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On a fractional nonlinear equation
on a bounded domain of R"
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ABSTRACT — We establish perturbation results for a Nirenberg type equation involving the
fractional Laplacian on a bounded domain of R”,n > 2. Our method is based on the
critical points at infinity theory of [6].
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1. Introduction

In this article we are interested in positive solutions of a fractional-Nirenberg
equation on a regular bounded domain of R*,n > 2. More precisely, we are
looking for a function u: 2 — R satisfying the following fractional nonlinear
equation:
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Asu:KuZi_%;’
(D u>0 in Q,
u=20 on 092.

where K:Q — R is a given function and with A5, s € (0, 1) is the fractional
Laplace operator defined by using the spectrum of the Laplace operator (—A) in
Q with zero Dirichlet boundary condition.

Recently, nonlinear equations involving A have attracted a great attention of
several researchers since they appear in concrete applications in various scientific
fields, see for example [21] and the references therein. The nonlocal property of
A produces mathematical difficulties and many challenging to handle. Many tra-
ditional methods on local operators are not inherited or are only partially satisfied
by the fractional order operators. To unlock this difficulty, Caffarelli-Silvestre [12],
introduced the so-called “extension method” which makes a non local problem
into local one in one more dimension. In this way, the classical approaches for lo-
cal differential operators can be applied to the extended problems. This extension
method has been applied successfully by several researchers to obtain interesting
results on problems involving A;. See [2], [3], [11], [17], [18], and [29].

Equation (1) has a variational structure with specific analytic difficulties. In-
deed, due to the presence of the critical exponent, the assocaited variational prob-
lem fails to satisfy the Palais—Smale condition. This prevents to apply the standard
variational methods to solve (1). Although some results were established on (1),
see for example [29] and [3], the question of finding conditions on the domain
and the function K to obtain existence or non existence results remained open.

In the present article we prove a perturbation result for the problem (1) under
the so-called “B-flatness” condition. Such a result was established in [14] and [4]
for the prescribed fractional Q-curvature problem on the standard sphere $”,
n > 2, under the hypothesis that the flatness order 8 of the prescribed function K
lies in (1, n). The method of [14] hinges on the perturbed method of Ambrosetti,
Garcia Azorero, and Peral [5], and the method of [4] relies on the theory of critical
points at infinity of A. Bahri [6]. The main advantage of this paper is the extension
of the result of [14] and [4] for functions K satisfying the “f-flatness” condition
with flatness order varies in the entire interval (1, 00).

Throughout this paper, we assume the following.

(f)p Kisofclass C!on Q and around each of its critical point y, K is expanded
as follow:

K(x) = K() + Y bil(x = y)el? + R(x — y),
k=1
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where § = B(y) is the flatness order of K at y, by = bx(y) € R\ {0}, for
allk =1...,n, with

> bi(y) #0. if B(y) <n—2s,
k=1
D be(y) —coK()H(y,y) #0, if B(y) =n—2s,
k=1
and
B .
YIVR@)ZVF =0(1). as|Z|small.
j=0
Here

_ n—2s |x|2 )_1
%_/a+m (/" a+HWH“

and H (., .) is the regular part of the Green function associated to Ay, see [3],
Section 3.

(b) For all x € 02,
oK
W(x) <0,
where N denotes the unit outward normal vector on 9€2.

Let us set

€%, 5, = {1 € Q:VK() =0.5() <n—2sand = Y bi(y) > 0},

k=1
ejz——2s = {y € Q:VK(y) =0,8(y) =n—2s and
n
= Y bk) + K H(y. y) > 0},
k=1
and
ei_n 25 — {)/ € QVK()/) = O}

In the following, we denote x(£2) the Euler—Poincaré characteristic of &2 and we
denote C* := %, uCH , UGt . Weshall prove the following perturbation
theorem.
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TueoreMm 1.1. Let K:Q — R be a positive function satisfying (b) and ( f) B
with B € (1,00). If
D=0 £ x(@),

yeet

then (1) has s solution provided | K — 1| poo(q) is small.
Herei(y) = {bx(y).1 <k <n, s. 1, bp(y) <0}.

In view of the result of Theorem 1.1, a natural question arises: what is the
situation where the above sum is equal to y(€2) and a partial one (on some critical
points of €*) is not equal to x(£2)? under which assumptions can one use such an
information to obtain existence theorems? In the following we give an answer to
these questions.

TueorREM 1.2. Assume that Q is a contractible bounded domain and K is a
positive function satisfying (b) and (f)g with B € (1, 00). If there exist an integer
£ such that

6))] n—1i(y)#4€ forally e@",
asd
(if) D (T g,
y€€+
n—i(y)<é-1

then (1) has a solution provided | K — 1| poo(q) is small.

We point out that the main contribution of Theorem 1.2 addresses the case
where the sum in Theorem 1.1 (on all critical points of K in C1) equals y(£2) but
a partial one is different from y(2) (1 if Q2 is contractible). The main issue being
the possibility of using such information to prove existence of solution.

Concerning some situations where the result of Theorem 1.2 gives solutions
to (1) without using the hypothesis of Theorem 1.1, we consider for example
the case of Morse functions K having two maximum values at yy and y; in Q.
Therefore, 7(yo) = 7(y1) = n, since for i = 0, 1, we have b (y;) < 0, for all
k = 1,...,n.If all the other critical points y of K are of index i(y) < n — 2, then
the conditions (i) and (ii) of Theorem 1.2 are satisfied for £ = 1. Observe that we
can obtain solutions of (1) in this situation independently of the value of the sum
in Theorem 1.1 on all elements of €.
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Our proof relies on the theory of critical points at infinity of Bahri [6].
Throughout a careful analysis of the loss of compactness, we identify the critical
points at infinity of the associated variational structure. We then use topological ar-
guments to prove our results. To prove Theorem 1.1, we deform the level sets of the
Euler-Lagrange functional J by using the flow lines of a suitable pseudo-gradient
(see Proposition 3.6). If we assume that (1) has no solution, the topological differ-
ence between these level sets will be given by the topological contribution of all
critical points at infinity in CT. Therefore, by Lemma 4.1, this topology equals the
one of 2. This achieves a contradiction. In the proof of Theorem 1.2 we apply the
deformation Lemma on a contraction ®(Y ) of ¥ ,°; a set defined by using some
critical points in €*. In order to avoid the critical points at infinity of p-masses,
p > 2, we need to perform such a contraction below a certain level of J. For
this, we need to assume that the domain €2 is contractible. Therefore, the question
related to extend the result of Theorem 1.2 to any bounded domain remains open.

We point out that the result of Theorem 1.1 may be seen as the extension of the
result of [26] on the classical local Yamabe-type problem (the case of s = 1) to
the fractional setting.

Before concluding this section, we would like to mention that the fractional
Nirenberg problem was first studied when the fractional Laplacian is defined as in
a different way; for all x € R”

(=A)’u(x) = %C(n,s)/ 2u(x) — u(|xz|—:+zz)s— u(x —z) i
R”

where | ) )
— cos(xg -
c(n,s) = (/ de) .
]Rn

A detailed list of similarities and differences between operators Ay and (—A)*
is available in Section 2.3 of the lecture notes [1]. See also [22], [24], and [25].

In the next section, we recall the general variational framework involving the
local equivalent equation of (1). In Section 3, we state some useful estimates
to identify the critical points at infinity of one mass and in Section 4 we prove
theorems 1.1 and 1.2.

2. Some preliminaries

In this section we recall some preliminary results. First we state the local equiva-
lent problem to (1). Let C = Q x [0, co) be the half cylinder with base €2 and

CE(C) :={v e C®(C),s.t. v=00nd.C},
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where 01, C := dQ x [0, 0o0). Following [12] and [11], we know that for any u in
the fractional Sobolev space H{(£2), there exists a unique s-harmonic function
denoted s — h(u) in the Sobolev space H; (C) defined by the closure of Cj7 (C)
with respect to the norm

v|* = /l1_25|Vv|2dxdt,
C

satisfying the equation

div(t'™2*Vv) =0 inC,
v=20 on d7,C := 9 x [0, 00),
v=u on  x {0},

It follows that A; is expressed as
u € Hy(Q) > As(u) = 95(s — h(u))/ax{o}

where v denotes the unit outward normal vector to C on Q x {0} and

(s — h(u))
t

Sio - _ .
(s = h)(x,0) = ¢ lim 1=—

(x,1).

Here

. I'(s)
Cyg = m

Therefore under appropriate regularity assumptions, amap u: 2 — R solves (1)
if and only if the s-harmonic extension of u; s — i (u) solves

div(t!™>Vv) =0 inC,
v>0 in C,
v=0 on d;.C,

n+2s

0% (v) = K(x)vn=2s on Q x {0}.

2)

For further details, we refer to [10], [13], [27], and [30].
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Equation (2) has a variational nature. The functional is

J) = ul?

. u € K\ {0).

( / K(x)u(x, O)%dx)
Q

Here
H = {ue Hi (C):div(t'*Vu) = 0in C}

and
|u|? :cs_I/Bf,u(x,O)u(x,O)dx = /t1_2s|Vu|2dxdt.
Qx{0} c

The solution of (2) can be constructed as a critical point of J in

St={ueHu>0,ul= cs_l/z},
2n
o n—2s
H — L7n-2(R2) is just continuous and not compact. Therefore the functional
J fails to satisfies the Palais—Smale condition. The failure of the Palais—Smale
condition can be characterized along the ideas introduced in [28], [6], and [7] as
follows. For a € €, A > 0 and a suitable choice of a positive constant y = y(s, n),

the function

see [3]. The exponent

is critical in the sense that the Sobolev trace embedding

n—2s

—_ , eR”
1+A2|x—a|2) *

S@n(x) = V(
solves the equation

As(u) = u%, u>0inR" and lim u(x) =0.
|x|—>00

See [15], [19], and [20]. Let S(a, 1) be the s-harmonic extension of §(, ). It satisfies

div(t' "2V ) =0 in R,
(3) n+2s

By =853 on R” x {0}.

Let P8, ) be the unique solution in H, (C) of

div(t'=2Vv) =0 inC,

4) v=20 on 0;,C,
nt2s
B = 8(’;’_;)5 on Q x {0}.



8 K. Sharaf

For ¢ > 0 and p € IN* we set

V(p,e):= {u € % there existay, ..., a, € Q,
ll,...,)&p >8_1,
at,...,op >0,

p
such that ‘u — Za,-PS(ai,,xi)‘ <e¢
i=1

with A;d(a;, 992) > &7,
_4s n
o/ K(a;))J ()™= — 1] <¢
for all i # j}.

Here

)L . A/ _ n—22s
gjj 1= (A—;+A—'i+li1j|ai—a‘j|2) .

ProposITION 2.1. Assume that J has no critical point in 7. Let (uy)x be a
sequence in £ such that J is bounded and 3J (uy) tends to zero, then there exist
p € IN*, a positive sequence (gx)r — 0 and an extracted subsequence (uy, ), of
(ux )k such that ug, € V(p,eg,), forallr € IN.

For p € N* & > 0 small enough and u € V(p,¢), we introduce the
minimization problem

p
min {|u = 3" o P8, 2| @i € 2.2 > 0.0 > 0foralli =1, p}.

i=1

ProrosiTion 2.2. For p € IN*, ¢ > 0 small enough, the above minimization
problem has a unique solution (&, A, a). Setting

p
v=u-— Z&ipg(ﬁi,/_\i)’

i=1

then v satisfies

8P8(ﬁt ail) aI)(g(al sil) l
811' ’ 8al~ ’

Here (-,-) denotes the inner product in H associated to the norm | - | defined by

(Vo) (v.9) =0 forge{Pdg, ;. =1.....p).

(u,v) = cS_I/af,u(x,O)v(x,O)dx.
Qx{0}
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The proof of Proposition 2.2 follows the similar argument of ([7], Appen-
dix A).

We state now the definition of a critical point at infinity.

DeriniTION 2.3. ([6]) A critical point at infinity of J in T is a limit of a
flow line u(¢) of the equation u(¢) = —dJ(u(¢)) which remains in V(p, £(¢)), for
all t > ty. Here to is a time depending on the initial condition #(0) and &(¢) is a
positive function tending to zero. Using the parametrization of Propositions 2.2,
u(t) can be written as

p
u(t) = Y aiP8, 1y 2;) + 0O,
i=1

Letting

o = lim o;(f) and y; = lim a;(?),
t—>—+o00 t—>+00

then
p ~
ZaiPSyi,oo or (yls---y.yp)OO
i=1

denotes a such critical point at infinity.

Notice that our used topological arguments to prove Theorems 1.1 and 1.2 avoid
the critical points at infinity of two masses and more. Thus, our next construction
and analysis will be performed only in V (1, ¢); a small neighborhood of the critical
points at infinity of J of one mass.

3. Useful estimates—critical points at infinity

We start this section by expanding the functional J and its gradient in the potential
set V(1,¢e).

ProposrTION 3.1. Foru = aPS(a,A) +veV(,e),

~2s/n

S H(a, 2 ~nt2s
J(u) = ﬁ[ CTZ ia_;;) — = KPS(';_)%)S vdx
K(a) n S A aK(a)SQ ’
1 , h+2s 1 s,
+m(|v| Py K(a)/KPS(a,A)U dx)]
Q

+0(3) +o(zgys) + e
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~ dx dx

S— | - ud o= |
/ I+ ppyr M@ / ng2s
R” R”

In the next we denote

where

n 2s
aK(a)S KP(S(a ) vdx,
Q

f) =

2 2(n+2s) 1 A5,
O(,v)=|v|” - ( ) K(a)/KPS(“ Y dx.

Proor or Proprosrtion 3.1. Foru = ong(a,;L) +velV(,e),

|u|? N
J(u) n—2s Dn—2s
( Ku%)

Q
Using the fact that v satisfies (Vp), we have that
5) N@) = | PS> + v]*.
We claim

~ H(a,a) 1
(6) Poanl® =S -5 +"(W)'
Indeed,

nZS

|Péanl® = [ 852 Péanydx
n 2? -
/5('; f)Y dx + (a /l) (P8(a 1) — 8(a,1))dx.

Using the fact that

_;HC.a)

~ 1
P8(a,/1) 8(61 A) = ALZZS + O(A"+2de 2s+2)




On a fractional nonlinear equation 11

see [3], we get for n > 0 small enough

nZS

B(a,n)
1 n %s
O(W / |)C —a|8(a ) dX)
R?

o(— Vio(—1  [s5y
+ (Andn—Zs) + A”'ZZS dnt2s—2 @) ¢

Rn

B L CILO N e
|P3unl? = / ST dx - / Sidx

A direct computation shows that

/S(Zlf)sdx = /S&f)sdx-i- O((A;)"> =5+ 0((;1)”),

Q R”
~n+2s 1 co 1
§1=25 dx = 8" 2Ya’x—I—O( )= —i—O(—),
@4) @) A A 2B
B(a,n) R”
/| _alfr Ry = 0(;)
(a,A) An—22s+2 :

Rn
Hence our claim follows. Therefore

¢ H(a,a) 1 1
N(u)—(x |:1—§ - e +ﬁ|v|2+0<7(kd)n_zs)j|'

Now we compute D7 7. Observe that

~ n 2 ~ n42s
- / K(@P8g) ™55 dx + —”2 / K(@P84.2) 72 vdx
n—=41s§
Q Q

2 . I
nin +25) / K(@P8(a2) ™5 v2dx + O(|v|™C75).
(n —2s)2 ’

Q
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Using the same computation of the proof of 6, we have
/ K(@P8a) 755 dx

Q
2n 2n K(a)H(a,a) 1
= qn— 2s|:/K(x)8(a /%) dx—n_zsCZ )Ln—ZS +0((Ad)n—2s)j|

— i |:K(a)§ + 0(%) — inzscz K(a;ffgf’a) + 0<(Ad)1n—2s>:|

) anzﬂzxK(a)g[l g + o) +o(Gayps 2)]

Therefore,

2n ~ 2n H(a,a) 1
D = qn-2 K(a)S[l_n—ZsC Sn2s + O( )+0((Ad)” 2s)
2 1 n+2s
" ~/KP5(’; f)s vdx
n—ZSOtK(a)SQ

n(n + 2s) 1 / ~ 4 o
— | K(PS )" 25v7dx
1 =25 @ K(@)3 / (Pd@,n)

+ 0(|U |min(3,rli"2S)):|'

It follows that

n—2s n—2s n s H y 2 ~n42s
D ”2 = (sz(a) - ”2 |:1 — 2C2 = (a a) + = KPS(Z f)Y vdx
SAn—2s oeK(a)S

n+2s
n—2s (sz(a)S

+0(%)+0((Ad)%)

+ 0(|v|min<3’n3"zs>)]

/K(PS(QA))” 5 v2dx

This finishes the proof of Proposition 3.1.
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Next, we expand the gradient of J at Am and %%ﬁ” where ay is the

k™ component of a.

Proposition 3.2. Foranyu = oP S(a, 1 € V(1,¢), we have the following three
expansions

@) <8J(u) Aapgf”> —(n— 25)62052-](”) Aia;:)"i_ ( )+0(()Ld)1” 2s)

Furthermore, if a is close to a critical point y of K, then

dP3, a,
<8J(u) A ( /1)> (n —2S)C20£2J(u)6
(ii) I 1 |
+ 0(la = y1°) +o( 555) + 0<W)’
where )
> be(y)
C1 k=1 _
K@) B0 ifB(y) <n—2s,
o= > be(y)
T ifB() =n—2s
a2 K(a) (PO ;
H(y,y) ,
2 3n-as if B(y) > n —2s,
and
dP3, a, ’
(700,02 5@) = 1 25100020 1LY
[min(r,8)] la — y|ﬁ_i
" +o( X =)
i=2
1 1
+0 (g ) + (=)
Here

|x|? — dx
I f——————  and cz=/—H
/ (1+ IXIZ)”+1 g (LX) =
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Proor. Letu = ozPS(a,,l) € V(1,¢e). We have

IPs a,
<3J (), oA a(x M)
. PS5
= 2J(u)|:0(2<P8(a,,1),)L a(A ’A)>

n n n+2s 8P8~
_a# J(u)m K(X)Pg(’; f)YA a;:l,/l) d.X]

Q

Using the fact that J(u)ﬁa%K(a) =1+ o0(1), we get

3P8(a,1)
<‘” (@) e == >
. aPs
:2J(u)a2|:<P8(a,,1),)L aXM)>

aPS(M)
K PS” 2s = d
"X )/ I R P

3P5a)L
/K(x)Pa(';j; a; ) dx D

o

(P e2)

’:l+2§ aPS(a,A)
/ S At

Observe that

a nt2s 0 P, 3984
/8n ZYA (A)d + 8n 2?( (,A)—)L (’A))dx.

@) (@) A A
Q
Using the fact that
1428 35(a 2 (a 2) 1
n—2s n 2v
J Sieiy dx Rn[j(a 3 dx ((Ad)")’

and

3P(§(a 2) 3S(a 2) n—2s_H(.,a) 1
£l _A’ k) —
oA oA 2 C)L"_TZS + (A”“de 2s+2)
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(see [3]), we get by expanding H (-, a) around a:

3P<§(a,,1)> n—2s H(a,a) ( 1 );

<P SanA—53 2 2=z T\ gy

3P8 A A
/ KO0 PR3 A= = / kit i,

H(a,a)

+ (n —2s)cyK(a) Tn2s

+0((Ad)%>'

It remains only to compute

a,A
I _/K( )8(’;;; ( )d

Since K is of class C'!, we expand K in a small neighborhood B(a, n). We obtain

125 3§ 35
I =K@ |8 5A é‘;” dx + / Dk(a)(x — a)a(’; f;k é‘;” dx
B(a,n) B(a,n)
~nt2s 88(a ) 1
_ n—2s
+0(/|x gy A dx ) + (()Ld)")'
Rn

A direct computation shows that

82+§YA85(aA)( ) n—2s n 1—)L2|x—a|2
(a,A) 2 (14 A2|x —a?)n+1”

Therefore by an argument of symmetry, we have

n42s aSa/X
7) / DK (x)(x — a)8; ;; (,(M)d
B(a,n)
n£2 38(a,1)
(8) /S(af)k 2 dx
IR)’!
Hence

I'= 0(%) + O((Acll)")'

The proof of the estimate (i) follows.
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If a is near a critical point y of K, we have under ( /') g-condition,

35a,)n
1= /(K(y)+Zbu(x—ymﬂ)a(zf; ) g

B(a.n)
35 1
Bsn 2s (a,4)
+of /| VPSE A . dx)+0((kd)n).
B(a,n)
Using (8) and a change of variables z = A(x — a), we obtain
n b 1—|z|?
1= Ala — Ll S
k=1 Bmxm

8 |Z|| ) Y. 1
—i—o(kﬂ /| | (1+| T ppds) +olla—y) )+0((M)n)

n—2s |z
SIS [ s 1 o )

k=1 B(Ozln)
B — |z 1
+"(M3 /' | <1+| ) + O(gay)
1 .
O()Tn) if B > n,
log A -
=0(|a—y|ﬁ)+0((kd)n)+ o(57) itp=n.
-2 " b
—%clzk—’; if B <n.
k=1

This finishes the proof of the second expansion (ii).

To get the estimate (iii), we expend K around the concentration point a as
follows:
[min(r,8)]
D'K -
K(x) = K(a) + Z (a)(x ) + O(|x — a|m1n(n,ﬂ))‘
i=1

Setting z = A(x — a),

T P . G /DiK(a)(z)i lEl
(1 + | |2)n+1 P\ (1 + |Z|2)n+1
B(0,A7) =1 B(0,n)

+0(35) + 0 s )
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Using the fact that

[ *0 s = o)

B(0,An)
—|z|?

/DK(a)(z)l—dz =0,

(1+ |Z|2)n+1
B(0,An)

and under ( f)g-condition, D'K(a) = O(|la — y|#~"), the estimate (iii) follows.
The proof of Proposition 3.2 is thereby completed. |

ProrosiTion 3.3. Letu = aPS(a,A) e V(1,¢e). We have

e 5552

(i) 9K 0H (a,a)
— o2 dag (@) dax 1 o
= —2a"J(u) (C3 K(a)A C2An+1—2s) T 0()&) + 0(()&0’)""'1_2‘9)’

Moreover, if a is close to a critical point y of K, we have

P
(1900, £ 20008 - 202 s 25 psianta — ol el
[min(r,B)] —j
i la — y|P~7
co("E e
Jj=2
1 1
+ O(Amin(n,ﬁ)) + O(An+1—2s)'
Furthermore, if B(y) <n + 1 and Ala — y| is bounded, we have
o 3P5a 2
@”)X day >
by 1 Zk
(iii) = —a?J(u)(n — 2S)mﬁ / |z + Ala — J’)k|ﬂWdz
IRVI

to ()Llﬂ) + O(ﬁ)'

23)/ T

Here
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Proor. We argue as in the proof of Proposition 3.2. The proof of Proposi-
tion 3.3 follows from the computation of

138
I ::/K(x)a('; 5T 8(" D gx.

Since K is of class C1, we have

198 A
I = /DK(a)(x— )8(;; *2;1 8‘“ ) dx
B(a,n)
1 85(41 A) 1
_ n Zs
+0(/|x a|5w)A o +0((M)n).
IR)’!
By elementary computation, we have

UES T 88(a ) A (x —a)
n—2s

@h % aa, =T BT e —apy

Setting z = A(x — a), we have
|2k |? 1 1
( ) /(1+| 2yt Z+0(1)+0<(Ad)")'

The first estimate of the proposition follows.
Now, if a is close to a critical point y of K, by an expansion of K around a,
we have

DK (a)(z)zk
L) v lepy

[mm(n 193] 1
|D"K(a)||z|"* 1
+ O( Z F (1 + |z]2)r+1 dz | + O(Amin(n,ﬂ))'
]Rn

r=2

1—(n—2)

Observe that under ( ) g-condition, we have
|ID"K(a)| = O(la — y|B™"), forallr =1,...,[min(n, B)],

and ;
—K(a) — b sign (@ — )l — yelf~" + o(la — yP).
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Hence
B—1
. a -
I = bifes sign (@ — T2
[min(n,B8)] — -1
la — y|B—" 1 la —y|P
+0( X; — )+ 0<Amin(n,ﬁ)> +of P )
r=

The second estimate follows.
Now if B <n + 1 and A|a — y| is bounded, then

b 1 1
I=(@n _2S))&_]; / G+ A=yl Ty |sz|2)"+le + O(—(Ad)") + o(ﬁ).
]Rn

This completes the proof of Proposition 3.3. |

The following proposition deals with the v-part. It gets rid of the contribution
of v with respect to the concentration phenomenon.

ProrosiTioN 3.4. Let u = an(a,;L) € V(1,¢). The following minimization
problem

min{J(u 4+ v), v € H satisfying (Vo)}

has a unique solution denoted v = v(a, a, A). In addition, there exists a change of
variables v — v — V such that

J(OtPg(a,)L) +v) = J(OtPg(a,)L) +0) + |V

Moreover,
(Ad)—"#’ if n > 6s,
o] < M('Vli(“)| + %ﬁ + Anl/z) + M %, ifn = 6s.
()Ld)%’ ifn < 6s.

Proor. Using a similar argument of [6], the quadratic form Q (v, v) defined in
Proposition 3.1 is definite and positive. Therefore, the above minimization problem
has a unique solution v which satisfies |[v| < M| f|. Here f is the linear form
defined in Proposition 3.1.
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Forallv e F := {v € H satisfying (V4)}, we have

fw) = - ( /K(x)PS(” f)yvdx —I—/K(x)PS(‘ f;vdx)

K(a)§
( ) Q\B(a.d)
Observe that by Holder inequality,
+2s 1
/K(x)PS” 25 vdx <M|v|w.
(Ad) =2

Q\B(a,d)
In order to compute

I: /K(x)PS(” f;vdx
B(a,d)

we distinguish two cases

Case l:a € (Uyg(y)=0 By, p))°. In this case, by an expansion of K at the
first order around a, we obtain

+2s

n+2s
I —K(a)/PS” =28 vdx—i—/VK(a)(x a)PS(’; f)svdx
B(a,d) B(a,d)

+0(/|x a|P8(’;f)S|v|dx)

By Holder inequality and elementary computation, we have

1
O(W) ifn < 6S,
log(Ad)3\ |
9 ‘ /PS(’L‘I f; vdx| < M|v| 0((5;)#)/3) if n = 6s,
B(a.,d) |
O ————— if n > 6s.
<(Ad)n+2s>
Therefore,
1
O<W> ifn < 6S,
IVK(a)] log(Ad)3\ .
|I|SM|U|f+M|U| O<W) lfl’l—6S,
1
O<W> lfl’l > 6s.
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Case 2: a € B(y,p) with VK(y) = 0. In this case, we use the (f)g-expan-
sion, we obtain

~nh+2s ﬂ
I = K(y)/ 5(’; W vdx + Zbk / [(x — )kl PS("’I f)vvdx
B(a.n)CB(y.p) k=1 B

+ 0( / Ix — a|ﬂP8(’; ;; |v|dx)
B(a,n)

Using (9) and elementary computations, we find

1 .
O<W) ifn < 6S,
1 1 logAd)3\ ..
|I|<M|v|( Wz)+M|v| O(W) if n = 6s,
1
o0 ﬁ if n > 6s.
This completes the proof of Proposition 3.4. |

We end this section by characterizing the critical points at infinity of J in
V(l,e).

THeOREM 3.5. Under the assumptions (b) and (f)g, B € (1,00), the critical
points at infinity of J in V(1,¢) are

(Voo = —PS(y ). ¥ € CT.
K(y) 7

The index of (¥)oo iS 1 (¥)oo =1 —1(¥).

To prove Theorem 3.5, we introduce the following proposition which describes
the loss of compactness and the concentration phenomenon of the problem in
V(l,e)

ProvrosiTioN 3.6. Under the assumptions of Theorem 3.5, there exist a bounded
pseudo-gradient W of J and a positive constant ¢ such that foranyu = oP 8 3) €
V(1,¢), we have

(|VK(a)| 1 1 )

(i) (3](1,{) W( )) A An—2s + ()&d)"+1_2s ’
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)
(0 + 0), W) + 5= (W)

(ii) <—c(|VK(a)|+ 1 N 1 )

- A An—2s ()Ld)n+1—2s ’

(iii) the distance d(t) = d(a(t), 02) increases if it is small enough.
(iv) the only case where A(t) increases and goes to +oo is when a(t) converges

to a critical point in %,

Proor. Under the assumption (b), there exists dy > 0 small enough such that
for any a € Q with d(a, 0R2) < dy, we have

oK
N,

where N, is the unit outward normal vector at a of

(a) < —c,

I 1= {x € Q,d(x, Q) = d(a, IQ)}.

Foru = aPS(a,A) € V(1, ¢), we distinguish three cases.

Casel: d(a, d2) < dy. In this case, we move the point a inward of the domain
Q with respect to the equation

) Ng
a=—:
A
The associated vector field is
190P$§
Wi(u) = —a—MNa.

A da

Using the first expansion of Proposition 3.3, we have

(0 (u), Wi (u))
2 0K a 0H (a,a)

o _u( ) a 1 1

Using the assumption (b) and the fact that

=2

dH (a,a) 1
IN, d(a,dQ)n—2s+1’
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see the corresponding statement [23], we get

1 ) S_C(|VK(a)| 1 1 )

1
(0J (u), W1 (u)) < _C< 2 An—2s + (Ad)n—2s+1

X+ (Ad)n—2s+1

Thus W, satisfies the conditions (i), (iii), and (iv). Concerning (ii), it follows
from (i) and the estimate of |v| given in Proposition 3.4.

Let yo be a positive constant such that if |VK(a)| < yo then there exists
a critical point y of K such that @ € B(y, p) a neighborhood of y where the
(f)p-expansion is valid.

Casg 2: d(a,02) > do aNDp |VK(a)| > yo. In this case, we move the
concentration point @ according the equation

The corresponding vector field is
oP S(a, ) i
da

It satisfies the first expansion of Proposition 3.3,

Wr(u) =«

(0J(u), Wa(u)) = =2

o? IVK(a) 1
K(a) J()es A +0 ()Ln—zs—H )

<< _C&

- A
(|VK(a)| 1 1 )

A An—Zs + (Ad)n—?,s-l—l

<-—c

Therefore W, satisfies the requirements of Proposition 3.6.

Case3:d(a,dR2) > dy AND |[VK(a)| < yo. Inthis case, there exists y a critical
point y of K such that a € B(y, p). The construction of the required pseudo-
gradient in this region depends on the value of the S-flatness order B(y). We
distinguish three subcases.

SuBcaske 3.1: B = B(y) > n — 2s. We increase the concentration A according
the equation A = A if a is very close to y or we move each component ay of the
concentration point @ according to

_ by sign (a—y)g
k= 3 :
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Let n > 0 small enough and ¢ be a cut-off function such that p(z) = 1if |t| < n
and p(t) = 0 if |¢| > 2n. We set

3P(§(a 2
— =
oA

+ (=)W a — y|f~ I)Z

W) = A" a — y|f

opP 5(a )L)

We claim that

c<|VK(a)|+ 1 )

(10) (0 (), W ) = —c(—— + 77755 )

Indeed, if A"~2571|a — y|A~! < 27, we use the third expansion of Proposition 3.2.
Observe that for any i = 2, ..., [min(n, 8)], we have

la — y|?~
Ai

= O(Anl—zs) as A — +o0,

since

_ B L
(0 L ReL—
A 3 b (B—(1=25))

Moreover,
1 _ 1 5
Amin(z,8) O(An—h) as A —> +00,

since B > n — 2s. Using the fact that H (-, -) is positive, we obtain from the third
expansion of Proposition 3.2

apj(;,m% —c <_C(|VK(a)| 1 )

<8J(u)’a — )\n—2s — A An—2s )’

since |VK(a)| ~ |a — y|P~L.
Now if A7~25=1|a—y|B~1 > 5, we use the second expansion of Proposition 3.3.

Observe that for any i = 2,..., [min(n, 8)],
_ y|B—i _ 41B-1
since . .
la — y|B~ A - (l)fg:ll 1
Al la —y|A=1 — \y A G=Da-25EE
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In addition,
yp!

1 |
A min(n,B) = 0( A

— y|B1
Anl—zs:0(|a )JL)| )

Therefore, by the second expansion of Proposition 3.3 we get

{auu),ia%i%k%_cm < (TE@l, Ly
k=1

) as A — +oo,

since

- A — A An—2s :

Hence (10) follows and the requirements of Proposition 3.6 hold for W'
SuBcase 3.2: f = B(y) =n —2s. Let

b= (= X bk0) + K0 H . 7))

k=1
and let
aPs 2
W) = pr(Ala - y|)a$x
el +A@ = pl? | 19PS
b a(hla sl Y [ HEELHECIE L I
k=1

19P§
+3(Aa — yDe Zbk sign (@ — Y)i)g ﬂ

k=1

Here ¢1, ¢» and @3 are three cut-off functions such that ¢;(¢) = 1if |¢] < 7,
@1(t) = 0if |[t| = 21, @a(t) = 1if2np <t < %,<p2(z) =0ifr € (—oo0, n)U(%,oo),
e3(t) = 1ift > % and ¢3(¢) = 0ift < %.We claim that

IVK@]| | 1
(11) (00 (u), W2)) < —c( = + AHS).
Indeed, if Aja — y| < 27, by the second expansion of Proposition 3.2, then
8P(§(a,,1) .
<3J(u),a I )L>

n

-1 2 1_
(_ bk + C2Cq K(G)H(y, y)) An—2s
k=1

< —(n—28)a>J(u) Kc(la

)
+ 0(a - yI") + o
a y 0 An—2s '
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Recall that under (/) g-condition we have,

— Y bk +coK(@H(y,y) #0,
k=1

where ¢o = cacy!. Thus,

+ O(la — y|"™*).

8P(§(a,,1) > < c

<3J(u),a I A ESTET

Using the fact that

1
la —y|"™2 = 0<W>’ as 1 small,

we get
P8 (a2 : —c IVK(a)| 1
<8J(M),Ola—)tl> < W < —C( 1 + )Ln—ZS)'
Now if n < Ala — y| < %, we use the third expansion of Proposition 3.3.
We have
" -
x|k + Ma—y)ilP | 10P8
8J(u),aZbk/ ————dx-—%
< =7 TRy X o
<__° Xk, + Ala — y) |BLd 2_|_ (L)
-  \n—2s Xka 4= Y)ka (1 + |x|2)n+1 X 0 An—2s )’
Rn

Here k, is the index such that |(a — y)i,| = maxj<k<n [(@ — ¥)k|-
Using the fact that n < A|la — y|, we derive

Xk, 2
(f 1o+ 20 =300 P ) = e > 0.
Rn

Hence

. xilxe + A —y)el® | 19P3(
3J (u). o Zbk/ ————dx——%
< o g AFRP A day

C
< -
- An—2s

< (|VK(a)|+ 1 )

=—¢ A An—2s
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IfAla—y| > l, by the second expansion of Proposition 3.3. We have
1 3P5 A
(07). Z bisign((@ — y)i)g =522
2|(a_)/)k|ﬂ ' ja —yIf 1
CZb +0(X;T)+0(rﬂ)-
iI=

Using the fact that

la—ylf=  rla—ylf7!
T = O(T), as n Small,
1 la—ylf!
A_ﬂ = O(T), as n Small,

we get

18P8(a,1)> C|a—y|ﬂ_1
- A

<_ (IWi(a)I +Aﬂ)

Hence (11) follows and W7 satisfies the requirements of Proposition 3.6.

<8J(u) o Z by sign((a — y)x)

k=1

SuBcase 3.3: 8 = B(y) € (1,n —2s). Let

:<—ébk)k

and let
) T
W) = p1(hla - yDa agf —
xplxx + A= y)el® | 19P3(,
Ala — b dx— ’
+ ¢2(Aa yl)az k/ TR T g
i
18P5a,1
+ga(ila =yl . b signi(a— DT

k=1
where @1, @2, and ¢3 are cut-off functions defined in the second subcase. We have

VK
(07 (). W3 () < — (' A(a” + Aﬁ)
(12) |VK(a)| 1

C( )L + An—2s>.

< —
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The proof of (12) proceed exactly as the one of the second subcase. Therefore W,
satisfies the conditions of Proposition 3.6.

The required pseudo-gradient W in V (1, €) is defined by convex combinations
of all above vector fields. This completes the proof of Proposition 3.6. |

Proor oF THEOREM 3.5. Following the construction of Proposition 3.6, we
observe that the only region where the concentrations A(¢) increase only the flow
lines of W are those where the points a(¢) converge to a critical point y in C*. Thus
the critical points at infinity of J in V(1, ¢) are in one to one correspondence with
the elements of CT. Concerning the index of a critical point at infinity, it follows
from the expansion of J(aP 8, 1) + ) when a is close to y € €*. Arguing as in
the proof of Proposition 1 of [9], there is a change of variables

(@, L) — (a’, 1)
such that

~ _ S 1
J((XP(S(Q,),) + v) = W(l + 7Amin(,3,n—2s))'

Observe that under ( f) g-condition, the generalized Morse index of K at y equals
to7(y). Since by the above expansion J behaves near P(S(y o) as , theindex of J

at P8(y.00) €quals to n—7(y). The proof of Theorem 3.5 is thereby completed. [

4. Proof of the theorems

Let J; be the Euler-Lagrange functional associated to (1) for K = 1.

noy=— s qo)

="

S = / 8(’2 f)s dx.
It is easy to see that S is independent of @ and A and satisfies

S§2/m = inf Jy(u).

uex+

Let

For any ¢ € R, we denote
={uex, Ji(u) <c}.

We introduce the following two Lemmas.
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LemMma 4.1. For a > 0 small enough, J; §25/n4q and Q have the same type of
homotopy.

Proor. For any A > 0. By the expansion of Proposition 3.1, there exists
Ao >> 1 such that for any a € Q we have

Jl( P(E(HJO) ) < §2s/n + .
| P8a,r0)l

Therefore, the map
fl(): Q— J1§2s/n+a’

P8ang)

a — = .
|P8(a,20)

is well defined and continuous.
In order to prove that f}, is an homotopy equivalence, we first claim that there
exits ag > 0 small enough such that

(13) J1525/n 44y C V(1 8).

Indeed, we argue by contradiction. Assume that for any k € IN* there exits (uy)x
in J1525/n 1 such that ug & V(1, ¢). Therefore, (u ) is a minimizing sequence
and hence it satisfies limg_, 4o dJ1 (ur) = 0. The result of Proposition 2.1 shows
that (ug ) convergesin 7 to w satisfying J; (w) = inf,cx+ J1(u). This is absurd
since in [16] it is proved that inf,,.»+ J1 (1) in not achieved. Hence (13) is valid.

Using now the fact that for any u € V(1, ¢), u can be expressed uniquely as
u=abP S(a, ) + v, see Proposition 2.2, we define the projection

p:V(l,e) — Q,

U= aPS(a,A) +vrF—a.

Let R = p o where 11 Jig25/n i, <> V(l.€). R is continuous and satisfies
R o f;, = idg. This completes the proof of Lemma 4.1. |

LemMma 4.2. Let o > 0 small enough. There exits ¢ > 0 which depend on o
such that if | K — 1| oo (g =< € then

(14) J§2S/n+% C J1§2s/n+% - J§2s/n+3T0t-
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Proor. Letu € ¥1.m We have

J(u) = 1 n—2s
(/u% +/(K—1)u%)
Q Q
(15) = J1(u) _11 —
(o) )
Q Q
= Jiw) (1 + O(|K = 1| poo(i)))-
Hence Lemma 4.2 follows. O

We now state the proof of our existence theorems.

4.1 — Proof of Theorems 1.1

We argue by contradiction, we assume that J has no critical points in . Let
g > 0 such that $25/" 4 oy < (285)25/. Under the assumption that || K — 1 [P )
is small, all critical points at infinity of J of p masses, p > 2, are above the
level §25/" + g and all critical points at infinity of J of of one mass are below
§2s/n 4 "fTO. This is a consequence of the expansion of J; in V(p,¢), (see [3],
Proposition 3.1) and the estimate (15). Using this fact and the deformation theorem
of [8], we have
J§2s/n+“fTO = U Wau(¥) oo,
ye(i‘+

where >~ denotes retract by deformation and W,,(y)~ denotes the unstable mani-
fold of the critical point at infinity (y).o. Moreover,

J§2s/n+@ = J§2‘?/n+0€70-
Therefore, by Lemma 4.2 we obtain
(16) J1§2s/n+a70 ~ J§2s/n+OiTO-

It follows that
J1§2S/n+0‘70 =~ U Wu (y)oo
y€€+
Computing the Euler—Poincaré characteristic of each side, we get
11520y 00) = ) (1)),
y€€+

The result of Lemma 4.1 achieves the proof of Theorem 1.1.
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4.2 — Proof of Theorem 1.2

We argue by contradiction. We assume that J has no critical points in . Let

Ygoo = U Wu(y)oo'

ye(?+
n—i(y)<{—1

Y © is a stratified set of top dimension £ — 1. Without loss of generality, we may
assume that is of dimension £ — 1. Observe that, ¥ lies in Jg,,,, 4+ provided
|K — 1| o0 () is small. Using the fact that €2 is contractible, we derive from (16)
and Lemma 4.1 that J5,,,, 1% is a contractible set. Let ©(Y,>°) be a contraction
of dimension £ of Y;" in Jgas/n . We use the flow lines of (—dJ) to deform
©(Y?). By dimension argument, we may assume that the deformation of ®(Y )
avoids all the critical points at infinity of index larger than £. Thus

O) = [ J W (1)oo-
y€€+
n—i(y)<t

We use now the fact that n — i(y) # £, for any y € CT, we obtain

O®) = [ J W (1)oo-
ye(i‘+
n—i(y)<t—1

Therefore, by applying an Euler—Poincaré characteristic argument, we get

1= (-7

y€€+
n—i(y)<{—1

This contradict the assumption of Theorem 1.2. This completes the proof of
Theorem 1.2.
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