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SECONDARY CHARACTERISTIC CLASSES OF LIE ALGEBRA
EXTENSIONS

BY STEFAN WAGNER

ABSTRACT. — We introduce the notion of secondary characteristic classes of Lie al-
gebra extensions. As an application of our construction we obtain a new proof of
Lecomte’s generalization of the Chern-Weil homomorphism.

RESUME (Classes caractéristique secondaries d’extensions d’algébre de Lie). — Nous
introduisons une notion de classes caractéristiques secondaires d’extensions d’algebre
de Lie. Comme une application nous obtenons une nouvelle preuve de la généralisation
par Lecomte de 'homomorphisme de Chern-Weil.

1. Introduction

Characteristic classes are topological invariants of principal bundles and vec-
tor bundles associated with principal bundles. The theory of characteristic
classes was started in the 1930s by Stiefel and Whitney. Stiefel studied certain
homology classes of the tangent bundle T'M of a smooth manifold M, while
Whitney considered the case of an arbitrary sphere bundle and introduced the
concept of a characteristic cohomology class. In the next decade, Pontryagin
constructed important new characteristic classes by studying the homology of
real Grassman manifolds and Chern defined characteristic classes for complex
vector bundles. Nowadays, characteristic classes are an important tool for many
disciplines such as analysis, geometry and modern physics. For example, they
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444 S. WAGNER

provide a way to measure the non-triviality of a principal bundle respectively,
and the non-triviality of an associated vector bundle. The Chern-Weil homo-
morphism of a principal bundle is an algebra homomorphism from the algebra
of polynomials invariant under the adjoint action of a Lie group G on the cor-
responding Lie algebra g, into the even De Rham cohomology H3%(M,K) of
the base space M of a principal bundle P with structure group G. This map is
achieved by evaluating an invariant polynom f of degree k on the curvature €2
of a connection w on P and thus obtaining a closed form on the base.

In [4] Lecomte described a cohomological construction which generalizes the
classical Chern-Weil homomorphism. In fact, Lecomte’s construction associates
characteristic classes to every Lie algebra extension and the classical construc-
tion of Chern and Weil arises in this context from the Lie algebra extension
known as the Atiyah sequence of a principal bundle.

In the 1970s, another set of characteristic classes called the secondary char-
acteristic classes has been discovered. These classes are also global invariants of
principal bundles and are derived in a similar way as the primary characteristic
classes from the curvature of adequate connection 1-forms. Secondary charac-
teristic classes appear for example in the Lagrangian formulation of modern
quantum field theories and the most well-known might be the so-called Chern-
Simons classes (see e.g. [2, 1, 5] and references therein).

In this note we investigate secondary characteristic classes in the context of
Lie algebra extensions which also provides a new proof of Lecomte’s generaliza-
tion of the Chern-Weil homomorphism. Moreover, we would like to point out
that our construction may be used to associate characteristic classes to split Lie
algebra extensions, that is, to semidirect products of Lie algebras, because in
this situation the primary characteristic classes vanish. From this perspective
our results nicely complement the Lie algebraic theory of characteristic classes.
This paper is organized as follows.

After this introduction and some preliminaries, we pave the way in Section 3
for our main results and we give a short overview over Lecomte’s generaliza-
tion of the Chern-Weil homomorphism. Section 4 is finally devoted to our
main purpose of investigating secondary characteristic classes of Lie algebra
extensions. To be more precise, we first introduce the so-called Bott-Lecomte
homomorphism and show that this map, in fact, gives rise to classes in Lie
algebra cohomology (Theorem 4.1). As an application of our construction we
obtain a new proof of Lecomte’s generalization of the Chern-Weil homomor-
phism (Corollary 4.2 and Corollary 4.3). Finally, we introduce a notion of
secondary characteristic classes of Lie algebra extensions and conclude with
discussing characteristic classes of the oscillator algebra.
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2. Preliminaries and notations

In this section we provide the most important definitions and notations of
Lie algebra cohomology which are repeatedly used in this article. For a detailed
background on Lie algebra cohomology we refer, for example, to [3, 1, 6].

Alternating and symmetric maps. — Let V. W be vector spaces and p € Nj.
We call a p-linear map f : WP — V alternating if f(woy,. .., Wop)) =
sgn(o) - f(wi,...,wp) for all wy,...,w, € W and all permutations o € S,.

Furthermore, we write Alt? (W, V') for the space of alternating p-linear maps
WP — V. Given a p-linear map f : WP — V| it is easily checked that

Alt(f) = Y sgn(o) - f7 € AP(W, V),

o€S)

where f7(wy,...,wp) = f(We1),.--Wo(p)). The symmetric p-linear maps
WP — V are defined accordingly and denoted by Sym? (W, V). We will some-
times consider an element f € Sym”(W,V) as a linear map on the sym-
metric tensor product SP(W), that is, as a map f : SP(W) — V such that

flun ®s -+ @ wp) = f(wr,...,wp) for all wy,...,w, € W.

The wedge product. — Suppose that g and V;, i = 1,2, 3, are vector spaces and
that m : Vi x Vo — V3, (v1,v2) + v1 -y, v is a bilinear map. For « € AltP(g, ;)
and 3 € Alt?(g,V5) we define the wedge product a A,, B € AltPT9(g,V3) by
putting

1
alpy Bi= o Alt(a -, B),

where (@ 8)(Z1,. .. Tptq) = (1, .., Tp) 'm B(Tpt1;-- -, Tptq). The wedge
products Ag, induced by the canonical multiplications S?(g)x S%(g) — SP*4(g),
(z,y) — x ®; y will be of particular interest to us.

The Chevalley-Eilenberg complex. — Let g be a Lie algebra and V' a g-module.
For p € Ny we denote the space of alternating p-linear mappings g — V by
CP(g,V) := Alt?(g, V) and call its elements p-cochains. We use the convention
C°(g,V) = V and observe that C'(g,V) = Lin(g, V) is the space of linear
maps g — V. We also consider

C*(g,V):= @ CP(g,V).
p=0
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On each C?(g, V) we define the Chevalley-Eilenberg differential = dg by

dgo(zo, .. yxp) = Y (=1 zj.a(m0,...,Tjy.. ., 7p)

M=

J

0
+ ( 1)’L+] ([IZ‘,I]‘],I(),...7/l’\i7...,/$\j,...,$p),
1<j

/\

where Z; means that x; is omitted. Observe that the right hand side defines for
each o € CP(g,V) an element of CPT1(g, V) because it is alternating. Putting
all differentials together, we obtain a linear map dg : C*(g,V) — C*(g,V).
The elements of the subspace ZP(g, V) := ker(dglcp(gﬁv)) are called p-cocycles,
and the elements of the spaces

BP(g,V) :=dg(C?'(g,V)) and B%g,V):= {0}

are called p-coboundaries. It is easily checked that dg = 0 which implies that
BP(g,V) C ZP(g,V), so that it makes sense to define the p‘"-cohomology space
of g with values in the g-module V, that is, H?(g,V) := Z?(g,V)/B?(g,V).

Covariant derivatives and curvature. — Let g be a Lie algebra and V a vector
space, considered as a trivial g-module. Given a linear map S : g — End(V') and
p € Ng, we write dg : CP(g,V) — CP*1(g,V) for the corresponding covariant
derivative defined by

p
dsa(xo, ... xp) =Y (=1)78(x;).(x0, .., Bj, ..., )
7=0
+Z hLJ I“Ij],l‘o,...,fc\i,...7/1\‘3‘,...,Ip).
1<J

The formula shows that if S is a Lie algebra homomorphism, then dg is the
Lie algebra differential corresponding to the g-module structure on V given
by S. Moreover, given a bilinear map m : V x V — V and a linear map
S : g — der(V,m), we have for a« € CP(g,V) and g € C%(g, V) the relation

(1) ds(aAm B) = dsa A B+ (1) A\ dsB-

If, finally, V is also a Lie algebra and o € C*(g, V), we denote by R, € C?(g,V)
the corresponding curvature which is defined by Ry (x,y) = [o(z),0(y)] —
o([z,y]). Tt follows from [6, Prop. 1.8] that R, satisfies the abstract Bianchi
identity dg R, = 0, where S := ad oo. That is,

> lo(2), Ro(y,2)] = Ro([2,9],2) =0 Va,y,2 €.

cyc.
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3. Lecomte’s generalization of the Chern-Weil map

In this short section we pave the way for our main result and we give a
short overview over Lecomte’s generalization of the Chern-Weil homomorphism.
Indeed, let

0—n—g-Sg—0

be a Lie algebra extension and V a g-module which we also consider as a
g-module with respect to the action z.v := ¢(z).w for x € g and v € V.
Furthermore, let o : g — @ be a linear section of ¢ and R, € C?(g,n) the
corresponding curvature. Given p € Ny and f € Sym?”(n, V), we put

fo = fo (Ro /\®s /\®s RU) € CQp(gaV)

(cf. Section 2). Moreover, we write Sym”(n,V)® for the set of g-invariant
symmetric p-linear maps, that is, the set

p
{feSymp(an)lf&f(yl,...,yp)—Zf(yl,m,S(w)yi,m,yp) weg},

i=1
where S : g — der(n) denotes the linear map defined by S(z) := ad(o(x)).

Lecomte’s generalization of the Chern-Weil map then reads as follows:

THEOREM 3.1. — (Lecomte [4, Thm. 2.3])

(a) For each p € Ny, there is a natural map
-~ 1
Cp : Symp(na V)g — HQp(ga V)a f — j[fa]v
p!

which is independent of the choice of the section o.

(b) Suppose, in addition, that my : V xV — V is an associative multiplica-
tion and that g acts on V' by derivations, i.e., my is g-invariant. Then
(C*(9,V), Amy ) is an associative algebra, inducing an algebra structure
on H*(g,V). Further, (Sym®(n,V), V., ) is an associative algebra, and
the maps (Cp)pen, combine to an algebra homomorphism

O : Sym®(n, V)? — H>(g,V).

4. Secondary characteristic classes of Lie algebra extensions

In this section we finally introduce a notion of secondary characteristic
classes of Lie algebra extensions. As a spin-off of our construction we obtain
another proof for Lecomte’s generalization of the Chern-Weil homomorphism.
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In the following we write D,, for the vertical projection of the standard
n-simplex

An::{(t07...,tn)€R"+1|ti20 for 1<i<n and Zti:l}
i=0

onto the space {x € R""!|x¢ = 0}. Then it is easily checked that the map

n
©:Dy =Ny, (0,1, t,) — (1—Zti,t1,...,tn>
i=1

is a parametrization of A,, and therefore we have

/ Fﬂki/(Fo@\M%wdpd@dM
Ay D,

—_———

i=cCn,

for every smooth function F' € C*(A,). We continue with a Lie algebra
extension

(2) 0—n—g-Sg—0

and a g-module V which we also consider as a g-module with respect to the
action x.v := g(z).v for z € gand v € V. Furthermore, let oy, ..., 0, € C*(g, )
be linear sections of ¢q. For each t € A,, we define a linear section o; € C!(g, g)
of ¢ by

o(x) := Zti coi(z) Vreg
i=0

and we write Ry := R,, € C?(g,n) for the corresponding curvature. Given

p € Ng and a symmetric p-linear map f € Sym®(n, V)%, we also define

where «; 1= 0; — 09 € C'(g,n) and where
foramRernie = o (1 Ag, -+ N, an Ao, Ri Na, -+~ Ao, Ri)
(cf. Section 2). In this way we obtain a map
A(og,y...,0n) : SymP(n, V)E — C?P7"(g, V), [ Ap(og,...,00)
which extends to the so-called Bott-Lecomte homomorphism
A(go, ..., 0n) : Sym®(n, V)8 = C*(g, V).

We point out that for n = 0 this map is actually an algebra homomorphism.
We are now ready to state and prove our main result which gives an important
relation between the cochains Ay.
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THEOREM 4.1. — For f € Sym”(n, V)E we have

n

(k=n+1)-d(As(00,....00) =D (=1)'As(00,..., 5, ..., 0n),

i=0
where o; means that o; is omitted.
Proof. — For the sake of legibility we divide the proof into several parts.
1. Fort € A,, and = € g let Si(z) := ad(o¢(z)). A short computation then
yields
p—n+1
0=t 1) dy(Bs (o) =P [y dO
n A,
p—n+1 =
= /A dg(fo(a1Ag, -+ Ne, on Na, Bi Ne, -+ Ng, Rt))dO
-n+1 z
= pci / folds (a1 Ag, - Na, an Ae, Ri Na, =+ Ng, Ri))dO.
n JANS

Since ds,o; = %Rt, the abstract Bianchi identity ds, R; = 0 and Equa-
tion (1) imply that

ds,(a1 Ng, - Ng, an N, Ri Ng, - Ng, Rt)

n

. d

= E (—1)Z lal /\@S e /\®S ERt /\®S e /\@S Qp, /\®S Rt /\®5 e /\® Rt.
i=1 g

s

We therefore conclude that

(p—n+1)-dg(Af(og,...,00)) = Z(*l)iil :

d
' /A Efa1»--~7;1\i»--~704n7Rt,-~~,Rt,dO'

2. Given 1 <i <mnandt=(tg,...,0,...,t,) € A% (the i-th face of A,,),
consider

(G)i= > tj-0;€CHg,B)
jE{O,...,/i\,...,n}
and the corresponding curvature (R;);. Furthermore, let

S; = Z tj.

JE{L,..iyn}

Then it is trivial to show that

Ryp—0 = (R¢)s and  Ryy,—1—s, = (Ri)o.
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Consequently, we obtain

1 d d
e ’ /An dTifal,.4.,21,.A.,an,Rt,A..,RtdO = /Dn ditifal,4..,:11,4..,o¢n,Rt,...,th)\"
1 -5 g4 R
:/0 /0 e v o Ry R Ot At d iy
1 - +t1 R
A A Forcn Ruvp o Sty d .t

1
CTL 1 A f 15 ,Oc“ aanv(Rt)Ov---a(Rt)UdO_Cn_l

\/Z falwu;giwuyan)(Rt)iv"')(Rt)idO

1

- Cr_1 Ai fOél’-u,Oéi’-u,Oén,(Rt)

(R )OdO Ap(00,... T4y On).

3. Summing up our results so far, we have established the following equa-
tion:

(p—n+1) 'd(Af(UOa ~ o 0m))

n
=2 (-1 1 / Taree@iin (R (R0 9O

=1
n
Z VAL (00y ey Tiyeee s Tn).

It therefore remains to show that

n
. 1
-1

Af(gl’ T ’0") = Z(_l)z ' /Az falw-wgiwuvo‘anto7~-aRt0 dO’

i=1 Cn—1
where
1
Af(o'h cee ;Un) = et . /An X ,f()éQ-()él,...,Oén—Oél,Rto,--47Rt0 do.
~AL
4. To verify the claim first recall that faz_ah,,_,an_athO7,__,Rt0 is equal to

follaz—a1) Ag, - Mg, (an — 1) Ag, Ry, Ag, -+ Ao, Ruy).

Moreover, note that a Ag, o = 0 holds for every o € C'(g,n) by the
symmetry of the wedge product Ag,. A short calculation then shows

(2 —a1) Ng, " Ng, (an —a1) Ag, Riy Ng, - Ne, R,

=Y (1)1 Ag, -+ Ae, i Aa, - Ag, an A, Rig, -+ Aa, Ri
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which in turn yields the desired formula

n

( 1)1’—1

— E _ ~

fa2_0¢1;<-~70¢n_0¢1;Rt07~--7Rt0 fal ..... QiyeeyOn,Rig ey R
=1

and therefore finally completes the proof. O
Applying Theorem 4.1 in the cases n = 0, 1 yields the following corollaries:

COROLLARY 4.2. — For n = 0 we have dg(A¢(c)) = 0. Hence, the cochain
Ay (o) is a cocycle and defines an element of H*?(g,V'). Furthermore, for each
p € Ny the relative Bott-Lecomte homomorphism induces a map

[A(0)] : SymP(n, V)E = H?(g, V), f s [As(0)].
COROLLARY 4.3. — Forn =1 and p € Ny, we have
p-dg(Ag(00,01)) = Af(o0) — Ag(o1) € C*(g, V).

In particular, we have [Af(00)] = [Af(o1)] € H?P(g,V) and hence the map
[A(0)] of Corollary 4.2 is independent of the connection og and is, in fact, the
homomorphism described in Theorem 3.1.

With Corollary 4.3 available we are now ready to define secondary charac-
teristic classes in the following way: For linear sections o,01,09 € C*(g,g) of
q first consider the spaces

Sym?(n, V)8, == {f € Sym”(n,V)? | f, = 0}

and
Sym® (n, V)(go,lm) := Sym”(n, V)?gl) N SymP(n, V)?@).
Given f € SymP(n, V)?(Tl . it then follows from Corollary 4.3 that

dg(Af(0o,01)) = 0. Therefore, the cochain Ay (o, 01) actually defines a coho-
mology class in H??~1(g, V).

DEFINITION 4.4. — We call [Af(0g,01)] € H**71(g,V) the secondary charac-
teristic class of the Lie algebra extension in Equation (2) associated with the

triple (Ula 02, f)

Note that secondary characteristic classes may be used to associate charac-
teristic classes to split Lie algebra extensions, that is, to semidirect product
constructions, because in this situation the primary characteristic classes van-
ish. We therefore conclude with the following example.

ExAMPLE 4.5. — For the convenience of the reader we present the example
divided into several parts.
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. Let h3(R) be the three-dimensional Heisenberg algebra, that is, the

three-dimensional vector space with the basis p, q, z equipped with the
skew-symmetric bracket determined by [p, ¢] = z and [p, z] = [¢,2] = 0.
Tt is easily checked that the linear endomorphism D of h3(R) defined by
Dz =0, Dp = q and Dq = —p is actually a derivation of h3(R), so that
we obtain a Lie algebra g := h3(R) xp R which is called the oscillator
algebra.

. Consider V := R as a trivial R-module. Then it is well-known that the

corresponding first Lie algebra cohomology H!(R,R) is isomorphic to
HomLiealg(R7 R) = R.

. Define sections oy and o, of the projection map ¢ : g — R by og(r) :=

(0,7) and o, (r) := (z,7), respectively. Then a short computation yields
Ry, = R,, = 0. Moreover,

~ ~

Sym' (h3(R), R){, ) = Sym' (h3(R),R){, ) =R £,

(o0) ™ (o=

where f, : h3(R) — R denotes the linear functional determined by
f2(z) =1 and f.(p) = f.(¢) = 0. Consequently,

-~

Sym'(h3(R), R)? =R- f..

(O'an'z)

. Finally, the secondary characteristic class of the oscillator algebra

h3(R) xp R associated with the triple (09,0, f) is given by
1

Afz(ao,az):—~/ (f2)g. g dO = 1d\; =1¢ HY(R,R),
€1 Ay = [0,1]

because f.((o, — 09)(r)) = f.(2) = 1 holds for all r € R.
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