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NON-COMPACT FORM OF THE ELEMENTARY DISCRETE
INVARIANT

BY RAPHAEL FINO

ABSTRACT. — We determine the non-compact form of Vishik’s elementary discrete
invariant for quadrics. As an application, we obtain new restrictions on the possible
values of the elementary discrete invariant by studying the action of Steenrod opera-
tions on the algebraic cycles defining the non-compact form.

RESUME (Forme non-compacte de linvariant discret élémentaire). — On détermine
la forme non-compacte de l'invariant discret élémentaire de Vishik pour quadriques.
Comme application, on obtient de nouvelles restrictions sur les valeurs possibles de
I'invariant discret élémentaire en étudiant P’action des opérations de Steenrod sur les
cycles algébriques définissant la forme non-compacte.

1. Introduction

Let X be a smooth projective quadric of dimension n over a field F' associated
with a non-degenerate F-quadratic form g. The splitting pattern of X is a
discrete invariant that measures the possible Witt indices of gg over all field
extensions E/F (see [4] and [5]). The motivic decomposition type of X is a
discrete invariant which measures in what pieces the Chow motive of X can be

Texte regu le 19 décembre 2017, modifié le 21 aotut 2018, accepté le 4 septembre 2018.

RAPHAEL FINO, Instituto de Matematicas, Ciudad Universitaria, UNAM, DF 04510, México
e F-mail : fino@im.unam.mx e Url : http://www.matem.unam.mx/fino

Mathematical subject classification (2010). — 14C25,11E39.

Key words and phrases. — Chow groups, quadratic forms, grassmannians, Steenrod
operations.
BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE 0037-9484/2019/289/$ 5.00

© Société Mathématique de France d0i:10.24033 /bsmf2782


http://www.matem.unam.mx/fino
http://dx.doi.org/10.24033/bsmf2782

290 R. FINO

decomposed. Moreover, Alexander Vishik noticed in [6] that the study of the
interaction between these two invariants provides further information about
both of them.

For this reason, he introduced the generic discrete invariant of quadrics,
a bigger discrete invariant containing the splitting pattern and the motivic
decomposition type invariants as faces, see [7] and [9]. The Generic Discrete
Invariant GDI(X) is defined as follows. Let K/F be a splitting field extension
of g. Let us denote [n/2] as d. For any i € {0,...,d}, we write G; for the
grassmannian of i-dimensional totally g-isotropic subspaces (in particular Gy
is the quadric X). Then GDI(X) is the collection of the subalgebras of rational
elements

ChL'(G;) := Image (Ch*(G;) — Ch*(Gix))

for i € {0,...,d}, where Ch stands for the Chow ring with Z/2Z-coeflicients
(an algebraic cycle already defined at the level of the base field F is called
rational).

In his paper [10] dedicated to the Kaplansky’s conjecture on the u-invariant
of a field, A. Vishik used the elementary discrete invariant of quadrics, a hand-
ier invariant than the GDI as it only deals with some particular cycles in
Ch*(G;k). More precisely, for any 7 € {0,...,d}, we denote by F(0,%) the
partial orthogonal flag variety of g-isotropic lines contained in i-dimensional
totally g-isotropic subspaces. One can consider the diagram

X <— F(0,i) — G,

(9,9 T(0,3)
given by the natural projections and, for 0 < j < d, we set

Zi —i—j = 77(0,2')* o W{Q’i) (l]> S CHn_i_j (G’LK) 5

n

where CH stands for the Chow ring with Z-coefficients and /; is the class in
CH;(Xg) of a j-dimensional totally isotropic subspace of P ((V;)k) (with V
the F-vector space associated with ¢). We set 2, , ; := Z. , . (mod 2) €
Ch™ "77(G, ), with Ch being the Chow ring with Z/2Z-coefficients. The cycles

X2

Z,_;_; are the elementary classes defining the elementary discrete invariant
EDI(X):
DEFINITION 1.1. — The elementary discrete invariant EDI(X) is the col-

lection of subsets EDI(X,i) consisting of those integers m such that 2% is
rational.

Furthermore, for any r > 1, the Chow motive of X" with Z/2Z-coefficients
decomposes into a direct sum of shifts of the motive of some G;, see [2, Corollary
91.8]. Therefore, knowing GDI(X) is the equivalent to knowing

Ch"(X") := Image (Ch*(X") — Ch*(X}))
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for all » > 1. Hence, the collection of the latter subalgebras constitutes a non-
compact (in the sense that one has to consider infinitely many objects) form of
GDI(X). For the same reason, there exists a non-compact form of EDI(X)
(with defining cycles living in Ch* (X7}, )), which we determine in the this work:
for any i € {0,...,d}, let us denote by sym : CH*(X**!) — CH*(X!) the ho-
momorphism Y,cg,,, 5«, where s : Xt — X! s the isomorphism associated
with a permutation s. For 0 < j < d, we set

pij = sym ((xiZhh¥) x 1;) € QHP—I+i=D/2 (xiH1)

where x is the external product and A* is the k-th power of the hyperplane
section class h € CH'(X) (always rational). Note that py; = Z)_; =1;. The
symmetric cycles p; j (mod 2) are the classes defining the non-compact form of
EDI(X):

THEOREM 1.2. — Let 1 <i<d and 0 < j <d. The cycle Z;ﬂ-ﬂ- is rational
if and only if the cycle p; j (mod 2) is rational.

Because of the stability of rational cycles under pull-backs of diagonal mor-
phisms and the possibility of a refined use of Steenrod operations of cohomo-
logical type, studying the non-compact form provides new restrictions on the
possible values of EDI(X), as illustrated by Sections 4 and 5.

Moreover, Theorem 1.2 reduces certain questions about the rationality of al-
gebraic cycles on orthogonal grassmannians to the sole level of quadrics. For ex-
ample, it allows one to reformulate both Vishik’s conjecture [8, Conjecture 3.11]
and the conjecture [9, Conjecture 0.13] on the dimensions of Bruno Kahn.

In Section 2, we introduce some basic tools which are required in Section 3,
where we prove Theorem 1.2, using mainly compositions of correspondences
and Chern classes of vector bundles over orthogonal grassmannians.

2. Preliminaries

In this section, we continue to use the notation introduced in Section 1.

2.1. Rational cycles on powers of quadrics. — We refer to [2, § 68] for an intro-
duction to cycles on powers of quadrics. Forany 1 <i<dand 0 <j <i—1,
we set

d
Ay j = sym (< Zph") x 1) + D sym ((X:’i;elohk) I lm)
m=i J
in Ch" =9 0=D/2(Xi41) 1f 5 = 2d, we choose an orientation 4 of the quadric.
LEMMA 2.1. — Forany1 <i<dand 0 < j <i—1, the cycle A; ; is rational.
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Proof. — We proceed by induction on i. In Ch"(X%), the cycle Ay or
A o+h?x h?, depending on whether /2 = 0 or not, is the class of the diagonal.
Therefore, the cycle Aj is rational. Let o € S;11 be a cyclic permutation
(with ¢ > 2). For 0 < j <4 — 2, the induction hypothesis step is provided by
the identity

AiJ = Zdi (Aifl,j X hi_l) in Ch (X?l) .
=0

It just remains to show that the cycle A;;_; is rational to complete the proof.
In Ch(X ), one has

d
Ajio1= Z sym ((xiZ3hF) x 1, x h™)
m=i—1
d
= Z sym ((xi_3h*) x 1, x B™)
m=0

and the latter sum can be rewritten as

ST s ((Xi30F) x Ary) -

s€EA; 11
Thus, the cycle A;;_; is rational. O
2.2. Correspondences. — We refer to [2, § 62] for an introduction to Chow-

correspondences.
For any 1 <1i < d, we denote by 6; the class of the subvariety

{(y7$1,...,$i+1) ‘ L1y Tj41 S y} C G’L X Xi+1

in CH(G; x X**1) and we view the cycle 6; as a correspondence G; ~~» X *+1.
We set
(1) nii= [T (1o, x px;) (1F(,0)]) € CH(G; x X7),
k=1
with p Xi the projection from X? to the k-th coordinate. For any integer i <
s <d, we write

Wi

i = T(0,), © wfg,i)(hs) € CH (@),
and w!_, := W/_, (mod 2) € Ch* *(G;). Since the variety X is cellular, the
cycle [F(i,0)] decomposes as
(2) [F(3,0]=> 2, xh*+ Y wi;xl in Ch(Gix x Xk),
s=0 s=1
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where [q has to be replaced by the other class I, of maximal totally isotropic
subspaces if n = 2d and lfl is not zero, i.e., if four divides n (see [2, Theo-
rem 66.2]).

The two following lemmas, where we write p with underlined target for
projections, can be proven the same way [3, Lemmas 3.2 and 3.10] have been

proven but with Z)_, . (vesp. z;,_, ;) instead of Z}_; (resp. z, ;).

LEMMA 2.2. — Forany1<i<d,0<j<d andxz € CH(Xk), one has

((0) (Z:l i— ])) (z) =
Pa;xxi (P@xxi (W(Oi)* o (g5 (T) - Zfl—i—j) -m) )

where the cycle (0;)«(Z;,_;_;) is viewed as a correspondence X ~ Xj.

For any 1 < i < d, we write F (¢ — 1,1) for the partial orthogonal flag variety
of (i — 1)-dimensional totally isotropic subspaces contained in i-dimensional
totally isotropic subspaces and we consider the diagram

Gi_ 1<—.7:(2—1 i) — G,

T(i—1,i) T(i—1,i)

given by the natural projections.

LEMMA 2.3. — Forany2<i<d,0<j<dandi<m<d, the cycle
PG x X, (w;mfi : Z;}iij i) € Ch(X}),

where we write n; for n; (mod 2), and this can be rewritten as

m  min(m—s,i)

2 : 2 : 1 k i—1 s
pGi_lxxi—l* (U}m s—k " 0i—1" % i+1—j 771‘—1)><h7

$=0 k=maz(i—s,0)

with o | = T(i=1,), © 7T(,L 10) (z;_2i+k) € Chj(Gi,lK).

3. Equivalence

In this section, we continue to use notation and material introduced in the
previous sections and we prove Theorem 1.2.
For1<i<dand 0<j<i—1, weset

Q5 1= (91) (Zn i— ]) +pl] € CH (X’LJFI)
and we view the cycle a; ; as a correspondence Xp ~ Xt
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PROPOSITION 3.1. — One has

sym (x;_ph*) if m=j;

(05,5 (mod?2)), (R™) = < sym ((Xl_l hk) X hm> ifi <m <d;
k]

0 otherwise.
Proof. —  For any x € CH™ (X ) with m < i—1, the cycle mg 4, O7T2k97i)(x) is
trivial for dimensional reasons. Thus, by Lemma 2.2, the cycle
((0:)+(Z1_;_ ])) (z) is also trivial. Therefore, since (p; j)«(h™) = sym (x}_h*)

if m = j and is trivial otherwise, one gets the conclusion of Proposition 3.1 for
the cases m < i — 1.

Moreover, for ¢ < m < d, Lemma 2.2 provides the identity
(3)  (aij(mod2)), (h™) = paxxi , (Wi 2n—i—;-m) in Ch(Xk).
We prove the cases i < m < d of Proposition 3.1 by descending induction on
i. The base of the descending induction i = d (so ¢ = m = d) is obtained
by combining the identities (1), (2) and (3) for ¢ = d (recall also that, by [10,
Proposition 2.1], one has W = 1 for any 0 < i < d) with the fact that, for any
integers 0 < ag < a; <+ < a, <d, with e < d, one has

° 1 if ey =1{0,1,...,d};
deg (H zﬁ_d_ak> = { 1 {ao’c.?’ raeh =A J
k=0

0 otherwise,

where deg : Ch(Gqx) — Ch(Spec(K)) = Z/27Z is the homomorphism associ-
ated with the push-forward of the structure morphism, see [2, Lemma 87.6].

Let 2<i<dand 0 <j <i—2. On the one hand, by descending induction
hypothesis, for any ¢ < m < d, one has

k#j
Therefore, the coordinate of (4) on the top right h*=1, i.e.,

Dxi-ixX , ((pGixX; * (win—i ‘ Z;—z‘fj 771)) (X x lifl)

is equal to

(5) sym <(><§€_20h’“> X hm> .
k£

On the other hand, by Lemma 2.3, this coordinate is also equal to
min(m—i+1,i)
i—1 k i—1
(6) Z PG i xXxi-t, (w:n—i-i-l—k *0—1 'Z:L—i+1—j '771‘—1) .
k=1
Let us denote by T;_; the tautological vector bundle on G;_1, i.e., T;_1 is given
by the closed subvariety of the trivial bundle V1 = V, x G;_; consisting of pairs
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(u,U) such that v € U. Note that the vector bundle T;_; has rank 7. For a
vector bundle E over a scheme, we write ¢;(E) for the i-th Chern class with

value in CH. Since Wf;;lprkk = ¢m—it1-k(V1/T;—_1) (see [10, Proposition
2.1]) and oF | = c;(T;_1)(mod 2) (see [3, Lemma 2.6]), by the Whitney Sum

Formula (see [2, Proposition 54.7]), one has

min(m—i+1,i)
1—1 k —
(7) 2 : Wip—it1—-k  Ti-1 =
k=0
min(m—i+1,i)

Z Cm—it1—k(V1/Ti—1) - cx(Tio1) =

k=0
Cm—i+1 (VI].)

Moreover, one has ¢;,—;+1(V1) = 0 because m — i + 1 > 0. Consequently, in
view of (5), (6) and (7), one gets

(8) Pg,_ i xxi-1 (wfniliﬂ 'z:L:IH»lfj '77i—1) = sym ((X%;Qhk) X hm) :
J

By identities (3) and (8), it only remains to prove the case m = i—1 to complete
the descending induction step. On the one hand, by descending induction
hypothesis, the coordinate of p¢, » x: . (z;_i_j - 772‘) on the the top right A® is

i—1 1k
sym (xz_oh )
k#j

(see (4)) and, on the other hand, by Lemma 2.3, it is also equal to

1—1
PGiixxi-t, (Zn_iv1—j  Mie1) -

Proposition 3.1 is proven. g

As a consequence of Proposition 3.1, we partially obtain the first part of
Theorem 1.2.

COROLLARY 3.2. — Let 1 <i<dand 0 < j <i—1. If the cycle zfl_i_j 18
rational then the cycle p; ; (mod 2) is also rational.

Proof. — In view of the ring structure of CH(X ") (see [2, §68]), and know-
ing that the cycle a; ; is symmetric, one deduces from Proposition 3.1 that

am-(mod 2) = Ai,j + ﬂ

with S being a sum of nonessential elements (a nonessential element is an
external product of powers of the hyperplane class, it is always rational). Since
iy = (0:)«(Z}_; ;) + pij and A, is rational (Lemma 2.1), the corollary is
proven. ]

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



296 R. FINO

REMARK 3.3. — As a consequence of Proposition 3.1 and its proof, one makes
the following observation. Let 1 <i:<d—1,0<j7<i—1,1+1<m <dand
s€{0,1,...,i}\{j}. For any integers 0 < a3 < ag < --- < a; < d, the integer

deg ((Zfz—z’—j ) H Zib—i—az) ) (Z Wrin—s—k ’ Ck(Ti)>>
=1 k=0

is congruent to 1 (mod2) if {as,...,a;} = {m} U ({0,1,...,i}\{j,s}) and to
0 (mod 2) otherwise.

The following proposition will complete the first part of Theorem 1.2 (see
Corollary 3.5).

ProproOSITION 3.4. — For any i < j < d, one has

((6‘1)*(2’;‘717])) (hm) _ {S?/m (X;@_:lohk) zfm =7

0 otherwise.

Proof. — We already know from Lemma 2.2 that ((01)*(22_1_]))* (R™) =0
for m < i — 1. We prove the cases i < m < d by descending induction on 1.
The base of the descending induction (so i = j = m = d) is done similarly as
the base of the descending induction in the proof of Proposition 3.1.

Let 2<i<d,i<j<dandi<m<d. On the one hand, by Lemma 2.2
and the descending induction hypothesis, one has

((91‘)*(2247]‘))* (h™) = pa,xxi N (w;nfz : szifj ‘77i)
(9) _ Jsym (x;;lohk) if m = j;
0 otherwise.

Therefore, the coordinate of (9) on the top right hi=! is

sym (x};%hk) if m = j;
0 otherwise.

On the other hand, by Lemmas 2.2, 2.5 and identity (7), this coordinate is also
equal to

((Oi—1), (2niga—y)), (B7).

It remains to consider the cases i < j < d with m =¢—1 and j =i — 1 with
i —1 < m < d to complete the descending induction step. Let i — 1 < j < d.
By Lemma 2.2, one has

((91'—1)* (ij_fliJrl*j))sK (hiil) =DPa,ixXxizt, (Z:L:1i+17j ' 771'—1) :

TOME 147 — 2019 — N°© 2



NON-COMPACT ELEMENTARY DISCRETE INVARIANT 297

By Lemma 2.3, the latter cycle is the coordinate on the top right h® of
((92')*(2’;47]‘))* (h?). If j > i then this coordinate is trivial by the descending
induction hypothesis. Otherwise — if j =i — 1 — then one has

((60)« (2n—2i41)), (B) = pii—1, (k") + (i i-1(mod 2)), (h').
By Proposition 3.1, the latter cycle is equal to
sym ((<EZ34) )

whose coordinate on the top right h? is

sym (xi;%hk) .
Now suppose that j =i—1and let i < m < d. By Lemmas 2.2, 2.5 and identity
(7), the cycle ((6i—1)«(2_5i42)), (R™) is the coordinate of ((6;).(2}_o;41)),
(h™) on the top right h*~1. Since

((0:)s (2h_2i41)), (K™) = pii—1,(B™) + (vi,i—1(mod 2)), (™),

pii—1,(h™) = 0 (because m # i — 1) and (a;,;—1 (mod2)) (h™)
sym ((x Zjohk) x h™) (Proposition 3.1), this coordinate is trivial. This com-
pletes the descending induction step. The proposition is proven. |

COROLLARY 3.5. — Let 1 < i < d andi < j < d. If the cycle szifj is
rational then the cycle p; ; (mod 2) is also rational.

Proof. — 1In view of the ring structure of CH(X?l) and knowing that the
cycle (6;).(Z: ) is symmetric, one deduces from Proposition 3.4 that

n—i—j
(Hi)*(z’fl—i—j) = pi,j (mod 2) + 3

with 8 being a sum of nonessential elements. The corollary is proven. |
The next proposition gives the second part of Theorem 1.2.

PROPOSITION 3.6. — Let 1 <i<d and0 < j <d. If the cycle p; j is rational
then the cycle Zflﬂ-fj is also rational.

Proof. —  Since m 4, OWZ‘OJ)(hi) = [G4] in CHY(G,), for dimensional reasons,
one has -
Xi+1 . . .
(10) (7?(071')* OWEKQ,i)) (A" X W71 x Lesym (x4 2ph®) x 1)) =
[Gi]*" x Z’fl*i*j'

The conclusion follows by taking the image of cycle (10) under the pull-back
of the diagonal morphism X — X+1, ]
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4. Steenrod operations

In this section, we continue to use notation and material introduced in the
previous sections and we assume that the base field F' is of characteristic differ-
ent from 2 because we use Steenrod operations of cohomological type on Chow
groups. For a smooth scheme Y over a field with a characteristic different from
two, Brosnan constructed in [1, § 10] a certain homomorphism

Sy : Ch(Y) — Ch(Y)

called the total Steenrod operation on'Y of cohomological type. For any integer
j > 0, we denote by

Si : Ch*(Y) — Ch*H(Y)

the jth Steenrod operation on'Y of cohomological type (or simply by S7 if there
is no ambiguity).
In addition to the classical rule

m € EDI(i,X) = m,m—1¢€ EDI(i +1,X)

(valid in any characteristic, see [10, Proposition 2.5]; note that one easily re-
trieves that rule by using the cycles p; ; (mod 2) defining the non-compact
form of the elementary discrete invariant), the action of Steenrod operations
on the compact form of the elementary discrete invariant already provides a
restriction on the possible values, see [7, Proposition 5.12]. The non-compact
form provides new restrictions on the possible values of the elementary discrete
invariant as it allows a refined use of Steenrod operations.

4.1. Lower Steenrod operations. — Let §; denote the diagonal morphism X? —
X (@y, w9, ;) — (@1,%1,22,-++ ,2;). Forany 1 < 1 < i—1 and
1 <j<d, we set

pi1 =07 0 (SUx 1d*") (p; ; (mod 2)) € Chn I HH(=D/2(x1 ),

LEMMA 4.1. — One has

i—1icl
piji=> <l>hk+l+s x sym | [ xiZhht | x 1

— t#s
R bt
=1 ‘
+ ( )ljkl X sym (x;_Bhs)
;; ! sk
i—1 .
1-— )
+ Z (n +l J)ljls X sym (x%;éht> .
s=0 s
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Proof. — Since S!(h*) = 0 for k < [ (see [2, Theorem 61.13]), S'(h*) = (’;)

for k > 1 and S'(1;) = ("7, 77)l; for I < j (see [2, Corollary 78.5]), one has

i—1
(S" x1d*?) (pi; (mod 2)) = > ( >hk+l X sym (<xi‘_ths) X lj)
o

s#£k
+ <n N ll - j) Li— x sym (xZgh®).
The conclusion follows. O
COROLLARY 4.2. — For even i, the cycle p; ; (mod 2) is rational if and only
if the cycle p; j1 s rational.
Proof. — 1If the cycle p; ; (mod 2) is rational then the cycle p; ;1 is also ra-

tional as Steenrod operations of cohomological type commute with pull-backs
of morphisms of smooth schemes (see [2, Theorem 61.9]). Moreover, since
T(0,4), © ﬂzg)i)(hi) = [G;] in CHY(G;), one deduces from Lemma 4.1 and dimen-
sional considerations that

X1 . )
(”(o,@* © ”E‘Q,o) (I RTEX T2 B2 XL i) =

<Z I 1) [Gi]Xi71 X Z;—i—j'

Hence, by applying the pull-back of the diagonal morphism X — X? to the
previous identity, one sees that the rationality of p; ;1 implies the rationality
of (i — 1)z Theorem 1.2 completes the proof. O

nzg

EXAMPLE 4.3. — Let i = 2 and m = n —2 — j for some 2 < j < d. By
Theorem 1.2 and Corollary 4.2, the integer m belongs to EDI(X,2) if and
only if the cycle

P21 =h? x 1+ 1o x 1+ (m+3)(lj_1 x h+1j_ x 1) € Ch" 7 (X})
is rational. Suppose now that m is odd. Then one has
P11 =h>xlj_1+lj_ox h=(1xh)- (K x1j+1li_ax1)=(Lxh) pyji.
Therefore, for odd n —2—d < m <n—4, if m € EDI(X,2) then m+ 1 €
EDI(X,?2).

PROPOSITION 4.4. — Let2 <1 <d, 1< [<i—landn—i—d<m<n—i—I
such that the binomial coefficient (m+l’+1) is odd. Assume that there exists an
integer 0 < a < n—1i—m —1 such that, for any l < k < i — 1 satisfying

kE+1l+4+a€{i...,d}, the binomial coefficient (];) is even. Then one has
m € EDI(X,i) = m+1+a € EDI(X,i).
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Proof. — Let | < j <d such that m =n —i— j. Since m € EDI(X,1), the
cycle

Pi,j,1 X 1€ Ch (X?l)
is rational by Theorem 1.2. Let o € S; be a cyclic permutation. It follows from
Lemma 4.1 that, because of repetitions, one has

i—1 i—1
(Id X (Z ai)) (pijix1)= Z (I;) REFE % sym ((xi_;éhs) X lj>
r=0 k=l s

+ 1y x sym (x;Zght) .
Thus, the cycle

i—1
a2 (’;) RS x sym ((Xi_:%)hﬁ X lj) +1j1—a X sym (x{_gh')

k=l s#k

is rational. Let 7 € S;41 be a cyclic permutation. For any [ < k <14 — 1 such
that K+ 14+ a <i—1, one has

ZT: (hk+l+a X sym ((xi_ghs> X lj)> =0
r=0 s#k

because of repetitions. Consequently, since h* = 0 in Cht(X k) for any t > d
(see [2, §68]), the image of the rational cycle (11) under Y.!_, 77 is equal to
Pij—1—q (mod 2). Theorem 1.2 completes the proof. a

ExXAMPLE 4.5. — For odd-dimensional quadratic forms, Proposition 4.4 applies
withi=3,l=1,m=n—4and a=0.

4.2. Higher Steenrod operations. —

PROPOSITION 4.6. — Let2<i<d,i<l<dandn—i—d<m<n-—i—|
such that the binomial coefficient (m+l1+1) is odd. If m € EDI(X,1) then, for
any m+1<m’ <n—i, one hasm' € EDI(X,1).

Proof. — Let I < j < d such that m = n —i — j. Since [ > i, the operation
S! applied to any hyperplane power class appearing in the decomposition of
pi; (mod 2) gives zero. Therefore, one has

4 1 .
(12) (8" x 1) (p; ;(mod 2)) = (m *; + >zj_l x sym (xi—Lh¥)

in Ch(Xif'). Thus, since the binomial coefficient (m+li+1) is odd, m €
EDI(X,i) and Steenrod operations of cohomological type commute with pull-
backs of morphisms of smooth schemes, it follows from Theorem 1.2 and iden-
tity (12) that, for any 0 < j < j — [, the cycle

(13) Ly x sym (x;_ph")

TOME 147 — 2019 — N© 2



NON-COMPACT ELEMENTARY DISCRETE INVARIANT 301

is rational. Let o € ;11 be a cyclic permutation. Since the image of the cycle
(13) under >, _, ol is p; j» (mod 2), the proposition is proven. O

EXAMPLE 4.7. — Let J(¢) be the J-invariant of the quadratic form ¢, as
defined by A. Vishik in [7]. One has J(q) = EDI(X,d). Suppose that n —2d €
J(q). If the binomial coefficient ("_gH) is odd then, by Proposition 4.6, one
has n —d € J(q).

REMARK 4.8. — For i = 1, the proof of Proposition 4.6 provides the following
stronger assertion. Let 1 <[/ <dandn—1—d<m <n—1-—1such that the
binomial coefficient (%) is odd. If m € EDI(X,1) then io(X) >n—m — .

5. Witt index

We continue to use notation and material introduced in the previous sections
and we do not make any assumption on the characteristic of the base field F.
In this section, we assume that the F-quadric X is anisotropic and we study
some restrictions on the elementary discrete invariant when the first Witt index
i1 of X is sufficiently large, using the non-compact form (Theorem 1.2).

By [2, Lemmas 73.18 and 73.3], there exists a unique minimal rational cycle
in Ch"~“*(X2%) containing 1 x l;, ;. This cycle is symmetric ([2, Lemma
73.17]) and is called the I-primordial cycle. We denote it by .

PROPOSITION 5.1. — Leti € {1,...,d}. Suppose that the quadric X is anisotropic
with iy > 1. If m € EDI(X,4) is such that n —m ¢ {i1} U{2i1,...,d+ 1} then
m+1¢e EDI(X,i—1).

Proof. — We set j =n—i—m. Since m € EDI(X,1), the cycle p; ; (mod 2)
is rational by Theorem 1.2. We claim that the hypothesis ¢; > ¢ implies that
the cycle p;—1; (mod 2) is also rational, which, by Theorem 1.2, gives the
conclusion.

The rational cycle m decomposes as

d—i1+1
T=1x li1—1 +l¢1_1 x 1+ Z ag (hk X lk+i1—1 +lk+i1—1 X hk:)
k=11
for some ar € Z/2Z. The fact that one can choose to make the previous
sum start from k = 4; is due to [2, Proposition 73.27]. Since ¢; > ¢, and
Jé¢{ir—itU{2 —4,...,d—i+ 1}, one has
(pij(mod 2)) o (1 x A7) - ) =1 x (pi—1,; (mod 2)),

where o stands for the composition of correspondences. Therefore, pulling back

the latter identity with respect to the diagonal morphism J;, one gets that the
cycle p;—1,; (mod 2) is rational. O

The following statement is obtained by recursively applying Proposition 5.1.
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302 R. FINO

COROLLARY 5.2. — Leti € {1,...,d}. Suppose that the quadric X is anisotropic
with i1 > 1. One has
(i) if m € EDI(X,i) then n —m > iy;
(ii) f m € EDI(X,3) andn—m =11 +1 ord+ 141 for some 1 <1 <1
then m+1 € EDI(X,i—1).
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