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COST AND DIMENSION OF WORDS

OF ZERO TOPOLOGICAL ENTROPY

BY JULIEN CASSAIGNE, ANNA E. FRID, SVETLANA PUZYNINA
& Luca Q. ZAMBONI

ABSTRACT. — The (factor) complexity of a language L is defined as a function pr,(n)
which counts for each n the number of words in L of length n. We are interested
in whether L is contained in a finite product of the form S*, where S is a language
of strictly lower complexity. In this paper, we focus on languages of zero topological
entropy, meaning limsup,, _, . logpr(n)/n = 0. We define the a-dimension of a lan-
guage L as the infimum of integer numbers k such that there exists a language S of
complexity O(n®) such that L C S*. We then define the cost ¢(L) as the infimum of
all real numbers « for which the a-dimension of L is finite. In particular, the above
definitions apply to the language of factors of an infinite word. In the paper, we search
for connections between the complexity of a language (or an infinite word) and its
dimension and cost, and show that they can be rather complicated.
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RESUME (Cotit et dimension des mots d’entropie topologique nulle). — La complexité
d’un langage L est définie comme la fonction pr,(n) qui compte le nombre de mots de
longueur n dans L. Nous nous intéressons a savoir si L est contenu dans un produit
fini de la forme S¥, ot S est un langage de complexité strictement inférieure. Dans
cet article, nous considérons des langages d’entropie topologique nulle, c’est-a-dire
lim sup,,_, . logpr,(n)/n = 0. Nous définissons I’a-dimension d’un langage L comme
la borne inférieure des nombres entiers k£ tels qu’il existe un langage S de complexité
O(n®) avec L C S*. Nous définissons ensuite le cofit ¢(L) comme la borne inférieure
de tous les nombres réels a pour lesquels I’a-dimension de L est finie. En particulier,
les définitions ci-dessus s’appliquent au langage des facteurs d’un mot infini. Dans
larticle, nous cherchons les liens entre la complexité d’un langage (ou d’un mot infini)
et sa dimension et son colit, et montrons qu’ils peuvent étre assez compliqués.

1. Introduction

Consider a finite non-empty set A called an alphabet. The complexity or
factor complexity p,(n) of an infinite word x = zox122--- € AN is the number
of distinct blocks x;z;y1 - Tiyn—1 € A" of length n occurring in z. First in-
troduced by Hedlund and Morse in 1938 [7] under the name block growth, the
factor complexity provides a useful measure of randomness of x or of the sub-
shift it generates. In particular, periodic words have bounded factor complexity
while digit expansions of normal numbers, by the definition of normality, have
maximal complexity.

The set A* of all finite words over the alphabet A is naturally a free monoid
under the operation of concatenation, with the empty word e playing the role
of the identity. Given a language L C A* (for instance the language Fac(x)
consisting of all factors of some infinite word = € AN) one may ask whether L
is contained in a finite product of the form S*, where S is a language of strictly
lower complexity, that is, whether each word from L can be represented as a
concatenation of at most k words from S. The starting point of this paper is
the following characterisation of infinite words 2 € AN of sub-linear complexity
obtained by the authors in [3]:

THEOREM 1.1. — An infinite word x € AN is of sub-linear complexity (i.e.,
pz(n) = O(n)) if and only if Fac(x) C S? for some language S C A* of bounded
complezity (i.e., limsuppg(n) < +00).

Our aim here is to express and study these ideas in greater generality, for
words and languages of higher but still low complexity. Given a language
L C A*, we define the cost of L, denoted ¢(L), as the infimum of all real
numbers « for which there exists a language S with ps(n) = O(n®) and a
positive integer k such that L C S*.

More precisely, for each real number a € [0, +00), denote by L£(«) the col-
lection of all languages L C A* whose complexity satisfies p,(n) = O(n®). For
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example, if x is an infinite word and L = Fac(xz), then, by the Morse-Hedlund
theorem [7], L belongs to £(0) if and only if x is ultimately periodic. If the
complexity of x is linear, then L belongs to £(1), if the complexity is bounded
by en?, L belongs to £(2), and so on.

Now we define the a-dimension d,(L) by

do(L) = inf{k > 1| L C S* for some language S € L(a)},
and then the cost ¢(L) is given by
¢(L) = inf{a € [0, +00) | do(L) < 400}

In each case above we take the convention that inf @ = +o0. If ¢ = ¢(L) < 400,
then we call d.(L) € {1,2,3,...} U{+o0} the cost dimension of L. In the case
of L = Fac(x) for some infinite word z, then we write ¢(z) (d.(x), respectively)
in lieu of ¢(L) (d.(L), respectively). Thus, the Morse-Hedlund theorem states
that an infinite word x € AY is ultimately periodic if and only if c¢(z) = 0
and do(x) = 1, i.e., x is of cost equal to 0 and cost dimension equal to 1.
Similarly, Theorem 1.1 together with the Morse-Hedlund theorem asserts that
x is of linear complexity (i.e., py(n) = ©(n)) if and only if x is of cost equal
to 0 and cost dimension equal to 2. The above definitions may be adapted to
other measures of complexity as we do herein for the so-called accumulative
complexity p} (n) which counts the number of words in L of length less than or
equal to n.

A fundamental question, to which a substantial portion of the paper is de-
voted, is: To what extent does the complexity of a language determine its cost
and cost dimension and vice versa? A first basic observation is that languages
L of positive entropy limsup,, , w have cost equal to +oo. For this
reason we restrict our attention to languages and words of zero topological en-
tropy limsup,,_, % = 0. Moreover, as we show by a straightforward
argument in Proposition 3.9, ¢(L) is finite if and only if the complexity of L is
bounded above by a polynomial.

Then, in Proposition 3.12, for each positive integer k£ > 1 we construct
an infinite word = of complexity p,(n) = Q(n*~1) with do(z) = k. In other
words, we establish the existence of words of cost zero and of arbitrarily high
polynomial complexity.

Conversely, given the complexity of a language, what can be said of its cost
and cost dimension? Despite the Morse-Hedlund theorem and Theorem 1.1, in
general, the cost and cost dimension of a given language depend only in part on
its complexity. For instance, languages not closed under taking factors are in
general very far from satisfying any result along the lines of Theorem 1.1 (see
the last proposition in [3]), but even in the case of languages defined by infinite
words, the characterisation of Theorem 1.1 does not seem to extend in an
obvious way to higher complexities. For instance, we prove in Theorem 5.1 that
the word = = Z+:<>10 ab® = ababbabbb - - - , of complexity p,(n) = O(n?), verifies
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dp(u) > 3. On the other hand, in the same theorem we show that do(z) < 6,
which in particular implies it is of cost zero. We do not know whether there
exist words of quadratic complexity and positive cost. However, we prove in
Theorem 6.1 that for every real number « € (0, 1) there exists an infinite word
x with complexity p,(n) = O(n?T) and cost c¢(x) > a. In other words, there
exist words of positive cost and of complexity growing just a bit faster than
quadratically. This should be contrasted with the result mentioned earlier on
the existence of words of arbitrarily high polynomial complexity having cost
equal to zero. These results suggest that the cost of a word measures something
beyond its factor complexity which makes it of independent interest.

Some of the results of the paper have been presented at the 2014 MFCS
conference [4].

2. Preliminaries

In this section we briefly recall some basic definitions and notations concern-
ing finite and infinite words which are relevant to the subsequent sections. For
more details we refer the reader to [6].

Let A be a finite non-empty set (the alphabet). Let A* (AY) denote the set of
all finite (right infinite) words w = uouy - - - up—1(---) with u; € A. The length
n of a finite word w« is denoted by |u|. The empty word is denoted ¢ and by
convention |e| = 0. We put AT = A*\ {e}. For each u € A* and a € A, we let
|u|q denote the number of occurrences of @ in u. The set of factors of a finite
or infinite word u is defined by

Fac(u) = {u;---u; |0 <i < juU{e},

where j < |u| if w is finite. The factor u; ...u; can be also denoted by ul[i..j].

A subset L C A* is called a language. A language L is said to be factorial
if Fac(u) C L for each w € L. The complexity pr, of a language L C A* is
defined by pr(n) = Card(L N A™); its accumulative complexity p} is defined by
p;(n) => 1 ,pr(i). For a finite of infinite word z, the complexity (accumula-
tive complexity) of Fac(z) is denoted simply by p,(n) (respectively, p%(n)).

We say that x € AN (vesp., L C A*) is of bounded complexity if there exists
a positive integer C such that p,(n) < C (resp., pr(n) < C) for all n € N.
An infinite word x is called ultimately periodic, or ultimately |v|-periodic, if
x = uvvv- - = uv® for some words u € A* and v € AT. An infinite word is
said to be aperiodic if it is not ultimately periodic. A factor u of x is called right
(resp., left) special if ua,ub € Fac(z) (resp., au, bu € Fac(zx)) for some distinct
letters a,b € A. It follows that every aperiodic word contains a right and a left
special factor of each length. An infinite word x is said to be recurrent if each
prefix of x occurs infinitely often in x.

Analogously we can consider bi-infinite words indexed by Z. The definitions
above extend in the obvious ways. In particular, a bi-infinite word z is said to
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be ultimately periodic if it is ultimately periodic to both the left and the right,
i.e., if x admits a prefix of the form - - - uuu and a suffix of the form vvv--- for
some u,v € AT. Otherwise x is said to be aperiodic.

3. Dimension and cost: definitions, examples and general properties

For each real number a € [0,400), we let L(«) (resp., L*(a)) denote the
collection of languages L C A* (over some finite non-empty alphabet A) with
pr(n) = O(n®) (resp., pi(n) = O(n®)). Analogously, we let W(«a) (resp.,
W*(a)) denote the collection of infinite words = € AN (over some finite non-
empty alphabet A) such that Fac(x) € L(«) (resp., Fac(z) € L*(«)). For each
S C A*, the set S* denotes the set of all concatenations of k elements of S.

DEFINITION 3.1. — Let L C A*. For each real number « € [0, +00), we define
the a-dimension d,(L) by

do(L) = inf{k > 1|35 € L(a) : L C §*},
and the cost ¢(L) by
c(L) = inf{a € [0, +00) | do(L) < +00}.
If ¢ = ¢(L) < 400, we call d.(L) € [1,400] the cost dimension of L.

By convention inf ) = +oo. Definition 3.1 extends naturally to infinite words
x € AN by replacing L by Fac(z) so we define accordingly d,(z) and c(z).
Replacing L(a) by L£*(«) we define analogously the a-accumulative dimension
d? (L) and the accumulative cost ¢*(L).

We observe that in our definition of d, (L), we may replace S* by Sy --- Sy,
for some languages Si,...,S; € L(a). The following lemma is an immediate
consequence of the definition:

LEMMA 3.2. — Suppose L € L(ag) (resp., L € L*(ag)) for some ag > 0. Then
do(L) =1 (resp., d:(L) = 1) for each a > ag and hence ¢(L) < «ag (resp.,
C*<L) S 040).

LEMMA 3.3. — For each language L C A*, we have do(L) = 1 if and only if L
is of bounded complexity. For each infinite word x € AN, we have do(x) =1 if
and only if x is ultimately periodic.

Proof. — The first statement is clear from Definition 3.1. As for the second,
if z is ultimately periodic, then its complexity is bounded, whence dy(x) = 1.
Conversely if do(z) = 1, then the complexity of x is bounded, and hence by the
Morse-Hedlund theorem x is ultimately periodic. (|
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Theorem 1.1 from [3] can thus be reformulated as follows: for an infinite
word z, we have dp(z) = 2 if and only if z is of linear complexity. Our goal in
this paper is to establish further connections between complexity and cost of
words and languages. We start from some basic properties.

First of all, the language S in the definition of a-dimension is usually not
factorial, as we show in the next proposition.

PROPOSITION 3.4. — Let x € AN. Suppose Fac(x) C S* for some factorial
language S and positive integer k. Then there exists a suffiz y of x such that
Fac(y) C S. In particular, for each real o > 0, if S € L(a) then x € W(a).

Proof — We remark that if S is factorial, then so is S* for each k > 1. Let
k > 1 be the least positive integer such that Fac(z) C S*. The result is clear
in the case of kK = 1, so we may suppose k > 1. By minimality of k, there exists
a factor u of z not belonging to S*~1. Pick y € AN such that uy is a suffix
of . We claim that Fac(y) C S. Since S is factorial, it suffices to show that
every prefix of y belongs to S. So let z € A* be a prefix of y. Then we can
write uz = v1vs - - - v for some v; € S. Since S¥~1 is factorial and u ¢ S¥71, it
follows that vyvs - -+ vi_1 is a proper prefix of u and hence z is a proper suffix
of vg. Thus z € S as required. ]

COROLLARY 3.5. — If for a real o > 0 and x € AN, we set
d®c(z) = inf{k > 1| Fac(z) C S* for some factorial language S € L(a)}
and
e (z) = inf{a € [0, +o0) | d¢(z) < 400},

then these functions are degenerate: d2°(x) < +oo if and only if x € W(a)
and hence c¢(x) = inf{a € [0, +o0) |z € W(a)}.

Proof. — Fix a > 0. If x € W(a), then taking S = Fac(x) we have df°(z) =
1. Conversely if d°(z) < +o0, then by Proposition 3.4 we have x € W(a). O

The next proposition illustrates the basic relations between the dimension d,,
and the accumulative dimension d7,. It is stated in terms of languages L C A*
but the same inequalities hold for infinite words = € AN.

PrOPOSITION 3.6. — For each a > 0 and language L C A* we have

1. do(L) < d(L),
2. di 1 (L) < do(L) < 2d7, 1 (L).

To prove the proposition, we first need the following technical lemma.

LEMMA 3.7. — Let T C A*. IfT € L*(a+1), then T C S? for some S € L(«).
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Proof. — Since T € L*(a + 1), there exists a constant K > 0 such that
pi(n) < Kn®*! for each n > 1. We order T' = {vy,v2,v3, ...} so that |v,,| <
|Uma1] for each m > 1. Thus for each m > 2 we have

(1) m < pi(|vm]) < Ko |

(For m = 1, we may have v; = ¢, and thus the latter inequality will not hold.)
Pick M such that

M > max{K(a + 1)2°"2;2}.

We now show that there exists a language S C A* with pg(n) < [Mn®] for
each n > 1, and T C S2. To prove this we define inductively a nested sequence
of sets §1 C Sy C S3 C --- with S,, € A* such that for each m > 1 the
following three conditions are satisfied:

(i) Card(S,,) <2m,
(i) ps,, (n) < [Mn®] for each n > 1,
(iii) {v1,v2,...,vm} C S2,.

For m = 1, we consider the factorization v; = ¢ - v; and put S; = {e,v1}.
Then clearly S; satisfies each of the conditions (i), (ii) and (iii) above. For the
inductive step, suppose for m > 1 we have constructed sets Sy C So C --- C S,
with the required properties. We say that n > 1 is a forbidden length if
ps,, (n) = [Mn®], i.e., in constructing S,,11 from S,, we cannot add to S,
any word of forbidden length without violating condition (ii) at level m + 1.
Note that 0 is never a forbidden length since there exists only one word of
length 0, €, and nothing else can be added to the set of words of length 0.

Let F denote the set of all forbidden lengths. For each i € {0,..., |vmi1]}
we can factor vy,41 as U1 = z;y;, with |z;| = i. We claim that there exists

je {O, ce Pv"‘igll—‘ - 1} such that neither |z;| nor |y;| belongs to F. So, we
can take Sy, 41 = Sim U {x;,y;}. To prove the claim, suppose to the contrary
that for each i € {O, ce Pv’"i;” — 1} there exists n; € {i, |[vpm41| — i} N F.

Then summing up the number of elements in S, of forbidden lengths we obtain:

|'Ivm2+1\"_1
Card(S,) > Y [Mn®1> > [Mng]
neFr i=0

|'|1’m,2+1\"_1 I'\U-m;l\'l_l

> Y Mng = > Mi® 4 Mo
=0

i=1
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The latter inequality holds since 0 is never a forbidden length, and thus
ng = |vm+1|. Continuing the chain of inequalities, we see that

"\Um+1|'|_1 I'\Um+1\"| | |
2 —z lomeal
Card(Sy,) > Z Mi® + M|vp41|® > Z Mi® > / Mz dx
i=1 i=1 0
M |'Um+1| a+1 K(OZ + 1)2a+2 |vm+1| a+1
“(a+1) 2 (a+1) 2

> 2K U1 1|*T! > 2K 0, [*T > 2m,

where the last inequality follows from (1), contradicting (i). This completes
the inductive step. Having defined the nested sequence (Sy,)m>1, we set § =
U,,>1 Sm- Then pg(n) = O(n®) and T C S2. O

Proof of Proposition 3.6. We begin by showing that d,(L) < d%5(L). The
result is clear if d%(L) = 4o0o0. Thus assume d} (L) = k for some positive
integer k. Then L C S* for some language S € L*(a). Hence S € L(a)
whence do (L) < k = d},(L) as required. Next we show that d,_ (L) < do(L).
Again the result is clear if d,(L) = 400, thus we may suppose dn(L) = k
for some positive integer k. Then L C S* for some language S € L(a). In
other words, ps(n) = O(n®). Thus p5(n) = O(n®*!), ie., S € L*(a + 1),
and hence d, (L) < k = do(L). In order to prove the remaining inequality
do(L) < 2d},,(L), assume dj,, (L) = k for some positive integer k. Then
L C T* for some T € L*(a + 1). By Lemma 3.7 there exists S € £(a) such
that 7 C S?. Thus L C S?* whence do (L) < 2k = 2d},,,(L) as required. [

The next statement follows immediately from the second double inequality
of Proposition 3.6.

COROLLARY 3.8. — For any language L C A*,
1. if ¢(L) > 0, then ¢*(L) = ¢(L) + 1;
2. ife(L) =0, then 0 < ¢*(L) < 1.

The next proposition establishes a first relationship between d, and com-
plexity:

PROPOSITION 3.9. — Let « > 0 and L C A*. If d,(L) = k for some positive
integer k, then L € L(k(a+ 1) —1). In particular, if z € AN and L = Fac(z),
then by taking o = 0 we have that if do(z) = k, then x € W(k — 1).

Proof. — It suffices to prove the proposition for a language L. The result
is clear in the case of k = 1. So let us fix k¥ > 2, and let L C S* for some
S € L(a). Then there exists a positive integer C' such that pg(n) < Cn® for
eachn > 0. Let u € L and put n = |u|. Then w is a concatenation of k elements
of S. There are (”Zﬁ;l) ways of factoring u = v1vq -+ - vy with |v;| > 0. Here
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ntk=1) — O(n*=1), and each v; € S, so that there are at most C|v;|* choices
k—1 ) )

for each v;. Thus pz(n) = O(n*@+1)=1) as required. O
As an immediate consequence we get:

COROLLARY 3.10. — For each language L C A* (resp., infinite word x € AY)
we have ¢(L) < 400 if and only if L € L(«a) (resp., x € W(w)) for some o > 0.

Proof. — If ¢(L) < 400, then dy(L) < 400 for each a > ¢(L). Fix o > ¢(L)
and let k = d,(L). Then by Proposition 3.9 L € L(k(a+1) —1). The converse
follows from Lemma 3.2. 0

In view of the next corollary, we restrict ourselves henceforth to languages
and words of entropy zero.

COROLLARY 3.11. — Languages of positive entropy have cost equal to +oc0.

Proposition 3.9 suggests that a priori there is no polynomial bound on the
complexity of infinite words of cost equal to 0. The following proposition shows
that for each k > 1 there exists a word z of complexity Q(n*~1) with dy(x) = k
and hence in particular ¢(z) = 0.

PRrROPOSITION 3.12. — For each k > 1 there exists a word x of complezity
Q(n*~1) of cost 0 and cost dimension k.

Proof. — For k = 1 we may simply take the constant word x = a*, and for
k =2, by Theorem 1.1, it suffices to take x to be any aperiodic word of linear
complexity. Thus we may assume that £ > 3. We construct a word = on the
alphabet {0,1,...,k — 2} as follows: We enumerate

{191272 . (k= 2752 |y + o + -+ + jr_o > 1} = {t1,to,t3,...}

where the ¢; are listed in the increasing radix order on {1,...,k — 2}, that
is, u < v if and only if either |u| < |v|, or |u| = |v| and u is less than v lexico-
graphically. So the sequence t1,ts, ... looks like 1,2,...,k—2,11,12,...,1(k—
2),22,...,(k=3)(k—2),(k—2)(k—2),111,112,... Then z € {0,1, ...,k — 2}
is defined by
Tr = totltotgtotltotg ey

where ¢y = 0. In other words z is obtained as the limit of a sequence (w,)
defined by wg = tg, Wpt1 = Wptpriwy, for all n > 0. We claim that the
complexity of x is Q(n*~1). Indeed, let us restrict ourselves to factors of x
of length n which contain exists 0t,0, where the length of ¢, is at least n/2.
Such a factor of x exists for each t, = 191292 ... (k — 2)75-2 (that is, for each
J1y- - Jk—2 under the condition n/2 < j; 4+ -+ + jr—2 = [t4| <n —2), and for
each starting point of that occurrence of ¢;, which is any number between 1 and
n — |tq] — 1. The condition |t,| > n/2 ensures that they are all distinct. So, we
have k — 1 degrees of freedom, and thus the complexity of z is Q(n*~1). On the
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other hand, take a factor w of  and find in it a word t,, where ¢ is maximal.
Here incomplete intersections count: we just fix an occurrence of w to xz, see
what words ¢, it intersects and choose the greatest ¢. If ¢, is completely in w,
it is followed in it by a prefix of x. The set of prefixes of x will be denoted by
Sk—1. Symmetrically, just before t, in w, there is a suffix of some word w,
(and wy,, are suffixes one of another).The set of these suffixes is denoted by Sp.
As for t, itself, it belongs to the concatenation of 1* = S1, 2* = Sy, etc.; so,

(2) w € 89St -+ Sp_25k_1,

where the complexity of each S; is 1.

If t, is not completely contained in w, three situations are possible. Ei-
ther w = t's, where ¢’ is a suffix of ¢;; then ¢/ € i*(i + 1)*--- (k — 2)* for
some i € {1,...,k — 2}, s is a prefix of z, and thus w € S;---Sg_2Sk_1 C
S0S1 -+ Sk—2Sk—1. Or, symmetrically, w = pt”, where t" is a prefix of tg;
then ¢ € 1*2*...¢* for some ¢ € {1,...,k — 2}, p is a suffix of some w,,
and thus w € S5¢S1---5; C SoS1---Sk_25r_1. Or, at last, w is a factor of
tq, and then w € i*(i + 1)*---j* for some 4,5 € {1,...,k — 2}, i < j, and
thus w € S;S;41---5; C SoS1---Sp—2Sk—1. In all the cases, (2) holds. It
follows that do(z) < k; by Proposition 3.9, do(z) < k would imply complexity
O(n*=2), so do(x) = k. O

While the definition of x in the previous proposition is on an alphabet size
which varies with k, by applying to 2 the morphism f : i — 1*T10* ="~ we
obtain an infinite binary word satisfying the same required properties.

4. Cost and dimension of words of less than quadratic complexity

We begin by recalling a few definitions and results obtained by the authors
in [3]. Let z € ANUAZ.

DEFINITION 4.1. — Let D be a positive integer. A subset M C A* is called a
D-marker set for z if for each n > 1 and each factor u of z of length |u| > Dn
we have Fac(u) N M N A™ # (. The elements of M are called D-markers.

For example, it is shown in [3] that if = is aperiodic and C is a positive
integer such that p,(n) < Cn for all n > 1, then the set R, of right special
factors of z is a (C + 1)-marker set for . In what follows we will need the
following proposition also proved in [3]:

PROPOSITION 4.2. — For each aperiodic word x € AN U AZ there ezists a
3-marker set M for x with
P (4n
pu(n) < z(n )

for each n > 1.
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The following result was proved in [3]. Note that here it is more convenient to
consider two different languages S and T instead of their union.

THEOREM 4.3. — Assume either y € A%, or y € AN and is recurrent. Let D
be a positive integer and assume that M is a D-marker set for y. Then there
exist languages S, T C A* such that Fac(y) C ST and for each n > 2D we have

(3) ps(n),pr(n) < S par(2) <1+4py(3n))

2k
kel,NN

where I, = (logy (55 ),logy(2n)].

As a first consequence of Theorem 4.3, combined with an earlier result of
the first author in [2] which gives a uniform bound on the number of right
special factors of each length n of an infinite word of linear complexity, we
obtain the following reformulation of Theorem 1.1 characterising words of linear
complexity:

THEOREM 4.4. — Let x € AN. Then do(z) = 2 if and only if p.(n) = O(n).
In particular, each x € W(1) has cost equal to 0.

Proof. — First if do(z) = 2 then Fac(xz) C S? for some S C A* of bounded
complexity. Applying Theorem 1.1 together with the fact that x is aperiodic
(a consequence of the Morse and Hedlund theorem) we obtain that p,(n) =
O(n) as required. Conversely suppose z € AN and p,(n) = ©(n). Then by
Theorem 1.1 in [3] we have that Fac(z) C S? for some S C A* of bounded
complexity. Thus do(z) < 2. But since z is aperiodic, Lemma 3.3 implies
do(z) > 2. Hence dy(z) = 2 as required. O

We now derive yet another corollary of Theorem 4.3 which yields a non-
trivial bound on the cost for words of complexity o(n?) :

COROLLARY 4.5. — Assume either x € A” and is aperiodic, or x € AN and
is both recurrent and aperiodic. Then there exist languages S, T C A* with
Fac(x) C ST and

< 12pw(8n) + 192pw(8n)p$(3n)

ps(n),pr(n) < — 5

for each n > 6.

Proof — Fix o € AN U AZ. Since z is aperiodic, by Proposition 4.2, there
exists a 3-marker set M with ppr(n) < w. By Theorem 4.3 there exist
languages S, T C A* verifying (3) for n > 6 where I,, = (log, (%) ,logy(2n)].
Thus for each n, there are at most four possible values for k (say ko < k1 <
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ks < ks) and each verifies 2F > 2'% or equivalently 5t < 27'S. For each
i=0,...,3 we bound the term pys(2¥) by

(4 2’“) p(8n)
pM(Qk ) S ki < ok :

Thus from (3) we have

st 3 e (14 200)

kel,NN
3
v 4p,(3n)
ki
< ZPM(Q ) (1 + o >
Da( 8n 4p,(8n)p.(3n)
< Z Z

22]%

1=0
3

1
<pa(8n) ) 5 o, 4P (8n)pa(
=0 :0

w

3 3
6p2 (8 1 144968 +(3n) 1
p(n)zi+ Pz ( np nz

IN

i=0 2 i=0 2%

_ 15 6p.(8n) 85 144pz(8”)pz(3n)

8 n 64 n2

< 12p,(8n) + 192px(8712)pa:(3n). 0

n n
As an immediate consequence we have:

COROLLARY 4.6. — Let o > 1. Then for each x € W(a) we have c(x) <
min{co, 2a — 2}.
Proof. — The result is clear in the case where z is ultimately periodic since

c(x) = 0. Thus we may assume z is aperiodic. Clearly since p,(n) = O(n®),
it follows that c¢(x) < a. If x is recurrent, then by Corollary 4.5 with p,(n) =
O(n®), there exist languages S, T such that Fac(z) C ST and pg(n),pr(n) =
O(n?*=2). Thus c(r) < 2a — 2. If z is not recurrent, then we may replace
x with an aperiodic bi-infinite word y = ---000x, where 0 is a new letter, so
that py(n) = pz(n) + n. Since a > 1, it follows that p,(n) = O(n®) and so we
may apply Corollary 4.5 to y to deduce the existence of languages S, T with
Fac(z) C Fac(y) € ST and with pg(n),pr(n) = O(n?**=2). Whence again
c(z) <2a—2. O

As another consequence of Corollary 4.5, we can calculate cost and complex-
ity of most pure morphic words (see [1]).

TOME 147 — 2019 — N°© 4



COST AND DIMENSION OF WORDS 651

COROLLARY 4.7. — Let x € AN be a pure morphic word. Then if p,(n) is not
in ©(n?), we have d,(z) < 2 for each o > 0 and hence c(x) = 0.

Proof. — By a celebrated result of Pansiot in [8], see also [5], if x is a pure
morphic word, then p,(n) = O(c,) where ¢, € {1,n,nloglogn,nlogn,n?}.
Applying Corollary 4.5 to each choice of ¢, except ¢, = n?, gives Fac(z) C ST
where pg(n), pr(n) = O(n®) for each o > 0. Whence d,(z) < 2 for each a > 0
and hence ¢(z) = 0. O

We conjecture that c(x) = 0 even for fixed points of complexity ©(n?). In
the next section we give an example of such a word of cost dimension dy between
4 and 6. In particular, this example means that Theorem 4.4 does not directly
extend to infinite words of quadratic complexity and do(z) = 3.

5. An example of quadratic complexity

Consider the word u = jzolo ab’® = ababbabbb - - - . Its factor complexity is
quadratic, which can be easily proved directly and which was also shown by
Pansiot in [8] (see Theorem 4.1 and Example 1 therein) using the fact that w is
obtained by erasing the prefix ca from the fixed point beginning with ¢ of the
(non-primitive) morphism a — ab,b — b, c — ca. This section is devoted to a
study of 0-dimension of u and to the proof of the following

THEOREM 5.1. — Let u = j_:of ab® = ababbabbb - --. Then 4 < dg(u) < 6.
Proof. — To show that do(u) > 3, we actually prove something stronger:
LEMMA 5.2. — dj(u) > 3.

Proof. — Suppose to the contrary that dj(u) < 3. Then there exist languages
X,Y,Z C {a,b}* with p%(n),py(n),p5(n) = O(n) and such that Fac(u) C
XY Z. Thus each factor v of v admits a factorization v = z(v)y(v)z(v) with
z(v) € X, y(v) €Y and z(v) € Z.

For each k,l > 1 set wy,; = ablab'! .- ab!™*~1a. Then each wy, is a factor

of u of length
k+1
(4) |wk7l =k <l + ) + 1.

2
CLAIM 5.2.1. — Let

E(n) ={(k,) | |lwgs| + 20+ k <n, k>3,1>+/n}.
Then Card(E(n)) = ©(nlogn).
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Proof of Claim 5.2.1. — Using (4), we see that the condition |wy ;|+2i+k < n
is equivalent to
p< k+1
~k+2 2

Thus,

n E+1
Card(E anrd<{leN|f<z_k+2 : })

All but finitely many terms of this sum are null. In particular, they are null
for k > y/n: in this case,

n k+1<i_\/ﬁ+1

k+2 2 —n

A term of the sum is bounded from above by 75 and from below by 5 —

< +/n.

% —y/n — 1 (this expression can be negative, so the k’th term is not always
equal to it). So,
Lvn]
Card(E Z k i O (nlogn) and

L\FJ n k‘—i—l
Card(E(n)) > ,;3 <k+2 - f—l) O (nlogn). O

We say that a factor v of u is of type (k,1) if v = blwy ;b7 for some 4,5 > 0.
Clearly, each factor v of u is either of type (k,l) or contains at most one
occurrence of the symbol a.

CLAIM 5.2.2. — Let F(n) denote the subset of E(n) of pairs (k,l) for which
there exists a factor v of u of type (k,l) with |v| < n whose decomposition
v =z(v)y(v)z(v) satisfies |z(v)|q, <1 and |z(v)|a < 1. Set H(n) = E(n)\F(n).
Then Card(H(n)) = O(nlogn).

Proof of Claim 5.2.2. — Consider the mapping ¢, : F(n) — Y defined as
follows: For each (k,l) € F(n), there exists a factor v of u of type (k,) with
[v] <, |z(v)]e <1 and |2(v)]|, < 1. Choose one such factor. Set ¢, ((k,1)) =
y(v) € Y. Since |v|, = |wiile = k+1 > 4, we have that |y(v)|, > k—1>2. It
follows therefore that y(v) is either of type (k,1), or of type (kK — 1,1+ 1), or of
type (k—1,1), or of type (k — 2,1+ 1). This implies that for each y € Y in the
image of ¢,,, there are at most four pairs (k,!) € F(n) which map to y. But by
assumption the total number of words in Y of length at most n is p}- (n) = O(n).
Thus Card(F(n)) < 4p} (n) = O(n). On the other hand, by Claim 5.2.1, we
have Card(E(n)) = ©(nlogn). Thus Card(H(n)) = ©(nlogn). O
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The next claim gives the asymptotic growth of the number of such factors
v of u of type (k,1) € H(n).

CLAIM 5.2.3. — Let s(n) denote the number of distinct factors v of u whose
type belongs to H(n). Then s(n) = Q(n?logn).

Proof of Claim 5.2.3. — 1In view of Claim 5.2.2, it suffices to show that for
each type (k,l) € H(n) there are at least n factors v of u of length |v| < n and
of type (k,1). So fix a type (k,l) € H(n). Then v is of type (k,l) if and only if
v = biwk,lbj = blablab' T - abt*lab where 0 <i<l—1and 0<j <Il+k.
Thus there are at least [ choices for each of ¢ and j. But since [ > y/n, we have
at least n choices for such v. ]

Let v be a factor of v whose type belongs to H(n). Note that |v| < |wg | +
21+ k — 1 < n. Then by definition of H(n), writing v = z(v)y(v)z(v) we
have either |z(v)|, > 2 or |2(v)|s > 2. In the case of |z(v)|, > 2, then v is
uniquely determined by its length and 2(v). Thus the number of such words is
bounded above by np% (n) = O(n?). Similarly, if |z(v)|, > 2, then v is uniquely
determined by its length and z(v), and hence the number of such words is also
bounded above by np}(n) = O(n?). Thus s(n) = O(n?) is in contradiction
with Claim 5.2.3. This completes our proof of Lemma 5.2. O

Having established that dj(u) > 3 it follows from Proposition 3.6 that
dop(u) > 3 as required.
We next show that do(u) < 6.

PROPOSITION 5.3. — Let u = :;of ab’. Then there exist languages Sy, Sa, S3
and Sy with S1, Sy € L(0) and S3,S3 € L*(1) such that Fac(u) C S1.525554.

Combined with Lemma 3.7 and Lemma 5.2, Proposition 5.3 yields:
COROLLARY 5.4. — djf(u) =4 and do(u) < 6.

Proof of Proposition 5.3. — Given a positive integer n, let vo(n) denote the
2-adic valuation of n defined as the largest exponent r such that 2" divides n.
Given positive integers k < [, there exists a unique j such that £ < j <1 and
va(j) > va(i) for each i =k, ..., 1L

Every factor v of u containing at least two occurrences of the letter a is neces-
sarily of the form b'ab*ab*tla - - blab!’ = biwl,kﬂ,kbi/ for some k € {1,...,1},
i€{0,....,k—1}and i € {0,...,l+1}. Given such a v we factor it as follows:

b abFab e abitabia---abla b = b Wik k bjwl_j7j+1 b’
~ R —_——

where j is the unique number between k and [ of maximal 2-adic valuation. Here
by convention wg , = a for all k. Writing j = 2"(2m + 1), where r = v5(j) > 0
and m >0, we have k > j — 2" = 2" m and [ < j + 2" = 2" (m + 1). Thus

Fac(u) g Sl 525354,
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where S = Sy = {V"|n > 0}, So = {¢,a} U Urzo UmZO S9.r.m, and Sz =
{8} U UTZO UmZO S3,7’,m7 Wlth

Saran = {abra---ab® P e |27 < k< 27 (2m 4 1) - 1},

S = {0 Bt Da.abla|27(2m + 1) <1 < 27 (m + 1)}

Note that adding € to both S5 and S5 allows us to also decompose factors of
u containing fewer than two occurrences of the letter a. So for instance, biab®
factors as blab’ = b'-a-c- b and b as b' = b' - e-¢-e. Also note that
abfa---ab’~la € Sy if and only if v5(j) = max{ry(i) |k < i < j}, and similarly
ba---abla € Sz if and only if vo(j) = max{va(i) |j <i <}

Clearly pg, (n) = pg,(n) = 1 for each n > 0, whence S1,Ss € £(0). Thus
it remains to show that S, and Ss are each in £*(1), i.e., each has linear
accumulative complexity.

CramM 5.4.1. — Let s be a positive integer. Then for each fized r > 0 and
m >0,

25 41
Card({v € S,p.m [[v] <2° +1}) < min {Qr’ 2*7:r;+1 } ’

s
Card({v € S3r.m | |v] <2° +1}) < min {2”, 2T(212ni_11)—|—1} .

Proof of Claim 5.4.1. — From the definition of S5, ,, we see that if v =
abfa---ab? CmTY=1g € S, . ., then k ranges between 2" *1m +1 and 2" (2m +
1) — 1. Thus the number of such v is bounded above by 2"(2m + 1) — 1 —
(2" m +1)+1=2" -1 < 2". Similarly, if v = p2 @Mt gbla € S3.rms
then [ ranges between 27 (2m + 1) and 2"+ (m+1) — 1, thus the number of such
v is bounded above by 2" t!(m +1) =1 —-2"(2m + 1) +1 = 2".

The second estimate in each case takes into account the restriction on |v].
Observe that Sa .., and S3,., each contain at most one element of a given
length. Therefore the elements in each set may be replaced with their lengths.
In the case of Sy, .,, we are estimating the cardinality of a set of natural
numbers whose biggest element is at most 2° + 1 and where the difference
between two elements, or between 0 and the smallest element (if any), is at
least 2" 1m + 1 (corresponding to the smallest allowable value of k). Thus the
cardinality of the set is bounded above by 23:7?;;1 A similar argument yields
the second estimate in the case of S3 ;. . O

CLAIM 5.4.2. — Let s be a positive integer. Then p§, (2°+1) <242%(3+ V2).

Proof of Claim 5.4.2. — Let s be a positive integer. Let v € Sy with |v| <
2% + 1. Then either v = ¢ or v = a, or v = abPa---ab®> ®™*tD~1g in which
case in particular 2"(2m + 1) +1 < 2 + 1. This implies that 0 < r < s and
m < 25771 Thus either 0 <r < sand m <25 "' or s=r and m=0. In
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the latter case, v = ab®> ~'a and hence this case contributes just one element
to pg,(2° +1). Thus, adding v = ¢ and v = a, we obtain the estimate

s—1 2871

Pe2°+1) <3+ Y Card({v € Sppm ||| <2° +1})

r=0 m=0
and applying Claim 5.4.1 yields

s—1 28771 92 11
S T
(5) 52°+1)<3+> Y mln{Q 2T+1m+1}
r=0 m=0
We extract for each value of r the term corresponding to m = 0. Since

min{2",2°+1} = 2", the contribution to p§, (2°+1) of all pairs (r, 0) is bounded
by 3257027 = 2° — 1. Hence

s—1 25771

o2
( +1)<2+42° +Z Z mln{Z 2”+1m—|—1}

r=0 m=1

Since m < 25771 we have 2"t!m < 2% and hence Wﬁl';lﬂ < 27“2“m' More-

over, since for all positive x,y we have min(z,y) < ,/zy, we obtain

s—1 2577‘71 B
p§2(25+1)§2+25+2 Z min{2r,2r+21m}
r=0 m=1
s—1 257771
<2424 > 27
r=0 m=1
s—1 28-7—1
<2420 427 Yy

r=0 m=1

- 3\

Since
i 1 27 g 41
< / = =/l =277
' Vvm 0 VT
we obtain
s—1
p5,(2°+1) <242° (1 +) 2—r/2>
r=0
“+00 1 r
<2421+ — =2+2°(3+2),
soer 1+ 5 () ) mrerees
as required. O

CLAIM 5.4.3. — For each positive integer n we have p§, (n) < n(6 +2v/2).
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Proof of Claim 5.4.3. — For n = 1, the bound is obvious. Fix a positive
integer n > 2 and pick s > 1 such that 257! < n < 2%, so that 2° < 2n — 2.
Using Claim 5.4.2 together with the fact that pg, is a non-decreasing function,
we obtain

P5,(n) <p5,(2° +1) <2+ 2°3+v2) <2+ (20— 2)3 + v2) < n(6+2V?2)

as required. 0

It remains to find a linear bound for pg,_(n).

Cram 5.4.4. — Let n be a positive integer. Then p§, (n) < n(6 + 21/2).

Proof of Claim 5.4.4. — The proof for S3 is analogous to that for S in
Claims 5.4.2 and 5.4.3. Fix a positive integer s. Let v € S5 with |v] < 2% 4 1.
Then either v = £ or v = b? ®™+ g ... gbla in which case 2" (2m+1)+1 < 2541.
As before this implies either 0 < r < s and m < 2°7""! or s = r and m = 0.
In the latter case, v = b%> a and hence this case contributes just one element to
Ps,(2° 4+ 1). Thus, combined with v = €, we obtain the estimate

s—1 25771

P52+ 1) <2+ > Card({v € Sspm|lv] <2°+1})

r=0 m=0
Applying Claim 5.4.1 gives

s—1 25771

254+ 1
(2°+1)<2 inq2", ——— 4.
(6) Ps, (2" +1) <2+ mm{ ’2’“(2m+1)+1}
r= m=0

The claim now follows by observing that the right hand side of (6) is less than
the right hand side of (5). O

Claims 5.4.3 and 5.4.4 complete the proof of Proposition 5.3. O

This concludes the proof of Theorem 5.1. |

6. Positive cost for greater than quadratic complexity

At the moment, we do not know if the cost of a word of quadratic complexity
can be greater than 0. However, the next theorem states that for any growth
of complexity function which is faster than Cn?, this is possible.

THEOREM 6.1. — Let f(n) be any non-decreasing integer function satisfying
f(1) =1, f(n) < n and lim,_, 4 f(n) = +00. Then there exists an infinite
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word x € {a,b} of complexity O(n%f(n)) such that if Fac(z) C S* for some
S C{a,b}* and 1 <k < 400, then
{z—ggiﬂ
psm)=| > f)
=1

Proof. — Define = € {a,b}" as follows:
+oo f(p)
x=b H H(apbq)p
p=1qg=1

Fix k > 1, and suppose Fac(x) C S* for some language S C {a,b}*.

CLAIM 6.1.1. — For every triple of positive integers n, p, q verifying (p+q)(2k—
1) <n—2,p>2k—1, and ¢ < f(p), the set S contains a factor s, of
b(aPb?)?*~1a of length |s,4| < n containing baPbla as a factor. Moreover,
Sp,q 7 Sp,q¢ whenever (p,q) # (p'. ¢).

Proof of Claim 6.1.1. — Since p > 2k—1and q¢ < f(p), the word b(a?b?)?¢~1q
is a factor of . Moreover since (p + q)(2k — 1) < n — 2, we have that
|b(aPb?)?*~1a| < n. As Fac(z) C S¥, there exists a factorization b(a?b?)*~1q =
uiUs - - - ug with u; € S. Of 2k occurrences of ba, at most k—1 lie across bound-
aries of u;. There remains k£ + 1 occurrences of ba, and so two of them lie in
the same u;. This means that u; contains ba”b%a as a factor and we can take
Spq = uj. As baPbla is not a factor of b(a? b7 )2*~1a when (p,q) # (p',q'), it
follows that s, 4 7# Spr g |

Let
Pn)={p.a(p+9(2k-1)<n-2,p>2k-1,¢< f(p)}
By Claim 6.1.1, there exists an injection
P(n) = {veS| <n}

given by (p,q) — $pq. We now estimate, for each n sufficiently large, the
cardinality of the set P(n). Since f(p) < p for all p, for any ¢ < f ( ) we have
p+q < p+f(p) < 2p. In other words, any p between 2k —1 and m satisfies
the conditions (p + ¢)(2k — 1) < n —2 and p > 2k — 1. Since for each such p
there are f(p) possible values for the second coordinate ¢, for all n sufficiently
large we have

Eosel

p5(n) = Card(P(n)) > > f(p)

p=2k—1
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Whence

| 2652 |
s =2 3 1)
p=1

It remains to show that the factor complexity of z is O(n?f(n)). For this
purpose we partition the factors of = into four groups and estimate the number
of factors of length n in each group. Each factor v of x belongs to one or more
of the following groups:

group 1: factors of a block of the form (aPb?)’ for some p, ¢ and j.
group 2: factors of a block of the form (a”b?)ks (aPp9+1)k2,

group 3: factors of a block of the form (a?bf®))k1 (gPt1p)k2,

group 4: factors containing some complete block (aPb?)? as a factor.

We note that some of these groups overlap, which is not a problem since we
seek only an upper bound on the factor complexity. We estimate the number
of words of length n in each group.

In group 1, we have O(n) words of the form a’b"~¢ or b'a™~*, plus O(n?)
words of the form a‘b?a™~9~% (uniquely determined by i > 1,¢ < n) or
b'aPb™~P~% (uniquely determined by i > 1, p < n), plus words containing factors
of the form ba?b%a or ab?aPb. Words of this last form are uniquely determined
by p < n, ¢ < f(p) and the position of the first occurrence of a?, which takes
values between 0 and p+ ¢ — 1 < n. Thus, the number of such words (and thus
of all the words in group 1) is O(n?f(n)).

Words in group 2 which do not belong to group 1 contain factors of the form
ab?aPb?*t. Such a word is uniquely determined by p < n, ¢ < f(p) — 1 and
the position of the first occurrence of b9*!, which takes values between 0 and
n —q— 1 < n. Hence the number of such words is also O(n?f(n)).

An analogous counting argument applies to group 3. Words in group 3 which
have not yet been accounted for are uniquely determined by p < n and the first
position of ™1, whence their number is O(n?).

Finally, for each word v in group 4, we consider the first complete block
u = (aPb?)P contained in v. Then v is uniquely determined by p, ¢ and the
position of u in v, hence the number of such words is again O(n?f(n)).

Thus, the complexity p,(n) = O(n?f(n)) as required. This completes the
proof of Theorem 6.1. O

COROLLARY 6.2. — For each non-decreasing integer function f(n) verifying
fQ) =1, f(n) < n and lim,_,1 o f(n) = +o0, there exists an infinite word
x € {a,b}N of complexity O(n?f(n)) with dy(z) = di(x) = +oco.
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Proof. — Let z be as in Theorem 6.1. From this theorem, if Fac(z) C S* for
n—2

some language S, then pg(n) = Q Z f(p) |. Given any positive M, we

can find pg such that f(pg) > M; then, since f(n) is non-decreasing,
kol Eosel ) o
mn—
> >M| —— — > — d
>z Y =M (g m) > g
p=1 P=po
for an appropriate constant d not depending on n. So, p%(n) grows faster

than linearly. This means exactly that dj(x) = 4o00; and dy(z) = +o00 due to
Proposition 3.6. O

COROLLARY 6.3. — For each o € (0,1), there exists an infinite word x €
{a, b} of complezity O(n*+*) such that c(z) > a.

Proof. — Fix a € (0,1). Then applying Theorem 6.1 to f(n) = |[n*|, we
have that there exists a word x € {a,b}" of complexity O(n?T%) such that if
Fac(z) C S* for some S C {a,b}* and a finite k > 1, then

ps(n) = Qn").
Thus ¢*(x) > a+ 1, and hence ¢(z) > a by Corollary 3.8. O

7. Open questions

Some immediate questions that we cannot answer concern properties of
words of quadratic complexity. We have shown in Section 5 that Theorem
1.1 cannot be directly generalized to words of quadratic complexity and con-
catenation of three languages. But is it true that each word of complexity
O(n?) has zero cost? Is it true at least for morphic words, like the example
from Section 57 If it is, then what is an upper bound for the 0-dimension of
such a word? These questions could be worthy of a separate study.
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