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A PROOF OF THE ¢-ADIC VERSION OF THE INTEGRAL
IDENTITY CONJECTURE FOR POLYNOMIALS

BY LE Quy THUONG

ABSTRACT. — It is well known that the integral identity conjecture is of prime impor-
tance in Kontsevich-Soibelman’s theory of motivic Donaldson-Thomas invariants for
non-commutative Calabi-Yau threefolds. In this article we consider its numerical ver-
sion and give a complete demonstration of the case where the potential is a polynomial
and the ground field is algebraically closed. The fundamental tool is the Berkovich
spaces whose crucial point is how to use the comparison theorem for nearby cycles as
well as the Kiinneth isomorphism for cohomology with compact support.

RESUME (Une preuve de la version £-adique de la conjecture de lidentité intégrale
pour des polynémes). — 1l est bien connu que la conjecture de ’identité intégrale
est de premiére importance de la théorie de Kontsevich-Soibelman des invariants de
Donaldson-Thomas motiviques pour des variétés de Calabi-Yau de dimension 3 non
commutatives. Dans cet article nous considérons sa version numérique et donnons une
complete démonstration dans le cas ou le potentiel est un polynoéme et le corps de
base est algébriquement clos. L’outil fondamental pour la preuve est les espaces de
Berkovich dont le point crucial est 'utilisation du théoréme de comparaison entre
des cycles proches ainsi que l’isomorphisme de Kiinneth en cohomologie & support
compact.
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356 L.Q. THUONG

1. Introduction

Let us start by outlining the concept of motivic Donaldson-Thomas invari-
ants that concern the integral identity conjecture [11]. These invariants are
introduced in [10] in the framework for Calabi-Yau threefolds and the motivic
Hall algebra. The latter generalizes the derived Hall algebra of Toén [19].

Let C be an ind-constructible triangulated A..-category over a field k. By
giving a constructible stability condition on C one considers a collection of full
subcategories Cyy C C, with V strict sectors in R?. The stability condition
depends on homomorphisms ¢/ : Kyo(C) — I' and Z : T' — C, where T is
a free abelian group endowed with a skew-symmetric integer-valued bilinear
form (e,e). A choice of V gives rise to a cone C(V,Z) contained in I' ® R to
which one associates a complete motivic Hall algebra H(Cy). Define Allall 54
invertible in H(Cy) as characteristic functions of the stacks of objects of Cy-.
The generic elements satisfy the factorization property

Hall __ 4Hall Hall
AV - AV1 : AV2

with V =V, U V5 and with the decomposition taken clockwise.

If the field s has characteristic zero, the motivic quantum torus R¢ is defined
to be an associative algebra generated by symbols é,, for v in I', with the usual
relations

Cyy €y, = [AH%(WIWZ)@YI_’_%” éo =1,
where [AL]2 is a square root of [Al]. The coefficient ring Cj for the quantum
torus R¢ can be any commutative ring, where the two most important can-
didates should be a certain localization of the Grothendieck ring of algebraic
k-varieties and its ¢-adic version.

By choosing in addition the so-called orientation data (its existence depends
on another conjecture) and using Denef-Loeser’s theory of motivic Milnor fiber
(e.g. the motivic Thom-Sebastiani theorem) of the potential of an object of
the category C, from [10, Section 6], there is a map Py : ﬁ(CV) — R, for
each V, which is nice enough in the sense that if it were a homomorphism
the factorization property would be preserved. This is in fact obstructed be-
cause of the lack of an assertion of the integral identity. In the case where
the above Cj is a certain localization of the ring M~, one faces the full ver-
sion of the integral identity conjecture. If well passed, AW°t := @ (AHall)
would be invariants in the category of non-commutative Calabi-Yau threefolds,
namely motivic Donaldson-Thomas invariants. Also, if Cy is a variant of the
Grothendieck ring Ko (DS ,sr.aut (SPeC(r), Qr)), one meets the f-adic version
of the conjecture, and in this case, the corresponding invariants are numerical
Donaldson-Thomas invariants.

In the context of non-Archimedean complete discretely valued fields K of
equal characteristic zero, with valuation ring R and residue field x, the motivic

nearby cycles S; of a formal function § : X — Spf(R) were defined (see [10, 13]).
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THE ¢-ADIC INTEGRAL IDENTITY CONJECTURE 357

To do this, it needs to use Denef-Loeser’s formula on the motivic nearby cycles
of a regular function (cf. [7, 8]) as well as the fact that resolution of singularities
of (X, X)) exists (see Temkin [17]). Let [, be the forgetful morphism for U a
subvariety of Xj.

CONJECTURE 1.1 (Integral identity [10]). — Let f be in s[[z,y, ]| invariant by
the natural K* -action of weight (1,—1,0), with f(0,0,0) = 0. Denote by X the
formal completion of AL along A% with structural morphism ]? induced by f,
and by 3 the formal completion of A% at the origin with structural morphism
f3 induced by f(0,0,z). Then the identity fA‘il SfAz [A}i]dlS}; holds in M~.

In [12] and [13], the author proves the conjecture in some important cases
under certain conditions on f or on the base field . In [16], Nicaise and Payne
obtain a crucial improvement in proving the strong form of the conjecture for
polynomials when the base field k contains all roots of unity. More recently,
Nguyen and the author [14] refine the result of Nicaise-Payne with the absence
of additional conditions on x. The purpose of the present article is to show that
the f-adic version of the integral identity conjecture holds if f is a polynomial
and k is an algebraically closed field. We denote by Ri the nearby cycles
functor, which was already defined in [3, 4] and will be briefly recalled here in
Subsection 2.5.

THEOREM 1.2. — With the assumptions as in Conjecture 1.1, and, moreover,
k algebraically closed, f a polynomial, there is a canonical quasi-isomorphism
of complezes RT (A%, wa(@g) — RT (A% (@g)@(Rw}\3 Q).

Our approach uses Kontsevich-Soibelman’s idea in [10, Proposition 9], con-
cerning Berkovich spaces. The fundamental tools are the comparison theorem
for nearby cycles and the Kiinneth isomorphism for étale cohomology with
compact support.

2. Preliminaries on the Berkovich spaces

2.1. Notation. — Let A be a commutative Banach ring, i.e., a commutative
ring with unity endowed with a Banach norm || - || such that every Cauchy se-
quence has a limit. Here, by a Banach norm on a commutative ring with unity
we mean a non-negative real-valued function || - || with properties: ||f|| = 0
iff f =0, [fgll < [If]l - llgll and |If + gll < [If]l + llgll- A nonzero bounded
multiplicative seminorm on such an A is a function |- | : A — Ry such that
|f| # 0 for some f € A, |gf| = |f]-1gl, |f+9g] <|f]+]g] and that there exists a
real number C' > 0 with |f| < C| f]| for all f € A. The spectrum of the commu-
tative Banach ring A, M(A), is the set of all nonzero bounded multiplicative
seminorms on A. For a point x of M(A) we denote by |.|, the corresponding
seminorm and get the prime ideal ker(| - |,) and the domain A/ ker(]|-|;). Then
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358 L.Q. THUONG

| - |z induces a Banach norm on this domain and a multiplicative Banach norm
on its fraction field, whose completion will be denoted by H(z). Thus H(x)
is a complete field with respect to a valuation |- |. By writing f(z) for the
image of f € A under the bounded character A — H(z) we get |f|. = |f(x)].
The spectrum M(A) is endowed with the weakest topology such that every
function = — |f(z)| for some f € A is continuous, for which it is a locally
compact topological space (A # {0}).

Let K be a non-Archimedean complete discretely valued field of equal char-
acteristics zero, with valuation ring R, maximal ideal m and residue field
k = R/m. Denote by A% 5., the n-dimensional K-analytic affine space, which
is by definition the set of all multiplicative seminorms on the ring of polynomi-
als K[T1,...,T,] whose restriction to K is bounded with respect to the Banach
norm on K (see [1]). As previously stated, A% p,, is endowed with the weakest
topology so that every function x — |f(z)| for some f € A is continuous and
A per 18 a locally compact topological space. For any x € A% g, we define

e = max [Ti(0)].
The subspace of A% g, defined by [z| < 1 (resp. [z < 1) is called the n-
dimensional unit closed disc (resp. the n-dimensional unit open disc). One
denotes these spaces by E™(0;1) and D™(0; 1), respectively.

2.2. From special formal schemes to analytic spaces. — A topological R-algebra
A is said to be special if A is a Noetherian adic ring such that, if 7 is an ideal of
definition of 4, the quotient rings A/J™, n > 1, are finitely generated over R.
By [4], a topological R-algebra A is special if and only if it is topologically R-
isomorphic to a quotient of the special R-algebra R{Ti,...,T,}[[S1,...,Sm]]-
An adic R-algebra A is topologically finitely generated over R if it is topolog-
ically R-isomorphic to a quotient algebra of the algebra of restricted power
series R{T1,...,T,}. Evidently, any topologically finitely generated R-algebra
is a special R-algebra.

A formal R-scheme X is special if X is a separated Noetherian adic formal
scheme and if it is a finite union of affine formal schemes of the form Spf(.A) with
A special R-algebras. A formal R-scheme X is topologically of finite type if it is
a finite union of affine formal schemes of the form Spf(.A) with A topologically
finitely generated R-algebras. It is a fact that the category of separated topo-
logically of finite type formal R-schemes is a full subcategory of the category
of R-special formal schemes, and both admit fiber products.

A morphism ¢ : 9 — X of special formal schemes is locally of finite type
if locally it is isomorphic to a morphism of the form Spf(B) — Spf(.A) with B
topologically finitely generated over A. The morphism ¢ is of finite type if it
is a quasi compact morphism of locally finite type.
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THE ¢-ADIC INTEGRAL IDENTITY CONJECTURE 359

By [4], there is a canonical functor X — X, from the category of special
formal R-schemes to that of (Berkovich) K-analytic spaces. In the standard
affine case, the interpretation of this functor is explicit; namely, if

X= Spf(R{Tla ce aTn} [[Sl’ cees Sm]]) )
then one has
X, =E"(0;1) x D™(0;1).

Also, if X = Spf(A), where A is a quotient of R{T},...,T,}[[S1,.-.,Sm]] by an
ideal Z, then X,, is the closed K-analytic subspace of X = E™(0;1) x D™(0;1)
defined by the subsheaf of ideals ZO x.

In the general case, X, is defined by gluing in an appropriate manner of
analytic spaces corresponding to affine formal schemes which covers X [4].

REMARK 2.1. — (i) The functor X — X,, takes a formal scheme topologically
of finite type to a quasi-compact analytic space, and this functor commutes
with fiber products.

(ii) The functor X — X, takes a morphism of finite type ¢ : ) — X to a
compact morphism of K-analytic spaces ¢, : 9, — X,,. If ¢ is finite (resp. flat
finite), then so is ¢,,.

2.3. The reduction map. — For a special formal R-scheme X, we denote by X
the closed subscheme of X defined by the largest ideal of definition of X, which
is called the reduction of X. Note that X is a reduced Noetherian scheme,
and that the correspondence X — X is functorial, and that the natural closed
immersion Xy — X is a homeomorphism. Moreover, X, is also a separated
k-scheme of finite type.

Let us now recall the construction of the reduction map in the affine case,
that is for X = Spf(A) with A being an adic special R-algebra. Notice that
Berkovich did this work in [3, 4] for any special formal R-scheme. The con-
struction of the reduction map = : X,, = X, for X = Spf(A) runs as follows.
Note that each point x of X,, defines a continuous character x, : A — H(x).

—

In its turn, x, defines a character Y, : Ag = A/J — H(x), where J is the

—

largest ideal of definition of A and H(x) is the residue field of H(x). Then we
assign 7(z) to the kernel of Y,, which is a prime ideal of A4y. This definition
guarantees the compatibility of the reduction map with open immersion: if )
is an open formal subscheme of X, then the reduction maps for X and ) are
compatible and ), = 77 (Yo).

2.4. Etale cohomology of analytic spaces. — A morphism ¢ : ) — X of spe-
cial formal R-schemes is called étale if for any ideal of definition J of X the
morphism of schemes (), 09/ J0y) — (X,0%x/J) is étale. Since the reduc-
tion Xg is the closed subscheme of X defined by the largest ideal of definition
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360 L.Q. THUONG

of X, therefore if the morphism ¢ : ) — X is étale, the induced morphism
wo : Yo — Xy is étale.

By [2], a morphism of K-analytic spaces ¢ : Y — X is étale if for each
point y € Y there exist open neighborhoods V' of y and U of ¢(y) such that
¢ induces a finite étale morphism ¢ : V. — U. By a finite étale morphism
¢ : V. — U one means that for each affinoid domain W = M(A) in U, the
preimage =1 (W) = M(B) is an affinoid domain and B is a finite étale A-
algebra. A morphism of K-analytic spaces ¢ : Y — X is called quasi-étale
if for any point y € Y there exist affinoid domains V3,...,V,, C Y such that
V1U- - .UV, is a neighborhood of y and each V; may be identified with an affinoid
domain in a K-affinoid space étale over X. By definition, étale morphisms are
also quasi-étale.

LEMMA 2.2 (Berkovich [4], Proposition 2.1). — Assume that ¢ : Q) — X is an
étale morphism of special formal R-schemes. Then the following statements
hold:

(1) ©,(Dn) =7 Hpo(Vo)). As a consequence, p,(D,) is a closed analytic
domain in X,.
(ii) The induced morphism P, — X, of K -analytic spaces is quasi-étale.

For a K-analytic space X, let X4 (resp. X¢t) be the quasi-étale site (resp.
the étale site) of X defined in [3]. Recall that the quasi-étale topology on X is
the Grothendieck topology on the category of quasi-étale morphisms U — X
generated by the pretopology for which the set of coverings of (U — X) is
formed by the families {f; : U; — U};er such that each point of U has a
neighborhood of the form f; (Vi) U --- U f; (V,) for some affinoid domains
Vi CUy,..., Vo, CU,, . The étale topology on X is the Grothendieck topology
on the category of étale morphisms U — X generated by the pretopology for
which the set of coverings of (U — X) is formed by the families {f; : U; —
Utier such that U = | J,;¢; fi(U;). The quasi-étale topos (vesp. the étale topos)
of X, i.e., the category of sheaves of sets on Xq4 (resp. on Xg), is denoted
by Xgi (resp. by Xg). Let S(X) be the category of abelian étale sheaves on
X¢gt- The cohomology groups of an abelian étale sheaf F' € S(X) is denoted by
Hi(X,F).

Let X be a Hausdorff K-analytic space. As shown in [4], there is a left exact
functor I'.(X, —) from the category of abelian étale sheaves S(X) to the cate-
gory of abelian groups given by I'.(X, F) = {f € F(X) | Supp(f) is compact}.
Then the cohomology groups with compact support of the space X with coef-
ficients in F are defined as Hi(X, F) = R'T.(X, F).

We also consider the category of K-germs of K-analytic spaces. By defini-
tion, cf. [4, Subsection 3.4], such a germ is a pair (X,S) in which X is a K-
analytic space and S is a subset of X; a morphism of K-germs (X, S) — (Y, T)

TOME 147 — 2019 — N° 3



THE ¢-ADIC INTEGRAL IDENTITY CONJECTURE 361

is a morphism of K-analytic spaces f : X — Y with f(S) C T. The cate-
gory of K-Germs is the localization of the category of K-germs with respect
to the system of morphisms ¢ : (X,S5) — (Y,T) such that ¢ induces an iso-
morphism of X and an open neighborhood of T in Y. The correspondence
X — (X, underlying space of X) gives rise to a fully faithful functor from the
category of K-analytic spaces to the category of K-Germs. A morphism of
K-Germs is called étale if it has a representative ¢ : (X,5) — (Y,T) with
¢ : X — Y étale and S = ¢ 1(T). In definitions analogous to the previous
ones, where (X, 5)¢ denotes the étale site of (X,S) and S(X,S) denotes the
category of abelian étale sheaves on (X, .S)s, we obtain the cohomology groups
HY((X,S),F) and, if in addition X is Hausdorff, the cohomology groups with
compact support H((S, X), F) of F € S(X, S).

If X is a Hausdorff K-analytic space and if S is either an analytic domain
of X, or a closed K-analytic subset of X (i.e., S — X is a closed immersion),
there are isomorphisms of abelian groups

(2.1) Hi(S, F) = H(((S,9),F) = Hi((X, ), F)
for any abelian constructible sheaf F' (cf. [4] or [15]). More generally, it is
proved in [4] that if ¢ : (X, S) — (Y, T) is a quasi-immersion then the induced
functor S(X, S) — S(Y, »(5)) is an equivalence of categories.

Let A be an affinoid K-algebra over K, B an A-algebra of finite type, and

X = Spec(B). A semi-algebraic subset of X*" is a finite Boolean combination
of subsets of the form {z € X*" | |f(z)| < Ag(x)|} with f,g € B and A > 0.

PROPOSITION 2.3 (Martin [15], Proposition 4.2). — Let X be as previously
stated, with in addition X being separated and the ground valued field K be-
ing algebraically closed. Let S be a locally closed semi-algebraic subset of
X2, Then, for any torsion abelian constant sheaf F' in S(X*",S), the groups
Hi((X*)S), F) are finite.

By Proposition 2.3, one can introduce in a natural way the ¢-adic cohomol-
ogy of a locally closed semi-algebraic subset of the analytification of a variety.
Namely, with X and S as in that proposition, one defines

HE((X™,5), Zg) = lim HZ (X, 5), Z/0"Z)

and
H;((xan’ S)a QZ) = H:((xan7 S)> ZZ) ®z, Q.
Notice that, in the rest of this article, if (2.1) happens or if X2 is fixed, we
shall write for simplicity H (S, Q) instead of Hx((X*",S), Q).
Let K° be the completion of a separable closure of K. For a K-analytic
space X, there is a canonical morphism b : X := X@KI/(\S — X. IfY is an

analytic subspace of the X, denote by Y or by Y® KI/(\S the preimage of Y in
X under b.
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PROPOSITION 2.4 (Martin [15]). — LetY and Y’ be affine algebraic K -varieties,
let Y and Y’ be locally closed semi-algebraic subsets of Y** and Y, respec-
tively.
(i) If U is an open semi-algebraic subset of Y, and V :=Y \ U, there is an
exact sequence

o= HMV,Qp) = HI'TN (U, Q) — H'N(Y, Qo) — HIMH(V, Q) — -+ .
(ii) There is a canonical Kinneth isomorphism of complezes

RT(Y, Q) ® RT.(Y?,Q,) = RT(Y x Y7, Q).

2.5. The nearby cycles functor. — For a K-analytic space X, there is a mor-
phism of sites p : Xqst — X¢¢, and the functor p* @ X5 — X(;ét is a fully
faithful functor, according to [3].

Let X be a special formal R-scheme. By [3], the correspondence ) — 9
induces an equivalence between the category of formal schemes étale over X
and the category of schemes étale over Xy. We fix the functor )y — 2) which
is inverse to the previous correspondence %) — 2)o. The composition of the
functor 9o — Y with the functor P — ), induces a morphism of sites v :
Xyq6c = Xoer- By [4], this construction also holds over a separable closure K*
of K, therefore we shall also denot/e\ by v the corresponding morphism of sites
X7qet — Xgg, Where Xz := %n<§>KKS and X5 := Xo ®, K°.

Now let us consider the composition functor v, o p* : .’f%ét — %gét of the
functors p* : X5 — X5 o and vy« X5 o — X5 . Composing with the pullback
functor of the canonical morphism X7 — X, it yields a functor ¢ : X75; —
X5, which is called the nearby cycles functor (see [3, 4]). It is a left exact
functor, thus we can involve right derived functors R'¢ : S(X,) — S(X5) and
Ry : DY (X,) — D' (X5), the latter is exact while the others are right exact
functors. If necessary, we can write R't); and Ry labeling f the structural
morphism of X.

LEMMA 2.5 (Berkovich [4], Corollary 2.3). — Let ¢ : 9 — X be an étale
morphism of special formal R-schemes and F in S(X,). Then, for any m >0,
we have (R™YF)|y. = R™P(Fly, ).

2.6. The comparison theorem for nearby cycles. — From [4, Theorem 3.1], we
get the comparison theorem for nearby cycles functor working on a Henselian
ring R. Let € be a scheme locally of finite type over R with the structural
morphism f; and let €y be the zero locus of f, which is a k-scheme. Then we
have &g = EO, where the scheme on the right is the reduction of the completion
€ of the scheme &. For a subscheme Y C &, let e sy denote the formal m-adic

completion of e along Y. A result of [4], this shows that there is a canonical
isomorphism of K-analytic spaces (€ y), = 7~ *(Y), where 7 is the reduction
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map gn — &o. For a sheaf F € €75, with &, := € ®p K, let ]?/9 denote

the pullback of F on (/8\ /y)n- The nearby cycles functor for €, for € and for
(g/%)n will be denoted by the same symbol ¢. If Y is an (ordinary) k-scheme,
we define Y := Y ®, k°.

THEOREM 2.1 (Berkovich [4], Theorem 3.1). — Let F be an étale abelian con-
structible sheaf on &,. Fori > 0, there is a canonical isomorphism (Riw}'ﬂg o

Rip(Fy).

The previous theorem is widely known as the Berkovich’s comparison the-
orem for nearby cycles, while the full version is in fact stated for both nearby
cycles functor and vanishing cycles functor and it is motivated by a conjecture
of Deligne. Part of the conjecture claims that the restrictions of the vanishing
cycles sheaves of a scheme € of finite type over a Henselian discrete valuation
ring to the subscheme Y C :9\0 depend only on the formal m-adic completion
g/y of € along Y, and that the automorphism group of g/y acts on them. By
proving this comparison theorem, Berkovich [4] provided the positive answer
to Deligne’s conjecture.

The following corollary runs over any complete discretely valued field.

COROLLARY 2.6 (Berkovich [4], Corollary 3.6). — Let 8 be an R-scheme of

locally finite type, X a special formalg—scheme which is locally isomorphic to the
formal m-adic completion of a 8-scheme of finite type along a subscheme of its
reduction, F' an étale sheaf on X, locally in the étale topology of X isomorphic

to the pullback of a constructible sheaf on gn' Then Ry(F') is constructible
and, for any subscheme Yy C Xy, there is a canonical isomorphism of complexes

RT(Y, (RYF)lg) = RT(x=1(Y), F).
If, in addition, the closure of Y in X is proper, there is a canonical isomorphism

RU.(Y, (RYF)|5) = BRI =5 (X5, F).

3. The polynomial f and comparisons

From this section, the condition that  is an algebraically closed field is used
because we apply the comparison theorem for nearby cycles of Berkovich. We
write R and K for s[[t]] and x((t)), respectively.

3.1. Resetting the data. — Let f(z,y, z) be in K[z, y, 2] such that £(0,0,0) =0
and f(rx, 7 1y,2z) = f(x,y,2) for 7 € K*. Let us consider the following R-
schemes with the structural morphisms

& = Spec(R[z,y, 2]/ (f(x,y,2) —t)) — Spec(R),

(3:1) W = Spec(R[z]/(£(0,0, ) — t)) — Spec(R)
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364 L.Q. THUONG

given by t = f(x,y,2), t = f(O 0, z), respectively. Note that A% is a closed
subvariety of k-variety £y = f~1(0), and that X = S/ a; and 3 = W/O, where
the formal schemes on the left hand sides were already defined in the first
section. We also consider the reduction maps 7 : X,, = Xy and mw : 3, = 3o.

3.2. Applying the comparison theorem. — Let f be the homogenization of f,
ie. f(z,y,2,£) is homogeneous in d + 1 variables with f(z,y,2,1) = f(z,y, 2)
and deg(f) = deg(f) = n. Note that the R-scheme

E := Proj (R[z,y, 2,&]/(f(z,y,2z,&) — t&"))

is locally of finite type. Let us consider the t-adic completion E, which is a
formal R-scheme canonically glued from the following affine formal R-schemes
(3.2)

z y z & r Yy z § E\" o
Spf<R{fE2)fE27fE2,fEl}/(f<l'171'171'171'1>_t(xl) ))a Z_17"'ad1a
(o222 Y G ) () s

Yi Yi Yi Yj Yi Yi Y Yi Yj
ar(f2 22 8L ((2225) 0 (E))). 1o

zZl Rl R % Zl R R % zZl
w(olt 13}/ 0G23) )
i(n{e g/ ((567)

The reduction Ey = Ey is the hypersurface {f = 0} in the projective space P,
it admits the inclusions Aﬁl C &y C Ep.

Let A% be the closure of A% in Ey. By construction, the embedding of €in
E is an open immersion of formal R-schemes (hence it is an étale morphism).
By [9, Corollary 10.9.9], the formal R-scheme X = & /a1 can be identified to
the fiber product of & 5 Eand X = E/Adl — E. Since étale morphisms are
preserved under a base change, the induced morphism X — X is also étale (it
is even an open immersion). We denote by f the structural morphism of X,
which is induced by f. We shall use the following notation

* 1 : X7 — Xz is the embedding of analytic spaces,
x j:Xo— Xo, k: X0\ Xo = Xo, u: Al — Xgand v : Al — X are the
embeddings of k-schemes (note that v = j o ).

Let F' denote the constant sheaf (Z/¢"Z)x_ in S(X7), n > 1. By Lemma 2.5,
for any m > 0, we have ]*Rm@[)«(z!F) =~ Rmz/)AF hence ]!]*Rm@[)?(z!F) i
ngmw?F . In the latter, the complex on the right hand side fits into the exact
triangle

— j;me}\F — meF(igF) — k*k*Rmz/)?(in) —
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The functor v* being exact, we have the following exact triangle
(3.3) — u*Rmz/JJ/;F = V"R Pa(0F) = v ko kTR Yo (i F) —

We observe that the source of the map v is A%, which is a subset of Xy, while
that of k is X\ Xo, and the two subsets A% and X\ X are disjoint in Xy. This
fact means that v*k.k*R™y(irF') = 0, hence Rm¢fF|Ai1 = R™pe(iF)
One then deduces a quasi-isomorphism of complexes

dq -
|An1

(3.4) RL (AL, RYF) ) =5 RUG(AL, Ra(iF)| o).

Now apply Corollary 2.6 to the nearby cycles functor Rw?. For such an f,
the assumptions of that corollary are satisfied: the scheme E is of finite type
over R and the closure of A% in Xg is proper as Xg is. Let 7 denote the
reduction map X, — X. One then deduces from Corollary 2.6 that

(3.5) RUG(AL Rp(inF) | yar) = RY— s (X inF).

3.3. Shrinking analytic domains. — Consider the complex RFW(X% uF)

in the target of (3.5). Note that the analytic space Xz is the gluing of A := X5
together with other analytic spaces which correspond to the formal schemes in
(3.2), each of which is a closed analytic domain in X5 (Lemma 2.2). Similarly,

7=1(AM) is the gluing of X := 7=1(A%) together with others in the same way.
We define P := X5\ A and T := X5 \ 7~ 1(A2).

LEMMA 3.1. — We have a quasi-isomorphism of complexes as follows
(3.6) RI— (X 1 F) % RIx (A, F).
Proof. — Let i, be the embedding of an I/(\S—analytic space o in Xy, iq,5 the

embedding of o in B (thus i4 = 7), and B := A\ X. Now both sides of (3.6)
can be rewritten as follows

RT———— (X5, i1 F) 25 RE;, Cone(iF — i, i5irF),

Fo1(ARY)
RUx (A, F) % Rf;.Cone(F — ip avity o F).

Note that the embeddings ip : P — X5 and i : A — X5 altogether give rise
to an exact triangle of complexes on Xgz:

— ip1ipCone(it F' — ip.ipi1 F) — Cone(it F' — ipsipir F)
R . D
— 10" Cone({1 F — ipwin i1 F) — .

The sources of ip and ¢ are disjoint, hence h is a quasi-isomorphism. Rewrite h
in the form h : Cone(iF' — ir.izirF') — Cone(inF' — ip.ip 4 F). The identity
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ip =1i01p 4 implies the following isomorphisms of complexes

Cone(i. ' — ipsip o F) = Cone(ix ' — ivip axip o F)

=~ 4,Cone(F — iB,A*iE,AF)-

We claim that R/f%*i* = R]/”%*. Indeed, one deduces from [2, Corollary 5.2.4]
and f5 09 = f5 that Rf,,Ri, = Rf,.. That i, =i is as A is closed in X5 (cf.
Lemma 2.2), while 4 is exact since the stalk (i1F')y is equal to Fy, if y € A,

and zero otherwise, thus Ri, = .. Finally, taking the exact functor Rfy, to
the quasi-isomorphism h yields a quasi-isomorphism of complexes

R?E*Cone(in — drudpir F) s, R]%*Cone(F — 1B axig aF),

This proves the lemma. O

3.4. Description of A, X and D. — We notice that from now on we shall
abuse the notation z, y, z, and others, i.e., we use them in parallel with two
different senses. As before (z,v,2) stands for a system of coordinates in A4
(d = dy + da + ds), in what follow it will also denote the corresponding system
of coordinates on the analytification A’Ii("‘jln. Similarly, if 7 is an element in the
group scheme G, ., we also write 7 for the corresponding element in G} j..

LEMMA 3.2. — With f as in Theorem 1.2, the analytic space A = X5 is the
inductive limit of the compact domains

Ave={(zy,2) € ALzl <y Yl < e ol <€ flay 2) = t)

with 7, € running over the value group |(K?®)*| of the absolute value on K* such

that ~,e € (0,1) and y,e — 1. In the same way, X = 7= (AL is the inductive
limit of

X, e ={(z,y,2) € A%: Ber |z < vt ly| < e, lz| <€ f(z,y,2) =t}

Proof. — For each v € |(K?*)*|, choose an element 7, in G, .. such that its cor-
responding element 7., in G3}! ; takes the absolute value . Since f(7,z, T Ly, 2)
= f(z,v, 2z), the following special R-algebras are isomorphic

R{Tvx’T;lyv Z}/(f(],‘,y, Z) - t) = R{xv Y, Z}/(f(x7y7 Z) - t)'

Ay = (Spr{Tvx’ Y Z}> ;
/ARt

Setting

(f(x,y, Z) - t)
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it is clear that
Ay ={(wy.2) € AL s lmal < 1,07l < Ll < 1 flwy,2) = ¢
_ d . -1 _
- {($7y7'z) € Aﬁ,Ber . |£L" S Y a|y‘ < v |Z| < 1,f($7y,z) - t}

and that all the spaces A,’s, with v € |(K*®)*|, are analytically isomorphic.
The latter implies an analytic isomorphism between any pair (A, A./) with v,
~" in |(K*)*|, and thus one can establish an inductive system

H{A L {Ay = Ay oy 1,9 € 1K) [N (0, 1)}

Then A is exactly the inductive limit of this system {A,} when v — 1. On
the other hand, the space {y : |y| < v} is covered by the compact domains
{z : |z| < e} and the space {z : |z| < 1} is covered by the compact domains
{z :]z| < e} with € € |(K*)*| and 0 < € < 1. Therefore A can be viewed as the
inductive limit of A, .’s as above with v,e € [(K*®)*| N (0,1) and v,e — 1.
The inductive system of X, .’s whose limit describes X is defined by X, . :=
A, N X, transition morphisms induce from those in the system of A, . ’s. [

We also note that D := 77\7\71 (0) is an open and locally compact analytic
space, it can be covered by the following compact domains

D, := {z € A%ABM 2| <€ £(0,0,2) = t}, e € |(K%)*|n(0,1).

COROLLARY 3.3. — With the hypothesis as in Theorem 1.2 and with ~v €
[(K?®)*| N (0,1) fized, we have

(i) RUc(Ag, RYSF) 1) % RTx, (A,, FS), F° the pullback of F € S(A)
via A, =2 A.

(ii) (Riy7, G)o == RI(D, Glp), for G € S(3).

Proof. — By the description of A and X, there are isomorphisms of analytic
spaces A, = Aand X, = X for a fixed v in [(K®)*|N(0, 1). These together with
(3.4), (3.5) and Lemma 3.1 imply (i). Also, (ii) follows from Corollary 2.6. O

COROLLARY 3.4. — With the hypothesis as in Theorem 1.2 and with v €
[(K#)*| N (0,1) fized, we have

(i) BT, (A Ro2Qil 0 ) 5 RTx, (A, Q).
qis

(i6) Ro. Q¢ ™% RD(D, Q).
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4. Proof of Theorem 1.2

4.1. Using a comparison theorem. — By Corollary 3.4, there is a quasi-iso-
morphism of complexes

(4.1) RT (A, Rz Qe ) %5 R (A, Qu),

where v is fixed in |(K*)*|N(0,1), A, is the analytic subspace of A%\ 5 given
s,Ber

by |z| < 7Y |yl < v, 2| < 1 and f(z,y,2) = ¢, and X, is defined as A,

but with |z| < v~! instead of |#| < ~y~!. The space A, is a paracompact K*-

analytic space which is a union of the following increasing sequence of compact

domains

Avei={(@y,2) e AL | el <97l S l2l < € f(,y,2) = 1

for e € |(K*)*|N(0,1). The space X, is covered by the corresponding increasing
sequence

X’Y,é = {(zvyaz) € A%,Ber : |:23| < 7713 |y‘ < e, |Z| < e,f(x,y,z) = t}~

Denote By := A, \ X, and B, . := A, .\ X, ..
Let us now consider the analytic function 7 := f7 : A, = A — M(K?),
and the function f7¢ which is the restriction of f7 to A, ..

LEMMA 4.1. — For any m > 1 and F € S(A,), there is a canonical isomor-
phism of groups

HY (Ay, F) = projlim HY (A, F).

e—1

Proof. —  Note that the functors H" (A, —) are the derived functors of the
global section functor Hg(w (A, —) defined by

HY (A, F) = ker(F(A,) — F(B,)),

which is the kernel of the restriction homomorphism F(A,) — F(B,). If J
is an injective abelian sheaf, then the pullback of J on B, is acyclic and the
homomorphism J(A,) — J(B,) is surjective. Take an injective resolution of
F, namely 0 - F — J% — J' — .., and consider the following commutative
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diagram

0 — ker(ayp) —> ker(ay) —> ker(ag) —— -+

lao a1 a2

0— JB,) —> JYB,) —— J*(B,) —— ---
Then we have
HY (A, F) =ker (H™(A,, F) = H™(B,, F)) = ker(d™) /im(d™ "),
Analogously, we consider the surjections, say, tm.c : J™(Ay.e) = J™(By,e)-
There is a commutative diagram as follows, where all vertical arrows are sur-
jective,

2

0 — ker(ayp) d—0> ker(aq) d—1> ker(as) EELEEN

l l !

0 1
0 — ker(ag,c) L) ker(ov ) L) ker(age) —— ---

Here, HY (A, F) = ker(d")/im(d*~"). Then we can use the arguments

7,6
in the proof of Lemma 6.3.12 of [2] to complete this proof. Note that in this
situation the following condition is satisfied: For any 0 < € < 1, for any € <
€', ¢’ < 1, the image of Hm ! (Ay e, F) and that of Hm ! (A, e, F) coincide

in H¢™ 1(A7 e, F) under the restriction homomorphlsms (see [5, Lemma 7.4]

for a similar argument). O
Here is an important corollary of (4.1) and Lemma 4.1.
COROLLARY 4.2. — There is a canonical quasi-isomorphism of complexes

R (A%, R Qi 01 % projlim RTx (A, Q).
k " e—1 '

Proof. — We deduce from (4.1) and the properties of the mapping cone func-
tor that

U (A%, R0 ) 5 RTx, (A5, Q)
>~ Rf7Cone (Qg = iBwAW*iEWAvQZ)
= Cone (Rf1Q¢ — R(f7|,)-Qr) -
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By the universality of the projective limit, there are canonical morphisms
Rf]Q¢ — projlim Rf)“Qy,
e—1
R(f"|B,)«Q¢ — proj 1lim R(f"|B,,.)«Qe.
[d

Here, the latter is induced from the former by restriction. Thus there is a
canonical morphism of complexes

RT. (A%, Ri;Qul 01 ) = Cone (proj lim Rf2“Q; — proj lim R(fWBW,e)*@e)

e—1

2 proj lim Cone (Rf]’EQg — R(f7’6|BW)*Qz)

e—1

= projlim RI'x. (A, Qo).

e—1

This morphism of complexes then induces the isomorphisms in Lemma 4.1. [
The second part of Corollary 3.4 asserts that

(4.2) Rip7 Qe 5 RI(D, Qo).

The space D is open and locally compact, which is covered by the compact

domains D, = {z € A%; e |z] < € f(0,0,2) = t}, for all € € |(K®)*| N

(0,1). According to Lemma 6.3.12 of [2], there is a canonical isomorphism of
cohomology groups

H™(D,Qy) = projlim H™(D,., Q)

e—1

for any m > 0. Thus by the same arguments as in the proof of Corollary 4.2
one deduces from (4.2) that

(4.3) Ry Qe 5 brojlim RT(De, Qy).

e—1

(The readers may compare this with [5, Lemma 7.4].)

4.2. Using the Kiinneth isomorphism. — We now use the Kiinneth isomor-
phism for cohomology with compact support mentioned in Proposition 2.4,
(iii). To begin, we write A, . as a disjoint union A, . = A9 U Al _of analytic
spaces

AS = {(2,y,2) € Ay e s [zlly| = 0},

AL, = {(0,y,2) € Ay : Jally| # 0},
Similarly, one can write X, . as a disjoint union of analytic spaces

X0 e = A{(z,y,2) € Xyc : |zllyl = 0},

X e =A{(z,y,2) € Xy |allyl # 0}
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Observe that we can write X9 _ as the product Y, x D, where D, is defined

in Subsection 3.4 and Y := {(z,y) € A%ﬁ? dlly] =0, |z] <7yl < el
’ s,Ber

By the compactness of Ag,e and D., and by the Kiinneth isomorphism, we have

RTxo (A9, Q) = RT(X0 ., Q) == RU(YY,, Q) @ RTe(De, Q)

(4.4) % RI(YY,, Qo) © RD(D., Qo).

Decompose Y into a disjoint union of Y9! := {(z,0) € A%‘*‘? ) <
-1 0.2 ._ di+dy ’

77} and Y32 = {(0,y) € AT 10 < y| < el

LEMMA 4.3. — (i) RT.(A%, Q) 5 RT.(Y9,Qy);

(if) RT(Y)2, Q) == 0;

(ifi) R(AZ,Q¢) +5 RT.(Y2,, Q).

Proof. — (i) For notational simplicity, let F' denote both constant sheaves

Z)0Z on A%, and on A% = A% | The comparison theorem for co-

K¢, Ber
homology with compact support [2, Theorem 7.1.1] gives an isomorphism of
groups

(4.5) HI'(AR., F) = HI' (AR, F),

for any m > 0. Let V = A%\ Yl By Proposition 5.2.6 (ii) of [2] (notice
that Proposition 2.4 (ii) is the ¢-adic version of this result), we have an exact
sequence

o HNV,F) - HP N (YD!F) —

— H™ Y AL FY — HPPY(V,F) — -
We shall prove that H*(V, F) = 0 for every m.

Let us choose an open covering {V;}ien of V = A‘Ii(l;an \ YWO;El defined as
follows:

(4.6)

Vii={ze€ A‘};;a“ sy <z < i)
where y7" < ; < «; for every ¢ < j. Choose an analogous open covering
{Vijihien of V; NV for each pair 4, j. Let a; and a;j; be the open embeddings
Vi = V and V;;; — V, respectively. Then the following exact sequence

@aijl!(FVijl) — @%!(F\/i) — FV —0

(VR

1

induces an exact sequence

P E Vi, F) » @ HI(Vi, F) = H(V, F) = 0.

7,1 i

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



372 L.Q. THUONG

The étale cohomology groups with compact support H*(V;;1, F') and H*(V;, F)
clearly vanish for m > 0, thus H"(V,F') = 0 for m > 0. By (4.6), one has
H;”(Afg;an,F) Hm(Y$€1, F) for m > 0, which together with (4.5) implies

that H™(A%, F) = H(Y).!, F) for m > 0. Now, since & is algebraically

closed and K* is separably closed (for fields of characteristic zero the concepts
“algebraically closed” and “separably closed” coincide), applying a result of
SGA41 [6, Corollary 3.3], for m > 0, H™(A%, F) = H™(A%., F). Therefore
dq m 0,1
H?L(AK/ ’ ) H (Y’YE7F)7 mZO,

hence the (-adic version, namely, H*(Ad, Q) = H"(Y.%:},Qy) for m > 0.

(ii) Let us denote by F the constant sheaf Z/{"Z, and consider the closed

immersion M(KS) — M(KS{'y ly}) of K*-analytic spaces. By [2, Corollary
4.3.2], there is an isomorphism of groups

H™(M(K?),F) = H™(M(E3{y"'y}), F)

for each m > 0. This leads to an isomorphism of groups in the f-adic co-
homology. Thus using the exact sequence in Proposition 2.4 (ii), we have
H.(Y)2,Qq) = 0, where

(iii) follows from (i) and (ii). O

4.3. The final step of the proof. — The aim of this subsection is to prove the
following morphism is quasi-isomorphic:

(47) RFX.YVC(A’Y,E7QK) £>‘RFXO ( 3,57(@@)’

Assume the quasi-isomorphism (4.7). Then there are quasi-isomorphisms of
complexes, due to Corollary 4.2, (4.7), (4.4) and Lemma 4.3,

R (48, 700l ) 25 proj lim (RT(A%, @)= RI(D., @)
e—
5 R (A2 Q0@ proj i (D, Q0.
e—1

This together with (4.3) implies Theorem 1.2.

To process a proof for (4.7), we write RI'x | (A, Q) and RT xo _ (A9 ., Q)
in the following form:

RUx,  (Ay.e, Q) — 9 RfY ‘Cone(Q,a,, —iB, . A, .«QuB,.)

RI xo ( e,Qe)gR(f%E‘AO )*Cone((@&Ao — 1o A0 *QZ7BO ),
€ s v, € v € v, € v, € v, €

where A9 = {(z,y,2) € Ay : |z|ly| = 0} and BY _:= B, N AY .. To abuse
the notation we shall use from now on Qy in stead of Qg 4, ., Q¢ B, ., QaAg .
or QZ,BR,E’
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THEOREM 4.1. — With the previous notation and hypotheses, there is a canon-
ical quasi-isomorphism of complexes

RfY*Cone(Q; — ip, ., Qi) == R(f"|ay )«Cone(Qs — ipy ag Qo).

Proof. — The space Al = {(z,y,2) € A, : |z|ly| # 0} together with AJ
composing a disjoint union of A, (, there exists a canonical exact triangle

— Rﬁ’eCone(Qg —ipg1 A#,E*Qg) — Rf)Cone(Q; — ip, . A, Q)

(4.8) — R(f7’€|Ag’€)*Cone(Qg — 1B0 AS,E*QZ) —,

¥,€0
where f° = f7’6|A%7€ and B,ly’e = By.N A,lyye. We are going to verify the
following

(4.9) Rf“Cone(Qy — ip1

v.€?

a1 Q) = 0.
Let us consider the action of G* — on AL given by 7 - (z,9,2) =
m,K? K* Ber

(ra, 771y, 2) for 7 € G* — and (z,y,2) € AL . This G* —-action is free,
m, K3 K, Ber m,K

since 7 - (z,y,2) = (=, yl z) if and only if 7 = 1. Each orbit of the action on
A; . has the following form

G - (2,y,2) N AL = {(rz, 77y, 2) : 97 ey < | <9727}
. B3 :

for (x,y,z) € Al .. Also, an orbit of GanKA—action on Bl _is of the form
. K .

1 _ —1 . _ -1 —1
G:IJ?\S : (x7yaz) mB’y,e - {(TJ?,T y,z) . |T| =7 |$‘ }

for (x,y,z) € B! .. Furthermore, the Ga“f(\—action has the following

PROPERTY (*). — Ewery orbit on A%\S intersects with AL _ in a closed

€
Ber Vs

annulus C and with Bl _in a thin annulus contained in C.

Let P be the space of orbits of G* —-action on A% . By Lemma 4.4, P
m,K3s K#* Ber
admits an obvious structure of a K*-analytic space. The property (*) deduces
that the restriction maps of the natural projection onto P on Al _and on B}

say, a : AL _— P and b : B}

7€ ¥.e
77’€| Bl factor through a and b, respectively. Since one has a spectral sequence

v,
— P, are surjective. We note that f%6 and
(the Leray spectral sequence, see Berkovich [2, Theorem 5.2.2])

H(P,R™a\Cone(Q; — ip1 a1 Q) = R™™F"Cone(Qe — ipr a1 Qo)

V€2
it suffices to verify that Ra)Cone(Q; — Z'B; LAL E*Ql) is quasi-isomorphic to 0.
Let us consider the following exact triangle of complexes on P:

— Ra/Q; — RhQp — Ra!Cone(Qg — iB%,é,A}Y7€*Q£)[+1] — .
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Applying the Berkovich’s weak base change theorem [2, Theorem 5.3.1], we
have

(R Qo) = H(a7'(A),Qe),  (R™0iQo)x = H (b71(V), Qo)

for A € P and m > 0. The embedding of the thin annulus b=1(\) into the
closed annulus a~!()\) inducing an isomorphism on étale cohomology (here since
a=t(\) and b=1()\) are compact, their étale cohomology and étale cohomology
with compact support are the same), we obtain (R™a\/Qg)x = (R™0Qy)x. In
other words, for A € P and m > 0,

R™aCone(Q¢ — ipr a1 +Qe)x =
This proves (4.9), which together with (4.8) implies the theorem. O

LEMMA 4.4. — There is a natural structure of an analytic space on the quotient
_ d1+d2 ds an
P B (Aﬁ,Ber \ {O}) X A}:,Ber/Gm’Ks.

Proof. — We endow P with the quotient topology, then obviously it is a
compact Hausdorff space. The construction of an analytic structure on P is

analogous to that of the projective analytic spaces IP’%\ Ber’ where the natural
s,Ber

G __-action on A% is replaced by the G*" —-action given by 7-(z,y, z) =
K> K+, Ber mKe

(T, 771y, z), which is also free. See [18] for the construction in detail of P% g,
|

Acknowledgements. — The author would like to express deep gratitude to
Francois Loeser for all the support and encouragement. Thanks also to Vladimir
Berkovich, Antoine Ducros and the referee for valuable discussions. The notes
of Antoine Ducros are especially important from which the author can intro-
duce this work in the most complete form. Finally, the author also thanks
the Vietnam Institute for Advanced Study in Mathematics (VIASM) for their
warm hospitality.

BIBLIOGRAPHY

[1] V. BERKOVICH — “Spectral theory and analytic geometry over non-
Archimedean fields”, Mathematical Surveys and Monograph 33 (1990).

, “BEtale cohomology for non-Archimedean analytic spaces”, Publ.

Math. Inst. Hautes Etud. Sci. 78 (1993), p. 5-171.

, “Vanishing cycles for formal schemes”, Invent. Math. 115 (1994),

p. 539-571.

, “Vanishing cycles for formal schemes 11”7, Invent. Math. 124

(1996), p. 367-390.

2]

3]

[4]

TOME 147 — 2019 — N° 3



[15]
[16]
[17]
(18]

[19]

THE ¢-ADIC INTEGRAL IDENTITY CONJECTURE 375

, “Vanishing cycles for non-Archimedean analytic spaces”, J. Amer.
Math. Soc. 9 (1996), p. 1187-1209.

P. E. A. DELIGNE — “Cohomologie étale”, Lectures Notes in Math. 569
(1977).

J. DENEF & F. LOESER — “Germs of arcs on singular algebraic varieties
and motivic integration”, Invent. Math. 135 (1999), p. 201-232.

, “Geometry on arc spaces of algebraic varieties”, Progr. Math. 201
(2001), p. 327-348.

A. GROTHENDIECK & J. DIEUDONNE — “éléments de géométrie al-
gébrique: 1. le language des schémas”, Publ. Math. Inst. Hautes Etud.
Sci. 4 (1960), p. 5-228.

M. KONTSEVICH & Y. SOIBELMAN — “Stability structures, mo-
tivic donalson-thomas invariants and cluster transformations”, arXiv:
0811.24350l.

, “Motivic Donaldson-Thomas invariants: summary of results”,
Mirror symmetry and tropical geometry, 55-89, Contemp. Math., 527,
Amer. Math. Soc. (2010).

Q. T. LE — “On a conjecture of kontsevich and soibelman”, Algebra &
Number Theory 6 (2012), p. 389-404.

, “Proofs of the integral identity conjecture over algebraically closed
fields”, Duke Math. J. 164 (2015), p. 157-194.

Q. T. LE & H. D. NGUYEN — “Equivariant motivic integration and
proof of the integral identity conjecture for regular functions”, arXiv:
1802.02377.

F. MARTIN — “Cohomology of locally closed semi-algebraic subsets”,
Manuscripta Mathematica 144 (2014), p. 373-400.

J. NICAISE & S. PAYNE — “A tropical motivic fubini theorem with appli-
cations to donaldson-thomas theory”, Duke Math. J., arXiv: 1703.10228.
M. TEMKIN — “Desingularization of quasi-excellent schemes in character-
istic zero”, Adv. Math. 219 (2008), p. 488-522.

, “Introduction to berkovich analytic spaces, berkovich spaces and
applications”, Lecture Notes in Math. 2119 (2015), p. 3-66.

B. ToEN — “Derived hall algebras”, Duke Math. J. 135 (2006), p. 587-615.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



