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THE GALOIS ACTION AND A SPIN INVARIANT FOR
PRYM-TEICHMULLER CURVES IN GENUS 3

BY JONATHAN ZACHHUBER

ABSTRACT. — Given a Prym-Teichmiiller curve in M3, this note provides an invariant
that sorts the cusp prototypes of Lanneau and Nguyen by component. This can be seen
as an analog of McMullen’s genus 2 spin invariant, although the source of this invariant
is different. Moreover, we describe the Galois action on the cusps of these Teichmiiller
curves, extending the results of Bouw and Moller in genus 2. We use this to show that
the components of the genus 3 Prym-Teichmiiller curves are homeomorphic.

REsuME (L’action galoisienne et un invariant spin pour les courbes de Prym-Teich-
miller en genre 3). — Etant donnée une courbe de Prym-Teichmiiller dans M3, cette
note introduit un invariant qui trie par composante les prototypes cusp de Lanneau et
Nguyen. Il peut étre vu comme ’analogue en genre 3 de 'invariant spin en genre 2 de
McMullen, bien que la source de cet invariant soit différente. De plus, nous décrivons
I’action de Galois sur les cusps des courbes de Teichmiiller, étendant les résultats en
genre 2 de Bouw et Moller. Cela nous permet de montrer que les composants des
courbes de Prym—Teichmiiller en genre 3 sont homéomorphes.
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428 J. ZACHHUBER

1. Introduction

A Teichmiiller curve is a curve inside the moduli space M, of smooth pro-
jective genus g curves that is totally geodesic for the Teichmiiller metric. Every
Teichmiiller curve arises as the projection of the GLJ (R) orbit of a flat surface
(see section 2 and the references therein for background and definitions). Only
a few infinite families of primitive Teichmiiller curves are known. McMullen
constructed several primitive families in low genera, among them, for every
non-square discriminant D, the Prym-Teichmiller or Prym-Weierstrafi curves
Wp in genus 3 [4].

This family is fairly well understood. In particular, Méller calculated the Eu-
ler characteristic [8], Lanneau and Nguyen enumerated the cusps and connected
components [2], and the number and type of orbifold points are determined in
[12]. The aim of this note is to complete the classification of the topologi-
cal components by showing that the connected components of Wp are always
homeomorphic.

To be more precise, in [2], Lanneau and Nguyen show that Wp has at most
two components for any D and has two components if and only if D = 1mod 8.

THEOREM 1.1. — Let D = 1mod 8, which is not a square. Then the two com-
ponents of Wp are homeomorphic (as orbifolds). In particular, they have the
same number of cusps and elliptic points.

A similar result was obtained by Bouw and Maller [1] for Teichmiiller curves
in genus 2. Note that a Teichmiiller curve is always defined over a number field
but is never compact. Both approaches rely on determining the stable curves
associated to the cusps of the Teichmiiller curve and describing explicitly the
Galois action on these cusps. At this point, it is crucial that we are able to
determine of a pair of cusps if they lie on the same component or not. In genus
2, Bouw and Moller could use McMullen’s spin invariant [3] to achieve this.

However, while Lanneau and Nguyen list prototypes corresponding to the
cusps of Prym-Teichmiiller curves [2], they do not provide an effective analog
of the spin invariant. Here we give such an invariant, which is, moreover, easy
to compute.

THEOREM 1.2. — Let D = 1 mod 8, which is not a square. Given a cusp pro-
totype [w, h,t,e, ] (see section 2), the associated cusp of Wp lies on the com-
ponent W5 if and only if
2i = e+ emod4,
fori=1,2.
In section 3, we prove Theorem 1.2 essentially using topological arguments.
More precisely, we analyze the intersection pairing on a certain intrinsic sub-

space of homology with Z/2Z coefficients. This is similar to the approach of
[3] where the Arf invariant of a quadratic form that was associated to the flat
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GALOIS ACTION AND SPIN IN GENUS 3 429

structure was analyzed on such a subspace, but the nature of these subspaces
is different (cf. [2, Remark 2.9]). Note also that in genus 3 the two compo-
nents lie on disjoint Hilbert Modular Surfaces (cf. [8, Proposition 4.6]) and
that the (1, 2)-polarization of the Prym variety plays a special role in this case,
essentially yielding a much more compact formula (cf. [3, Theorem 5.3]).

In section 4, we proceed to give an explicit description of the Galois action
on Lanneau and Nguyen’s cusp prototypes (Proposition 4.7) and combine this
with Theorem 1.2 to show that Galois-conjugate cusps always lie on different
components of Wp, thus proving Theorem 1.1.

Acknowledgements. — I am very grateful to my advisor, Martin Moller, for
many helpful discussions and comments and to Matteo Costantini and Robert
Kucharczyk for valuable conversations. I also thank the anonymous referees for
useful suggestions, in particular regarding Lemma 2.1. I thank [11] for compu-
tational assistance.

2. Cusp Prototypes

A flat surface is a pair (X,w) where X is a compact Riemann surface of
genus g and w € H°(X,wx) is a holomorphic 1-form on X. Note that X ob-
tains a flat structure away from the zeros of w via integrating w and affine
shearing of this flat structure gives an action of GL3 (R). A Teichmiiller curve
is a GL3 (R) orbit of a flat surface that projects to an algebraic curve inside
the moduli space M,. See e.g., [7] for background on Teichmiiller curves and
flat surfaces. Not many families of primitive Teichmiiller curves are known; Mc-
Mullen constructed families in low genera by requiring a factor of the Jacobian
of X to admit real multiplication, the (Prym-)Weierstral curves. We briefly
review the construction in genus 3, the case with which we are concerned.

Prym Varieties and Real Multiplication. — Let D = 0,1mod 4 be a (positive)
non-square discriminant and denote by Op the corresponding order in the real
quadratic number field Q(\/ﬁ) Let X be a genus 3 curve and p an involution
with X/p of genus 1. Then we define the Prym Variety Prym(X,p) as the
connected component of the identity of ker(Jac(X) — Jac(X/p)) and we say
that (X, p) admits real multiplication by Op if there exists an injective ring
homomorphism ¢: Op — End Prym(X, p), such that

e every endomorphism ¢(s) is self-adjoint with respect to the intersection
pairing on Hy, and
e , cannot be extended to any Op D Op.

In other words, the p-anti-invariant part H;(X,7Z)~ of the homology admits a
symplectic Op-module structure and Op is maximal in this respect.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



430 J. ZACHHUBER

Prym-Weierstrall Curves. — Denote by Wp the space of genus 3 flat sur-
faces (X, w, p,t) with an involution p that admit real multiplication ¢ as above
and where additionally w has a single (4-fold) zero, is p-anti-invariant, and
is an eigenform for the induced action of Op on H°(X,wx). McMullen [4]
showed that Wp is a union of Teichmiiller curves, the genus 3 Prym- Weierstraf
or Prym-Teichmiiller curves of discriminant D. Prym-Weierstraf curves have
been studied intensely, see e.g., [4], [8], [2] and [12]. Note, in particular, that
Wp is empty for D = 5mod 8.

Again, we note that we explicitly exclude the case that D = d? is a square,
see [2, Appendix B]| for some results in this case.

Cusps. — Recall that a Teichmiiller curve C is never compact. We describe
the cusps first in the terminology of flat surfaces. Let (X,w) be a flat surface
generating C and consider a direction v € P! (R). Recall that a geodesic segment
is said to be a saddle connection if its endpoints are (not necessarily distinct)
zeros of w and its interior contains no zeros of w. The direction v is said to be
periodic if all geodesics in direction v are either closed or saddle connections.
We say that a cylinder is a maximal union of homotopic geodesics on (X, w)
and any closed geodesic inside a cylinder is a core curve. The length of a core
curve is the width of the cylinder. A cylinder is called simple if each boundary
consists of a saddle connection. The cusps of C are in one-to-one correspondence
with the parabolic cylinder decompositions on (X,w), see e.g., [3, §4], [13, §2]
or [7, §5.4].

Prototypes. — To describe the cusps of Wp, Lanneau and Nguyen introduce
prototypes that encode the cylinder decompositions [2, §3,4 and C]|. We briefly
summarize the results we need.

The following result is a slight refinement of [2, Proposition 3.2].

LEMMA 2.1. — Given D non-square and a point (X,w) on Wp, any periodic
direction decomposes (X,w) into three cylinders.

Proof. — By [2, Proposition 3.2], any periodic direction decomposes (X, w)
into either three cylinders, or two cylinders that are permuted by the Prym
involution or one cylinder (that is fixed by the Prym involution). Obviously,
in the last two cases, the ratio of cylinder circumferences is 1. However, [14,
Theorem 1.9] asserts that adjoining the ratio of cylinder circumferences to Q
gives the trace field of (X,w), which is Q(v/D) (cf. [4, Corollary 3.6]), a con-
tradiction. |

REMARK 2.2. — Lemma 2.1 can be seen as a converse to [2, Corollary 3.4].

Following [2], after rescaling, applying Dehn-twists, and normalizing so that
the horizontal direction is periodic, this decomposition may be encoded in a
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FIGURE 2.1. Prototypes of geometric type A+, A— and B.
Observe that all «; are drawn in a horizontal direction, the
B; are drawn vertical. We set o;; = a1 + a; 2 and 3; = 351 +
Bi,2 when appropriate, and furthermore, for the A+ prototype,
B = B — B4, for the A— prototype, Bi; = B1,— By, and,
for the B prototype, 8y = 81, + 81, — B and By, = 51, —
B4 . Thus the a; and B; give symplectic bases whose periods
describe the cylinder heights and widths.

combinatorial prototype
Pp = [w, h,t,e,e] € Z°
subject to the following conditions:

D =¢e? + 8wh, e = +1, w,h >0,
w> 3, 0<t<ged(w,h), ged(w,h,t,e) =1,

where we set

e+vVD
5
Moreover, if € = 1, the stronger condition w > A is required.
Conversely, given a combinatorial prototype, we obtain a three-cylinder de-
composition into one of the following three geometric types (see Figure 2.1):
e A+: If e = 1 and A\ < w, we obtain a cylinder decomposition with a
single (short) simple cylinder of width and height A and two cylinders
of width w, height h and twist .

(1) A= )\p =

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE
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e A—:If e = —1 and A < w, we obtain a cylinder decomposition with two
(short) simple cylinders of width and height */2 and a third cylinder of
width w, height h and twist ¢.

e B:If e = —1 and »2 < w < A, we obtain a cylinder decomposition with
no simple cylinders but again two short cylinders of width and height
A/2 and a third cylinder of width w, height h and twist ¢.

Each geometric prototype corresponds to exactly one cusp of Wp.

3. Components and Spin

In analogy to the situtation in genus 2, Lanneau and Nguyen showed that, for
any discriminant D, the locus Wp has at most two components [2, Theorem 2.8,
2.10]. More precisely, Wp has two components if and only if D = 1mod8. In
the following, we denote these components by W}, and W3.

The aim of this section is to provide an analog of McMullen’s spin invariant
in genus 2 [3], i.e., an invariant that determines if a cusp prototype is associated
to a cusp on W} or W3.

To each geometric prototype Pp = [w, h,t,e,¢], Lanneau and Nguyen asso-
ciate a basis b = b(Pp) of Hy(X,Z)~ “spanning cylinders”, cf. [2, §4]. We will
see that, in fact, the behavior of the basis will depend only on ¢, i.e., geometric
type A— and B will not be distinguished. Hence, we denote the bases by

b® = (af, a3, 61, 83),

where a; and ; are as in Figure 2.1. In particular, the periods (with respect
to w) are

(2) / w=\, / w = 2w, / w =1\, / w = 2t + 2ih
+ + + +
oy Qo f61 f62

if Pp is of geometric type A+ (i.e., e =1) and

3) /w:)\, /w:w, /w:i)\, /w=t+ih
oy oy B B

1 2 n 2
if Pp is of geometric type A— or B (i.e., e = —1).
Moreover, the intersection form on H;(X,Z)~ is of type (1,2). Clearly, it is

described by the matrices

0 010 0 020
0 002 0 001
(4) <'a'>b+ “1=1 000 and <'7'>b* “1-2 000
0-200 0-100

In particular, (o, a;) = (8;, 8;) = 0 for any ¢, j and (o, §;) is nonzero iff i = j.
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Recall that, for D = 1mod 4, the quadratic order is Op = Z ® TZ, where

1++vD
—

As (X,w) € Wp admits real multiplication ¢, Hy(X,Z)~ is an Op-module. In
particular, for odd D, we may view T as an endomorphism ¢(T") on Hy (X,Z) .
We now describe this endomorphism on the cusp prototypes. Note that this cal-
culation essentially appears already in [2, §4], but due to differences in notation
and for the convenience of the reader, we briefly restate the result.

T =

LEMMA 3.1. — Let D be an odd discriminant. Given a prototype Pp = [w, h,
t,e,e] associated to a flat surface (X,w) the endomorphism o(T) acts on
H1(X,Z)~ in the basis b(Pp) = b° by «(T)p, = ¢(T)¢, where

el 2w 0 2t w0t
h =< —t 0 2h -5t -2t 0
+ 2 T = 2
A I R R I il I S =S )
0 0 w - 0 0 2w -t

2
Note that e is odd iff D is odd.

2

Proof. — Note first that T = X — <51 (cf. (1)) and that any v € Hy (X, Z)~

satisfies
/ wz/L(T)Vw:T-/w,
uT)~ v v

as w is an eigenform. Now, using the periods of b* in (2) and (3), as well as the
identities A2 = eX + 2wh and T - A = 2wh + A<, the representations ¢(T')*
are obtained by a straight-forward calculation. (|

We are now in a position to describe the restriction of the intersection pairing
(-, ) to the image of the endomorphism ¢(T") in Hy(X,Z/2Z)~ (for D odd). To
ease notation, we will no longer distinguish 7' and «+(T"), as no confusion can
arise.

PROPOSITION 3.2. — Let D be an odd discriminant and T the endomorphism
from above. Let (X,w) be the geometric prototype associated to the cusp proto-
type Pp = [w, h,t,e,e]. Then

(-,->|ImT =0mod2 <= e+ ¢ =0mod4,

where (-, ~)|ImT is the restriction of the intersection pairing on H1(X,Z)~ to
the image of T.

Proof. — We begin by observing that, as T is self-adjoint by the condition
on real multiplication, we have (T'y,Td) = (T?v,d) for any v, € Hi(X,Z)".

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



434 J. ZACHHUBER

Moreover, by (4), any two elements by, by € b® satisfy
{af, B}, ife=1,
{ay,B85}, ife=-1.

Therefore, by checking mod 2 the 1, 1 entry of (T7)? and the 2,2 entry of (T7)2,
we find (using D = e? + 8wh) that

(b1,by) Z0mod?2 <= {by,bs} = {

(‘,‘>i|ImTi =0mod2 <= e+ 1=e+¢e=0mod4,
as claimed. O

REMARK 3.3. — Note that Lanneau and Nguyen use a similar idea (restriction
of the intersection pairing to the image of an operator mod 2) to show that there
are in fact two distinct components of Wp for D = 1mod 8 [2, Theorem 6.1].
However, they use a different operator T = T(P) for every prototype and this
does not seem a feasible invariant.

Proof of Theorem 1.2. — Let D be an odd discriminant. We denote by X —
Wp the universal family over the Teichmiiller curve Wp, see [6, §1.4]. By def-
inition of Wp, each fiber X; has an involution p; and the real multiplication
gives endomorphisms T; of Hy (X}, 7)™, allowing us to consider the restriction
of the intersection form (-, -); to the image of T; and take Z/27Z coeflicients. In
particular, the map

t () mod 2

|Im Ty
is continuous and as the range (the space of bilinear operators on an Fsy vector
space) is discrete, it is locally constant. Now, Proposition 3.2 asserts that two
cusp prototypes Pp, Py, are associated to cusps on the same component if and
only if e + & = ¢/ + ¢’ mod4 and, as any such e must be odd, this yields the
claim. ]

4. The Galois Action on the Components

The aim of this section is to prove Theorem 1.1. The idea is to show that,
for D = 1mod8, the two components of Wp are in fact Galois-conjugate in
analogy to the situation in genus 2 (cf. [1, Theorem 3.3]).

To achieve this, we first describe algebraic models of the stable curves asso-
ciated to the cusps of Wp and then describe the Galois-action on these curves
explicitly.

Stable Curves. — While a Teichmiiller curve C is never compact, it admits a
smooth completion C. Moreover, after passing to a finite cover, we may pull
back the universal family over M, to C, thus obtaining a family of curves,
which we — by abuse of notation — also denote by X — C and which extends to
a family of stable curves X — C, cf. [6, §1.4].

TOME 146 — 2018 — N° 3



GALOIS ACTION AND SPIN IN GENUS 3 435

Much of the geometry of the stable fibers is given by the flat structure. By
the above, given a flat surface (X,w) on X together with a periodic direction
v, we may associate a cusp (Xoo,wno) to (X,w,v), where X, is a stable curve
and wy, is a stable differential on X, see e.g., [7, §2.5 and §5.4]. In particular,
X is obtained from X topologically by contracting the core curves of cylinders
and w, has poles with residue equal to the cylinder widths at the nodes of X .

LEMMA 4.1. — Let ¢ € Wp \ Wp be a point such that the fiber X, = X, is
singular. Then X is a trinodal curve, i.e., Xo is a projective line with three
pairs of points identified.

Proof. — This follows immediately from [7, Corollary 5.11]: let (Xoo,woo) be
the stable flat surface associated to c. Then, as every component of X, must
contain a zero of wy,, the stable curve X, is irreducible. Moreover, (X oo, woo) is
obtained by contracting the core curves of a cylinder decomposition on some
(X,w) € Wp. But by Lemma 2.1, any such (X, w) decomposes into three cylin-
ders, hence X, is obtained topologically by contracting three (homologically
independent) curves on a genus 3 Riemann surface and therefore has geometric
genus 0 and three nodes. U

Using the prototypes of [2] from section 2, we can describe the singular fibers
of Wp more explicitly, in the spirit of [1, Proposition 3.2].

PROPOSITION 4.2. — The stable curve above the cusp associated to the combi-
natorial prototype [w, h,t,e, ] may be normalized by a projective line with six
marked points: +1,+x,, and +x3, where

e—l-\/ﬁ

1 — g2 1 — g2 T’ ife=1,
»’61——8—\/ 3 and x3 = —s+ 4/ 3 for s = o0

—, ife=-1,
e+vVD f
and the pairs of points (+1,—1), (z1,—z3), and (x3, —x1) are identified in the
stable model.

In particular, the absolute value of s uniquely determines the stable fibers.

Proof. — By Lemma 4.1, the normalization of the stable curve X, associated
to a cusp of Wp is a projective line with three pairs of marked points which
we denote by x1,y1, 2, Y2, 3, Ys3-

Now, the stable differential w, has poles at the nodes of X, and the residues
at each node must add up to zero, i.e., we have the crossratio equation

3
T T Cdz
0 (e o

=Y
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for the residues r;, some constant C, and after choosing coordinates so that the
unique zero of we, is at co.

Moreover, the Prym involution p acts on X, hence also on the normaliza-
tion, where we choose coordinates so that it acts as z +— —z (fixing the zero
at 0o) and z2 = 1. Recall that the stable fiber was obtained topologically by
contracting the core curves of the three cylinders and that two cylinders are
exchanged by the involution, one is fixed. We therefore find

y1=-T3, Yy2=-T2=-1, yz3=-x1, and 7y =r3.

Comparing coefficients in (5), we obtain

[1— g2
r1=-—x3—2s and xz3=-—s=+ 5 for sZT—z,
3 27’1

Observe that the choice of sign in z3 interchanges the values of x; and z3 and
that —s gives the same set of points.

Now, consider the cusp associated to the prototype [w, h,t,e,e]. If e = 1, we
have 11 = r3 = w and ro = A, while e = —1 implies 71 = r3 =2 and ro = w
(cf. Figure 2.1). This determines s.

Conversely, |s| determines the points z;. Identifying the points +1, z; and
—x3, and x3 and —x1, we obtain a stable curve with three nodes and an invo-
lution. O

REMARK 4.3. — Note that replacing s with —s in Proposition 4.2 gives the
same siz points on P1, i.e., the same stable curve. This ambiguity corresponds
to the action of the Prym involution on the stable curve.

REMARK 4.4. — Observe that the stable curve does not “see” the twist param-
eter t, as it only depends on the cylinder widths. In particular, cusp prototypes
that differ only in their twist parameter cannot be distinguished by the associ-
ated stable curves. This motivates the following definition.

DEFINITION 4.5. — Given a prototype P = [w, h,t, e, €], we define the associ-
ated algebraic cusp prototype as [w, h, e, €].

The Galois Action. — As Teichmiiller curves are rigid, they are defined (as
algebraic varieties) over a number field [5, 9] and one can show that the absolute
Galois group Gal(Q/Q) acts on the set of all Teichmiiller curves (cf. [6, §5], [9,
§6]), hence also on the set of cusps of Teichmiiller curves.

Moreover, given o € Gal(Q/Q), let X — C denote the universal family over
a Teichmiiller curve. Then the associated family of Jacobians splits with one
factor admitting real multiplication, see e.g., [7, Corollary 5.7]. Now, ¢ acts
on the universal family X', as well as on the associated family of Jacobians,
preserving the splitting and the real multiplication. In the case that C is a
Prym-Weierstrafl curve in M3, this implies that ¢ acts on the family of Prym-
varieties over C. In particular, a (fibrewise) p-anti-invariant eigenform for real
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multiplication by some Op with a single zero is mapped again to a (fibrewise)
p-anti-invariant eigenform for real multiplication by Op, as the splitting of
the family, the real multiplication and the multiplicities of the zeros are all
preserved by o.

Note that Galois conjugation on curves in the moduli stack of curves pre-
serves the number of cusps and number and type of orbifold points. In fact,
the number of isomorphic fibers of the universal family over an orbifold chart
near an orbifold point detects the orbifold order and is preserved by Galois
conjugation.

REMARK 4.6. — While a Teichmiiller curve C and its Galois conjugate C° are
homeomorphic as orbifolds, they are in general, however, not isomorphic as
complex curves. Indeed, by the calculations of the explicit equation of the Te-
ichmiller curve W, in Mg in [1, §7] (the equations are also given in [10, §6]
with a different normalization) it is not difficult to check that the two compo-
nents are not isomorphic: using the notation of [10, (35)], one can calculate the
modular j function and clearly j(ko) # j(kg).

Using the algebraic description of the stable curves, we may describe the
Galois action on the cusps of Wp. As this is again independent of the twist
parameter t, the action is given only on algebraic cusp prototypes.

PROPOSITION 4.7. — Let P = [w, h, e, €] be an algebraic cusp prototype, let o €
Gal(Q/Q) be a Galois automorphism that maps VD to —V/'D, and denote by P°
the prototype corresponding to the o-conjugate cusp. Then, if e =1,
po [h,w, e, —¢], if h > A2,
B [w, h,—e,e], if h < X2,
and if e = —1,
po_ [h,w,e,—€], if h> A,
| [w, h,—e,e], ifh <A,

where 2\ = e + VD, as above.
Proof. — Let P = [w,h,e,e] be an algebraic cusp prototype. By Proposi-

tion 4.2, the conjugate cusp will depend only on the action of ¢ on s. Recall
that for ¢ = 1, we have

e+vVD —e+VD

— _ ot — . +\o _ _
s=s(P)=s" = ™ ie, (sM)7= ™
while for e = —1
(P) _ 2w —e+ VD o (57)° e++vD
= = = = 1.e. [ —
s=s s 1 i , , (s TR

as D = e? + 8wh.
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Now, consider a prototype P’ = [w’,}h/,e’,€] such that |s(P)?| = |s(P’)]
(recall that by Remark 4.3, s is determined only up to sign, due to the action
of the Prym involution). Comparing coefficients in Q(v/D) and as w, h > 0, it
is clear that either &/ = —¢ and ¢’ = e or ¢’ = —e and &’ = ¢. In the first case,
w’ = h and A’ = w, while in the second case w’ = w and h' = h.

Moreover, observe (using again that D = e? + 8wh) that
D —¢? VD —e

ow 2
and that any valid prototype [w’, k', €', 1] must satisfy w’ > X\'. Hence, compar-
ing h to X\ (respectively */2), determines which of the above described choices
for P’ gives a valid prototype and thus yields the claim. O

h<%<:>e+¢5>4h: <w,

We now combine Theorem 1.2 with Proposition 4.7 to show that, when D is
odd any two conjugate cusps are on different components.

PROPOSITION 4.8. — Let D = 1mod8 and Pp = [w,h,e,e] be an algebraic
cusp prototype. Then Pp and PZ are on different components of Wp.

In particular, the cusps associated to [%, 1, —1,—1] and [%, 1, 1,—1]
lie on W}, and W3, respectively, and are conjugate.

Proof. — Let Pp = [w, h, e,€] be an algebraic cusp prototype and denote by
¢(P) = e+ emod 4,
the component (see Theorem 1.2) of Wp that the associated cusp(s) of P lie
on. Then, by Proposition 4.7, we have
¢(P°) = —e+¢e=e—emod4,

as both e and € are £1mod 4. In particular, ¢(P) # ¢(P?)mod 4, hence the
cusps lie on alternate components. O

Proof of Theorem 1.1. — Let D = 1mod 8, non-square, and W5 be a Teich-
miiller curve. Now, Gal(Q/Q) acts on W% and as this action extends to an
action on the families of curves and their Jacobians, respects the (Prym) split-
ting, and maps eigenforms for real multiplication to eigenforms (for the same
D), it preserves the locus Wp. Hence, any given element of Gal(Q/Q) acts ei-
ther trivially or interchanges the two components. But by Proposition 4.8, there
exists an automorphism that does not fix W} and therefore the components
are Galois-conjugate. In particular, they are homeomorphic. O
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