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NONDEGENERACY OF NONRADIAL SIGN-CHANGING
SOLUTIONS TO THE NONLINEAR SCHRODINGER EQUATION
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ABSTRACT. — We prove that the non-radial sign-changing solutions to the nonlinear
Schrodinger equation

Auv—u+uPlu=0inRY, weH! (]RN)

constructed by Musso, Pacard, and Wei [16] are non-degenerate. This provides the first
example of a non-degenerate sign-changing solution to the above nonlinear Schrédinger
equation with finite energy.
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2 W. AO, M. MUSSO & J. WEI

RESUME (Non dégéneration de solutions non radiales qui changent de signe a l’équa-
tion non linéaire de Schrédinger). — Nous prouvons que les solutions non radiales
qui changent de signe a I’équation non linéaire de Schrédinger

Au—u+|uP lu=0inRY, ue H! (]RN)

qui ont été construits par Musso, Pacard, Wei [16] sont non dégénérées. Ceci fournit
le premier exemple de solutions qui changent de signe a I’équation non linéaire de
Schrodinger avec énergie finie.

1. Introduction and statement of main results

In this paper, we consider the nonlinear semi-linear elliptic equation
(1) Au—u+ [ulf'u=0in RN, v e HY(RY),

where p satisfies 1 <p < o0 if N=2,and 1 <p < % if N > 3. Equation (1)

arises in various models in mathematical physics and biology. In particular,

the study of standing waves for the nonlinear Klein-Gordon or Schrédinger

equations reduces to (1). We refer the reader to the papers of Berestycki and

Lions [4, 3], and Bartsch and Willem [2] for further references and motivation.
Denote the set of nonzero finite energy solutions to (1) by

Yi={ue H'RY): Au—u+ [uflu=0}.

If u € ¥ and w > 0, then the classical result of Gidas, Ni, and Nirenberg [7]
asserts that u is radially symmetric. Indeed, it is known [9, 12] that there exists
a unique radially symmetric (in fact radially decreasing) positive solution for

Aw—w+wP=0 in RV,

which tends to 0 as |z| tends to co. All of the other positive solutions to (1)
belonging to ¥ are translations of w.
Let Lo be the linearized operator around w, defined by

(2) Lo:=A—1+pwP '

Then, the natural invariance of problem (1) under the group of isometries in
RY reduces to the fact that the functions

(3) O W, ..oy Op g W

naturally belong to the kernel of the operator Lg. The solution w is non-
degenerate in the sense that the L°°-kernel of the operator Ly is spanned by
the functions given in (3). For further details, see [18].

No other example is known of a non-degenerate solution to (1) in ¥. The
purpose of this paper is to provide the first example other than w of a non-
degenerate solution to (1) in 3.

Concerning the existence of other solutions to (1) in X, several results are
available in the literature. Berestycki and Lions [4, 3] and Struwe [23] have
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NONDEGENERACY OF NONRADIAL SOLUTIONS 3

demonstrated the existence of infinitely many radially symmetric sign-changing
solutions. The proofs of these results are based on the use of variational meth-
ods. The existence of non-radial sign-changing solutions was first proved by
Bartsch and Willem [2] in dimensions N = 4 and N > 6. In this case, the
result is also proved by means of variational methods, and the key idea is to
look for solutions that are invariant under the action of O(2) x O(N — 2), in
order to recover a certain compactness property. The result was subsequently
generalized by Lorca and Ubilla [14] to the N = 5-dimensional case. Other
than the symmetry property of the solutions, these results do not provide
any qualitative properties of the solutions. A different approach, and a dif-
ferent construction, have been developed in [16] and [1], where new types of
non-radial sign-changing finite-energy solutions to (1) are constructed, and a
detailed description of these solutions is provided.

The main purpose of this paper is to prove that the solutions constructed by
Musso, Pacard, and Wei in [16] are rigid, up to transformations of the equation.
In other words, these solutions are non-degenerate in the sense of the definition
introduced by Duyckaerts, Kenig, and Merle [6].

To explain the meaning of a non-degenerate solution for a given u € X, we
recall all of the possible invariance of equation (1). We have that equation (1)
is invariant under the following two transformations:

(1) (translation): If u € ¥, then u(z + a) € ¥ Va € RY;
(2) (rotation): If u € X, then u(Pz) € X, where P € Op, and Oy is the
classical orthogonal group.

If w € ¥, then by
(4) L,=A—1+pluf™!
we denote the linearized operator around u. We define the null space of L, as
(5) Zy={f e H'(RY): Luf = 0}.

If we denote the group of isometries of H'(R") generated by the previous two
transformations by M, then the elements in Z, generated by the family of
transformations M define the following vector space:

- Oz,u, 1<j<N
(6) Z“—Spa“{@i-amzkamj)u, I<j<k<N }

A solution u to (1) is non-degenerate in the sense of Duyckaerts, Kenig, and
Merle [6] if
(7) Z,= 2,

As was already mentioned, the only non-degenerate example of u € 3 known
so far is the positive solution w. In fact, in this case

(2j0z, — 20z, )w=0, V 1<j<k<N,

J
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4 W. AO, M. MUSSO & J. WEI

and hence
Zw :span{ﬁxjw, 1<j5< N}.

The proof of the non-degeneracy of w relies heavily on the radial symmetry
of w. For non-radial solutions, the strategy used to prove non-degeneracy in
the radial case is no longer applicable. Thus, a new strategy is required for
non-radially symmetric solutions.

A similar problem has arisen in the study of non-radial sign-changing finite-
energy solutions for the Yamabe-type problem

Au+|u|ﬁu:0 in RN, we H'RY),

for N > 3. In [17], the second and third authors of the present paper introduced
some new ideas for dealing with non-degeneracy in non-radial sign-changing
solutions to the above problem. Indeed, they successfully analyzed the non-
degeneracy of some non-radial solutions to the Yamabe problem that were
previously constructed in [20]. For other constructions, we refer the reader
to [21]. In this paper, we will adopt the idea developed in [17] to analyze
the non-degeneracy of the solutions to (1) constructed by Musso, Pacard, and
Wei [16].
The main result of this paper can be stated as follows.

THEOREM 1.1. — There exists a sequence of non-radial sign-changing solutions
to (1) with arbitrarily large energy, and each solution is non-degenerate in the
sense of (7).

We believe that the non-degeneracy property of the solutions in Theorem 1.1
can be used to obtain new types of constructions for sign-changing solutions
to (1), or related problems in bounded domains with Dirichlet or Neumann
boundary conditions. We will address this problem in future work.

This paper is organized as follows. In Section 2, we introduce the solutions
constructed by Musso, Pacard, and Wei in [16]. In Section 3, we sketch the
main steps, and present the proof of Theorem 1.1. Sections 4 to 8 are devoted
to the proof of properties required for the proof of Theorem 1.1.

2. Description of the solutions

In this section, we describe the solutions u, constructed in [16], and recall
some properties that will be useful later. To provide the description of the
solutions, we introduce some notations. The canonical basis of RY will be
denoted by

(8) e1:(1a07"'30)a 62:(0,1,0,"',0),"'761\[:(0,"',0,1).
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NONDEGENERACY OF NONRADIAL SOLUTIONS 5

Let k be an integer, and assume that we are given two positive integers m,n
and two positive real numbers £, £, which are related by

7'[' —
(9) 2sin Emf = (2n — 1)L
We shall comment on the possible choices of these parameters later on. Con-
sider the regular polygon in R? x {0} C RY with k edges whose vertices are
given by the orbit of the point

= RN
s 2sin 7 1€
under the action of the group generated by Ry. Here, R, € O(2) x O(N — 2)
is the rotation through the angle < 27 in the (21, x2) plane. By construction,

the edges of this polygon have length (. We refer to this polygon as the inner
polygon. We define the outer polygon as the regular polygon with k edges whose
vertices are the orbit of the point

Ym+1 = Y1 + mley

under the group generated by Ryj. Observe that the distance from y,,41 to the

origin is given by mf+ s=—, and thanks to (9), the edges of the outer polygon

have length 2nf.

By construction, the distance between the points y; and y,,41 is equal to
m/, and by y;, for j = 2,--- ,m, we denote the evenly distributed points on
the segment between these two points. Namely,

2si 1"’

yi=y1+(j—1)le; for j=2,-- m.

As mentioned above, the edges of the outer polygon have length 2n¢, and we
evenly distribute points y;, j = m +2,--- ,m + 2n, along this segment. More
precisely, if we define

t= —Sin%el +cos%e2 ERN,
then the points y; are given by
Yi =Ymi1 +(G—m—1)t for j=m+2,--- ,m+2n.
We also denote
zp=y; forh=1,---,2n—1, where h=j —m — 1.
Let

II= U {Riy; »j=1....m+1})U({Rpzn:h=1,...,2n—1}).
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6 W. AO, M. MUSSO & J. WEI

Let us introduce the function w to be the unique solution of the following
equation:
Au—u+uP =0, u>0in RN
maX,cry u(az) = U(O)a
whose existence and properties are obtained in the classical works [7, 9, 12].
In [16], the authors constructed solutions to (1) that can be viewed as the

sum of positive copies of w centered at the points y;, j =1,--- ,m+1, together
with their images by rotations Rf€ = Ry o --- Ry (composition of Ry, i times)
fori=1,---,k—1, as well as copies of (—1)"w (hence with the opposite sign)
centered at the points z,h = 1,--- ,2n — 1 and their images by the rotations
R: fori=1,---,k—1. More precisely, the solution can be described as follows:
(11)

k—1 m+1 m-+2n

u(z) ~ Z —Riy;)+ > (=17 'w (z - Ryy;)
1=0 j=1 j=m+2

These solutions admit the following invariance:

(12) u(z) = u(Rx), for R € {Io} x O(N — 2),
and
(13) u(Rrx) = u(z) and u(lz)=wu(z),

where I' € O(2) x I(N — 2) is the symmetry with respect to the hyperplane
T = 0. N

The numbers m, n, £, £ are related by equation (9) and by the following equa-
tion:

(14) U(l) = (2 sin %) (D),

where U(s) is the so-called interaction function which is defined by
(15) U(s) = —/w (z — se) div (wP(z)e) dz,

and e € RY is any unit vector. The definition of ¥ is independent of e.

The constraint (9) on the parameters m,n, ¢, ( is easy to understand: it is
to make sure that an outer polygon is formed. The second constraint (14) is
not so easy to see. As mentioned in [16], the relation between £ and ¢ can be
understood as a balancing condition, which is a consequence of a conservation
law for solutions of (1). Alternatively, it can be understood as a condition that
ensures that the approximate solution U is close enough to a genuine solution
u of (1).
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NONDEGENERACY OF NONRADIAL SOLUTIONS 7

The main theorem in [16] is as follows:

Theorem A. — Let k be an integer number with £ > 7 and let 7 > 0 be a
fixed real number. There then exists a positive number £y > 0 such that for all
£ > (g, if £ is the solution to (14), and m, n are positive integers satisfying (9),
and

(16) m < /{7,

then (1) admits a sign-changing solution w, that satisfies the symmetry condi-
tions given in (12) and (13). Moreover,

(17) w(z) =U(z) + ¢,

where U is defined in (11) and ¢ = o(1) — 0 as £ — oo. The energy of u is
finite and can be expanded as

E(ug) = 2n+m)kE(w) + o(1),

where o(1) — 0 as £ — co.

Ym+zn

FI1GURE 2.1. An example of a configuration with & = 7 edges,
m = 7 interior points on any radius, n = 4 for 2n — 1 interior
points on any edge.
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8 W. AO, M. MUSSO & J. WEI

As mentioned in Remark 1.2, [16], (16) is a technical condition. Observe
that, once ¢ is fixed large enough, from (14) we see that ¢ is a function of ¢
which can be expanded as

€:€+1n(2sinz>+0(2>,

—(log¥)'(s) =1+ NT: +0 <812> :

since

Inserting this information in (9), one gets that
2n —1
m

—25111%(1—1112(5111 )é 1—|—O(£ )), as { — oo.

The authors in [16] provide examples of possible choices for sequences of m
and n satisfying the above expansion. For instance, for any integer m, one can
choose an integer n so that

1§2n—1—28in%m<3.

Then, if m is sufficiently large, there exists a unique ¢ > ¢y so that (14) and
(9) are satisfied, and ¢1¢ < m < ¢q¥, for some constants c1, co. Thus Theorem
A guarantees the existence of a solution of the form (11) for any such integer
m.

Equation (1) can be rewritten in terms of the function ¢ in (17) as

(18) Ap—¢+plUP ¢+ E+ N(p) =0,
where

(19) E=AU-U+|UP'U

and

(20) N(¢) = U +¢[""'(U +¢) = [UP~IU = p|lUP~ 0.

One has precise control over the size of the error function F when measured
in the following weighted norm. Let us fix a number —1 < 1 < 0, and define
the weighted norm

-1

(21) Bl = sup || D el h(x)],
z€RN yell

where

(22) M=U"0{Ry;:j=1,---,m+2n}
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NONDEGENERACY OF NONRADIAL SOLUTIONS 9

is the set of the concentration points. In [16], it is proved that there exist
ly > 0 and £ > 0 such that for £ > ¢y, ¢ satisfies the following estimate
(Proposition 4.1 in [16]):
_1+¢
(23) 1]l < Ce™ =7,
which gives a considerably smaller bound than U.
We now define the following functions:

0
(24) To(T) = %qb(x) fora=1,---,N.
The function 7, can then be described as follows.
PrOPOSITION 2.1. — The function w, satisfies the following estimates
(25) Il < Cem 5,

for some positive constants C' and £ that are independent of £.

Recall that problem (1) is invariant under the two transformations men-
tioned in Section 1, translation and rotation. This invariance will be reflected
in the element of the kernel of the linearized operator

(26) L(4) == Ap — o + plugP~eh,

which is the linearized equation associated with (1) around u,.
From this point on, for simplicity, we will drop the ¢ in u,. Let us now
introduce the following 3N — 3 functions:

(27) za(x) = %u(w), fora=1,---,N,
and

9 0
(28) o () = w1 —u() = 2 —u().

Observe that zy 11 = %[U(Rgx)ﬂgzm where Ry is the rotation in the zixs
plane by the angle 6.

Furthermore, for « = 3,--- | NV,

(29) EN+a-1(T) = T12a — Ta21, 22N+a—3(T) = T22a — TaZe.

Observe that the functions defined in (27) are related to the invariance of
(1) under translation, while the functions defined in (28) and (29) are related
to the invariance of (1) under rotations in the (z1,22), (z1,24), and (x2,z4)
planes, respectively.

The invariance of problem (1) under translation and rotation implies that the

set Z, (as introduced in (6)) associated with the linear operator L introduced
in (26) has dimension at least 3N — 3, because

(30) L(z4) =0, a=1,--- ;3N — 3.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



10 W. AO, M. MUSSO & J. WEI

We will show that these functions are the only bounded elements of the kernel
of the operator L. In other words, the sign-changing non-radial solutions (17)
to problem (1) constructed in [16] are non-degenerate in the sense of [6].

3. Scheme of the proof

In this section we describe the main ingredients which constitute the proof
of our result.
Assume that ¢ is a bounded function satisfying

(31) L(p) = 0,
where L is the linear operator defined by (4). We write our function ¢ as

3N-3

(32) p(@) = Y aazalz) + @),

where the functions z,(z) are defined by (27), (28), and (29) respectively, while
the constants a,, are chosen such that

(33) /zagb:(), a=1,--- 3N - 3.

Observe that L(¢) = 0. Our aim is to show that under the conditions
(31)—(33), if ¢ is bounded, then ¢ = 0.

3.1. Introduction of the approximate kernels and some notation. — In order
to explain our idea, we first introduce some functions. These functions Z;a
correspond to the approximate kernels around each spike.

Forj=1,--- . m+1,i=0,--- ,k—1,

Z;l =R; - Vw (:r — R};yj) , ZJZQ = RZ-J‘ - Vw (:r — }Cyj) ,

and, fora=3,--- | N,

. ) .
Zio= @w (z — Rjy;) -
Moreover, for j =m—+2,--- ,m=+2n,i=0,--- k — 1, we define
Zjy= (17" - Vo (2 - Riy;) |
2;72 = (=1)"™"n; . Vw (a: — Riyj) ,

TOME 147 — 2019 — N© 1



NONDEGENERACY OF NONRADIAL SOLUTIONS 11

and, fora=3,--- | N,

i —m—1_ 0 i
Zj,oc = (—1)] 167(1’[1) (Z‘ — Rk:y]) .
In the above formulas, we denoted 8; = 2;” and

R; = (cosb;,sinb;,0),
(

— Sinﬁi,—cosei,0)7
. ﬂ- 7r
t, = 751n(0i+g),c0s<9¢+g>,0)7

n; — (cos (Gi + %) ,sin (01- + %) ,0) .

Recall that the solutions constructed in [16] take the form u = U + ¢ given
n (11)—(17), and recall further the definition of 7, in (24). From this, one can
obtain a more precise expression for the real kernels z, mentioned at the end
of Section 2. Indeed,

ou oUu
Z]_(l‘) = 871'1 =T 8735'1
k—1 [m+1 - .
=m + Z Z cos (91-Z]’-71 + sin OZ-Z;-,Q)
i=0 \ j=1
2n+m . .
_ Z (sin (9 + k;) Zi —cos (01- + E) Z;-’Q) ,
j=m+2
ou oUu
Zz(x)zaimzﬂz-i-aim
k—1 [m+1 o o
=T+ Z Z (sin0; Z; | — cos0;Z; 5)
i=0 \ j=
2n+m . o
+ > ( (01+ )ZZ + sin (9i+g) Z]{Q) ,
j=m+2
and, fora=3,--- | N,
k—1 m-+2n
o= g =t 2 X e

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



12 W. AO, M. MUSSO & J. WEI

Furthermore,
L ou oU
z = T129 — ToZ] = T Mg — ToM] + T1—— — To——
N+1 122 221 172 271 1a$2 25‘x1
k—1 [m+1 8 8
=X Ty — Xam + Z Z |y, (cos@iax - sin@iax) w (z — Rj,y;)
i=0 \ j=1 2 1
2n+m
+ Y (R miZi, — Ry, -t Z5,) |
j=m+2
and, fora=3,--- | N,
oU oUu
ZN+a—1 = T1%a — Lol = T1Ta — TaT1 + 1‘167 —ZTapm
T 0x1
k—1 [m+1
=2Z1Ta — TaT1 + Z Z |y;| cos0; Z;
i=0 \ j=1
2n+m - -
+ _ Z (Riyj *n; COS (91' + E) — RLy; - t;sin (Gi + E)) Zial s
Jj=m+42
and
ZIN4+aq—3 = T22q — TR2
ou ou

=TTy — LMo + Lo 7—

— Lo
Oz, Oy
k—1 [m+1

A Al
= ToTq — Lo + E E y;|sin6; Z; ,
i=0 \ j=1

2n+m
i m : iy ~ .
> (Riys nisin (6:+ 7 ) + Riy; - ticos (6,4 7)) Z;
+j=m+2( LYj - 0y sin + A + [3Y; cos + A i a

Let us further define the following functions. For i =0,--- ,k — 1,

; 0 - Ri ) — R
(34) ZhCosgi<w+7;>+sin9i<w+w>7

0z, T k
. . ow (x — Riyy m ow (x — Riyp o
(35) Z1,2 = sinb; <(a$c1k)+k —cosb; (ka)—Fk )
and, fora=3,--- | N,
, ow(z— Riy1) 74
36 gi W\ Iy | T
( ) 1,a o + A
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NONDEGENERACY OF NONRADIAL SOLUTIONS 13

Moreover, we define the following functions:
(7)) Z,,=Zi fori=0,--- k-1 j=2,-- 2n4+m, a=1--- N
In the following, we will always deal with the kernels in vector form. These
column vectors simply represent rearrangements of the approximate kernels
Z;a:
0 k=1 0 k-1 \?! 2k
Zv,a = (Zl,a> T aZl,a 7Zm+1,a7 T 7Zm+1,a) € R™.
This contains the kernels around the vertices of the inner and outer polygons.
Furthermore, define
2y 0= (250 2 o) ER™TL

m,x

i i ) t 2n—1
Z;@,a = ( :n+2,ou e 7Z§n+m,a) eR " )
which correspond to the spikes on the line joining the inner polygon vertex
%1 and the outer polygon vertex R} ym,41, and the spikes on the edge joining
R Y1 and R?lymﬂ of the outer polygon, respectively. Then, we define
Zy,a

0
ZYl,a

Z,

A Z}k;.—l c ka(2n+m) 7 — : e RkXNX(2n+m)
o 1,0 ) . :

0

ZYZ,oz ZN

k—1
Yz,a

3.2. Reduction of the main problem. — As explained in the beginning of this
section, our aim is to show that the function ¢ defined by (31)—(33) is identically
zero, ¢ = 0.

With the notations introduced in Section 3.1 in mind, we write our function
Q as

N
95: an'za+@l(x)a

where

Cl,a
Ca = | %0 - ’

C
Y2, C(m+2n)xk,a

k—1
CYZ,Q

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



14 W. AO, M. MUSSO & J. WEI

a=1,---,N, are N vectors in R("127)xk defined such that
(38) /Z;’Q@L:Oforallazl,--- N, i=0,---,k—1,j=1,--- ,m+2n.

Observe that, if we prove that
co =0 for all a, and ¢ =0

then we have that ¢ = 0. Hence, our aim is to show that all vectors c,
and ¢! are zero in the above decomposition. This will be a consequence
of the following three facts.

Fact 1. — Since L(¢) = 0, we have that
N
(39) L(p") = _an L(Zo).
a=1

Our first result shows that ¢+ can be controlled by c,, and we have the
following a priori estimate of ¢*:

N
_1+E
(40) ltlle < Cem =Y leal.
a=1

The proof is deferred to Section 5.
Fact 2. — The orthogonality condition (33) takes the form

N
(41) an-/ZazB = —/(pJ‘ZQ,
a=1

forg=1,---,3N — 3.

Our second result implies that the above orthogonality condition can be
reduced to 3N — 3 linear conditions on the vectors c,. Let us introduce the
following notations:

cos by sin 0
cosy = : € Rk, sing, = : e R
cos 0),_1 sin 0y, _1

are two k-dimensional vectors,

cosb; sin 6;
cos(b;) = : eR™ 1 sin(f;) = E e R™!
cos 0; sin 6;

TOME 147 — 2019 — N© 1



NONDEGENERACY OF NONRADIAL SOLUTIONS 15
are two (m — 1)-dimensional vectors, and

cos(f; + %)

cos (92» + %) = e R
cos(0; + 1)
sin (92- + %)

sin (01- + %) = : € R¥1

sin (92 + %)
are two (2n — 1)-dimensional vectors. Furthermore,

d \Z/z‘|
d=|:|eR, |yl,=| : |€eRF
d \yi|

are constant vectors, where |y;| denotes the distance from the point y; to the
origin.
For any unit vector e € RY, we denote

R};yg e Rizl -e
Riyj-e= ceR™ 1 Riz, - e= e R

;gym - e R;€22n71 -e

We have the validity of the following.

PROPOSITION 3.1. — The system (41) reduces to the following 3N — 3 linear
conditions on the vectors cg,:

(42)
cosy, sing
COS}, sinyg
cos(bo) sin(fp)
. . C1
. . _a+oe
e cos(fx_1) tee: sin(fk-1) |~ h+0 (e ) =
—sin(fo + T) cos(fo + T) CN
—sin(fp + ) cos(fo + 1)

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE
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(43) Ci-

(44)

(45)

cos(fo + 1)

sin(fo)

sin(fx_1)
cos(fo + f)

W. AO, M. MUSSO & J. WEI

siny
sink

+ca-

—cosy,
—cosy,
—cos(fp)

—cos(fx_1)
sin(fo + )

sin(fo + )

= fo0 (755 £,

C1

_(a+&)e
Ca'1(2n+m)><k:fa+0<6 2 )EO(

Ok
O

Cqp -

:fN+1+O(e

and, fora=3,--- N,

|y1|cosy
|Ym+1|cosy,
ngj -eq

k-1
R, "yj-er
Rﬂzh -eq

Rlﬁ_lzh €1

TOME 147 — 2019 — N© 1

Ry; - Ry

k-1 1
Ry "y Ry,
Rzy - no

k-1
Ry "zn-nx 1

_ (49
2 ) L1

—Co -

=fN+a—1+O(6 2

CN

|Y1|k

|Ym+1|]q
Rﬁyj . Ro

Ry 'y Rio1
Rl(th . tg

k-1
Rk Zn - tk—l

Ci1

CN

_(+49¢

) £nta

Ci1

CN
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|y1[siny,
|ym+1|Sink
Ry; - e2
. C1
: _a+er .
(47)  ca kaly' eq = faN+a-3+ O (6 2 ) LoN+a-3 : )
ki
Rz - ez cN
Rllz_lzh - eg
fi
fora=3,--- | N. In the above expansions, : is a fized vector with
fan—3
fi
. 1
[ : [ <l
fan-3

for some positive constant T that is independent of £. Here, L; : RGntm)xk _,
R are linear functions whose coefficients are constants uniformly bounded as
{— 0.

The proof is deferred to Section 6.

Fact 3. — Let us now multiply (39) by Z;,, for i = 0,--- k=1, j =
1,---,m+2n,and a =1,--- , N. After integrating in R, we obtain a linear
system of (2n +m) x k x N equations in the (2n +m) x k x N coefficients ¢
of the form

1a,

fL(wj)Zga
fL((p ) Y,
Ci1 rp
(48) M| o | == | withro=| [L")Z3 ) |,
CN ry fL(SOL)Z)O’Q,a

J LN 2y
where M = (f L(nya)Z;’ﬁdx) is a square matrix of dimension [(2n+m) X k x

NJ2. More detailed information and an analysis of the matrix M is provided
in Section 4.

Our third result concerns the solvability of the above matrix equation. We
can show the validity of the following statement:
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PROPOSITION 3.2. — There exists £y > 0 and C such that for { > £y, system
(48) is solvable. Furthermore, the general solution is

(&)= (%)

and

+81

cosy, sing Og
cosy, sing Ok
cos(fp) sin(fo) RYy; -Rp
cos(fx_1) sin(fx_1) RE1y R,

—sin(fo + )

—sin(fo + )
siny
siny,

sin(6o)

sin(fx_1)
cos(fo + f)

cos(fo + 1)

Vi
= (v ) + 51W1 + s52W1 + S3W3
2

+ S2

Cq = Vo + 5a11(2n+m)><k + Sa2

cos(fo + )

cos(fo + )
—cosy,
—cosy,
—cos(fp)

—cos(fx-_1)
sin(90 + %)

sin(fp + 1)

|y1|cosi
|Ym+1|cosk
ngj €1

k-1
Ry yj-er
Rgzh -eq

Rt_lzh €1

= Va T Sa1W4 + Sa2Ws5 + Sa3Ws

TOME 147 — 2019 — N° 1

+83

+ Sa3

RYzy - no

Rtilzh sNk_1
_|Y1|k

7|ym+1 |k;
7R£yj . RO

~Ry'y; - Ricx

—Rﬂzh . to

k-1
—Ry " zn -tk

|y1[sing
|ym+1|Sink
ng.} - €

k-1
Ry yj-ez
Rﬂzh - €q

Rll:_lzh - e
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for any s1, s2, 83, Sa1, Sa2, Sasz € R, where the vectors v, are fized, and satisfy
1-¢

(49) IVal < COTe™= "l | .

for some 1, > 0.

The proof is deferred to Section 7.

3.3. Final argument and proof of Theorem 1.1. — Let : denote the so-

CN
lutions to (48) predicted by Proposition 3.2, given explicitly by

) = (V1) 45w+ sows +
o = Vo S1W1 S9W39 S3W3

Co = Vo + Sa1W4 + Sa2Ws5 + SasWg, a =3,---, N.
Substitute the above expressions for ¢,, a« =1,2,3,..., N into (42)—(47). This
leads to a system of (3N — 3) nonlinear conditions on the (3N — 3) coefficients
85, Saj for j =1,2,3, « = 3,...,N. Taking advantage of the explicit form of
the vectors w;, ¢+ = 1,...,6, one can show that there exists a unique

and

* * % * 3N-3
(517"' y 53,831, 7" ’SNS) eR

for which the above solutions satisfy all 3N — 3 conditions of Proposition 3.1,
which furthermore satisfy

(87, 85,831, sivs) | < CLT [l |-
C1
Hence, there exists a unique solution E to system (48), satisfying condi-
cN

tions (42)—(47) and the estimate

N .
D lleall < Cle= oo

a=1

On the other hand, from (40) in Fact 1, we conclude that

1 — ey >
lot e < Cem 4 leall:
a=1

Thus, by combining the above two estimates, we conclude that

Ca =0, = =0,

7,0
which implies that for ¢ defined by (31)—(33), it holds that ¢ = 0. This proves
Theorem 1.1.
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4. Analysis of the matrix M

This section is devoted to the analysis of the matrix M defined in Section 3.
We first derive a simplified form of M. Our first observation is that if « is
either of the indices {1,2} and f is any of the indices in {3,--- , N}, then

/L(Z;«EU@)ZJ‘?’CY =0foranyi,j=1,---,2n+m, s,t =0,--- , k — 1.
This fact implies that the matrix M has the form
_(M; O
(50) M = ( 0 Mz)

where M, is a matrix of dimension (2 x (2n +m) x k)? and M, is a matrix of
dimension ((N —2) x (2n +m) x k)2.
Because

/ L(Z8,)2!, = / L(ZL )75,

we can write that

G1) = (o)

where A, B,C are square matrices of dimension ((2n + m) x k)2, with A,C
symmetric. More precisely,

_ s t
a=([rzz,) ,
i,j=1,--- ,2n+m, s,t=0,--- ,k—1

3 t
B = (/ L(Zf,1)Zj,2) )
i,7=1,---,2n4+m, s,t=0,--- k—1
— s t
C= </ L(ZZ-,Q)ZJ-’Q) .
i,j=1,--- ,2n+m, s,t=0,--- ,k—1

Furthermore, again by symmetry, because
/L(Zia)Z;,B =0, ifa#pB,a,8=3,---,N,

the matrix My has the form

Hs 0 0 0 0
0 H 0 0 0
(52) M, =
0 0
0 0 0 Hy
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where H, are square matrices of dimension [(2n +m) x k]2, and each is sym-
metric. The matrices H,, are defined by

s,t=0,--+ ,k—1
(53) Ha = (/ L(ZZ-S’Q)Z;-’Q> for a = 37 . 7N.

1,7=1,---,2n4+m

Thus, given the form of the matrix M as described in (50), (51), and (52),
system (48) is equivalent to

My (Cl> :—<r1), H,co, =—r,, fora=3,--- | N,
Co ro

where the vectors r,, are defined in (48).

This section is devoted to the analysis of the kernels and eigenvalues of the
matrices A, B, C, H,. The main result of this section is the following solvability
condition for the matrix M.

ProroSITION 4.1. — Part a.
There exists £y > 0 such that for £ > {y, the system

wfe)=(2)
() wi= () = () w0

Furthermore, the general solution is

(54) ( ¢ ) = ( Vi > + s1W71 + SoWo + S3W3

C2 Vo

is solvable if

for all s; € R, with (:1 ) being a fized vector such that

2
g |G )= e GOl
Vo ro
Part b.
Let a=3,--- ,N. Then there exists £y > 0 such that for any £ > {y,
(56) H,(co) =14

is solvable if
Io Wq4 =Tq W5 =Ty Wg=0.
Furthermore, the solution has the form
(57) Cq = Vo + Sa1Wia + Sa2Ws + S43We,
for all sq; € R, where vy, is a fized vector such that

(58) IVall < CLef|Irall.
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REMARK 4.1. — From the statement of the above proposition, because My, My
are symmetric matrices, one need only show that My has 3—dimensional ker-
nels spanned by wi,wo, w3, while H, has 3—dimensional kernels spanned by
W4, W5, Wg.

Before we prove the above proposition, we first need to introduce some
notation.
For all n > 2, we define the n x i matrix

2 -10--0
-1 2 —1°

(59) Ti=1 90 . "-. .0
Do -1 2 —1
0O--- 0 —-12

In practice, the integer n will be equal to m — 1 or 2n — 1.
It is easy to check that the inverse of Ty is the matrix whose entries are
given by

(60) (T71),, = min(i, j) - ﬁ:{ -
We define the vectors S+ and ST by
0 1
: - 0 -
(61) T.St = eR" TpST:=| . | ecR™
0 :
1 0
It is easy to check that
_n_ _L
Al 3
n+1 A+l
(62) Ste=|[ : | eR” St:=| : [eR".
2 =1
A+l A+l

We also introduce the following vectors:
drs=(c,0---,0) €R™, dgrs=(0,---,0,c) €R"
and
(63) ds = (d,d,--- ,d) € R™.
In practice, n =m — 1 or 2n — 1.
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We will see below that a circulant matrix will play an important role in our
proof. We recall the definition of a circulant matrix.
A circulant matrix X of dimension k£ x k has the form

To T1 o T2 Tk—1
Tp—-1 Lo T1 - Tg-2
DRI 1‘ _ z x ...
(64) X = k—1 <0 1 ,
T
.’1/‘1 PRI ... xk,‘fl ‘,I:O
or equivalently, if z;;,4,j = 1,--- ,k are the entries of the matrix X, then

Tij = L1 |i—j|+1-

In particular, in order to determine a circulant matrix, it is sufficient to know
the entries of the first row. By

(65) X = Cir{(xg, 1, - ,xp-1)},

we denote the above-mentioned circulant matrix. For the properties of circulant
matrices, we refer the reader to [11]. The eigenvalues of a circulant matrix X
are given by the explicit formula

k—1
(66) ne=Y me Tl s=0, k-1
=1
with corresponding normalized eigenvectors defined by
1
e Q;Crsi
27s ;
(67) Bo=k 3| eF®

e%z"(k—n
Observe that any circulant matrix X can be diagonalized as
X = PDxP?,
where Dy is the diagonal matrix
Dx = diag(no, m, -+ s 1Mk—1)
and P is the k x k matrix defined by
(68) P = (Eo|E1]- - |Ek-1).

From this point, we begin to analyze the components of the matrix M,
A, B,C, H,, for which explicit expressions are given in Section 8. First, observe
that M is a symmetric matrix.
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4.1. Analysis of H,, and proof of part (b) of Proposition 4.1. — We first analyze

the kernels of the matrix H,.

First, we denote
U, (£) d2

Uy(f)  2sinT

where Uy is defined in (112).
By dividing both sides of the equation H,(c,) = 0 by ¥5(¢), we obtain that

ﬁa(ca) =0,

= mL
Where HO( = W B
From the computations regarding H, in Section 7, we know that H, has

the form
Ha,l 0 Ha,2 0

o 0 Ha,S Ha,4 Ha,S —&L
(69) Ho= g, mt m,s 0 | FOET),
0 His 0 Hauz

where
1 b2 2 ... _ Gy
1 sin & 2sin T 0 0 2sin T
d2 _1_ _62 02 0 0
2sin 7 sin £ 2sin 7
Ha,l = . )
52 _ 52 52
0 0 2sin 7 1 sin & 2sin &
92 0 . 0 02 ] — %2
ZSin% 2sin T sin% kxk
]-L,mfl Omfl Omfl
Om—1 1pm—1 Om—1
Ha72 = ... .’- . DY )
01 1r,m—1 [(m—1)xk]xk
- .
sin T 1 0 0
0 2-10 0
S g
Ha,S - )
: 0
. con B2
0 sin T 1 kxk
1rm—1 Opm—1 01
O'm—l 1R m—1 """ Om—l
Ha 4 = .. .7. . DY ?

)

Om—1 “ LRme1 ) )k ke

TOME 147 — 2019 — N© 1



NONDEGENERACY OF NONRADIAL SOLUTIONS 25

H(x,5 -
7(25?1211> O2n—1 7(25?:11>
k L,2n—1 k R,2n—1
5 5
7(2sir211 7(25i12)1> 0211
k/ R,2n—1 k/ L,2n—1
5 5
0211 _(2siif) B _(251;%> B
R,2n—1 L,2n—1 [(2n—1)xk]xk
—dm—1 0 0
_ 0 e 0
Hoz,ﬁ - m-1 )
TAm=1/ ((m—1)xk]?
and
_b T 0
2sin T 2n—1
Ha’?: 0 25in%112”71

02 T
ZsinE 2 (ono1)xg

We want to analyze the eigenvalues of the matrix H,. Thus, we assume that
(70) H,(a) = 0.

First, by considering the third row of the matrix H, written in the form (69),
one can obtain that
aj
0
(-Tn-1+0(e)) @n)+| | =0()ay
0
A
and .
a774n+1
0
(Tn-1+0 (7)) (ai) = | ¢ [=0(c7)au
0
i+1
m—+1
Here, a,, corresponds to the unknown variables around the vertices of the inner
and outer polygons. In other words, these equations imply that once a, is
fixed, the other unknown variables will be determined. From the above two
equations, and using (62), one has that for i =0,--- ,k — 1,

ab = % ((m—1)al +ai,, )+ 0O (e’fe) a,
al, = % (aﬁ + (m— l)afnﬂ) +0 (e’“) a,,

a

(71)
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and

Upia = 55 (20 = 1)ap, 1 +agiyy) +0 (e7%) a,
a:n+2n = 5n (a;b”n,-i-l + (21’L — l)a;n+1) + O (@ 3 ) Ay .

Next, we consider the first and second rows of the matrix H, in (69). We can
obtain that

0 0
“ )
ay as Y
Ha,l + . =0 (6 ) Ay
af_l ag_l
and
0 _ _ 32 0 k—1
a?n_,’_l G 2sin T (am+2 + am-i-2n)
1 1 6 1 _ 0
At A, 2sin T (am+2 am+2n) —¢e
Hus . + _ =0 (e a,.
k—1 k1 5o et k—2
A1 U =~ 25in T (am+2 - am+2n)

By using the above two equations (71) and (72) for ab, aj,,, a2, a2, the
above two equations are reduced to a 2k system of 2k unknowns af,a;, ,; for
i=0,---,k—1:

4
14

(73) H, a(l)lﬁl =0 (e*a) a,, where H, = <

;ﬂlp
o=
=
w [\v]
N———

and f[a,i are all circulant matrices with
~ 1 é é 6
(74) Ha,lzCir{(—— _27”'727”07...)07 ?ﬂ)}’
m  sin 7~ 2sin T 2sin
~ 1
(75) Ha720ir{(,0~~,0)},
m

. 1 ) ) )
(76) HQSZCIT{(_ + 2 T 2 7.—707"'707_ 2 7.—)}
’ m  2nsing’ 4nsin % 4nsin T

From the above analysis, equation (70) is equivalent to equation (73) above for
the 2k variables a,,. ;
Next, we begin to analyze the matrix H,,.
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Eigenvalues of H, 1. — A direct application of (66) shows that the eigenvalues
of the matrix H, are given by
(52 21 1
(77) L sin 7 (cos k ) m
fori=0,---,k—1.
Eigenvalues of ﬁa73. — The eigenvalues of the matrix f{a73 are given by
1) 2mi 1
(78) hsi=—2— (2-2cos = ) — =
4nsin T k m

fori=0,---,k—1.
Define

(79) P (g’g)

Then, simple algebra gives that

- Dy Do\ ¢
Ha—P(D2D3>P,

where
. 1 1 —_—
Dlzdlag(hm,"' 7h1,k—1)7 DQ:dlag(—’... , )7
m m
D3 = diag(hs o, -, hgr—1)-

We consider the matrix

_ (i
(80) DZ<1 h3>

The determinant of D; is given by

20y i sin” 7t 1
(81) Det (D;) = —sin” — (1— ENCE: 1+0 7))

One can check that Det(D;) = 0 for ¢ = 0,1,k — 1, and | Det(D;)| > + for
2<i<k-2.

From the above analysis, one can see that the matrix H, has at most three
kernels, and other than zero eigenvalues, the eigenvalues will have a lower bound
of ZQT for some 7 > 0. Moreover, one can directly check that w,, ws, wg are in

the kernels of H,,, and so one can obtain part (b) of Proposition 4.1.
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4.2. Analysis of the matrix M and proof of part (a) of Proposition4.1. — First,
we denote
1

M=
1 \Ill(e) 1

where U, is defined in (111), and we introduce the following notations:

(82) Ua(l) = T (0), 5 (0) = 20 (D)
and
(83) \Ill (Q o g3

Uy(¢)  2sinZ

for 01,029,053 > 0 positive constants. In fact, from (115), one can obtain that
-~ —1 —
o3 = (%) . By the computation in Section 8, we know that M; can be

written in the following form:

AL, 0 AL, 0 BL 0 0 0
0 A3 A3, A3, 0 0 0 Bl
Ay AW Al 0 0 0 0 0

0 A% 0o A% 0 BYy 0 0

B) M=l puog 0 0 o o ¢y o |
0 0 0 By 0 C§ Ch Ch
0 0o 0 0 Ch oy ocy o0
0 By 0 0 0 CH o0 o

where Aly, A3, are k x k circulant matrices:

Athlr{( 110»14%11»0 0A%1,k—1)}7
Al g=-1- 73 (512 +?2 321),

sin 7 k
s
A111—A11k1 ﬂ( 7. *2 SQ*),
2sin 7 k Y4 k
A?lclr{< w( i SQW)aOa"'aO)}v
n k
1L,m—1 Om—l Om—l
1 Om—l ]-L,m—l e Om—l
A12 = : . . : )
Om—1 o deme1 ) 1)k k
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1gm-1 Opm—1 -+ 05
9 Om—l 1R,m—1 e 07n—1
Afy = ’
e R [(m—1)xk]xk
o3 _os
2 L2n—1 0211 2 R2n—1
_os o3
3 2 R2n—1 2 L,2n—1 0271
Ay = . .
02,1 " " 02p,—1
0o, ... _ogos o3
2n—1 2 R2n—1 2 L2n-—1 [(2n—1)xk]xk
Ty O - 0
A%3 = 0 TAmel 0 )
M=l (m—1) x k]2
g3 e
2sin ¢ TQ"_I 0 0
o3 e
Al = 0 2sin & Ton—1 0
T o3 T
el ]
Zsin g = [(2n—1)xk]2
For the matrix B, we have that B, is a k x k circulant matrix:
03 CO8 T o9 o3coS T o2
1 _ (v k k
B —Clr{(ovz (1+Z) 00 =5~ <1+£>>}’
—1r2n-1 021 e —1Rr2n-1
1 oyo3cos T | ~lr2n-1 —1pon-1 - 0251
By 20sin T i i
k 02p,—1 . . 02y, 1
02,1 —1Rron—1 —1p2n-1 [(2n—1)xk] xk
and
1r9n-1 02,1 <o+ 1ron—1
s P
Blt_ 03COSE 1ron—1 1L 201 02,1
27 2gin T " "
k 02,1 . . 02,1
02,1 <o+ 1ron—1 1p2n—1 (2n—1)x K] xk

The matrices Ci;, C}; are k x k circulant matrices:

1 _
Ci =
1 —

011,0 =

1
Ciia

Cir { (0111707 0111,17 0 e 707 Clll,k—l)} 9

o1 g3 ( 9 T [op) _27T>
- — = cos” — + —sin® —
¢ sin% k4 K/’

g3 o T 02 . 9T
=] _zi(cosf——sm—
k=17 9gin = E ¢ k/’

k

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE

29



30 W. AO, M. MUSSO & J. WEI

3 _ o1 o3 2™ 02 . 2T
Cll—ClI‘{( 7 +sin1<cos k+ 7 Sin k),O, ,0)}.

k
T Lm—1 Om—1 Om-1
e
01 ’ %L,m—l [(m—1)xk]xk
T Rm—1 Om—1 Om-1
ez, | T e O ,
Omfl %R,m—l ((m—1)x K] xk
Cf’z =
(22%8) 201 Ozp1 — (%57 R2an—
—(”22‘;3 )R,%—l(%)h%—l T O2n—1
02,1 02n—1 ’
09,1 .. —(‘722‘23 )R,2n71 (%)Lﬂrzfl [(2n—1)xk]xk
_ %Tm—l 0 C 0
cl, = 0 — T 0 )
=T/ 1y
and
%Tanl 0 ce 0
Chs = 0 el 0

020
Sesin g L2n—1 [(2n—1)x k]2
The strategy for dealing with the matrix M; is similar to that for H,.
The main idea is that once the variables for the inner and outer vertices are
fixed, the other variables will be determined. Thus, we will reduce the problem
M, (a) = 0 to a 4k x 4k matrix equation for the variables around the 2k vertices.
First, by considering the third and fourth rows of Mj(a) = 0 in the form
(84), one can obtain that

alé,1 a%’l
(85) (_Tm—l +0 (6755)) aZ31 + =0 (6752) a,,
a:nfl,l 0
at )
et Qg1
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i i i

Arny2,1 Am+1,1 Ant1,2

al 0 0

m—+3,1

. . i . 34
+ sin — : + cos — : = O(e™%)a,.
; k 0 k 0
a

m+2n—1,1
ai z+1 ai

m—+2n,1 m+1 1 m+1,2

From the seventh and eighth rows of the matrix M; in (84), we can obtain that

i .
a2 al1,2
1
as o 0
(—Tm,1 + 0 (e_fe)) + =0 (e‘“) a,,
i
Ap—1,2 0
a’ a’
m,2 m—+1,2
i i i
a“_m—i—27 CLerl,Q anL+1,1
T
Apmy3.2 0 0
. . m . _
+ sin — . — coS — : :O(e EZ)ay.
Gpyy2n—1,2 0 0
i z+1 ai
Q4202 Apyt1,2 m+1,1

From the above four systems, using (62), one can solve a%,l T a%,% ; in terms of
a, fori=0,--- ,k—1,j=1,2. In particular, we can obtain that

(89)

(91)

a5, = g ((m = Daly - 0,100) +0 () a0,
(@l + (m=1al ) +0 (%) a,

(2”—1) m+11 m+11
(2n — 1)al, 15 +aiili,) +0 (e7%) a,

ai —
m+2n,1 — 2n m+1 1

i z+1
am+172 + (2 m+1 2

)
)
afn+1,1 (2n—1 agh )
) +0(e7%) aw,

aé,Q = % ((m - 1)ali,2 + ain+1,2) +0 (efa) ay,
a‘in,2 % (ali,z + (m — 1)a£71+1,2) +0 (6756) ay,
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and
. \' pusy 1
a:rt+2,2 = _QI;L’; (( ) ?rn-‘rl 2 ir—i_+1,2)
COS - —
(92) +55 (20 = 1)ah, 10 +apyyg) +0 (e75) a
i _ sin ¥ i+1
Apt2n,2 = n_ ( m+1 o= (2n—1a m+1,2)
cos T 1 _
+5k ( App11 +(2n—1a irJLr+1,1) +0 (e 55) Ay.

From the first and second rows of the equation in (84), one can obtain that

(93)
1 k—1
a0 a9 A1o —0A19
1,1 2,1 " a2 a8
o3 cos T o9 1,2 1,2
1 . . k > 5 _ —¢e
An : + : 2 (1 g) . =0 (e7*) ay,
okt okt
1,1 2,1 0 k—2
12 — A2
0 k—1
a0 a0 U421 — Cpt2n,1
m—+1,1 m,1 1 0
3 . 03 am+2,1 am—i—2n,1
Aty : + : + 5
okl k—1
Apmt1,1 U1 ak-1 ak2
m+2 1 m+2n 1
k—1
am+2,2 + am+2n,2
1
0203¢€08 T | Om+2,2 F Gmyon2 Y
— . =0 (e %) a,.
20sin 7
okl
G022 + am+2n 2
From the fifth and sixth rows of (84), one can obtain that
(94)
1 k—1
a® a ari; —ar1
1,2 2, . a2 a8
. C1 . 03 COSs ¢ Co 1,1 1,1 B
ch| o |+ |FEERE(1+2) =0 (e a,,
: Y4 : 2 Y4
okt okl
1,2 2,2 0 k—2
ari1 —ay1
0 k—1
a0 a0 U422 = Qpqon2
m+1,2 m,2 1 o
3 o1 . 0903 | %m+2,2 — Um+2n,2
“i N 20
aF-1 k—1
Am+1,2 A2 okl ak2
7n+2 2 m+2n 2
am+2,1 + am:r2n,1
1
o3cos T | @m+2,1 F Cmyon e
— . =0 (%) a,.
2 sin %
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Using the equations for aj ;,al, ; and al, .o i, a0k, o, ; (89)-(92), the above
system (93)—(95) can be reduced to 4k equations in terms of 4k unknowns

k—1 k—1 k—1 k—1
a(l),I’ Ay, a9n+1,17 Qg 1o a(lJ,27 g, and a9n+1,27 oy Aapg 2
a(lJ,l
k-1
%‘1,1
Amt1,1
Fi1 Fi2 Fi3 0 i 51
Ft F22 0 F24 a,; _
95 12 m+L1 | — (e8¢ a
( ) Fltg 0 F33 F34 G%Q ( ) v
0 F3y Fiy Fuy :
k-1
%‘1,2
Apt1,2
k-1
Apt1,2
where Fj; are k x k circulant matrices given below:
The matriz F11. — Fp1 is defined by
(96) Fiy = Cir {(#11,0, F11,1,0,--- ,0, F11 1)},
where
1 o3 T 09 T
F = —— — — (sin27+—cos2 7>
11,0 m  sin g k / k
and
03 . o T g9 o T
F = F _:%(—smf—l-—cos 7>.
11,1 11,k=1 2sin k / k
FEigenvalues of F11. — For any [ =0,--- ,k — 1, the eigenvalues of Fi; are
1 o T O T
S =—— - —= (Sin2 =+ 22 cos? 7)
m  sin g k 12 k
03 ( . 9T 02 27r) 2l
—sin® — + — cos” — ] cos —.
sin 7 k + 14 k k
The matrixz F15. — The matrix Fjs is defined by
. 1
F12=CII‘ —,0,-~-,0 .
m
Eigenvalues of F1o. — For any I =0,--- ,k — 1, the eigenvalues of Fi5 are

b
1
fiog=—.
m
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The matriz F13. — The matrix Fi3 is defined by
F13 = CH‘{(O, Fl3,17 Oa e 703 FlS,k—l)} )
where
0308 T ( 02) o30S T ( 02)
Fig1=—=5 1+ — Figp1=—""2(1+-—2).
13,1 5 + 7 ) 13,k—1 3 + 7
FEigenvalues of F13. — Forany l =0, --- ,k — 1, the eigenvalues of F}, are
21
(97) fis, =io3 (1 + %) cos % sin ?ﬂ
The matriz Fos. — The matrix Fb is defined by
Fyy = Cir {(F22,0, F22,1,0, -+ ,0, Fpz 1)},
where )
g3 . o T g9 o T
From—be g (0 2o )
22,0 m + 2nsin 7 st k + l €08 k
and
o Lo O3 o
P e = iy (- B ).
22,1 2k-1 = o T sin 3 7 cos A
FEigenvalues of Foo. — For any [ =0,--- ,k — 1, the eigenvalues of Fy, are
- 1 o3 L 9T 02 9 7r)
foza = m + 2nsin 7 (sm k + 12 €08 k
(98) o 21
S - (sin2 T 22 os? E) cos =1
2nsin £ E ¢ k k-
The matriz Fos. — The matrix Fby is defined by
Fyy = Cir{(0, F24,1,0,--- ,0, Foy p 1)},
where
_ ozsing ( 02) _ o3sin g ( 02)
Foy1=— 1+— Foyp 1 = 1+—).
24,1 in + 7 ) 24, k—1 in + 7
Eigenvalues of Foy. — For any [ =0,--- ,k — 1, the eigenvalues of Fy, are
o 21
foay = —22%3 (1 + %) cos%sin ?ﬂ
The matriz F33. — The matrix F33 is defined by
F33 = Cir {(F33,0, F33,1,0,- -+ ,0, F33 1)},
where
o1 g3 o T 02 . 9T
Py 2 o 1 )
33,0 ml  sin o8 k + / St k
and

g3 o T 02 . o T
F33 1= F33 k—1— —0—— (COS — — — S1n 7) .
’ ' 2sin T k¢ k
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,k — 1, the eigenvalues of F33 are
™
=2 sin? —)
k
02 . o 7r) 2lm
sin® — | cos —.
k k

FEigenvalues of F33. — For any =0,
Jasg=—— — - (
ny
3 (cos2 T_
sin ko0

The matriz F34. — The matrix F34 is defined by
Fsy —Clr{( a ,0, - ,O)}.
ml’
1, the eigenvalues of F34 are

FEigenvalues of F34. — For any [ =0 Jk—
_ 9
Jaa1 = 0

The matriz Fyq. — The matrix Fyy is defined by
w0, Fagi—1)}

Fy4 = Cir {(Fu4,0, F14,1,0
where . . o .
Fogoq— 9% 3 ( 2T 02 . 2 7)
WO T T e OV R T
and o T o 7r
Fuaq = Fuapq = ——23 ( 27_72.27)_
44,1 44,k—1 Insin T 8% = sin o
Eigenvalues of Fyy. — For any [ =0 ,k — 1, the eigenvalues of Fyy are
-9, 9% T 92,2 f)
faar == QnSmg( e
2T T) 2
sin” o ) cos ——.

s (cos E T

 2nsin z
The final part of this section is devoted to the analysis of the matrix

Fi Fip Fizs 0

Ff2 F22 0 F24
F13 0 F33 F34

F=|1
0 Fjy Fiy P

(99)

P
0
0

o O O

0

0

P
0000 P

). Simple algebra gives that

o Ny o

Define
P =

0

where P is defined in (
Dp,, Dpy, Dpy,
Dpt, Dp,, 0 Dp, Pt
0 Dpy Dry, v

szl DFt
O DFt DFt DF44
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Here, Dx denotes the diagonal matrix of dimension k& x k whose entries are
given by the eigenvalues of X.
Let us now introduce the following matrix:

Djy 0 - 0
O I
0 0 Dy,

where

fiis fi2g fizi O
Dy, = Sz fe2i O fouy

‘ —fi135 0 f334 f3a
0 —foai faa,i faay

By direct calculation, one can check that for j = 0,
Det(DfO) =0,

and Dy, has only one kernel. The other eigenvalues of Dy, will satisfy |Ao;| > &
for some constant C, 7 > 0.

For j > 1, we have that

Det (ij)

203 (1+d2)* (1= @) by (a (1= by) +da (1 — @) dy) (by — U=
(a—by)" o (bjdz +a* (1+ ) (1+dz) —a (1+ (2+dy) do))
&B»(l—a)(1+dg)2(‘ (@—1)dy) (a(b; — 1) + (a— 1) byda)

do
:20a3b3 1(—ab[)b +c0d2 ( ( ))

where

X

a= an%7 bj:sinQ%7 dlz%, dy = O;

From the above computation, we know that for j = 1,k — 1, Det(Dy,) = 0,
the matrix Dy, has one kernel, and all the other eigenvalues have a lower bound
%. For j # 0,1,k — 1, the matrix Dy, is non-degenerate, and the eigenvalues
have a lower bound C.

From the above analy51s we know that M; has three kernels. Furthermore,
the other eigenvalues of M; have a lower bound C. We can also check that

W1, Ws, W3 are in the kernels of M;. Thus, we have proved part (a) of Propo-
sition 4.1.
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5. Proof of (40)
First, we have the following a priori estimate on the linear equation.

PROPOSITION 5.1. — Assume that h is a function such that ||h||. < co, where
the norm || - ||« is defined in (21). Let ¢ be a solution of the following equation:
(100)

L(¢) = h, /¢Z;7a:0f0ri20,~-- Jk—1,7=1,--- m+2n,a=1,--- ,N.

Then, for large £, there exists a constant C' independent of £ such that ¢ satisfies
the following estimate:

(101) 8]« < C||R]..

Proof. — This can be proved by contradiction. Assume that there exists
£, — oo and ¢, h,, corresponding to (100) such that

(102) lonll« =1,  |lhnl|l« = 0 as n — oo.

In the following, we omit the index n in the absence of ambiguity. Following
the argument in Proposition 3.1 in [16], one can obtain that there exists R}y,
such that

(103) H¢||L°°(B(R;€yj,p)) >C> Oa

for some fixed C' and large p. By employing elliptic estimates together with
the Ascoli-Arzela theorem, we can find a sequence R} y; such that ¢(z+ Rjy;)
converges to ¢, which is a solution of

Apoo — doo +pwp71¢oo =0,
and satisfies the following orthogonality conditions:
ow
o=— =0, =1,---,N.
/ ¢ Oy “
Thus, ¢ = 0. This contradicts (103), and so this completes the proof. O
Because
L(Zo) =p (Wl =™ (2 = Riyy)) Zho + O (¢757)

one can easily verify that

(104) IL(Z] )]l < Ce™

for some ¢ that is independent of ¢, which is assumed to be large, where we
have applied the estimate (25).
Thus, from Proposition 5.1 and the estimate (104), we obtain that

N
_1+¢
. <Cem Y eal:
a=1

1+€
5=t

(105) lo™
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6. Proof of Proposition 3.1
Let us consider (41), with § = 1. That is,

N
(106) an-/ZQzl = —/golzl.
a=1

First, we write
1
Ll
joooden
f (aw(:c))
Oxq
A straightforward computation gives that |f1| < C(2n + m) x k|¢
07|l |, for a certain constant 7 that is independent of ¢, which is assumed

to be large, where we have assumed that m,n satisfy (16). Second, by direct
computation, we find for j =1,--- ,m + 1 that

i ou 1te
/Zj71z1:/8 1R Vw(foky])d:erO( Z)

ou .
= —R,;-Vw (z — Rjy;) dz
/BuRly?) Ox1 (o= Ri)

e <

+/ Ou —R,;- Vw(x—Rky])dz+O( EZ)
R

N _ B[ RL )65(;1

= cosb; /(37)%; +0 (e*—“*f”) ,
1

Similarly, one can obtain that

i ou e
/ij221 = 5 1RJ‘ Vuw (z — Rjy;) dz + O ( Z)

. ow\? _a+ee
—Slngi/<axl) d.’l}'"—O(e ),

and fora=3,--- | N,

ou 0 ,
Z’L = _ 7 . — O
[ Zienr= [ Gy et ) =
by the evenness of u in x.
Moreover, for j = m +2,--- ,m + 2n we have that

/2;1121:—5111 (0 + )/(g::>2+0(6(1+2w>,
/Zﬂzl—cos(G + )/(gui) +O<67%)»
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/Z;ﬁazlz()
fora=3,---,N.

A direct consequence of the above calculation is that

and

cosj siny
COSj, sing
cos(bp) sin(fp)

N
Z:l Cq - /Zazl =Cy - cos(@k_l) +Co - Sin(ek_l)

—sin(fo + ) cos(fo + )
—sin(fo + ) cos(fo + f)
C1
+oEe = |,
cN

where L is a linear function whose coefficients are uniformly bounded in ¢ as
£ to oo. Thus, (42) follows straightforwardly. The proofs of (43) to (47) are
similar, and are left to the reader.

7. Proof of Proposition 3.2

In this section, we prove Proposition 3.2. A key ingredient in the proof is
the estimates on the right-hand side of (48). We have the following result.

PROPOSITION 7.1. — There exist positive constants C' and & such that for
a=1,---,N, it holds that
_1te
(107) Irall < Ce™ ="l
for any sufficiently large £.
Proof. — Recall that
fL(WL)Zv,a

[ Leh) 29, .,

gy = IL(SDL)Z;C/;cly
[ L) 2, .,

JLwhZE
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Then, the estimate follows from

/r

To prove the above estimate, we fix, for example, 7 = 1,7 = 0,a = 3, and we

write
/L(SOJ')Z?,?) :/L(Z?,g)s#

ow(x —y1), | T3\ 1
(78:153 Yo~ + L(z)@
-~ ow(x —y1)
‘P 1 — wP 1(;E - y1)) axB SOJ_

< Cem gt ..

ok
:/p(
+0 (75 0) lp* .

< C/wpfz(%yl) dw(z —y1)

(9.1‘3

Z w(z — 2)

z€Ily,

++0 (5 0) .
< Cem F ot

for some £ > 0 that is independent of ¢, which is assumed to be large, where
we have used the estimate for ¢ in (25), i.e

18]l < Ce™ 5.

Thus, we have proved the estimate for & = 3. The other cases can be treated
similarly. 0

We now have the tools for the following proof.

Proof of Proposition 3.2. — By Proposition 4.1, we need only show the fol-
lowing orthogonality conditions:

(@) () e () e

and

(109) Iy W4 =Tq W5 =", wg=0.
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First, recall that L(z1) = 0. We then have that

[ et = [Lh)a -0

This gives us precisely the first orthogonality condition in (108). Similarly,
from L(z2) = 0 one can obtain that

[t = [ 16120

This gives us precisely the second orthogonality condition in (108).
For « =3,--- , N, it follows from L(z,) = 0 that

[ et = [ Lz =0

This gives us precisely the first orthogonality condition in (109).
Second, let us recall that

N
(110) Lip) ==Y ca-L(Za).

Thus, the function  — L(¢")(2) is invariant under a rotation by the angle 2%
in the (z1,x2) plane. Therefore, we can obtain that

m+2n

S [t wiZat S [ 1Y) Ry iz, - Ry 623) | =0,

i=0 \ j=1 j=m+2

This gives us the third orthogonality condition in (108).
For o =3,--- , N, we can obtain that

k—12m+n

> /L(SOL)Z}:,QRQ%"% =0,

i=0 j=1

and
k—12m+n

>3 [ LNz e =0

i=0 j=1

These give the final two orthogonality conditions in (109).
By combining the results of Proposition 4.1 and the a priori estimates in
(107), we obtain the proof of Proposition 3.2.
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8. Some useful computations

In this section, we compute the entries of the matrices A, B, C, and H, for
a=3,---,N.
We first introduce the following useful functions:

(111) Uy (¢) = /div(w”(m)e)div (w(z —Lle)e)dx,

(112) Uy (l) = /div (wP(z)et) div (w (z — Le) eJ‘) dz,

where e is any unit vector. It is easy to check that this definition is independent
of the choice of the unit vector e. It is known that

(113) Uy (0) = Cnpre "7 (1 +0 (2))
and
(114) \:[12(8) = CNypyze_Zg_ Ng—l (1 + O (2)) )

where C'y p; > 0 are constants that depend only on p and N. See, for exam-
ple, [16, 15] for details.

In fact, one can see from the definitions of ¥; and ¥ that

.o de

(115) ) (f) = 2sin E\I}’l (0) Tk

By these two definitions, one can easily obtain that
(116)
/pwp_1a~Vw(x)b-Vw (x—te) = (a-e) (b-e) Ty(O)+(a-eb) (b-eb) Ua(0).

Computation of A. —

[ 178 Zhsde = [t w220

=p<p—1>/wp*2<x—y1> o+ Y wiz—2)

z€Ily,
ow(x —y1) ’ —(14€)¢
( 8951 > * O (6 ) ’

where II,, denotes the set of closest neighbors of y; of II defined in (10). Recall
that ¢ solves the following equation:

(117) Ap—¢+plUP~ ¢+ E+N(¢) =0,
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where
E=AU-U+|UP U
and
N(¢) =|U+oP~ (U +¢) — [UP'U - plUP "¢

Hence, one has that

p(p — 1)/wp—2¢ (W)g

= /% (pw? ™ (x — 1)) ¢a£$1w(x — 1)
= —/pwpfl(x — yl)@il (¢M_3ﬂ)>

81‘1
_ ow(z —y1) 0¢ _ ?w(x —y1)
— _ p—1(,. _ _ p=1(p _
= /pw (x — 1) 07 Ry pwP™ (x —y1)o 027

— [ (0P —w e - w) o+ B+ N(o) T
_ /E82w(6m 2— y1) L0 (e,(prg)g)
0*w(z

= / (UPU = w (@ —y1) — 55— w 1o (e*“*@f)

1

= /pwpfl(f - 1) ( Z w(x — z)) W +0 (e*(lJrE)Z) )

z€Ily,

Taking this into account, we have that

/ L(ZY,) 20 dx

—pp-1) [wr? ( > e - z)) (™% yl))Q

z€Ily,
0? -
+/pw”_1(w - 1) ( > w(z - z)) 71”(822 m o (e‘“*fV)
z€lly, !
0 _ ow(z — y1) _
- [ = p=1l(. _ 7\ JY _ (1+€)¢
/83:1 (pw (x — 1) A ) ZEEH w(z —2))+ 0 (e )
_ ow(x — y1) ow(x — z) _
— p=1l(. _ ZE\ - Jl) g\ — <) (1+€)¢
p/w (=) —5- GZH: om0 (e )
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By (116), we can obtain that

/L(zg{a)zg{adx S [\pl(e) 42 (\1/1 (£) sin? % + Wy (£) cos? 90)} .

Next, we consider

[z,
ow(x

= [l = o 0) 2= B S (- Rl

= /pwp_l (z — Ryy) WR}C -Vuw (z — Ryy1) + O (e—(1+§)£>
1
= —sin? %‘I’l (Z) + cos? %\112 ([7) +0 (e—(1+§)€) .
Similarly, one can obtain that

/L (20,) 287" = —sin? 20 (7) +cos? 70y () + 0 (70179F),

[0 22 =0 (79 for 1.5) # (1,01, (0,1, (1= 1), (2,0)
Another observation is that
[z, = [z,

where we use the notation Z]t 1i= Zkft fift—s<0.
Moreover, for ¢ > 2, it holds that

/L(Zis,l)th',l:

=20y () + O (e=(H9E) [ if i = j, s =t,i < m,

T () +0 (eI ifj=i—lori+1l,s=ti<m,

20, (£) + O (=9 ifi=j,s =¢t, m+2<i<2n+m,
W1(2)+O(e—(1+5)5) ifj=i—lori+1l,s=t m+2<i<2n+m,

—[W1(6) = 2(Ty (£) sin? T 4 W5 (€) cos® F)] 4 O (e~ 1H+9F)
le,j =m+1,s=t,

Uy (£)sinF + O (e 1O if (4,5) = (m+1,m+2),s =t,
Wy (£)sin T + O (eI if (i,5) = (m+1,m+2n),t =s — 1,

0] (e_(l"’f)z) otherwise .
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Computation of C. — Similarly, we have that
[z,
_ ow(x — y1) ow(z — 2)
- _ p=1(,. (1+€)¢
p/w (1’ yl) 81‘2 ZE; 8.%‘2 + 0 ( )
— [\Ilg(é) +2 (\Ill (E) cosZ = + WU, (Z) sin 7)} +0 ( —(1+g)e>
and
(118)
/ L2 )7,
Uy (£) cos® T — Wy (0) sin® T + O (e 1+94) if (4,5) = (1,1) or (1,k — 1),
O (e (1+5)€) otherwise.

Furthermore, for ¢ > 2, one can obtain that

/ L(Z:)7L,

—2\1:2(& + 0 (em(F08) if i = j,s =t,i <m,
Ty() +0 (eI if j=i—lori+1l,s=ti<m,

205 () + O (emH9Y) ifi=j,s =¢t, m+2<i<2n+m,

s (£) + O (e=(1+9%) 1f]—z—10rl+13—t m+2<i<2n+m,
— [Wa(0) — 2 (Vy (€) cos® T + Wy (£) sin? T)] + O (e (1+9))

ifi,j=m+1,s =1,

Ty (O)sin T + O (e=H9) if (i,5) = (m+ 1, m+2),s =t,

—\Ilg(@smk—kO( A+O8) if (4,5) = (m+1,m+2n),t =s—1,

O (e=(0+9%)  otherwise.

Computation of B. — Next, we consider [ L(Z},)Z}, and [ L(Z},)Z} ;. First,
by the symmetry we have that

Jr@) 2, =0

and

ow
/L (20,) 215 = /pwH (z — Ryyr) %R Vw (z — Rpy1)

. T ™ B
= smE cos T (\111 (Z) + Uy (Z)) +0 (e (1+§)e) .
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Similarly, we can obtain that
J1(2) 25" = —sin T cos T (W (8) + 2 (9) + 0 (¢ 04197),
JE@0i) Bz = [ L(20r) 2k

:—‘1’2(2)005*‘*‘0( 1+5)>7

and
/L (2;1)Z,=0 (e_(Hf)K) otherwise.
Similarly, we have the following expansion for f L(Z )Z ¢
[z 2,
—sin 7 cos T (\111 (@ —|—\I/2 E)) +O( _(1"’5)‘3) ifi,j=1t=s—-1,
sin T cos T (\1/1 () + T2 (0) +0 (em O if §, j =1t =s+1,
=0 (0)cos T +0 (emU+94) if (i,5) = (m+2,m+1),s =t or
(G, ))=C2n+m,m+1),t=s+1,
O (e=0+9%)  otherwise.
Computation of H,. — For the matrix H,, for a = 3,--- | N, the computation
is simpler; we directly employ (116) to obtain the following expansion:
[z 2.

— (W2(0) + 205 (€)) + O (e 1+ if (4, 5) = (1,1),s = t,
Wy () + 0 (e= 94 if (i,5) = (1,1),t =s — L or s+ 1,
(205 (0) — W(0)) + O (e=H9E) if (4, 5) = (m+1,m +1),s = t,
—2\112(@ +0 (e—(H‘fV) ifi=j,s=t2<i<m,
Uy(0) +0 (eI if j=i4+lori—1,s=¢t2<i<m,
205 (£) + O (emH9Y) ifi=j,s =t,m+2<i<m+2n,
Uy () +0(em 90 if j=i+lori—1,s=t,m+2<i<m+2n,
O (e=(0+9%)  otherwise.
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