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SELF-PORTRAITS WITH EVARISTE GALOIS
(AND THE SHADOW OF CAMILLE JORDAN)

FREDERIC BRECHENMACHER

ApsTRACT. — This paper investigates the collections of 19th century texts in
which Evariste Galois’s works were referred to in connection to those of Camille
Jordan. Before the 1890s, when object-oriented disciplines developed, most
of the papers referring to Galois have underlying them three main networks of
texts. These groups of texts were revolving around the works of individuals: Kro-
necker, Klein, and Dickson. Even though they were mainly active for short peri-
ods of no more than a decade, the three networks were based in turn on specific
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references to the works of Galois that occurred in the course of the 19th cen-
tury. By questioning how mathematicians were portraying themselves and their
mathematics through their references to Galois, this paper therefore sheds new
light on some collective interpretations of Galois’s works. It especially high-
lights the important role played in the long term legacy of Galois by some prac-
tices of reduction modeled on the analytic representation of the decomposition of
linear substitutions into two forms of actions of cycles.

Complementary to the local study of these networks, the article proposes a
more global analysis. Galois’s works were often related to the problem of the
“classification and transformation” of the “irrationals.” Contrary to what has
become, in the 20th century, a commonplace of the historiography of algebra,
and distinct from the teaching of courses in Algébre supérieure, Galois’s works
were fitted into classifications of mathematical knowledge neither under the
heading of the theory of equations nor as part of the theory of substitutions.
For most of the 19th century, the problem of the irrationals involved elliptic
(or abelian) functions (and therefore complex analysis). The impossibility of
solving general algebraic equations of degree greater than four by radicals high-
lighted the necessity of characterizing the special nature of the irrational quan-
tities and functions defined by both algebraic and differential equations.

RisuME (Auto-portraits avec Evariste Galois (et 'ombre de Camille Jordan))

Cet article questionne les dimensions collectives des relations entre les tra-
vaux de Galois et Jordan au x1x°¢ siécle. Avant les années 1890 et le dévelop-
pement de disciplines centrées sur des objets, les références a Galois se répar-
tissaient majoritairement au sein de trois réseaux de textes centrés sur des tra-
vaux d’individus : Klein, Kronecker et Dickson. Bien que ces réseaux n’aient
été chacun essentiellement actif que sur le temps court d’une décennie, tous
s’appuyaient sur des références spécifiques a Galois qui impliquaient le temps
long du x1x¢ siécle. En envisageant de telles références comme des autopor-
traits de mathématiciens et de leurs mathématiques, cet article porte un nouvel
éclairage sur les travaux de Galois et leurs circulations. Il montre notamment
Pimportance du réle joué sur le temps long par des pratiques de réductions
prenant modeéle sur la représentation analytique de la décomposition des substi-
tutions linéaires en deux formes d’actions des cycles.

En complément de 1’étude locale de ces trois réseaux, cet article propose
également une analyse a un niveau plus global. Contrairement a ce qui était de-
venu au XX¢ siécle un lieu commun de I’historiographie de I’algébre, et a 'ex-
ception du domaine de I’enseignement de 1’Algébre supérieure, les travaux de
Galois ont pendant longtemps été envisagés collectivement dans des cadres dif-
férents de ceux de la théorie des équations ou de la théorie des substitutions.
A I’échelle d’un demi-siecle en Europe, ces travaux ont été effectivement lar-
gement commentés dans le cadre du probléme de la « classification et la trans-
formation » des «irrationnelles ». Pendant une large partie du x1x°¢ siécle, ce
probléme impliquait notamment les fonctions elliptiques et abéliennes—et par
conséquent ’analyse complexe. L’impossibilité de résoudre par radicaux des
équations algébriques générales de degré supérieur ou égal a cinq démontrait
en effet la nécessité de caractériser la nature spéciale des grandeurs ou fonctions
irrationnelles définies par des équations aussi bien algébriques que différen-
tielles.
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INTRODUCTION!

Opening Camille Jordan’s 1870 Traité des substitutions et des équations al-
gébriques—which will simply be called the Traité in the sequel—one reads in
the preface that Galois was first to have grounded the theory of equations
on a “definitive base by showing that to each equation corresponds a group
of substitutions in which its essential characteristics are reflected” [Jordan
1870, p. v]. But the Trait¢ aimed at going beyond Galois: “... the solu-
tion of equations by radicals ... now appears just as the first link in a long
chain of questions concerning the transformations of irrational numbers
and their classification.” To achieve this, Jordan presented an “essential”
“method of reduction” of a group into chains of (normal) subgroups [Jor-
dan 1870, p. 392] ,2 which transformed Galois’s ideas into a fully fledged
theory, a “corps de doctrine.”

The present paper, in a way, follows a similar method; it aims at inves-
tigating how the decomposition of a corpus of mathematical papers into
networks of texts can unveil certain collective dimensions in the historical
process of mathematics. More precisely, this paper aims at investigating
the collective dimensions of the relations between the works of Evariste Ga-
lois and Camille Jordan.

Jordan’s Traité, the starting point of this paper, has often been taken
to be a midpoint in the historiography of Galois Theory. In a retrospec-
tive perspective, Jordan’s Galois would mark a turning point in the unfold-
ing of the abstract group concept [Wussing 1984], of Artin’s Galois theory
[Kiernan 1971], or more generally of the rise of a structural image of alge-
bra [Corry 1996]. Recently, in the opposite historical direction, the Traité’s

1 This paper will appeal to quotation marks quite often for the purpose of mention-
ing expressions or terminologies as they were used by the actors (and solely for this
purpose).

In this paper, the term “substitution group” designates a permutation group on a fi-
nite number of letters, and “linear” substitutions/groups designate both linear and
affine substitutions/groups. Moreover, p is a prime number, n is an integer, £ is a
primitive nth root of unity, and g is a primitive root mod p.

2 An irreducible equation f(x) = 0 is solvable by radicals if and only if its Galois
group can be “reduced” by a series G = Hy D Hy D Ho D --- D Hy = I in which every
Hy, is a normal subgroup of G and all Hy/Hj,1 are abelian. This theorem is closely
related to the Jordan-Hoélder theorem, but the chain of subgroups here is not nec-
essarily a composition series, with simple abelian quotients (and therefore cyclic of
prime order). This criterion of solvability was first stated in [Jordan 1864], while the
theorem on the invariance of the orders of the successive quotients in a composition
series was stated in [Jordan 1869a] and proved in [Jordan 1870, p. 42-48].
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Galois has been studied with a focus on Galois’s “Mémoire sur les condi-
tions de résolubilité des équations par radicaux” (the Mémoire, for short)
by Caroline Ehrhardt [Ehrhardt 2007].

Our emphasis, however, will not be on the Galois theory of general equa-
tions, but rather, following [Neumann 1997], on three applications of that
theory in Galois’s writings: to equations of prime degree, to primitive equa-
tions of prime power degree, and to modular equations. To be sure, these
special equations intervened in Galois’s works not so much as applications
of, but rather as models for the general theory. They are all associated with
linear substitutions [Goldstein & Schappacher 2007a, p. 34], i.e., to what
Jordan was to transform into a general object of investigation.® Rather than
concentrating on the dichotomy between abstract and concrete, this paper
will thus peruse the intertwining of the general and the special. Moreover,
we shall see that one of the main specificities of Jordan’s Galois was not
the development of the group concept, but the circulation of a practice of
decomposition (Galois), or reduction (Jordan), in which the analytic represen-
tation of substitutions played the key role.

Let us briefly recapitulate the stages of Jordan’s treatment of Galois
prior to the Traité. He commented for the first time on Galois in the few
pages he added to his thesis with a view to competing for the Grand prix
of the Paris Academy in 1860.* Between 1864 and 1870, he published a
series of notes and memoirs on issues which he related to Galois: solvable
groups, solvable equations, and irrational numbers. Jordan then pub-
lished three commentaries on “Galois’s fundamental theorem,” i.e., on
the relationship between the “adjunction of roots to an equation” and
the “reduction” of a group.® But while the Préface of the Traité presented
the whole book as a commentary on the works of Galois [Jordan 1870,
p- VIII], Jordan did not refer to Galois any longer after 1870, not even
when the latter entered the mathematical pantheon around the turn of

3 In modern parlance, if one considers the symmetric group S on p" letters as the
group of permutations of the field GF(p") a subgroup of § is solvable if and only if it
is affine. Affine groups have been designated for a long time as “linear groups” with a
distinction between general linear (i.e., affine) and homogeneous linear (i.e., linear).
4 The Grand prix of 1860 concerned the problem of the number of values of a
function, i.e., one of the main lines of development of the theory of substitutions
[Ehrhardt 2007, p. 397].

5  First a note in the Comptes rendus [Jordan 1865], next in “Lettre a M. Liouville sur
la résolution algébrique des équations” [Jordan 1867b], and finally in the “Commen-
taire sur Galois” published in Crelle’s Journal [Jordan 1869a]. Recall that when Liou-
ville had edited Galois’s works in his journal in 1846, he had claimed he would com-
ment further on the Mémoire in a forthcoming paper [Ehrhardt 2007, p. 189-210].
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the century.® Already by that time, however, Jordan was often presented
as the mathematician who had emancipated the notion of group from Ga-
lois’s Mémoire by developing it into an autonomous theory of (substitution)
groups.

Focusing now on Jordan’s Traité, a quick survey of its four books (livres)
shows the limitations of the common view that its focus is on the theory of

equations:
The “Théorie de Galois” alluded to in the very short Livre [ is all about
higher congruences f = 0 (mod P), for an irreducible polynomial of

degree n with integer coefficients. It thus deals with what would nowa-
days be called finite fields, or Galois fields, in the tradition of the number-
theoretical imaginaries which Galois had introduced in his 1830 “Note sur
la théorie des nombres.”” But Galois’s imaginaries bear only a very indi-
rect relation to the general principles of his Mémoire, and therefore also to
the correspondence between fields and groups which is today perceived
as the very essence of Galois theory.® Indeed, for Galois, number-theoretic
imaginaries were above all useful in enabling a practice for dealing with the
substitutions involved in the investigation of primitive equations of prime
power degree [Galois 1832, p. 405-407], [Galois 1830b, p. 410]. More
precisely, one of the first general principles of the Mémoire had been to
consider as rational “every rational function of a certain number of deter-
mined quantities which are supposed to be known a priori. ... we shall
[then] say that we adjoin them to the equation to be solved” [Galois 1846,
p- 418].9 The Mémoire’s first proposition stated that: “Let a given equation
have the m roots a,b,¢,... There will always be a group of permutations
of the letters a,b,¢,... [...] such that every function of the roots, invari-
ant under the substitutions of the group, is rationally known” [ Galois 1846,
p- 421]. The known rational functions can be retrospectively understood

6 The constitution of disciplinary pantheons has been recently discussed in [Weber
2012] in connection to the issue of the grandeur savante in France at the turn of the
20th century.

7 Independently of the legacy of Galois, finite fields had been developed in the
legacy of Gauss by Schénemann, Dedekind, and Kronecker. See [Frei 2007].

8 In 1846, Liouville had insisted on the distinction between Galois’s imaginaries and
the solvability of equations when he pointed out that the representation afforded by
primitive roots did not imply any result on the solvability of higher congruences by
radicals (Liouville in [Galois 1846, p. 401]).

9 This recourse to “known rational functions” was not original with Galois in 1830.
Lagrange had developed the notion of “similar” functions as early as 1770 (cf. [van
der Waerden 1985, p. 81]). Two functions f and g of the roots of a given equation
are called similar, if all substitutions leaving f invariant also leave g invariant. It then
follows that g is a rational function of f and of the coefficients of the initial equation.
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as forming a field. But the substitutions were acting on indeterminate let-
ters or on arrangements of letters, not directly on the field.1 In the case
of an equation of prime power degree, the p" roots could be indexed by
number-theoretic imaginaries. These in turn could be substantiated via cy-
clotomy, thus providing an analytic representation for the substitutions in-
volved [Galois 1830b, p. 405].

Only a few references to Galois can be found in Jordan’s Livre I on sub-
stitutions, and none at all in its opening chapter “On substitutions in gen-
eral,” which may today be described as group theory. The main allusion
to Galois occurs in the section on the “Analytic representation of substi-
tutions” (chap. II, §1), precisely in connection with the Traité’s first use
of number-theoretic imaginaries for the indexing mentioned above [Jor-
dan 1870, p. 91]. This resumption is crucial as it leads to the “origin of the
linear group” (chap. II, §1I), i.e., to central objects of Livre II'! Indeed,
underlying the indexing of p" letters was one type of substitution (a cycle)
appearing in two analytic forms: (i i+ 1) and (i gi). The “linear form”
(i ai+ b) originated from the composition of these two forms.!? As we
shall see, the analytic representation of n-ary substitutions in the general
linear group would be one of the main specificities of Jordan’s Galois in
the long run.

The opening chapter of Livre Il presents the Mémoire’s approach to gen-
eral equations. However, the association between groups and equations
was inscribed in the broader framework of a “General theory of irrational-
ities.” While the “Algebraic applications” (chap. II) to Galois’s theory of
equations represented only a small part of Livre I1l, the emphasis was on
“Geometric applications” (chap, III) and on “Applications to the theory of

10 Even though substitutions were considered in relation to the invariance of func-
tions of the roots, they did not form the automorphism group of a field, but the per-
mutation group of the roots.

11 The groups considered are GLy, (") along with its subgroups SLy (p"), PSLy, (p"),
Spon(p), PSpoy (p), On(p"), etc. Cf. [Dickson 1901] as well as [Dieudonné 1962].

12 See [Galois 1846, p. 430-432], [Jordan 1870, p. 91]. Finite fields were considered
both as additive and multiplicative abelian groups but without direct relation to the
rational functions of the roots.

Because this paper will especially consider finite fields GF(p"), which are separable
extensions (and even Galois extensions) of Fy, I will not deal with the retrospective
linear algebraic standpoint of Artin’s Galois theory: most of the texts under consider-
ation were not resorting to the notions of vector space, normality, separability, field
extension, or even to a clear separation between groups and finite fields. Moreover,
Galois’s theory of general equations was related to the formally different values of
functions on n variables (or roots of general equations), it can therefore be applied
to special equations with no multiple roots. For this reason, the equations considered
in this paper will be supposed to have distinct roots.
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transcendental functions” (chap. IV). For the geometric applications, the
groups were usually not introduced by the adjunction of roots to equations
as in Galois’s method, but for instance by permutations between the lines
on a surface, the invariance of an algebraic form, etc. And when it came
to transcendental functions, Jordan considered the adjunction of certain
“irrationals” corresponding to non-solvable equations (e.g., the modular
equations of order n > 3) or to values of transcendental functions (e.g.,
trigonometric, elliptic, and abelian functions).

Livre IV is devoted to “Solution by radicals.” It is based on a theorem
which Jordan claimed for himself, thus going beyond Galois. This theorem
provided the basis for the classification of maximal solvable subgroups of
transitive groups through what Jean Dieudonné designated as “enormous
machinery” consisting of successive reductions of general groups to a chain
of special ones [Dieudonné 1962, p. xxxix-xlii]. All the rest of the treatise,
almost one third of the book, is devoted to this problem. The general lin-
ear group played a key role, as the largest group of the chain whose substi-
tutions could be analytically represented.!3

Let us now come back to the usual history of the relation between Jor-
dan and Galois. The main problem is that its main categories are inde-
terminate. “Groups,” “equations,” “algebra” have had changing meanings
in various times and spaces—not to mention the terms Galois groups, Ga-
lois theory, Galois’s ideas, etc. [Ehrhardt 2007, p. 1-45]. Let us consider
two examples: First, Felix Klein and his followers in the 1880s used the
phrase “the Galois groups” to designate the three special groups PSLg (p)
with p = 5,7,11. Second, Eliakim Hastings Moore stated in 1893 that ev-
ery finite field is the abstract form of a Galois field GF(p") in the tradition
of the Galois theory from Livre I, i.e., with no direct relation to the result
that every finite field can be represented as a Galois extension of F,.'*

”» @

13 As shall be seen in greater detail later, the first step had been to reduce solvable
transitive groups to primitive groups. A minimal normal subgroup A of a solvable
primitive group G is abelian of type (1,1,...,1), i.e., isomorphic to a direct product
of cyclic groups, i.e., to GF(p")*. Now G is acting on A as a linear group. In mod-
ern parlance, Jordan had introduced the linear group precisely as the maximal group
in which GF(p")* can be a normal subgroup, i.e., as the group of automorphisms of
GF(p"). This involved considering linear substitutions as generated by the two ana-
lytic forms of cycles.

14 Asshall be seen in greater detail later, Moore’s Galois fields were defined as classes
of equivalences of an irreducible polynomial P of degree n on Fy = Z/pZ, i.e.,
Fp[X]/(P). This definition was not directly related to Galois’s works and had been
inspired by [Serret 1866]. As any finite field of " elements can be represented as the
splitting field of P(X) = X" —X on Fy, every finite field can be represented as a Galois
field. But such a splitting field was not considered as a Galois extension of Fy: there
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Moreover, the Jordan-Galois relation has often been presented as an ex-
clusive relation between the one (Jordan) and the ideas of the other. But
this relation has never been equitable. Usually, in fact, it has been con-
nected to the celebration of the Great Mathematician Galois. Further, im-
plicit collective epistemic and moral values accompanied the fulsome ex-
pression of Galois’s grandeur. As a matter of fact, after Galois’s ascension
to the mathematical pantheon at the turn of the 20th century, some au-
thoritative figures in French mathematics appealed to the Jordan-Galois
relation to successively advance two claims: one for the universality of the
French style of thinking in Analysis as opposed to the specialization of Ger-
man arithmetic and algebra (1900-1930); and a second claim, symmetri-
cally, that celebrated German conceptual algebra as opposed to the older
French computational approaches (1930-1970). Let compare the intro-
duction of the 1897 reprinting of Galois’s works to that in Robert Bourgne
and Jean-Pierre Azra’s 1962 critical extended edition. The authors, Emile
Picard and Jean Dieudonné, both celebrated Galois for his introduction of
the notion of group. But while the former insisted on the analysis of groups
of operations, the latter celebrated ideas that lie at the roots of modern al-
gebra.

The 1897 reprinting was published two years after Sophus Lie had been
invited to lecture on “Galois’s influence on mathematics” at the celebra-
tions of the centenary of the FEcole normale supérieure [Ehrhardt 2007, p. 628-
649]. Picard’s 1897 account followed the role Lie had attributed to Jor-
dan, namely as the one who had “clarified, developed, and applied” sub-
stitution groups in regard to the solvability of equations [Lie 1895, p. 4].1%
Jordan was thus presented as the immediate follower, the one who had
generalized Galois’s distinction between simple and compound groups to
the notion of composition series (Picard in [Galois 1897, p. viii]). Picard’s
claims were to circulate at an international level, and played a key role in
the consideration of Galois as the main founder of group theory.!® Previ-
ous works on the history of the theory of equations had highlighted other
aspects such as effective methods of solution [Aubry 1894] or Charles Her-
mite, Leopold Kronecker and Francesco Brioschi’s approaches to the gen-
eral quintic [Pierpont 1895]. But, after 1897, histories of the theory of

was no concern for the interplay between groups and fields which is characteristic of
Galois theory.

15 [Ehrhardt 2007, p. 1-45] has historicised the category of the “intelligibility” of
Galois’s writings.

16 As will be seen later, Klein had already played an important role in the presenta-
tion of Galois as one of the founders of group theory.



SELF-PORTRAITS WITH EVARISTE GALOIS 281

equations would usually adopt a three-act structure: before Galois, Galois,
and how Jordan had made Galois theory “become public” [Pierpont 1897,
p.340].

But in addition to his clarification of Galois theory, the role of the re-
searcher who closed the algebraic issue of the solvability of equations was
also, somewhat incidentally, assigned to jordan. Lie and Picard indeed
both claimed that, unlike the previous works of Joseph-Louis Lagrange
and Augustin-Louis Cauchy, Galois groups had exceeded the boundaries
of algebra in introducing ideas whose “far reaching impact appears to us
more and more every day” [Fehr 1897, p.756]. The seeds Galois had sown
in the special case of equations were to blossom into a general notion of
analysis. This claim should nevertheless not only be considered as having
aimed at promoting Picard’s or Lie’s contributions to continuous group
theory and differential equations. Picard, in particular, clearly took on the
role of an official public authority on mathematics. Recall that, in France,
the mathematical sciences were mainly divided between analysis, geome-
try and applications. At the turn of the century, several authorities such
as Jules Tannery, Picard, Henri Poincaré, Jacques Hadamard contrasted
the “richness” of the power of unification of analysis with the “poverty” of
considering algebra and/or arithmetic as autonomous disciplines.

These official lines of discourse usually pointed to recent develop-
ments in Germany in the legacies of Kronecker or Richard Dedekind.!”
Promptly following Picard [Galois 1897, p. x], a review of Heinrich We-
ber’s 1895 Lehrbuch der Algebra highlighted how Galois had introduced
the “fundamental ideas” of Algebra as it was practiced in Germany; had
he lived longer, all “French Science” would have had a different orien-
tation [D’Esclaybes 1898, p. 416]. The celebration of the centenary of
the Ecole normale had aggrandized Galois’s reputation, to the level of one
who merited entry into the pantheon of Science, as we have mentioned
above. Like other grands savants, Galois became involved in nationalistic
anti-German discourse.!® In the early 1920s, his image would be one of

17 See [Brechenmacher 201?b]. Picard’s Traité d’analyse proposed an exposition of
Galois’s theory very faithful to the original Mémoire. But although Picard appealed to
the main notions introduced by Kronecker, algebraic Galois theory was not treated as
an autonomous topic but as a first step toward differential Galois theory.

18  On the recurrent media depiction of Galois as a hero of French science, see [Pi-
card 1900, p. 63], [Picard 1902, p. 124-125], [Picard 1914, p. 98-99], [Picard 1916,
p- 121, [Picard 1922, p. 281-283]. Picard’s views were reproduced in various journals
and monographs. The future President of the French Republic Paul Deschanel ap-
pealed to Picard’s Galois in his 1916 “Les Allemands et la science” which would be
reprinted in La France victorieuse. Paroles de guerre [Deschanel 1919, p. 122].
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the icons of post-war discussions on the universality of the French style
of thinking. In an issue of the journal France et monde devoted to the
topic of “the great ideas of mankind and the French style of thinking,”
Hadamard would claim: “Thanks to Galois’s method, which might be the
deepest thing a human being ever conceived in mathematics, the general
problem of algebra—to which one can reduce almost everything that was
studied during antiquity—is (theoretically) solved as much as it can be
[...]” [Hadamard 1923, p. 339].19

Depending on their editorial orientations, the media reacted more
or less positively to official expressions of the grandeur savante. But even
though Galois may have been discussed with irony [Chevreuse 1912, p.1]
and even mocked on some occasions [Beaunier 1908, p.3], he does not
seem to have ever been seriously discredited. Recall that Galois had be-
come a public figure early on in the 1830s. By the turn of the century, his
image was already multifaceted and had an extended historical dimen-
sion. It transcended a number of categories, including the one of hero of
national science. For instance, in 1923, a paper of the communist daily
L’Humanité reported on a group of pupils of the Ecole Normale Supérieure
who had commemorated the 1871 Commune de Paris. The students were
presented as followers of the revolutionary Galois who the paper opposed
to “official science,” especially “the French [official science]” [L’humanité
1923, p. 4].

At the turn of the 1930s-1940s, the founders of the Bourbaki group sym-
metrically reversed the previous categories of the official history of Galois
as an icon of mathematical Frenchness. The latter’s works came to be cele-
brated for having paved the way to algebraic number theory. The public to
whom Jordan had mediated Galois’s ideas changed, in this account: it now
involved the genealogy Dedekind, David Hilbert, Emmy Noether, and Emil
Artin. But the relation Galois-Jordan was not affected by the inversion of
the roles attributed to analysis, algebra, France, and Germany. When he
wrote the introduction to the 1962 edition of Galois’s works, Dieudonné

19 See also [France et Monde 1922], [Adhemard 1922]. Moreover, Picard would
present Galois as a hero of the “universality of French mathematics” at the occasion
of the celebration of the fifty years of the Société mathématique de France [Picard 1924a,
p- 31] (see also [Picard 1924b; 1925]). In 1923 the name of Galois had also appeared
in the journal “La pensée francaise, libre organe de propagation nationale et d’expansion
Jfrangaise,” which was published in Strasbourg. The front page of the journal repre-
sented the French “Marianne” with storks wings (the symbol of Alsace), sitting on
the globe of the world, with the notice “La pensée francaise reigne sur le monde comme
Uexpression méme de la liberté féconde et généreuse.” Galois had been referred to at the oc-
casion of a discussion on the masterpieces of French literature [Dunand 1923, p. 18].
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was also involved in the edition of Jordan’s works. Gaston Julia’s Préface
would once again present Jordan as the immediate follower of Galois, the
one who was in direct contact with the latter’s ideas [Jordan 1961-1964,
p- vil.

In a word, the Jordan-Galois relation in official discourse on mathemat-
ics was ultimately quite stable for the longue durée of the 20th century. It
was one of the main elements of epistemic continuity in the three-act story
of the “predecessors,” the “origins,” and the “influence” of “Galois’s ideas”
[van der Waerden 1985, p. 76-133]. But as we have seen, despite the bi-
lateral appearance of the relation Jordan-Galois, the actual meanings at-
tached to this relation depended on third parties and resorted to implicit
collective dimensions.

It is the aim of this paper to investigate some of these collective dimen-
sions by considering various “portraits” of mathematicians with Galois.
The metaphor of the self-portrait highlights the relational nature of math-
ematics. It suggests that the actors who referred to Galois through Jordan
were also portraying certain individual and collective dimensions of their
own mathematics.

The period under consideration is 1830-1914, with a focus on 1860-
1900. On the one hand, Galois published his first papers in 1830 and Jor-
dan defended his thesis in 1860. On the other hand, the mathematical
apotheosis of Galois partially changes the nature of the corpus to be in-
vestigated for post-1900 investigations. The constitution of a corpus is nev-
ertheless problematic even before the turn of the century. The opposing
collective dimensions put to the fore by Picard and the Bourbaki group
illustrate that neither national nor theoretical identities should be taken
for granted when dealing with the Jordan-Galois relation. Selecting some
texts because of their group-theoretical nature would imply resorting to
the canonical role devoted to Jordan; while considering together some au-
thors because they were French or German would prevent questioning the
actual roles played by national dimensions.

The constitution of a corpus for the period of time preceding the Traité,
to which the first section of this paper is devoted, is less problematic than
the-post 1870 investigations developed in the second and third sections.
Indeed, considering Jordan as a reader of Galois makes it possible to in-
vestigate the direct textual references of the one to the other,?® while the

20 On the historical notion of readers of a text, see [Goldstein 1995].
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inverse problem of intertextual relations is much more difficult. This prob-
lem has been tackled by systematic investigations of the references to Ga-
lois and Jordan in the reviews of the Jahrbuch diber die Fortschritte der Mathe-
matik between 1870 and 1914. A first global corpus has been constituted
by these texts, and then completed by their implicit and explicit web of
references. Investigations of intertextual connections have then aimed at
decomposing the global corpus into networks of texts.?! Most of the pa-
pers can be organized into three main networks. As we shall see, a specific
reference to Jordan-Galois lies beneath the identity of each group. More-
over, in each group the intertextual references converge to an individual
whose name I shall use for designating the whole collective: Klein, Kro-
necker, and Leonard Dickson. Finally, each network was mostly active dur-
ing a single ten-year period, while making references on a scale of half a
century.

The second section of this paper investigates Dickson’s network, which
is mainly constituted of texts that have been published by French and
American authors between 1893 and 1907. The main shared references
are Moore’s introduction of Galois fields in 1893, and Dickson’s 1901
Linear groups with an exposition of the Galois field theory.?> We shall see that
the coherence of the collection of texts is based on specific roles devoted
to both linear groups and Galois fields in the legacy of Jordan’s Traité,
but with no interest in Galois Theory. Another main characteristic of the
Dickson network is that certain papers of the 1860s of Hermite, Joseph-
Alfred Serret, Emile Mathieu, and Jordan are shared references for the
whole network. These references were not exclusive of others, such as
those to more recent works of Georg Frobenius, Alfred Loewy, or Klein,
whose influence in the U.S.A has been well documented [Parshall & Rowe
1994, p. 147-455]. But none of these played as important a role for the
collective identity of the network as the works of the 1860s. Dickson’s
network thus revolved around a two-fold periodization. We shall see that
the two times and spaces involved were articulated by the Traité: Dickson’s
network can actually be understood as the space of circulation of a specific
relation Jordan had established to the works of Galois in the 1860s.

21 These networks are detailed in [Brechenmacher 2012a]. On methodological is-
sues related to the use of networks, see [Goldstein 1999, p. 204-212], [Goldstein &
Schappacher 2007b, p. 72-75], and [Brechenmacher 2007a;b; 2010].

22 Aswill be seen in greater detail later, Dickson’s monograph had followed the the-
sis the latter had completed under the supervision of Moore [Parshall 1991].
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The two other networks will be considered in the third section of this
paper. They had developed in the interval of the above-mentioned two-
fold periodization. They revolved around Kronecker’s 1882 Grundziige
einer arithmetischen Theorie der algebraischen Grossen, and Klein’s 1884 Vor-
lesungen tiber das Ikosaeder und die Auflésung der Gleichungen vom fiinfien
Grade. Here, the references to Galois were usually not directly connected
to Jordan’s 7Traité. On the one hand, Kronecker and his followers were
mainly referring to Galois’s general approach to equations (but not in
the perspective of Jordan’s Livre IIT).?® On the other hand, Klein and his
followers followed Hermite in focusing on the three special Galois groups
of modular equations. In both networks, numerous references were nev-
ertheless made to Jordan’s works. It must therefore be pointed out that
the problem of the collective dimensions of the relation Jordan-Galois is
not equivalent to the one of the reception of the Traité.

Groups of texts such as the ones mentioned above should nevertheless
not be considered as constellations in an empty sky. First, each author
potentially belonged to several networks, which pointed to various topics,
times and spaces. Second, in laying the emphasis on fextual interrelations,
this paper does not aim at discussing the main collective dimensions in
which the actors were involved, such as the emergence of an American
research community or the institutionalization of finite group theory.
Third, some collective references to Jordan-Galois will not be in the scope
of the present investigation. Either they did not lay much emphasis on
Jordan (as for the case of differential Galois theory), or they lay outside
the period considered here, as in the case of Dedekind’s Galois. Even
though Dedekind had lectured on Galois’s works in Gottingen in the
mid-1850s, his perspective remained disconnected from Jordan’s Galois
before the turn of the 20th century.?*

But this investigation of the circulations of Jordan’s Galois in networks
of texts nevertheless aims to shed light on the identities that were collec-
tively attributed to Galois’s works in the 19th century. Galois’s works have

23 In short, Kronecker had developed a constructive presentation of finite field ex-
tensions of certain ground fields. See [Petri & Schappacher 2007], [Goldstein &
Schappacher 2007b, p. 81-88].

24 Even though Dedekind would inspire [Bachmann 1881] and [Weber 1893b;
1895-1896], he would not publish his ideas on Galois theory until 1894. Before the
mid-1890s, Kronecker’s theory of algebraic quantities as a theory of forms (i.e., func-
tions of n variables) was much more influential than Dedekind’s fields and ideals. On
Dedekind’s Galois, see [Kiernan 1971, p. 129-133], [Edwards et al. 1982], [Scharlau
1981; 19821, [Corry 1996, p. 75-80, 110-112, 129-130], [Ehrhardt 2007, p. 470-504],
[Goldstein & Schappacher 2007b, p. 78-81].
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often been commented on with reference to a long-term history of alge-
bra.?® But algebra has taken on changing and complex identities that can-
not be reduced to a changing focus from equations to algebraic structures.
The question especially arises as to the relation of Jordan’s Galois to the
field of research of arithmetic algebraic analysis that developed between
the 1820s and the late 1850s [Goldstein & Schappacher 2007a;b], or to
more local theoretical and disciplinary organizations such as the several
lines of development of group theory or the theory of equations as it was
taught in various time periods and social spaces [Ehrhardt 2007].

This paper might not open the “book with seven seals” as Klein called
the Traité when recalling his time with Lie in Paris in 1870 [Klein 1921-
1923, p. 51]. But at least two facets of the book have to be distinguished.
On the one hand, the Traité’s Galois has often been considered as a “mas-
terpiece of mathematical architecture. The beauty of the edifice erected by
Jordan is admirable” [van der Waerden 1985, p. 117]. On the other hand
the Traité as a whole has also been described as a “a note-worthy event.
[It] collects and unifies the results of his predecessors and contains an im-
mense amount of new matter” [Pierpont 1904, p. 143]. The Traité was nei-
ther a textbook (like [Serret 1866] or [Netto 1882]) nor a compilation of
papers (like [Hermite 1859]). It presented both an original structure and
a synthesis in continuity with previous works. Both facets were articulated
by the claim that:

Le butde cet Ouvrage est de développer les méthodes de Galois et de les con-
stituer en corps de doctrine, en montrant avec quelle facilité elles permettent
de résoudre tous les principaux problemes de la théorie des équations [Jordan

1870, p. VII].

Aswe shall see, we shall have to distinguish between two different images
of Galois in the Traité. The first one issues from Jordan’s specific approach
to Galois, and ran through the book as a chain of generalizations from cy-
clotomy to the analytic representation of linear substitutions and eventu-
ally to the “essential method of reduction” of a group. The second Galois in
the Traité was to be found in Livre III. There, Galois Theory attached Jor-
dan’s Galois to some parts of the book that were either in continuity with
some previous works that had not previously been directly related to Galois
(such as the general developments on substitution groups in Livre /I and

25 See, among others, [Aubry 18941, [Pierpont 1897], [Kiernan 1971], [Dieudonné
1978], [van der Waerden 1985], [Toti Rigatelli 1996]. Galois was already presented
as the conclusion of a genealogy of works on the “theory of equations” in the context
of the delimitation of algebra in [Serret 1849, p. 1-4].
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most applications of Livre /II') or were specific to Jordan but disconnected
from Galois (such as the classification of solvable groups in Livre IV).
The structure given to this paper aims at echoing the differences be-
tween these two images of Galois. This paper will therefore deal with the
time periods 1830-1870 and 1890-1900 related to the first Galois in the
Traité, before considering the period 1870-1890 and the second image of
Galois in Jordan’s book. The first section of this paper aims at identify-
ing the specific character of Jordan’s Galois as compared to the image in
other collective references to Galois’s works. The second section of this
paper will investigate the discontinuous circulation of the first Galois of
the Traité by a micro-historical analysis of the small-scale development of
Dickson network after 1890. Finally, the third section of this paper will
question the second image of Galois with regard to its circulation and non-
circulation in the Klein and Kronecker networks between 1870 and 1890.

1. THE ANALYTIC REPRESENTATION OF SUBSTITUTIONS (1830-1870)

1.1. Analytic representations and applications in Galois’s works

This section aims at discussing the retrospective point of view of Jor-
dan’s early works on Galois’s works and their circulations between 1830
and 1870. I will therefore limit my attention to the papers of the 1846
edition of Galois’s works to which Jordan appealed. Recall that because
the Mémoire was lost twice, its last version is more recent than most of
Galois’s writings. These are, then:

— April 1830. “Analyse d’'un Mémoire sur la résolution algébrique des
équations” published in the Bulletin de Ferrusac (Analyse, for short).

— ... 1830. The fragment of the second Mémoire “Des équations primitives
qui sont solubles par radicaux” as it was edited by Joseph Liouville.

— July 1830. “Note sur la théorie des nombres,” published in the Bulletin
des Ferrusac. (Note, for short).

— 1831. Last version of the Mémoire.

— May 1832. Letter to Auguste Chevalier, published in the Revue ency-
clopédique (Letter, for short).

It is well known that the introduction of Galois’s Mémoire had laid the
emphasis on a distinction between the “general principles” of a theory and
its three “applications” [Galois 1846, p. 417]. The first application was also
the concluding theorem of the Mémoire, i.e., the criterion that: “in order that
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an equation of prime degree be solvable by radicals, it is necessary and suf-
ficient that, if two of its roots are known, the others can be expressed ra-
tionally” [Galois 1846, p. 432]. Details on the two other applications had
been given in the Analyse, the second Mémoire, the Note, and the Letter. What
I'shall designate as the second application was the characterization of solv-
able primitive equations of degree p". The third application was relative
to modular equations.

1.1.1. Primitive equations of prime power degrees

The Analyse started with the introduction of the distinction between
primitive and imprimitive equations: a “non-primitive equation of degree
mn is an equation that can be decomposed into m factors of degree n,
by appealing to a single equation of degree m” [Galois 1830a, p. 395].
These equations were also designated as Carl Friedrich Gauss’s equations.
In the second Mémoire Galois indeed appealed to “M. Gauss’s method of
decomposition” for reducing the problem of finding solvable irreducible
equations of composite degree to the one of finding solvable primitive
equations of degree p" [Galois 1846, p. 434].

Unlike Alexandre Théophile Vandermonde (1774) and Lagrange’s
(1771) approaches to the special cases x> — 1 = 0 and x!! — 1 = 0, Gauss
had introduced a general method of successive factorizations for proving
the solvability by radicals of (irreducible) cyclotomic equations of degree
p—1. The factorizations resorted to organizations of the roots in a specific
order by appealing to the two indexings provided by a pth primitive root of
unity £ and by a primitive root g mod p. For any factorization p — 1 = ¢f,
let & = g°, and consider the equation of degree ¢ whose roots correspond
to the following ¢ “periods” of sums of f terms:

n=g 4ttt (1<i<o).
Such decompositions of the roots into periods allows factorizing the initial
(imprimitive) cyclotomic equation into e factors of degree f.

In 1808, Lagrange had given a new proof of the solvability of cyclotomic
equations. The successive auxiliary equations attached to Gauss’s periods
were replaced by the direct consideration of an auxiliary function of the
coefficients and of roots of unity, i.e., the Lagrangian resolvent £ + a£€ +
028" 4 ... 4 oP=128"" (with « a primitive pth root of unity).26 In the con-
text of his review of [Lagrange 1808], Louis Poinsot commented on the

26 The Lagrangian resolventline of development of Galois theory has been well doc-
umented. See [Kiernan 1971, p. 103-110], [van der Waerden 1985, p. 76-88], [Neu-
mann 2007, p. 112], [Ehrhardt 2007, p. 78-103].
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two approaches of Gauss and Lagrange. At this occasion, he had desig-
nated Gauss’s periods as “groups” in a sense Galois would also use later on
[Boucard 2011, p. 59-62]. Groups in this sense involved both partitions of
“permutations of letters” (i.e., arrangements of the roots or indexing lists)
and decompositions of “systems of substitutions” (the operations from one
permutation to another).?” Even though there might not have been any di-
rect connection between Poinsot and Galois, Jordan deduced conclusions
identical to those of Galois’s early works from Poinsot’s approach.

From the retrospective point of view of Jordan’s 1860 thesis, the Gauss-
Poinsot method consisted in dividing the letters into groups, each of the
same cardinal, while systems of substitutions were simultaneously parti-
tioned into a “combination of displacements between the groups and of
permutations of the letters within each of the groups” [Jordan 1860, p. 5].
From a modern perspective, the “groups of permutations” correspond to
a decomposition of the field into blocks of imprimitivity under the action
of an imprimitive substitution group,?® which is itself decomposed into a
primitive quotient group.

Gauss’s decomposition resorted to a single kind of substitution (i.e.,
cycles). But two forms of actions had to be distinguished depending on
whether the cycles were acting within the groups or between the groups.
Poinsot had discussed these two forms of actions from a geometric perspec-
tive. The roots generated by a primitive root of unity could be represented
“as if they were in a circle” [Boucard 2011, p. 68]. They could then be
made to move forward by translations, i.e., by the operation (: ¢+ 1) on
their indices. But they could also be made to move by rotations of the full
circle i.e., (¢ gi). In 1815, Cauchy introduced cycles by appealing to a
similar circular representation [Cauchy 1815a, p. 75-81] even though he
did not consider the analytic representations induced by the two forms
of actions of cycles (i ¢+ 1) and (¢ gi). On the contrary, the analytic

27 The ambivalence of the terminology “group” as regard to the distinction between
the “permutations of the roots” and the “substitutions” has often been considered
as a limitation of Galois’s approach (e.g. [Dahan-Dalmedico 1980, p. 282], [Radloff
2002]). But it should be pointed out that this ambivalence was the very nature of
“groups” as they originated from the decomposition of imprimitive groups by the con-
sideration of blocks of imprimitivity of letters.

28 Let G be a transitive group operating on a set (). A subset I' of Q is called a block
of imprimitivity if I # @ and for every g € G, either I =T or T8 NT = @. If T is
such a block and I'y, T, ...,y are the distinct sets I'¥ for g € G, then I';, T, ..., Ty is
a partition of Q. G is said to be imprimitive if there is a non-trivial proper block. G
is primitive if it is not imprimitive. See [Neumann 2006] for a discussion on primi-
tivity in Galois’s works. On the roles played by primitivity in Jordan’s classification of
solvable tran