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HOLONOMIC D-MODULES WITH
BETTI STRUCTURE

Takuro Mochizuki

Abstract. — We define the notion of Betti structure for holonomic D-modules
which are not necessarily regular singular. We establish the fundamental func-
torial properties. We also give auxiliary analysis of holomorphic functions of
various types on the real blow up.

Résumé (D-modules holonomes munis d’une structure de Betti)

Nous définissons la notion de structure Betti pour les D-modules holonomes
qui ne sont pas nécessairement singuliers réguliers. Nous établissons leurs pro-
priétés fonctorielles principales. Nous donnons également une analyse supplé-
mentaire des fonctions holomorphes de divers types sur I’éclatement réel.
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CHAPTER 1

INTRODUCTION

In this paper, we introduce the notion of Betti structure for holonomic D-
modules, motivated by a question in [13]. For regular holonomic D-modules,
it is clearly defined by the Riemann-Hilbert correspondence, which is a basis of
the theory of mixed Hodge modules (see [55]-[58]). Namely, a Betti structure
of a regular holonomic Dx-module M is defined to be a Q-perverse sheaf F
with an isomorphism a : F ® C ~ DRx M. It has a nice functorial property
for some of standard functors such as pull back, push-forward, dual, etc., in
the algebraic situation.

As for the non-regular case, there has been a significant progress toward
a generalized Riemann-Hilbert correspondence between holonomic D-modules
and some topological objects, a kind of perverse sheaves equipped with “Stokes
structure” in some sense. The asymptotic analysis for good meromorphic flat
bundles (see [33], [52] and [47]) and the existence of resolution of turning
points (see [26], [27], [47]) lead us a rather satisfactory understanding of
the structure of meromorphic flat bundles. Moreover, the recent work of
A. D’Agnolo and M. Kashiwara [10], [11] based on the theory of Ind-sheaves
[24] gives us a description of holonomic D-modules in terms of some topolog-
ical objects. It should also lead us to a thorough theory of Betti structure of
holonomic D-modules.

However, except in the one dimensional case, it turned out that a rather
complicated machinery is necessary for the complete description of generalized
Riemann-Hilbert correspondence. (See [11] and [24]; see also [54].) In this
study, we shall directly define the notion of “Betti structure” for holonomic
D-modules with functorial property by using only the classical machinery of
holonomic D-modules and perverse sheaves. It still requires non-trivial tasks,
and provides us with non-trivial consequences on the compatibility of the
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Stokes structure and the Q-structure. We hope that it would be useful for
direct understanding of Betti structures and for a further study toward the
generalized Riemann-Hilbert correspondence, at least temporarily.

1.1. Pre-Betti structure

To define the notion of Betti structure of a holonomic Dx-module M, it is a
most naive idea to consider a pair of Q-perverse sheaf F and an isomorphism

a: F®C~DRx(M)

as above, which is called a pre-Betti structure of M in this paper.A holonomic
D x-module with a pre-Betti structure is called a pre-Q-holonomic D x-module.
We should say that pre-Betti structure is too naive for the following reasons:

> It is not so intimately related with Stokes structure.

> Although pre-Betti structures have nice functoriality with respect to dual
and proper push-forward, they are not functorial with respect to the
push-forward for open immersion, the pull back, the nearby cycle and
vanishing cycle functors. Recall that the de Rham functor is not com-
patible with the latter class of functors, when irregular singularities are
present.

It is the main goal in this paper to introduce a condition for a pre-Betti
structure to be a “Betti structure”. We use an inductive way on the dimension
of the support, which was a strategy of M. Saito to define his mixed and pure
Hodge modules [55] and [57].

In the following, a Q-structure of a C-perverse sheaf Fc is a Q-perverse
sheaf Fg with an isomorphism Fg ®qg C ~ Fc.

1.2. Betti structure in the one dimensional case

We explain our condition for Betti structure in the one dimensional case.

1.2.1. The generalized Riemann-Hilbert correspondence in the one
dimensional case. — We know the well established theory on the general
structure of holonomic D-modules on curves (the generalized Riemann-Hilbert
correspondence). Namely, in the one dimensional case, we have a natural
bijective correspondence between meromorphic flat bundles and local systems
with Stokes structure, and any holonomic D-modules are described as the
gluing of meromorphic flat bundles and skyscraper D-modules. We shall review
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1.2. BETTI STRUCTURE IN THE ONE DIMENSIONAL CASE 3

it very briefly. For simplicity, we consider holonomic D-modules on X = A =
{|]#] < 1} which may have a singularity at the origin D = {O}.

1.2.1.1. The Stokes structure of meromorphic flat bundles. — Let V be a
meromorphic flat bundle on (X, D). Let 7 : X(D) — X be the real blow up
along D. Let £ be the local system on X (D) associated to the flat bundle
Vix—p- Let P be any point of 71(D). According to the classical asymptotic
analysis, we have the Stokes filtration F¥ of the stalk £p given by the growth
order of flat sections with respect to any meromorphic frame of V. The mero-
morphic flat bundle V' can be reconstructed from the flat bundle V|x_p and
the system of filtrations {F¥ ‘ P € n~1(D)}, which is the Riemann-Hilbert-
Birkhoff correspondence for meromorphic flat bundles on curves.

Let V'V be the dual of V as a meromorphic flat bundle, and let V; := Dx V"V
be the dual of Vv as a Dx-module. Let us recall that the de Rham complexes
DRx (V) and DRy (V}) can be described in terms of Stokes filtrations. Let £
and L=P be the constructible subsheaves of £ such that EI%D = FL,(Lp) and

L3P = FE)(Lp). Then, we have natural isomorphisms:
(1) DR(V) ~ Rr,.L=P[1], DR(W) ~ Rm,L=P[1].

1.2.1.2. Gluing of holonomic D-modules. — Let us very briefly recall a key
construction due to A. Beilinson [4] on the gluing of holonomic D-modules,
which we will review in §2.2 in more details. (See also [32] and [59] for the
other formalisms for gluing.) Let M be any holonomic Dx-module such that
V := M(xD) is a meromorphic flat bundle on (X, D). We have the natural

morphisms Vi —2» M o,y According to [4], we have the D-modules
=.(V) and ¢, (V) associated to V, with morphisms

2) (V) S E (V) B (V),  Vi—2sE5(V) 25V

It can be shown that byoag = by oas. We also have byoa; = 0 and b oag = 0.
We obtain the D-module ¢, (M) as the cohomology of the naturally associated
complex:

(3) Vi—EV)eaM—V

We have the naturally induced morphisms 1, (V) —2 ¢, (M) —2 4, (V).
Then, M is reconstructed as the cohomology of the complex:

(4) (V) — B (V) © (M) — (V)

Recall that =,(V), ¢.(V), and ¢,(M) are called the maximal extension, the
nearby cycle sheaf, and the vanishing cycle sheaf of M.

SOCIETE MATHEMATIQUE DE FRANCE 2014



4 CHAPTER 1. INTRODUCTION

1.2.2. Betti structure of holonomic D-modules on curves. — We ex-
plain when a pre-Betti structure of holonomic D-modules seems eligible to be
called a Betti structure in the one dimensional case. Essentially, the condition
describes a compatibility with the Stokes structure.

1.2.2.1. Good Q-structure of meromorphic flat bundles. — Let V be a mero-
morphic flat bundle on (X, D), and let £ denote the associated local system
on X (D) with the Stokes structure. A Q-structure of V is a Q-structure of the
associated local system on X \ D, which is equivalent to a Q-structure of L.
It is called a good Q-structure of V if the Stokes filtrations F¥' (P € 7=1(D))
are defined over Q, with respect to the induced Q-structure of £. By the iso-
morphisms (1), we obtain the pre-Betti structures of V' and V;. Moreover, it is
easy to observe that v¢,(V') and Z,(V) are also naturally equipped with pre-
Betti structures such that the morphisms a; and b; (i = 1,2) are compatible
with pre-Betti structures.

1.2.2.2. Betti structure of holonomic D-modules on curves. — Let M be a
holonomic D-module on (X, D) such that V := M(*D) is a meromorphic flat
bundle. Let (F,«) be a pre-Betti structure of M. We call it a Betti structure
if the following holds:

> The induced Q-structure on DR(WX_ p) induces a good Q-structure
of V. As remarked above, we have the induced pre-Betti structures
on V and V.

> The natural morphisms ag and by are compatible with the pre-Betti
structures.

Note that we obtain a pre-Betti structure on ¢,(M) from the expression as
the cohomology of the complex (3), and the morphisms var and can are com-
patible with the pre-Betti structures. The pre-Betti structure of M can be
reconstructed from the pre-Betti structure of ¢, (M) and the good Q-structure
of V.

1.3. Betti structure in the higher dimensional case

We would like to generalize the notion of Betti structure in the higher
dimensional case.

1.3.1. Good meromorphic flat bundle and good Q-structure. — Let
X be any complex manifold with a simple normal crossing hypersurface D.

MEMOIRES DE LA SMF 138/139



1.3. BETTI STRUCTURE IN THE HIGHER DIMENSIONAL CASE 5

It is fundamental to understand the structure of good meromorphic flat bun-
dles on (X, D), which is now well established after the work of H. Majima,
C.Sabbah and the author. (See [33], [47], [48], [52] and [54]; see [49] for a
survey.) Very briefly, the asymptotic analysis for meromorphic flat bundles on
curves can be naturally generalized for good meromorphic flat bundles in the
higher dimensional case, and we obtain the Riemann-Hilbert-Birkhoff corre-
spondence, which is a natural correspondence between good meromorphic flat
bundles and local systems with Stokes structure.

Let us recall it very briefly. Let (V, V) be a good meromorphic flat bundle.
Let 7 : )?(D) — X be the real blow up along D, which means in this paper
the fiber product of the real blow up along the irreducible components of D
taken over X. Let £ be the local system on )~((D) associated to V|x_p. For
any point P € 7~ (D), we have the Stokes filtration F¥ of the stalk Lp. It
satisfies a compatibility condition with the Stokes filtrations F< for Q which
are close to P. We can reconstruct V from V| x_p and the system of filtrations
{FF| P € 7=1(D)}. Moreover, if we are given a local system with the family of
Stokes filtrations {FF | P € 7=1(D)} satisfying the compatibility condition,
we have the corresponding good meromorphic flat bundle V. This is the
Riemann-Hilbert-Birkhoff correspondence for good meromorphic flat bundles.

As in the one dimensional case, the de Rham complexes of V' and V; are
described in terms of the local system £ with the Stokes structure. We obtain
the constructible subsheaf LS of £ which consists of flat sections with the
moderate growth. It is described as EI%D = FE,(Lp) (P € n~1(D)) in terms of
the Stokes filtrations. Let £<2 be the constructible subsheaf of L, which con-
sists of flat sections with rapid decay along D. It is also described in terms of
the Stokes filtration (see §5.1.2). Then, we have DRx (V) ~ Rm,LP[dim X]
and DRx (W) ~ Rm,L<P[dim X] as in (1).

For any holomorphic function g on X such that ¢g=1(0) = D, we obtain Dx-
modules 14(V') and Z,4 (V') with morphisms as in (2) by using the formalism of
Beilinson. Their de Rham complexes are also described in terms of the local
system £ with the Stokes filtrations.

As in the one dimensional case, a Q-structure of V is a Q-structure of the
associated local system on X\ D, which is equivalent to a Q-structure of £. It is
called a good Q-structure of V' if the Stokes filtrations are defined over Q. If V'
is equipped with a good Q-structure, the Dx-modules V', Vi, Z4(V') and 14 (V)
are naturally equipped with pre-Betti structures, and the natural morphisms
as in (2) are compatible with the pre-Betti structures.

SOCIETE MATHEMATIQUE DE FRANCE 2014



6 CHAPTER 1. INTRODUCTION

1.3.2. Good Q-structure of meromorphic flat connections. — In the
higher dimensional case, not all meromorphic flat bundles are good, which is
one of the main difficulties. Let us recall local resolutions of turning points
due to K. Kedlaya [26], [27]. (See [52] for the original conjecture; see also [44]
and [47] for the algebraic case.)

Let X be a complex manifold with a hypersurface D. Let V' be a reflexive
Ox (xD)-module with a flat connection, which is called a meromorphic flat
connection [38]. For any P € X, there exist a neighbourhood Xp of P in X
and a projective birational morphism Ap : Xp — Xp such that

(i) Xp is smooth and Dp := A\p' (D) is normal crossing,

(ii) Xp\ Dp~ Xp\ D,

(iii) Vp := A%V is a good meromorphic flat bundle on (Xp,Dp). (See
Theorem 8.2.2 of [27].)

Such (Xp, Ap) is called a local resolution of V' in this paper. If X and V are
algebraic, we have a global resolution. (See Theorem 8.1.3 of [27] or Theorem
16.2.1 of [47].)

Then, the notion of good Q-structure is generalized for meromorphic flat
connections which are not necessarily good. Namely, a Q-structure of V is
called good if the induced Q-structure of good meromorphic flat bundles Vp
are good for any local resolutions (Xp,Ap). Even in this case, the de Rham
complexes DR x (V') and DR x (W) have naturally induced Q-structures. More-
over, if we are given a holomorphic function g on X such that ¢=1(0) = D,
the holonomic Dx-modules ¥4 (V) and Z4(V) are naturally equipped with
pre-Betti structures, with which the morphisms in (2) are compatible.

1.3.3. Cells and gluing. — Let us recall that any holonomic D-module
M can be described as the gluing of a “cell” and a holonomic D-module M’
whose support Supp M’ is strictly smaller than Supp M. Namely, for any
P € Supp M, there exists a tuple C = (Z,U, ¢, V) as follows:

(Cell 1) ¢ : Z — X is a morphism of complex manifolds such that P € ¢(Z)
and that dim Z is equal to the dimension of Supp M at P. We impose
that there exists a neighbourhood Xp of Pin X suchthat ¢ : Z — Xp
is projective.

(Cell 2) U C Z is the complement of a hypersurface Dz. We impose that the
restriction )y is an immersion, and that there exists a hypersurface H
of Xp such that ¢~ 1(H) = Dy.

MEMOIRES DE LA SMF 138/139



1.3. BETTI STRUCTURE IN THE HIGHER DIMENSIONAL CASE 7

(Cell 3) V' is a good meromorphic flat bundle on (Z,Dz). We impose
M(xH) = ¢V for a hypersurface H as in (Cell 2). Note that we
obtain the natural morphisms oV — M — @i V.

Such C is called a cell of M at P. A holomorphic function g on X is called
a cell function for C if p(U) = Supp M \ g~1(0). We set gz := go . We have
natural isomorphisms 1=, (V) ~ Z40+(V) and 11y, (V') ~ gpi(V). By the
formalism of Beilinson, the Dx-module ¢4(M) is obtained as the cohomology
of the complex

(5) otV — EgcpT(V) eM— o1 V.
We have the description of M around P as the cohomology of the complex

Vg(p1V) — Eg(p1V) @ og(M) — Yy V).
In other words, M is described as the gluing of the cell C and ¢4(M).

1.3.4. Betti structure

1.8.4.1. Compatibility of cell and pre-Betti structure. — We introduce the
compatibility condition of a cell C and a pre-Betti structure F of M. We say
that F and C are compatible if the following holds:

> Note that the flat bundle Vj;; has an induced Q-structure. We suppose
that it is a good Q-structure in the sense of §1.3.2.

> By the first condition, ¢V, o1Vi, Eg1V and 44V are equipped with
the induced pre-Betti structures. Then, we impose that the morphisms
o1V = M — @iV are compatible with pre-Betti structures.

Such a cell C is called a Q-cell of M at P. Since ¢4(M) is the cohomology of
the complex (5), it is equipped with the induced pre-Betti structure.

1.3.4.2. Inductive definition of Betti structure. — Let us define the notion
of Betti structure of M at P, inductively on the dimension of Supp M. If
dimp Supp M = 0, a Betti structure is defined to be a pre-Betti structure.
Let us consider the case dimp Supp M < n. We say that a pre-Betti structure
of M is a Betti structure at P if there exists an n-dimensional Q-cell C =
(Z,0,U, V) at P with the following properties:
> dimp((SuppM N Xp) \ ¢(Z)) < n for some neighbourhood Xp of P
in X.
> For a cell function g for C, the induced pre-Betti structure of ¢q(M)
is a Betti structure at P. Note that dim Supp ¢4(M) < n by the first
condition.

SOCIETE MATHEMATIQUE DE FRANCE 2014



8 CHAPTER 1. INTRODUCTION

A holonomic D-module with Betti structure is called a @Q-holonomic D-module.
Morphisms of Q-holonomic Dx-modules are defined to be morphisms of pre-
Q-holonomic Dx-modules.

REMARK 1.3.1. — The above is not exactly the same as the definition in §7.2,
but they give equivalent objects. U

1.4. Main goal

1.4.1. The category of Q-holonomic D-modules. — Besides giving the
details on the above arguments, it is our main purpose to show that our notion
of Betti structure is nice. The category of Q-holonomic D-modules should
contain the holonomic D-modules naturally induced from any meromorphic
flat connections with a good Q-structure, for which we have the following
theorem.

THEOREM 1.4.1. — Let X be any complex manifold with a hypersurface D.
Let V' be any meromorphic flat connection on (X, D) with a good Q-structure.
Then, the natural pre-Betti structures of V and Vi are Betti structures.

See Theorem 8.1.3 for a refined result. Some of the functors for holonomic D-
modules should be enriched with Betti structures, as in the following theorems.

THEOREM 1.4.2 (Theorem 8.1.1). — Let F': X — Y be any projective mor-
phism of complex manifolds. For any Q-holonomic Dx-module M, the push-
forward FTZM are also naturally Q-holonomic for any 1.

THEOREM 1.4.3 (Theorem 8.1.4). — Let X be any complex manifold with a
hypersurface D. Let M be any Q-holonomic Dx-module. Then, M & Ox (xD)
has a unique Betti structure, for which M — M ® Ox(xD) is compatible with
the Belti structures.

THEOREM 1.4.4 (Proposition 8.3.7). — Let X be any complex manifold with
a hypersurface D. Let M be any Q-holonomic Dx-module. Let V be any
meromorphic connection on (X, D) with a good Q-structure. Then, MV is
naturally a Q-holonomic Dx-module.

The following is an easier result.

THEOREM 1.4.5
> The category of Q-holonomic Dx-modules is abelian.

> The dual of Q-holonomic Dx-modules are naturally Q-holonomic.

MEMOIRES DE LA SMF 138/139



1.4. MAIN GOAL 9

> Let M be a Q-holonomic Dx-module. Let M’ C M be a subobject in
the category of pre-Q-holonomic Dx-modules. Then, M’ is also Q-holonomic.
We have a similar claim for quotients.

By using the theorems, we obtain that the category of Q-holonomic D-
modules contains expected objects. For example, it contains the holonomic
D-modules obtained from the structure sheaf of any algebraic variety by suc-
cessive use of the pull back and the push-forward by algebraic morphisms,
and the exponential twist by algebraic functions. (This type of holonomic
D-modules are closely related with extended exponential-motivic D-modules
in [28].) It implies the compatibility of the Q-structure and the Stokes struc-
ture for some naturally obtained meromorphic flat bundles. Such phenomena
are expected in the non-commutative Hodge theory [25].

In the algebraic case, the derived category of Q-holonomic D-modules is
equipped with standard functoriality.

THEOREM 1.4.6. — The category of Q-holonomic algebraic D-modules is
equipped with the standard functors such as dual, push-forward, pull-back,
tensor product, inner homomorphism, the nearby and vanishing cycle functors,
compatible with those for the category of holonomic algebraic D-modules with
respect to the forgetful functor.

1.4.2. Analysis on real blow up. — We also give some analysis on the real
blow up, which is a complement to [54]. Very briefly, we can capture the Stokes
structure by considering the de Rham complex on the real blow up, at least
in the case of good meromorphic flat bundles. We have several useful classes
of functions on the real blow up, the moderate growth, the rapid decay, and
the Nilsson type. We study or review the fundamental property of the sheaves
of such functions and the corresponding de Rham complexes. We will not
restrict ourselves to our main purpose, i.e., the study on Betti structure. For
example, we shall prove that the sheaf of holomorphic functions of moderate
growth is flat over the sheaf of holomorphic functions on the underlying space
(Theorem 4.1.1). Although we will not use it in this paper, it is quite basic,
and the author expects that it would be useful for a further study.

REMARK 1.4.7. — G. Morando informed the author that the theory of ind-
sheaves [24] provides us with a powerful method to study analysis on the real
blow up. (See also the recent work by A. D’Agnolo and M. Kashiwara [10].)
While the author hopes that it would make the subject more transparent,
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10 CHAPTER 1. INTRODUCTION

he also hopes that his direct way would also be significant for our understand-
ing at this moment. O
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CHAPTER 2

PRELIMINARY

2.1. Notation and words

2.1.1. Dual, push-forward and de Rham functor. — We prepare some
notation. See very useful text books [17] and [22] for more details and preci-
sions on D-modules. Let X be a complex manifold with dim X = dx. Let Dx
denote the sheaf of holomorphic differential operators on X. In this paper,
Dx-module means left Dx-module. Let Hol(X) be the category of holonomic
Dx-modules, and let Dﬁol(DX) be the derived category of cohomologically
bounded holonomic Dx-complexes.Let QJX denote the sheaf of holomorphic
j-forms. The invertible sheaf le(x is denoted by x. The sheaves of C>°-
(p, q)-forms are denoted by Q9. The dual functor on the derived category of
Dx-modules is denoted by Dy, i.e.,

DxM®* := RHomp, (M*,Dx @ Q% 1) [dx].

Recall that if M is a holonomic Dyx-module, then D x M is a holonomic Dx-
module. For Dy-modules M; (i = 1,2), the tensor product M; ®p, Ma is
naturally a Dx-module. For any tangent vector field v, we have

v(my @ mg) = (vmy) ® ma + my ® (vma).

The Dx-module is denoted by M; ®P Ms. It is also denoted by M; ® My if
there is no risk of confusion.

LEMMA 2.1.1. — Let M be any holonomic Dx-module. Let V be any Dx-
module, which is coherent and locally free as an Ox -module. Its dual is denoted
by VV. Then, we have a natural isomorphism

Dx (M P V)~ (DxM) 2P vV
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Proof. — We recall Remark 3.4 in [22]. For any left Dx-module N, we have
the left Dy-action on Dx ®P N. It is also equipped with a right Dx-action
given by the multiplication (f @ m)-g = fg ® m for ¢ € Dx. The two-sided
(Dx,Dx)-module is denoted by Nj. Similarly, we have a left action of Dy
on Dx ®o, N (the tensor product ®p, is taken for the O x-module structure
of Dx given by the right multiplication) given by the multiplication g-(f®m) =
gf®@m for g € Dx, and a right Dx-action given by (f®m)-v = fv@m—f®@vm
for a tangent vector v. The two-sided (Dx, Dx )-module is denoted by No. We
have a naturally defined Ox-morphism A" — Aj given by m — 1 ® m. It is
naturally extended to a morphism of left Dx-modules N5 — A7. Actually, it
is an isomorphism and compatible with the right Dx-action, as remarked in
[22].

We have two left Dx-actions on Dx ® Q}e}*l. The first one is the natural
one, and the second one is induced by the right Dx-action. They induce
two Ox-actions. Let (Dxy ® Q?}_l) ®§9X N denote the tensor product with
respect to the i-th one. Each is equipped with two left Dx-actions. From the
consideration in the previous paragraph, we obtain a natural isomorphism

L :N@}QX (Dx ® Q?é_l) —)N@?QX (Dx ® Q?é_l)a

compatible with the Dx-actions.
Let us return to Lemma 2.1.1. We have the following natural isomorphisms
of Dx-modules:

(6) Dx(M@P V)= RHomp, (M @PV, Dx @ Q%)
~ RHomp, (M, V¥ @p, (Dx ® Q3™"))
~ RHomp, (M, VY @4, (Dx @ Q%)) = (DxM) P VY.

Here, the first one is obtained by using Godement type injective resolution,
and the second one is induced by ¢ above. U

For any field R, let Rx denote the sheaf on X associated to the constant
presheaf valued in R. Let D®(Rx) (resp. DY(Rx)) denote the derived category
of cohomologically bounded (resp. bounded constructible) R x-complexes, and
let Per(X, R) denote the category of R-perverse sheaves. Let wx r denote the
dualizing complex of Rx-modules. It will be denoted by wx if there is no risk
of confusion.

The dual functor on the derived category of Rx-modules is also denoted
by Dx, i.e., for an Rx-complex F*, let

D)(.F° = RHOTRRX (F‘,wxﬁ).
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The de Rham functor is denoted by DRy, i.e.,
DRx M = Qx ®%, M = Q% ®o, M[dx].
According to [19], it gives a functor of triangulated categories
DRy : Dy (DPx) — D2(Cx)

compatible with the ¢-structures, where the ¢-structure of Df’lol(DX) is the
natural one, and the t-structure of D(Cx) is given by the middle perversity.
In particular, it induces an exact functor DRx : Hol(X) — Per(X,C). We
can identify

wx = DRx OX[CZX].
It is easy to observe that DRx M = 0 implies M = 0 for M € Hol(X).
The functor DRx : Hol(X) — Per(X, C) is faithful, although it is not full in
general.

Let F': X — Y be a morphism of complex manifolds. The push-forward for
Cx-complexes in the derived category is denoted by RF. (It is also denoted
by F, if there is no risk of confusion.) Its i-th perverse cohomology is denoted
by FTZ . Put

DX—)Y = OX ®F—1OY F_IDYy
Dy x = Qx Qp-10, F Dy @0, Q5 ).
The push-forward for D y-complexes is denoted by F%, i.e.,
FiM = RF,(Dyx ®5 _M).

Its i-th cohomology is denoted by FTZ

Recall that these functors are compatible on the derived categories. Let
F : X — Y be a proper morphism of complex manifolds. We have natural
transformations

DRyOFTERF*ODRx, DXoDRxﬁDR)(ODX, DYOFTZFTODX-

In [58], the following diagram is constructed and it is proved to be commutative
(see Theorem 3.3 of [58]):

RE,DxDRy —— RF,DRy Dx —— DRy F;Dy

o |

DyRF.DRy —— DyDRy F; —— DRy DyF;.

SOCIETE MATHEMATIQUE DE FRANCE 2014
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2.1.2. Hypersurfaces. — For any hypersurface D C X, let Ox (xD) denote
the sheaf of meromorphic functions whose poles are contained in D. For
M € Hol(X), we have M(xD), M(!D) € Hol(X) given as follows:

M(xD) == M ®oy Ox(xD), M(ID):= Dx((DxM)(xD)).

We have naturally defined morphism M — M(*D). The morphism
Dx (M) = Dx(M)(xD) and the natural transformation Dx o Dy ~ idx
induce M(!D) — M. (See §3.3 and §A3.3 of [22] for Dx o Dx ~ id.) They
are uniquely characterized that the restrictions to X \ D are the identities.
If D is given as the zero set of a holomorphic function f, they are denoted
by M(xf) and M(!f), respectively. If we are given two hypersurfaces D;
(1=1,2), we set

M(x1D1)(x2D2) := (M(%1D1)) (x2D2),

where x; € {x,!}.

We put Dx(.p) := Dx @ Ox (xD).

A Dx(+p)-module M is called holonomic, if it is holonomic as a D x-module.
Let Hol(X, *D) be the category of holonomic Dy, py-modules, which is natu-
rally a full subcategory of Hol(X'). The dual functor on Hol(X, *D) is denoted

by DX(*D)7 Le.,
D x(«p)(M) = Dx (M) (xD).
Let j : X\ D — X be the inclusion. We define a functor
7t Hol(X) — Hol(X,+D), j*(M) = M(+D).

The natural inclusion Hol(X,*D) — Hol(X) is denoted by j.. Another
functor 7 : Hol(X,*D) — Hol(X) is defined by ji(M) := (jzM)(!D). The
functors j*, j. and j, are exact. In this notation, we have M(xD) = j,j*M
and M(!D) = jij*M for M € Hol(X).

It is generalized as follows.

Let H be a hypersurface of X and k: X \ H — X denote the inclusion.
For M € Hol(X, D), we define k*M := M(xH). We can naturally regard
Hol(X,*(D U H)) as a full subcategory of Hol(X, D). The natural inclusion
is denoted by k.. We define another functor

ki : Hol (X, (D UH)) — Hol(X,*D), kM =j*(((jok)M)((DUH))).

Later (§6.4), we shall consider a successive composition of the operations.
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2.1.3. Pre-K-holonomic D-modules. — Let M be any holonomic Dx-
module. Let K be any subfield of C. A pre-K-Betti structure of M is defined
to be a K-perverse sheaf F with an isomorphism A : F ® g C ~ DR x M. Such
a tuple (M, F,\) is called a pre-K-holonomic Dx-module. We will often
omit to denote A. A morphism of K-holonomic Dyx-modules (My, F;) —
(Ma, Fs) is defined to be a pair of a morphism of Dx-modules M; — My
and a morphism of perverse sheaves F; — JF» such that the following induced
diagram is commutative:

F1 g C =, DRx (M)

! !

Fo®r C é DRX(MQ) .
The category of pre-K-holonomic Dx-modules is denoted by Hol?™(X, K).

The following lemma is clear.

LEMMA 2.1.2. — Hol?**(X, K) is abelian. O

Let F be a pre-K-Betti structure of M. We have induced pre-K-Betti
structures DF and FTi]: of DM and FTiM, where F' : X — Y be a proper
morphism. We put

D(M,F) := (DM,DF) and F{(M,F):=(F{M,FF).

LEMMA 2.1.3. — The isomorphism DFyM ~ F; DM is compatible with the
induced pre-K -Betti structures.

Proof. — Because (7) is commutative, we have the commutativity of the fol-
lowing naturally induced diagram:

DRDFM —— DF;DRM —— DFF®C
DR F;DM —— F;DDRM —— FDF®C .

It means the claim of the lemma. O

2.1.4. Formal completion. — Let Y be a real analytic manifold. Let C§°
denote the sheaf of C°°-functions on Y. For any real analytic subset Z, let
C§°<Z denote the subsheaf of C9® which consists of the sections f such that
the Taylor series of f at each point P € Z is 0. We set C%o = C?/C;‘KZ.
We have other descriptions:
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(i) It is the sheaf of Whitney functions of class C*° on Z, i.e., sections of
oo-jets along Z satisfying the conditions in Theorem 1.2.2 of [34].

(ii) Let Zz o be the ideal sheaf of C3° corresponding to Z. Then, CZ is also
isomorphic to lim Cy® /I7 - (See the proof of Theorem L.4.1 of [34].)

For any Cy?-module F, let F 5 denote F ®@cge CZ. Let Z; (i = 1,2) be
real analytic subsets in Y. According to Corollary IV.4.4 with Definition 1.5.4

of [34], the following natural sequence is exact:

o o oo o
0—>Cm —>C eBC —>CZmZ — 0.

Let Z; (i € A) be real analytic subsets of Y. For any subset I C A, we put
Zy:=(1% and Z(I):=|]Z.
icl iel
We fix a total order on A. For J C K C A, we have the restriction r;x :
cx —=C2. If K=JU{i}, we put
J K

R(LK)={keJ|k<i} and djr:=(—1)""r; k.

We set
K™ () = @D Z
|J|=m+1
Jcl

The above morphisms dj i induce d,, Km(CZI)) — Km+1(C21)) Thus, we
obtain a complex K* (C;I)) By using the exactness in the previous paragraph,
it can be proved that the natural inclusion C* = — KO (C%? I)) induces a quasi-
isomorphism C%i n= Kce (C;I)) (See [52], for example.)

Let X be a complex manifold. For a complex analytic subset Z, we set

0 = lim Ox /T3,
where Z; denote the ideal sheaf of Z.We set

Qu =Q%
Z X|Z
which is equipped with the differential operators @ and 0. If Z is smooth, it
is easy to see that the natural inclusion O — Q%’ is a quasi-isomorphism.
Let D be a simple normal crossing hypersurface with the irreducible de-
composition D = |J;c, D;. By the above procedures, we obtain the complexes
° . . . 0 .
K (Of)([)) It is known that the natural inclusion Oﬁ(l) — K (Oﬁ(l)) induces
a quasi-isomorphism Op ) =~ IC'(OB(I)). (See [14] and [52].) We also have

O 1o 0,0 0,
Qﬁ(f) ~ K (Qf)( )) Then, we obtain Op, ;) ~ QD(I)
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We recall a useful isomorphism due to Z.Mebkhout (Lemma 2.2.1.3
of [43]).(1

PROPOSITION 2.1.4 (Z.Mebkhout). — Let M be any coherent Dx-module.
Let Z be any hypersurface of X. Then,

RHomp, (M(x2),05) =0 and M(1Z) ®1L)X 05 =0. n

See (3.10) of [22] to deduce the second vanishing from the first.

2.2. Beilinson’s construction

Let us recall Beilinson’s beautiful construction of the nearby cycle functor,
the vanishing cycle functor and the maximal functor, which is essential for our
purpose. It is particularly convenient for the study of functoriality. See [4] for
more details and precisions (see also [32] and [59]).

2.2.1. Preliminary. — Let k be any field of characteristic 0. Let

A:=k(s) and A’ :=s'k[s].

For a < b, we put A%® := A%/A’. The multiplication of s induces a nilpotent
endomorphism N4 of A%?. We put

G = Spec k[t, t71].

We define
39 = Oq, ® A%,

It is equipped with the connection given by Va = Na(a)(dt/t) for a € A%
We have natural morphisms 340 5 3% for ¢ > ¢ and b > d, which are
compatible with the connections. We have a natural isomorphism

Jeatl o 30l — 0 st 1.

This construction makes sense also in the analytic situation. The multi-
valued flat sections are formally given by « - exp(—slogt) for a € A%

M The author thanks the referee who informed this result to him.
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2.2.2. Nearby cycle functor and maximal functor. — Let X be any
complex manifold with a hypersurface D. Let f be a meromorphic function
n (X, D), i.e., the poles of f are contained in D. We set

34 = fl3v(1 D),
which are meromorphic flat bundles on (X, f* 1(0)" D). Let
JX# N X
For a holonomic D x(1 py-module M , we obtain the holonomic D x(; py-modules
M4 =M% 35" =5 (M% 3%°).

We obtain D x i D)—modules H;.bM = jij' M ab and Ha bM =" ?’b. We
define

Hab

M) == lim Cok(IIP"M$ TI{-VM ).

N#$
The following lemma is easy to see.

Lemma 2.2.1. — For any point P' X, there exists a neighbourhoodX» and
a large integer Ny such that the following natural morphisms are isomorphisms
on Xp for any N ( No:

Cok(IPMIM$  TPVHIM ) # Cok(IVM$  TIPVM ).

Proof. — See the proof of Lemma 4.1.1 of [50], for example. O

Beilinson defined the functors w(a) = I1%5 11 an nd E}a) = Hjﬁﬁ“. In the case
a = 0, they are denoted by ¢yM and =M , respectively. The multiplica-

tion of s naturally induces isomorphisms w(a) M) ¢(a+1 M and = ”(a) M)
:;QH)M . Note that we have natural isomorphisms H?@ LMY Y M

for x =!,!induced by the multiplication of a power of s. They will be implic-
itly identified. We have the exact sequences of holonomic D x( p)-modules:

(a) (a)
0$ my'm ## =M #8  MS$ o,

(a+1) 4> (a) 4 +1
08 "M ##  =v #8 1y'Ms o

The multiplication of s and the endomorphism céa)

phism N1 of p{** M .
Recall the important observation due to Beilinson (see [4] for (%n)

dg @) induce an endomor-

limIT; 'M)  LimII4M .
o [
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In particular, it implies that N (@*1) s locally nilpotent. We also obtain the
isomorphism

1 30(M ) ! ﬁm Ker(! $NPm# 1 ENAMm).

As in Lemma 2.2.1, Ker(! $N*M # 1 2N2M ) is locally independent of the
choice of a largeN . Seex4.1 of 0] for an elementary argument. In particular,
we have the identibcations

(8) BV &m Ker(t $Nam# 1 3Nam),
9) " @M &m Ker(t N3 m# 1 3Naw),

Remark 2.2.2 . N When we distinguish that we work on the category of
Dx (1 p)-modules, we will use the symbolg (¥ (M ,$D), " (!(M ,$D), etc. O

2.2.3. Vanishing cycle functor and gluing. N Let f be as above. Let
M x be any holonomicDy (py-module. We setM = M x ($f ). We have the
natural identipcations ! 3°M x =1 &°M for" = $,1. We also have I#M x =

! faﬁM . In particular, ! f(a)M x = ! f(a)M and " ga)M x =" Ea)M . We set
M@ = Mx %A%,

We have the naturally dePned morphisms:

1\ iy (2) myOoX 1
a,at " a) . a,at
' N o ow IV

Beilinson debned the vanishing cycle functo#]fa)M x as the H1-cohomology
of the following sequence of holonomi®x ( py-modules:

cl@) gpel@) d@ g gl
; 1X (@ a) 2,X )
| aary @pmem @ | 2ady

(2)

The morphisms d} (2)

and c,” induce can and var:

can var

Py e p@y w @y

By construction, we have var' can = ¢ ' d(®.
Conversely, letM vy be a holonomicDy (;py-module whose support is con-
tained in Y = f $1(0), with morphisms

\

VI VIV B V AN TR
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Then, we obtain a holonomicDy ( py-module Glue(M v, u,v) as the cohomol-
ogy of the complex:

d© = 0) 4
PO Y o vyam 12T 1 O

Beilinson made an excellent observation that the above two operations are
mutually inverse. See §] for more detalils.

2.2.4. Comparison with ordinary depnitions. N Let ! f#1 and ¢ be
the nearby cycle functor and the vanishing cycle functor debned in terms of
V-bltrations, i.e., 't 42(M) = GrY,(# M) and " (M x) = Gry(# Mx),
where# : X " X $ C denotes the graph, andV denotes aV -pltration
of # M x alongt.

For simplicity, "¢ #1 is denoted by!; in the following.
Lemma 2.2.3. N We have natural isomorphisms! %! £ and "¢ %'!f.

Proof. N Recall that *{ (M x) and ! (M x ) are naturally equipped with the
nilpotent endomorphismsN , which are the nilpotent part of the multiplication
of I $t. We have natural identibcations

e EM) %Y (2 ) %t M& ARP,
The natural nilpotent endomorphisms are given by
N &id! id&(s¥),

which is denoted byN ! s. Here, s¥ denotes the multiplication of s on AP,
In the following, we argue on any compact subset oX .

Let us look at the natural morphism G&P : " 2PM " * 2P\ . The supports
of the kernel and the cokernel are contained irf #1(0). The morphism
LG M) M)
is naturally identiPed with
N! s:'M& AP 1 M& A3P,

Hence, if b is su#ciently larger than a, Cok(G?P) is isomorphic to ' M &
A2+l independently of b. Therefore, we obtain! f(a)M % i M& A2atl |n
particular, we naturally have ! (O)M =M.

It follows that Cok(" 2*MM * " 2MM) are independent of any su#-

ciently large M, which should be isomorphlc to !Ea)M . We obtain

#
L0 M) %Cok NI s:1(M& AMLM v 1 Mg A2M
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for any sulciently large M. Because! §°>(|v| x ) is naturally isomorphic to the
cohomology of the complex

bee o9ty e Be@aOMmy# i) e Oim,

it is easy to obtain ! EO)(M )$ ¢ (M) by a direct calculation. O

2.2.5. Compatibility with dual. N In [4], the pairing A %A " k =
A" 1A O is given by
" # $ %
f(s),0(s) =Ress=o f(s)g(! s)ds .
It induces pairings A2 & A" 2" a" A" 1A 0 Then, we obtain Rat pairings
|abg "brap "0
We can identify | P with the dual of 1~ ®" 2 by the pairing.
Let D denote the dual functor on the category of holonomicDy (ip)-

modules. By using theDyx (p)-version of Lemma 2.1.1, we obtain identiPca-
tions:

D(C"3M)$ " P ¥ DM), D(C3M)$" > 3DM).
By (8) and (9), we obtain the identibcations
Dx"M)$ " (DxM) and Dx#PM)$ # ¥ V(DxM).
We have Dx (¢) = d5 * ¥, Dx () = df ¥ Y and Dx (c%) = dy,0 V.
Hence, we obtainD x! (M x) $ 1 {' ¥ (D x M x). The morphisms
Dx" @M P Dy1 @My P Dy & Dy

are identibed with

w (" a¥l) can , (" a) var . (" a)
; M My t M.

The multiplication of s induces an isomorphism$ : " @M ) $ " @1 (M),
etc. Under the above identibcations, we havd $s = ! $..

Remark 2.2.4 . N In [50], we use the pairing A % A " k given by
'T(s),9(s)( = Ress=o(f(s)g(! s)ds/s). It makes an inessential shift of
the indexes in the formulas. O
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2.2.6. Compatibility with push-forward. N Let F : X ! Y be any
proper morphism. Assume thatD = F' 1(Dy), for simplicity. Let g be any
holomorphic function on Y. Let M be any holonomic Dy (-py-module. We
seth:= F'g. Letjy :Y" g X0)! Y andjx : X" 4 X0)! X. We have
natural isomorphisms

FiM# 158 FIM)#15°
of Dy (-p, )-modules. We naturally have GYIj:()Fi $ Fl%jx jy)for! =&l
Hence, it is easy to obtain the identibcations
Fridm = @FiM, F1@M =1 PFM, F4@M = 43F M.
2.2.7. Choice of a function. N Let f and h be meromorphic functions

on (X,D). We suppose that h is nowhere vanishing onX \ D. We have
natural isomorphisms of Ox -modules

1 2P$ 1205 ARP# Oy vpy (& ).

For their Rat connections' ¢ and' s and for $ ( AP, we have the formulas:

" #
Co.df . .. "df dh
f$—$an—’ hf$—$as f_+F
If we have logh on X, we have a Rat isomorphism " : I #° $ 1 2P given by
"( $) =exp(" slogh) $. It induces isomorphisms:
(10) 1 @Dg @ n@g @ 4@ g )

They depend on the choice of a branch of log.

2.2.8. Q-structure of 1P, N In the analytic case, the Q-structure of A2P
is given as follows: . $ * o
Cas) Qa2n "1'9d .

It gives a Q-structure of the bber of | P over 1 ( C". We extend it to a Rat
Q-structure of the Bat bundle | . Let u:=2% "1s. The connection of| &P
is expressed as

A dt,
2% "1t
Here, N denotes the constant matrix such that Njj+; = 1 and Ni; =0
otherwise. Since the monodromy is expressed by exXp(N ), the Q-structure is
well debPned. More generally, for any subbel& + C, we obtain aK -structure
of I P in this way. The pairing ,.,.- : 12P# ' P a1 ' 105 depned ove.

L uP = (wd L u? DN
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|10|

Under the identibcation | | %1 by the multiplication of s, the pairing

takes values in (2 #1)' 1Q.

2.2.9. Comparison with the functors for perverse sheaves. N Let

Loc(l a*b)Q denote the Q-local system associated tol ®°. The bber over 1
is u2Q[u])/u °Q[[u]], and the monodromy along the loop with the clockwise
direction is given by the multiplication of exp(u). Taking the limit, we have

a Q-local system Loc( )q, whose Pber over 1 iSQ((u)), and the monodromy
is given by the multiplication of exp(u). We have subsystems Lod(%)q $

Loc(l )o whose bber over 1 isi2Q[[u]]. We have

Loc(1 @P)q ! Loc(l @)/ Loc(l P)q.
Recall another expression of these local systems as if][
Let Ap := Q(v)). We sett := v+1. The pairing Ap %Ap & Q(#1) is
given as follows:

(1), 9() (= Res(f () g(t' 1) ) Bk

We have a Q-local system|p on C" such that the Pber over 1 isAp, and
the monodromy along the loop with the clockwise direction is given by the
multiplication of t=1+ v. Let us comparel p and Loc(l )o. We take an
algebra homomorphism ! : Q((u)) & Q((v)) determined by !(exp( u)) =1+ v.

We identify the bbers of Loc()g and I p by !. Because it is compatible

with the monodromy, it induces the identibcation Loc(l )o ! | p. Note that

I(f(#u)=1( f)(t'YH and!(d u)=dt/t. Hence the pairing is preserved.

Remark 2.2.5 . N Recall that the functors ", " and # for perverse sheaves
are given in terms of | p, according to [4]. The above comparison gives the
compatibility of the de Rham functor DR with #, " and " in the regular
singular case. O
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CHAPTER 3

GOOD HOLONOMIC D-MODULES AND
THEIR DE RHAM COMPLEXES

3.1. Good holonomic D-modules

We shall introduce the notion of good holonomicD-modules on any complex
manifold X with a normal crossing hypersurfaceD = ;,, D;. They are
PD-modules locally described as the gluing of meromorphic Bat bundles on

jraDjp O D). In eeB.1.1D3.1.3, we study the local case. We explain
the global case ine3.1.4. We explain a kind of quiver description of good
holonomic D-modules in the local case ine3.1.5.

In the local case, for any good holonomid®-modules, we have various com-
mutativity of functors such as ! (?1 j(b)(M )"l j(b)! () (M), for which goodness
seems truly used.

3.1.1. | -good meromorphic Rat bundles. N Let" " denote a multi-disc
in C",i.e,,"":={(z1,...,27) # C"; |z| < 1}. We consider the case
#
X :="" Dj={z=0} and D := D;.

i=1
We set" := {1,...,"}. For | !#j,weset g
D(|)Z: Di and D, = D;.

il il
We put

#D, =D, $D(1%, where 1°:="%l.
Let M (X,D ) be the set of meromorphic functions onX whose poles are con-
tained in D. Let H(X) be the set of holomorphic functions onX. We give
a review on good meromorphic Rat bundles. Sed%], [48] and [49] for more
detailed reviews.
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3.1.1.1. Good set of irregular valuesN Let f ! M(X,D). Suppose that
there existsm = (m;) ! Zj o such that

@) z™f = z™Mf is holomorphic,

(i) if m =(0,...,0), we have g™ f)(O) =0.
Then, we set ordf) := #m. In general, suchm does not exist. For any
holomorphic function f, we have ordf) = (0,...,0). If ord(g) exists for
g! O x($D), then ord(g+ f) = ord( g) for any holomorphic function f. So,
the notion ord is considered for elements irM (X, D )/H (X).

We use the order% on Z' given by m %n if m; % n; for any i. A Pnite
subsetl & M (X,D )/H (X) is called good if the following holds:

I Forany f 'l ,there exists ord(f ). .
| Foranyf,g !l ,there exists ord( # g), and the set{ord(f # g) "f,g ! I}
is totally ordered.

For any good set of irregular valued & M (X,D )/H (X) and for any subset
I & ", let 1 (1) be the set of the elementsa ! | which are regular alongz
(i! 1), and we putl (1) := {ap, ‘@'l "(1)}. Itis a good set of irregular
values on ©,,#Dy).

3.1.1.2. Unramibedly | -good meromorphic Rat bundle N Let

& M(X,D)H (X)
be a good set of irregular values. Recall that a meromorphic Rat bundleH, " )
on (X,D) is called unramibedly| -good if the following holds:

I Let I, denote the image ofl to M(X,D)M (X,D (I°). For any
P ! D\ #D,, the formal completion (E," )“_;, is decomposed into

b#l | (@,b, '$p,b) such that '$p’b# d%idEP ,are regular singular, where}o
are any lifts of bto M (X, D). '

In this paper, we say that a meromorphic Rat bundle €,"' ) on (D,,#D,) is
unramibedly | -good if it is unramibedly | (I )-good.

3.1.1.3. Ramibed case N For a positive integer m, let
!

& ' (
xM:=1"="|§/<1, p™:={§=0} and D™=" D{™.
i=1

We have a natural ramibed covering%, : X (M (X along D given by

%o ($1, -, &) =($", ..., 51, .. B),
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and the induced ramibed coveringsD,(m) I D). Let
I M (XM DMy (X (M)

be any good set of irregular values which is preserved by the action of the Galois
group of the ramibed coveringX (M/X . In this paper, a meromorphic Rat
bundle E on (D,,!D ;) is called | -good if it is the descent of an unramibedly
| -good meromorphic Bat bundleE™ on (D™, 1D (™).

3.1.1.4. Some functors along the divisorsN In this subsection, we use the
following notation for simplicity of the description.

Notation 3.1.1 . N The vanishing cycle functors "% are denoted by" .

Forany | =(iy,...,im)#{1,...,#Mand anya =(ay,...,am) # Z™M, we set
R FEER Sl

If a=(0,...,0), itis often denoted just by ",. We use the symbols‘sl(a), ! I(a)

and " f.‘b with a similar meaning. For any holonomic Dx -module M , we set

M (%) = M (i) and M (li):= M (!Dj).
If we are given a subsetl " # we put

M (1) := M!!D(I) and M (%) = M!O/di)(l)". O

Lemma 3.1.2. N Let (E,&) be any | -good meromorphic Rat bundle on

(X,D). For 1' i,j ' #with i € j, the natural morphism " (E) !

" (@) (E)(%) is an isomorphism.

Proof. N Because the support of" i(a)(E) and " i(a)(E)(%) are contained inDj,

it is enough to prove that the induced morphism for the formal completions
"BEe Y PO,

is an isomorphism for eachP # D;. We have only to consider the case
P = (0,...,0). We use the notation introduced in ©3.1.1.3. Take lifts &

of a # | . We have regular singular meromorphic Rat bundles Ry, &) on
(XM DMy for a # | , and an action of the Galois group G of %, on
(E,&") =~ . (Ra&a+d #), such that the formal completions of (E',&")

and %, (E, &) at (0, ..., 0) are isomorphic in aG-equivariant way. Let (E",&")
be the meromorphic Rat bundle on ¥, D ) obtained as the descent of E', &").
The formal completions of E",&") and (E, &) at P are isomorphic. Then, by
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using the standard argument to prove the unigueness oY -bltrations, the iso-
morphism El'r'b 'E P is compatible with the V-bltrations along z;. Therefore,

it is enough to prove the claim for E".

Let (R," ) be aregular singular meromorphic Rat bundle onX,D ). Let b #
M (X (M D) such that ord(b) exists. We setL (b) := Oy ) ($D (M) e with
the connection" e = edb. We obtain a meromorphic Bat bundle! - (L (b))
on (X,D). By the previous consideration, it is enough to prove the claim for
any direct summand of the meromorphic 3at bundlef; = R %! - L(b), which

follows from the claim for E;. We may assume thatb = j!:l "jt* for some
b &0.

Let V(R) denote the V -bltration along z;. Form # S:= {0,1,...,m’ 13,
let 1™ =" | "7k We have

Lel(b) = Ox ($D)! Me.
m#S
If b < 0, the V-bltration V(EQ of B is given by V- (E;) = E; for any # # C.
If b =0, we have V- (E1) = Veipmum (R) % Ox!Me. Hence, the natural
morphism $; (E1) ( $i(E1)($Dj) (j ¥ i) is an isomorphism in the both cases.
]

Lemma 3.1.3. N If i ¥ j, the natural morphism E(li) ( E (')($) is an
isomorphism.

Proof. N Let N denote the nilpotent part of the action of ' %z on $;(E). We
have the following commutative diagram:

o( KerN ( E b§i) CEC( CokN (' 0
a% ) j}o %
0C  KerN(§)CE (li)$)CEC( CokN($)( 0.
By Lemma 3.1.2, we obtain that a and c are isomorphisms. Henceb is also
an isomorphism. O

3.1.2. 1-good holonomic D-modules. N We continue to use the notation
introduced in ©3.1.1.

Definition 3.1.4 . N A holonomic Dx -moduleM is called! -good on (X, D)
if the following holds:

& M ($D) is an | -good meromorphic Rat bundle on K,D ).
&Forany | =(ig,...,im)#{1,...,"}™, $ (M )($l°) is the push-forward
of an | -good meromorphic Rat bundle on D;,%0) by D, ( X. O
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The full subcategory of | -good holonomic D-modules is abelian, and it
is closed under extensions. IV is a good meromorphic Bat bundle, it is a
good holonomic Dx -module in the above sense. When we do not have to
distinguish 1 , we will omit to denote it. We will implicitly use the following
obvious lemma.

Lemma 3.1.5. N Let M be a holonomicDx -module. Suppose thafi) M (! D)
is an | -good meromorphic Rat bundle,(ii) !;(M ) are | -good for anyi =
1,...,". Then, M is | -good. O

Lemma 3.1.6. N Let M be anl -good holonomicD-module on(X,D ). Then
DxM is"l -good, where"l = {" ala#l} .

Proof. N We use an induction on the dimension of the support of M . 1t is
easy to check thatD x M (! D) is a good meromorphic Rat bundle. By the

inductive assumption, ! i(a)(Dx M)$ Dx! i(! a 1)(M ) are also good. Hence,
we obtain that M is good. O

For any good holonomicD-module M , let #M ) # Z+ ¢ % Z- o denote the
pair of dim SuppM and the number of the irreducible components of Sup/
with the maximal dimension. We use the lexicographic order onZ- ¢ % Zso.
For any good holonomicD-module M , there existsJ & " with dimSupp M =
n"| J| such that M (!J€) = 0. The kernel N; and the cokernelN, of the
natural morphism M (M (1 J°) satisfy #(Nj) <#(M ) (i =1, 2).

Lemma 3.1.7. N Let M bel -good on(X,D ). Then, $i(a)(M ) are alsol -good
foranyi=1,...,"

Proof. N We use an induction on #(M ). Let J and Nj (j =1,2) be as
above. By the assumption of the induction, $i(a)(N,-) (j =1,2) are good.
The Dy -module M (! J€) is the push-forward of an| -good meromorphic Rat
bundle E; on (Dj,%0)) by the inclusion & : Dy ( X. If i # J, we have
$OM (I =0. If i#I, $P(M (13°) is isomorphic to & $?(E;). By
computing the formal completion $i(a)(EJ)|¢, of P # %D as in the proof of
Lemma 3.1.2, we can prove that$i(a)(EJ)|¢, is | -good on Oj;,%0). Hence,

we obtain that $i(a)(M ) is also | -good. O

3.1.3. Commutativity of the functors along the coordinate functions.
N Let M be good on ¥,D).
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Lemma 3.1.8. N For any i £ j, we have natural isomorphisms

! !
M) #15i(M)(")) and Ty M () # 1i(M)(Y).

Proof. N The second isomorphism is obtained as the dual of the brst one.
Let us consider the Prst isomorphism. We have the following naturally debned
morphisms:

| " ! "
LM () 86 LM () () &8 (MOt

Because the restriction ofb to X $ D;j is an isomorphism, it is easy to see
that bis an isomorphism. Let us prove thata is an isomorphism by using an
induction on "(M ). As in the proof of Lemma 3.1.7, the issue can be reduced
to the case whereM is a good meromorphic RBat bundle, which is given in
Lemma 3.1.2. O

Lemma 3.1.9. N M ("j) and M (!j) are also good.

Proof. N Because ! i(M("})) # #;(M ), we obtain that M ("j) is good from
Lemmas 3.1.5, 3.1.7 and 3.1.8. By using Lemma 3.1.6, we obtain thaé#l (!j)
is also good. O

We have the following corollary of Lemma 3.1.9.

Corollary 3.1.10 . N Let f be a meromorphic function on(X,D ) whose
zeros and poles are contained irD. Take D® ' D such that the poles off
are contained in D®. The holonomic Dy -module ! 2°(M ,"D®) is good

on (X,D). Hence, # M ,"D®), "M ,"DW) and ! UM ,"D®) are
also good on(X, D). O

We have the following naturally dePned morphisms:
M (D) oM (D)) &M (1))
It is easy to prove that bis an isomorphism fori £ j.

Lemma 3.1.11. N The morphism a is also an isomorphism, by which we can
identify M ("i)(*j) and M (!j)("i).

Proof. N By using an induction on "(M ), we can reduce the issue to the case
where M is a good meromorphic 3at bundle, which is given in Lemma 3.1.3.
O
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In the following, we will not distinguish M ('i)(!j) and M (!j)('i) for i & j,
which will be denoted by M (!i!j). For | # J $ !, we have the natural identi-
pcation

MUITI)% M),

which will be used implicitly.

Lemma 3.1.12. N We have the commutativity

| i(a) &l j(b) i j(b) &l i(a)’ " i(a) g j(b) _ j(b) g i(a) and #i(a) &#j(b) _ #j(b) &#i(a).

Moreover, the functors ! i(a), " and #(kc) are mutually commutative, wherei,
j, k are mutually distinct. In the following, we will not care about the order
of these functors for good holonomid-modules on(X,D ).

Proof. N We obtain the natural identibcation " §°&" 59 =" ¢ &" +° from

Lemma 3.1.11. Then, the claim of the lemma is clear. O

3.1.4. Globalization. N Let X be a complex manifold with a normal cross-
ing hypersurfaceD.

Definition 3.1.13 . N A holonomic Dx -module M is called good on K, D)
if the following holds:

$ Let P be any point of D. Let (|U", Z1,...,2Zn) be a coordinate neighbour-
hood aroundP suchthat D' U= ,_,{z =0}. Then, M y is good in the
sense of Debnition 3.1.4. O

We obtain the following from the results in ©3.1.28:3.1.3.

Lemma 3.1.14. N Let M be good on(X, D).

$ The dualDx M is also good on(X,D).

$Let DO $ D be the union of some irreducible components. Then,
M (DW) and M (ID®) are also good on(X,D ).

$Let DD $ D (i =1,2) be the unions of some irreducible components
such thatdimD® ' D® < dim X ( 1. We have a natural isomorphism
M(DDYID@)o%M(ID@)(IDW).

$ Let f be a meromorphic function on (X,D) which is invertible on
X\ D. Take D@ $ D such that the poles off are contained in D@
Then, " @M ,1D®), 1 @M ,1DD) and #? (M ,1 D®) are also good
on (X,D). O
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3.1.5. A quiver description in the local case. N We set
! " #
X:=1" D= z=0 and D= D;.
i=1
We use the notation introduced in ©3.1.1. Letl! M (XM DM)/H (X (M)
be a good set of irregular values which is preserved by the action of the Galois
group of the ramibed coveringX (M " X .
We consider tuples ofl -good meromorphic at bundlesV, on (D,,!D )
('t "), with a tuple of morphisms

3‘¢i(1)(V|)?"WP§}'i Vi wh' #i(O)(VI)

forl'! "andi $"\I. Hereli :=1%{i}. We impose the following conditions:
$ f1; &0 is equal to var&can :#i(l) M) #i(o) M);
$forany | "{ i}'{ j}'!' ", we have the commutativity

#j(O)(fI,i)&fli,j - #i(o)(fl,j ) &F i
iij &#j(l)(gl,i)= g &#(g)),
fiii &aiy = #7(ay )&#j(l)(fl,i)-

For such @ = ((V\@),(f@,¢@)) (a = 1,2), morphisms CV " C @ are

debned to be a tuple of morphisms% : Vl(l) " Vl(z) of meromorphic Rat
bundles such that the following diagram is commutative:

) F @
# §v|(1)) wdt VO e 2O %/I(l))

" @ ()% #n§/o " @)%

@ (@
#D (V@) i ASHE #0v?).
Let C(X,D ) denote the category of such objects and morphisms (we do not
bPx1).
Let M be a good holonomicD-module on (X,D). Set V(M) :=
&1(0)(M )((!D ) and Vi (M) := M ((D), which are naturally equipped with
morphisms

sO% ) B v e 50w

Thus, we obtain an object in C(X,D ) denoted by "( M ). The construction
gives a functorM : Hol9%°9(X,D )" C(X,D).

Proposition 3.1.15 . N " is an equivalence of categories.
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Proof. N Let us construct a quasi-inverse functor! : C(X,D)! Hol9°%(X, D).
Let !} : D; ! X denote the inclusion. For anyl " ", we setM ,(0) =1 V.
For | " " with 1 #8 , we debPneM |(1) as the gluing of V| and V,1 by f 1 and
0,1, 1.e, M |(1) is the cohomology of the complex

4o © ¢
L #0) BeeBEs 1 D) &L Vit 008 1. O V).
For 1 *{ i}" "\{ 1}, we have naturally induced morphisms

@ e
DM Oy odiorm @ omben #O M ©).
Then,
0] f(l) ( g(l) is equal to the canonical morphism;
(i) for any I '{i}'{ j}" "\{ 1}, we have the commutativity
#O¢ D) (10 =20 D) (10,
1 0 1)\ _ 1 0 1
0 (#2@M) = o) (#2(dD),
£ (o) = “’) (o) (P D).

Inductively on m, we can introduce good holonomicD-modules M ,(m) on

(X,D)for I " "\ m, and morphisms forl *{ i}" "\ m

(m) §(m)
(11) # DM ™) ogliob M T oslep #© M ™)
such that

#.(0) (f (r_‘n)) ( fI(IT) #(0) (f (m)) ( flgT)’

gllj) ( #(0) (g(m)) — gl]n:) ( #(0) (g(m))
fl(jT) ( gl(lr:]) — #(0)(g(m)) ( #j(l) (f I(,I;n))'
Indeed, suppose we are given such holonomi2-modules form %1, we debne
M (™ for1 " "\m as the gluing ofM (™ P andM (' ¥ by g™ ¥ and f 7' .
By the construction, we have the induced morphisms as in (11) with the desired
property. After th'e procedure, we obtain a good hoIonomicD-moduIe

vl G 1) =m0,
Clearly, ! and # are mutually quasi-inverse. O

We can describe some functors on Hed(x, D) in terms of C(X,D ). Let

C= (VI) (g|lafll) :
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I For i, we dePneC(! Di) = (( V}). (g, .f/;)) as follows.

We setV)' == Vi (i "#1) or V' := " O (Vi) (i "#1). 1F j =i, of; and
f; are the naturally induced morphisms, andg;; and f,; are given by the
canonical morphisms

TP 88 O s 0w,

I We debneC(!D;) as follows.

We setV' := Vi (i "#1) or V' := " (Vi) (i "#1). If j =i, ¢, and
f/; are the naturally induced morphisms, andg;; and f,; are given by the
canonical morphisms" P (vj) $% " P v) @ " @ (V). We have natu-
rally debPned morphismsC(!D;) % C % C(! D;). It is easy to observe

| "

| "M (#Di) & !( M )(#Dy).

I We debne” ®(Q) = ((V), (g, .f,)) as follows.

If i "#1, we setV,' =0. If i # 1, we setV,' :=" i(a)(\/|\i). The morphismsg;
andf/; are the naturally induced ones. Then, we have a natural isomorphism

P & M),

I We dePnes{® (0) = (( V), (gl ,f/)) as follows.
If i "#1, we setV,' =0. If i # 1, we setV;' := V). The morphismsg;; and

f!, are the naturally induced ones. Then, we have a natural isomorphism

1M ) & $P1(M).

I We debneD (O) = (( V}).(g;;.f{;)) as follows.

We setV,' := D (V,(" Y)(1%0). The morphisms g; andf/; are the natu-
rally induced ones. Then, we have a natural isomorphism

ID(M)&D!( M).

3.1.6. Appendix. N The category HoF°°4(X,D ) of good holonomic D-
modules on X,D) is not abelian. Indeed, a direct sum of good holonomic
D-modules is not necessarily good. If we would like to work on an abelian
category, it would be convenient to restrict ourselves to a smaller category.

We generalize the notion of good system of irregular values ir2.4.1 of @7].
For any point P # D, we introduce some rings. To debPne them, we introduce
a category Cp.
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I Objects in Cp are holomorphic maps" : (Z,Q) ! (X,P) of smooth
complex manifolds which are coverings with ramibcation alongd on a neigh-
bourhood of P. We setDz := "' (D).

I Morphisms F : ((Z,Q),")! ((2",Q),"") are holomorphic maps
F:(Z,Q)" (Z,Q) suchthat" #F =",

Such morphisms induce the morphismsOz:($Dz')q: ! O z($Dz)q over
Ox ($D)q. Let Oy ($D)p denote a colimit of Oz ($Dz)q. Similarly, let Oy p
denote the colimit of Oz g .

We have another more direct description. LetC{zi,...,z,} denote the
ring of convergent power series. LeC{z1,...,zn}; .z denote its localization
with respect to z; a4 . For a coordinate system ¢1,...,2,) such that D =

i_, {z =0}, we have natural isomorphisms

d)x'p %Ilm C{Z]]_'/e
‘e

l/e
""12! 1Z!+11--'1Z|"I}1

. / /
d)x ($D)p %!lfg’] C{ZJJ:E,...,Z!le,Z!+1,...,Zn}zjj:le éégj_”e .

A bnite subsetl & Ox ($D)p/ Oxp canberegarded a & O 7($Dz)o/ Oz0
forsome (Z,Q),") " Cp. ltis called a good set of ramibed irregular values if:

() itis a good set of irregular values on ¢,Dz),

(i) it is stable under the action of the Galois group of " .

Note that if Py is close toP, we chooseQ; ' "' %(P1), and we obtain a
natural map Ip ! O 2($Dz)0,/Oz0, ! by ($D)p1/d)x,p1. The image is
well debned.

Definition 3.1.16 . N A good system of ramibed irregulgﬁr values on K,D )
is a family of good sets of ramibed irregular values = {l p #P ' D} satisfying
the following condition.

I If Py is sulciently close to P, we impose that the image ofl p in the
image of | p in Ox ($D)p,/ Oxp, is equal to ! p,. O

Let | = (Ip | P ' D) be a good system of ramibed irregular values
on (X,D). A holonomic Dyx -module M is called | -good if for any P ' D
there exists a neighborhoodXp such that M |x, is | p-good. Then, the cate-
gory of | -good holonomicD-modules on X, D ) is an abelian full subcategory
of Hol(X).
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3.2. De Rham complexes

3.2.1. De Rham complex with inPnite decay. N For any complex man-
ifold X, let ! §9 denote the sheaf ofC' -(p, ¢)-forms on X .We set
dx :=dim X.

For any analytic subsetZ ! X, we set

Pa.—| POn , A
18%=1 B G
For any hypersurfaceD ! X, we set
! ;'q(#D) = ;'q " oy Ox (#D).

We say that D; $ D, = D is a decomposition ofD if D; ! X (i =1,2) are
hypersurfaces such that codiny (D1 %D>) > 1.

In that situation, we say that D, is the complement ofD; in D. In other
words, the complement ofD; in D is the union of the irreducible components
of D which are not contained inD1.

When we are given a hypersurfaceD ! X with a decomposition D
D1 $ Dy, we denote the kernel of I59#D,) & ! E’q(#Dz) by
1

I DPA#D,)<P .

Let Do be a normal crossing hypersurface oK with a decomposition Do
D1 $ D,. For any coherenth -module M , we debne DF§D 1" P2\ as

Cone. DRx (M (#D;) & DRy, ‘M (#D>2) )[' 1]

in the derived category D?Cx). We have the following natural quasi-
isomorphisms:

DR Y P2M (1 ¥ P r#D,) " 5, M Tot! P r#Dy) " o, M [dx].

Here, Tot means the total complex associated to the double complex. In the
following, we shall often omit to denote Tot. It is easy to observe that the
natural morphism DRY° ' P2M & DRy P?(M (#Dy)) is an isomorphism.
We also have the following natural isomorphisms inD?(Cy ):

DR<D1'DXM (#Do) (! T H¥(#HD, )<D1 " by DxM (#Do)
( RHomp, M, ! °¥(#D )P [dx 1.

The following proposition is an immediate consequence of the isomorphism
of Mebkhout recalled in Proposition 2.1.4.
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Proposition 3.2.1 . N If (M (!D2)('D1) "M (!D3), the natural morphism
DR P2(M ) # DRy °*(M)

is an isomorphism in D2(Cx ). O

3.2.2. The identibcation in the case of good holonomic D-modules

Let X be a complex manifold with a normal crossing hypersurfac® . Let
Do % D be the union of some irreducible components with a decomposition
Do=D;&D5,. Let M be a good holonomicD-module on (X,D ).

The following proposition is a special case of Proposition 3.2.4

Proposition 3.2.2 . N If M (ID1) = M, the natural morphism
DRy ¥ P2M# DR,"?M
is a quasi-isomorphism. O

We obtain the following isomorphisms in D2(Cx ):

. ! . !
(12) DR Y P2(M)# DR P2 M (ID;) #8 DRy°> M (IDy) .

We have already seen the right isomorphism. For the left isomorphism, we
may use
| RADLw DAPL(Dy),

We will identify DR 3° *' P2(M ) and DRy °?(M (!D1)) by (12).

Lemma 3.2.3. N If D; %D¥ %D, then the following diagram of the natural

morphisms is commutative:

D} ; "

M #HB DRx M (D

x% X % ( 1)
DR°*M ##& DRy M (IDy).

It is also factorized as follows:

DR

DR;°'M ##  DR<C:M (ID¥) #8 DRy v (ID%)

Xt
§ $ $
DR M ### DRP'M  #8 DRy M (IDy).

@ The author thanks the referee for the simplibed proof of the proposition.
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Proof. N We have the following commutative diagram:
<D'!

DRy M T ! DR<D’1IM (D})®' DRy M (ID})
| | |
DR*M ™' DRP:M(D;)®'  DRxM (IDy).
Then, the claim of the lemma is clear. O

3.2.3. Duality. N We continue to use the notation in©3.2.2. For simplicity,
we assumeD = Dg. We have a morphism of complexes

# $
(13) Tot Tot! ¥¥<P2($D)[dx ] % Tot! ®¥<P1($D,)[dx] # Tot! ¥¥[2dx]
by | %" &% (" 1)P% 1" " where! and" are local sections of
# #
Tot ! ¥v*‘<DZ($D1)$p+O'X and  Tot! °v¥<Dl($D2)$q+dX

respectively. Letl ¥ be aDy -injective resolution of Tot! %¥<P 1($D,)[dx ], and
let 15 be aCx -injective resolution of Tot! **[2dx]. Then, the morphism is
extended to aCx -homomorphism DR, °*<P2(1}) #1 J.

For any coherentDyx -module M , we have the following natural morphism:

(14) DR;° *P2(DyM )% Dy DRY® 2*Pr(M).

Indeed, DRS® **P2D y M is represented byHomp, (M ,1%). Hence, we have
the desired morphism given as follows:

Homp, (M, I f) "H omg, (DR;D 2#D1 ,DR;D 2#D1 i)
%H omg, (DR **PTM,13).

Theorem 3.2.4 . N Let V be a good meromorphic Rat bundle ofX,D ). The
following diagram is commutative:

DR #P2(v8) 3% Dy DR<(I?/02#Dl(V)
(15) B ]

Go # $

DRV®(D;) # | Dx DRx V(!D2) .
Here, G, is induced by (14) and DR3® **P2(Dx V) (| DR **P2(v?). The
vertical isomorphisms are given by(12), and G is induced by the natural iso-

morphism of D-modulesV®(ID1) ( Dx (V(ID3)). (Seer3.1.3) In particular,
G1 is also an isomorphism.
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Proof. N We have the commutativity of the natural morphisms

#

DRy’ “l Pzy'y v DRy> ' P2(Dx V) r Dx DR ' Pr(v)

#': #;ét #;ét

#

$ . % $ % $ %
DRy® *' P2 V" (ID1) " DR’ P2 Dy (V(D2) ! Dx DRY’? P V(IDy)

# # #

$ . % # $ % $ %

DRx V' (ID31) r DRx Dx (V('Dy)) ' Dx DRx V(Dj) .
Then, the claim of the theorem is clear. O
3.2.4. Functoriality for birational morphisms. N Let X be a complex

manifold, and let D be a normal crossing hypersurface with a decompaosition
D = D1 # D,. Let D3 be a hypersurface ofX. Let ! : X'" X be a proper
birational morphism such that

() D'=1"1(D # D3) is normal crossing,
(i) X'\ D'$ X\ (D #Dy).
We put D} := ! " 1(D;). Let D} be the complement ofD} in D'.

Let M ' be any coherentDx '-module having a good Pltration in the neigh-
bourhood of bbers oft . We have the natural morphism

(16) DR ##P21 M 't RI¢DRI¥P2Mm !,
Indeed, we have

$ . %
(17) DR ¥P21 M'$ RIg !y % 10, ! "1 3P 1(8&D2)) %, M !

$$ ! % %
' Rlg ! X$! %! 24 L (aD)) %, M
! ! 0/
$ Rl g DRSSP MY,
Let V be a good meromorphic Rat bundle on X, D ), and we set
V= 1%V 9% 0y (8DY).
We have a natural isomorphism
$ % $ | | %
V(&D3) ('ID1)$ ! V(IDy) .
Hence, we have a morphism oDy -modulesV (!D1) " ! (V'(!D})). We obtain
the following morphism from (16) andV " | V"
(18) DR #*P2(v) 1 RI gDR P2V,
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It is equal to the one induced by ¢! (Q° <D1 (*D2)®V) — QY <P (xDy) V.

Note that we have natural isomorphisms
(19) (Qx @ V)@, (Ox @10, ¢ (Dx @ Qy'))
~ (Qx @ V) ®%X/(*D/) (OX/(*D/) Do-10x (Pil(DX ® Q)_(l))
~ (QXI X VI) ®%X/(*D/) (DX/(*D/) ®<P710X (,0719)() ~ VI.

By considering the dual with V'V (see Theorem 3.2.4), we also obtain the
following morphism:

(20) Re. DR 2=P1(V') — DREZ2<P (7).
THEOREM 3.2.5. — We have the commutative diagram

DREP=P2 Y Rp, DRYTP2 v

(21) zl zl

DRy V(ID;) —— Ry, DRx: V/(1D}).

Here, the vertical isomorphisms are given in (12), the upper horizontal arrow
is (18), and the lower horizontal arrow is induced by the morphism of Dx-
modules V (!1D1) — o+(V'(1D})). Similarly, we have the commutative diagram

R, DR =Py DRYP=Dry

(22) :l :l

Re, DRy V/(ID,) —— DRy V(IDy).

Here, the vertical isomorphisms are given in (12), the upper horizontal arrow
is (20), and the lower horizontal arrow is induced by the natural morphism of
Dx -modules ¢+ (V' (1D5)) — V(D).

Proof. — We have the commutative diagram

DRP=P2 (V) — DR (4V)  — Ry, DRSSPV

| T |

DR =P (V(1D1)) — DRF'SP2 (o,V/(1D})) — Ry DRY =" 17(1D))

! | !

DRxV(ID;) —  DRxeV/(ID})) —  Re.DRxV/(ID}).

Then, we obtain the commutativity of (21).
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Let us consider the commutativity of (22). Recall the commutativity of (7).
We have the commutative diagram for N — ¢y N7, where N (resp. N’) is a
coherent Dx-module (resp. Dx/-module):

Rp.DRx DN’ ~ DR@;DN’ ~ DRDpiN' — DRDN
Ro.DDRy N’ ~ DRp,DRA’ ~ DDRgiAN’ — DDRN.

The vertical arrows are also isomorphisms. Hence, the lower horizontal ar-
row in (22) is obtained as the dual of DRy VV(D1) — Ry« DRy V'V(ID})
in DY(Cx). Then, the commutativity of (22) follows from the commutativity
of (21). Thus, the proof of Theorem 3.2.5 is finished. O

SOCIETE MATHEMATIQUE DE FRANCE 2014






CHAPTER 4

SOME SHEAVES ON THE REAL BLOW UP

4.1. Holomorphic functions

We shall introduce the sheaves of holomorphic functions of various types.
We give some statements mainly on flatness. The proof will be given later.

4.1.1. Preliminary. — Let X be an n-dimensional complex manifold with
a simply normal crossing hypersurface D with the irreducible decomposition
Uica Di- In this paper, the real blow up 7 : X(D) — X means the fiber
product of X (D;) over X.For any subset I C A, we set

Dy = ﬂDi and D(I):= UDi.
iel iel
Formally, Dg := X. For J C I¢:= A\ I, we put
D[(J) =DrN D(J)
In particular, 0Dy := D (I°).

4.1.2. Holomorphic functions with moderate growth or rapid decay

Recall that holomorphic functions on an open subset U C X (D) are defined
to be C°°-functions on U whose restriction to U \ 7~ (D) are holomorphic.
A holomorphic function f on U is called of rapid decay if the following holds:

> Let P be any point of 771(D) N U. We take a holomorphic coordinate
system (z1, ..., z,) around 7(P) such that D = Ule{zi = 0}. Then, we
have f = O(]_[f:1 |z;|V) for any N around P.

The sheaf of holomorphic functions on X (D) is denoted O % (py and the sheaf

(D)
rapid

of holomorphic functions with rapid decay is denoted ‘Af( (D)’
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Let U be any open subset in X (D). A holomorphic function f on U\ (D)
is called of moderate growth if the following holds:

> Let P be any point of 771 (P)NU # @. We take a holomorphic coordinate
system (z1, ..., zn) around 7(P) such that D = Ui!:1{zi = 0}. Then, we
have f = O(]_[i!:1 |zi|~™N) for some N around P.

In this paper, the sheaf of holomorphic functions with moderate growth is

mod
denoted A)k D)’

We shall prove the following (Proposition 4.2.4, Theorem 4.6.1).

. rapid mod

Theorem 4.1.1 . The sheavesO, D)’ Ax ©) and AX ) are [at over
Wﬁl(Ox )

4.1.3. Partially rapid decay functions on completions. N Suppose
that Z is 7~ (D (J)) for some I LUJ C A. Let Iz C Oy (0) be the ideal sheaf

of Z, and put

= lim Ox /I
For a given Oy (D)—module F, we set .7-"|2 = FQo, ©) Oy . According to a gen-
eralized Borel-Ritt theorem due to Majima and Sabbah (see [33], Proposition

I1.1.1.16 of [52]), the natural morphism O, 15)) — 0., o)) is surjective.

The kernel is denoted by (’)<D ((JD) : If Dy = X and D(J) = D, it is equal
|
rapid
A)t D)’

We shall prove the following theorem. (See Proposition 4.2.4 for a refined
claim.)

Proposition 4.1.2 . — The sheavesOfP/l((JB)) and O, 15~ ) are Rat over
: |
Wﬁl(Ox )

4.1.4. Holomorphic functions of Nilsson type
4.1.4.1. Preliminary. — We set
Nil(z) = EB 2#Cllog ).
#eC
For (o, k) € C x Z>g, we put pux (2) := ¥ (log2)X € Nil(z). Let T be any
finite subset contained in {a € C |0 < Re(a) < 1}. For simplicity, we assume
0 € T. Let N be a non-negative integer. We set

Nily p (2 {Za#Jk o jk (2) € Nil(2) | agjk €C,j>—N, k<N, aeT}
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Note that Nil 1 (2) is a Pnitely generated freeC[z]-module. For T ! T' and
N " N', we have a natural inclusion Nikr 5 (z) ! Nil1: n:(2). We have

Nil(2) = lign il (2).

Let €, be the real blow up ofC, along 0. Let! be the inclusion! : C, $ &,.
We have the subsheaves df Oc* on € corresponding to Nil(z) and Nilt y (2).
The sheaves are also denoted by Nit) and Nilt y (2).

For " %1, put
Nil(Z]_, - ,Z!) = Nll( Zl) &c ééé&Nll(Zl),
N”T,N (Z]_, - ,Z!) := Nil T,N (Zl) &c éé‘é&NllT’N (Z!).

We naturally regard Nil( z1,...,2) as a subsheaf of- Ocnyp on the real blow
up (D), whereD = | {z =0} and!:C"# D $ &£"(D). For (! ,k)"
C' ( Zg,, We put y
#I ,k(zla,zn): #"|,k|(zl)l

i=1
which are regarded as multi-valued Rat sections of Nil{s,...,z).

4.1.4.2. Holomorphic functions of Nilsson type N Let X be ann-dimensional
complex manifold with a simply normal crossing hypersurfaceD. Let D =
D®W) D@ be a decomposition.

We shall introduce a sheafA<? ”%°® on % (D).
X (D) N

First, let us consider the caseX =! ", D = i!:l{zi =0}. Let"=11* I,
be determined byD () = ie1,{z =0} forj =1,2. Let $denote the inclusion

X#D $ X(D) Let A2 V%D®

X (D) be the image of the naturally debPned

morphisms

o;D(D“)) &Nil(z |i' 12)# $Oxup.

We can observe that they are independent of the choice of a coordinate system

(z1,...,27). Hence, we obtain globally debned sheaA;D(D(l)) W@ on X (D).

; nil <D @
It is also denoted byA*(D) .

We shall prove the following. (See Theorem 4.3.1 and Corollary 4.3.3 for
rebPned claims.)

Theorem 4.1.3 . N A< W %@ s Rat over % 10y . We also have

R%A;”(D) +O0x (,D).
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Remark 4.1.4 . N This type of sheaves are useful when we study the de
Rham complex ofV (ID M1 D @) for a good meromorphic Rat bundle on ¥, D ).
Compared with functions with moderate growth, we may consider functions
with rapid decay along some direction and of Nilsson type along other direc-
tion. O

4.1.5. Real blow up along holomorphic functions
4.1.5.1. Category of complex manifolds ovecC'. N It is convenient to con-
sider the category Cat of complex manifolds overC' given as follows.

I An object of Cat, is a morphismf : X " C' of complex manifolds.

I Morphisms " : (X1,f1) " (X2,f2) in Cat, are morphisms of complex
manifolds " : X1 " Xy suchthatf;=fo#".

We say that " has some propertywhen the underlying” has the property.
For example, we say that" : (X1,f1) " (X2,f2) is a closed immersion when
"1 X1" Xy is aclosed immersion. For a given objectX,f ) in Cat,, we set

Dx = f' (Do),

!
whereDg:= |_,{z =0}.
ll!

Let C denote the real blow up ofC along z = 0. We have C'(Dg) = €
For any object (X,f ) in Cat,, we have the naturally deDned map

X $ X %C, ;(x)= xf(x)

A morphism " : (X1,f1) " (X2,f2) induces mapsX; %C' " X, %C' and
X1%C'" X, %C', which are denoted by" ; and ™1, respectively.

4.1.5.2. Real blow up along functionsN Let ( X,f ) be an object in Cat;.
Letj : X %(C")' " X %C' denote the inclusion. Let X (f) denote the
topological space obtained as the closure gf(! ¢ (X \ Dx)) in X %C', which
is called the real blow up of X along f [54]. The projection X (f) " X is
denoted by #;. The inclusion X (f) " X %C' is denoted by ;. If there
is no risk of confusion, we shall omit to denote the subscriptf to simplify
the notation. If f is submersive,X (f) is naturally di"eomorphic to X (Dx ).
A morphism D (Xq,f1) " (X2,f2) in Cat, naturally induces a continuous
" Xa(f) " Xa(f2).

4.1.5.3. Moderate grovvth and rapid decayN Let ( X,f ) & Cat,. Let U be
any open subset ofX (f ). A holomorphlg/functlon sonU\ #f Y(Dy) is called
of moderate growth if we have|s| = O(  |fi|' V) for someN IocaIIy around
any pointof U' #' 1(Dx ). A holomorphic function s on U\ # (D) is called
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!
of rapid decay if we have|s| = O(" |[fi|V) for any N locally around any point
of U! 1'Y(Dy). The sheaf of holomorphic functions with moderate growth

(resp. rapid decay) is denoted byA)TC(’fd) (resp. A;‘k"“(’]jd))

We shall prove the following theorem. (See Theorems 4.5.1, 4.5.3, and
Theorems 4.4.3, 4.5.4 for rebned claims.)

Theorem 4.1.5

" mod rapid 1
The sheavesAX(f) and Ax(f) are [3at over!; “(Ox).

"Letls :X(f)" X # C' denote the inclusion. Then, we naturally have

i prapid Il rapid
L A)k(f)$! O x) % 10y 4 ¢! AX#C"

" d 11 d
PeARH $ 1 "0 00 %oy, o Aler

" Let #y : X (Dx) " X(f) denote the naturally induced map. Then, we
naturally have

. A rapid rapid . A mod mod

"lLet$:(Y,9 " (X, f) be a projective morphism inCat,. Let M be a
coherent Oy -module. Then, we have the following natural isomorphism:

mod . [ R " R mod ) 11
Axty %o, 1t TREM & RE(Ay ) %ag, Ly ™M).

4.2. C% -functions

4.2.1. Preliminary. N Let X be anyn-dimensional complex manifold with
a simply normal crossing hypersurfaceD with the irreducible decomposition
e Di. We use the notation in©4.1.1. Let D% be a (possibly empty) hyper-
surface of X such that
() D' D%is simply normal crossing,
(i) dim D! D&<n & 1.
For J ( ", we set
D@J):=D@)' D%
For1) J( ", we put
D, (J_) =D ! D(J_)

Let # %9 ) denote the sheaf ofC® -logarithmic (0, g)-forms on X (D), i.e., a

X (D
section of #?(C(‘D) is locally described as a linear combination of
f adz;,/z, aadz;,/z, &adz;, aadz;, (1* ip* %, %l * jq* n, f + C;E(D))
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in terms of a local holomorphic coordinate system %y, ..., z,) such that D is
locally described as’ i!zl{zi =0}. We have the naturally debned operator
100 pooy0a¥l
P o' Yoy
The complex ! S&D) is called the Dolbeault complex ofX (D). We put
| 0,¥ — 0,¥
AR (o) 1V4

for any real analytic subsetZ # X (D).
For a given C' -manifold Y and a real analytic subsetW # X, let

| <w
"MD" Y
denote the sheaiC ,f(Dl 1)(\/\\/() " onX(D)$ Y, for simplicity of the description.
11D,
We also puton X (D) $ Y
| O,¥<W = 0,¥ 0/ ] <W
“etipyty T X(D) /ocx(o) "yt y’

Let g denote the projection”#%(D;) " D;(!D ). If we are given a holo-
morphic coordinate system ¢, ...,2z,) as above, then
D) - #1A<DI) 5 |
O"!!l(D|) q Olb.(#D.)[[Z' |1 &1
By a natural di"eomorphism "#3(D;) ' D,(!D,)$ (SH!'l, we can locally
identify

I <D(J) _ & <D(J) L
CI-'!!1(DI) - CE)I(#D|)" (Sl)|||[[zl | | &I]]

Forl # J andm ( O, put

#
TM1,J)={K#J# #K, [K|=]|l|+m+1}.
We set $
m o—
K (O"!ll(D|(J)))'_ O"!!l(DK)'
K $T (m,1,J)
We obtain a complexK*(O,,, 10, (J))) as in©2.1.4. Similarly, we obtain a com-
plex K¥(! ?'.¥;(%#(J)).. Y). Seenl.5 of [34] and =ll.1.1 of [52] for the following.
: |
N 0¥<D # .
Lemma 4.2.1. N Let B beO,, , or! ™ . The natural inclu-
YD) TN ERY
sion B " K 9(B) induces a quasi-isomorphismB " K ¥(B). O
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4.2.2. Dolbeault resolution. N In this subsection, we suppos®' = ! .
Proposition 4.2.2  (See B3], [52]). N 1 ¥, and ! %< ) gre c-soft
1" (D, () t1(Dy)
and

resolutions of O, . O
: |

’ , .
(D, (3)) (D)) respectively, whereJ ! |
Proof. N We give only an outline. In each case, it is easy to compute the 0-th

cohomology of the Dolbeault complexes. It is enough to prove the vanishing

of the higher cohomology. We may assume&X =" ", D; = {z = 0} and
First, let us look at ! ?&D). For 1" j " n, let PP, be the sheaf ofC* -
functions on X (D) which are T';-holomorphic for i >j . We set
S # $ %
Xj:=")= (z1,...,z) and Dj := {z = 0}.
i" min{j," }

Let ¢ be the projection X (D) # X;(Dj-). Let P}, be the sheaf ofC* -

sections oqule! Sk,-l(D- X which are I';-holomorphic fori>j . We set
] !

over PPJ- . We have the naturally debned operator

. +1
CoPY, @P X7

¥ = ¥ = O iti
BecausePr, = Oy, and P, =! X (D)’ it is enough to prove that the
natural inclusions Pﬁ.‘j #P 3.‘].+1 are quasi-isomorphisms for the vanishing of

the higher cohomology of !9 Let Q9j = P.9j+1. Let Q..lj be the sheaf

Y o)
of g1 ?k’-l(D- | which are I";-holomorphic for i >j + 1. We take the exterior
RGNV
product Q¥; = * Q}j over Q9j . We have the naturally debned operator
o1 1 QY #Q ¥ %dZja1/ 70 G$1" "),
Fjv QY #Q ¥ %dzj 4 Gg&"m.

We clearly have Ker!'j3 = P¥;. Letus prove Cok!j.; = 0. Inthe casej & ",
it can be proved by the argument for the standard DolbeaultOs lemma. Let us
consider the casg <" .

#Q ¥

.y W %dz +1/Zj+1 IS an
" (D) “ip D) J )

Lemma 4.2.3. N T, @ Q¥
epimorphism. J
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|
Proof. N We use the polar coordinate systemzjs; = rj+ e "M The
action of I'j,; is expressed as follows:
oo #oon $,! %
L

M+ fn("j+1)zjn+1 "1 i+l f (J+1)ZJ+1 adZJ+1/Z]+l

n n

Then, it is easy to prove the claim of Lemma 4.2.3. O

Put D¥*:= &'i':l‘isjﬂ{zi =0}, and consider the real blow up
#: X (DA X
We have a naturally induced morphism
Gy - X (D) # >'<,-(D,-,-).

Let Sy, x be the sheaf of sections ofcf; )" *! on X (D, which are T

>k (D)
holomorphic fori>j +1. Let Sj; be the sheaf ofC# -functions on X (D*,
which are ! j-holomorphic fori>j +1. We set
(¥
S5 = Sy

It is easy to prove the vanishing of the cokernel ofi j+1 S%J #S ¢ % $ dzj+1
by using the argument for standard DolbeaultOs lemma.

Let P %# (D). Let U be a small neighbourhood around®. We will shrink

it in the following argument. According to Lemma 4.2.3, for any section $
of Q3 $ dzj+1/2j+1 on U, we can take a local sectiorPoof Qg such that

($ ) !j%l#!!l(Dj)' u =0.

We put &:= $" ;% We take a cut function' around P, i.e.," is constantly 1
around P and constantly 0 near the boundary ofU. We can regard'& as a
section ofS?,joj $dzj+1. Then, we can bnd a sectior{ of Sﬁ%j around #; (P) such
that 7.1 ( = '&, where# denotes the natural projection X (D) # X (D).
We obtain $ = 1;(%+ () around P. Thus, we obtain the vanishing of the
cokernel of 41 : Qi #Q o4 $ dzj+1/7j+1, and hence the vanishing of the

. 0,¥
higher cohomology of !X D)’

Because# 1(D;) = D;(!D ) & (SH!'l, we can reduce the vanishing of

H |O,¥ H H ' O¥
the higher cohomology of Ll to the vanishing of b, (5D)) by a formal

calculation as in Lemma 4.2.3. By using the resolution in Lemma 4.2.1, we
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obtain the vanishing of the higher cohomology of !?X%h(ou))' We have the
diagram of exact sequences '
L] <D (I) 1 n 1
0ot o X)) o X ()~ o ko) ° 0
I I I
) | 0,¥<D (I) 1 1 O¥ " | O¥ 1
0% “Xx@o) T " X(D) © NI 0
Then, we obtain the vanishing of the higher cohomology of !Sk‘t;l)j 28 By a

formal calculation as in Lemma 4.2.3, we obtain the vanishing of the higher
cohomology of 1%¥_ and 1 %<0 () O
YD) 1=HDy)

4.2.3. Flatness. N In this subsection, D' is not necessarily empty.

Proposition 4.2.4 . N Letl#J$ " . The sheaves
" <D (J) ¢ <D # <D (J)
1oy T 1Yo, )’ TGN 1" 4D, (3))

are Rat over! #10x . In particular, Oy (p) and A;??s) are Rat over! #10y .

Proof. N Let us recall a general result. For a real analytic manifold Y, let
OR denote the sheaf of real analytic functions onY. If Y is the product of a
complex manifold Y; and a real analytic manifold Y,, let OJ** "' denote the
sheaf of real analytic functions which are holomorphic in theY;-direction. The
extension Oy** " $ O B is faithfully Rat.

Lemma 4.2.5. N Let W; $ W, $ Y be real analytic subsets. ThenC, '
and C, W1/ C, V2 are Rat over OF.

Proof. N The sheaf C, is faithfully Rat over OR (Corollary 1.12 of [34]).
Theorem VI.1.2 of [34] implies aC, WVt % ¢ V2 = aC, V2 for any real
analytic subsetsW; $ W, $ Y and for any ideal sheafa of O$. By using the
argument in the proof of Proposition 111.4.7 in [ 34], we can prove the following:

" Let A be aring. LetM be anA-Rat module. Let N be anA-submodule
of M. If aM %N = aN for any ideal a of A, then N and M/N are also
A-Rat.

We immediately obtain the claim of Lemma 4.2.5 from these results. O

Let Zp be a complex manifold with a normal crossing hypersurfaceDy.
Let Z1 be a real analytic manifold. We putZ := Zp & Z; and D := Do & Z;.
Let G denote the composite of the mapZ " Zo" Zo& C", where the latter
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is induced by the inclusion{(0,...,0)}! C". Let (t4,...,t,) be the standard
holomorphic coordinate system ofC".

Lemma 4.2.6. N C, P [Ity,...,tn]] is Rat over G 1Oz4cn.

Proof. N Let !1:Z " Z,:= Z # R" the inclusion induced by
I n

(0,...,0) $ R

We put D, := D # R". We regard that (ty,...,t,) is a real coordinate system
of R" ! C". We have the natural identibcation

C!z <D Mti,....ta]l = CJZ2<D Z/CJZZ<D 2$Z

According to Lemma 4.2.5, it is Rat over!; 'OR . Let G; be the composite of
Z" Zo" Zo# R". We have a natural isomorphism

" 1~Zo" hol "1
G; 1029, M %G L0z cn.

Since the extensionG; *02%, % 1 O B is faithfully Rat, we obtain the claim
of Lemma 4.2.6. O

Let us return to the proof of#Proposition 4.2.4. ,\We may assume that
X=!"Di={z=0},D= |,;DjandD%= "1, Dj. Forl ! "
let #, : )$(D(I ) " X be the real blow up. We have the natural identiPcation

"1 _ 1] % e & 7C 11
# 7(D))= D, # (S and # ~D;(I7) =D;(1")# (SH)"".
From Lemma 4.2.6, we obtain that

I <D () _ A <D, (1) .
= C, : I

is Rat over#, *Ox .

Lemma 4.2.7. N C;'HJ(DD(Z) is Rat over # 10y . (Note that # : ¥(D) " X.)
. |

Proof. N The claim is clear outside of # 1($D,). Let P be any point of $D, .

Let a be any pbnitely generated ideal ofOx p . We take a free resolutionQ,

ofa ie,ddd" Q" Q (" a We obtain a# 1Oy -free resolution# 1Q, of

# la Weset@ = Q forj ' 0and@. ; := afor simplicity of the description.

It is enough to prove that # 1@ (C ' I,f(D (') Vi

Let % ¥(D)" X¥(D(1)) be the naturally induced map. Note

& o0& e
%# 1@¥(C'”<D(| _# 18, ( % C'”<D(| ‘) = # 1(@¥)(C!”<D(I )
H(Dy) 1D, "FHD))

is exact.
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The brst equality is the projection formula. As for the second one, it is enough

to observe that the natural morphism CI <D () L <D ()

1) .--Q..l(DI) Is an isomor-

phism. Itis clearly injective. Let f be a sectlon ofl C;_<'1PD(')) The restriction

9:= T 1pp(y gives aC' -function on " (D, \ #D,). For any diler-

ential operator R on " !

||#1

(D)), R(g)(P) goes to 0 whenP goes to a point
<D (I°)

1 ( I)

Let Q" "#1(P). Take any cycle$ of "#1®; #C’

(#D)). Hence, g gives a section ofCI which is mapped tof .

! <D (I
1"1(D))
cut function around Q, we can regard it as a global cycle of #1&; #C

at Q. By using a

1 <D (1)
11(D,)
whose support is a small neighbourhood of). Then, it can be regarded as

a cycle of " #1(d;) #C!.,lfD ) around ! (Q). BecauseCI <D () is Rat over
(D) (D))

I <D (%)
"'1(D|) '
. Thus,

" 10y, we obtain that $ is a boundary in the complex" #1(@) #C

! <D(I

Then, it is easy to deduce that$ is a boundary in"#1(d,) # CI o))

the proof of Lemma 4.2.7 is Pnished.

D(J)

1)

S(,bdm):= K %% J|1 %K, [K|=m

Let us prove that CI is Rat over" #10y , wherel $J % % We put

Put G 41 = :, j'(DD(lJ;), and descending inductively we set
% &
Kss(am) 0K

We have G |jj+1 = C:...T?D(z
LI |
obtain that G, are Rat over"#1Oy.
<D (J) :
1) P
in Lemma 4.2.1, we obtain thatCI’” ;?D o) is Rat over"#10x .
! I

) which is Rat over"#10y . By an induction, we

Hence, we obtain thatC is Rat over" # 10y . By using the resolution

¢ <p”
1" 4D, (3)) ;
As a result, we obtain that " %¥<P ) gpq » 0¥<D*

1"1(Dy) 1" 4D, ()
w 0,¥<D (J) and n 0¥

1"1(Dy) 1" %D, (3))

Then, we obtain the " # 1Oy -Ratness ofO ((JD)) and O,. y, 5, by using

Proposition 4.2.2. Thus, the proof of PrOpOSItIOI’] 4.2.4 is pnished. O

are Rat over"#10y,

whereJ %1°€. In particular, are Rat over"#10y.
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4.3. Nilsson type functions

4.3.1. C' -functions of Nilsson type. N Let X, D andD" be as ine4.2.1.
We put
D® :=p®1 D",

We shall introduce a sheafc;k (<DD) P#D® on X (D). First, let us consider the
case
"l m
X=!" D= {z=0} and D = {z = 0}.
i=1 " i=1+1
Let ! = 11" |, be determined by DU) = ig1,{zi =0} forj =1,2. Let!

denote the inclusionX # D $ X (D). Let C)'k (ED) ©#D? he the image of the
naturally debPned morphisms:

C, PP %Nil(z i &12) # Tl gl .

X (D)
We can observe that they are independent of the choice of a coordinate system
(z1,...,2n). Hence, we obtain a globally dePned shea(f:;t (<DD) @#D@ on X (D).
; I nil<D ®
It is also denoted by CX(D) . Put
w 0¥<D @#D®@ _ . 0Oy Yo | <D ®#D®@
X (D) T ko Be) %)

We will prove the following theorem in ©4.3.6. (More rebned claims will be
proved.)

Theorem 4.3.1
w 0x¥<D W#DA <D DW#p@ . "
# X (D) % (D) ifD =1.

<D W#p® w0¥<D ®#D® &1
# The sheavesAX(D) and X (D) are Rat over $*'Ox .

is naturally a c-soft resolution of A

. # -
Let DO = = ¢, Dj(') (i = 1,2) be the irreducible decomposition. Fix
k&#," #,. We put .
ED .= D" (i=1,2)
isti{ k}
We put E := E® 1 E@ and E® := DG . We have the naturally debned
projection %: X (D) $ X (E). We will prove the following theorem in ©4.3.7.

Theorem 4.3.2 . N If k & #1, the following naturally dePned morphism is an

isomorphism:
w 0¥<E GO #E® opn 0¥<D @ #D@
X (E) B % X0
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If k! !5, the following naturally dePned morphism is a quasi-isomorphism:

w O¥<E @1 E®@ (2 . n0¥<D ®1 DA
X(E) (D) # " Yo
Corollary 4.3.3 . N The natural morphism
n 0¥<D @ (2 w,n 0¥<D W1 D@
X ("D % X (D)
is a quasi-isomorphism. In particular, R" ”A;]k”(D) % Ox ("D).
For the proof of the theorems, we may assume
5 Im
X=#" D= {z=0} and D¥= {z =0},
i=1 i=1+1

where 1& #& m & n. We setD; := {z =0} fori =1,...,m. We use the
notation in ©4.1.1. For a subset] ' # we setd := J ( (m\ .

4.3.2. Rebnements. N For any locally closed real analytic subset
Z' X (D), we implicitly regard Oy as a sheaf onX (D) in a natural
way.
Forany | ( J "' # let A,r,"fl f(DD(J)) denote the image of the naturally debned
1ip,

morphism

<D )y Nil( z 2)) # O ) ciziisi Nil(zi i1 1)

"!!1(D|) C[Z]_ ..... Z!] 1y -0y 4l Wi 1(IDI\#DI) C[Z|||$|] i H .

Cw i Anil<D (3)

In the casel =" ,itis A)k(D)

For I ( J' # let AN 10,09 denote the image of the naturally depned

: |
morphism
O"!]‘I(D|(J))) Clz1,.-s Z!]l\iliiI(Zl’”.,Z!)
# _ O.1 i@, \4py ) ) clalisti I Nil(zi [T 17).
j$J

Here,1j := 1 ({ j}. In particular, A™ Lo0) is the image of the morphism

#
O"‘i(D(J))) Clz1,..., Z!]Nll(Zl,...,Z!)% O"!l(!Dj\#Dj)) C[zj]Nll(Zj)-

i$
Let AM <P ) gng Ani be the sheaves obtained from
“11(D,), TN 13D, (3)),TN
Nilt N (Z1,...,2)) instead of Nil(zy,...,z).
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For T! T'and N " N', we have natural inclusions

il <D (J il <D (J i i
.mnf B LA mu!j ) .- and .m!Iﬂ ! mlll' N
1'1Dy), TN 1"1D),T"N ' %D, (), T.N 1t 4Dy (3)),T"N

We have the natural isomorphisms

nil <D (J) . nil <D (J) nil ; nil
(23) A! "1(p)) # MA! "1p),T.N and A! ' 1D, (3)) # %‘A!! %D, (3), TN’
Letq :! (D)) % D, ("D ) denote the projection. Let
" ZD|("D|)$)/O D,
be the real blow up. Then, we have
nil <D (J)
(24) 11Dy, TN
_ "1,nil<D ;) N , . s
=g AE)|(“DI|),T,N [zi |1 &1]" crzji#n Niltn(zi |1 &1),
nil
@5 AL ¥Di(3). TN
— o Lpnil - - i i
=q Al Yo, (3TN [zi |1 &1]" crzjizgn Niltn(zi [T &1).

“
4.3.3. Specialization. N Let us construct for any | ( J ! #a morphism

nil nil
Ao FOA e, )

First, let us construct A?k”(D) %AI”i!' ‘o) in the caseD = D;. Let ! denote
the natural morphism '

1 Oy p) " Nil(z;) 6 %Ox- p,
where$: X $ D % X (D).

Lemma 4.3.4. N Assume thatD = D;. Let S! C be a Pnite subset such
that the induced mapS % C/ Z is injective. Assume that we are given

n u\
f = faj ' % (z1) & Oy ©) Nil( z1)
##S j=0
such that!( f) & O;D(D). Then, we havefy; & O;D(D). In particular, we have
nil nil i — —
the well debPned map\x(D) % A 1 1(p) in the caseD = {z; =0}.

Proof. N Let us consider (yowe growth order of z#(log z;)! . For the polar
coordinate systemz; = re ¥ we have

# _
¥ =exp &logr $ '( +)$1(' logr + &()$,

where&=Re) and' =1m ).
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LetV bethesetof(,j )!S" Z, gsuchthatf,; isnotcontained in O;D(D).
We will derive a contradiction by assumingV # ! .

For each (,j )! V, there exists a unique integerm(!,j ) such that

M) hy =2 "0 10y 0,

(i) hyj =1 1(p) is not constantly 0.
We set

! !
= max Rel+m(,j), S= (Lj)!' V|Rel + m(},j)="
(Lj )#v

For (! 1,j1),(! 2,j2) ! S, we have R 1 = Re !> and m(! 1,j1) = m(! 2,j2).
We also have Im! ; #Im ! 5 if | 1 # | ,. We obtain the following estimate for

some# > 0:
# F+m(lj ) i
(26) h!’j ["! 1(D) Z (Iog Zl)
(1] )#1;/ s
— r#( h!,j "1 1(D) e Im $+ "I(m! logr+Re !$ )(Iog Zl)j) - O(I’#+°/§.
(Lj )#v

Let us deduce thath,; |- 1py are constantly 0 from (26). Assume the contrary.
Let Q! $" (D) at which hyj (Q) # 0 for one of (!,j ) ! V. We may assume
%Q) =0. We obta;p the following from (26):
(27) iy (Qe ™9 (og )i = O(r%.

(Lj )#v
But, for any & > 0, we can take 0< r < & such that the amplitudes of the
complex numbers

@ﬂmm@fﬁmm@ i)'V,

are sulciently close, which contradicts with (27). Hence, hy; (!,j ) ! V are
constantly 0. Thus, we obtain Lemma 4.3.4. O

Let us return to the general case. We takeS % C such that the induced
map S & C/Z is bijective. Let g : (S" Z)%4& S" Z be the projection onto the
i-th component, and $; : (S" 2)%& (S" 2)% ! be the projection forgetting
the i-th componen% For a given

A! ,k‘ ' Ik 10 X (D) ' Nil(Z]_,...,Z&),
(1 ky#s'wzl

we set #
Fi o= Ar k@ 0z [ T#1).
G k=" )
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|
iC = 11 : ) AN <Di .

Eut =iy It Ay @' x belongs to .Ox_(D)\!! D (i) we obtain

'F

o DD 0 by applying Lemma 4.34to  'F-; &' -j (z). It implies
that the morphism

Oy oy " Nilz1,...,2) # O " Nil(z,...,2) A

1Y 1(D)) 111(Dy)

factors through A;]k”(D)' Hence, we have a well debPned morphism
nil nil
A>k(D) #A RETGHY
By construction, it is an epimorphism. We also obtain that the following

morphism factors through A;‘k”(D):

OX(D) " Nil(zg,...,2g)

" H nil nil
O |, D () Nil(zy,...,25) # A D) $ N A!!!I(Di).
|
Hence, we obtain the well debned morphisrrA;‘t” # A N . We also
(D) DY)
; nil nil ; ; ;
obtain AX(D),T,N #A DY) TN They are surjective by construction. By
using (23), (24) and (25), we also obtain epimorphisms
Anil nil nil nil
!!!1(DI) ! ll(D|(J)) !!!1(D|),T,N 1! 1!(D|(J)),T,N.
Lemma 4.3.5. N We have :
1'1(Dy) 11(Dy) 13D (3)
1"1(D,),T.N 1"1(D)),T.N 1Yo, ), TN
Proof. N The implication $ is clear. Let us prove the converse. First, we
consider the casd = " . Letf =~ A, k"1 k be any section of
#o )
nil nil
Ker AX(D) B A o)

Let us prove the following equality on#" 1(Dx ! $Dk ) for any subsetK $ !

such that K %J & " :
% &

(28) A! K| !!1(DK)_
ak (1 K)=(" ) i
We use an induction on|K |. In the case|K | =1, it follows from the assump-
tion. Let K = K%' { j}. Assume that we have already known (28) forK ¥
Using Lemma 4.3.4, we obtain the claim forK . As a special case of (28), we

have A, Koy " 0.

" 2% ,Kj (Zi) =0.
#K
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Note that the expression off is not unique. We would like to replaceA;
such that the following holds:

P(m) : A, K[! 14D )=O if |[K|! mandK "™ J#".
LK K
We use a descending induction omm. In the casem = !, it holds as was

already proved. Assume thatP (m + 1) holds. Take K $ ! such that [K|= m
andK " J # " . We have

A

"k (@) % O

Lokr'yo " :
[t HE( K)i!"K 11Dk )

By a generalized Borel-Ritt theorem due to Majima and Sabbah, we can take

G x % O;EZD(';C) satisfying |
G, KI(Dg) A

I ,k|!!!1(DK) ! "iKi (Zi)'
i"K

By (28), the following holds:

G! K[1M'1(Dy) =0.
ac (1 k)=(" )
We have the equality
"# G N
f = A &$ " ok(ze, .. 28
I Kk K ik (z)
7 n # n %
+ Gk " j(zi|1%K).
0ok (k)= )

&
Note that — , ( =+ ) Gt & is 0 on##1(Dy )" #* 4D (K ). In particular,
itis 0on .- #%1(Dx,). By construction, Ay & Gy i jpi " (z1)F1

vanishes on##1(Dy ). Mgreover, if A, KDy )

L"J#",A k&G k k" k(z)*! also vanishes ont*1(D ). Hence,
by applying the above procedure to eactK satisfying|K|= mandK" J # ",
we can arrive at P(m). The status P(0) means

= 0 for some |L| = m with

f = A"k

<D (J)

: D (J ioh imoli ;
with A, x % O; ) \which implies that f %A:tl(o)

(D)’
Thus, we are done in the case¢ = " .
We can reduce the general case to the case = " by using (23), (24)

and (25). Thus, the proof of Lemma 4.3.5 is Pnished. O
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4.3.4. A resolution. N Forl! Jandm" O, put
I n

TM1,3):= K J[I! K, |[K[=I|+m+1 .
We set .
Km#L nil $.: % nil
14D 9) (D)’
KIT (ml1,J)
We obtain a complex K¥(AM! ) as in 02.1.4,
H D ()
Lemma 4.3.6. N The 0-th cohomology ofK*(AM ) is AN ,and
tEED () t Dy (3))
the higher cohomology sheaves af A similar claim holds for AM' .
5D, (J)),TN
Proof. N It is enough to consider the issue forkK*(A™ 200y ) First, let
s | s by
us consider the casd = " . We use an induction on|J| and the dimension

of X. The cases|J| =1 or dim X =1 are clear. LetJ = Jo#{]j}. Assume
that the claim holds for Jg. We set

% .
L= nil
TN - 11D )TN
K [=m+1
jrek"d
We have the exact sequence
# $ # $
¥ ¥ nil ¥ nil
0L Ty 0K A! YD) TN P K A!! Do) TN ®6 0.

Let g : ! *XDj) % B ("Dj)and !; : B ("D;) % D; be the projections. We
have a natural isomorphism

TN ) s

& Cone AM % off IK¥(AM z1' cziNiltn(z) [$1]
ERCARTA B !il(d,-w(ao)),T,N)[[ i1 e Nilr () 1811

By the inductive assumption, we obtain the vanishing of the higher conomology

sheaves ofL} , and K¥(A.ni|| 00T N). Hence, we obtain the vanishing of
' o 0)).1,

the higher cohomology of K*(AM ). The calculation of the 0-th
11 4(D@3)). TN

cohomology is easy.
The general case can be easily reduced to the case= " by (23), (24)
and (25). O
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4.35. The C'! -version. N Let Y be aC' -manifold.

For 1! J" |, let C:“l”(”;[))"(i) denote the image of the morphism
11D,
I <D (J . .
C:! !!1(Df )3 v #C[Zili#Jc] Nll(Zi | | $ JC)
I <D (J) . .
%6& C! ! 1(!D|\"D|)" v #C[Zi|i#|] NIl(Zi | i$ |)
Let C M'<D" pe the image of the morphism
PEED, ()Y
I <D’ ;
1D, (3)" Y # Clze,...2.] Nlll(zl, cen Zy)
0 . ) <D " o . ] . .
ns c, N oy Fempm NIz T8 1)),
j#I
In particular, C <P ~_is the image of the morphism
ARTCIEN IR '

] <D : ’ ] <D S
C!'! (DY Y #Clze,nz ) Nil(Z1, ..., Z4) Y& - C!'! 1(b;$°D )" ¥ #ciz 1 Nil(Z).
Similarly, ¢ /™0 @) gng ¢ ni<D’ denote the sheaves obtained

1 11(D))" Y, TN 114D, (3)" Y.T.N

from Nilt N (z1, ..., 2 instead of Nil(zy, ..., z). We have

I il <D (J)
(29) C!!!1(D.)" Y, TN
I nil<D, ()

= Clb|("D.)" (SO YT N 0zi |1 $ 1]#cpisNilrn(z |18 1),

(30) C' nil <D )
1o, @) Y, TN

_ @ nil<D "%, Mz |i$ 1T#cy s Niltn(z|i$1).
14D, () (Y YLTN ' '

By the argument in ©4.3.3, we obtain the well dePned surjective morphisms:

(31) ¢ Ni<D " og ! nil<D” I nil<D " 0 C! nil<D”
R CID IR A op@)t YT 1Dy YN 1D (3)" Y TN

By the argument in the proof of Lemma 4.3.5, we can prove that the kernels

of the morphisms in (31) areC ,™ ° @) ang ¢ ML) respectively.
111D,y Y 1L(D))" Y, TN
We set " # I

m ~ nil<D" — I nil<D "’

] " T 1y vyt
PHEDr @)Y K AT (mid ) PHEIDg )" Y

We obtain a complex K¥(C|!I L‘(”;‘?J"» . ). Itis easy to see that the 0-th coho-
b I

mology isC Ml <D ” . By using an argument in the proof of Lemma 4.3.6,

4D, ()" Y
we can prove the vanishing of the higher cohomology.
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Similar claims hold for K¥*(C Nl <D’ ).
12Dy ()" Y, TN

4.3.6. Proof of Theorem 4.3.1. N We do not considerD* in this subsec-
tion. We put

| Oxnil<D (3) ._, Ox ! nil<D (J)
Moy X(D)' Cﬁ(D)C"l(Dl)

; O nil = Ox ¢ i
RGNS GOl Cﬁ(D) 14D, (3

IOT nil <D (J) and ! O"¥ nil
1*1(Dy), TN 1" Dy (3)),T,N
The following proposition implies the brst claim of Theorem 4.3.1.

We use the symbols with a similar meaning.

sl OTmI <D (J) and ! 0,"¥ IniI
1)) RECHS)
Ml <D () ang AN respectively. Similar

Proposition 4.3.7 . N The complexe

soft resolutions of the sheaveA

'1(D) 1" %D, (3))
claims hold for A™ <0 () g A"'"I , .
111py), TN 1" %D, ()TN
Proof. N We use an induction on dimX. In the case dimX = 0, the
claim is trivial. Let us prove the claim for !*1(D|). For I = ", let
q :!'%4D)) # D,("D,) denote the naturally induced morphism. We put
Niltn(1) == Nil tn(z | 0 $ 1). By using the inductive assumption and

a formal calculation as in Lemma 4.2.3, we can prove that the following
morphisms are quasi-isomorphisms:

32) AT L) Tz ig ]! Nilrn(l)

b, ("D ,),T,N
$1, 0¥nil <D (I, | : - 0,¥ nil <D (J)
LA It CRTER) ERN A ORT I
It implies the claim for A™ <) we obtain the claim for A™ < ()
1"1(D), TN 1=1(Dy)
from (23). For any subset| & # (I can be" ), by using the resolutions
K¥(An ) and K¥(! Of‘ nil ), we can reduce the claim forA™
"D ) 1D, (9)) , D))
to the claims for AN (I # K). The claim for AM can be
11Dy ) "D (3), TN

obtained in a similar way. By using the exact sequences

00/# |0¥<D 0/# |O¥n|| O/d.',t | 0,¥ nil (y# O,

X (D) X (D) 1t D)
<D nil nil
0%# O X (D) ot A X (D) ot A D) %t 0,
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we obtain the claim for A;‘k”(D). By using the exact sequences
O " | 0,¥<D (J) " | 0,¥ nil " | 0,¥ nil Il
© T X(D) XD T T Yoy
r nil <D (J) " nil " nil Il
ora FOOra gora ot o
. , nil <D (J) . nil nil <D (J)
we obtain the claim for AX(D) . The claims for AX(D),T,N and AX(D),T,N

can be obtained similarly.
The following proposition implies the second claim of Theorem 4.3.1.

Proposition 4.3.8 . N C: <D (3) @ nil<D’ AN<D Q) gpq Al

'1(o)) R CINS) BRI (1)) 1 4o, (9)
are Rat over! " 10y . Similar claims hold for ¢ ™ <P () ¢ nil<D ,
! !'1(D| ),T.N 1! j'(D| J)),T,N

nil <D (J) nil

, | are also Rat over! " 1Oy .
111(D}),TN 114D, (3)), TN

& I nil<D (1°) _ A <D (1°) ' G L
Proof. N We have C!!!i(D.) = C!!!l(D|) #crzilin Nil(zi|1 $ 1), which is

Rat over ! " 1Oy, according to Lemma 4.2.7. Then, we can prove Proposition
4.3.8 by the arguments in the last part of the proof of Proposition 4.2.4. [

4.3.7. Proof of Theorem 4.3.2. N The brst claim of Theorem 4.3.2 is
obvious. We give a preliminary for the second claim. Put

X$:=CwX, X&={00%X, D%*=(C%D)&{0}%X).

Let J ' ". Put D¥J) := C%D(J). Let lo: X¥DY " X%and!; :
C%X(D)" C%X be the real blow up. We have a natural di"eomorphism
o1 (Xd) ( S1%X (D). Let #;,: X{DH " Cy%X (D) be the naturally induced
map. We use the coordinate systenz = re " 1" of C. We have a natural
inclusion:

. _ n . _ #
33) C M RNOxXY T e DO
Hxg) )
The operator z$, induces endomorphisms oc: ) Ti(l;s) #J) O X& and #o&(CII ’ T'(';S) #(j)),
1 0 0 0

which are denoted byF; and F,, respectively.

Lemma 4.3.9. N The cokernel of F; (i = 1,2) are 0, and (33) induces an
isomorphism Ker F1 ( Ker Fa.
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Proof. N It is easy to obtain the vanishing of Cok F; by a formal calculation.
Let us prove the other claims. We takeS ! C such that

(i) the induced map S " C/Z is bijective,

(i) 0 #8S. '
According to the decomposition Nil(z) = ~ |5 z' C[z,Z !][logz], we have
the decomposition

C# nil <D ° (J) C# nil <D ° (J)

"o LX) Ls o tXH)!

Let U ! ¥(D) be an open subset. Letf be a section ofC’," ° @) g

ST$ U 1,1(X) expressed as follows: 0 H(Xb) !
59 » Mg % # <D (J
LI n,j

We have the equality

_ $ $ %o % %
(34) z#,f = % &1 #y+ 1% f. Kknj "1xe rHZn |og|z|28f
! ,k n,j $ $ . %_
+ fron "1 ez |09|Z|28f '
Ik nj
cf <0 Q) 1 .
For any section g of S1a% (D) on S*$ U, we can solve the equation

0,

#G& &I$G=g ($50)

in C;(;i)'kig)(”. We remark 02" e it g(%d%= 0. It is easy to obtain
Cok(z#;) =0 and Ker(z#;) = 0 in the part $ = 0 by using (34). Let us
consider the part$ = 0. We use the Pltration with respect to the order of
log|z|?. If we take Gr with respect to this Pltration, the second term in (34)
with $ = 0 disappears. We obtain H?Gr; = H!Gr; for eachj, and they are
represented by constants with respect to% Then, the second term in (34)
inducesHOGr; ( H Grj»q for j ) 1. Hence, we obtain the vanishing of
the cokernel of Z#;, and the kernel isH% Grg. Then, the remaining claims of
Lemma 4.3.9 are clear. O
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We have the morphism of exact sequences

. 0x<D'(A) X) 0,¥<D '(J) ) 0x¥<D'(J)
on r | r (#X#) 1 e 1 0
c X(ID> c X(DI) 0 !fll(xg))
:rl n $r|
. 0,¥<D '(I) X} , 0¥<D !'(J) . 0,¥<D '(J) ,
1 1 ~o/ o 1 ~o/ 1 1 ro/ 1
on ' 0% )U(D‘) : * 0% )k(D!) : * 0% !gl(x(!)) : 0.

The left vertical arrow is an isomorphism. According to Lemma 4.3.9, the
right vertical arrow is a quasi-isomorphism. Thus, the central vertical arrow
is also a quasi-isomorphism, which is the second claim of Theorem 4.3.2.0J

4.4. Push-forward

4.4.1. Preliminary. N We shall freely use the notation in©4.1.5.2. Let
(t1,...,t) denote the standard coordinate system ofC". We set

4

Do = {tj =0}.

i=1
We have (Do) = &". Let X be any complex manifold. The projection
X$& " X$C isdenoted by". We put Hx := X $ Do.

For any closed complex submanifoldY % X, we have naturally debPned

morphisms:

(35) "&10y. o &IL 10, Ag??dt! r 3/9\??% ,
w&l .o &L, rapid p rapid
(36) OY c! &! 1OX 4! AX " t! H ﬁ/AY" t! .

Here,$: Y $ & " X $ &" denotes the map induced by the inclusiony %X .
Lemma 4.4.1. N The morphisms (35) and (36) are isomorphisms.

Proof. N Let us prove the claim for (35). The other case can be proved sim-
ilarly. It is enough to argue it locally around each point of Hx . It is easy
to reduce the caseX =" " = {(z1,...,2zn); |z| < 1} and Y = {z; = 0}.

Let F be the endomorphism ofA)T?dt! given by F(x) = z;x. The complex

mod F A mod 1 &1 L mod e N
AX,, b A Yo b expresses’ “ Oy ¢t & 10, , . Ax,, e Clearly, F is in
jective. It is enough to prove that the induced map! : Cok(F) " A ?.‘?dc, is

an isomorphism. It is clearly surjective. Letf be any section ofA;’g?dt! on
U %X $ & such that I (f) = 0. Then, z&f naturally gives a holomorphic
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function on U\ ! Y(Hy). Let us prove that z; 'f is of moderate growth. We
may assume thatU is the product of a multi-sector

! .
St= (ty,....t); largti) ! "ol " #i, O< [ti|<roi(i=1,...,9
"o # R, #i > 0,rg > 0)in (C")', and multi-discs U; = {|z1] " r4} and
U={(z2,...,Zn); |%| " ro}. Weput Uf == {3r1"| z4] " rq}. OnUf$ US S,
we have|z; 1f|" C !, |ti|' V. By using the maximum principle, we obtain
the estimate ofz; }f onU;$ U $ S;. 0

4.4.2. The push-forward of coherent Ox -modules. N For any
1'10y4 g -module M, we canonically have a standard!' 1Oy g -Rat
resolution Ny(M ) of M given as follows. For any open subsetU % X $ &',
let Ny be the free!' 1(Oy ¢ ¢i)ju-module generated byM (U), and let N}
denote its O-extension onX $ &'. It '[%naturally equipped wi@oa morphism
ay NG &M . We put No(M) = [ N§, and thena:=  ay gives a
surjection No(M ) & M . By applying the same procedure to Kera, we obtain
a Rat!' 10y g -module N1(M ) with a surjection N1(M ) & Ker a. By the
standard inductive procedure, we obtain the Rat resolution. In particular, we
obtain a canonical Rat resolution N¥(A)’?‘?$dt! ).

Let %: (Y,9 & (X,f) be a morphism in Cat. We have a canonical
morphism % 'N,(A™4 ) & N (A4 ). Hence, for any Oy-sheafM, we

. Vixsk Y&
obtain the morphism

d y: !
%_1N¥(A)T;tl) '!!11#! lOX” c ' ! 1(' g"M)
BN W(ATeL) " # 10, ! T g M).
It induces the morphism
d L 11
@7  Afse  #1w0,., ! (i"R%M)
d L 11
EL R%J(ArYn;t‘ #! 1OY" cl ' I g"M )
Similarly, we have the natural morphism:
rapid . L 110 .. RO
(38) A i, (L R%M)

Xs$ € & .
d )
& Ry AUYY L 0, ! Pl geMm) .

Remark 4.4.2 . N Because A" 'is Rat over! ! 10y 4 (Proposition 4.2.4),

Xs$ &
we may replace' & in (38) with ' . Later, we shall prove that A)"(‘%dt! is also
Rat over!' 10y g (Theorem 4.6.1). O
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Theorem 4.4.3 . N Suppose thatM is Oy -coherent and that! is projective.
Then, the morphisms(37) and (38) are isomorphisms.

Proof. N We shall give details for (37). Because the other case can be argued
in a similar way, we give only an indication in the last. It is enough to consider
the cases

(i) ! is a closed immersion,

(i) ! is the projectionY = P"I X " X.
4.4.2.1. The case (i) N The following natural morphisms are isomorphisms:
(39)

wl l(| f“! «M ) #Ifl 1Ox“ o A)r?id{:l

Wl 1 L
$ (el gM)# oL

|
wll L d
$ ¥y (! g“M)#! 110, ¢ A?Zt! .

nl 1 L mod
! l"OY"#C! #! | 10)(" C! AX#C!

Here, we have used Lemma 4.4.1. Thus, we are done in the case (i).

4.4.2.2. The case (ii). N Let us consider the case wherd :Y = Pl X " X
is the projection. Let L be a line bundle onP". Its pull back to Y ! C* =
P"!I X ! C*is denoted byLy.

Lemma 4.4.4. N Letq> 0. If H4(P",L) =0, we have

Rq!#]_"(" t g"LY # 10,. o A?Zci:!) =0.

Proof. N We have the natural decomposition #,,c = #pn + #x + #c into
the di"erentials of the P"-direction, the X -direction and the C*-direction. Let
B, ., be the sheaf ofC® -functions $ on Y ! € satisfying (#x + #c)$ =0
and the following condition locally:
(Moderate) For any di"eren@l operator R on P", there existsN > 0 such
that R($)= O( i, Iti|' V).

d
We naturally have AT9G, % B, .. We set

B =B

DA #r w2 ).

Y#E! Y IX

The naturally debPned morphism A?;d@ "B 3’:{:! is a quasi isomorphism,
which can be proved by a standard argument for DolbeaultOs lemma. Hence,

we obtain the following ¥ -soft resolution of "' 1(Ly) #, 10,. Amod -

c Ty#E”
") #1i0,.  ATSL & L) #1iio, | BYY

We take a hermitian metric h. of L. We bx a Kahler metric gen of P".
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Let I'| denote the formal adjoint of I :C" (L! 129" C" (Lt 1 %)
Let " ¥ denote the Laplacian on #@",L ! ! 2) associated toh, and gen .
Let G%¥ be the Green operator.

By the assumption H9(P",L) = 0 for g > 0, we have "%4#G%4 = G094 #
10"1 =idif q> 0. We have %, ] = [G°'¥,!:!L]_= 0. In particular, if
fL" =0for " $ #(P",L! ! %9 (q>0), we have!  I{ G(") = ". Recall the
following standard results for elliptic operators:

# G%9 are integral operators.

# For any non-negative integer m, there exists C,, > 0 such that
0/630"1(")0/93n+2 & Cm %% forany " $ #(P",L! ! 0.9), where %2,
denotes the Sobolev norm.

Let P $ $*1(Hx). Let Up be an open neighbourhood oP in X ' €'. Put

US = Up \ $71(Hy).
We have 9§ *(Up) = P"'U p. Let " $ #(P"'U p,$* Ly ! vi1g .
We obtain a C" -function G(*) on P 'U §, and we have!,G(") = 0
and !',G(") = G(!'") for any local coordinate system ¢i,...,z5) on
X ' C'. Then, by the estimate of the Green operator, we obtain that
G(")$ #(P"'U p,$" 1Ly ! 110, B9). Moreover, if I " =0and q> 0, we
have ! (I{ G(")) = ". Thus, we obtain Lemma 4.4.4. O

BO4),

Lemma 4.4.5. N We have Q/Q!A:(”OO/SC! (A Qg/(:t!’ i.e., the morphism (37) is
an isomorphism for Oy .

Proof. N Let P $ $*1(Hx). Let Up be a small neighbourhood of in X' &',

Let &$ #(P"'U p,A:{”g’A‘)’C! ). Take any point Q of P". We consider the inclusion

'Q:Up (Up'{ Q}" P"'Up. We havep:="5%(& $ #(Up, AT ). Itis

easy to deduce that& = ¥%{u). Then, we obtain Lemma 4.4.5. O

Lemma 4.4.6. N Let L be a line bundle onP". Then (37) is an isomorphism
for Ly.

Proof. N We use an induction on n. In the casen = 0, the claim is trivial.
Assume that we have already obtained the claim in the cas@) 1. LetL =
Opn (M). If m =0, the claim follows from Lemma 4.4.5. We Px a hyperplane
PMLx pn_|f m> 0, we can reduce the claim to the casen) 1, by using
the exact sequence 0 O pn(M) 1)" O pa(m) " O pp! i(m)" 0. Ifm< 0,
we can reduce the claim to the casen + 1, by using the exact sequence 0
Opn(M)"O pn(mM+1) "O PQ!l(m+1) " 0. O
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Let us Pnish the proof in the case (ii). It is enough to prove that (37) is an
isomorphism around any point of X ! C', which we shall implicitly use. We
may assume to have a resolution

(daa™Qp™#Q p1Hada™Q 1 Q o) $ M,

!
such that Q are of the form i'\':pl (Lp,i)v, whereLp; are line bundles onP".

By Lemma 4.4.6, the morphisms (37) forQp are isomorphisms. Hence, (37)
for M is also an isomorphism. Thus, the proof for (37) is Pnished.

Let us give an indication to prove that (38) is an isomorphism. We can
argue the case (i) in the same way. In the case (ii), we replace the condition
(Moderate) in the proof of Lemma 4.4.4 with the following:

(Rapid) Let R be any dilerential operators on P". Then, R(!)= O( |[ti|V)
for any N.

Then, we can prove that (38) is an isomorphism in the case (ii). Thus, the
proof of Theorem 4.4.3 is bnished. O

4.5. Characterization by growth order

4.5.1. Statements
Theorem 4.5.1 . N Let (X,f ) be an object inCat;.

Wil

Oy u .
" Tor; *°°¢ (A)’??dt! , # 10y, (x)) =0 for i 0. Namely,

d L 11 d 11
AR &g, #1101 ) SA T &iag L, # 101 (x).

"let$:(Y,9 # (X,f) be a projective birational morphism such that (i)
Dy is normal crossing, (i) Y\ Dy $ X \ Dx . For the naturally induced
map %: ¥(Dy) # X ! &', we have

(40) R%AJED, ) $A X% &riio,. o #1101 ),
rapid rapid 11
(41) RO/#A‘{((DY) $A X" & & 10y ¢ # O!f x)-

#' 1O!f(x) and Arapid &1 19

" mod
The support of Ax,, b & 10,. . Y bl

#' 10y, (x) are X (f).

! X" c!

Remark 4.5.2 . N Note that A;“?i‘é is Rat over #' Oy. i, according to
Proposition 4.2.4. The brst claim of the theorem is a special case of the

Ratness ofA)”("?dt! over #' 'Oy . o' (Theorem 4.6.1). O
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Let us state some consequences. We have the sheaves of algema“gd and
AP on X (f ) determined by the conditions

P AR = 1710y, (x)) ! 1 0. 4 AR,
! f!A;fl’Ff)ld = ' ’ :L(C)!f (X)) ' 1! 1OX .l A;?ZI?T

Theorem 45.3 . N Let (X,f )" Cat-.

" For the inclusion j : X \ Dx # X (f), the natural morphism AmocI

j1Ox\p, is @ monomorphism. The image |sA;?C(’fd)

rap'd # j10x\p, IS @ monomorphism. The

" The natural morphism Ay

image |sA;f“()f'd).
" In particular, if f is submersive, then we naturally hav«ié\mOd $ A mod
andAramd $A rapid X (Dx)
X X (Dx)’

Proof. N It follows from the descriptions (40) and (41). O

Theorem 4.4.3 can be reformulated in terms oA)TC(’fd) and A;?'?f";
Theorem 4.5.4 . N Let#:(Y,g9 # (X,f) be a projective morphism inCat-.
Let M be any coherentOy-module. Then, the following natural morphisms
are isomorphisms:

(42) A)Tc(’?) I'! 10y ! "IR#/M $ R#, (A$?d) I'! o, ! “1m),
rapid | L g apid | L .
(43) Agiy ! Tiio, ! TRIEIM S R#((APPE 1iag, 1M, ]

After the RBatness results in Proposition 4.2.4 and Theorem 4.6.1 below, we
may replace! - with ! in (42) and (43).

4.5.2. Proof of Theorem 4.5.1. N Let us begin with the simplest case.

Lemma 4.5.5. N Suppose thatf is submersive. For the naturally induced
closed immersion$ : X (Dx) # X %E&", the following natural morphisms are
isomorphisms:

(44) 110 ) Doy, AXee 8 SIATY
1 rapid rapid
(45) 110y, (x) ! ..lo o Alse & SATE
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Proof. N It is enough to argue it locally around any point of Hy . We may
assumeX = {(z1,...,z0)} andf =(zy,...,2). Let G: X! C'" ¢Cc"! C
be given by

G(Z]_,...,Zn,tl,...,t!):(Zl# t1,z2# to,...,21 # t!,Z!+1,...,Zn,tl,...,t!).

Then, G$!¢(z1,...,2,)=(0,...,0,2041,...,2n,21,...,21). By using G, it is
easy to prove that the morphisms (44) and (45) are isomorphisms. O

Let us consider the case wher®y is normal crossing. We have a naturally
debPned mapX \ Dx " X ! (C')' as the graph. Let us observe that it is
extended to!; : X(Dx) " X ! &' Let f; be the composite off : X "
C' and the projection C' " C onto the i-th component. It induces a map
g : X\ Dx " C'. Itis enough to observe that it is extended to a map
X(Dx) " €. Let P be any point of Dy . Becausef; 1(0) is contained in
the normal crossing hypersurfaceDyx , we can take a holomorphic coordinate

neighbourhood (Xp;z1,...,2,) around P such thgt_Dx = jpzl{Zj = 0}
and f; = " P 2™, wherem; > 0. Letz = rie "1"i. Because the map
X (Dx)" C'is described as
#"7" #"7"' % & . #Hi "
r,e Y oorpe Y zpa, oz W rMe M

we obtain that gx,\p, IS extended toXp(Dx &Xp) " €. Then, the claim
follows.
We have the naturally dePned morphism:

d w1 - d
(46) Mo w0,y MO # ln AT
Proposition 4.5.6 . N Suppose thatDy := f"1(Dg) is normal crossing.

The morphism (46) is an isomorphism. Moreover, we have the following iso-
morphisms:

R' 1!Amod ( !]_!AmOd

X (Dx) X (Dx)’
d 1 L n" l d ] n" l
Alse # 10y ¢ O x) (A S5 " # 10, Or (x)-

Proof. N In the proof, we omit to denote " " 1. We have the maps
LD X (Dx)# X(Dx)! & and P :X(Dx)# X(Dx)! C
induced by f . We have the projections:

# X (Dx)! € # X1 & and #H:X(Dx)! &# X(Dx)! C.
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We setD}, := Dy ! C'. According to all.1.1 of [52], we have the isomorphisms

mod " mod ! mod " mod
RUcA bose A xee X)) Ri2AYG e "A Yo, sc (FHX)-

Hence, we have the natural isomorphisms

@7 Rir(ARE 1,086, o O A F5e (DX) $o, ., O x)
"A 3% $0,, o O 0 (*#Dx)
" d ¢l
A Lok $06, o O x)(#Hx)
"A % (#Hx) 85, O x)
" d oL
A % %0, o O
We also have
d L n d L
(48) R!zn(A;?c()Dx)#C! $OX! c! O!f(x)) A T?Dx)#cl (#HX)$O><! c! O!f(x)
" mod L
A X (Dx )#C $O><! c! O!f(x)'

Lemma 4.5.7. N ! 152) is a closed embedding, and that we have

n A mod mod

mod L " (2)
(49) A $Ox!0! O1; x) X(Dx)#C‘$OX!C! O x) !f"A)k(Dx)'

X (Dx )#C!

Proof. N For the expressionf = (f4,...,f|), we debPneG': X! C' % X ! C'
by G!(P,tl,...,t!) I=(P,t1&f1(P),...,t! &f|(P)) We have G!' !f(P)z

(P,0,...,0). Then, we can prove (49) by an induction on". O
w1
Lemma 4.5.8. N The support of Tor- Ox1 ol (Amod , #210y, (x)) is con-
i 0 X(Dx)#E! f

tained in | iV (X (Dx)).

Proof. N Let U denote an"-dimensional vector space with a basi®y, ..., e.
We set K

Ck$!:: U$OX#C!'

Let $:C™ % C™*! be given by
#
$%= (ti & fi)e ( %.

Then, we obtain a complex ofOy 4 o -modulesC¥, and it gives a free resolution
of Oy 4 -module Oy, xy- If Q) X(Dx)! &' is not contained in ! Y (X),

then one oft; & f; are invertible in A)T‘zg J b around Q. Hence, the complex
()# L
A>T‘(’g J b $ C¥ is acyclic aroundQ. It implies the claim of Lemma 4.5.8. O
()#E!
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Note that !, induces a homeomorphism! P(x) 1 1@ (x). By
Lemma 4.5.8, we obtain that forp =0
1

! O, . ! d n#l —
RP1,, Tor, xre (A;’QC(’D),. i O, (x))=0

By applying the argument of the spectral sequence with (49) to (48), we obtain
that

"o . o "
Tor; T (ARTDy & "0 ) =0
forj =0, ie,
d n#l d il
A¥ o)y & #1) 10, Oro0 A Floy & #riioe o " 00

on X(Dx) $ €. We also obtain an isomorphism of sheaves oX (Dx ) !
L0 (x):
e :

mod mod
%) b #o,. 0 O A X (D)’
From (47), we obtain

d d
(50) Rity AROS 1 RUu(AR . #o,. o O )
d 4k
LA 7% #6, . O (x)-
Note RP! (A)’?‘Eg - w #o,. o Oy (X)) = 0 unless p % 0, and the p-th coho-

mology sheaf ofAm°dtl #L o O, (x) is 0 unlessp & 0. Hence, (50) implies

the claims of Proposition 4 5.6. O
Proposition 4.5.9 . N Suppose thatDyx is normal crossing. Then, the nat-
ural map

d n d
A #riio o "0 0 b AR

is an isomorphism. Moreover, we haveR#, A;??S ) ! A;??S )
X

Proof. N It is proved by the arguments in the proof of Proposition 4.5.6. We
omit to denote " #1. We have the isomorphisms
$Hx<D{ | o <D¥

| <HX$D§| <H x %
RIu A ('Dx) and R! ZIAX(DX)" e HA X (Dx )" C!

X@yx) & T oxr&
Hence, we have the natural isomorphisms

("Hx).

<H x $D¥ H =0
(61)  Riu(Ay J°U% #o, o O o) A L (D) #o,. o O x)
<H
PA o m #or o O x)s
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Hx<D

(52) Rz (AX(D )#é:'! « o O 00)
n <D!
X(Dxx )# C! (#Hx) ! Ox» ¢! O!f(x)
wp <D w | (2 A<D
X(DXX)#C! oy e One0 i AX(DXX)'
Let us consider the morphisms
<H x " D <(Hx $D{)
(53) AX(D)#C‘X ! Oy ¢! O 6 A )k(D)#C!X ! Oy e O
o <D { " Hx |
/O&AX(D)#C! Po,.a O
Becauset; %f; are invertible on A<H X Cx e have
41D} ) P (Hx )
<H _ <D! _
A!#!I?D;() ! Ox» ¢! O!f(x) =0 and !#!1)EH><) ! Oy ¢l O!f(x) =0.

Hence, the morphisms in (53) are isomorphisms. By the argument in the proof
of Lemma 4.5.8, we obtain that the support of the sheaves in (53) are contained
in | (X). Because! , gives a homeomorphismd (' (X (D)) * | @ (% (D)), we

. . <H X D| |
identify AX(D)#C' 'o,. o O (x) With A)k( 5, ) as sheaves oX (Dx ). Then,
the claim of Proposition 4.5.9 follows from (51). O

Let us Pnish the proof of Theorem 4.5.1. Let X,f ) be any object in Cat-.
We take any projective birational morphism " : (Y,g) & (X,f ) such that

() Dy is normal crossing,
(i) Y\ Dy " X\Dx.
We setD¥:= Dy ' C andDY¥ = Dx ' C'. We have

R" Oy (#Dy) " O x (#Dx).

By using Theorem 4.4.3, we obtain

L &1 idid
R1y AT, ! Feto,. , #4M g Ov(#Dv)

n #
"A P Teio L #EM Ox (#Dx)

By using Proposmon 4.5.6, we obtain
(54)  Rly AT 1 .L#lo #&1| g (Oy (#Dy))

Y#é:'
" Ry (AMO #5410, | (v))

L
Y#é:' : 1#10y. o
" R I(AY#C' PI#10,. #&1O!g(y)).
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We also have

] "
A)T?dt. ! I_u 10, ! l! f# Ox ("DX) #A )n:cl)dt‘ ’ 'L! 10y @ ! 1O!f (X):
We obtain

l L ||l
#l (AYI C' . l!lOY” o I O'g(Y))#AXI t' . 1! 1OX” o ' O!f(x).

It implies that the claims for A™Y in Theorem 4.5.1. The claims forArapid
can be proved similarly. O

4.5.3. Complement for the sheaf of Nilsson type functions (Ap-
pendix). N Let us consider an analogue for the sheaves of Nilsson type

functions. We restrict ourselves to the caset= 1. Let A;‘(”l E denote the sheaf

of holomorphic functions of Nilsson type onX $ &.

Lemma 4.5.10. N For any complex manifoldi : (Y,g) % (X,f ) in Caty, the
naturally dePned morphism

Al il hiio,. ! TOvic& BAD .

is an isomorphism.

Proof. N As in Lemma 4.4.1, we have an isomorphism

rapid | L rapid
AT b Ovic#A L.

We can checkAM! 1, Op #AM directly. Then, the claim of
FL(Hx ) Hx Y I (Hy)
the lemma follows. O

(Y,9 " (X,f) be a morphism in Cat;. For any Oy-coherent
sheafM , we have the following naturally dePned morphism

(55) AL ! Fiage. ! T raR"aM) & R¥(AD) L1 Fiag,. ! T M),

Proposition 4.5.11 . N Suppose thatM is Ox -coherent, and that" is pro-
jective. Then, the morphism (55) is an isomorphism.

Proof. N By Theorem 4.4.3, we have an isomorphism
APPD L oL TR R M) # RE (AP L T M),

X1 k& yir &’
We also have the formal isomorphism

A”}#j' g, o b M rsR sM) # R'#l#(Ag' g, P M),
Then, the claim of the proposition follows. O
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Theorem 4.5.12 . N Let (X,f ) be an object inCaty. Let ! : (Y,g9 ! (X,f)
be a projective birational morphism such that

(i) Dy is normal crossing,
(i) Y\ Dy " X\ Dx.
For the naturally induced map" : Y(Dy)! X # €, we have

n il " il #1
R !A?(I(DY) A ?(I"C$!!lo><"c# O!f(x)'

Proof. N As in the proof of Theorem 4.5.1, it is enough to consider the case
where! =id. We use the notation in the proof of Proposition 4.5.6. We have

the isomorphismR$y, A;]k”(D pe A “" C(O/D$) Hence, we have the following
natural isomorphism

RSL (AR 0y £ 3650 ¢ O ) A §h g $ox- ¢ 01 (x)-
We have the naturally debPned morphism

nil (1) nil
A){(D )" t$OX"CO!f(X)& ' A)k(D )
It is enough to prove that the induced morphism is an isomorphism:
0.

(56) RS (AR5 S0 c O x) & Ru(HYAR ) ).

We have already known that the following is an isomorphism, by Proposi-
tion 4.5.9:

id 1 d
.I.:2$1! (A;?‘(Jllax)" t$°x ¢ O (x)) & R$y (I ( )AT?ID ))

Let Dx = o D;i be the irreducible decomposition. For anyl ' ", we set
# % %
D, 0= D; #{ 0} .
i%
To prove that (56) is an isomorphism, it is enough to prove that the following
natural morphisms are isomorphisms:

<D M A<D
(57) REUA oy $0xc Orpx) & R$u! /A ‘1'1(;3|>

It is enough to consider the issue, IocaIIy around any pgint oDy #{ 0}. We
may assume thatX =# ", Dy = [, {z =0} andf = [, z".

Lemma 4.5.13. N We may assume thatg.c.d.(m; |i ( 1)=1
Proof. N Let p:=g.cd.(m;|i ( I). We set
X%=#" and D%= {z=0}.

i=1
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I n n
We debneD! := .. {z =0}. OnX' wesetg:= ., z™! ., z""P. we
debne! : X " X'byz #" zip (i$1)and z #" z (i %$). We havef = g&! .
The map ! gives
D,' D and B,("D;)" B'('D}).

Let #{) . ¥ (D) " #'(D)! &and# :X'(D)! & X' & be given
similarly to #gl) and #;. We have the following natural commutative diagram
of the sheaves or¥, ("D ) ):

RtsAD 10 (0, O, (x) ) Rt ASID |
n!.l(Dloﬁ § --'ll(Dl)
%ég %‘ﬁ’
| 5 <ID (@) A
R 1$ u||1(D# ( OX#‘ C OI Q(X#) ) R#l$# ,,||1(D#)
It is easy to check that the vertical arrows are isomorphisms. Then, we obtain
the claim of Lemma 4.5.13. O

Let $1: ¥(Dx)" X, $:¥(f)" X and$: ¥(Dx)! €" X! Cbethe
projections. We have

$$1(D1) " Bi('D) ! (SH!', $51(Dio)" Bi("Dy)! (SHI',
$$1(D,)" D! sk
We decompose the maphi 1p, ) : $%1(Dio) " $57(D)) into
B (D! (SH'" Yyt B (¢p))r sty bt st
To prove that (57) are isomorphisms, it is enough to prove that

<ID o ' #(1) <D |
(58) Rp-l$A--!!1(DIO) ( OX” C Olf ) Rul$ " ;_Il(D|)

is an isomorphism. We have the expression

A<D 10 im&A’D' Mtz |i$17( -..-NiI(tz-|i$|)l
TSP #N b, (D )TN Lo Zi Clt,zili" i] y Zij .

By the argument in Lemma 4.3.9, or by a direct computation of the cohomol-
ogy of the sheaves on the Pber gf;, we obtain

<D o v g Ea<iD . .
RLJ.1$A“ (D) o) #!m Alb| (D )TN Mtz [1$1T( CIt] Nil(t) .
N
Hence, we obtain the natural isomorphism
. & . Lo
(59) RumAff?l(:;m)( Ox-c O, m A;D(!IID.),T,N [zi 11 $ 11 g Nil(t)
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<D, Y -

Here, t acts asf on Ab| 9D1), TN[[ZZ [i! I]. We have the expression
<0D, H <dDI HE 0, . i ]!

Awllll(D|) #?V b (le)TN[[Z’ [P0 1] %cpza g Nil(z; [T 1) .

We take Tp & C such that To $ C/ Z is bijective. We have the decomposition
#
Nil(z; |i! 1)= z' Clzi,logz; |i! I1].
LT

We have the corresponding decomposition:

<90D i ) . B

(60) Ab. oD, )TN[[ZZ#L' VD Ycpy o p Nil(zg [T 1)
= AE.d(Da'D.),T,N[[Zi“! ITz' %Cllogz; |i! I].
Ty

$ . . :
Recall f = f 1 z" with g.cd.(m; |i! I)=1. Under the assumption, the
map C/Z $ (C/Z)I given by ! '# (!m,|i! 1) is injective. We have the
subsheaf

# ,

(61) AE?@'D|)7TN[[Z |i! |]] 2°™ % Cllogz; | i ! 1].

B! Ty i I

Let Q be the quotient of (60) by (61). Note that the bbers of p; ( &53)
connected. By a direct computation of the sheaves on the Pbers @f; ( !&S}),

we obtain the push-forward of Q by pj ( .&S}) is 0. Moreover, we obtain that
the push-forward of (61) is naturally isomorphic to

# <BD| H % ﬁm‘ % mi "
(62) Ab. (oD, )’T7N[[z,~ [it 1] z log( z") .

B! To il T i=1
Hence, the push-forward ofA<aD(' by u1 ( &(1) is isomorphic to the limit
of (62). Together with (59) we obtam Theorem 4 5.12. O

For any object (X, f ) in Cat 1, we have the sheaveﬂgyf on X(f ) determined
by the condition &f"AgyJ = "*10y, (xy % 104 ¢ A%t For a morphism

#:(X1,f1) $ (X2,f2) in Caty, we naturally have €AY, . $A Y .

We obtain the following propositions as in the case ofA™@d and A™d,

Proposition 4.5.14 . N For the inclusionj : X\ Dx $ X(D ), the natural
morphism A}"f $ j»Ox\p, is @a monomorphism. O
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Proposition 4.5.15 . N Let! : (Y,g9 ! (X,f) be a projective morphism
in Cat;. Let M be any coherentOy-module. Then, the following natural
morphism is an isomorphism:

AR "o, "TIREGM # RES(AR g, M),

4.6. Flatness of the sheaf of holomorphic functions with moderate
growth

4.6.1. Statement. N Let (X,f ) be any object in Cat-. Let
j X\ Dx @ X(f)
denote the natural inclusion. For any Ox -module M, we set

w" — d n nl
modM . A;ﬂ(()f) 1! loX : 1M.

Itis also denoted by"; .. .4M , when we would like to emphasize the dependence
on f . We shall prove the following theorem.

N mod ; wl 1 H " mod » L
Theorem 4.6.1 . N Ax(f) is Rat over Ox, i.e., " ogM #Ax(f) It 10y

"'IM for any coherent Ox -module M. Moreover, the natural morphism
" mod(M) ! j"(M|X\Dx) is injective.

Corollary 46.2 . N A)T?fd) is faithfully Rat over "' 10x (% ). O

We dePne" ;g M = A;f"é’;o; " 110, "1 M. We can prove the following by

a similar argument.

Proposition 4.6.3 . N The natural morphism " 'r'apid(M) ' j»(Mix\py, ) is

injective. O
By Theorem 4.3.1,A§f‘()fid) is Rat over"' 1Oy . So, we have the following.
Proposition 4.6.4 . N A;?'?f"; is faithfully Rat over "' 1Ox (%D ). O
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4.6.2. Induction. N We consider the following conditions for any coherent
Ox -module M :

. 1 L d n» 1 d
(PL: 1! IM g AROE M LEIM L1, ATO

(P2): ! oa(M) # j=(Mx\p, ) is injective.

Let P(X) denote the class of coherenOy -modules satisfying the conditions
(P1) and (P2). It is our purpose to prove that any coherent Ox -modules are
members of P (X ). We shall implicitly use that the conditions are local.

We shall prove the following claim by using an induction onk:

(Qg): Let (X,f ) be any object in Cat-. Let M be any coherentOx -module
such that dim SuppM $ k. Then, M is a member ofP (X).

4.6.3. Preliminary. N The following lemma is easy to prove.

Lemma 4.65. N Let 0# My # My # Mz # 0 be an exact sequence of
coherent Ox -modules.
" If M, and M3 are members ofP (X ), then M1 is also a member ofP (X).

" If M1 and M3 are members of P(X), then M, is also a member of
P(X). O

The following direct corollary will be used implicitly.

Corollary 4.6.6 . N Let #: My # M, be any morphism of coherentOx -
modules such thatCok(#), Ker(#) % P(X). If M2 is contained in P(X), then
M1 is also contained inP(X). O

Lemma 4.6.7. N Let Z be any complex submanifold oK with the inclusion
iz :Z# X.Let Mz be any locally freeOz-module. Then, we haveiz-Mz %
P(X).

Proof. N It follows from Theorem 4.5.1 and Theorem 4.5.4. O

4.6.4. Functoriality for the push-forward. N Let$: (X*fH# (X,f)
be a morphism in Cat such that $ : X ## X is projective and birational. We
do not assume thatX A Dy - is isomorphicto X \ Dy . Let D*he the exceptional
divisor of $. Let M be a coherentOy --module such thatM % P(X . Assume
that dimSupp M = k and dim$(SuppM & D# < k.

Lemma 4.6.8. N Assume thatQy, ; holds. Then, we obtain$- (M # % P(X).
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Proof. N According to Theorem 4.5.4, we have the isomorphism:

(63) R!!!(A)TO(‘]{) Fiog, " M)A )TC(’fd)u o, " TREIM.

If i > 0, we haveR'! /M # P (X), because dimSup®R'! {M <k . By using
the degeneration of the spectral sequence, we obtain

. ! " 1ox mod " 1) i<
H' (A)ngc(’fd) L 10, " 1R! !M) " Tor i (A)k(f)’ : !M) (l 0)1

"l gRTIM (i $0).
d L, " .
By (63) and the isomorphism A)’?O(f ! o, M "A Q(f y ! irroy M, we
haveH' =0 for i < 0. Hence, we obtam that! | M satispes P1). Because
"rlnod M '!!("r!nodM)1
(P2) for ! M follows from (P2) for M . O

We have a direct consequence. LetX* f# % (X,f ) be a morphism in Cat
such that ! : X#% X is a projective birational morphism. We do not assume
that X#\ Dy is isomorphic to X \ Dx. Let Z# & X* be a k-dimensional
irreducible complex submanifold. We assume thatZz#is not contained in the
exceptional divisor of ! , in particular, Z*is birational to ! (Z%. We obtain
the following lemma from Lemma 4.6.7 and Lemma 4.6.8.

Corollary 4.6.9 . N Let Mz be any locally freeO,:-module. SupposeQy- 1.
Then, we have! | (iz2Mz!) #P (X). O

4.6.5. Coherent sheaves on submanifolds. N Let Z be any k-dimen-
sional irreducible submanifold of X with the inclusion iz : Z % X.

Lemma 4.6.10. N Let M be any coherentOx -module such thatSupp(M )& Z.
Assume thatQy- ; holds. Then, we haveM # P (X).

Proof. N It is enough to consider locally around each pointP of X . We shall
shrink X around P without mention.

First, let us consider the case whereM = iz Mz. We may assume thatM
is a torsion-free Oz-module. We can Pnd a projective birational morphism
I o (X*#§% % (X,f)in Cat- such that

(i) the strict transform Z*of Z is a complex submanifold ofX #

(ii) there exists a locally free Oz:-module M #with a morphism# : 1 'M % M#
such that #x 1 p is an isomorphism.
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We obtain a morphism !, : M ! " ,M", which is an isomorphism onZ \
"(D™). By Q#1, Ker! 1 and Cok! 1 are contained inP (X ). Then, we obtain
HiM " P (X).

In the general case, we have a Pnite increasing Pltration
I n

! #
F= FM) i=0,...,N
of M by Ox-modules such that eachF;(M)/Fix#1(M) comes from anOgz-
module. Then, the claim of the lemma is reduced to the result in the previous
paragraph. O

4.6.6. End of the proof of Theorem 4.6.1. N Let Z be any k-
dimensional irreducible reduced analytic subset oiX such that Z #$Dy .

Lemma 4.6.11. N Let M be any coherentOx -module such thatSupp(M )$ Z.
Assume that Qyx 1 holds. Then, we haveM " P (X).

Proof. N It is enough to consider the issue locally around any pointP of X .
Hence, we shall shrinkX around P without mention. Let Z; denote the union
of the singular points of Z and Dx %Z. There exists a projective birational
morphism " p : (X", f") ! (X,f)in Cat, with the following properties:

$ The induced morphismX \ D! X \ (Z; &D) is an isomorphism.

$ The strict transform Z" of Z is a complex submanifold ofX ".

We haveM ! ","'M, which is an isomorphism outside the singular locus
of Z. Hence, we obtainM " P (X) by Lemma 4.6.8 and Lemma 4.6.10. O

Let M be any coherentOx -module such that dimSuppM) ' k. If we
have a decomposition Supp{l) = Z;1 & Z, such that Z; %Z, ! Z;, then
we have an exact sequence ® M; ! M ! My ! 0 of coherentOy -
modules, such that SuppM;) $ Z;. Hence, by an easy induction, we obtain
M " P (X) from Lemma 4.6.11. Thus, our induction can proceed, and the
proof of Theorem 4.6.1 is bnished. O

4.7. Push-forward of good  D-modules and real blow up

4.7.1. Rapid decay and moderate growth. N Let (X,f ) be any object
in Cat,. We put

mod ._ 1 mod
DR = % 1(Dx) ( +1 104 AR

For any Dy -module M , we set

— — id
% moa(M) = WM ( 110, A?%fj), % rapia (M) := XBM( +1 10, A;f‘()f')-
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They are naturally D7°9 -modules.

X (f)
Let I : (X,f) ! (Y,g be any morphism in Cat,. For any D;‘Q?fd)-
module M , we put
(64) MM )= R Dy x) " g, M)

Let M be any Dx -module. We have the naturally dePned morphism

r 1A$?§) MFIRTIRTCW M) # mod(M ).

It induces the following morphism in the derived category ofDy g-modules:

% $
R Dy x "By M) " gr101i10, lAS(n?S) A mog(M).

We also have the isomorphisms:

#
R, ! l(DY" x " py M ) TETIRYON r lAWS)

AP .- :
$ R " F(Dy- x Dy M) " 10y A‘??g)
$ "' IRl (Dy» x " bx M) " 110, Av()gd) $ " gmoa! M-

Hence, we obtain the following morphism in the derived category ofDy 4-
modules:

(65) Tgmoal MA I (M),
Similarly, we obtain the morphism
(66) ! grapid ' M#A F #rapid (M )

Proposition 4.7.1 . N Assume that! is projective, and that M has a good
pltration in the neighbourhood of Pbers oft . Then, the morphisms (65)
and (66) are isomorphisms.

Proof. N By considering a resolution, it is enough to consider the case
M =M "o, Dx " !}?* and M is an Ox -coherent sheaf. Then, the claim is
reduced to Theorem 4.5.4. O

Let (X,f ) be an object in Cat, such that Dx is normal crossing. We set

D mod — A mod n

nl 1
X(Dx) ~ TX(Dx) " Ox Dx-.

Let "1: X(Dx)! X be the projection. For any Dx -module M , we debne
" . —_— d n n . — d "
TmoaM = ARTE )" w10 My "TgpiaM = A;f‘?'DX) 10, M.

We have the naturally debned proper map# : X (Dx) ! X (f).
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We obtain the following proposition from Theorem 4.5.1.

Proposition 4.7.2 . N We have the following natural isomorphisms for any
coherent Dx -module M :

R! !nllmodwI "flmodwI R! !nllrapldM "1: rapldM
O
4.7.2. Compatibility with the de Rham functor. N For any Dy -
module M , we put
DRYF(M ) = "" HDRx M) " 1110, ART L "2 x) " Frap, "1 moa(M ),
DREFI(M) =" HORx M) " 1110, AGRTL "2 x) " Frap, "i rapia (M),

Corollary 4.7.3 . N Suppose thatM has a good bltration in the neighbour-
hood of bbers of#. Assume that # is projective. Then, we have natural
isomorphisms:

R# DRYY(M ) ! DRYY# (M), R#DRZP‘(M)! DRYS!# (M).

Proof. N From # "!  M! ! # M, we obtain the isomorphisms
(67) R# DRYM ! R#(" M x " Fiip, "t moaM )
b ' 1! Y ' :_! 1Dy # "1!: modM

LMy " b, ("gmoa® M) DRYYH M

Thus, we obtain the brstisomorphism. We obtain the second one similarly. (I

Let (X,f ) be an object in Cat- such that Dx is normal crossing We
consider the real blow up"; : X(Dx) # X. We debne D (M) and

(D )
DR'@4 " (M) as follows:

X (Dx)
RT?S y(M) =" g Tneg (M),
OB 011 o, ).

We have the naturally debned proper map! : X (Dx ) # X (f).
Proposition 4.7.4 . N The following natural morphisms are isomorphisms:

RIy DRYSS (M)! DREYU(M), Ry DREPS (M) ! DREFI(M).

Proof. N It immediately follows from Proposition 4.7.2. O

We obtain the following corollary from Corollary 4.7.3 and Proposition 4.7.4.
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Corollary 475 . N Let! : X ! Y be any projective morphism of com-
plex manifolds. Let Dy be a normal crossing hypersurface ofY such that
Dx = !''1(Dy) is normal crossing. Let! : X(Dx) ! Y(Dy) be the in-

duced map. Then, for any coherentDy -module having a good Pltration in the
neighbourhood of Pbers of , we have the following natural isomorphisms:

mod " mod
(68) RY,DRYTE (M) " DRYPS |1 M,
rapld " rapid
(69) R, DR (M) RY(D )' M . n

Remark 4.7.6 . N G. Morando informed the author that the isomor-
phism (68) and its generalizations can be deduced from some results i24].
While the author hopes that the generalization would make the subject more
transparent, he also hopes that our direct method would be also signibcant

for our understanding. O
4.7.3. Nilsson type (Appendix). N We have variants in the case of Nils-
son type. Let (X,f ) be an object in Cat;. We set

nil — nil wl 1l
For any Dx -module M , we set" ;;(M) = "' IM# 115, A;"(f) They are

naturally DnII )-modules
Let! : (X,f ) ! (Y, g be a morphism in Cat;. For any DnII -module M,
we debnel (M ) by the formula (64). We also debne
RYf (M) ="' s #hiap "M
We obtain the followmg from Proposition 4.5.15.

Proposition 4.7.7 . N Suppose that! is projective and that M has a good
Pltration in the neighbourhood of bbers of . Then, the natural morphism

(70) Tl ML (M)
is an isomorphism. In particular, a natural morphism R!, DR”"f (M) ™
DRY';! M is an isomorphism. O

Let (X,f ) be an object in Cat; such that Dx is normal crossing. We
consider the real blow up”;: X (Dx)! X. We debne

;]kII(D )(M) = "5_1! #!!liox "1nil|\/I

for any Dx-module M . We obtain the following proposition from Theo-
rem 4.5.12.
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Proposition 4.7.8 . N Let! : X (Dx)! X(f) be the natural map. We have
a natural isomorphism

R (M) " " (M).

In particular, we obtain an isomorphism R! | DR?t”(D)(M )" DRYL (M). O

Corollary 479 . N Let#:X ! Y be any projective morphism of complex
manifolds. Let Dy be a smooth hypersurface of such that# (Dy) is normal
crossing. Let# : X(Dx) ! Y(Dy) be the induced map. Then, for any
coherent Dy -module M having a good Pltration in the neighbourhood of Pbers
of #, we have the natural isomorphism

R#! DRniI (M ) n DRniI

X (Dx) q((DY)(M )- 0

MEMOIRES DE LA SMF 138/139



CHAPTER 5

COMPLEXES ON THE REAL BLOW UP
ASSOCIATED TO GOOD MEROMORPHIC
FLAT BUNDLES

5.1. De Rham complexes

5.1.1. De Rham complex and a description by dual. N Let X be a
complex manifold andD be a normal crossing hypersurface with a decompo-
sition D = D! D». (Note that D; are not necessarily irreducible; se@3.2.1.)
We set

dx :=dim X.

Let ! :X(D)" X be the real blow up. Let ! % denote the sheaf of holomor-
phic 1-forms onX. We put

D! Dy . D! D "
Yoy = A Hiroc Mk
¥¥<D 1! Dy ._ 0,¥<D 1! D2 "1y ¥
X0 =1 ¥ o) Frotot X

For any holonomic D-module M on X, we debne

DR<D 1! DZ(M ) = A<D 1! DZ#!! 1OX !" lDRX(M)

X (D) X (D)
$! ;‘f(‘g)l! P2ldy [#,110, ! M
$ Tot | ¥¥PubP2y 0 17IM #[d ]
" X (D) 1110y - X |-

<D 1! Do <D 1! D2 0 |¥<D 1! D2/g —
Note DRX(D) M) $ DRX(D) (M (9D)) because O (D)
| ¥<D 1! D,

" X (D)
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We have a natural isomorphismR! | DR;[ZDl')' P2(M) 1 DR P2M in-
duced as follows, by Theorem 4.3.1:

! .
(71)  R!, Tot !;*;;?1 P2v g, 1#IM [dy]
I n

| Tot RI,! ;T;[)’ P2 o M [dx]
|

I Tot | " P1#D2)" o, M [dx].

Lemma 5.1.1. N We have a natural isomorphism

‘ | #1 <D 1" D2 | <D 1" D2
RHom, 11, (1 ¥1M AR 1P dx ]t DR L P2(DM).

Proof. N Since M is Dx -coherent, we have the isomorphisms

(72)  RHom;: 1, (1 #*IM, ASP 2" P2)[dy ]

X (D)
! RHom!; 1Dy (! #1M , ! #1DX) ! :'! 1Dy A;D(Dl) DZ[dX]
:!#1(!X"OXDM)" :_!lDX A;D(D]_;DZ
! . 11}
IR IV RTETeY A;D(S)DZ "tip, DM

BecauseA;'D(D1; P2 is Rat over ! #10x (Theorem 4.3.1), ! #*1Dy " 110,
A;EZDl; D2 is Rat over! #1Dy . Therefore,

<D 1" D #1 m n # m <D 1" D

A)k(Dl) 2 I I (DX Ox X¥) 1! 1OX A)k(Dl) 2

is a! #1Dy -Rat resolution. Hence, (72) is quasi-isomorphic to the following:

! "
(73) L#10% "D x)" 110, A;D(Dl) P2 v vip 1#IDM [dx ]
o ;(‘;)1 P2 g, 11D M [dx].
Thus, we obtain the desired isomorphism. O

According to Lemma 5.1.1, we have a natural isomorphism

(74) DR;D(S')' P2(M )1 RHom!;lDX(!#lDM,A;[le;DZ)[dx]

I RHom, ' 1p, (! #!D (M (#D)), A;Ele; D2)[dy ].

We will implicitly identify them in the following argument.
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5.1.2. A combinatorial description in the case of good meromorphic

Rat bundles. N Let X be a complex manifold with a normal crossing hy-
persurfaceD. Let ! : X (D)! X be the real blow up. LetV be a good mero-
morphic Bat bundle on (X, D ). We have the local system onX " D associated
to Vix: p. Its prolongment over X (D) is denoted by L. If V is unramibedly
good, for anyP # !' 1(D), we have the Stokes bltrationF " of the stalk Lp
indexed by the set of the irregular values Irr(V,! (P)) $ O x (%®): (p)/ Ox,1 (p)
with the order &p. The system of bltrations{F P "P # ! ! 1(D)} satispes some
compatibility condition. See [47], [48] or a3 of [49] for more details.

Let D = D;' D, be a decomposition. Let us describe DI;?D(S')' D2(v) in
terms of the Stokes bltrations. If V is unramibedly good, forP # X (D),
let L5° *" P2 be the union of the subspace& £ (Lp) $ L p such that

() a&p O,

(i) the poles of a contain the germ of D1 at ! (P).

If V is not unramibedly good, we take a ramibed covering : (X* D% !
(X,D) such that V#= "%V is unramibedly good. We obtain the local system

L*#and a sheafL* P 1" Pz on X {D* associated toV#with the Stokes structure.
By taking the descent, we obtain a subsheaf. <P 1" D2 $ | .

Lemma 5.1.2. N The family {L 5° *" P?} gives a constructible sheaf. <P 1" P>

on X (D).

Proof. N It is enough to consider the caseX =! "™ and D = #}'zl{zi = 0}.

We may also assume thatV is unramibedly good. By using a decompaosition
around P as in Theorem 4.1 of §9], it is easy to observe that it is enough
to cogsider the caseV = Ox (YD) with a RBat connection ( e = eda, where
a= ™M z ™ (m > 0) for some 1& m & # We have a decomposition
#=11) |2 such that Dj = = o4 {z; = 0}. For P # X (D), we setl;(P) :=

{i#1;"z('(P))=0}. We set

Fa:= "l a' 'Rea.

We put
R %
Ro := {zi =0} and R;:= {zi = 0}\ Ro.
i=1 i=m+1
$ForP#X" D, we haveL;D 1"D2x
$ For P # I'' 1(Ry), we haveLs? ¥ P2 = 0 if and only if 1;(P)= ! .
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I For P! "' 1(Rg), we haveLs° ' P2 =0 if and only if (i) Fa(P) < O, (ii)
[1(P) # m.

Then, the claim of the lemma is clear. O

We recall the following proposition. (See B3] and [52]; see also 16].)

Proposition 5.1.3 . N The natural inclusion L<P 1" P2[dy | $ DR;[ZDl; P2(v)
is a quasi-isomorphism.

Proof. N We give a preparation from elementary analysis on multi-sectors.
We set
I
Y =! ;%! and Dy ={z=0}& {w; =0}.
i=1
Let" : Y(Dy)$ Y be the real blow up. Form> Oandm =(mg,...,my) !
ZKo (0" k' #, we put

I 'm;

We put F, = (| a |Re(a), which naturally gives a C* -function on Y (Dy).
Take a point P ! "' 3(O) # Y(Dy). Let S= S, %S,, be a small multi-sector
in Y ( Dy such that P is contained in the interior part of the closure of S in
Y (Dv).
I'If Fa(P) < 0 (resp. Fa(P) > 0), we assume thatF; < 0 (resp. F5 > 0)
on S.

I If Fa(P}giO, we assume that F, is monotonous with respect to$, where
z = re '1" is the polar coordinate system. Let$ (i = 1,2) be the
arguments of the edges 08;, i.e., S; = {(r,$} | " $' %, 0<r ' ro}.

Let $. be one of$ such that F;> Oon{re '1"+}%S,,.

Let f be a holomorphic function onS of moderate growth with respect toz
and w. We set
$ % &
(75) "(F)(z,w) = exp (a(z,w)+ a(%w) f(%w)d%.
#(z,w)
Here, &z,w) is a path contained in S; % {w} taken as follows.
CaseF4(P) < 0. We bx a pointzg! S;, and &z,w) is a path from z; to z.

CaseF4(P) > 0. Let &z,w) be the segment from 0 toz.
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CaseFa(P) =0. Let !+ be as above. For the polar coordinatg systenz =

re "', let "(z,w) be the union of the ray {#e "'+ | 0!
#! r} and the arc connectingre "'+ and z.

Lemma 5.1.4. N For eachN > 0, there existsCy > 0 such that
| |
hCf)z,w)tt cyac|zN o jwi N

H#. i=1
if [f(z,w)|! ClzIN oy i

Propf._N We give only an outline. Consider the caseFa(P) < 0. Let zp =
roe "'oandz=re "' We may assume that the path” is the union of
(i) the arc "1 connectingzo and z; = rge " ',
(i) the segment ", connectingz; and z.

The segment”, is divided into
0

$ % $ %
"21="1" I8/> 3zl  and "z2="1" I8! 3|z| .

The contributions of "1 and ", 1 are dominated by

"
| 1]

{eXp(# a(z,w))' [wi |

i=k+1
The function Re a is monotone on",». We also have
| | n"
'tew)tt N ™
i=1
" - . " . . N # " N
on "2 .. Hence, the contribution of "5 > is dominated by |z| i:1#|wi| i, Let
us consider the casé&,(P) $ 0. On", we havel|f ($,w)|! C#zN| " ._; |w|Ni,
and Re(@) is monotone. Hence, it is easy to obtain the desired estimate. [

Let us return to the rgoof of Proposition 5.1.3. It is enough to consider the

caseX =" "andD = _,{z =0}. We may assume thatV is unramibedly
good. LetP %% 1(0,...,0). By using the local decomposition aroundP as in
Theorem 4.1 of A9], we can reduce the issue to the casé = iN=I1 Ox (&D) g

with a Rat connection
d *
Z.
'e=e da+ (&iIM+Ni)Z—_' ,
i=1 !
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wherely denotes the identity matrix, N; (i =1,...,!) are mutually commut-
ing nilpotent matrices, " ; are complex numbers, and we put
!m
e=(e,...,en) and a:= z M.

i=1
Then, it is easy to observe thatL <P 1" P2 s naturally isomorphic to the 0-th
cohomology of DRP ¢ Dz‘(V)[! dx ]. Hence, it is enough to show the vanishing

X (D)
of the higher cohomology of DFiD(Dl) Pz(v)[! dx]. Itis enough to consider the

case rankv =1, and we put v = e;.
First, let us consider the caseD; = D. For a subsetd "{ 1,...,n}, we set
dz; =dz;, #aaa#z;, .

For a section# of ! ;‘f(g), we have the unique decompositior# = #3dz;,

where #; $A;EED). Let S (i=1,...,!) be a small sector in "*Z, and let U
n

be a small neighbourhood of (0...,0) in # .1 " z,such that the closureS
ofS: = S %U in )$(D) is a neighbourhood ofP. In the following, we will
shrink S without mention. It is easy to observe that it is enough to consider
the case"; =0 (i=1,...,1).

Take h=1,...,n. Assumeé& (#v) = 0 for some section# of ! ;‘f(g) onS
such that #; = 0 unlessJ "{ 1,...,h}. We have d(exp@#) = 0. For the
expression % %

exp(@) # = fydzpdzy + fydz;,
h$% h$%
we set % &
$(z) = exp(! a)( f;dzy)dz;,
h$% (@)

where %z) is a path taken as follows:
& If h' m, the condition is similar to that for the path in (75).

&If m < h, %is a path connecting @1,...,2Zn 1,0,2h+1,...,2n) and
(z1,...,2Zn).
By using Lemma 5.1.4, we obtain that$ $ ! f&%) ( V. By a formal computa-

tion, we can show that#v!& ($v) does not contain dz; for j ) h. Hence, we
can show the vanishing of the higher cohomology of 1.‘;(';)( V by an induction.

We have the decompositionl; * I, = ! such that D} = % {zi = 0}. Let

us consider 1*<0 09" D)

, ( V for any subsetd " 1,, whereJ¢:= 1\ J.
#:1(Dy)
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Ifm!J% 1 | itiseasy to show that! ¥<Dl((DJ ;' POV is acyclic by a formal
computation. Assumem! J =1 . Let V3 = Op, ($!D ;) vy be equipped with
the Rat connection

%Vy = Vj édamJ
on Dj. Let q; be the projection "" 1(Dj) & B;(!D ;). Then, it is easy to
obtain by a formal computation a natural quasi-isomorphism
"1 | ¥<"D J | ¥<D (JC)I D(J)
oo ® V) e, V.

Hence, we obtain the vanishing of the higher cohomology of?‘f'f(“c)) POyv.
We put h := |I,|. Let G denote the kernel of the surjection

I¥<D1'D2#V( |¥<D1'D2#V

X (D) 1HD,)
Inductively, let G be the kernel of the surjection
Guk DUy,
Jup, O
1=k

BecauseGf =! ;DD # V, we obtain the vanishing of the higher cohomology

by an induction on k. Thus, the proof of Proposition 5.1.3 is Pnished. O

Similarly, we also obtain the following (see also$4]).
Proposition 5.1.5 . N The natural inclusion L' P[dx] & DR;“(’S)(V) is an
isomorphism in DE(CX(D))- O

5.1.3. Isomorphisms. N Let X and D be as in the beginning ofe5.1.1.
Let H be hypersurfaces oX contained in D;. We have the naturally debned
projection #: X (D) & X (H).

Lemma 5.1.6. N For any good meromorphic Rat bundleV on (X,D), the
following natural morphisms are isomorphisms:

# $
(76) R#s DR;D(S!) P2(v) (™ DR;D(Hl)(V) ) DR;D(Hl) V(ID1)

$
& DR;H( 4y V(D1) "

Proof. N The claim for a; follows from Theorem 4.3.2. The claim fora, is
clear. Let us look at az. We use an induction on dimX and the number
of the irreducible components ofD; \ H. We may assumeX =" " and

SOCI ET E MATH EMATIQUE DE FRANCE 2014



94 CHAPTER 5. COMPLEXES

D =, i-1{z =0}. We setL; = {z =0}. We may assumeD; = 1, L,
H=" D LiandDy= (7L We set
D3:= {z =0}.
i=2
We setX':= Ly and D} := Dp! X' We set .
1
D;j:= X'l D3 and H':= X'l L;.

i=2

Let | : X' " X denote the inclusion. There exist good meromorphic Rat

bundles V3 and V3' with the exact sequence
0O# | V4(ID)# V(D1) " V(D3)# 1V3(Dy)# O
Let K denote tr;#e image ofc We have the foIIowmg
0" DRSP: 1 vy D3) # DRSP3 V(ID,) ## DR<D3 (K) " 0

XH) % X(H)g %)
) B #ooS )
0" DRy, ! Vs(iD3y) #* DRy ., V(ID1) #" DRy . (K) " 0,

#
" <D 3 ! <D 3 ! <D 3 1]
DR ?)(K) #t DRX(H)fl(Dg) HHt DRX(H) g)V3(D3) 0
0" DR (K) #' DR (V('Dg)) ##' DR #' V”(ID!)$ "0
X (H) X (H) P3 X(H) & V3\VE3 .
By using the inductive assumption, we obtain that

DRSP s #V(ID )$#' DR #V('D )$
X(H)y VoL X(H) YHHL

$
is a quasi-isomorphism. Because we have II&I%:)(V (ID1) $ DRSP2 (V(IL1))

X (H)
and DR;D(;)(V(!Dl)) $ DR;D(;)(V(!Ll)), it is enough to prove the natural
morphism
$ $
<D 1 1 <D 3
(77) DRX(H) V(Ly) # DRy V(!Ll)
iS a quasi-isomorphism.
Let | % {1,...,"} = " be any subset with 1& |. Let #4 : X(H) " X
denote the projection. We set .
L, = Li and $L, :=1L,;! Lj.

i By

Lemma 5.1.7. N DR "' (V(Lj) =0
)

||1(L
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Proof. N By using the pull back and the push-forward with respect to a
ramibed covering, we may assume thatv is unramibedly good. Letl !
M (X,D )/H (X) denote the set of irregular values ofV. We set
|
L(1°):= Lj.
it

Let |, denote the image ofl in M (X,D)M (X,L(1€). Foreach[a "1 ,,
we Px a representativea in M (X,D ). There exist meromorphic OL (#D )-

subbundlesV of V|1, stable by the connection and a decomposition

# "
Vi, = Via

[all
compatible with the connection, such that $.9 := i%a%daidv[ ] are regular
alongL; (i " 1), where $, denotes the induced connection or\"/[a].
Letj " I. Suppose ord, a< 0. We consider the Deligne-Malgrange pltra-
tion P+ on \"/[a]. (See p5] for a survey.) We have

(! j a)# 13‘; rae‘% Pb\"/[a] P b\"/[a]

for any b " R'. Hence we obtain that$,-, is invertible on C* <" ' & Vig.
#y7(Ly)
Suppose moreover thatf = 1 and that ord ;,(a) = 0. Let ( denote the total

order on C debned by the lexicographic order on (R€(),Im(")) " R) R. We
have the V -bltration ¥ of \"/[a] along z; indexed by (C, () such that

(i) z1:$4-, preserves the bltration

(ii) the endomorphisms of Gri(\"/[a]) induced by %ﬁa,--lzl %# are nilpotent
for any #.

The induced morphisms$ -, : Grk Vi) * Grk,, (Vg) are isomorphisms
unless# = %1. We can observe that the bltration ¥ is preserved by$ [a"
and the multiplication of !;a. Hence,ﬁa,uj is invertible on

C$ <L & Pa\"/[a] and C$ <L & Grg \"/[a]

#ﬂl(L|) #ﬂl(Ll)

Suppose ord a=0forany j " I, ie., [a] =[0]. For the Deligne-Malgrange
pltration P- of Vjg, we have
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For the V-bltration P along z;, we obtain that if ! < ! 1, the following
morphism is an isomorphism:

o i CLIE # PV BC T # Pu (V).

SR SR ()

We have the decompaosition
#
V(L) = V(L)
El
compatible with the decomposition Ofvlh . If ord,, a< 0, we have

! <

The action of *5,, on C, 1!(LL ') # V(IL1)y is invertible. If ord,, a=0, for the
H |

V-bltration P along z;, we havePy(V (IL1);y) = P4 (Viy) for | < 0, and that

Yl 1GIE(VILDE) B GrhL (VL))
are isomorphisms for! % ! 1. If [a] & [0], take j " | such that ord; a < O,
and then the action of * 5, on qﬂ.j!(LL|l) # V(IL1)y, is invertible. If [&] = [0],
the action of * ¢, on Q"!!TLL ') # V(IL1)y is invertible. Then, the claim of
Lemma 5.1.7 follows. * *' O

Then, by an easy inductive argument, we obtain that (77) is a quasi-
isomorphism, and the proof of Lemma 5.1.6 is Pnished. O

Suppose that we are givgn a holomorphic functionG : X $ C® such that
G' (Do) = H, whereDg= " ¥, {z =0}.

Lemma 5.1.8. N For the naturally debned map"1 : X (D) $ X (G), we ob-
tain the natural isomorphism

o % &
(78) R" 14 DR;D(Dl;BDZ(V) ( DRER! V(DY) .
Proof. N It follows from Lemma 5.1.6 and Proposition 4.7.4. O

Let # : X¥$ X be a projective birational morphism such that:
() D%=#" (D) is normal crossing,
(i) XADY™ X \D.
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We put D} := ! "}(Dj) and H} := ! "1(H;). Let D} be the complement of
D} in D'. We setG' := G!!. We put V' := | V. We have the natural
commutative diagram:

X'y ®' (D)

it it
X'@c) ' X(@).
We set", := I | "}, Correspondingly, we have the commutative diagram of

isomorphisms by the construction:

n D|$DI L n
R"2¢DRY; D74 (V) % R"DRITISPA(V)

(79) %0t %t
q $ % 48 %
RI4DREPS, "V!(DY) " ® DR V(Dy) .

The lower horizontal arrow is an isomorphism according to Corollary 4.7.5.

5.2. Duality

5.2.1. Duality morphisms. N Let X, D and M be as ine5.1.1. We have
the following natural morphism given in a way parallel to that of (14):

(80) DR;D(Dl;BDZ(D M)% D DR;'D(SfDl(M ).

Namely, we take a # !(Dy )-injective resolution ¥ of !‘itg 1$D2q, 1,
and a Cy p,-injective resolution I3 of Tot! ;TDE; [2dx ] with a morphism
DR3P1<Dz|¥ 4 | extending a natural morphism

X (D)

$D1<D 5/ 0,¥<D 1$D> . ¥,¥<D
DRG 1P 2( 3von P2 ) % Tot! 34D [20x ],

Then, (80) is given as the composite of the morphisms
(81) Homy 1o, y(# M, 1)
" H omcx(D)(DR<D 2$D1 )\ pRP28D1 )

X (D) X (D)
' H och(D)(DR;D(DZ;BDl M Ey).
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Proposition 5.2.1 . N The following diagram is commutative:

Rl DRP1"P2pM )1 R! D DRP 2" D1y
' DRy 5 (DM) ! X(0) (M)

(82) o g
DR’ P2(DM) 1 D DR3® 2 Pr(M).

The upper horizontal arrow is induced by(80), the lower horizontal arrow is
given as in (14), the left vertical arrow is given in (71), and the right vertical
arrow is given by

R! D DR;D(S; PiM# DRI, DR;D(DZ; PimM# DDRZ? Pr(M).

Proof. N We have a morphism R! DR;D(Dl; P2DM) " DR P2(DM)
given as follows, by Lemma 5.1.1:
(83)
RI''RHom,  1p, (! "M, ! ng? #D2)Idy 1# RHomp, (M, R ;! ngﬂ)’ #D2y[dy ]
# RHomp, (M, ! $¥($D2)<C )[dx ].
It is equal to the morphism obtained as in (71). Then, the claim of the
proposition can be checked easily. O

5.2.2. The case of good meromorphic Rat bundles. N Let us consider
the case whereM is a good meromorphic Rat bundlevV on (X,D).
Theorem 5.2.2 . N The duality morphism

<D 1" D, P <D " D
DRX(D) DV'! DDRX(D) Vv

is an isomorphism.

Proof. N We begin with elementary preparations. Let RZ = Sy %S; %S, be
a decomposition given as follows:

# % # %
So = (x,y)iy& 0, S := (x,y)iy' 0,x" 0,
# %
S= (Xy)®y' 0,x&0 .
We put
X1:=(R( S1)%(Rso( So), X2:=(R( S2) %(R"0o( So).
The following lemma is easy to see.

Lemma 5.2.3. N X;) R3 (i = 1,2) are closedC°submanifolds with bound-
aries. We haveX; %X, = R3and X1 * X, = "X . O
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Weputd :=]! 1,1[,J+ :=[0,1[,J, :=]! 1,0],andl; :=[0,1[(i =1,2,3).
We have a homeomorphism! (11 "1 >"1 3) # R?, and we can identify the
decomposition

A" 2" g) =" 2" g) (1" P" 1 g)$ ("1 2" !1g)
with R2= Sp$ S;$ S,. We put
X5= (3" 1" V"l ) $ @ 1"l 271 3),
Xp=(I"T 1"1 2" Vig)$ (3 " 1"l "1 g).

They are closed subsetsad " ! (11"l 2"l 3). We obtain the following lemma
from Lemma 5.2.3.

Lemma 5.2.4. N X, %J" ! (11"l 2"l 3) are C%submanifolds with bound-
aries. We haveX; $X,=J" (11"l 2"l g)and X; &X, = IX . O

We recall some elementary facts on constructible sheaves. Let be an
oriented "-dimensional C%-manifold with the boundary !Y . For a closed
CO-submanifold W %!Y with boundary such that dmw = "1 1, let
jw Y ! W' Y denote the inclusion. We have the natural isomorphisms

RHomc, (jwiCvi w,K) # RjwsRHomc,, , (Cyi w,RjwK) # Rjw#j K.
The dualizing complex#y of Y is given by jiy 1Cyi v ['].
Lemma 5.25. N Let Y; % !Y be closedC?-submanifolds with boundaries
suchthatY1$ Yo=Y and Y1 &Y, = Y. Then, we have
DjviiCyiv, # jv,1Cyi v,
Proof. N The left hand side is naturally isomorphic to
ivaud ¥, 8y # jvisioCyioy [,

where jo denotes the inclusionY ! 'Y ' Y ! Y;. Then, we can check the
claim directly. O

Let us return to the plro"of of Theorem 5.2.2. It is enough to consider the
caseX =! "and D = i-1{z = 0}. As in the proof of Proposition 5.1.3,
we can reduce the issue to the case wheké = Ox ((D) v with a meromorphic
Rat connection) v = vda, wherea= [, z' ™ (m; > 0). We put

Fa:= ! a' 'Rea
|

We have the decompositionl 1* 1, = " such that Dj = i$|,-{2i =0} ( =1,2).
We set 4 § %
[j(>m):= i+1;%¥>m
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and ¥ m
D(>m):= {zi=0}, D( m):= {z=0}.

i=m+1 i=1
We consider the closed subsetgv; " !'' 1(D) (i = 1,2) given as follows:

" # $ %
1'I1p#DEm) $ YD m)) #{Fa %0},

Wy :

' # $ %
Wo:=1'1D#D(>m) $ 1'Y(D( m))#{Fa! 0} .

Lemma 5.2.6. N W; " !'' }(D) are closedC°-submanifolds with boundaries,
and we haveW;$ W, = I'' 1(D) and W1 # W» = "W,.

Proof. N Itis easy to observe that it is enough to consider the casen = # We
have the natural identibcation (D) & (S')' ' R! ,. By the decomposition

#=m( 12(>m) ( 12(>m),

we identify R} ;= R",* RIE™) e RIZEM),
We argue the casd;(>m) 5 ! (j =1,2). The other cases are easier. We
Px homeomorphisms

RE”O&I . RM! 11 Rllllé>m) &1, RIIGm)I! 1, R.'.Z(()>m) &l 3 Ril2Gm)I 1

We put N := m+ [l1(>m)|+ |I2(>m)|* 3. Let H. be the subsets of §1)'

given as
() * + ' () * +
H: := cos mi$ %0 and H, := cos mi$ ! O .

Then, !'' 1(D) is identibed with (S1)'* "(I1'l 'l 3)" RN, under which we
have

\ #
Wi& ((SH''1 1" "12'1 g)$(Hr " "I 2'1 3) ' RV,

" | 4
Wo= ((SH''I 11 2" "Ig)$(H+" "11'1 2'1 3) * RN,

For Q + H, # H, , we can take a neighbourhoodJg suchthatU &J' R'?!
under which Hy # Ug = J. ' R'" 1. Then, we obtain Lemma 5.2.6 from
Lemma 5.2.4. |

Let jw, : X(D)\ W; , (D) be the inclusion. Let L and L* be the local
systems onX(D) associated toV and V#, respectively. According to the
description of L<P 1$D2 gand L#<P 2$D1 \we have the natural isomorphisms:

| <D 1$D> & le!(L)k(D)\Wl)’ L #<D 2$D1 & sz!(Li(D)\Wz)'
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Lemma 5.2.5 gives an isomorphisnD (L<P 1! P2[dy ) I L " <P 2! Pi[dy]. Itis
uniquely determined by its restriction to X " D. Then, we can deduce that

<D 1! D2 ' <D ! D1
DRX(D) DV '# DDRX(D) V

is an isomorphism. Thus, the proof of Theorem 5.2.2 is Pnished. O

Corollary 5.2.7 . N For any good meromorphic Rat bundleV on (X,D),
we have the commutative diagram of the isomorphisms:

| <D 1! D2 w I <D 2! D1
R! #DRXl(D) DV # R! .D DF?X(D) V
|

|
$r| $r|

DRy V' (ID;) = ° D DRy V(D).

Proof. N It follows from Theorem 3.2.4, Proposition 5.2.1 and Theorem 5.2.2.
O

5.3. Functoriality

Let X be a complex manifold, and letD be a normal crossing hypersurface
with a decomposition D = D; $ D,. Let D3 be a hypersurface ofX. Let
" X% X be a proper birational morphism such that

() D%="&YD $ D3) is normal crossing,

(i) X’AD"™ X\ (D $Dy).

Let ¥ (D) # X and ¥%D% # X *be the real blow up. Both the projections
are denoted by! . Let %#: ¥%¥D% # (D) be the induced map. We putD3:=
"&1(Dy). We have D3% D %such that D= D3*$ D 3is a decomposition. Let
V be a meromorphic Rat bundle on K,D ). We setV*="#(V)&Ox:(' D%.

Theorem 5.3.1 . N We have in D?(Cx (D)) a morphism

<D 1! D . . <D j! D}
DRY 5y 2(V)'# R#:DRy, L) (V%

such that the following diagram of perverse sheaves is commutative:

R! 4DRSP ' P2(y) w R! 4R, DR D!Z(V‘V)’

>k}(D) {X(D’)
(84) $" $"
$ % $ 0, 0, %
DRy V(ID1) % R" 4DRyx: VDY .

Here, the vertical isomorphisms are given by71) and (12), and the lower hor-
izontal arrow is induced by the morphism ofD-modulesV (D) # " VD).
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Similarly, we have a morphism

n <D !2“ D!l. Il <D 2" D1
RI DRy, &) (VH 1 DR o) (V)
such that the following diagram of perverse sheaves is commutative:
n ] <D !2“ D!l. 1 " <D 2" Dj_
R"|RI, DFEX!(D!) (VH 1 R !DRMD) (V)
(85) $ # $ #
$ % $ %
R!' | DRyx VH!D3) 1 DRx V(!Dy) .
Proof. N We have a naturally induced morphism
1l %1 ] ¥¥<D 1" D2 n %1 " | ¥¥<D 5_" Dlz n %1\ /#
(86) P o #UTV)E L oy TV
It induces a morphism of cohomologically constructible complexes
<D 1" D> n 1 <D !1'I D!2
(87) DR} 5 (Vv)yr o, DRy by (VA.
We can directly check the commutativity of the diagram:
| $¥<D1" D2y 1 PPy vy
# #
wo ¥¥<D 1" D2 4wl " woop g ¥¥<D "D w1
!('x(m # "Ny !(..!.X!(D!) # "L,
It implies the commutativity of the diagram
" <D 1" D» - "o <D " D}
R !DR*“(D) (V)" R"|RI, DF'Q'X!(D!) (VH
(88) $# $ #
DR+ P2(v) R, DRSO P2 (v

Then, we obtain the commutativity of (84) from Theorem 3.2.5.

Considering the dual of (87) with V& (see Theorem 5.2.2), we obtain the
morphism:

" D!<D! , "
(89) RI DR, o) (VA1 DRX'(DDl)(DZ(V).

Let us prove the commutativity of the diagram (85). From (88) for V&, we
obtain the commutative diagram:

" <D " D}y 48 4 " <D 1" D2/ &
DR"/RE DRI D 22(V#9) 1 DR" DRI P2(v4)
$SH $H#

DRI DR Y P2 (Ve 1 D DR " D2(v&),
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By Proposition 5.2.1 and Theorem 5.2.2, we have the following commutative
diagram:

I <D 1" D> #\q $ | " D1<D »
DRI, DR #(V¥) 1 Rl ) DR 150 2(v)

| |
$r| $r|

D DR Pz(v#) w ® DR Piv),

We have a similar diagram forV% Then, we obtain the commutativity of (85)
from the constructions of (89) and (20). O

5.4. A rigidity property (Appendix)

The author originally used Theorem 5.4.1 below for the functoriality of the
Betti structure by projective morphisms. After the improvement, it is now not
necessary. But, it seems interesting to the author, so we keep it. The reader
can skip this subsection.

5.4.1. Statement. N We setX :=! "andD := #i’:l{zi =0}. LetV bea
good meromorphic Rat bundle on K,D ). Let L be the associated local system
on ¥(D). Let g be a holomorphic function onX such that g&1(0) = D. We
have the naturally dePned morphisms:

Bo)yr 't Br ° X

We put | 5 := I g#! 1. We setK := R! 1y L" P. In this subsection, we will work
on the derived category of cohomologically constructible sheaves.

Theorem 5.4.1 . N The restriction Hom(K,K) " Hom(Kl..Bl(X&D), Kl..él(x&D))
is injective.
We will give a consequence irm5.4.6.

N #
5.4.2. Reduction. N We put DI™:= © |. | D,. Itis easy to see that

Il|=m

Hom(Kl..Bl K Hom(Kl..Bl K

(x&DM@): |"§,1(x&Dl21)) r (X&D)! |"§,1(x&D))

is injective. Hence, it is enough to show form $ 2 the injectivity of the
morphisms

Hom(Kl..Bl(X&D[mﬂ] ) K|"!01(X&D[m+1] )) r Hom(Kl..Bl(X&D[m]), K|"é) 1(X&D[m]))'

Then, it is easy to observe that it is enough to consider the casé = n and
the morphism

Hom(K,K) I Hom(Kl..Bl(X&o), K|"(!) 1(X&O))'
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By the adjunction Hom(! {K,L" P) I Hom(K,K), it is enough to show the
injectivity of the morphism

"Dy b
Hom(! 1K, L' P) % Hom( iK, ‘1(x#0)’L|.‘1(x#o))

We haveR'! ,L"P =0 unless0$ i $ n" 1, because the real dimension of
the Pber is less thann" 1. We set

K':= 1R L" P,
Letj: 15X " O)y# X(D)andi:!5%0)# X(D).
Lemma 5.4.2. N To prove Theorem5.4.1, it is enough to prove
(90) Ext)(iyi' K',L"P)=0  (i,j $n" 1).
Proof. N From the distinguished triangle KI[" i]# "si! iK # "gis! \K #,
we obtain the long exact sequence
(91) Ext#LK', L"P)y% Hom("si+1!iK,L" P)

% Hom("g;i! {K,L P)"% Ext'(K',L"P)

and the corresponding Iong exact sequences for the restrictions IOE‘ (X" 0).

L " " D
The injectivity of Hom( "s ! ;K, L P) # Hom("s;! 1K| ! 1(x#O)’L|_ ! 1(X#O))
can follow from the inject|V|ty of
i "Dy i "D

(92) Ext'(K',L' Py Ext (Kt 1xs0) L 1L ix#0)):
(93) Hom("gi+1! 1K L P)% Hom("sis+1! 1K| ! 1(X#O)’L|_|‘31(x#o))
and the surjectivity of

i#1lred "Dy i# 1l D
(94) Ext#1(K',L"P)% Ext (Kl.l(x#o),L..l(x#O))

By an easy inductive argument, we can reduce Theorem 5.4.1 to the injectivity
of (92) and the surjectivity of (94) forany i $ n" 1.
From the exact sequence @& j;j'K' #K ' # i,i'K' # 0 and the adjunction
Ext'(jij' K',L"P) 1 Ext'(j'K', j'L"P), we obtain the exact sequence
(95) Ext#NK' L"Pyw% Ext#('K',j'L"P)# Ext'(iii'kK', L"P)
W Ext'(K',L'P)% Ext'('K',j'L"P).
Hence, the proof of Theorem 5.4.1 is reduced to the vanishing

Ext'(ii'tK', L"P)=0
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forany 0! i! n" 1. For that purpose, it is enough to prove (90). Thus, the
proof of Lemma 5.4.2 is Pnished. O

In the following, we will prove Ext'(! {*(1),L"P)=0(i=0,...,n" 1) for
any constructible sheafl on!;*(0) # S*.

5.4.3. Local form of !;%(). N Let (z1,...,2) be a coordinate system
with z' *(0) = D;. It induces a coordinate system {(i,...,"n) of !}(0),
which is independent of the choice of %;,...,2z,) up to parallel transport.

We take a coordinate systemt of C, which induces a coordinate system’
of I 5 1(0). The induced map!5%(0) $ !;*(O) is alne with respect to the
coordinate systems {1,...,"s) and ".

Let us consider the behaviour of! ; }(1) around P %!} (0), where | is
a constructible sheaf on! 3 1(0). We may assymeP = (0,...,0). The map
15,50)$ 151(0)is of the form ("1,...,"n) & #;"i+ $, where$ = ! 1(P).
The sheafl is the direct sum of sheaves of the following forms:

%the constant sheaf around$;

% jC; orj#Cy, whereJ is an open interval such that one of the end points

is $, and j denotes the inclusiond $ !' 1(0).

Hence,! !ll(l) around P is described as the direct sum of sheaves of the fol-
lowing forms:

%the constant sheafC, : 1);
% kCy or j,Cy, whereH is an open half space such tha&H contains P,
andj :H $ !{%(0). They are denoted by Cy# and Ch1.

5.4.4. Local form of L"P and L/L"P. N Let P %!5*(0O). We have a
decomposition aroundP:

L= Lo, L P= L,P.
a$lrr( %) a$lrr( %)

Let us describeL, and L/L,P° around P. For an appropriate coordinate

system,a= z; "t 444, ™ for somem; ' 0. Let )
G:""% ", (z,...,z0) &S Z".

Let!, : '%0) $ " be the real blow up. We have the induced map

Yo & '
qa:)$(D)'$ I%0) , (I’i,"i)&'$ I’imi, mi"; .

i=1
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Let Q be the local system on!0) with Stokes structure, corresponding to
the meromorphic Rat bundle (O, (!0),d + d(1/z)). Note that Q/Q' ° is the
constructible sheafj~Cy on! #1(0), wherej : J = (" 1,1 ) # 1 71(0). Let r(a)
be the rank of L. We have isomorphisms:

La$ GQ* @, LIPS qQ 9*'@, La/Li®$ q(Q/Q )" ®.

Around P, we have an isomorphisma,(Q/Q' %) $ " C, whereZ := ¢¢1(J)
and":Z # (SH)" %R}, Note that Z is of the form Zo % #R},,, where Zg is
the inverse image ofJ via the induced map (SY)" % {0} # S'% {0}. Hence,
4, (Q/ Q' 9) is isomorphic to one of the following, aroundP:
$ the constant sheafC(s1yn g1 gy o
$ jkCker R where K is an open half space such thattK contains P,
andjk : K %#Rf,# (S')" %RY,,. Itis denoted by Ck g1 rr

5.4.5. Proof of Theorem 54.1. \ We reduce the proof of the theorem
to the computation of Ext'(! §11,94%(Q/Q"' %) for i & n" 2, wherel is a
constructible sheaf on! §(0).

Lemma 5.4.3. N We haveExt'(! §1,q#1Q) =0 for any i. In particular, we
have isomorphisms

_ " #
EXtI(I #l|1 qng! O) $Extl#1 !#1|,q§l(Q/Q! O) )

Proof. N Let " : (SH" % {0} # (SY)" % #R},, denote the inclusion. There
exists a constructible sheafF on (S')" such that ! ¥ $ ".F. We have the
adjunction
Ext'("F, ¢ 1Q) = " Ext'(F,i'¢’ Q).
Note "¢ 1Q = DD (¢ 1Q) = 0, becauseD ¢f 1Q is 0-extension of a con-
stant sheaf on G1)" %R1, by (S1)" %RI, # (SH)" %RY,,. Hence, we obtain
Ext'("F,q Q) =0, and the proof of Lemma 5.4.3 is bnished. O
Now, let us prove. the following vanlshmg of the stalks atP:
(96) Ext! 1#4,q%Y(Q/Q' 0) =0, (&n"2).
It can be computed on S)" %#Ry,,. We have the following cases, divided by
the local forms of ! (1) and ¢ 1(Q/ Q' ©) around P:
(l) ! iﬁl| $ C(Sl)n and Cgl(Q/QI O) $ C(Sl)n&! R!no;
(: 191'$ Cisyn and GH(Q/Q' ) $ Crarrr, s
(m: 17 = Cye and £ HQ/Q' %) $ Cistyngirr ,, Where %=1, 1;
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(v): 1311 Cur and g M(Q/Q" %) ! Cyyrrr s, Where" = ", 1.
Moreover, this last case is divided into three subcases:
(IV-1) #H and #K are transversal,

(IV-2) H = K,
(IV-3) H = #K..
In the following, for a giveni : Y1 $ Yo and" = ",!, let Cy,; := i;Cy, 0On Ya.

It is also denoted just by Cy, if there is no risk of confusion.

5.4.5.1. The case (I). N Instead of (S})"%{0} & (S')" %#R},,, it is enough
to consider the inclusion {0} & #R}, ! R"™ 1. We obtain (96) from the
following standard result:
|
- "0 (" n# 2),
Ext! (Co, Crn* 1)0 ! U )
C (j=n#1l).

5.4.5.2. The case (Il). N We have the exact sequence
O#@L C(Sl)n\K | #84 C(Sl)n #@L CK$#€L O

Let $denote the inclusion (S*)"\ K) %#RY,, & (SH" %#RY, .. Note ¥ = §,
and hence$Cy 4 - rr ¢ = 0. We have

#

Ext! Cysiymk)# o} b Ckurry 08 p 4

I SExt! Csymkyu opr $Ckarry o3 p = 0.

Hence, we obtain
I

i # 0 (' n#2),
Ext! Cisiyn, Cicrrrp gs)p ' E Xt (Cs, Currr s p = 8 —n# 1;_
5.4.5.3. The case (lll). N Let us consider the case" = ". We have the exact

sequence:
0# Crsiynsro \H#( 01 #& Crsiynpry, # Crg#& 0.

Let ky denote the inclusionH % {0} & (S)" %#R},,, and let k, denote the
open embedding of the complement. Becausbfc(sl)n#-- R \VH#{ 0} ! = 0, we
have the isomorphisms

(97)  RHom(C(siyny rp \H# 0} 1o Cistyns Ry )P

' RHOM(C(stynyry \vHag oyt Crstynery \Hef op)P

' kas(Cistyngry \Hugop)p ! (Csiymurry )P
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We obtain RHom(Cy1, Cisiyn 1 go O)p = 0. In particular, Ext!(Cy: , C(styn» 1R 0)p
is null for any j.
Let us consider the casé =!. From the exact sequence

O !' CH! !' C(Sl)n .rl C(Sl)n\H | !' O,

we obtain the isomorphisms
!

0 (#n! 2),
C (J=n!1).
5.4.5.4. The case (IV-1). N Let us consider the case! = $. Let N be the

kernel of Cq1 " ChHazk .

EX':J (CH 1y C(Sl)n" ] R;’I O)P = EX':J (C(Sl)n y C(Sl)n" 1 R!n O)P =

Lemma 5.4.4. N We haveRHom(N, Ck iRr )P = 0.

Proof. N Let " be the inclusion (SH)"\ K) %#R% " (S1)" %#R} ;. Then,
N is of the form ";,N;. Then, the claim follows from " Ck - R ! = 0. O

We have the exact sequence:

0F  Cxrirrpak)yrop !’ Ckmirng ! Chskygop I 0.

Let k : K %#Rg o\ (H &K )% {0} " K %#Rg, denote the inclusion. We have
the isomorphisms

(98) RHom(Cyx - 1ro \(H#K)( b1 Ck iRy )P

Rk RHOM(Cy » 1 ry v(H#K ) 0} Ckm 1Rp \(H#K)Y 0})P

Ckirr P

Hence, we obtainRHom(C 4k )+ o1 » Ck1rr 1)p = 0. In particular, we
haveExtj (CH!, Ck RY o!)P =0 for any j .
Let us consider the casé =!. We have an exact sequence

o" CH!" C(Sl)n " C(Sl)n\H! "0

on (SH)". By using the previous results, we obtain

. ' i |
Ext! (Ch1, Ckm 1Ry )P = 0 (#nt 2,

C (J=n!1).
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5.4.5.5. The case (IV-2). N Let us consider the case! = !. By considering

0" "R, we obtain
!

. . i
Ext!(Ch+, Chsiry m)p # 0 ( $n%2),

C (j=n%l).
Let us consider the casé =!. We have an exact sequence
0% Cyi %' Cy+ % Ciy- % O
Let us look at Ext! (Ciy », Chg1rp Jp- FOr 0" [0,1[&R"®1, we have

EXtJ (Co, C[O,l[# RN" 1) =0

for any j. Hence, we obtain

. . 0
EXtJ (CH!, CH#!RPO)P = O (J $ n /02),

C (j = n%1l).
5.4.5.6. The case (IV-3). N It is easy to show Ext! (Ch1, Ck ¢ RFo) =0 for

any j. By using the argument in (IV-2), we can showExt! (Cyy+,Ck #1rn) =0
for any j. Thus, the proof of Theorem 5.4.1 is Pnished. O

5.4.6. A uniqueness result on the K -structure. N We use the notation
in 85.4.1. LetV be a good meromorphic Bat bundle on X,D ). Let g be a
holomorphic function on X such that g*1(0) = D, and let iy be the graph
X " X &C. We regard DR;”#C(ig V) as a cohomologically constructible
sheaf onX¥ (g).

Let K be a subbeld ofC. A K -structure of DR;”#t(i@J V) is debned to be

a K -cohomologically constructible complexF on ¥(g) with an isomorphism
#:F' C# DR;”#t(igJ V) in the derived category. Two K -structures (F;, #;)
(i =1,2) are called equivalent if there exists an isomorphisn$ : F; "F , for
which the following diagram is commutative:

F,' C % F,' C
#1079 #207p

DRY (g V) %60% DRY  (igV).

Lemma 5.4.5. N Let (Fi,#;) (i = 1,2) be K-structures of DR}! ,(ig V).

If their restriction to °/§1(X % D) are equivalent, then they are equivalent

on ¥(g).
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Proof. N We put F,©:= F;! C. We have the commutative diagram

Hom(Fy,F2)! C%  Hom(Fy 11, by Faptixipy) ! C
I |

nou nou

CECy c c
Hom(F;",F,) # Hom(Fll!!ll(X! D)’F2|!!11(X! D)).
According to Theorem 5.4.1, the horizontal arrows are injective. Hence, we

obtain the equality
Hom(F1,F2) = Hom(F 1 1, 5y, Fopt 1x1 py) $ Hom(F <, F )

i c c CEgcC ;
in Hom(Fll!!ll(X! D),F2|!!11(X! D)). Then, the element of Hom(F -, F,~) cor
responding to the identity of DR;‘("#t(ig V) comes from Hom@ 1, F»). O
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CHAPTER 6

GOOD K-STRUCTURE

6.1. Good meromorphic Rat bundles

6.1.1. Good K -structure of good meromorphic Rat bundles. N Let
K I C be a subbeld. LetX be a complex manifold with a normal crossing
hypersurfaceD.

Definition 6.1.1 . N Let V be a good meromorphic Rat bundle onX, D).
' A K-structure of V is a preK -Betti structure of the Bat bundle Vix, p.
I A K-structure of V is good if the Stokes structures are debned ove{ .

Later (see v6.4), we shall extend the debnition to the case wher® is not
necessarily good.

Let D = D1 " D, be a decomposition. LetL be the local system with
the Stokes structure on X (D) associated toV. Recall that the complex

DR;D(Dl; P2(v) is quasi-isomorphic toL<P 1" P2[dim X ]. (Seen5.1.2.)

If V has a goodK -structure, it is naturally equipped with a K -structure
L<P *" P?[dim X ]. By the isomorphisms (12) and (71), we obtain a preK -Beti
structure

FoP 1 P2 = R uLzP " P2[dim X ]
of the holonomic D-module V(!D;). This pre-K -Betti structure is called
canonical. LetD$" D3 = D be another decomposition such thatD; ! D$.
The natural morphism V(ID$) # V(!D;) is compatible with the pre-K -Betti
structures. We use the symbolsFy# and Fy, to denote FVD and FJD , re-
spectively. We also use the symboFy to denote Fy 4 for simplicity.

More generally, let#: Z ! X be a complex submanifold with a nhormal cross-
ing hypersurfaceDz. Let Vz be a good meromorphic Rat bundle onZ,Dz).
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We say that! Vz has a goodK -structure if Vz has a goodK -structure in the
above sense. The canonical pr&--Betti structures for ! Vz(!Dz 1) are also
debned in a similar way for a decompositiorDz = Dz 1! Dz .

6.1.2. Some basic property

6.1.2.1. Some functoriality. N Let X be any complex manifold with a normal
crossing hypersurfaceD. The following lemma is clear.

Lemma 6.1.2. N LetV; (i = 1,2) be good meromorphic Rat bundles ofX, D)
with a good K -structure. If V1" Vs, is good, then the inducedK -structure is
good. Similar claims hold forV; # Vo, and Hom(V1, V>). O

Let V be a good meromorphic Rat bundle onX,D). Let " : X'$ X be
a morphism of complex manifolds such thatD' := " " 1(D) is normal crossing.
We obtain a good meromorphic Rat bundleV' := "#V on (X', D'). Suppose
that V is equipped with aK -structure, which induces aK -structure of V',

Lemma 6.1.3. N If the K -structure of V is good, theK -structure of V' is
also good. Conversely, suppose that is surjective and that the K -structure
of V' is good. Then, theK -structure of V is good.

Proof. N Let P' be any point of D'. Let P := " (P'). We take a small
neighbourhood Xp with a coordinate (zy,...,2z,) around P in X such that
D=" i!:l{zi =0}, and a ramibed covering

#o 1 (X3, DY) % (Xp,D &Xp)

such that Vp(l) = #} (V) is unramibedly good. Lete (i =1,...,$ denote the
ramibcation index of #p along zi = 0. We take a small neighbourhoodX,L,
of P'. Because ¢ ' ") 1(0) (i =1,...,9 are contained inD' & X}, we can
take a ramibed covering

#o 0 (XD, D) v (Xpb, D' & Xp)

such that there exist functions (z ' " * #5)Y¢ (i=1,...,9 on Xéf!l). Then,

we have a morphism%: X ) $ X such that #p ' %= "' #,. Then,
VIO = (#h0)*V = oL (V)
is unramipedly good. LetL be the local system on)'('}(jl)(ijl)) associated

to VW, Let L' be the local system onX }L(,l)(D,!D(l)) associated toV'® . The
map induced by %is denoted

% X DMy us XP DY),
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We havel'= 1"1(L). Let
@O XxBoPyr xP and W kP @P)yr x P
denote the projections. LetQ} be any point of ("'®)" 1(D ™). We set

Q1 := #QY).

Let P{ := "'D(Q") and Py := "M (Q). The set of the irregular values ofv'®)
at P{ is the pull back of the set of the irregular values ofV® at P;. The
partial order #q, on the set is equal to#q,. The Stokes bltration FQi s
obtained as the pull back of F Q. Hence, F 9t is debned overK if and only

if FQ1 is debned overK . O
6.1.2.2. CGurve test N Let us consider the caseX =! ", D; := {z = 0}
andD = |, D;. We setDf := Dj\ ,4;Dj. Letp : X " D; denote the
projection.

Proposition 6.1.4 . N Let V be a good meromorphic Rat bundle oX, D)
with a K -structure with the property:

(C1) Let P be any point of D for i = 1,...,% Then, the induced K -
structure of Vi 1p) is good.
Then, the K -structure of V is good.

Proof. N We may assume that V is unramibedly good. Let" : X (D) " X
denote the projection. Let L be the local system onX (D) with the induced
K -structure. Let Q be any point of " 1(D). It is enough to prove that the
Stokes Pltration F ?(L ) is dePned overK . It is enough to consider the case
"(Q)=(0,...,0). We set

#
S:= (ab)$Im(V)?] a%b$.

We havei such that ord; (a! b) < 0 for any (a,b) $ S. For any (a,b) $ S,
let H (a, b) be denote the intersection of" " 1(D;) and the closure of

# $
R$ X \ D |Re(@! b)(R)=0

in X (D). Let U be a small neighbourhood ofQ in " 1(D;). Then, for any

(a,b) $ S, we havea<q b if and only if we have a < b for any
Q Q
%

Q'$uU'=""1DH&au\ H (a,b).
(a,b)%s
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We have natural identibcations of Lo and Lq: for Q' ' U . We have
! .
FQ = FQ.
Q!"U !

Under the assumption(C1) , FaQ! are debned ovelK for any Q' ! U ‘. Hence,
we obtain that FS are debned oveK . O

6.1.2.3. Sub-quotients N Let X be any complex manifold with a normal
crossing hypersurfaceD. Let0" V1" V" V," 0 be an exact sequence
of good meromorphic Rat bundles on X,D ). Suppose thatV and V; are
equipped with K -structures which are compatible with the morphisms.

Lemma 6.1.5. N If the K -structure of V is good, then theK -structures of V;
(i=1,2) are good.

Proof. N We may assume that V is unramibedly good. We may assume that
X =land D = {0}. Let L; and L be the local systems onX (D) corre-
sponding to Vi and V, respectively. For any point P ! X (D), the stalks L 1p
and Lp are equipped with the Stokes bltrationsFP. Note that the Stokes
pltrations are characterized by the growth order. HencelL 1p "L p is strict
with respect to the Pltrations, i.e., FP (L1p) is equal to the Pltration obtained
as the restriction of FP(Lp). Then, if L1p and FP(Lp) are debned overK ,
the Pltration FP (L1p) is also dePned oveK . O

Lemma 6.1.6. N Let V; (i = 1,2) be good meromorphic Rat bundles on
(X,D). Letf : V1" V, be a morphism of meromorphic Rat bundles.

I Ker(f), Im(f) and Cok(f ) are also good.

I Suppose thatv; are equipped with gooK -structures, and thatf is compat-
ible with the K -structures. Then, the inducedK -structures of Ker(f ), Cok(f)
and Im(f) are good.

Proof. N It is enough to check the claims locally around any point of D. We
may assume thatV; are unramibedly good. LetP be any point of D. Let f“b

denote the induced morphismvllr_;, " V. Because the formal completion
is exact, we have Kerg )“b # Ker(f“b) a@d similar isomorphisms for Im and
Cok. We have the decompositions/; s = = 4 (v, p) Vi p o ILiS €aSY t0 check
that f“b is compatible with the decompositions. Then, the prst claim follows.
The second claim follows from the prst claim and Lemma 6.1.5. O
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If Vi are unramibedly good in Lemma 6.1.6, we have
Irr(Ker f,P ) ! Irr(V1,P), Irr(Cok f,P) ! Irr( Vo, P),

Ire(lm £,P ) 1 dre(V1, P) ™ Irr( Vo, P).

6.1.3. Functoriality for projective birational morphisms. N Let D3
be a hypersurface ofX . Let ! : X'# X be a projective birational morphism
such that D' := 1 " (D $ D3) is normal crossing, and that

X'\ D'%X \ (D3$ D).

Let V be a good meromorphic Rat bundle on X,D ). Suppose thatV is
equipped with a goodK -structure. We put

Vii= 1%/ &0y (' DY.

The induced K -structure of V' is good. LetD;$ D, be a decomposition oD.
We setD} := ! " }(D;). We take D5 ! D' suchthat D;$D} is a decomposition
of D'.

Proposition 6.1.7 . N The natural morphisms
V(IDy) ¢ ! V'(D}), ! V(DY) @ V(Dy)
are compatible with the canonical preK -Betti structures.

Proof. N Let us prove the second claim. We use the notation introduced in
05.3. Let! : X!(D') # X (D) be the induced map. By construction, it is easy
to see that the morphisms

DR 802\ ¢ R1I,DR 18Pz (v,

X (D) X'(D")
I <D ;$ D} 1y /! <D 2$ D
R"#DRX!(D!) (V) @ DRX(D) (V)
are compatible with the induced K -structures. Then, the second claim follows
from Theorem 5.3.1. O

6.1.4. A characterization of" compatibility with Stokes Pltrations

let X =! "and D = | {z = 0}. Let V be an unramibedly good
meromorphic Bat bundle on (X, D ). Its good set of irregular values is denoted
by Irr( V). For eacha) Irr(V), put

L((a)= Ox('D)e

SOCI ET E MATH EMATIQUE DE FRANCE 2014



116 CHAPTER 6. GOOD K -STRUCTURE

with the meromorphic RBat connection! e= ed(" a). We bx aK -structure of
L(" a) by the trivialization exp( a) e. We have onX (D) a constructible sheaf
DRy 4 L(" a)#.
X (D)
The following lemma will be useful to check that aK -structure is good.

Lemma 6.1.8. N Suppose thatV has aK -structure with the property:
! For each a $ Irr(V), the induced K -structure of (V # L(" @)x: p Is

extended to aK -structure of DR;“‘(’;‘) (V#L("a).

Then, the K -structure of V is good.

Proof. N Let L be the local system with the Stokes structure onX (D) as-
sociated to Vix\p. It is equipped with the Stokes structure i.e., for each
P $ "' YD), the stalk Lp has the Stokes bltrationF . By the assumption,
the local systemL has aK -structure. Let O =(0,...,0) $ X. Let " denote
the projection X (D) % X . Itis enough to prove that the Stokes Pbltrations F P
of Lp are debned oveK for P $ "' 1(0).

Let S denote the set of pairs @,b) in Irr( V) with a& b. For any (a,b) $ S,
let H (a, b) denote the closure of the se{ Re(@a" b)} in X (D). Take a small
neighbourhood U; of P in "' 1(O) such that for any (a,b) $ S, we have
H(ab)' Ui&! ifandonlyif P $ H(g, b). Let

U; := U\ H (a,b).
(ab#s
We have a <p b if and only if a <p: b for any P $ U;. We have natural

identibcations Lp (L p: for any P"$ U;. Under the identibcations, we have
%
FP = FP.

P'#U}
So, ifFP' are debned oveK for any P"$ U;, FP is also debPned oveK . For
the points P"$ U;, the order) p: is totally ordered. So, it is enough to prove

that FP, are debned ovelK for any a$ Irr(V) and for any P" $ U,. But, it
follows from the assumption of the lemma. O

6.1.5. The behaviour of the pre- K-Betti structure by the nearby
cycle functor and the maximal functor. N We set

$
X:=!'" and D:= {z =0}.
i=1
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Let V be a good meromorphic Rat bundle onX, D ) with a good K -structure.
Foreachl ! !, wesetl,;:=1"{i} andlj:=1\{i}. The D-module
' n

2 D() = (VA 128 D3y)

has the canonical preK -Betti structure, where " = $, 1. Hence,#i(a) vV({ID())
and " i(a) (V('D(1))) have the induced preK -Betti structures.

Lemma 6.1.9. N The induced K structure of #i(a)(V) is good, i.e., it is
compatible with the Stokes Pltrations. The induced pré -Betti structure of
#i(a)(V(!D(I))) is canonical for eachl ! !.

Proof. N It is enough to consider the casea = 0 and i = 1. We give a
preparation. We set ! | 2V := lig ! oN?(V). By Lemma 3.2.3, we have

the commutative diagram
|

DRy ! |f 'O(V(!D(I)))" %®88 DRx (! ;1 °(V(ID (1)) "

$ $
(99) DRD (101 % Oy opgee. DR (1 H Oy
$ $

DR "(v# 1 9 wese DR "V(v# 1} ).

By the upper square, the inducedK -structure of DRy #5") (V(D(1))) can be
identiped with the K -structure of

100) DR V&0 (v)

! . "
' Cone DR "V ¥ Ovye& DR Oy
[0)

0 Yo 9 :
We setD%= ""_, D;. Let $; : X%(D% & X be the real blow up. We obtain
(100) as the push-forward of the following onX(D %:

<D (111)&D("" 111) 4(0)
(101) DR{&(D”) #1 (V) "
' Cone DR2 (&P o) % 0y g pRP 11)EDC Tn) (g 4 0y

X (D" X (D"
We prepare some commutative diagram in a general setting. For any holonomic
Dx -module M , we put

DR;D(D('.,‘)“&DC" "I\ = Tot# jijD) (11)&D (" 1) #4010, $1 M [dimX],

<D (I11)&D("" 111) — ¥¥<D (11 1)&D (™" 1) "1 :

SOCI ET E MATH EMATIQUE DE FRANCE 2014



118 CHAPTER 6. GOOD K -STRUCTURE

We have the commutative diagram
<D (l11)! D(" 1)

DR<D (I”; 1)! D(!" 1) M (D) 1 DR . M (#D
X (D) | (b () o
<D (11)! D(" 1) . <D (lrg)! D" 1)
DR} (o M1 PRy 09 M

If M is a good meromorphic at bundle, the left vertical arrow is also a quasi-
isomorphism, which follows from Lemma 5.1.6.

Let | : ¥(D) " ¥(D% be the induced map. We have the natural com-
mutative diagram, where the vertical arrows are quasi-isomorphisms by The-
orem 4.3.2:

<D (Iy)! D(L" 1) n <D (lr1)! D(L" I11)
DRX(D") " M1 DRX(D”) " M
$$ $3$
| <D (h)! D" 1) ng g | <D (I11)! D(!" 1v1)
'%DRX(D) M1 '%DRX(D) M .

Thus, we obtain the commutative diagram, in which the vertical arrows are
quasi-isomorphisms:

D (i) D" 1y " ! D (i) D" 1y "&
DRY, ™ P Oy DRI PE IS Oy
(102) $|| $||
!%DR;D(DU)H)! D(!" I!1)(V $ | z% 0y !%DR;D(D(I)! 1)! D" |!1)(V $ 1 Z% 0y

5D (11)! D(L" 11) "& ,0 <D (Ii1)! D(1" 1r1) "& ,0
Because D (D)l Y(V$ i1, ) and DRX(D)l YVs 1Y)
are equipped with K -structures compatible with the morphism, we obtain
a K -structure of DR;D(D('.,!)l)! D ) (10) (V) from (101) and (102). The lower
square in (99) is obtained as the push-forward of (102). Hence, thi -structure
of DRy " §°> (V('D(1))) is obtained as the push-forward of theK -structure of
<D (|!1)! D(!ﬁII |!1) n (0)
DRX(D") 1 (V).
Let us consider the case = {1,...,#. By the above consideration, we

obtain that FP, is compatible with the K -structure, where F” denotes the
Stokes bltration of " (V) at each point P %$; 1(%D). By considering the
tensor product with meromorphic RBat bundles with rank one, we can deduce
that FP is debned oveK , as in Lemma 6.1.8. Since the pré& -Betti structure

of " @ (v(ID(1))) comes from the K -structure of DR;D(D('..!)I)! PRI Oy,
it is canonical. O
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6.2. Good holonomic D-modules with good K-structure (Local case)
!
6.2.1. Definition. — Let X = A" and D = ‘_ {z = 0}. Set £ :=

{1,...,¢}. Let M be a good holonomic D-module on (X, D).
Definition 6.2.1 . — We say that M has a good K-structure if

(i) for each I C £, ¢7(M)(xD(I€)) is equipped with a good K-structure
(put ¢ (M) := M),

(ii) for i & I, the induced morphisms

(1) ' o " #" ot
(103) ;7 ¢1(M) «D(I°)  — ¢ipr(M) =+ D(If)
" " #i
— 0" 1(M) «D(I%)
are compatible with the K-structures, where I); :== I LI {i}. O

Morphisms of good holonomic D-modules with a good K-structure
f : Ml — Mz
are morphisms of D-modules such that ¢;(f) are compatible with K-structures
for any I C /.

Let Hol#*°d(X, D, K) denote the category of good holonomic Dx-modules
with a good K-structure on (X, D).

Lemma 6.2.2. — Let f : M; — M, be a morphism in Hol®*°d(X, D, K).
Then, the D-modules Ker(f), Im(f) and Cok(f) are naturally objects in
Hol®*°d(X, D, K).

Proof. — It follows from Lemma 6.1.6. (See also the reconstruction of a good
holonomic D-module M from (bgo) (M) in §6.3.) O

6.2.2. Cells. — Let V be any good meromorphic flat bundle on X
with a good K-structure. Let us observe that we have natural objects in
Hol#*°d(X, D, K) associated to V.

Lemma 6.2.3. — Let D) be a hypersurface ofX contained in D.
> We can naturally regard V (ID(")) as an object inHol#*°d(X, D, K).
> Suppose that we are given an objectt in Hol®°°d(X, D, K) such that
(i) the underlying Dx-module is isomorphic toV(!DM),
(ii) the K-structure on X \ D is equal to that of V(!D™M) under the
isomorphism.
Then, M is isomorphic to V(!DM) in Hol#*°d(X, D, K).
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Proof. N We have | ! ! such that D = D(1). We have for anyJ ! |
a natural isomorphism

11
LRSCRAAVA " Ly 0
SOJ) V ID(I) ("D@%) # #Sl!JI. I)#\(]\“:\I)(V),

where !y, = (1,...,1) $ 2%'" and 0;,, = (0,...,0) $ Z%\'. They are
equipped with goodK -structures, satisfying the compatibility condition (103).
Via these K -structures, we regardV(ID(1)) $ Hol9%°9(X,D,K ). Thus, we
obtain the prst claim.

Let us prove the second claim. We are given the isomorphism &y -modules
V(D®) # M under which the K -structures on X \ D are equal. Suppose
that we have already known that " (” (v (1D ®)) # " (P (M ) preserves thekK -
structures. SetV; := V(ID®) and \, := M . Because one of

#i(l)" |(0)(V|) 0%’ " i(O).. |(0)(VI) or #i(l)" |(0)(V|) 0. " i(O).. |(0)(V|)

is an isomorphism compatible with K -structures. Hence, we obtain that
" i(0) "O(Vvy) & " i(0) "0(Vy) is also compatible with the K -structures. O

More generally, takeJd ' 1 ! 1. Let V; be a good meromorphic Rat bundle
on D; with a good K -structure. Then, we can naturally regard $V;(ID(l))
as an object in HoP°°Y(X, D, K ).

Let g be a meromorphic function on (X, D ) such that g 1(0) ! D. LetD =
D, ( D, be a decomposition such thatD;) g (* )and D! g %(0). (Note
that D; are not necessarily irreducible.) Because gf” (V,"Dj) and #éo) (V,"D1)
are the kernel of

V+ 14 3(IDy) ("D1) %& V + 14 °("D)
for a=1,0, they are naturally objects in Hol9°°4(X, D, K ).
6.2.3. Some operations. N Let us observe that some operations on

Hol(X) are naturally lifted on Hol 9°°%(X,D,K ). Let Forget denote the
forgetful functor from Hol 9°°9(X, D, K ) to Hol( X ).

Lemma 6.2.4. N We have a naturally debned dual functob on Hol9°°4(X, D, K )
such that

D , Forget = Forget ,D .
Proof. N Let M$ Hol9%°9(X,D,K ). Foreach! !{ 1,...,!},
! " " " ! "
" oM)D(® #D T M) "D
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has an inducedK structure For lo:=11{i}, the morphlsms
OO0 g & O PoM) "DaY
!
w 10" Ompm)y "prg)

are obtained as the dual of

|(0)--(")(M) "D(|C) #$ ..(' 1)"(")(M) "D(|0)
, ..
1 D) Dag)

they are compatible with the K -structure. Hence, they give a goodK -
structure on DM . The construction gives a contravariant functor D on
Hol9°°Y(X, D, K ). O

Lemma 6.2.5. N Let D %D be a hypersurface ofX . We have a functor
l.pw : HoI%%%(X,D,K ) # Hol9°Y(X,D,K )
such that
Forget& ., (M) = Forget(M )("DW)
for any M in Hol9°Y(X, D, K ). We also have a natural transformation
M# 1.pm((M).
Such a functor is unique.

Proof. N First, let us observe the uniqueness. LetM ' Hol9°°%(X, D, K ). We
have| %# such that DM = D(l). For any J % # the following isomorphism
is compatible Wlth the K -structure:

I
QM) DD w00 pwM) DIV .

The following induced isomorphism is compatible with the K -structure:

| n (0) "
n ) (!) " )
L)y DYy g 1500 o0 M) DAY .

Note that the followmg natural morphlsm is an |somorph|sm

(I DmM) "DA% #8 19, DmM) 'DIC) .

It is compatible with the K -structure by the condition for ! .54 M . Hence,
the good K -structure of

|
O M) D@\ 1)

uniquely determines theK -structure of " SO) (' poy M )("DJ9). It means the
uniqueness of L.y .
As for the existence of !.5q , it is enough to consider the casd = {1}.
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Ifi! J, we have
' n
(0)* nn (1 w (0), (0)
157 °M ('D®) # ] g (M)
If i $!J, we have
! " !
1O"M ('D®) #1 M) ("DO).
! n
The induced K -structures on !SO) M ("'D®) ("D(JI°)) give a good K -
structure of M ("D®), for which the natural morphism M% M ("DW)is a
morphism in Hol?°°Y(X, D, K ). O

Lemma 6.2.6
# For any hypersurfaceD® of X contained in D, we have a unique functor
I o : Hol9°Y(X,D,K ) &6 Hol%°¢(X,D,K )
such that, for any M in Hol9°°9(X,D,K ),
Forget'! ;@ (M) = Forget(M )(!D®))

with a natural transformation ! ;o % id.
# We have! poy ' ' po =! I(DW1D@)-
# If dim(D(l) ( D(z)) <n &1, then! D@ " “D@ =1 “D@ " D@ -

Proof. N The Prst claim follows from Lemma 6.2.5 as the dual. The second
claim follows from the uniqueness. FoM ! Hol9°°%(X, D, K ), the underlying
Dx -modules of ! ) ' ! vpe(M)and! .pe ' ! \pwy (M) are

M (DD "D@P)=M ("D@IDD),
We have in Holf°°Y(X, D, K ) the natural morphisms
'poM) &6 ! by " Lpe(M), pa(M)&6!.p0 " ! pe(M).

Then, by the argument for the uniqueness in the proof of Lemma 6.2.5, we
obtain that the K -structures are the same. O

We denote ! 5 o (M) by M ($DW) for $=",1.

6.3. Good pre- K-holonomic D-modules

- #.
6.3.1. Statements. N Let X =" "and D = _;{z = 0}. Let
HolP"¢(X, K ) denote the category of preK -holonomic Dy -modules.
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Proposition 6.3.1 . N We have a naturally dePned exact fully faithful func-
tor ! : Hol( X,D,K )! HolP®(X,K ) over Hol(X). We have! " D= D"! .
The essential image oft is independent of the choice of a holomorphic coor-
dinate system.

Definition 6.3.2 . N Any object in the essential image of ! is called a good
pre-K -holonomic D-module on (X,D ). The pre-K -Betti structure is called a
good preK -Betti structure. (The debnition will be globalized in Debnition
6.3.4 below.) O

Let V be a good meromorphic Bat bundle on X,D ) with a good K -
structure. Let D® # D be a hypersurface ofX .

Proposition 6.3.3 . N The canonical preK -Betti structure of V(ID®) is
associated to the goo -structure of V(ID®) by! .

We shall construct the functor in ©6.3.386.3.5. We shall prove the full
faithfulness in ©6.3.7. The independence from the coordinate system will be
proved in ©6.3.8. Proposition 6.3.3 will be proved in©6.3.6.

6.3.2. Some consequences. N Before going to the proof of Proposition
6.3.1, we give some consequences. The full faithfulness and the independence
on the coordinate system in Proposition 6.3.1 ensure that we can globalize the
notion of good preK -holonomic D-modules in DePnition 6.3.2.

Definition 6.3.4 . N Let Y be any complex manifold with a normal crossing
hypersurfaceDy. Let M be a good holonomicD-module on (Y,Dy) with a
pre-K -Betti structure F. It is called a good preK -holonomic D-module if
its restriction to any holomorphic coordinate neighbourhood is a good preK -
holonomic D-module. In that case, F is called a good preK -Betti structure.
]

The category of good preK -holonomic D-modules on (¢, Dy) is not abelian
(seexn3.1.6). If we would like to work on abelian categories, for example, the
full subcategory of | -good preK -holonomic D-modules is abelian, wherd is
any good system of ramibed irregular values onY(, Dy).

Let Y be any complex manifold with a normal crossing hypersurfac® . Let
V be a good meromorphic Rat bundle on Y, D) with a good K -structure. Let
g be any meromorphic function on (Y, D) such that it is invertible on Y \ D.
We take a hypersurfaceD® # D such that ¢ 1(0) # D). We obtain a good
meromorphic Rat bundleV $ | g’b with a good K -structure on (Y, D). Itinduces
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pre-K -holonomic D-modules ! &°(V)(!D®), " P (v,1D®)and ! P (v,!DD)
with the canonical pre-K -Betti structures. We obtain the following proposition
from Proposition 6.3.3.

Proposition 6.3.5 . N The holonomic Dy -modules
abv)p®), " @v,ip®), 1@, ip®), @v,1DM)
are naturally good preK -holonomic D-modules on(Y, D). O

The claims for! & (V,!D®) and " & (v,! D®) will be particularly useful.

6.3.3. Induced pre- K -Betti structures of " I(a)! B(#V|). N In the fol-
lowing, we shall prove Proposition 6.3.1 and Proposition 6.3.3.

Let K" J" 1 =L# $ LetV, be anl -good meromorphic Rat bundle
on (D;,%0). Let #: D; $ X. Foramapf : K" J $ { 0,1}, we set
Ko(f):= f' 1(0) %K. We put

' " " #$ $ %%

GUK#V)= #vi & 17 1& 17 2 DT 0)
k" Ko(f) k$K o(f)
Let O denote the constant map valued in{0}. Let !; denote @e map such
that 1(j) =0 (j = i) and !i(i) = 1. We can identify " 1 V7%V, “as the

kernel of the following morphism:
$ % & $ %
(104) G ILK#V & G, JK#V .

i" K %)
If V| has a good K -structure, we obtain a preK -Betti structure of
" &O)! go)(#\/|) by (104). By taking the tensor product with | #3*1 appropri-
ately, we also obtain an induced preK -Betti structure of " ff‘)! 5b) #W).

Lemma 6.3.6. N The following morphisms are compatible with the pre< -
Betti structures:

w@, 0, 0%, Lo @, 008, B w@, 0, 93, %
@y Oy D%y g @1 P O%%y T @ P 0Ty,

Proof. N It is clear by construction. O

$ %
Recall that we have the naturally induced goodK -structure on ! i(0) #V,

fori") | (Lemma 6.1.9).

Lemma 6.3.7. N For any i ) L, the natural isomorphism

$ % $ %
" &0)! 5?) VAL &0)! SO) L O @ v)

is compatible with the inducedK -structures.
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Proof. N Both the K -structures are obtained as the kernel of the mor-

phism (104) for (Ji,K ). O
6.3.4. !-squares of complexes. N For small categoriesA; (i = 1,...,!),
let i!:l A; denote their pr.o|duct, g, thelz category whose objects and
morphisms are given by ob’ 'l A = 1 ob(A) and Mor(a,b) =

Mor(a;,l3). Let ! be a small category given by the following commutative
diagram:
a

(0,0)1 (0,1)
b§}o c$/o c#a= d#b.
o ¢ @1
Let A be an abelian category. LetC(A) be the category of complexes imA.
A square inC(A)is afunctor F :! " C(A). For a given squareF, let H(F)

be the total complex of the following double complex:

F(a)+ F (b F(c)! F(d)

F(0,0)[1] ¥ F(0,1)$ F(1,0) ¥ F(L, [ 1]

An !-square inC(A) is a functor F : 1" " C(A). Let "; :!'" 11 be the
projection forgetting the i-th compone@:[. For a given!-squareF, we obtain
an (!! 1)-square"i-F by "i-F(a)= H FI"-’ l(a) -

Lemma 6.3.8. N For i<j , we have an isomorphism’ " j+F %" 1" i~F.

Proof. N It is enough to consider the case! = 2, (i,j) = (1,2). The i-th
terms of the both complexes are given by

(
F(a, az, by, ).
ajta+tbp+hp=il 2
The multiplication of ' 1 on F(0,0,0,0) $ F(1,1,0,0) $ F(0,0,1,1) $
F(1,1,1,1) interpolates the di"erentials for "i-";~F and ", 1" i-F. O

More generally, for any subsetl & !, | -square inC(A) is a functor ! ' "
C(A). For the naturally debned projection " :!'" 1! we takel = Ig &
1 & 444 &y = !, which induces the factorization"; = " @ #" @ #444%™,
where" ) :11i " 11ii1 Then, we obtain anl -square” | -F := "Y#aaa#™F .
It is well debned up to isomorphisms as above.
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6.3.5. A construction of the functor I . N Letm be any positive integer.
Let1! M (XM DM)H (X (™) be any good set of ramibed irregular values
as ine3.1.1. LetM be anyl -good holonomicD-module on (X,D ).

Let H! !. Let us construct an H-square in the category ofl -good holo-
nomic D-modules on X,D ). For (i,j) = (ix,jx) k" H " ob"H, we have
the following subsets ofH :

U N % U A %
I(I’J): K (Ik’Jk):(Ovl) ) K(I’J): K (lk,]k):(l,O) ,

. $ ... % . $ ... %
Jo(i,j)= k (ik,jk)=(0,0) , Ju(i,j) = k (i) =(1,1) .
Then, we put

H cooy sy (0w (agin)a (0) (0)
QUM iLI)=# 10" 5oy aui*ka M-

For ko #'H, we have the following naturally induced diagram:

w (D) 4 (0)n (ag)u (0) 4(0) 0) 1, (0)u (13g)u (0) 4(0)
ko #l JQJO J1 #K M SWO #ko #l JQJO J1 #K M

(105)
0) . (0)n (" 39)w (0) ,(0) w (0) 1, (0)w (Y35)w (0),(0)
#ko #l Jo ° J1 #K M &WO ko #l Jo ° J1 #K M.

For each decompositionH = {h} & (H $ {h}), we have a similar dia-
gram. Thus, we obtain an H -square Q" (M ) of good holonomic D-modules.
The cohomology of the complex associated to (105) is naturally isomor-
phic to #l(o)" g!ojo)" 5?)#&O)M . Hence, we have a natural quasi-isomorphism
$1QX M) ' Q H(M). In particular, we have a natural quasi-isomorphism
$,Q M) 'M

If M has a goodK -structure, each QX(M ,i,j) is equipped with the pre-
K -Betti structure F,!\—,I (i,j) given as in ©6.3.3.

Lemma 6.3.9. N The morphisms in (105) are compatible with the induced
pre-K -Betti structures.

Proof. N The morphisms
w (1) 4 (0)u (Mag)w (0) 4(0) 0) 1 (0)n (39)u (0) 1,(0) w (0) . (0)u (M3g)w (0) 4(0)
ko #I JOJO J1 #K M % #ko #I JOJO J1 #K M % ko #I JOJO J1 #K M

are compatible with the pre-K -Betti structures by construction, as remarked
in Lemma 6.3.6. LetK ":= I $ (K ( ko). By debnition, the morphisms

! # ! # ! #
w (2 0 " 0 0 " () 0 "
DudM ) DK % #0#IM ) DK % " D#dIM ) DK
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are compatible with the K -structures. We remark Lemma 6.3.7, and then it
follows that the morphisms

@), (0); (!39); (0)u (0) w (0)y (0); (130); (0)u (0) ©), (0); (!39); (0)u (0)
I e A R Al B sl IR B sl I B Bt IR B el
are compatible with the pre-K -Betti structures. O

Thus, we obtain a preK -Betti structure of # QM) "M , which is in-
dependent of the choice of a factorization of#,. It is called the pre-K -Betti
structure of M associated to the goodK -structure, and denoted by Fy . We
obtain a pre-K -holonomic Dy -module "(M ) := (M ,Fpy ). Thus, we obtain
the desired exact functor " : Hol 9°°9(X,D,K ) ! HolP®(X,K ). It is clearly
exact.

|
6.3.6. Proof of Proposition 6.3.3. N If M #D(H® = M, any
QH"(M ,i,j) are equipped with the preK -Betti structures, which induce
a preK -Betti structure of M .

Lemma 6.3.10. N The associated preK -Betti structures of M are the same.

Proof. N The naturally dePned morphisms
0); (0)y ("30)y (0)u (0) 0); (139); (0)u (0)
!HC!K!JOO!Jll(M)$ !K!JOO!Jll(M)

induce the quasi-isomorphism#; Q*(M ) ! #y, Q" (M), which is compatible
with the pre-K -Betti structures. O

Let us prove Proposition 6.3.3. By the above consideration, the following
isomorphisms are compatible with the preK -Betti structures:

! . Lol . Lo
V' ID(H) $8Q "'V ID(H) QLY V ID(H)
Thus, we obtain Proposition 6.3.3. O

6.3.7. Full faithfulness. N Let us prove that the functor " is fully faithful.
We denote "( M ;) by M ; to simplify the notation. Let M ; & Hol9°°4(X,D,K )
(i =1,2). Suppose we are given a morphisr$ : M 1 ! M, in HolP"¢(X,K ).
We would like to prove that $ gives a morphism in HoP°°Y(X, D, K ).

We use an induction on%M 1'M ). (Seer3.1.2 for %) We, take a subset
J ( &suchthat|J] = n$ dimSupp(M 1'M ) and (M 1'M ) #D(JC) ¥ 0.
Let g be a holomorphic function such thatg?1(0) = D(J€). Then, M ;(#g) and
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Mil! | ab come from good meromorphic Rat bundles with good -structures
on (Dj, DJ(J ). We have the foIIowmg morphisms in HoF%°Y(X, D, K ):

Mm@w'@M(w'mnmw.
They are compatible with the associated preK -Betti structures. By the
localization in Lemma 6.2.5 and Lemma 6.2.6, we obtain the following in
Hol9°%9(X, D, K ):
Mi(g) #M i #M ($9).
Note the uniqueness of goodK -structure on M i(!g) in Lemma 6.2.3. We
obtain the following diagram of the pre-K -holonomic D-modules:

M 1(g) 1P ™ 1($9) %M1 % M (S0
5!(!9) § t Oy § 1 ("g)
Ma(lg)® 1P (Ma($9) %M BEM  2(30).

We obtain a morphism" & (#) : " (M 1) # " (M 2) in HolP®(X,K ). By
using the inductive assumption, " (O) (#) is a morphism in Hol9°Y(X,D,K ).
Then, # |s obtamed as the cohomology of the following:

5 M,1(89) * JiaY 1(89), %" (M 1) * 5 M#1($g)
(206) § @ § © (1)1 40 § COF
!
SO M9 B 1O M0 %DM T P M (S0 |
The morphisms in (106) are morphisms in Hot°°Y(X,D,K ). Therefore, we
obtain that # is also a morphism in Ho?°°(X, D, K ). O
6.3.8. Independence from the coordinate system. N Let us prove that

the essential image of " is independent of the choice of a coordinate sys-
tem. Let (wy,...,wn) be another holomorphic coordinate system such that
w?1(0) = z*1(0). It is enough to prove the following lemma.

Lemma 6.3.11. N If M has a goodK -structure with respect to the coordi-
nate system(zi,...,zy), it has an induced goodK -structure with respect to
(ws,...,Wy) such that the associated pré< -Betti structures are the same.

Proof. N We use symbols" (O) and" (O) to distinguish the dependence on the
coordinate systems. As remarked |m2 2 7, we have the natural isomorphisms
(10). They induce isomorphisms™ /(M) & "{ (M) and $" (M) &
$i(a)" fl)(M ). Hence, we obtain goodK -structure of M with respect to
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(W1,...,Wp). Let Q!z(M) and Q\!W(M) denote the !-square associated to
M with respect to the coordinate systems ¢1,...,2z,) and (wy,...,W,), re-
spectively. It is easy to observe that isomorphisms (10) inducé | Q!z(M ) !
"1 Q\!7V(M ) compatible with pre-K -Betti structures, and they induce the iden-
tity on M . Hence, the associated pré< -Betti structures on M are the same.
Thus, the proof of Lemma 6.3.11 and Proposition 6.3.1 are Pnished. O

6.4. Meromorphic Rat connections with good K -structure

6.4.1. Good K -structure of meromorphic Bat connections. N Let X
be a complex manifold with a hypersurfaceD. Let V be a meromorphic Rat
connection on (X,D ), i.e., V is a reBexiveOx ("D)-coherent sheaf with a Rat
connection. We do not assume thatV is good.

Definition 6.4.1 . N As in the case of good meromorphic Rat bundles, a
K -structure of V. means a preK -Betti structure of the Bat bundle Vix\p.

Recall that, according to K. Kedlaya (see R6], Theorem 8.2.2 of R7]), for
any point P # X, there _e_zxist a neighbourhoodXp $ X and a projective
birational morphism #p : X¥p % Xp such that

(i) #p :¥p\#,1(D)! Xp\D,
(i) Op := #,(D) is normal crossing,
(i) #{DV is a good meromorphic Bat bundle.
(See also44] and Theorem 16.2.1 of 47] for the algebraic case.)

Such Xp,#p) is called a local resolution ofV in this paper. In the situation,
we setDp .= D & Xp.

Definition 6.4.2 . N A K -structure of V is called good atP if the following
holds:

$ For any local resolution (Xp,#p) around P, the induced preK -Betti
structure of #5 (Vjx,\p) is @ goodK -structure of #, V.

A K -structure of V is called good if it is good at any point of X . O

If a K -structure of V is good, the inducedK -structure on the dual V¥ is
also good. The following lemma is easy to see.

Lemma 6.4.3. N Let V; (i = 1,2) be meromorphic Rat bundles on(X,D)
with a goodK -structure.
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I' The naturally induced K -structures on V,! Vo, Vi" Vo, and Hom(Vy, Vo)
are good.

I Let f : Vi # V, be a RBat morphism which is compatible with theK -
structures. Then, the naturally induced K -structures of Ker f, Cokf

and Im(f) are good. O
Let " : X'# X be a morphism of complex manifolds such thatD' :=
""" 1(D)is normal crossing. We have the induced good meromorphic Rat bundle
V'="#V/. A K -structure of V induces aK -structure of V'

Lemma 6.4.4. N If the K -structure of V is good, theK -structure of V' is
also good. Conversely, suppose that th¢ -structure of V' is good and that"
is surjective. Then, the K -structure of V is also good.

Proof. N Let ( Xp,#p) be a local resolution forV around P $ X . We take a
projective birational morphism # : ¥}, # ¥p %y X' such that:

@iy ¥} is smooth,

(i) the induced morphism " p : ¥5 # ¥p gives¥h\ B}, & ¥p\ Ip, where
B = # Y(¥p %y D).

The induced map#, : ¥5 # X' gives a local resolution forV'. Then, the
claim follows from Lemma 6.1.3. O

We obtain the following lemma from Proposition 6.1.4.

Lemma 6.4.5. N Let V be a meromorphic Rat connection on(X,D ) with a
K -structure. Suppose that, for any morphism! # X with" (!) ' D = {" (0)},
the induced K -structure of " #(V) is good. Then, the K -structure of V is
also good. O

We obtain the following lemma from Lemma 6.1.5.

Lemma 6.4.6. N Let V be a meromorphic Rat connection with a goodK -
structure. Let V1 ( V be a sub-connection such thaVyx\p is compatible with
the K -structure. Then, the inducedK -structure of V; is good. A similar claim
holds for quotients ofV. O

6.4.2. Canonical pre- K -Betti structures. N Let V be a meromorphic
Bat connection on (X, D) with a good K -structure. Let

D=D;) D,
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be a decomposition, i.e.,D; are unions of irreducible components oD such
that codimy (D1! D) > 1. Let (Xp,! p) be any local resolution ofV around
P" X. Put
Dp1=D;! Xp and SP]_:: 'Ipl(Dl)
We have the decompositiondp = Bpq# Bp,. We set
Vp = Vix, and Vp:=1,V.
The canonical preK -Betti structure V<B‘F’1#B‘F’2 of ¥p (IVp1) induces a pre-

K -Betti structure G of Vp(!Dpq). Let (X S ! (Pl)) be another local resolution

of V around P " X. It induces a preK - Betti structure GO of V|x<1) We

haveGY = GonXp! Xp @' Indeed, we can bnd a local resolutionX @ ,(32))
with morphisms a : ¥ ¢ $ )Y(l) andb: ¥ $ ¥p such that

1@ = o= o,

By using (Xp @ ! ,(32)) with Proposition 6.1.7, we can prove that the preK -
Betti structures are equal. Therefore, by gluing the preK -Betti structures
around any P " X, we obtain a preK -Betti structure of V(!D;). (See Propo-
sition 10.2.9 of R3].)

We denote it by FJD 1. It is called the canonical preK -Betti structure
of V('D,).

By taking the dual of (V®)(!D1), we obtain a preK -Betti structure of
(V(ID))(&D1), denoted by F° Pt

Let D3 be a hypersurface ofX. Let " : X%$ X be a projective birational
morphism such that:

() XA D% X\ (D #Ds3)whereD%= "' (D # D),

(i) D%is normal crossing.
We setD7%:= "' 1(D 1). We have D%¢such that D%= D2 Dis a decomposi-
tion. We set V”= " "V (&D*.

Proposition 6.4.7 . N The natural morphisms

! ) 0, 0 "
V(D) ¢ " VDY), " vAIDH(&DY) & V(ID)(&Dy)
are compatible with the canonical preK -Betti structures.

Proof. N Let ( Xp,!p) be a local resolution forV around P " X . We take a
projective birational morphism ! : X2°$ Xp ) x X %such that:

@iy ¥ is smooth,
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(i) the induced morphism ! p : ¥5 ! ¥p gives¥p\ 5 * ¥p\ Op, where
ﬁ! =" " l()Yp #x D!).
The induced map"}, : ¥, ! X' gives a local resolution forV'. By Propo-
sition 6.1.7, "ﬁ(V)(![Ypl) I e ("EV'(D},)) is compatible with the pre-K -
Betti structures. Then, we obtain that

V(D) § ! V(DY)

is compatible with the pre-K -Betti structures. We obtain the claim for the

other as the dual. O
6.4.3. Pre- K -Betti structure on the real blow up. N Let X,D andV
be as in the beginning 0fe6.4.2. Let G : X I C' be a holomorphic function
such that G" Y(Dg) % D1, where Dg = - 1{zI = 0}. We obtain an object

(X,G)in Cat,. Let #: X (G)! X denote the real blow up.

Lemma 6.4.8. N The natural morphism
$ # $
R#y DRi% V(!Dl) § DRy V(D))
is an isomorphism in DP(Cy).

Proof. N It is enough to check the claim locally around eachP & X. Let
(Xp,"p) be a local resolution of V around P. We set Gp = Gx, and
®p = G' "p. We obtain a morphism"p : (¥p,&p) ! (Xp,Gp) in Cat,.
We set Wp = Vp(I¥;). By Corollary 4.7.3, we have in D(Cy., (c,)) the
isomorphism

) $
R" P;thRraloI (M/ )" DR;?pIG ("p Wp)=DR rapld V(!Dl) IXp (Gp)°

By using R#g_, DR;?‘E'd&P (Wp)" DRy, (M p), we obtain the claim. O

In the situation of the proof of Lemma 6.4.8, let >¥{p([§p) be the real blow
up along Bp. We have the natural map $ : )!(/p([yp) ! )!(/p(Gp) As in
Lemma 5.1.8, we have the following natural isomorphism:

6w . L H#H.$
R$#DR§‘:'E;:;”P1(\VP) " DR@E'?&P Vp 1¥pq) .

In particular, a good K -structure of \Vp induces aK -structure of
.
id
DR;';‘F"G \vp(![ypl) .
We would like to glue them.
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Lemma 6.4.9. N Suppose that there exists a Pnite family
I

! ] # $
U, it M <"
%
of local resolutions of V such that X = OUi. Then, there exists an objectK

in Db(KX(G)) with isomorphisms
L # $
c:K#C$ DRgﬁ‘gd V(D) In Db(CX(G))’
R K$F P! in DP(Kx),

such thatc, # C is equal toR"  ¢;.

Proof. N We,shall construct a K -complex K on X(G) as follows. For| %!,
we setU; := ., U, Let# : U & X denote the inclusion. We set

G, = G|u|-
Take local resolutions! | : % & U, of V. We may assume to have
1y Y, 8 G
suchthat# (', ('3 =# (!; forany |l %J. We have
Prars (igrg = D
We put V; := |V,
We setl¥; := ! #1(D),and ;1 := ! #1(D;). Let ¥, , denote the complement

of B, in §,. Lety, : & (F,) & U denote the real blow up. We have the
induced morphisms

& & @,)e & @)
and the induced morphisms
& & @)e ().

Let & : & (G,) & X(G) denote the inclusion.

Let Lk, denote the K -local system on §‘| (Dﬁ) with the Stokes structure
associated toV, with good K -structure. We have the constructible sheaves
L;’?”‘w'? on §‘| (9, ), and natural morphisms

1y <0802 <0;:150;,
Sy &L 5 .

For any sheafF, let Gd(F) denote its Godement resolution. By the construc-
tion, we have natural morphisms

(107) &ﬁ)lGd(L;?lﬁfylz)& Gd(&fﬁJlL;?llﬂi[ﬁlz)& Gd(LE,[.?Jﬁ[yJZ)'
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We set o
G o= It Gd(LY T Pk ]

on X (G). The morphisms (107) induce" ; : G !'G k- They satisfy

" " —_n
I112 lolg —  I1l3-

We take a K -vector spaceUx with a basis{e |i # !}. Let Uk, denote
the subspace in *Ux generated bye, $4aa %, wherel = (ig,...,im).
For m# Zxq, we set

#
KrKn,¥ = G1¥,K %UKJ .
[I|l=m+1
We have the morphismK"* I K ' * induced by the morphisms

"1y (g $ ).
They give a double complexKy™* of KX(G)-moduIes. The total complex is
denoted by K§ .

We have the C-local systemsL, with the Stokes structure on ty| (9, ) asso-
ciated to V. Using L, with the same construction, we obtain complexes(:‘}";’I ,
a double complexK¢* and a complexKEg.

We have naturally debPned isomorphisms

L;’?Il" ¥ . %C & L I<|§‘|1" |j|2.
The natural morphisms
GALEY " By geca Gd(L; Y Bz

are quasi-isomorphisms. By the projection formula, we have the natural iso-
morphisms
P o S s %
Lf Gd(Ly 't 7')[dx ]%C "G k) %C.

It also implies that the complex (! " *), (Gd(L;’ﬂy'l" 512y 95C) represents

$ Co %
RO 4,), T Gd(LED P12y g6C”

Hence, the natural morphismG¢; %C! G ¢, is a quasi-isomorphism. Then,
it is easy to deduce that the natural morphism K¢ % C ! K ¢ is a quasi-
isomorphism.

We have the natural quasi-isomorphism

LB Biorg 1@ DRETI Bz,
| [dx ] 5 (51 M)
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We have morphisms

|'1DR<W|1 I \y r DR<|§J1" ¥ \y _
ty () ( I) &J([YJ) ( J)

By applying the above construction to DREJS‘('[;")[Y' 2(¥ ) instead of L 911" Br2[gy ],
| |

we obtain double complexesG'ps on X (G), and a complexK}g on X (G).
The natural morphism K¢ " K pg is a quasi-isomorphism.

SetH, := & 1(0). We have on Y, (8)) the complexes

DR;N:; V) and DR;*":ér \v|(|w.1)

By applying the above construction to them, we obtain double complexqu‘

(a = 1,2), and complexesK, (a = 1,2) on X (G). We have the following
natural quasi-isomorphisms of complexes, as in Lemma 5.1.6:

Gor#G [1I'G [,
Hence, we have the natural quasi-isomorphisms of complexes
bR #K JI'K 3.
We set " " et
G'3:=14Gd 1! 'DRER’ V(IDy)

As before, by the&ech construction we obtain a complexKs. We have natural
quasi-isomorphismG 3 " G | 2, which induce K% " K %. By construction, we
have natural quasi-isomorphisms

X n #
GADRY%! V(IDy) 'K i

(See Proposition 2.8.4 of 23].) In all, we obtain the sequence of quasi-
isomorphisms

¥ ' ¥ ¥ rapld' #
(108) Kk $CI'K pr#K 'K 5# GdDRy V(Dy) .
We debnec; as the composite of the morphisms.
The projections #; : K¥ "G ¥ are quasi-isomorphisms. It is

KU (Gi) K.i [Ui(Gi)
easy to see that
| 0, | 0,
v e g e A9 g e i e
are chain homotopic. Hence$4K* is aK -perverse sheaf obtained as the gluing
of $,G U (G We obtain an isomorphism ofK -perverse sheaves

FoPt & $uK¥,
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which is ¢c;. We can easily compare ¢! C)jy, and R!; (c1)jy,, and we obtain
c! C= R!!(C]_). |

6.4.4. Sequence of hypersurface pairs. N Let X be a complex manifold.
Let H = (H,,H,) be an ordered pair of (possibly empty) hypersurfaces oK .
Such a pair is called a hypersurface pair in the following. For any coherent
Dy -module M , We| debne

Pu(M):= M ("Hy) (IH) and P, (M):= M (H) ("H).
We setDH = (Hy,H)). Then, we have natural isomorphisms
D(Pu(M)) # Ppy (DM).
If we are given a sequence of hypersurface paitd = (H 1,H »,...,H ), we
set
Puy:= Py, $4448,$Py, and P} =P, $4aa®,,$P .
Clearly, Py can be described ag '}'41 for an appropriate H;. We shall use a
special case of this operation irne8.5.

6.4.5. Generalization. N Let X, D andV be as in the beginning 0fc6.4.2.
Suppose that we are given a sequence of hypersurface pais= (H 1,...,H n)
contained in D. Let us observe thatP (V) and P "H(V) are naturally equipped
with pre-K -Betti structures.

Let P be any point of X . We take a local resolution Xp," p) of V around P.
By taking the pull back, we obtain a sequence of hypersurface pairs

Mp = "b(H)

contained in Bp. For the irreducible decomposition Bp = P41, Dp;, there
uniquely exists a subsetlp %! p such that
I

Py, (Vo) # Vo 13p(1p) |

wherelp (Ip) = |4, D'pj. Hence, we have the canonical pré« -Betti struc-
ture Yp (!¥p (1p)) induced by the good K -structure of ¥p. By the natural
isomorphism
"p Py (Vo) # Pr(V)ix,,
we obtain a preK -Betti structure of P y(V)x, -
Suppose that we are given other local resolutions)(,g)," ,(Di)) (i=1,2) as
in 06.4.2. We put \VP(Z) =" ,(32)!V. We have the expression

I n
P T
Py Vo # ¥ 3209y

MEMOIRES DE LA SMF 138/139



6.4. MEROMORPHIC FLAT CONNECTIONS WITH GOOD K -STRUCTURE 137

For the morphism a: )Y}(f) I ¥p, we have
.. I "
Be(lp)= a B 0F) .

We have the natural isomorphisms of holonomicD-modules

) N )
aPyo (V)" a V521 (B p) " Py, (Vo)

which are compatible with the pre-K -Betti structures. Therefore, we obtain
the preK -Betti structures of P (V) by gluing the locally given pre-K -Betti
structures. We obtain a preK -Betti structure of P (V) in the same way.

They are called the canonical preK -Betti structure of Py(V) and PL(V),
denoted by Fyy and F, .

Lemma 6.4.10. N Let H* = (H%,...,H¥) be a sequence of hypersurface
pairs such that Hi#$ # Hig and H $ Hj, for any i. The natural morphisms
P (V) ! Pu(V)and P, (V) ! P (V) are compatible with theK -Betti
structures.

Proof. N It is reduced to the easy case whereV is good. O

Let G : X ! C' be a holomorphic function. The following lemma can
be shown by the same arguments as those in the proof of Lemma 6.4.8 and
Lemma 6.4.9.

Proposition 6.4.11 . N Suppose thaiG' 1(Dg) # Hnifor Hy = (Hni, Hyg).
Then, the natural morphism

] !
R! sDRYA! Pu(V) % DRx Py(V)

is an isomorphism. If we are given a bnite family of local resolutions o¥/ as in
Lemma 6.4.9 then there exists an objecK in Db(KX(G)) with isomorphisms

]
c:K& C" DRER Py(V) in DP(Cy q)),
C:RIGK"F hy in DP(Kx),

such thatc, & C is equal toR! ¢c;. O

Let D3, " : X! X and V' be as in Proposition 6.4.7. By the pull back,
we obtain a sequence of hypersurface paifd = "' 1H.

Proposition 6.4.12 . N The natural morphisms

" PH"!V"(!D") % PH!V(!D) and Py(V)% " Py (V)

SOCI ET E MATH EMATIQUE DE FRANCE 2014



138 CHAPTER 6. GOOD K -STRUCTURE

are compatible with the canonical preK -Betti structures. The natural mor-
phisms

! n ! n
I P V(DY ' PL V(D) and PL(V)!I ! PL(VY)
are also compatible with the canonical pre< -Betti structures.

Proof. N It is reduced to the case whereV is good. We have
Pu(V)= V(DW) and Py (V') = V'(D'D)
for someD® # D and D'® # D'. We have! (D'®) = D®. We set
LD = 1" D®). Then, the natural morphisms
Pu(V)$ ! VIeLD)yr 1 Pu(vh
are compatible with the pre-K -Betti structures. Similarly, we obtain that
PL(V)T 1 PL(V)

is compatible with the pre-K -Betti structure. We obtain the others by the
dual. O

6.5. Preliminary for push-forward

Let Y be a complex manifold with a hypersurfaceDy. Let G: X " Y be
a projective morphism of complex manifolds. We set
Dxo:= G *(Dy).
Let Dx be a hypersurface ofX with a decompositionDx = Dy 1 %Dy » such

that Dx o # Dxo.

Let V be a meromorphic Rat connection on X,D x) with a good K -
structure. Put M = V(!IDx2). Let Fy be the canonical preK -Betti
structure. Assume the following:

"G'M =0forany i &0, and Vi := G°(M )(' Dy) is a meromorphic Rat
connection on (Y, Dy).

We put
G:= RG#(Fwm )|y by >
which gives a preK -Betti structure of GO(M )IY* Dy -

The following theorem will be used in the proof of Theorem 8.1.1. (See
a8.5.1.)
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Theorem 6.5.1 . N The K -structure G of V; is good, i.e., it is compatible
with the Stokes bltrations. Moreover,RG, Fy is the canonical preK -Betti
structure of GO(M ).

Proof. N It is enough to consider the issues locally around any pointP of Y.
Let (Yp,!p) be a local resolution ofV;. We take a projective birational mor-
phism! : X! ¥p "y X such that:
(i) X" is smooth,
(i) Dy := ¥p " x Dx is normal crossing,
(i) the induced morphism X"\ Dy ! X \ Dy is an isomorphism.
Let p: X" ! X and G : X" ! ¥p be the induced maps. We obtain
a meromorphic Rat connectionV' = p'V with a good K -structure. We set
Dy, = p¥ 1(Dx 2). We have ) )

1 V(D) = V(IDx2), G VI(IDx) (#Dp) = !p V1,
lp G V('Dx) $M y,.

It is enough to prove the claims on¥p. Hence, we may and will assume
that Dy is normal crossing, and thatV; is a good meromorphig Bat bundle.

It is enough to consider the case wher&y :=! " and Dy := i!:l{zi =0}.
We have

G%(M) = Vi(IDy).

Let F : Y ! C' be given by (z1,...,2)). We set Fx := F %G. We obtain
in Cat, a projective morphism

G:(X,Fx)& (Y,F).
We have $¥(F) = $¥(Dy). According to Corollary 4.7.5, we have the following
isomorphism in D2(¥(Dy)):

rapid rapid 0
R&, DR /(M) $ DRYPE(G™M ).

The good K -structure of V induces a K-structure of DR;"F(’:;' )(M)
X2

on ¥(Dx,) (Lemma 6.4.9). It induces aK -structure of R&, DR;"‘()EX)(M ),

which is compatible with the natural K -structure of G°(M )IY\Dy -

Let us prove that the K -structure of V; is good. First, we consider the case
whereV; is unramibedly good. Takea' Irr( Vy). Let L(&a) be a meromorphic
Bat bundle with a K -structure as in ©6.1.4. Then,

V ( G'L(&a)
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has a goodK -structure. By applying the previous argument, we obtain that

o
DR;ffg’Y) Vil L(" Q)

has aK -structure, whose restriction to Y \ Dy is the same as one induced by
the K -structure of V; and L(" a). Hence, by Lemma 6.1.8, we obtain that the
K -structure of V; is good if Vi is unramibedly good.

Let us consider the case wher&/; is not necessarily unramibed. Let
AR T
be a ramibed covering such that "V; is unramiPedly good. We put
Dy = 1 *(Dy).
We take a projective birational map p: X'# X $vy Y' such that:
(i) X'is smooth,
i)y X'" p*i(X $y DY %X" (X $v D).
We setD{ = p*1(Dx $v Y'). Let up : X'# X and G': X'# Y' be the
induced morphisms. We have the decompositioD}, = Dj ; & D}, such that
D;<2 = U#ltl(sz)-

Let M' = py(V)(ID§,). Applying the previous argument to G'°(M '), we
obtain that the K -structure of Vi is good even in the ramibed case.

Because the preK -Betti structure G of G°M is induced by the K -structure

of DR;?'?S)(GOM ), itis canonical. Thus, the proof of Theorem 6.5.1 is Pnished.
O

Corollary 6.5.2 . N Under the assumption, the inducedK -structure of
a meromorphic Rat connection G°(DM ) is good, and RG-D Fy gives the
canonical preK -Betti structure of G°DM . O

We have a variant of Theorem 6.5.1 and Corollary 6.5.2. Let
H:(H 1,...,H N)

be a sequence of hypersurface pairs of contained in Dy .

Theorem 6.5.3 . N Suppose either
(i) Dxo"' Hni;or
(II) Hyi = ! and Dxo' Hn-».
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We also assume thatG'P (V) = 0 unlessi = 0. Then, the induced K -

structure of G°P y(V)(! Dv) is good, and the induced preK -Betti structure
RG, (Fu,) is the canonical preK -Betti structure of G°P (V).

Proof. N The case (i) can be proved by Proposition 6.4.11 and the argument
in the proof of Theorem 6.5.1. The case (ii) can be obtained as the dual. O
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CHAPTER 7

K-HOLONOMIC  D-MODULES

7.1. Preliminary

7.1.1. Cells and cell functions. N Let X be a complex manifold or a
smooth complex algebraic variety. In the complex analytic case, we use or-
dinary topology. In the algebraic case, we consider Zariski topology. In the
algebraic setting, D-modules are assumed to be algebraic. An open subset
is called principal if it is the complement of a hypersurface. LetP be a
point of X. For any closed subvarietyW of X, let dimp W denote the di-
mension of the germ ofW at P. Let M be a holonomicD-module on X with
dimp SuppM ! n. An n-dimensional cell ofM at P isatupleC=(Z,U,,V )
as follows:

(Cell1) ! : Zz " X is a morphism of complex manifolds or smooth com-
plex algebraic varieties, such thatP # ! (Z) and dmZ = n. We
assume that there exists a neighbourhood oXp of P in X such
that | :1'3(Xp) " Xp is projective. We permit that Z may be
non-connected or empty.

(Cell2) U $ Z is a principal open subset with the complementary hyper-
surface denoted byDz. We assume that the restriction! |, is an
immersion, and that there exists a hypersurfaced of Xp such that
'I(H)= Dz %! Y(X5p).

(Cell 3) V is a meromorphic Bat connection on Z, D z) with morphisms

L (M)p &M p & ! (V)p

such that M p("H) ( ! (V)p for the hypersurfaceH in (Cell 2),
where the subscript ® O means the restriction toX p. Note that we
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haveM p('H) ! ' (V))p, WwhereV, := V(IDz). The restriction of V
to some connected components o may be 0.
The cell Cis called good if
() Dz is normal crossing,
(i) V is good on ¢,Dz).
For a given holonomic Dx -module M and P " SuppM , there always exists
acellforM at P. If dmp M =1, any cell is good. If dimp M = 2, there
always exists a good cell foM at P, due to Kedlaya [26]. (See also 44] for

the algebraic case.) In the algebraic case, there always exists a good cell for
M at P (see R7], [44] and [47]).

Remark 7.1.1 . N Let ( Z,U,!) be a tuple satisfying (Cell1) and (Cell 2).
If we are given a meromorphic RBat connectionV on (Z,Dz), the tuple
(Z,U,,V )is called a cell atP. O

Let g be a holomorphic or algebraic function onXp. It is called a cell
function for Cif U = ! (SuppM p \ ¢ (0)). For such g, we obtain a descrip-
tion of M p as the cohomology of the complex in the category of analytic or
algebraic holonomicDy , -modules:

! ! !
"W (Ve B 1O (Ve %#OMp) 8 O (V) .

For a given cell, a cell function always exists after we shrinkKp and Z appro-
priately.

Remark 7.1.2 . N Let Cbe acell ofM at P. If we have a neighbourhoodX p

of P for which (Cell 1D3) are satisbed, they are also satisbed for any neigh-
bourhood X,'; & Xp. Hence, we do not have to be careful with a choice
of Xp. |

7.1.2. Rebnement and enhancement. N Let C =(z',!",U", V) and
C=(Z,,U,V ) be n-cells ofM at P. We say that C is a rePnement ofC,
and denoteC' ' C if the following holds:

$ ! " factors through ! in the sense that there exists! 1 : Z"$ Z such that
() !"=1 (1,
(i) ! 1(U) & U.
$V'=1%/)0 z:(*Dz'), whereDz: := Z"# U".
In that situation, there exist naturally induced morphisms

(109) (Ve # ! (Ve #M pi# 1 (V)p# I'(V)p.
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We say that C is a dominant rePnement ofC if U' is dense inU.

Let C=(Z,U,,V ) be ann-cell of M at P. We take an n-dimensional
closed subvarietyZ'! X such that dim(! (Z)" Z') < n. We take a rePnement
of Csuch that! (U)" Z' =1 . Let Z; be a complex manifold with a projective
birational morphism ! ;1 : Z1 # Z' and a smooth open subset); | Z; such
that

(i) ! 1u, is an immersion,

(i) Z1$ U; is normal crossing and the pull back of a hypersurface inX

around P.
We set? := Z %Z, and U := U %U;. We have the induced map! : 7 # X.
Let V be a meromorphic Rat connection or# such that ¥z = V and Vjz, = 0.
Then, it is easy to observe that€:= (Z, U, 1 V) is an n-cell of M , which is
called an enhancement ofC.

In the following, for a cell C = (Z,U,,V ), we implicitly assume
I "1(Xp)= Z by taking a rebPnement of C. So we omit the subscript ©0
in! (M)p and! (V)p.

7.1.3. K-cells and the induced pre- K-Betti structure on the
nearby cycle sheaves. N Let F be a preK-Betti structure of M.
Let C=(Z,U,,V ) be ann-cell of M at P.

Definition 7.1.3 . N We say that F and C are compatible if the following
holds:

" The induced K -structure of V, is good. (We do not assume thatV is a
good meromorphic RBat bundle. Se&6.4.)

" The induced morphisms! (V) # M p # ! (V) are compatible with
the pre-K -Betti structures. (See ©6.4.2 for the canonical preK -Betti
structures of V, and V.)

Such a cellCis called aK -cell of (M ,F). O

It is not dilcult to construct an example of a pre- K -holonomic D-module,
for which there does not exist aK -cell at some point.

Lemma 7.1.4. N Let C = (Z,U,,V ) be aK-cell of (M ,F) at P. Any
rebnementC = (Z',U', ', V') of Cis also aK -cell. Moreover, the induced
morphisms in (109) are compatible with preK -Betti structures.

Proof. N It follows from Proposition 6.4.7. O

SOCI ET E MATH EMATIQUE DE FRANCE 2014



146 CHAPTER 7. K-HOLONOMIC D-MODULES

Let g be any cell function for a K -cell C. We observe that !éa)(! (V)),
" @1 (V) and #7 (M p) are equipped with induced preK -Betti structures.

We set Vge}'b =" f"!bl(g)! V for $=1,!. Note that ! (Vge}'b) have the canonical

pre-K -Betti structures. Since ! ga)(! V) and " éa)(! V) are of the form
I n
) ,b n ‘b
Ker I (Vg™)" ! V3P,

they are equipped with induced preK -Betti structures, denoted by P! ga)(! 1Fv)
and P" éa)(! 1 Fv). We will use the following obvious lemma implicitly.

Lemma 7.1.5. N The natural isomorphisms
! n ! n
L@ vy # @y, @0 e )
are compatible with the induced preK -Betti structures. O

Since#g’)(M p) is the cohomology of the complex
Lvig 100 viyems 1y,

we obtain a preK -Betti structure of #go)(M p), denoted by D#(‘(],O)(F). The
tuples

! "ol "ol
LR V)PP RY), R V)PP RY) , #P (M), PR (F)

are also denoted by 11 (V,Fy), "1 (V,Fy) and #2 (M ,F). We will
often omit to denote the preK -Betti structures if there is no risk of confusion.

7.2. K -Betti structure

7.2.1. Debnition of K -Betti structure. N Let X be any complex man-
ifold, and P be any point of X. Let (M ,F) be a preK -holonomic D-module
on X. Let us debne the notion ofK -Betti structure of M at P, inductively
on the dimension of SupgM at P.

Definition 7.2.1 . N In the case dimp SuppM = 0, a K -Betti structure is
debned to be a preK -Betti structure.

Let us consider the case dim SuppM & n. We say that F is a K-
Betti structure of M at P if there exists an n-dimensional K -cell G =
(Zo,! 0,Ug, Vo) of (M ,F) at P with the properties:

%dimp ((SuppM ' Xp)\ ! o(Zg)) <n for some neighbourhoodXp of P

in X;
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I for any dominant rePnementC ! Cq and any cell function g for C, the in-
duced preK -Betti structure P" go) (F) is aK -Betti structure of " go) (M p)
at P. Note that dimp " (go)(M )<n.

Such ann-cell G is called a boundingn-cell of M at P. O

If G is a boundingn-cell of M , any dominant rebnement and enhancement
are also boundingn-cells of M .

Definition 7.2.2 . N If F is aK -Betti structure of M at any point of X, it
is called aK -Betti structure of M . A holonomic D-module with a K -Betti
structure is called a K -holonomic D-module. O

Morphisms of K -holonomic D-modules M 1,F1) " (M 2, F») are debned to
be morphisms of preK -holonomic D-modules. The category ofK -holonomic
Dx -modules is denoted by HolK, K ). It is a full subcategory of the category
of pre-K -holonomic Dy -modules HoP™(X, K ) by dePnition.

Remark 7.2.3 . N As we will see later in @8, for any K-cellC=(Z,U,#,V)
with a cell function g at P, the pre-K -holonomic D-modules# (V), # (\V),
#1$) (v), and# $® (V) on a neighbourhood ofP are K -holonomic. We will
see that Hol(X,K ) is an abelian category in Proposition 7.2.4 below. So, we
may replace the condition in the higher dimensional case in Debnition 7.2.1
with the following, which is easier to check:

I We say that F is a K -Betti structure of M at P if there exists ann-
dimensional K -cell C = (Z,#,V,U) with a cell function g at P such
that the induced pre-K -Betti structure P go)(F) is a K -Betti structure
of "O(M) at P.

It seems convenient for the author to begin with a stronger condition as in
DePnition 7.2.1 for the development of the theory. O

7.2.2. Abelian category. N It is basic to obtain the following.
Proposition 7.2.4 . N Hol( X,K ) is abelian.

Proof. N Let P be any point of X. We use an induction on the dimension
of Supp M . Let (fp,fp) : (M 1,F1) " (M 2,F2) be a morphism of K -
holonomic D-modules. Let us prove that Ker(fp) is a K -Betti structure of
Kerfp.

Let n # max{dim Suppp, M ;}. Let G o = (Zj 0,0, #i0, Vio) (i =1,2) be
bounding n-cells for M ; at P. By considering rebnement and enhancement,
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we may assume that Z1.0,U10,! 10) = (Z20,Uz20,! 20), Which is denoted by
(Zo,Uo,! 0). We have an induced morphismfz, : V1o ! V,0. We obtain a
cell G(Ker) = ( Zo,Up,! o,Ker fz,) of Ker fp. The K -structure of Ker fp is
good by Lemma 6.4.3.

Let C(Ker) =( Z,U,!,K z) be a dominant rePnement ofG(Ker).

We have rebnementsG = (Z,U,1,V ) of G o with the induced morphism
fz:Vi! Vo. We have Kerfz " Kz. We obtain the commutative diagram of
pre-K -holonomic D-modules:

L Vi #EM e @1 V)
| |

I Vo ##t M op (IAV/S
Hence, the induced morphisms
! KZ!#- Ker(fD)p#. I Kz

are compatible with the pre-K -Betti structures. We have the commutative
diagram of preK -holonomic D-modules:

LV (Vi)
| |
L (Vo) B (V).

Hence, the morphisms
PO v # 1 Q0 V), " vy D vy

preserve the preK -Betti structures. Therefore, #(go) (fp) preserves the preK -

Betti structures, i.e.,
Pa (fp) : P (F) # PH)) (F)

is induced. By the assumption of the induction, KerD#(gO) (fp) is a K -Betti
structure. It is easy to obtain that

P#{) Ker fp = Ker P#{) (fp).

Then, we can conclude that (Kerf p, Ker fp) is a K -holonomic D-module. The
claims for the cokernel and the image can be proved similarly. O
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7.2.3. Dual

Proposition 7.2.5 . N Let (M ,F) be aK -holonomic Dy -module. Then, the
dualD(M ,F):=(DM ,DF) is also K -holonomic.

Proof. N Let P be any point of SuppM , and let G be a bounding n-cell
at P. Let C=(Z2,U,,V ) be any rePnement ofG. Let Fy and Fy, be the
canonical preK -Betti structures of V and Vi. Let C := (Z,U,,V '). We
have the inducedK -structure of V' .

By using Proposition 5.2.1 and Theorem 5.2.2, we obtain thatD Fy, and
D Fy are the canonical preK -Betti structures of V! and V!! . Hence, we
obtain that C and DF are compatible. We also obtain that D P! 1 .Fy,
is equal to the canonical preK -Betti structure of ! (g# TV Moreover,
the induced K -structure of " (DM p) is equal to DP" {***YE under the
isomorphism" DM p 1 D" ¥ M p. By the inductive assumption, it is
K -Betti structure. Thus, we obtain that D (M , F) is K -holonomic. O

7.2.4. Sub-objects and quotient objects. N Let (M ,F) be a K-
holonomic D-module.

Proposition 7.2.6 . N If (M 1,F1) is a subobject of M ,F) in HolP®(X,K ),
it is also K -holonomic. A similar claim holds for quotients.

Proof. N Let P be any point of X. We use an induction on the dimension of
the supportof M . Let n" dimp SuppM . Let C=(Z,U,!,V ) be a bounding

n-cell of M at P. Let Vi # V denote the sub-connection induced byM ;.

Then, G =(Z,U,,V 1) is ann-cell of M ; at P. Let us prove that G and F;

are compatible. By Lemma 6.4.6, theK -structure of V; is good. LetF- and

F, denote the canonicalK -structures of! V and! V,. Let F1+ and F4, denote

the canonical K -structures of ! V; and! Vj.. We have the morphisms:

! |(V!)m/0|\/||m/0 ! I(V) E!MF|M F
(Vo) 80 M 1 80 ! (Vy), Fa F1 Fi.

Because the morphism! (V1)) % M /M 1 is 0, the morphismF, % F/F; is
also 0, i.e.,F1 % F factors through F1. Similarly, we obtain that F; % F-
factors through F1+. Hence,G is compatible with F.

Let f be a cell function for C. We have

P @(F)&P1P(Fy) and P#P(F) & PHPF,.
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Hence, we obtain®! ¥ (F) 1 D1 & (F,) which are preK -Betti structures
of 1M and ! PM ;. By the assumption of the induction, we obtain
that P! ]Ea)(Fl) is a K -Betti structure of !¢ M 1. O

7.2.5. Twist. N Let (M ,F) be aK -holonomic D-module on X . Let V be
a RBat bundle on X with a K -structure, i.e., we have aK -local systemF\, such
that Fy " C[dimX] # DRx (V). Then, we obtain a preK -Betti structure
F'F yofM"V

Lemma 7.2.7. N F"F y is a K -Betti structure of M"V

Proof. N Let P be any point of X. We use an induction on dirmmp SuppM .
Let C=(Z,U,",V )beaK-cellofM atP. Then,C =(Z,U,",V " ""V)is
aK-cellof M"V at P. Let g be a cell function of C. Then, we have natural
isomorphism of preK -holonomic Dy -modules

! W ! "
#ga>|" (V" "V # #ga>|" V) "V,
!ga)'" (V" "'V) # I ga)'" (V) "V.
Hence, we obtain an isomorphism of prd< -holonomic D-modules
L@MV ) #ITPM)"V .
By using the inductive assumption, we obtain that !(ga)(M "V )is K-
holonomic. Hence, we obtain thatM "V is K -holonomic at P. O
7.2.6. K-cells
Proposition 7.2.8 . N Let (M ,F) be aK -holonomic D-module. Then, any
cellC=(Z,U,",V ) of M is a K-cell.

Proof. N Let P be any point of SuppM ). Let G, = (Zp5,Up,"5,Vs) be a
bounding K -cell of M at P, which is a rePnement ofC. By Lemma 6.4.4,
we obtain that the induced K -structure of V is good around" #1(P). By
varying P, we obtain that the K -structure of V is good. Moreover, forP and
G as above, the induced morphisms

Mp® "5 Ve and " (V)p % "p Vp

are compatible with pre-K -Betti structures, where" (V)p denotes the restric-
tion to a small neighbourhood ofP. Because" (V)p % " {3 VP! is a monomor-
phism, we obtain that M p % " (V)p is also compatible with preK -Betti
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structures. By varying P in X, we obtain that Mp ! I (V) is also com-
patible with pre-K -Betti structures. We can prove that ! \V ! M is also
compatible with pre-K -Betti structures with a similar argument. O

7.3. K("D)-Betti structure

We introduce a variant notion of K ("D)-Betti structure of holonomic
Dx @py-modules, whereD is a hypersurface. It is rather auxiliary. In-
deed, as proved ine8, it is equivalent to K -Betti structure for holonomic
Dx (1 py-modules, although it will be convenient in some arguments.

7.3.1. Cells and cell functions for holonomic Dx (1 py-modules. N

Let X be any complex manifold or smooth complex algebraic variety, and
be any hypersurface ofX. Let M be any holonomicDy (1 py-module, i.e., M

is a holonomic Dx -module such that M ("D) = M. A cell of a holonomic
Dx 1 py-module M is dePned to be a cell of a holonomi®x -module M . The
notions of rePnement and enhancement of a cell of a holonomiy (, py-module
are debned in the same way. However, we will be interested in the morphisms

I (V)('D)H#M p# ! V.

The notion of cell functions is modiped. LetC=(Z,U,!,V ) be a cell of a
holonomicDyx (1 py-moduleM . A cell function g of Cis a meromorphic function
on X whose poles are contained iD, such that U = Supp M\ (g 1(0) $ D).

7.3.2. K("D)-cel. N Let M bea holonomicDy (py-module. Let F be a
pre-K -Betti structure of M. Let C=(Z,U,,V ) be ann-cell of M at P.
We say that F and C are compatible if

(i) the induced K -structure of V is good,

(i) the induced morphisms ! (V\)("D) ' M p ! I (V) are compatible

with the pre-K -Betti structures.

Such a cellC is called aK ("D)-cell of (M ,F). Note that condition (i)
implies that ! (V)("D) and ! (V) are equipped with the canonical preK -
Betti structure.

Let g be a cell function for aK ("D)-cell C. For " = ", !, we set

n — ,b nyp "
VgiP("D) = (V %1 Ty (" D).
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Note that ! (Vg"’}'b(!D)) have the canonical preK -Betti structures. Since
10 viip)and" (1 v,1D) are of the form

Ker | 'V3°(1D) % | !vgﬁ;!vb!(! D) ,
they are equipped with the induced preK -Betti structures P! g°>(! 1Fv,!D)
and ®" {1, Fy I D). The tuples
!! @ v,1D),Pr g !FV,!D)", g 0 v,1D),Pm (! !FV,!D)"
are also denoted by 1?1 (V,Fy,!D) and " {1 (V,Fy,!D). We will often

omit to denote the pre-K -Betti structures. We will use the following obvious
lemma implicitly.

Lemma 7.3.1. N The natural isomorphisms
1@ vID)s ! 1@v, 1t D), @ vID)$ L " P(v,117 D)
are compatible with the induced preK -Betti structures. O

Since #g))(M p,!D) is the cohomology of the complex in the category of
pre-K -holonomic Dx -modules

L w)(tD)s 10 vID)%Mp ¥ 1 (V)(ID),

we obtain a preK -Betti structure of #{(M p,!D) denoted by P#{ (F,1D).
Let #(M p,F,1D) denote the tuple
' n

#P (M p,1D),PHP(F,1D) .

We will often omit to denote the pre-K -Betti structure.

7.3.3. DePnition of K (! D)-Betti structure. N Let us debPne the notion
of K (! D)-Betti structure at any point of D, inductively on the dimension of
the support of Dx 1py-modules. Let (M ,F) be a preK -holonomic Dy i p)-
module.

Note that we have M =0 around P & D in the case dimp SuppM =0.

Definition 7.3.2 . N Let P be any point of D. Suppose dinp SuppM' n.
We say that F is a K (! D)-Betti structure of M at P if there exists an n-
dimensional K (! D)-cell G = (Zo,! 0, U, Vo) at P with the following proper-
ties:
$ dimp ((SuppM ( Xp)\ ! o(Zp)) < n for some neighbourhoodXp of P
in X;
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I for any dominant rePnementC ! Cy and any cell function g for C as
a Dy (1py-module, the induced preK -Betti structure D go)(F,"D) is a

K ("D)-Betti structure at P.
Such ann-cell G is called a boundingn-cell of M at P. O

If G is a boundingn-cell of M , its dominant rePnements and enhancements
are also boundingn-cells of M .

Definition 7.3.3 . N A pre- K -Betti structure F of M is called aK ("D)-
Betti structure if it is K -Betti structure of M at any points of X \ D, and if
itis K ("D)-Betti structure of M at any points of D. A holonomic Dy (1p)-
module with a K ("D)-Betti structure is called a K ("D )-holonomic Dy (1p)-
module. O

Let Hol(X, "DK ) # HolP?"(X,K ) denote the full subcategory of K ("D)-
holonomic Dy ;py-modules. The following lemma is similar to Proposi-
tion 7.2.4.

Lemma 7.3.4. N The category Hol(X, "D, K ) is abelian. O
The following lemma is similar to Proposition 7.2.6.

Lemma 7.3.5. N Let (M ,F) be anyK ("D)-holonomic Dy -module. Any sub-
object of (M ,F) in HolP®(X,K ) is also K ("D)-holonomic. A similar claim
holds for quotients. O

The following lemma is analogue of Proposition 7.2.8.

Lemma 7.3.6. N Let (M ,F) be aK ("D)-holonomic Dx (1 py-module. Then,
any cellC=(Z,U,# V) of M isa K ("D)-cell. O

7.3.4. Uniqueness. N We have the following uniqueness.

Proposition 7.3.7 . N Let M be a holonomicDx (1 py-module with K ("D)-
Betti structures Fi (i =1,2). If Fyx-p = Fyx- p, then we haveF; = F».

Proof. N It is enough to consider the issue locally around any pointP $ D.
We use an induction on dimp SuppM . In the case dimp SuppM = 0, the
claim is clear. Suppose dim SuppM % n. Let C be any bounding cell atP,
and let g be any cell function of C. Let P" go)(Fi,"D) be the induced pre-
K ("D)-Betti structures of " (go)(M ,"D). By the assumption of the induction,
we have

> §(F,"D) = P (F2,"D).
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Because F; can be reconstructed from D!é,o)(Fi,!D) and the canonical
pre-K (I D)-Betti structures of " & #,V,ID) and ! (#,V,!D), we obtain
Fl = Fz. O

7.3.5. Independence from a compactibcation. N Let F : X" X be
a projective birational morphism of complex manifolds such that

X'#D $ X # D,

where D" := F#1(D). Recall that F denotes the push-forward of preK -
holonomic D-modules.

Proposition 7.3.8 . N The functor F induces an equivalence of the cate-
gories Hol(X, ' D,K ) and Hol(X",! D", K).

Proof. N Itis enough to check the claims locally around anyP %D . We begin
with a remark. Let M " be a holonomicDy (1 p:y-module. We setM = F M .
Let C=(Z,U,#,V) be a cell of M at P. By taking a rebnement, we may
assume that# factors through F, i.e., # = F &%, and that C' = (Z,U,#",V)
is a cell of M ". Let g be a cell function for C as aDyx (py-module. Note
that g' = g &F is a cell function for C. We have a description ofM " as the
cohomology of the complex

(110) "P@E'v,ipy# 1 D@ vapy 1 Dmipy e D'v,ip).
By the push-forward F , it induces a description of M as the cohomology of
the complex

@11 "PEviD)y# 1 P@ vip) 1O iD)# P @# v,ID).

Suppose thatF " is aK (! D)-Betti structure of M . Let us prove that F F " is
aK (! D)-Betti structure of M . By Lemma 7.3.6,C is aK (! D)-cell of M ". We
obtain that Cis aK (! D)-cell of M . Because the preK -holonomic D-module
1§"(M ,1D) is obtained asF ! (M ",1D), we obtain that ! {’(M ,!D) is
K (! D)-holonomic by the inductive assumption. Hence,F is also aK (! D)-
Betti structure. Thus, F induces a functor

Hol(X ,!D",K) # Hol(X, !D,K).

It is clearly faithful.

Let us prove that it is full. We use an induction on the dimensions of the
supports of the holonomic D-modules. Let M ;,F;) (i = 1,2) be objects in
Hol(X",!D",K). Let

f:F(M,F)# F(M,F,)
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be a morphism in Hol(X, !D,K ). We have a morphismf : M| "M ,
of holonomic Dy pr)-modules. It is enough to show that it is compatible
with the K (! D)-Betti structures. For the cohomological descriptions (110)
for M}, ! é]“) (f") and ! (g?)(f ") are compatible with the pre-K -Betti structures.
Because" (ga)(f) is compatible with the K (! D)-Betti structures, we obtain
that " @ (f ") is compatible with the K (! D")-Betti structures. Thus, we obtain
that f is compatible with the K (! D")-Betti structures.

Let us prove the essential surjectivity. We use an induction on the dimen-
sion of the support. Let M and M " be as above. LetF be aK (! D)-Betti
structure of M. By the inductive assumption, the K (! D)-Betti struc-

ture of 1 @ (# (V),!D) and " (M ,1D) induce K (ID)-Betti structures
of ! é?) (#'(V),!D") and " é?)(M ",1D"), which are compatible with the natural
morphisms. We also have the canonicaK -Betti structures of ! é?) (#(V),'D"
and !é?)(#"v,! D"). By Proposition 7.3.7, the induced K (! D)-Betti struc-

tures on !é?)(#"(V),!D") are the same. Hence, (110) is a complex of
K (! D)-holonomic D(! D)-modules. Hence, we have an induce (! D)-Betti
structure of M . The functoriality is clear from the above construction. [0
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CHAPTER 8

FUNCTORIALITY PROPERTIES

8.1. Statements
We give several statements.

Theorem 8.1.1 . N Let F : X ! Y be any projective morphism of com-
plex manifolds. For any K -holonomic Dx -module (M , F), the push-forward
FI(M,F):=(F'M,F'F) are alsoK -holonomic for any i.

Here, F'F denotes thei-th cohomology of RF, F with respect to the middle
perversity.

Theorem 8.1.2 . N Let X be any complex manifold with a normal cross-
ing hypersurface D. Any good preK -holonomic D-module on (X,D) is K -
holonomic.

See Debnition 6.3.4 for good prés -holonomic D-modules.

Theorem 8.1.3 . N Let X be a complex manifold with a hypersurfac®. Let
H be a sequence of hypersurface pairs contained iD. Let V be any mero-
morphic Rat connection on (X, D ) with a goodK -structure. Then, the pre-K -
holonomic D-module P (V) is K -holonomic.

Seen6.4 for hypersurface pairs andP y(V).

Theorem 8.1.4 . N Let X be any complex manifold with a hypersurfac®.
We have a unique functorHol(X,K ) ! Hol(X, "D,K) with the following
properties:

I It is an enhancement of the functor
Hol(X)# Hol(X,"D), M$# M ("D).
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I For any (M ,F) ! Hol(X,K), the natural morphism M "M (#D) is
compatible with the induced preK -Betti structures.

8.1.1. Auxiliary statements. N We will use an induction on the dimen-
sion of the supports of D-modules for the proof. Let SI($ n) denote the
statement of Theorem 8.1.1 in the case dimSupM $ n.

Let GOOD($ n) means the following:

I the claim of Theorem 8.1.2 holds if dimSupgM $ n;
I the claim of Theorem 8.1.3 holds if dimX $ n.

For any complex manifold X with a hypersurfaceD, let
Hol, n(X,K ) % Hol(X,K )

denote the full subcategory of K-holonomic Dy -modules M ,F) with
dim SuppM $ n.
We use the symbols Hal ,(X), Hol, (X, #D) and Hol, (X, #D,K ) with a
similar meaning.
Let LOC($ n) means the following:
I' The claim of Theorem 8.1.4 holds if we replace Hoi, K ), Hol( X, #D,K ),
etc., by Hol, 1 (X,K ), Hol, n(X, #D,K), etc.
Our induction will proceed as follows:
I SI(<n)+GOO0OD(<n)=& GOOD($ n) (18.2.3 andx8.2.4);
I SI(<n)+GOOD($ n)+LOC(<n)=& LOC($ n) (=8.3.3);
I SI(cn)+GOOD($ n)+LOC($ n)=& SI($ n) (=8.5).

Remark 8.1.5 . N In the proof, we will observe the equivalence ofK (#D)-

Betti structure and K -Betti structure. (See Lemma 8.3.1.) O
8.2. Step 1
8.2.1. K-cel. N Let" :Z " X be a projective morphism of complex

manifolds such that dimz = n. Let Dz be a hypersurface oZ. Assume that
"|1z" b, Is animmersion. LetV be a meromorphic Rat connection onZ,D 7)
with a good K -structure. We have the canonical preK -Betti structures Fy
and Fy, of V and V (!Dy2), respectively. More generally, for any sequence of hy-
persurface pairsH contained in Dz, we obtain the canonical preK -holonomic
Dz-modulesP y(V). Note that the natural morphisms

V(IDz)" Pu(V)" V
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are compatible with the pre-K -Betti structures. Hence, we can regard
(Z,U,id, V) as aK -cell of P (V).

Lemma 8.2.1. N SupposeSI(< n) and GOOD(< n). Let g be any cell func-
tion for G =(Z,U,,V ). We set

gz =g!lL

The pre-K -holonomic " & (P (V) and " (1 P (V) are K -holonomic. In
particular, # (V) and #1 (V) are K -holonomic.

Proof. N By SI( < n), it is enough to prove that " (gg)(P H(V)) is K -holonomic.
It is enough to consider the issue locally around any pointP " Dz. We take
a local resolution Zp, $p) of V. We put

gp =gz ! $p and Bp = $51(H), V¥p = $pV.

We have the good preK -holonomic Dy -module " s(i?(P o (¥p)) (Proposi-
tion 6.3.5). By GOOD(< n), itis K -holonomic. By Si(< n), $p " (P . (Vp))
is K -holonomic, which means that" g;)(P n(V)) is K -holonomic at P. O

Proposition 8.2.2 . N Suppose thatSI(< n) and GOOD(< n) hold. Then,
the preK -holonomic D-modules! (V,Fy) and! (W, Fy)) are K -holonomic.

Proof. N Let us prove the claim for I (V,Fy). The other can be proved as the
dual. Let us prove that G =(Z,U,!,V ) is a bounding n-cell for ! (V,Fy).
Let P be any point of X. Let C*= (z* U%1#V# be a dominant rePnement
at P with a cell function g. We have a factorization ! # = | 1 1 4, where
l1:Z%# Z. We put
g“:=g! L

We haveV#= 11V $0 7 (%"). We have the canonical preK -Betti structures
Fv: and Fyy of V#and V% respectively. According to Proposition 6.4.7, the
morphisms

IPRAVAR: I EAVAP: I I VA
are compatible with pre-K -Betti structures. Hence, C*is a K -cell. We obtain
a monomorphism

" vy e PV
of preK -holonomic Dy -modules. By Lemma 8.2.1," £ (1 #V# is K -holo-

nomic. Then, we obtain that " (go)(! V) is K -holonomic by Proposition 7.2.6.
O
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Corollary 8.2.3 . N Assume thatSI(< n) and GOOD(< n). Let f be a cell
function of C=(Z,U,!,V ). Then, ! ]Ea)(! V) with the canonical preK -Betti
structures are K -holonomic.

Proof. N Applying the previous resultsto ! (" ﬂ'bV) (" =1,1), we obtain that
they are K -holonomic. Then, we obtain the corollary. O

8.2.2. Gluing. N By Lemma 8.2.1 and Corollary 8.2.3, we have a glu-
ing construction of K -holonomic D-modules. Let X be a complex manifold,
C=(zZ,U,I,V )beaK-cell asinu8.2.1. Letf be a cell function forCon X.
Let Q be a K -holonomic D-module whose support is contained inf ' 1(0).
Assume that we are given morphisms oK -holonomic D-modules

l 1 1 0
#D0 vywQu  #90 v),

such that the composite is equal to the canonical ma;#f(l)(! V) # #fo)(! V).
Then, we obtain a K -holonomic D-module as the cohomology of the following
complex:

#D0 vy 190 vysQu #0(0 v).

8.2.3. Good holonomic  D-module with good K -structure

Suppose Sl€ n) and GOOD(< n). Let X be a complex manifold with a
simply normal crossing hypersurfaceD. Let M be a good preK -holonomic
D-module on (X,D ) such that dimSuppM = n. Let us prove that M s
K -holonomic. We may assume thatX =# N and D = ~ ;_;{z = 0}. Let
$M) %Z g & Zs>( denote the pair of dimSuppM and the number of the
irreducible components of SupgM with the maximal dimension. We use the
lexicographic order onZ- g & Z-¢. For a good holonomicD-module M on
(X,D), there existsJ ' %with n= N "| J| such that M (! g) € 0 comes from
a meromorphic Bat bundleV on Dy, whereg := jsg7. Let & Dy # X

i 0"

denote the inclusion. We have a description oM as the cohomology of the
complex of preK -holonomic D-modules
#P@Ev)E 19@v)$ POy #Q@v).

They are good preK -holonomic D-modules. By Lemma 8.2.1 and Corol-
lary 8.2.3,# (V) and | (V) are K -holonomic. Because(' (M )) <$(M ),
we obtain that ' (go)(M ) is K-holonomic. Hence, we obtain thatM is also
K -holonomic.
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8.2.4. Generalization. N We use the notation introduced in ©8.2.1.

Proposition 8.2.4 . N Suppose thatSI(< n) and GOOD(< n). Then, the
pre-K -holonomic Dy -module! P y(V) is K -holonomic.

Proof. N It is enough to consider the issue locally around any pointP ! X.
We will shrink X around P without mention. Let C = (Z',U",!',V") be a
dominant rebnement ofCwith a cell function g for C. We setH' := (1 )" Y(H).

Lemma 8.2.5. N Under the assumptionsSI(< n) and GOOD(< n), the pre-
K -holonomic D-module ! ! (P (V")) is K -holonomic.

Proof. N We have the expression of! ! (P (V") as the cohomology of the
following complex of preK - hoIonomlc D modules:

!
" (1) Lhvh o #O) 5 Pr(vh) $19rtvhys 071 ivh .
By Lemma 8.2.1 and Corollary 8.2.3, we obtain that the preK -holonomic
D-modules” & (1 1(v!)) and | {1 (V") are K -holonomic. By Lemma 8.2.1,

#1 ' (Pyi(VY) is K -holonomic. Hence, we obtain that! ' (P (V") is K -
holonomic. Thus, we obtain Lemma 8.2.5. O

We have a natural monomorphism of preK -holonomic D-modules

! PH(V) o Pr(V) ,
as remarked in Proposition 6.4.12. Then, by Proposition 7.2.6, we obtain that
(Pu(V)) is K -holonomic. U

8.2.5. K(9)-cell. N We use the notation introduced in ©8.2.1. LetD be
a hypersurface ofX such that Dz; := ! "1(D) & Dz. We have the pre-
K -holonomic Dz-module V (!Dz1). We obtain the following proposition as a
special case of Proposition 8.2.4.

Proposition 8.2.6 . N ! (V(IDz1)) is K -holonomic. O

8.3. Step 2

8.3.1. Equivalence of K (%D )-Betti structure and K -Betti structure

Let X be any complex manifold with a hypersurfaceD. Let (M ,F) be any
pre-K -holonomic Dy (4p)-module with dimSuppM* n.
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Lemma 8.3.1
I AssumeSI(< n) and GOOD(< n). If F isaK (! D)-Betti structure, then
it is a K -Betti structure.

I' AssumeLOC(" n). If F is aK -Betti structure, then itis a K (! D)-Betti
structure.

Proof. N Let us prove the brst claim. We use an induction on the dimension
of the support. Let P be any point of D # SuppM . We take a bounding

cellC=(Z,U,"V)of (M,F)at P, and a cell function g of C as Dx (1p)-

module. We have a description ofM as the cohomology of the complex of
K (! D)-holonomic Dy (1 py-modules

#PC (V) 1ID) 6 1D (" V,ID)& SO (M ,ID) ®6 #(" (V),!D).

By the inductive assumption, $(go)(M ,!D) is K-holonomic. By Proposi-
tion 8.2.6, #¥(" (V),!D) and ! (M ,1D) are K -holonomic. Hence, we
obtain that M is alsoK -holonomic.
Let us prove the second claim. By the assumptio,OC (" n), we obtain a
K (! D)-holonomic Dy (; py-module (M (! D), F (! D)) with a morphism of pre-
K -holonomic D-modules
! n
M,F)® M(D),F(!D) .
BecauseM = M (! D), we obtain F = F(! D), and henceF is aK (! D)-Betti
structure. O

We reformulate the uniqueness (Proposition 7.3.7) as follows.

Corollary 8.3.2 . N Let %be! or I. Assume Sl(<n), GOOD(<n) and
LOC(" n). Let M be a holonomicD-module on X such thatM (%D = M .
Let Fi (i = 1,2) be K-Betti structures on M. If Fyx-p = Fyx-p,
then F1 = F».

Proof. N The claim for %= ! follows from Lemma 8.3.1 and Proposition 7.3.7.
We obtain the claim for %= by using the dual with Proposition 7.2.5. O

Corollary 8.3.3 . N SupposeSI(<n), GOOD(< n) and LOC(" n). Let M
be a holonomicDy -module. Assume that one of the following holds;

(i) M ('D) % M s surjective,

(i) M%M (ID) is injective.
Let Fi (i = 1,2) be K-Betti structures on M. If Fyx«p = Fyx»p, then
Fl = Fz. U
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We reformulate the independence from a compactibcation (Proposi-
tion 7.3.8). Let F : X' ! X be a projective birational morphism of complex
manifolds. Let D be a hypersurface, and we put

D':=F D).
AssumeX'" D'# X " D.

Proposition 8.3.4 . N Assume that Sl(<n), GOOD(<n) and LOC($ n)
hold. Let M ' be a holonomicDy :p:)-module. We setM = F M .

I If F'is a K -Betti structure of M !, then F4sF' is a K -Betti structure
of M .

|l If F is a K-Betti structure of M, then M ' is equipped with aK -
Betti structure F' such that F|!x!" o' = Fix»p under the isomorphism
M ix!.. o' #M |x» p. Itis functorial. m

8.3.2. K(9)-cel. N Let" :Z! X be a projective morphism of complex
manifolds such that dimZ = n. Let Dz be a normal crossing hypersurface
of Z. Assume that" |z p, is an immersion. We suppose

D;:= " (D) & Dy.

Let V be a meromorphic Rat connection onZ, D z) with a good K -structure.
We obtain the pre-K -holonomic Dz -modulesV and V(9D 1).

Proposition 8.3.5 . N Assume that SI(<n), GOOD(<n) and LOC(<n)
hold. Then," Vi(%1) and" V are K (9®)-holonomic.

Proof. N Let us prove that G = (Z,U,",V ) is a bounding n-cell at any
P' D ("(Z). Itisenough to consider the issue locally. We shall shrinkX
without mention.

Let C =(Z', U " V') be adominant rebnement atP with a cell function g
as Dy (9D )-modules. We have a factorization"' =" )" 1, where",:Z2'! Z.
We put

g:=g)"' and Dj:=(""" 'D.
We have V' = "1V *O (%'). According to Proposition 6.4.7, the mor-
phisms" ' (V)(9®) ! " (M)(WD) ! " VI "'V'are compatible with the
canonical preK -Betti structures. We obtain the induced pre-K -Betti struc-
tures of #7 (" (V),9D) and #3(" (V)),%D).

We obtain pre-K -holonomic D-modules #(g?)(v!!,%)!l) and #é?)(v!,%)!l)
on Z'. They are K -holonomic, which can be proved by the argument in the
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proof of Lemma 8.2.1. We obtain that

!
L@¢'viIip) and 1@ "N(V), 1D

are K -holonomic by the assumption SIK n).
By Lemma 8.3.1 and assumption LOCK n),

1@¢'viID) and 1 @("'VL1D)

are K (! D)-holonomic. Becausel (" V,ID)" 1@ ("'Vv!,1D) is compatible

with the pre-K -Betti structures, ! (ga)(" V,!D) is also aK (! D)-holonomic by
Lemma 7.3.5. Since the surjection

L@ VLID) 1" W,1D)

is compatible with the pre-K -Betti structures, ! gf‘)(" V,,!D) is alsoK (! D)-
holonomic by Lemma 7.3.5. O

Corollary 8.3.6 . N Assume that SI(<n), GOOD(<n) and LOC(<n)
hold. Let f be a cell function of ann-dimensional cell C = (Z,U,",V ) as
Dx ("py-module. Then, #® v,1D) and ! (" V,!ID) with the canonical
pre-K -Betti structures are K (! D)-holonomic.

Proof. N Applying the previous results to” &°(" V,!D)for $= 1,1, we obtain
that they are K (! D)-holonomic. Then, we obtain the corollary. O

8.3.3. Localization. N Let us prove LOC(% n) by assuming SI< n),
GOOD(< n) and LOC(< n). By Proposition 7.3.7, the problem is local.
Let M be aK -holonomic Dx -module with dim SuppM % n.

Let P be any point of D. Let (Z,U,",V ) be a bounding cell ofM at P
with a cell function g asK -holonomic D-modules. By taking a rePnement, we
may assumeU & D = ! . We put ¢, := "#1(g) and D, := "#1(D). We have
the expression ofM as the cohomology of the complex of theK -holonomic
D-modules

(112) #Pm () # 1 D (v) 1Oy #0 (V).

By the assumption of the induction, #$(" V,1D) and ! (M ,ID) are
equipped with the induced K (! D)-Betti structures. We also have the
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commutative diagram of preK -holonomic D-modules

g v) (0)(|v|) 1 (V)
| |
L v, #D) #O (M #D) 1 1 O v, #D).

We have the canonical preK -Betti structures of ! (a) . (V,#D1) and

1 &) (V,#D1). According to Corollary 8.3.6, their push- forward "1 @ (v, #D,)
and" | &(V,#D1) are K (#D)-holonomic.

We also have the commutative diagram of preK -holonomic D-modules

: !%)(V) L : !E??(V) L : !é!?’(v)
"1 D (v,#Dy) 1O, 4Dy "1V, #D1).

By Proposition 7.3.7, the identibcation
"1 @D s P V. #D)

is compatible with the pre-K -Betti structures. Hence, we obtain aK (#D)-
Betti structure of M (#D) with a morphism of pre-K -holonomic D-modules
M"M  (#D) whose restriction to X ! D is an isomorphism. The functoriality
is clear from the above construction. O

8.3.4. Twist. N Let (M ,F) be anyK (#D)-holonomic D (#D)-module such
that dimSupp M % n. Let V be a meromorphic RBat connection on X,D )
with a good K -structure Fy. According to Lemma 7.2.7,Fy x1 p &Fy|x1 p
is a K -Betti structure of (M&V )x: p-

Proposition 8.3.7 . N Assume that SI(<n), GOOD(<n) and LOC(<n)
hold. There exists aK (#D)-Betti structure Fyn of M&V such that

Fuvi xip $Fmxi o &Fyxip-
It is functorial with respect to M and V.
Proof. N Let P ' D. Itis enough to consider the issue locally around®. We
use an induction on dimp SuppM . Let C=(Z,U,",V ) be a dominating cell

of M at P. Let g be a cell function for Cas Dy (4p)-module. By the inductive
assumption, we have theK (#D)-Betti structures of

!éa)(" V,#D) &V and #ga)(" V,#D) & V.
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According to Corollary 8.3.6, we have theK (! D)-Betti structures of
1@ v,ID)"V and ! @(" V,ID)"V
induced by the isomorphisms
@M D))"V # @MV ID), 1 (M, ID)"V# 1 @(M"V ,1D).

By the uniqueness, the inducedK (! D)-Betti structures on ! éa)(M D))"V

are equal. BecauseM "V is expressed as the cohomology of the complex

LMDV e 1M, 1D)'V& #D(M,ID)'V 6 | P(M,ID)"V
we obtain a K (! D)-Betti structure on M"V  with the desired property. O
8.3.5. Nearby, vanishing and maximal functors. N Suppose that
Sl(<n), GOOD(' n) and LOC(< n) hold. Let (M ,F) be a K -holonomic
Dx -module with dimSuppM "' n. Let f be any holomorphic function onX.
As proved in 88.3.3, we obtain a morphismM % M (! f) of K -holonomic Dy -
modules. By considering the dual, we also obtain a morphism dk -holonomic

Dx -modulesM (1f) % M .
By Proposition 8.3.7, for anya' b, we haveK -holonomic Dx -modules

"ahM) ($=1,1).

Hence, we obtainK -holonomic Dx -modules " ?!’b!(M ). In particular, we obtain

K -holonomic Dy -modules ! ¥ (M ) and ! (M ) with morphisms

M) 96 tOM)®eMm (1f) and 1PM) 1 OM) e 1 O(m)

in Hol(X, K ). We obtain a K -holonomic Dx -module #Eo) (M) as the cohomol-
ogy of the complex

ME)®6e ! OM)yamM®eM ()
in Hol(X,K ). We can recoverM as the cohomology of the complex
LOMYR 1OM)&a#OM)y e 1 Ov)
in Hol(X,K).

8.4. Some resolutions

This subsection is a preliminary for the proof of Theorem 8.1.1.
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8.4.1. Non-characteristic condition. N Let M be a holonomic D-
module on a complex manifoldX . There ?xists a stratibcation
SuppM )= Z
inl
such that

(i) each Z; is a smooth locally closed analytic subset oK,
(i) Ch(M )=, Tgix.

Lemma 8.4.1. N A complex submanifoldW ! X is non-characteristic with
respect toM if and only if W and Z; are transversal for,anyi " ! . In that
case, for the inclusion! : W # X, we haveCh(!:I'M )= ;| T, . X.

Proof. N We have subspaces T, X)p and (T, X)p of (T"X)p forany P "
W $ Z;. Then, W and Z; are transversal atP if and only if
(TwX)jp $ (T2, X = {0}.

The prst claim of the lemma is clear. The second claim follows from general
formulas of the characteristic varieties for the pull back by a non-characteristic
closed immersion and the push-forward by a closed immersion. O

Lemma 8.4.2. N Let D be a smooth hypersurface ofX. If D is non-
characteristic with respect toM , the natural morphism M (!D) # M% O (ID)
is an isomorphism

Proof. N Let i : D # X be the closed immersion. Becaus® is non-
characteristic with respect to M , we have the exact sequence
084 i-i M&M (ID) & M& 0.
We have
08 i+i Ox & O x(ID) & O x &t O.
By the non-characteristic condition and the projection formula, we obtain
08# ii M&M%O x(ID)& M& 0.
Then, we obtain the claim of the lemma. O

Lemma 8.4.3. N Let D; (i =1,2) be smooth hypersurfaces ok such that
(i) D1 and D, are transversal,
(i) D1, Do, and D1 $ D, are non-characteristic with respect toM .
Then, D, is non-characteristic with respect toM (' D1), and we have

# $ # $
(113) M ('Dy) (ID2) ( M ('D2) ('D1) (M%O ('D2) % O(' Dy).
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Proof. N By the assumption, D; (i =1,2) and D, ! D, are transversal toZz;

forj " 1. Itis elementary to check that Dy is transversaltoDy! Z; (j " !).

We obtain that D, is non-characteristic with respect toM (#D1). We obtain
the isomorphisms (113) from Lemma 8.4.2. O
8.4.2. Non-characteristic tuple of hyperplane subbundles. N Let E

be alocally free sheaf on any complex manifolt . Let X be its projectivization
with the projection G : X $ Y. If a section s of Opg)y (1) gives a nowhere
vanishing section of G, (Op(gyy (1)), the zero set of s is called a hyperplane
subbundle of X'. For any hyperplane subbundleH of X and P " Y, let Hp
denote the bPber overP.

Let M be any holonomic Dx -module. Let H := (Hg,...,Hy) be a tu-
ple of hyperplane subbundles ofX such that, for eachP " Y, the tuple of

hyperplanes Hyp,Hop,...,Hyp) is of general position.
!
We say that H is non-characteristic with respect toM if H; := .| H;

are non-characteristic with respect toM forany | % {1,...,N}.

We can prove the following lemma by a standard argument of genericity.

Lemma 8.4.4. N Suppose that(H4,...,Hy) is non-characteristic with re-
spect toM . Let P be any point of Y. Then, if we shrink Y around P,
we can take a hyperplane subbundldy +; such that (Hq,...,Hn,Hn+1) iS
also non-characteristic with respect toM . O

Recall the following general lemma.

Lemma 8.4.5. N Let (H1,H>) be a tuple of hyperplane bundles of , which
is non-characteristic with respect toM . Then, for any i &0,

. #
G' M (#H1!Hp) =0.

Proof. N Let M ; (i = 1,2) be holonomicDyx -modules, and letH; be hyper-
surfaces which is non-characteristic with respect toM ;. BecauseM ; has a
global good Pltration according to 39], we have an exhaustive pltration G,
(a=1,2,...) by coherent Ox -submodules ofM 1. We have

RG, (Ga(#H1) " "Ly ) =0
for any b > 0. Hence, we have

R°G/M y(#H1)" "), =0.
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Then, we obtain G'M 1(!H1) = 0 for any i > 0. By using the duality, we
obtain that

G'(M 2('H2)) = 0
for any i < 0. Then, the claim follows from Lemma 8.4.3. O

8.4.3. Resolutions. N Let X,Y,M beasine8.4.2andH =(H4,...,Hn)
be a tuple of hyperplane subbundles ofX, non-characteristic with respect
to M. Leti:={1,...,i}, and let !y, denote the inclusionH; " X. We put

No:= M ('H1), G:=!n y,M and Ni:= G( Hisu).
We have the natural exact sequences )
(114) OB M#HBN #HC 1# 0, 0#C  #BN #C i1 # O
Hence, we obtain the exact sequence
(115) OMMHBN BN #5aaa#N ,#aaa

LetH =(H; |j =1,...,N") be a tuple of hyperplane subbundles oiX such
that H %H " is non-characteristic with respect toM . We set

Qio:= Ni(lHy), Ki#j = 'ny !Lj!Ni and Qi#j = Ki#j(Hj+1).
We have the natural exact sequencesf
OMK #1#8Q jofN # 0, 0K j##18Q j# BK 4 # O
Hence, we obtain the exact sequences
O&N & Q 08 Q 418 Q j428& ada

By construction, we have the naturally dePned morphismsQ; #; $ Q j+1 #j
and the commutative diagram:

Q;,#j e Q 41 # ]
|

Qinj+1 #8 Q i1 #j+1.
Let Tot( Qyy) denote the total complex of the double complexQy . We have
natural quasi-isomorphisms

Tot(Quy) #8N , &4 M

By the construction, for each Q; 4;, there exists a holonomicD-module P; 4|
such that

(i) (Hi+1,Hj,1) is non-characteristic with respect to P; 4;,
(i) Qi#j = Pi#j ("Hi+1 !Hj"+1)-
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8.5. Step 3

Let us prove that SI(< n), GOOD(! n)and LOC(! n)imply SI(! n). The
following argument is inspired by [3].

8.5.1. Special case I. — Let G: X " Y be any projective morphism of
complex manifolds with dimX ! n. Let D be a hypersurface ofX. Let V be
a meromorphic Rat connection on K, D ) with a good K -structure. Suppose
that we are given a sequence of hypersurface paird contained in D. We
obtain a K -holonomic Dy -module M := P (V) with the canonical K -Betti

structure F.

Proposition 85.1 . N If GM =0 for i # 0, then RG,F is a K -Betti
structure of G'M .

Proof. N It is enough to argue the issue locally around any points ofY. Let
us consider the case Sup’M ! G(X). We take a holomorphic function f
such that SuppG°M $ " 1(0) and G(X ) #$f " 1(0). We set
fx = f %UG.

As remarked in ©8.3.5, we have a description of theK -holonomic D-module
! f(g)M as the cohomology of

M(fx)& TOMCfx)(M&M  (fx).
By the assumption,

GM(fx)=GM(fx)=G!{/M(fx)=0.
Hence, we obtain
G(M,F)) G!{(M,F)

as preK -holonomic D-modules. By Sl n), we obtain that RG,F is aK -
Betti structure of G'M .

Let us consider the caseG(X) = Supp G°M . Let P * SuppG’M . Let
C=(Z,U,",E ) be acell of G at P with a cell function g. We set

gz :=""'g and gx := G lg.

We have the K -Betti structures F (' gx) of M (' gx) by LOC(! n). By con-
sidering the dual, we obtain the K -Betti structure F(!gx) of M ('gx ).
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Lemma 8.5.2. N The K -structure of E is good, and the natural isomorphisms
'E("9z) ! G (M)("9)

are compatible with the preK -Betti structures for " = ", 1.

Proof. N We argue the case" =!. The case" = " can be argued similarly.
We take a projective birational morphism # : X' # X such that

(i) X'is smooth,

(i) X'$ (g« %H) *0) ! X $ g, (0),

(iii) the induced morphism X'# Y factors into X' # Z # V.
We set

Ox' = gx %% and H':=1"1(H),
V= #V &0("gk:) and M':= P(V)(lgx!).

Note that # M'I'M (lgx) and Gz M '= E(lgz).

We have the canonical preK -Betti structure F' of M '. We have

R#sF' = F(lgx).
By Theorem 6.5.1, we obtain that the K -structure of E is compatible with
the Stokes structures, and thatRGz»F' is the canonicalK -Betti structure of
Gz M. Hence, we obtain thatRG4F (Igx ) is the canonical K -Betti structure
of G (M)('g)="! E('gz). Thus, we obtain Lemma 8.5.2. O
Lemma 8.5?.3. N T[]e natural isomorphisms | .
G!@M("g) ! tPC E) and G$@ M ("gx) ! $(! E)

are compatible with the induced preK -Betti structures.

Proof. N By Lemma 8.5.2, the natural isomorphisms
! n
G M("gx)&I§ ("gx)! ! E&1§("gz)

are compatible with the induced preK -Betti structures. Hence, the
Lemma 8.5.3. O

By Lemma 8.5.2, the morphisms! E, # G M # | E are compatible
with the induced pre-K -Betti structures, i.e., Cis a K -cell. Hence, we have
an induced preK -Betti structure P% (RG4F) of %> (G°M ). We also have

the induced K -Betti structure DO/&?(F) of O/é,g) M . By using Lemma 8.5.3, we
obtain D% (RG4F) = RG;L%) (F) under the isomorphism
0) (~0 0040
% (G'M ) ! GO%IM .
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By the assumption Sl(< dim X ), we obtain that P! go)(RG; F) is a K -Betti
structure of ! go)(G M ). Thus, we obtain Proposition 8.5.1. O

8.5.2. Special case Il. N Let G: X ! Y be a projective morphism of
complex manifolds. Let" : Z ! X be a projective morphism. Let Dy
be a hypersurface ofZ. Assume that" z-p, is an immersion. LetV be a
meromorphic RBat connection on Z,D z) with a good K -Betti structure.

Suppose that we are given a sequence of hypersurface palis of Z con-
tained in Dz. We obtain the K -holonomic Dz-modulesM =" Py, (V).

Lemma 8.5.4. N SupposeG'M = 0 unlessi = 0. Then, the preK -
holonomic Dy -module G°M is K -holonomic.

Proof. N It follows from Proposition 8.5.1. O

8.5.3. Special case IIl. N Let E be a locally free sheaf on a complex
manifold Y. Let X be its projectivization. Let H; (i =0,1,2) be hyperplane
subbundles. LetN be aK -holonomic D-module onX suchthat N ("Hp) = N.
By shrinking Y, we may assume thatX = Y # P" for somen.

Lemma 8.5.5. N Let A ! X be any closed complex analytic subset. If we
shrink Y appropriately, there exists a meromorphic functiong on X such that

(i) the poles ofg are contained in Hy,
(i) A is contained in Ho $ g  1(0).

Proof. N Let | o denote the ideal sheaf ofA on X. If m is sulciently large,
we have a non-zero section of o (mH ) for m. O

Lemma 8.5.6. N We can take a meromorphic functiong on X such that
(i) the poles ofg are contained in Hg,
(i) N("g) is obtained as" V foracell C=(Z,U,",V ).

(Note that we do not assume thaV is a good meromorphic Rat bundle orZ .)

Proof. N We have a,decomposition of Supp{N ) into the locally clogsed com-
plex analytic subsets A; such that the characteristic variety of N is T,Li X.
Applying the previous lemma to the lower dimensional strata, we Pnd a mero-
morphic function g on X such that

(i) the poles are contained inHy,

(i) Aj %Ho$ g (0)if dim A; < dimSupp(N).
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By using the resolution of singularity to the irreducible components of
Supp(N ) with the maximal dimension, we obtain the cell. O

Suppose thatH = (H41, H») is non-characteristic with respecttoN, N (! g),
N (1g)('Ho), ! PN, 1THQ), T (N, 1H) and " (N, 1 Ho). In this case, H is
non-characteristic with respect to " g;b(N ,'Hg) and " ab(N ) for any a, b.

Lemma 8.5.7. N The induced preK -Betti structure of G°P N is a K -Betti
structure.

Proof. N By LOC( " n),
Pu (" 5°(N,IHg) and Py g PN "

are naturally K -holonomic D-modules. By Lemma 8.4.5, we have

G'Py g S°NLIHo) =0, G'Pu("&N)=0
unlessi = 0. According to Lemma 8.5.4

GoPy g SP(NL1Ho) and GoPy (" 3°N)

are K -holonomic. Hence, we obtain that

GoPy ! (N,IHp) and G°Py! (N, 1Ho)

are K -holonomic. We have the description ofG°P 4y N as the cohomology of
the complex of preK -holonomic Dy -modules

GoPH I {P(N,THo) # GPy ! (N, 1Hg) %GOP " (N, 1 Ho)
# GOPu! (N, IH).

By SI(< n), we obtain that G°P " go)(N ,'"Hp) is K-holonomic. Then, we
obtain Lemma 8.5.7. O

8.5.4. Proof of Theorem 8.1.1. N It is enough to consider the caseX =
P(E) for some locally free sheakE on Y. Let (M ,F) be aK -holonomic Dy -
module with dimSuppM " n. Let us prove that F'(M , F) are K -holonomic.

We take a resolution Ny of M as in (115) of ©8.4.3. Then, by applying
the construction Qy y in ©8.4.2 to eachN;, we take a resolution Tot(Q(Ny)y y)
of M . It is naturally equipped with the K -Betti structure Tot( F¥¥¥) Then,
F'(M ,F) is described as thei-th cohomology of

ol
Tot FO Q(N¥)¥,¥1F¥?¥,¥

SOCI ET E MATH EMATIQUE DE FRANCE 2014



174 CHAPTER 8. FUNCTORIALITY PROPERTIES

Hence, it is enough to show thatF °(Q(Ny)y.y, FS¥,¥) are K -holonomic. By the
construction, we have dim SuppQ(N)ij < dimSuppM for (k,i,j ) £(0,0,0),
to which we can apply the inductive assumption. Hence, it is enough to show
that FO(Q(NO)O,O,F&’O) is K -holonomic, which follows from Lemma 8.5.7.
O
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CHAPTER 9

DERIVED CATEGORY OF ALGEBRAIC
K-HOLONOMIC  D-MODULES

We study the standard functors on the derived category of algebraicK -
holonomic D-modules. It is enough to follow very closely the arguments in3],
[4], [5] and [57], [58]. This section is included for a rather expository purpose.

9.1. Standard exact functors

Let X be a smooth complex quasi-projective variety. We take a smooth
projective completion X | X suchthatD = X " X is a hypersurface. We set

Hol(X, K ) := Hol( X, #D,K ),

which is independent of the choice of a completiorX (Proposition 8.3.4). Let
DP(Hol(X, K )) denote the derived category of Hol, K ). We will implicitly
use the following obvious lemma. (Later, we will prove a stronger version in
Theorem 9.4.1))

Lemma 9.1.1. N The forgetful functor Hol(X,K ) $ Hol(X) is faithful. [

9.1.1. Dual. N For any M % Hol(X, #D,K ), we have the K -holonomic
Dy py-module Dx M := D &(M )(#D).

Lemma 9.1.2. N D x (M) is well debned inHol(X, K ).

Proof. N Let X be another smooth projective compactiPcation ofX . Put
D':=X " X

We may assume to have a projective morphism

X' X
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such that ! |x =id x . We have aK -holonomic Dy, ,:-module M " such that
I M "= M, which is unique up to canonical isomorphisms. Then, the natural
isomorphism

!l (DM)(!'D)" D(M)(!D)

preserves theK -Betti structure by the uniqueness (Corollary 8.3.2). It implies
the claim of the lemma. O

Corollary 9.1.3 . N There exists a functorD x on Hol(X, K ) which is com-
patible with the standard duality functors onHol(X) and the category ofK -
perverse sheaves. We also have a funct@x on DP(Hol(X, K )), compatible
with the standard duality functors on D2, (X) and DK x ). They are unique
up to natural equivalences. O

We use the symbol¥D x if we would like to emphasize that it is a functor
for K -holonomic D-modules.

Lemma 9.1.4. N For M ,N # Hol(X,K ), we have a natural isomorphism:

EXt bt ) (M N ™ Extigc ) (CDx N, KD xM).

Proof. N It follows from the comparison of Yoneda extensions. O
9.1.2. Localization. N Let H be a hypersurface ofX. As is shown in
Theorem 8.1.4 and Proposition 8.3.4, we have the localization
IH : Hol(X,K ) ® Hol(X,K), M&®6 M (1H).
It is an exact functor. By considering the dual, we obtain an exact functor
IH 1 Hol(X,K ) &®6Hol(X,K ), M&®6 M (H).

They induce exact functors! H and 'H on DP(Hol(X, K )).

Lemma 9.1.5. N For M ,N # Hol(X,K ), we have the natural isomorphisms:

. ! " . ! "
Exthoxk) M N(ID) " Exthyxk) M (ID),N(ID)

. X ! n
Extioxk y(M (ID),N) " Extygxk ) M (D),N(D) .

Proof. N It follows from comparisons of Yoneda extensions. O
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9.1.3. Nearby cycle, vanishing cycle and maximal functors. N Let g
be an algebraic function onX . By Proposition 8.3.7, we have the exact func-
tors ! 3° (! = !,1) on Hol(X,K ) given by

13P(M ) = (M" 13%(lg) (a b# 2).

Hence, we obtain the exact functors ¥, " (¥ and #{ on Hol(X,K ). They
induce the corresponding exact functors orD°(Hol(X, K )). We use the sym-
bols K" & K (& and K when we would like to emphasize that they are
functors for K -holonomic D-modules. We remark that the functors are not
compatible with the forgetful functor DP(Hol(X,K )) $ DB&(Kx).

The K -Betti structure of K" {¥(M ,F) is denoted by P { (F) for the dis-
tinction, when we would like to emphasize it. Similar notations such asP" (ga)
and P#{ are used.

9.2. Push-forward and pull-back

9.2.1. Statements. N Let f : X $ Y be an algebraic morphism of quasi-
projective varieties. We take a commutative diagram

1( %des ?(

ar" ax"
X wbs Y
where
(i) & are open immersions,
(i) X andY are smooth projective,
(i) Hx = X %X andHy := Y %Y are hypersurfaces.
We have a natural equivalence between Hok, 'Hyx ,K) and Hol(X,K ).
Let M# Hol(X, 'Hx,K) correspond toM # Hol(X,K ).

According to Theorem 8.1.1, we obtain the following objects in HolY, K):
, S , H__
KeiM) = "M and Kf/(M):=f" M (IHx) (IHy).
They are independent of the choice oiX up to natural isomorphisms. Thus,
we obtain cohomological functorsff!, X/ : Hol(X,K ) $ Hol(Y,K) for i # Z.

Proposition 9.2.1 . N For ! = 1,1, there exists a functor of triangulated
categories ) # $ - $
fi : D Hol(X,K ) % D Hol(Y,K)
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such that
(i) it is compatible with the standard functorf, : DR, (X) ! DE,(Y),
(i) the induced functor H'(Xf,) : Hol(X,K ) ! Hol(Y,K) is isomorphic
to Kf/.
It is characterized by the property (i) and (i) up to natural equivalences.

As in a4 of [57], the pull back is debPned to be the adjoint of the push-
forward.

Proposition 9.2.2 . N The functor Xf, has the right adjoint ¥f', and Xf,
has the left adjoint¥f'. Thus, we obtaln the functors

Kf' : DP(Hol(Y,K)) 1 Db Hol(X,K ) (! =!,#).

They are compatible with the corresponding functors of holonomi®-modules
with respect to the forgetful functor.

Let us consider the case wherd is a closed immersion, via whichX is
regarded as a submanifold ofy. Let Db (Hol(Y, K)) be the full subcategory
of DP(Hol(Y, K))#whlch consists of the objectsM ¥ such that the supports of
the cohomology ; H'M * are contained in X .

Proposition 9.2.3 . N The natural functor f, : DPHol(X,K )! D& Hol(Y,K)
is an equivalence.

Remark 9.2.4 . N Itis a deep theorem of Z. Mebkhout that the irregularity
sheaf of any holonomicD-module M is a perverse sheaf. See3]. By using
the above functors, in the algebraic case, we obtain that the irregularity sheaf
of a K -holonomic D-module is equipped with an inducedK -structure which
is clear by the debnition of the irregularity sheaf. We may apply the argument
even in the analytic case. O

9.2.2. Preliminary. N Let X be a smooth complex projective variety with

a hypersurfaceD. Let | "

D" Hol(X, #D,K )
denote the derived category of HoIK #D,K ) Slmllarly, let
Db Hol(X, #D)
denote the derived category of HolK, #D).

@ This remark is due to the referee.
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Letf : X ! Y be a morphism of smooth projective varieties. LetDx and
Dy be hypersurfaces oiX and Y respectively, such thatDyx " f' %(Dy). We
have the functor

Kfl: Hol(X, #Dx ,K) 8 Hol(Y,#Dy,K),

naturally given by f'. We have a decompositionDyx = Dyx 1 %Dx » such that
Dxo=f'Y(Dy). We setD x :=(Dx1,Dx>). We have the functor

K] :Hol(X, #Dx ,K) § Hol(Y,#Dv,K), "f/(M,F)=f'PE M.

Lemma 9.2.5. N For ! = #,!, there exist functors

! !
Kf, : D® Hol(X, #Dx ,K) § D® Hol(Y,#Dvy,K)

such that

(i) they are compatible with the standard functors, : DP(Hol(X, #Dx)) !
DP(Hol(Y,#Dv)) by the forgetful functors,
(i) the induced functor H'(Kf,) : Hol(X, #Dx ,K) ! Hol(Y,#Dy,K) are
isomorphic to Kf/.
It is characterized by (i) and (i) up to natural equivalences.

Proof. N Let us consider the case! = #. Let M be aK -holonomic Dx "Dy )"
module. LetH =(H4,...,Hwm) be a tuple of hypersurfaces oiX . We put
#

H| = Hi.
i$l
We take a K -vector spaceU with a base (g,...,emw ). For | =(i1,...,im) &

{1,...,M}, let U, denote the subspace of *U generated bye, 'ada'e,, .
For m ( O, we set

%
Cr,nH(M):: M(#H|)) U .
[I]=m+1
Forli := 1 *{i}&{1,...,M}, the natural morphism M (#H,) ' M (#H,;)

and the multiplication of g induce
M@#H)) USM (#Hi)) Ui,

They give a complex C'; (M ),"+4 ). We have a natural morphism of com-
plexes

MEC % (M).

&
If H;=1,itis a quasi-isomorphism.

SOCI ET E MATH EMATIQUE DE FRANCE 2014



180 CHAPTER 9. DERIVED CATEGORY OF K -HOLONOMIC D-MODULES

Suppose we are given a tuple of hypersurfacds = (Lq,...,Ln). We put
HL =(H4,...,Hm,L1,...,Ln). The natural projection

Ch(M)rc fy(M)
gives a complex of morphisms.

Let H = (Hj,...,Hy) be a tuple of hypersurfaces onX . We take a K -
vector spaceU” with a base (,...,€y). For J = (j1,...,jn) #{1,...,N},
let Uy be the subspace of U" generated bye,, $444% . For n %0, we set

GL:(M):= M (IH;) & U;.
|J]=#n+1
Let ¢® denote the dual base. ForJj = J'{ j}#{ 1,...,N}, the natural
morphism M (H};) "M (H}) and the inner product of g® induce
M (Hj)&U; 'M  (Hj) & Uy.

They give a complex Gi, (M ),! ). We have a natural morphism of com-
plexes

) Gy (M) I'M
If ~ H.'=1,itis a quasi-isomorphism.
Suppose that we are given a tuple of hypersurfaces” = (Lj,...,L},). We

put H'L =(Hg,...,Hy,L},...,Ly)- The natural inclusion
gives a quasi-isomorphism.

Let M ¥ be a complex ofK -holonomic Dy (1p, )-modules. LetH and H '
be tuples of hypersurfaces. The total complex ol G, (M ¥) is denoted by

C!¥H IH (M ¥)-
The total complexes (%IQH (M#¥) and G, (M ¥) are also denoted by the same
notation. We assume H;= H =1.

i
We have the natural quasi-isomorphisms of complexes

Ghy(MH1C ‘g (M¥) M ¥,

Let (Hi,H ;) (i =1,2) be tuples of hypersurfaces as above. We say that
we have a morphism H 1, H )" (H2H,) ifHy) HoandH ] # H, are
satisPed. Then, we have a naturally debPned quasi-isomorphism of complexes:

q‘H 1H !1(M Hre !¥H 2H !2(M ")

For a tuple of ample hypersurfacesd , H ') which is non-characteristic with
respect to M ¥ (18.4.2), we havef'M P(*H,;I1H;) = 0 unlessi = 0. For
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eachM ¥, we choose suchH (M ¥),H ‘(M ¥)). We obtain a complex of K -
holonomic Dy (-p, y-modules

“fo(M¥) = £OC (M ).

Let M¥ v ¥ #M 5 be morphisms, wherea is a quasi-isomorphism.
We take a tuple of ample hypersurfacesKl ,H ') such that

(i) the tuple (H ,H ") is non-characteristic with respect to M Yand M ¥,

(i) the tuple (H ,H (M ¥),H ', H (M })) is non-characteristic with respect

to M.
We have the morphism of complexes
ChgMHDT® M) EC ¥, (MY

Here, ag is a quasi-isomorphism. We seH ; = H(M ) and H{ = H'(M ).
We have the quasi-isomorphisms

CfH !H!(M i) e ?"H !H!Cin(M T e ?"H !H!dHi!HE(M i)
Note that C, ,,, C, H (M) and C H G 1y (M) are naturally isomor-
phic. We also have the quasi-isomorphisms

Cyop G (M BT Y Sy Te Yy (V).
Note that f %(ag) and f O(aij ) are quasi-isomorphisms. They induce a morphism
in DP(Hol(Y,$Dv , K)):
(116) KESM ) % Kedm y)
If we are given morphismsM ¥ "M ¥ #M ¥ such that &' and b are chain
homotopic to a and b respectively, it is easy to check that the induced mor-
phisms (116) in DP(Hol(Y,$Dv,K)) are the same.

Let us check that (116) is independent from the choice of i ,H ‘). Let
(L,L") be ot_her ch_oice. Take a sequence of sulciently generic ample hyper-
surfaces © ), H'0)) (j = 1,...,2L) satisfying the above conditions, such
that

() (H®,H'@)=(H,H"and (H @), H'@) = (L LY,

(i) we have morphisms

(H 2m# 1)’ H 1(2m# l)) r (H (2m)’ H !(2m)) y (H (2m+1) ,H I(2m+1) )

Then, it is easy to check that (H,H') and (L,L') induce the same mor-
phism (116) in DP(Hol(Y,$Dy, K )). Hence, the morphism (116) depends only
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on the morphism in DP(Hol(X, ! Dx , K)) determined by (a, b), i.e., we obtain
a morphism

HomMp bgoi(x.k ) (M 1, M %) % Hompsgoiy iy (“FiM 1, “fiM 3).

Thus, we obtain a functor

! " ! !
D" Hol(X, !Dx,K) " D Hol(Y,!Dy,K) .
We set
Kf, .= KDy $%f, $¥D .
By the construction, they satisfy the conditions (i) and (ii). The uniqueness

follows from the existence of a resolution byK -holonomic D-modulesN such
that f'N =0 unlessi = 0. O

9.2.3. Proof of Proposition 9.2.1. N We take projective completions
X %X andY %Y with the following commutative diagram:

(117) g ik

Y " Y.
SetDy := X" X andDvy := Y" Y. The functor Xf, : DP(Hol(X, ! Dx ,K)) #
DPHol(Y,! Dy, K)) induces Kf, : DP(Hol(X,K )) # DP(Hol(Y,K)).

Let X %X*and Y %Y be other projective completions with a commuta-
tive diagram as in (117). We setD} = X#" X and D¥{ = Y " Y. Letus
prove that the induced morphismsKf, : DP(Hol(X,K )) # DP(Hol(Y,K)) are
equal up to natural equivalences. It is enough to consider the case where we
have the commutative diagram:

X
..X§

Iﬁ !

jid

"

Y

o
{
i) —
X " Y.
Here,! x and! y are projective and birational such that ! f;l(Dx) = D and
! $1(DY) = D{. The following diagrams are commutative up to equivalences:

n Kf! 4

! _ ! _
Db HoI(X;,!D#,K) " Db HoI(Y#,!Dﬁ,K)

< § <8

! _
D Hol(X, !Dx,K) ®

Kf! b! —
DP Hol(Y,!Dy,K) .
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It implies that Kf, : DP(Hol(X,K)) ! DP(Hol(Y,K)) are independent of
the choice of projective completions up to equivalences. Thus, the proof of
Proposition 9.2.1 is Pnished. O

9.2.4. Proof of Proposition 9.2.3. N Let M ,N " Hol(X,K ). According
to Proposition 3.1.16 of B], it is enough to check the following elaceability:

I Forany f " EXtiHol(Y,K)(M ,N), there exists a monomorphismN ! N
in Hol(X, K ) such that the image of f in Ext iHol(YK)(M N is 0.
We can prove it by using the arguments inv2.2.1 andx2.2.2 in [3]. O

9.2.5. Proof of Proposition 9.2.2. N It is enough to consider the cases
(i) f is a closed immersion,
(i) f isaprojectionX #Y ! Y.

We closely follow the arguments ine2.19 ande4.4 of (7].

9.2.5.1. Closed immersion N Let f : X ! Y be a closed immersion. Let

M ¥ be a complex ofK -holonomic Dy-modules. LetH; (i = 1,...,N) be
su"ciently general ample hypersurfaces ofY such that
@i H;i $ X,

(i) M *IM  ¥(%l;) are monomorphisms,
iy "~ N, Hi= X,
. For any subsetl = (i1,...,im) & {1,...,N}, let C; be the subspace of
™ cN generated bye,'aaa'e,, whereg " CcN denotes an elem%pt whose
k-thentryis1l (k=1i)or0(k € i). For 1 = 1¢){ i}, we setH; = ;.| H;.
The inclusion M P(%d,,) ' M P(%d,) and the multiplication of e induces
MP(,)* C, #M P(%,)* C,.
For m, O, we put g
C"(M P, %)= M P(%1,)* Ci,
[1]=m

and we obtain the double complexC*(M ¥, 9% ). The total complex is denoted
by Tot C/(M ¥,% ). Itis easy to observe that the support of the cohomology of
Tot C/(M ¥,94 ) is contained in X . According to Proposition 9.2.3, we obtain

Kf'M ¥ :=Tot C*(M *, %)
in DP(Hol(X,K )). We obtain a functor
% & % &
f': D Hol(Y,K) # DP Hol(X,K)
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as in Lemma 9.2.5. Note that the underlying Dy -complex is naturally quasi-
isomorphic to f 'M ¥, wheref ' is the left adjoint of 1 : DP,(X)! DP,(Y).
We have the naturally dePned morphism

I :TotC'(M*,"H)#M *.
We put K¥ := Cone(! ). We have another description. Form $ 0, we put
!
C"(MP,"H):= MP("Hi) %Ci,
[I|=m+1

and we obtain the double complexC¥(M ¥,"H ). We have a natural quasi-
isomorphism K* & Tot C*(M ¥,"H ). By using the second description and
Lemma 9.1.5, we obtain the following vanishing for anyN ¥ ' D®(Hol(X, K )):

Home(Hd(Y’K)) (Kf N ¥, K¥) =0.

Hence, we have the following isomorphisms for anyK -holonomic Dy -
complex N ¥:

Home(HoKY,K D) (Kf N ¥, M ¥) & Home(HoKY,K D) (Kf N ¥, Kf !Kf !M ¥)
& Hompsoi xk 3 (N¥, < 'M¥)
Hence, we obtain that the above functorkf' is the right adjoint of ¥f,. By
taking the dual, we obtain the left adjoint ¥f * of Kf,.

9.2.5.2. Projection. N Let f : Z ( Y ! Y be the natural projection. Let
(M ,F) be aK -holonomic Dy -module. We put

#
KE*(M ,F):= Oz! M[#dmZ],Kz! F .

It is easy to check that*f *(M , F) is K -holonomic. Thus, we obtain the exact
functor

K§ * b" # b" #
f*:DP Hol(Y,K) # DP Hol(Z ( Y,K) .

Let us prove that Xf * is the left adjoint of Kf,. It is enough to repeat the
argument in 4.4 of B7], which we include for the convenience of readers. It
is enough to construct natural transformations

L id# Kf.5f* and " KK # id
such that
n)Kf*! :Kf*M¥# Kf*Kf*Kf*M¥#_ Kf*M ¥’

KeEm ) cKeE N # Ke KeKe N¥# Ke N
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are the identities. We debné as the external tensor product with the natural
map (C,K)! (H85(Z),H°Z,K)). For the construction of ", the following
diagram is used:

Z" Y # Z";"Y#ﬂ!@l ZVY
q2!l p1!'
z"Y ##V.
Here,i is induced by the diagonalZ ! Z" Z, g are induced by the projection
Z" Z! Z onto the j-th component, and p; are the projections. We have the
morphisms of K -holonomic D-complexes

118)  Kf'KfyM ¥ = KphpyM ™
$Kq2!Kq:!LM¥1+_A q2I(K|IK KqM¥)$KIKIM¥.
Lemma 9.2.6. N We have inDP(Hol(Z " Y,K)) a natural isomorphism
K 1K 'M $M ¥

Proof. N We have the following morphism of K -holonomic D-complexes:

K K'K'M $K'K'

M¥! KgyKgiM* qu iy th i1 M

It is enough to check that the composite of the morphisms is an isomorphism

for the underlying Dy-modules. It is enough to consider the issue locally

around any point of Z " Y. Then, it can be checked by a direct computation.
]

We debne' as the composite of (118) with the isomorphism in Lemma 9.2.6.
Let us look at Xf," 94 , which is the composite of the morphisms

(119) “fiM*=KpyM*# Kp"pXpuM¥# Kpy g M
4 Kpu K Ki KitKM ¥ # Kf Kt Kb
$ “f/M ¥.
We have a natural identiPcationpy opch $ pu o dh, andpy ! paigha) in (119)
is induced by! for oqu under the identibcation. Then, it is easy to see that the

composite is the identity by the construction. As for " 9f'! | it is expressed
as follows:

(1200 “f'N¥=FpNt# o p T Ko g N
# quKIKqulzK 'N $KplN¥_Kf N¥.
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We have a natural identipcation popipn ! i ghp5, and p, " phpipu in (120)
is induced by! for gp. Then, it is easy to observe that the composite is the
identity. Thus, the proof of Proposition 9.2.2 is Pnished. O

9.3. Tensor product and inner homomorphism

9.3.1. Statement. N Let (M ,F;) (i = 1,2) be K-holonomic D-modules
on Xj.

Proposition 9.3.1 . N F;! F, is a K -Betti structure of M 1! M. As a
result, we obtain a natural functor

I :Hol(X1,K)# Hol(X2,K)$' Hol(X1# X2,K),
compatible with the standard external products
I 1 Hol(X1) # Hol(X2) $ Hol(X1# X2)
and

DE(Kx,) # D2(Kx,) $ DE(Kx,"x,).

Before going into the proof of Proposition 9.3.1, We give a standard con-
sequence. LetX be an algebraic variety. Let"yx : X " X # X be the
diagonal morphism. We obtain the functors % and RHom on DP(Hol(X, K ))
in standard ways:

M%N =K< (M ! N), RHom(M,N):= K" (DxM ! N)

They are compatible with the corresponding functors onD,ﬁ’oI (X).

9.3.2. Preliminary. N Let (M ,Fy ) be aK -holonomic Dy -module. LetV
be a meromorphic RBat connection on Y, Dy) with a good K -structure. Let
Fv and Fy, denote the canonicalK -Betti structures of V and V, respectively.

Lemma 9.3.2. N Fy! Fy andFy,! Fy are K -Betti structures of V! M
and V! M, respectively.

Proof. N We use an induction on the dimension of the support of M . Let
P be any point of X. It is enough to consider locally aroundY #{ P}. Let
C=(Z,U,#V) be aK-cell of M at P with a cell function g. The pre-K -
holonomic D-module V % M is expressed as the cohomology of the following
complex of preK -holonomic D-modules:

VIESg# VISV 1 Lg# V)&V ! %M) SV | $4# V).
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By the inductive assumption, Fy ! Pl 4("Fy)and Fy ! P#y(" Fy) are K -
Betti structures of V! I 4(" V)and V! #y(" V), respectively. We put

g9 = g
By using Theorem 8.1.2, we obtain thatFy ! P! o, (Fy)and Fy! Pl (Fy)
are K -Betti structures of V! I 4 (V)and V! !4 (V), respectively. By con-

struction, the isomorphism
! n
Vi g (V) TV (" V)

preservesK -Betti structures. Hence, we obtain that Fy, ! Fy is a K -Betti
structure. Thus, we obtain the Prst claim. By considering the dual, we obtain
the second claim. O

Let g be a holomorphic function onY such that g' 1(0) = Dy. We obtain
the following corollary from Lemma 9.3.2.

Corollary 9.3.3 . N Pl 4(Fy)! Fm andP! 4(Fy)! Fy are K -Betti struc-
tures of I g(V)! M and! 4(V)! M, respectively. O

9.3.3. Proof of Proposition 9.3.1. N Let P be any point of X1. It
is enough to consider locally around{P}" X,. We use an induction on
dimp SuppM ;. LetC=(Z,U,",V ) be aK -cell of M ;. The pre-K -holonomic
D-moduleM ;! M 5 is expressed as the cohomology of the following complex:

Lg(" V)1 Ma# 1g(" V) M2a%#g(M1)! Mo# 1" V)! M

By the inductive assumption, ! (" V) ! M and #4(" V) ! M, are K-
holonomic. According to Theorem 8.1.1 and Corollary 9.3.3, {,(" V)! M,
is K -holonomic. Hence, we obtain thatM 1! M 5 is alsoK -holonomic. Thus,
we obtain Proposition 9.3.1. O

9.4. K -structure of the space of morphisms

9.4.1. Statements
Theorem 9.4.1 . N For M* N¥ & DPHol(X, K )), the induced morphism

(121) Homp oo xk ) (M, N¥) " C# Hompp () (M ¥ N¥)

is an isomorphism. In other words, the forgetful functor
DP(Hol(X,K ))* C# DP,(X)

is fully faithful.
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We closely follow BeilinsonOs argument ir8] for the proof.

Theorem 9.4.2 . N We have the natural isoporphism

Hompp (k) (MY, N¥) I HOMp b (o1 x ¢ ) 'Ox, RHom(M¥,N¥)[dx] .
We essentially use a commutative diagram due to Saito ing8].

9.4.2. Homomorphisms and extensions for meromorphic Rat connec-
tions with a good K -structure. N Let X be a smooth complex projective
variety with a hypersurface D.

Lemma 9.4.3. N Let V be a meromorphic Rat connection on(X,D ) with a
good K -structure. Let Fy be the canonicalK -Betti structure of V. We have
the following natural isomorphisms fori =0, 1.

| " I

Exthoxk) Ox("D),V I HUX, Fy[#dx] .

Proof. N By taking a global resolution of turning points in the algebraic sit-
uation (see R7], [47]), we may assume thatV is a good meromorphic Rat
bundle. Let L(V) be the associated local system with the Stokes structure
on ¥(D). It is naturally equipped with a K -structure L (V). If we are given
an extension
0# V# P#HO x("D)# O

as K -holonomic Dx -modules, P is also a good meromorphic Rat bundle with
a goodK -structure, and it induces an extension

O#L (V) P#L «(P)P# Ky o) # 0

of K -constructible sheaves. Conversely, assume that we are given an extension
of K -constructible sheaves

0L (V) P#Gk#® Kyp # 0

We obtain a K -local system®& := #Qx\p,Where! : X\D $ X. The C-local

system & %C is naturally equipped with a Stokes structure compatible with
the K -structure. Hence, we obtain an extension oK -holonomic Dx -modules

0#% V#H P#HO x("D)# 0.
The above procedures are mutually mverse Thus, we obtaln a bijection
Extfioxk ) Ox("D),V ! Exth) KX(D),LK (V)P 1 Ht x Fv#dx] .
Similarly, we have a natura|| isomorphism

| ! n
ExtPoxk) Ox("D),V I HY X, Fy[#dx] . O
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Let V,WW be meromorphic RBat connections on X, D) with good K-

structures. We have a natural bijection
. . ! n

for any i. We obtain the natural isomorphisms

. N
Extyoxi (W V) ! H X, Fw:»v[$dx]

for i =0,1. Because

j 1 .
H X,Fw v[$dx] #kC! H' X,DRx (W' #V)[$dx] = Hhg (X, W' #V),

the vector spacesHg (X, W' # V) have the natural K-structure. We say
that an element f %HliDR (X, W' # V) is compatible with K-structure if it
comes fromH' (X, Fw: » v[$dx ]). An element f % Hi, (X, W' # V) induces
an extension

0K V& P W O
in Hol( X, K) as observed above.

9.4.3. Some extensions. N Let X be a smooth complex quasi-projective
variety. Let Vi (i = 1,2) be algebraic Rat bundles onX with a good K-
structure, i.e., there exists a projective variety X ' X such that

() D:= X$ X is normal crossing,
(i) Vi are good meromorphic Rat bundles on X, D) with a good K-
structure.

According to [3], we have
Ext o x)(Vi, V2) | Hpg (X, V] # V2).
Lemma 9.4.4. N There exist a Zariski open subset/ ( X and an extension

V3" Vyu on U of algebraic Rat bundles with a goods-structure, such that
the induced morphisms

are 0 for 7 > 0.

Proof. N We use an induction on dim X. In the case dimX = 0, the claim
is trivial. Let us consider the case dimX > 0. We take a Zariski open subset
X1 (X with a smooth alne bbration p : X; & Z; such that the relative
dimension is 1. For any algebraic at bundlevV on X3, we put

pd(V) == RIps(V# " 5 7 )
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For a Zariski open subsetZj ! Zj, the induced morphism!" %(z}) " Zj is
also denoted by! .

We may assume thatl q := 1 3(V® # V) are algebraic Rat bundles onZy,
which is equipped with the induced goodK -structure. We have Lq = 0 un-
lessq=0,1. By the argument in 2.1 of [3], we can reduce Lemma 9.4.4 to
Lemma 9.4.5 below which is Lemma 2.1.2 of3] with a minor enhancement.

Lemma 9.4.5
(@) There exist a Zariski open subseZ, ! Z; and an extensionP $ Vyx,
of algebraic Rat bundles with goo -structure on X, := ! 1(Z5), such

that the following induced morphism isO:
LAV # Vaix,) %8 LRV # P).
(b) There exists a Zariski open subseZz ! Z; and an extensionQ $ V,x,

of algebraic Rat bundles with goo -structure on X3 := ! 1(Z3), such

that the following induced maps are0 for any p > O: )

H{;R!zg,!,?ﬁ(vl$ # Vox,) %' HBR!Zg,!g(V1$ # Q) .

Proof. N It is enough to use the argument in the proof of Lemma 2.1.2 of B].
We give only an indication. Let

" QMG (21 L # L1) = HO(Za 1} (Lo # V)P # Vo)

be the element corresponding to the identity ofL ;, which is compatible with
K structure We have the exact sequence compatlble with - structurgﬂs
HDR X1, (0Lt )¥ # Vo % HDR zl,!1 (FLo# vy)® # Vs
%6 HDR Zi UL # V) # v2)
= H3x(Z1, L% # Ly).

Applying the inductive assumption to L$ and L$, we have a Zariski open
subsetZ, ! Z; and an extension# : Lf I R of algebraic Rat bundles with a
good K -structures on Z,, such that the induced morphism

H2(Z, L2 # Lo) %' H?(Z1,R# Lo)
is 0. In particular, #($") = 0. We obtain the element
! n
#(") & HOR(Z1, R# L1) = H3: Z1,'2(PR® # V)¥ # V)

which is compatible with K -structure. By construction, we have a lift

!
(") &HEr X, (*FR® # V)® # Vs

MEMOIRES DE LA SMF 138/139



9.4. K-STRUCTURE OF THE SPACE OF MORPHISMS 191

compatible with K -structure. It induces an extension
0r Vox,! P! 'R #Vy,!" 0

of algebraic RBat bundles with goodK -structure on X,. (Seer9.4.2.) It is easy
to observe that P is the desired one. Thus, we obtain the claim (a). The
claim (b) can also be proved by the argument in 8]. O

9.4.4. Vanishing and lifting. N Let X be a smooth quasi-projective vari-
ety. We put C1(X) :=Hol( X) and Ca(X) :=Hol( X,K )# C. Let V; (i =1,2)
be algebraic Rat bundles onX with good K -structure. Let us consider the
natural morphism:

ox : Ext icz(x)(vlyvz) ' Ext i(:1(>()(V11V2)

They are isomorphisms in the cases = 0,1 (09.4.2).

Lemma 9.4.6. N Leti> O.
" Let a$ Ext iCZ(X)(vl,vz) such thatgy (a) = 0. There existsU % X such
thata=0 |n Ext ICZ(U)(V1|U’V2|U)' .
" Leta$ Extg, ) (Vi V2). There existU %X andb$ Extc, (V. Vau)
such thatayy = gu(b).

Proof. N We give only an outline. We use an induction oni. We have already
known the casei = 1. Let a$ Ext(,x(Va, V2) such that gx (a) =0

We have an extensionV, % V3 of a meromorphic 3at bundle with a good
K -structure such that the image of a is mapped to 0 via

Exti,x)(Vi, Vo) ' EXte, ¢y (Vi, Va).

Let K := Va/V,. We havec$ Extic#%x)(vl, K) which is mapped to a via

i#1
Ext Co(X)

(V1, V3) which is mapped to gx (¢) via

(Vi K) I Exti,x)(Va, Va).

i#1
We haved $ Ext Ci(x)

Extg%x)(vl,%) . Extg%x)(vl, K).
By using the inductive assumption, we can bndJ % X and an elemente $
Ext'#%u)(vl,V3) such that gy(€) = dy. By using the inductive assumption,

and by shrinking U, we may assume thate is mapped tocy via
Ext'#%x)(Vl,Vg) r Ext'#%x)(vl,K)

Hence, we obtainayy = 0.
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Let a ! Exticl(x)(vl,vz). According to Lemma 9.4.4, we can bnd
U" X and an extensionV,y " V3 of meromorphic Bat bundles with good
K -structures such that the induced map

i i
Exte, ) (Vyu, Vau) 8 Exte, ) (Vyu, Vs)

is 0 for anyj > 0. We put K := V3/V, We can bndc! Extic!l%u)(V“U,K)
which is mapped toa via

EX'[ic!l%U)(VlluvK)*b$ Exte, uy(Vyu» Vau)-

By using the inductive assumption and by shrinking U, we can bnd an element

d! Ext EZ%U)(V“U’ K) such that gy(d) = c. Let b be the image ofd via

EXtic!z%U)(VlluiK)1'/4$ Extc,uy(Vyu, Vau)-
Then, it has the desired property. O

9.4.5. Support. N Let X be a smooth quasi-projective variety. For any
subvariety Z " X, let Djtfz (X) (j = 1,2) denote the derived category of
bounded complexesM ¥ in C; (X)) such that the supports of H*(M ¥) are con-

tained in Z. For any M*,N¥ in DP, (X), we set
! n
Hom!, (M¥ N*¥) := Hom pb, x) M*N¥K] .

If Z = X, we omit to denote Z. If Z is smooth, then Djtfz (X)) is equivalent to
the derived category ofC; (Z). (See Proposition 9.2.3.)
Leti:Z $ X denote the inclusion. The natural exact functor

DP; (X) # DP(X)

is denoted byi-. As in 89.2.5, we have a functor

i' :DP(X) # D (X).
We seti’ := Dy %' %D .
9.4.6. Proof of Theorem 9.4.1. N Let X be a smooth quasi-projective
variety. Let M¥,N¥ ! DJ(X). Let us prove that (121) is an isomorphism. We
use an induction on dimX.

It is enough to prove that (121) is an isomorphism whenM,N ! Cy(X).

Take any hypersurfaceD " X. Leti:D $ X denote the inclusion. We have
the distinguished triangles

i'N# N# N@)#E and M(D)# M# i-i'M #8 .
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For j = 1,2, we obtain the exact sequence
(122) Ext'gj (1X) !M (ID),N (! D)" #  Homf, (i-i"M, ii'N)
' Extl(k:j(x)(M,N)
£ Ext(k:j(x)'M(!D),N(!D)
% Hom/G'(i+i"M, i+i'N).

We naturally have

S o
Extg x) M(ID),N(ID) $ Exty x, M(!D),N(ID),

as remarked in Lemma 9.1.5.

By using the exact sequences (122) in the case wheEe is smooth, and by
using the inductive assumption, we can reduce the issue to the case whexe
is alne, which we will assume in the following.

We use an induction on the dimension of the support oM %N. We take
a projective birational morphism

1 :Z "% SuppM %N)

such that Z is smooth. There exist an open subset & Z, Rat bundles Vy
and Vyy on U with morphisms
M™% | V\y and N | VW

which is an isomorphism on generic points of Sup %N). If we shrink U
appropriately, there exists a hypersurfaceD & X such that!' (D)= zZ\ U.
In that case, we have

M(D)=! Vy and N(D)=1! W.

In the exact sequence (122), the dimension of the supports of the cohomology
sheaves of+i'M andi-i'N are strictly smaller than dim Supp(M %N ). Then,

it is easy to obtain that (121) for i-i"M and i~i'N is an isomorphism. By
using Proposition 9.2.3, we obtain

| |
k ' k : k
EXtE ) M(ID),N(!D) $ Ext§ x, M(!D),N(ID) $ EXtE yy(Vm. V).

For D; & Dy, we have the commutative diagram

M (531) ki ’g § ki N ('§D1)
= =% )

M (Do) ® M, N N (D).
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Leti,:Da! X denote the inclusions. We setU, := Z\ !'' 1(D,). Hence, we
have the commutative diagram

Hom; 1(i1"|ili|\/|,i ijN) ' Ext ch (Xi)(M’ N) ! Ext 'Cj (Ul)(VM W)
| | |

Homiy ,(i2i,M,i2:i5N) I Ext‘cj(x)(M,N) ¥ Exticj(uz)(VM,VN).
Then, it is easy to prove that
Ext'cz(x)(M, N)" Ext'cl(x)(M, N)
is an isomorphism by using Lemma 9.4.6. O
9.4.7. Proof of Theorem 9.4.2. N Recall a commutative diagram

in Proposition 4.6 of [58]. For M*,N¥ # DDy ), we have the commutative
diagram

| # $

HomD(DXI)(M ¥, N¥) i HomD(DX] ) M* '! DN*¥, " Ox [dx]

(123) ’ '

| # $
HomD(CX )(DRX M¥, DRy N¥) I HomD(CX) DRy M*¥ $D DRy N¥, "+ Cx [Zd)(] .
Let M be a holonomicDyx -module with a K -Betti structure F. We have

Homp (i, ) (M, M) % Homypgxy (M, M) % Homygx k y(M,M ) $ C.

We have similar isomorphisms for Hony o, y(M ! DM, " Ox[dx ]). Hence,
we obtain the following diagram from (123):

# $

Homyoi xk ?(M,M )$ C '!lc Homuo x#xk ) M !I DM," Ox[dx] $C

ah !

! # $
Homp (¢, (DRx M, DRx M) 1' Homp(c,) DRx M $ D DRx M, "+ Cy [2dx ]

% ¥

] 'l

# | $
HomD(KX) F,F)$C T HomD(KX)(F! DF,""K)([de] $ C.

Note that ais injective. Hence,bis also injective. Sincea and bare compatible
with K -structures, c is also compatible with K -structures. Let

C:M! DM " ".Oxl[dx]

correspond to 1:M ! M. Itis compatible with K -Betti structures.
For M ¥ # DP(Hol(X,K)), let

C:M¥! DM¥"1 " Ox[dx]
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correspond to 1 :M* ! M¥., We obtain that C is compatible with K -Betti
structures. Then, we obtain that the isomorppism

Homp p,y(M¥,N*) "1 Hompp,,,) M*! DN¥* ! Ox[dx]

is compatible with K -Betti structures forany M ¥,N* # Dpo (X, K ). By taking
the dual, we obtain Theorem 9.4.2. O
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