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FIGURE 6.11. The additive Hei-Chi Chan map, and 20,000
points of an orbit of its natural extension.

continued fractions. In [8], we used natural extensions (informed by the tech-
nique of this paper) to compare these two families of continued fractions. Note
that Smillie-Ulcigrai [40] introduced another continued fraction for the study of
the geodesics of the translation surface arising from identifying opposite sides
of the regular octagon.

6.5. Hei-Chi Chan map. — One can show that any irrational number in [0, 1]
can be written in a unique way:

2@
r=——
202
1
+1_|_...

Using this particular continued fraction, Hei-Chi Chan, in [16], defines a
generalized Gauss map with an invariant density of the form m This
map admits an additive variant, for which the computations are particularly
simple; we define S, on [0,1] by Sy(2) =2z if 0 <z < 3, and Sy(z) =+ — 1
if % < x < 1. The heuristic leads us to conjecture a natural extension of the

form S,(x,y) = (2z,y/2) if 0 < x < 1, and So(z,y) = (1/z — 1,2 — 22y) if
% < x < 1, and an experiment (see Figure 6.11) shows that the compact set
{(z, )]0 <z <1,0<y < H_%} is invariant by S,.

By a nice coincidence, this additive map has the same invariant domain and
the same invariant density as the Gauss map. Note that this map has a fixed
point, but it is not indifferent, which explains why this additive map has a
finite invariant measure.

The map actually studied by Hei-Chi Chan is an acceleration of S,; de-
fine, for x € (0,1), n(z) = sup{k € N|2¥z < 1}; the multiplicative Hei-Chi
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FIGURE 6.12. The multiplicative Hei-Chi Chan map, and
20,000 points of an orbit of its natural extension.

Chan map is given by S,,(x) = Qn(z — 1. This map has infinitely many de-
creasing branches, which accumulate exponentially fast to the vertical axis, see
Figure 6.11.

Numerical experiment shows that the invariant set is given by the equation

5 +z <y< i + , giving the invariant density m found by Hei-Chi Chan

in his paper. The domain of the map S, is in fact the image of the Markov
box % < z < 1, which is natural: it consists of stopping when we have done a
series of multiplication by 2 and an inversion, that is, each time we pass the
rightmost Markov box.

REMARK 6.2. — These maps are linked to a curious binary GCD algorithm on
integers, defined as follows. Consider two integers 0 < p < ¢. First divide them
by the largest power of 2 that divides both of them; hence we can suppose that
one of them is odd, and their GCD is odd. If 2p < ¢, and q is even, divide ¢
by 2. If 2p < ¢, and ¢ is odd, multiply p by 2. If 2p > ¢, substract p from ¢
and reorder; continue until p = 0.

This algorithm preserves the GCD; the value of ¢ is non increasing, and it
is ultimately decreasing if p > 0, hence the algorithm terminates with p = 0 in
finite time, the value of ¢ giving the GCD.

This algorithm is a variant of the very efficient binary GCD algorithm stud-
ied by Vallée [41]; the maps S, and S, might prove interesting for studying
the properties of this algorithm.

REMARK 6.3. — As opposed to the previous examples, this map does not
come from elements of SL(2,Z) or of a discrete group of SL(2,R); this does
not prevent the heuristics from working efficiently. However, the importance
of powers of 2 in the map, as well as the related binary GCD algorithm on the
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F1GURE 6.13. 100,000 points of an orbit of the natural ex-
tension of Hurwitz map (projected on the second coordinate),
colored in the right figure according to the previous partial
quotient.

integers, hints at the idea that there should be a 2-adic version of this map and
its natural extension.

6.6. Hurwitz complex continued fraction. — The Hurwitz continued fraction
is simply the extension to the complex plane of the nearest integer continued
fraction. More precisely, we consider the Gauss integers n + mi, with n,m
integers, and for any complex number z, following the notations of Nakada, we
denote by [z]2 the nearest Gaussian integer (we ignore the measure zero case
when there is more than one such integer). The Hurwitz map H is defined on
the unit square

{z cCl- % < 3(2),R(2) < 1}

2
wa--[]

¥4

by

(similar maps can be defined in an analogous way for other tilings of the com-
plex plane).

This map and its natural extension has been recently the object of study by
Ei, Ito, Nakada and Natsui, see [18]; the structure seems quite complicated.
One can use the arithmetical version of the natural extension

e = (- [, w1

or the conjugate form which preserves Lebesgue measure, and our theorem
applies, hence there is a compact invariant set K.
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FI1GURE 6.14. 2,000,000 points of an orbit of the conjectured
natural extension of the modified Poincaré algorithm (pro-
jected on the dual coordinates), colored according to the cod-
ing of the preimage. (Courtesy of Sébastien Labbé.)

It is easy to do numerical experiments, but difficult to interpret their result
because they are in four dimensions, and do not allow simple visualization. It
seems however that the invariant compact set has a nonempty interior, hence
gives a natural extension; but the characterization of the domain of the natural
extension is not simple, as it seems to have a fractal boundary. Figure 6.13
shows 100,000 points of an orbit, projected on the second coordinate; it seems
quite apparent that the density is not the same everywhere. This receives a first
explanation when we color the orbit according to the previous partial quotient:
the incomplete partial quotients of modulus at most /5 correspond to outer,
and less frequent, pieces of the natural extension.

It seems probable that the family of sets K, = {w € C|(z,w) € K} is locally
constant on a finite (17) number of subsets of the unit square. It would be
interesting, first to prove it, and then to understand if it still holds when the
lattice varies. It would of course be more interesting to determine explicitly
the sets K, their measure and their boundary.

6.7. Some examples in higher dimensions: Brun and Jacobi-Perron. — Our
technique also works in higher dimensions. Some examples can be found in [6]
and [4], where it was applied to recover the explicit formula for the invariant
density of several multidimensional algorithms as Brun and Selmer, and to
find this formula for other algorithms such as the reverse algorithm and the
Cassaigne algorithm.

Note however that in some cases it fails spectacularly, for example for the
classical Jacobi-Perron algorithm, or for the AR-Poincaré algorithm (see [11]);
Figure 6.14, which is due to Sébastien Labbé shows two million points of an
orbit. The picture, despite its undeniable aesthetic appeal, gives little clue as
to a possible model for the natural extension, and its invariant measure. In
particular, it can be seen that sets of points coming from the inner triangle (in
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red) and from the outer triangles (in black) seem to intersect on a large set,
which might explain the degeneracy in this case.

It also fails in the case of Rauzy induction of interval exchange maps; in
that case, direct application of the heuristic gives a fixed point contained in a
subspace H () of lower dimension, and one needs, as was first done by Veech
[42], to add new parameters to find the natural extension.

7. Further questions

This paper leaves many questions unanswered. The first, and most impor-
tant, would be to give sufficient conditions so that the compact invariant set
K given by the main theorem has positive measure. In particular, is there a
simple verifiable condition guaranteeing that K and ZN“(K ), in the notation of
Theorem 4.7, share the same positive measure? (One should expect a condition
reminiscent of the open set condition for IFS.) A first step should be to con-
sider the case when the matrices describing a piecewise homographic algorithm
generate a lattice in SL(2,R); this case is similar to the Bowen-Series interval
maps, and one might expect to find the natural extension as a return map of
the geodesic flow which factors over the given interval map.

More precisely, if the piecewise homographic map is expanding, it is clear
that cz + d is bounded, because (cx + d)? < k by hypotheses. But ¢ has no
reason to be bounded; can we prove that c¢(cx + d) is always bounded? This is
the case in all examples. It would also be interesting to find such a condition
for positive measure in higher dimensions, and when this is the case, to find a
classical object for which there is a flow corresponding to the suspension of the
natural extension of the given map.

As we have seen, one also has convergence, albeit to a non-compact set, in
some cases of weakly contracting maps, and the theorem should obviously be
extendable to those cases, which are of interest since most additive types of
continued fractions admit indifferent fixed points. Note also that these indif-
ferent fixed points have different effects in dimension one, where they lead to
unbounded invariant density and to infinite invariant measure, and in higher
dimensions, where the invariant density can have a pole while the total measure
remains finite.

Note that our basic example is related to matrices in SL(2,Z), hence orien-
tation preserving and unimodular. However, we have seen that the heuristic
extends quite well to other situations, either orientation reversing (a-type con-
tinued fraction) or non-unimodular (Hei-Chi Chan continued fraction). Is there
a more general setting which includes all these cases? In particular, can we ex-
tend this to a p-adic setting? Is it true that in the orientation preserving case,
the domain of the natural extension is connected?
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Finally, to use more efficiently this heuristic method, are there effective ways
to visualize and understand the domains we obtain in higher dimensions, maybe
by animated views of slices of the domain?

Appendix A. A letter from Gauss to Legendre on continued fractions,
translated from French

January 30, 1812
Sir,
I tell you one thousand thanks for the two memoirs you made me the honor to
send me, and that I received these past few days. The functions you discuss
there, as well as the questions of probabilities on which you prepare a large
work, have great appeal for me, although I myself have worked little on those
last. T remember nevertheless a curious problem, which I considered 12 years
ago, but that I could not then solve to my satisfaction. You might interest
yourself with it for a little time, in which case I am sure that you will find a
more complete solution. Here is the problem. Let M be an unknown quantity
between the limits 0 and 1, for which all values are, either equally probable, or
more or less following a given law. We suppose it converted in to a continued
fraction
1

1
a’ + etc

What is the probability that, stopping the expansion at a finite term a(™),
the following fraction

M =

a +

1

1

+ -

a(nt2) 4+ etc
be between the limits 0 and «? I denote it by P(n,z), and I have, supposing
for M all values equally probable,

P0,z) = x;

P(1,z) is a transcendental function depending on the function

a(n+1)

1—|-1+1-|- +1
2 3 x

which Euler calls unexplainable and on which I just gave several researches in
a memoir presented to our society of sciences which will soon be printed. But
for the cases where n is larger, the exact value of P(n,x) seems intractable.
However, I found by very simple reasoning that, for infinite n, one has

log(1+ =
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But the efforts I made during my researches to assign

 log(1+2)

P(n,z) log?

for a very large, but not infinite, value of n have been fruitless.
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