-divisible;

(4) every ideal of RL is closed.

Proof. The equivalence of .2/ and .3/ follows from Proposition 3.2.1 in [24].

.1/ H) .2/. SupposeL is finite. Then, by complete regularity,L is aP -frame.
This shows that every countably generated ideal of RL is principal.



Closed ideals in u-topology on RL 147

.2/ H) .1/. The present hypothesis implies that the RL is a Noetherian ring.
Thus, L is finite.

.1/ H) .4/. Suppose L is finite. Then L is a P -frame. That is to say every
ideal of RL is a z-ideal. On the other hand, every ideal of RL is !-divisible
since .1/ implies .3/. Therefore every ideal of RL is !-divisible z-ideal. Now,
by Proposition 4.4, we can conclude that .1/ implies .4/.

.4/ H) .3/. By Proposition 4.4, it is obvious. �

5. M -ideals in RL with uniform topology

We recall from [12] that the M -ideal M I and the O-ideal OI of RL, where
I 2 ˇL, are defined by

M I D ¹˛ 2 RL j rL.coz˛/ � I º and OI D ¹˛ 2 RL j rL.coz˛/ �� I º:

Obviously, OI � M I . For any a 2 L and I 2 ˇL, rL.a/ �� I if and only if
a 2 I . Hence, OI D ¹˛ 2 RL j coz˛ 2 I º. It is proved in [10, 12] that

(1) for all I 2 ˇL, M I and OI are z-ideal;

(2) an ideal Q of RL is maximal if and only if there is I 2 Pt.ˇL/ such that
Q D M I ;

(3) for any prime ideal P of RL, there exist a unique point I 2 Pt.ˇL/ such that
OI � P � M I ;

(4) M I is the unique maximal ideal containing OI , for any I 2 Pt.ˇL/;

(5) for any I 2 Pt.ˇL/ and ˛ 2 RL, ˛ 2 OI if and only if ˇ˛ D 0 for some
ˇ 62 M I .

We are now going to investigate which prime ideals of RL are closed in the
uniform topology. We begin with the following lemma.

Lemma 5.1. For all I 2 ˇL, M I D OI .

Proof. Since OI � M I , it is enough to show that M I � OI . Let ˛ 2 M I

and r 2 QC. Take ˇr D
��

˛ � r

2

�

_ 0
�

C
��

˛ C r

2

�

^ 0
�

. Then, by Lemma 4.3,
we have cozˇr �� coz˛. It follows that rL.cozˇr / �� rL.coz˛/ � I , implying
that cozˇr 2 cozŒOI �. Hence, ˇr 2 OI since OI is a z-ideal. But j˛ � ˇr j � r,
therefore ˛ 2 OI . �
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Using the foregoing lemma and part (3) of the above, we can conclude that
no non-maximal prime ideal of RL is closed. However, as noted in Theorem 4.6,
the closed maximal ideals of RL are exactly the real ideals. That is to say, for
any I 2 Pt.ˇL/, M I is closed if and only if `.hI i� / 6D >�L since, by [14,
Corollary 3.7], we can conclude that for any point I of ˇL, M I is real if and
only if `.hI i� / 6D >�L, or equivalently, hI i� 6D >�L. Therefore, the following
proposition now follows immediately.

Proposition 5.2. The following statements hold.

(1) If I 2 Pt.ˇL/, then OI D M I if and only if `.hI i� / 6D >�L.

(2) Let P be a prime ideal of RL, andM I the unique maximal ideal containing
P , for some I 2 Pt.ˇL/. Then xP is a (necessarily maximal) ideal if and only
if `.hI i� / 6D >�L.

It is known that a frame L is pseudocompact if and only if ˇL Š �L (see [20,
Corollary 2.4.10]). Thus we have the following extension of Corollary 4.7.

Proposition 5.3. A frameL is pseudocompact if and only if the closure of any
prime ideal of RL is a (necessarily maximal) ideal.

Remark 5.4. For any I 2 Pt.ˇL/, if `.hI i� / 6D >�L and OI 6D M I , then, by
Proposition 5.2,OI is a proper dense subset ofM I . Now, Proposition 4.4 implies
that OI is not !-divisible. Therefore even if the closure of an ideal is an ideal, it
may fail to be !-divisible.

An ideal Q in RL is contained in a unique maximal idealM I for a point I of
ˇL if and only ifOI � Q. To see this, first, suppose I 2 Pt.L/ such thatOI � Q.
We must show that M I is the unique maximal ideal containing Q. This is clear
since M I is the unique maximal ideal containing OI . Conversely, suppose M I

is the unique maximal ideal containing Q for a point I of ˇL. We must show
that OI � Q. Let ˛ 2 OI . Then ˇ˛ D 0 for some ˇ 62 M I . Since M I is the
only maximal ideal containing Q, we have RL D hQ;ˇi, the ideal generated by
Q [ ¹ˇº. In consequence, there exist 
 2 Q and ı 2 RL such that 1 D 
 C ˇı,
implying that ˛ D ˛
 2 Q. Therefore OI � Q.

Now, as an immediate consequence from Theorem 4.6 and Lemma 5.1, we
have the following theorem.

Theorem 5.5. If an ideal Q in RL is contained in a unique maximal ideal,
then Q is closed if and only if Q is a real ideal.
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This immediately leads to the next corollary.

Corollary 5.6. If P is a prime ideal in RL, then xP D P if and only if P is
a real ideal.

For any a 2 L with a < >, we denoteM rL.a/ as Ma and observe that

Ma D ¹˛ 2 RL j coz˛ � aº

is an ideal in RL [15]. The following is proved in [15].

(1) The fixed maximal ideals of RL are exactly the ideals Mp for p 2 Pt.L/.

(2) For any I 2 ˇL,
W

cozŒM I � D
W

I . Therefore the ideal M I is fixed if and
only if

W

I < >.

Proposition 5.7. If M is a fixed maximal ideal in RL, then it is closed.

Proof. Suppose M is a fixed maximal ideal in RL. Then there is p 2 Pt.L/
such that M D Mp D ¹˛ 2 RL j coz˛ � pº. We must show that Mp D Mp.
Since Mp � Mp, it is enough to show that Mp � Mp. Suppose ˇ 2 Mp . Since
Mp is a z-ideal, Lemma 4.2 implies that jˇj 2 Mp . Now, let n 2 N. Then there
exists an element ˛n in Mp such that

jjˇj � ˛nj D j˛n � jˇjj �
1

n
;

and so jˇj � 1

n
� ˛n. This shows that

�

jˇj � 1

n

�C
� j˛nj, implying that

coz
�

jˇj �
1

n

�C

� coz.j˛nj/ D coz˛n � p:

In consequence,
�

jˇj � 1

n

�C
2 Mp. Therefore

cozˇ D coz jˇj D
_

n2N

coz
�

jˇj �
1

n

�C

� p:

This means that ˇ 2 Mp. �

An idealQ of RL is called free if
W

cozŒQ� D >. Combining foregoing proposi-
tion and Theorem 4.6, we can conclude that if Q is a free maximal ideal of RL,
then Q is real if and only if it is closed if and only if it is !-divisible.

Before we prove the following proposition, let us explain our choice of termi-
nology.
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Let Q be an ideal in RL and I D
W

˛2Q rL.coz˛/. Then L 6D I 2 ˇL. To
see this, suppose that I D L. Since ˇL is compact, there exist ˛1; ˛2; : : : ; ˛n 2 Q

such that

L D >ˇL D

n
_

iD1

rL.coz˛i / � rL

�

coz
�

n
X

iD1

˛2i

��

:

This implies that

L D >ˇL D rL

�

coz
�

n
X

iD1

˛2i

��

;

implying

>L D coz
�

n
X

iD1

˛2i

�

:

This means that
Pn
iD1 ˛

2
i is a unit element of RL which belong to Q. Therefore

Q D RL which is a contradiction.

Proposition 5.8. If Q is a closed ideal in RL, then Q D M I , where I D
W

˛2Q rL.coz˛/.

Proof. Obviously,Q � M I . We must show thatM I � Q. Suppose ˇ 2 M I

and n 2 N. Since, by Lemma 5.1, OI D M I � M I , there is an element 
n in OI

with j
n � ˇj � 1

n
. Since 
n 2 OI ,

coz 
n 2 I D
_

˛2Q

rL.coz˛/ D
D

[

˛2Q

rL.coz˛/
E

:

In consequence, there exist ai 2 r.coz˛i /, i D 1; 2; : : : ; m, such that coz 
n �
Wm
iD1 ai and ˛1; ˛2; : : : ; ˛m 2 Q. Since, for every 1 � i � m

ai 2 rL.coz˛i / D ¹x 2 L j x �� coz˛iº;

we have ai �� coz˛i , and hence

coz 
n �

m
_

iD1

ai ��

m
_

iD1

coz˛i D coz
�

m
X

iD1

˛2i

�

which implies that coz 
n �� coz
�

Pm
iD1 ˛

2
i

�

. Now, Proposition 4.1 shows that 
n
is a multiple of

Pm
iD1 ˛

2
i 2 Q and so 
n 2 Q. We can therefore conclude that

ˇ 2 xQ D Q. Consequently,M I � Q and the proof is completed. �

Recall form [18] that an ideal of RL is an intersection of maximal ideals if and
only if it is of the form M I , for some I 2 ˇL. The combination of this fact with
foregoing proposition yields the following corollary.

Corollary 5.9. Every closed ideal inRL is an intersection of maximal ideals.
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