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EXPLICIT LINEARIZATION OF ONE-DIMENSIONAL GERMS
THROUGH TREE-EXPANSIONS

BY FREDERIC FAUVET, FREDERIC MENOUS & DAVID SAUZIN

ABsTRACT. — We explain Ecalle’s “arbomould formalism” in its simplest instance,
showing how it allows one to give explicit formulas for the operators naturally attached
to a germ of holomorphic map in one dimension. When applied to the classical lin-
earization problem of non-resonant germs, which contains the well-known difficulties
due to the so-called small divisor phenomenon, this elegant and concise tree formalism
yields compact formulas, from which one easily recovers the classical analytical results
of convergence of the solution under suitable arithmetical conditions on the multiplier.
We rediscover this way Yoccoz’s lower bound for the radius of convergence of the lin-
earization and can even reach a global regularity result with respect to the multiplier
(Cl-holomorphy) which improves on Carminati-Marmi’s result.

RESUME (Linéarisation explicite de germes unidimensionnels par développement en
arbres). — Nous expliquons le formalisme des « arbomoules » d’Ecalle dans le cas le
plus simple et montrons comment il permet d’obtenir des formules explicites pour les
opérateurs naturellement associés & un germe d’application holomorphe en une dimen-
sion. Dans le cadre du probléme classique de la linéarisation des germes non résonants,
qui contient la difficulté bien connue due au phénoméne des petits diviseurs, ce forma-
lisme élégant et concis reposant sur des arbres fournit des formules compactes, dont
on déduit aisément les résultats analytiques classiques de convergence de la solution
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242 F. FAUVET, F. MENOUS & D. SAUZIN

moyennant des conditions arithmétiques appropriées sur le multiplicateur. Nous re-
trouvons de cette fagon la borne inférieure due & Yoccoz pour le rayon de convergence
de la linéarisation et obtenons méme un résultat de régularité globale par rapport au
multiplicateur (C’l-holomorphie) qui améliore un résultat de Carminati et Marmi.

1. Introduction

The purpose of this article is twofold:

— to expound J. Ecalle’s “arbomould formalism” by illustrating it on the lin-
earization problem for holomorphic germs in one complex dimension—this
amounts to a novel approach to formal linearization by means of a powerful
and elegant combinatorial machinery,

— to show how this allows one to find again the classical analytic results on the
convergence of the formal linearization by Keenigs, Siegel, Bruno, Yoccoz,
and even improve on Carminati-Marmi’s result on the regularity with respect
to the multiplier.

The classification of diffeomorphisms near fixed points is one of the starting
points for Poincaré’s theory of normal forms and has its roots in 19*" century
mathematics, with E. Schroder and G. Koenigs’s works on the linearization
problem in one complex dimension (see e.g., [25]). The problem consists in
finding a conjugacy between a map g: z — ¢z + O(22) holomorphic near the
origin and its linear part z — ¢z, assuming that the multiplier ¢ is non-zero.
One thus looks for an invertible map z — h(z) such that g o h(z) = h(gz) (i-e.,
the inverse of h should satisfy the Schroder functional equation). At a formal
level, there is a solution as soon as ¢ is not a root of unity, i.e., there is a formal
linearization h(z) € C[[z]] in that case, and the Kcenigs linearization theorem
asserts its convergence whenever |q| # 1.

When |g| = 1, things are much more delicate because the recursive expres-
sions available for the coefficients of the formal linearization A involve denom-
inators of the form ¢ — 1 with any n > 1. In the so-called resonant case,
namely when ¢ is a root of unity, linearization is in fact generically not even
possible at the level of formal series, and the classification of resonant diffeo-
morphisms leads to Gevrey divergent series and questions of summability and
resurgence (see e.g., [10]). For ¢ = €*™“ with w real and irrational, we are faced
with the so-called “small divisor problem”, because of the arbitrary smallness of
the quantities ¢ — 1 present in the denominators, and this calls for a suitable
number-theoretic hypothesis on w in order to prove that h(z) is analytic, as
shown by H. Cremer, C. L. Siegel, A. D. Bruno and J.-C. Yoccoz.

The article [10] proposed a totally new approach to deal with general sin-
gularities of analytic dynamical systems with discrete or continuous time, in
any dimension, with an array of techniques to cover the most general situations
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EXPLICIT LINEARIZATION IN ONE DIMENSION 243

where the complications due to resonances and small denominators coexist, but
this work has not really been assimilated by the dynamical systems commu-
nity. In that article, J. Ecalle introduced the key concept of “arborification,”
according to which the formal series first expressed as “mould expansions” have
to be reencoded by expansions over families of trees.

In the present paper, we explain the basics of Ecalle’s tree formalism and
show how it leads to an explicit formula for the conjugacy h(z). Writing the
Taylor expansion of the holomorphic germ g in the form g(z) = q(z + a;2% +
azz3 + ---), we shall obtain

) AN (o) IT)+1
h(z)—z‘-l-ZVT(H qIIT‘ree<mT>l—1>z ’
T

oceVr

where the summation is performed over trees T' whose vertices o are decorated
by positive integers Nr(o) and the coefficients yr are non-negative rational
numbers to be defined in due time; the product is over all the vertices of the
given tree T', the notation || - || indicating the sum of the decorations of a tree
and Tree(o,T) denoting the subtree of T “rooted at o”.

In fact, Ecalle’s formalism will give more: it is the composition operator itself
p € C[[z]] — ¢ o h € C[[z]] which can be represented as the sum of a formally
summable family of explicit elementary differential operators. This is related to
the idea, due to A. Cayley [7], that trees are the relevant combinatorial objects
to deal with the composition of differential operators.(®

All the precise definitions are given below in a self-contained way, and it is
in fact one of the objectives of the present text to clarify the notions intro-
duced by Ecalle, connecting them with well-known combinatorial objects and
constructions, proposing on the way quite a few innovations in the notations
and the presentation of the concepts with respect to to the existing literature.
An originality of our presentation is that we arrive directly at the tree represen-
tation of h or of its composition operator, without constructing a preliminary
mould expansion and then passing through the process of arborification. In this
sense, the first part of the paper (Sections 3-6) can be considered as a lightened
introduction to Ecalle’s formalism, and the interested reader can pursue with
[12] and the references therein to learn more about the algebraic structures
underlying arborification.

Next, in the second part of the paper (Sections 7-11), we show that the ex-
plicit expression of h obtained in the first part can be efficiently used to prove

1. The use of trees in small divisor problems can be traced back to Eliasson’s 1988 preprint,
published as [11], containing the direct proof of the convergence of the Lindstedt series in the
(more difficult) context of KAM theory. Let us also mention that, for the multidimensional
Siegel problem, another tree formalism was used in [3]|, whose formulas (4.12) and (4.13) are
reminiscent of the formula obtained by Ecalle’s tree formalism.
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244 F. FAUVET, F. MENOUS & D. SAUZIN

its analyticity when ¢ = e*™% and w satisfies Bruno’s arithmetic condition (re-

lying on an arithmetical lemma due to Davie, as in [4]), finding again Yoccoz’s
lower bound for the radius of convergence of h.

It also gives us access to a new result on the monogenic dependence of h with
respect to the multiplier g, in the spirit of [15]. The first result of that kind was
proved by C. Carminati and S. Marmi in [20]. The idea consists in considering
all the w’s satisfying a uniform Bruno condition and constructing a closed
subset K of C such that the map ¢ € K + h € B is C'-holomorphic, where B is
a suitable Banach space of functions of z. When it comes to C'-holomorphy,
our method is quite different from that of [20] and gives an improvement for
the radius of the disk in the z-plane which determines the Banach space B that
one can take.

We tried to make the paper as self-contained as possible and hope it will
constitute an accessible entry to some of the beautiful and far reaching con-
structions of Ecalle, while yielding original proofs of non trivial dynamical
results and paving the way for further works.

2. Linearization of diffeomorphisms in dimension 1

Let us review the dynamical setting and fix some notation. We denote by

(1) G = {g(z) =3 bz € Cll2]] | by # o}
n>1

the group of formal diffeomorphisms in one dimension, the group operation
being the composition of formal series without constant term, with the notation
¢°(=1 for the inverse of an element g. The coefficient by of a given g € ¢ is called
its multiplier; the formal diffeomorphisms with multiplier 1 form a subgroup
of & that we denote by “,. The group of germs of holomorphic diffeomorphisms
in one dimension can be identified with a subgroup ¢ of g , in which tangent-
to-identity convergent series also form a subgroup:

(2) g ={ge9|geClz}}, “%h=9n%.

The local theory of holomorphic dynamics is concerned with the iteration of
elements of ¢ and the description of the conjugacy classes of 4. The rotations
R, € ¥ defined by
(3) R,(z) = gz, for ¢ € C*

display the simplest possible dynamics: the kth iterate of R, is Ry» (for any
k € Z). One is thus interested in the

HOLOMORPHIC LINEARIZATION PROBLEM. — Given g € ¢, find h € 4 such
that
(4) goh="hoR,,
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EXPLICIT LINEARIZATION IN ONE DIMENSION 245

where q is the multiplier of g.

It is indeed clear that, if h solves (4), then ¢ cannot be anything else but
E—Z(O), and the kth iterate of g is thus h o Ry o h°(~1). Notice that there is no
loss of generality in imposing a priori h € ¥: if h, € ¢ is a solution of (4)
with multiplier A, then h, o Ri(_l) is a solution which belongs to ¢;.

Similarly, we may consider the

FORMAL LINEARIZATION PROBLEM. — Given g € ¥, find h € 9, which
solves (4).

A solution h to this problem will be called a formal linearization of g. Of
course, if g € ¢, then a solution of the Formal Linearization Problem with non-
zero radius of convergence is the same thing as a solution of the Holomorphic
Linearization Problem.

Viewing 9 as a skew-product C* x Eél, we will systematically write g in the
form

(5) g=R,of, qeC*, fe%,

so that Equation (4) takes the form foh = R;(_l) oho R, We first recall the
elementary

LEMMA 2.1. — Let f(z) = z + anl anz"tl € 4 and q € C*. Suppose
that q is not a root of unity. Then the Formal Linearization Problem for g =
R, o f has a unique solution

(6) h(z) =z + Z 2"l e 9.

n>1

The coefficients of the formal linearization are inductively determined by the
formula

n
1_12 Z GrCrg * " " Cnyps n>1,

r=1 (no,...,ns)ENTTL 5 ¢,
no+-+nr+r=n

(7) Cn = o

with the convention co =1 and N ={0,1,2,...}.

Proof. — Write the conjugacy Equation (4) as h(gz) = qf(h(z)) and expand
it. O
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246 F. FAUVET, F. MENOUS & D. SAUZIN
FIRST PART: FORMAL LINEARIZATION

3. N -trees and N -forests

The method we want to expound relies on expansions indexed by what
we call N*-trees, which can informally be defined as non-plane rooted trees
decorated by elements of N* up to isomorphism. Here and everywhere in the
article, we use the notations

N*={1,2,3,...}, N={0,1,2,...}.

N*-trees are classical graph-theoretic objects, however we prefer to give a formal
definition in terms of a special class of finite posets. Recall that a poset is a
pair (V, <), where V is a set (possibly empty) and < is an order relation on V,
and that a poset isomorphism from (V, <) to (V’, <’) is a bijection ®: V — V'
such that, for every o,7 € V, 0 X7 & ®(0) 2’ &(7).

DEFINITION 3.1. — A poset (V, <) is said to be arborescent if the underlying
set V is finite and any element of V' has at most one direct predecessor.

Equivalently: a finite poset (V, <) is arborescent if and only if, for every
T € V, the set of all its ancestors {c € V | 0 < 7} is totally ordered; or: if
and only if, for any two incomparable elements 0,7 € V, the successors of o
and the successors of 7 are incomparable.

The terminology is motivated by the fact that the Hasse diagram of an
arborescent poset (V, <) (i.e., the graph whose vertices are the elements of V
and whose edges are defined from the cover relation of <) is a disjoint union
of trees; it is a tree if and only if (V, <) has a unique minimal element [27,
Appendix]—see Figure 3.1.

DEFINITION 3.2. — Given a non-empty set N, we call N -arborescent poset any
triple (V, <, N), where (V, <) is an arborescent poset and N: V — A is a map.
If (V, =, N) and (V’, =/, N’') are N-arborescent posets, we call N -arbores-
cent poset isomorphism from (V, 3, N) to (V', =/, N') any poset isomorphism
®: (V, %) = (V', =) such that N’ o ® = N. The N-arborescent poset iso-
morphisms from (V, <X, N) to itself form the automorphism group of (V, X, N),
denoted by Aut(V, <, N) (it is a subgroup of the group &y of all permutations
of V).

DEFINITION 3.3. — Given a non-empty set A/, we call A/-forest any isomorphy
class of M -arborescent posets; we denote by F(N') the set of all A/-forests. We
call N -tree any N -forest for which a representative (and thus each representa-
tive) is of the form (V, =<, N) where (V, <) has a unique minimal element; we
denote by 7 (N) the set of all N-trees.
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EXPLICIT LINEARIZATION IN ONE DIMENSION 247

REMARK 3.4. — Abuse of language. For a given F € F(N), we will speak of
the set Vp of its vertices or of its decoration map Np, meaning that we choose
a representative (Vg, <p, Np) of F' and consider the underlying finite set or
the corresponding A-valued map. Similarly we define the root pr € Vr of a
given T € 7(N) as its minimal element, although it depends on the chosen
representative (Vr, <r, Nr) of T.

DEFINITION 3.5. — Let F be an N -forest.

— The size of F', denoted by #F, is defined as the cardinality of V.

— The degree of F', denoted by deg(F') € N, is the number of minimal elements
of (VF, jp)

— The height of F is the maximal cardinality of a chain® of (Vr, <F).

— The symmetry factor of F is the number

(8) sym(F) := card (Aut(Vp, <p, Np)) € N¥,

where (Vp, <p, Np) is any representative of F' and its automorphism group
is defined in Definition 3.2.

— For each vertex o € Vp, we denote by S;C (o) the set of its direct successors
in (Vr, <r) and call outdegree of o the cardinality of this set, with the
notation

deg} (o) = card (S} (o)) € N.

Note that the empty set can be considered as an arborescent poset or as an
N-arborescent poset. In the latter case, its isomorphy class is called the empty
N -forest and denoted by e (it is an N -forest but not an N-tree). Its size and
degree are #e = deg(e) = 0; its symmetry factor is sym(e) = 1.

DEFINITION 3.6. — If A/ is contained in a commutative monoid A and F €
F(N), then the weight of F is defined as

9) IF] =) Nr(s)eN
ceVp
and the weights of the vertices of F' are defined by
(10) ceEVF = 6= Y  Np(p)eN.
pEVEst.o=ppu
For the empty N-forest, the weight is ||€|| = 0 (unit of the monoid operation).
Note that the abuse of language of Remark 3.4 was used to define the maps
o — degf (o) and ¢ — & (they depend on the representative (Vr, <p, Nr)

and not only on F'), whereas #F, deg(F), sym(F') and ||F|| are independent
of the chosen representative of F-—see Figure 3.2.

2. 1. A chain of a poset is a subposet which is totally ordered.
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@% ONONCO

FI1GURE 3.1. The Hasse diagrams of four different arborescent
posets with the same underlying set V' = {1,2,3}. Only the
first two are trees. Any arborescent poset of size 3 is isomor-
phic to one of these four posets.

Observe that an N-forest F' is an N -tree if and only if deg(F') = 1 (in which
case ||F|| = pp) and that, for o € Vg,

— 0 = || Tree(o, F)||, where Tree(o, F') is the A/-subtree of F rooted at o (whose
set of vertices is {u € Vr | 0 <F p}, with the arborescent poset structure
induced by <F),

~ degf(0) = deg (For™ (o, F)), where For™ (o, F') is the N-subforest obtained
by removing the root of Tree(o, F') (whose set of vertices is { u € Vr | 0 <F
p} and whose set of minimal elements is S} (0)).

REMARK 3.7. — If we fix a one-element set N = {x}, so that the decoration
maps is trivial, then {*}-trees are in one-to-one correspondence with isomorphy
classes of non-plane rooted trees via Hasse diagrams. They are generalizations
of positive integers: given n € N*, one can view n itself as a particular {*}-tree
called “ladder” and represented by any totally ordered set with n elements (cf.
the first among the four examples of Figure 3.1 for n = 3), but for n > 3 there
are other {*}-trees of size n (cf. the second example of Figure 3.1).

Similarly, when A is an arbitrary non-empty set, an N -tree is a generaliza-
tion of a non-empty word on the alphabet A: any word Ny --- N,, can be iden-
tified with an “N-ladder” with n vertices decorated by the letters Ny,..., N,
in appropriate order, but for n > 3 there are other A/-trees with the same
decorations (which can be viewed as “arborescent words”).

4. Tree-expansion of the solution—Theorem A

In practice, in this article, we shall use N' = N* and N = N most of the
time. Given an N*-forest F, represented by (Vg, <p, Np), we associate with
each vertex ¢ € Vg a non-negative integer:

(11)

!
kp(o) = T eN* ifm= Np(o) +1>s:=degj(0), kr(c)=0 else,

(m —s)!
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FiGURE 3.2. The left diagram shows an N*-tree T' for which
sym(T) = 2 and ||T|| = 40. If we choose to represent T
by (V, X, N) with V= {1,2,3,4,5}, N(1) = 8, N(2) =
N@3) =17, N4) =12, N(5) = 6 and = determined by the
Hasse diagram shown on the right (so pr = 1 for this choice),
then 1 = 40, 2 = 3 = 7, 4 = 18, 5 = 6, degh(1) = 3,
degt(2) = 0, etc.

so that 2°(L)°2™ = kp(o)2™.
The first central result that we wish to explain in this paper is due to J. Ecalle
[10]:

THEOREM A. — Let f(2) = 24+ > 5, an2" Tt € % and ¢ € C*. Suppose
that g is not a root of unity. Then the formal linearization (6) of g = Ryo f is
given by

(12) h(z)=z2+ > 1 (H "“’TW‘NTW>Z|T|+1_

Sym(T) o€eVr qé -1

The proof of Theorem A is spread over Sections 5—6. Observe that there are
only finitely many N*-trees with given weight, thus Formula (12) makes sense
and yields the solution of the induction (7) in the form

(13) Cn = Z syni(T) ( H kT(UAMNT@), n € N*.

TEeT(N*) s.t. | T|l=n ceve  ¢7—1

REMARK 4.1. — Let us set, for each® N*-forest F,

1 1
(14) S¥(q) = — Br(f) = —& kr(o)an, (o),
H sym(F) U:!‘-[/F r(o)

cE€VE q(7 -1

where we emphasize that the first number depends only on the multiplier g,
while the second depends only on the tangent-to-identity part f of the formal
diffeomorphism g. Observe that none of them depends on the chosen represen-
tative of F, so the abuse of language of Remark 3.4 is innocuous here—e.g., in

3. The value of an empty product is 1 by convention, thus S€(q) = B¢(f) = 1.
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250 F. FAUVET, F. MENOUS & D. SAUZIN

the example of Figure 3.2, ST(q) = 1/(¢*° — 1)(¢" — 1)%(¢*® — 1)(¢® — 1) and
Br(f) = % Has-a?- Bla1z-ag. Formula (12) is then equivalent to

(15) hz)=z+ Y. ST(q)Br(f)ITIH!

TeT(N*)

and Formula (13) can be rewritten c, =37, ST (q)B7(f). Theorem A thus
yields an explicit formula which achieves a clear separation between g-depen-
dence and f-dependence for the solution of the Formal Linearization Problem.
We shall see later how easily this type of expansion lends itself to majorant
series arguments.

In Ecalle’s terminology, a function defined on the set F(N*), like F' — S¥(q)
for a fixed value of g, is called an “arbomould” (all the arbomoulds in this
article will be scalar functions, but one could as well consider functions tak-
ing their values in rings more general than C). Dually, the coefficients Sr(f)
stem from an operator-valued map F' € F(N*) — Dp which depends on f
and is called “coarbomould” (see Definition 5.3); Formula (15) will appear as
a kind of projection of an identity between operators (Formula (24)) involv-
ing an “arbomould-coarbomould contraction,” identity whose proof in the end
amounts to little more than a few lines of computation.

5. Operator formulation

In fact we shall prove more than Theorem A: we shall give an explicit formula
for the operator

¢ € Cll2]l = poh € C[[]
from which (12) will follow by choosing ¢(z) = z.

5.1. Composition operators. — The order of a non-zero formal series p(z) =
Y om0 @n2z" € Cl[2]] is defined as the least integer n such that o, # 0 and
denoted by ord ¢, while by convention ord0 = oco. For each k € N, the ideal
formed by all formal series of order > k is denoted by 2*C[[z]].

We call operators the C-linear endomorphisms of C[[z]] and denote by
Endc C[[2]] the space they form. An operator © is said to be tangent-to-identity
if © — Id increases order by at least one unit, i.e., ord(@¢ — ¢) > ord ¢ + 1 for
all ¢ € C][[z]]. An operator O is said to be an algebra endomorphism if 01 =1
and ©(py) = (Op)(Oy) for all ¢, € C[[z]]. Given any v € 2C[[2]] (i.e., any

power series without constant term), its composition operator is defined to be
(16) Co: ¢ € Cllz]] = pov € C[[2]].

Composition operators clearly are examples of algebra endomorphisms of C|[z]];
in fact these are the only ones:
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EXPLICIT LINEARIZATION IN ONE DIMENSION 251

LEMMA 5.1. — The map v — C, is a bijection between zC|[z]] and the set
of all algebra endomorphisms © of Cl[z]], whose inverse is © — v = Oz and
which satisfies Cy, o Cyy = Cyop for all v,w € 2C[[2]]. Moreover,

v €Y <= C, algebra automorphism of C[[z]],

v € 9 <= C, tangent-to-identity algebra automorphism of C|[z]].

Proof. — Let © be an algebra endomorphism of C[[z]]. We content ourselves
with explaining why v := ©z has no constant term and why © = C,,. The first
point stems from the fact that

2C[[z]] = {¢ € C[[z]] | Y& € C*, a + ¢ has a multiplicative inverse in C[[z]] }.

Indeed, for any a € C*, since « + z admits a multiplicative inverse in C[[z]], so
does its image by O, which is « + v, hence v € 2C[[2]].

Clearly, the action of © on polynomials coincides with that of C,. For an
arbitrary ¢ € C[[z]], we show that Oy = C,¢ as follows: for every N € N we
can find a polynomial Py and a formal series yn such that ¢ = Py + 2N xn,
this implies Q¢ — Cy,p = vV (Oxn — C,Xn), hence Op — C,p € 2N C][2]], but
the only way for this to hold for every N is that Op — C\,¢ = 0.

The other statements are left as an exercise. g

REMARK 5.2. — By a similar argument one can prove that the derivations
of C[[z]] (i-e., the operators D such that D(pv) = (Dp)yY + p(Dv) for all
©,9 € C[[2]]) are all of the form D = u-_ with arbitrary u € C[[z]] (which is
obtained from D by u = Dz).

Given ¢ € C* not a root of unity and f € 4, we are looking for a formal
linearization of g = R, 0 f, ie., for h € %, such that foh= RZ(_I) ohoR,.
According to Lemma 5.1, it is equivalent to look for a tangent-to-identity algebra
automorphism © such that

(17) ©0Cy=Cp,000CH V.

Indeed, one goes from the solution h to © by the relation ® = C} and, vice
versa from © to h by h = ©z. The advantage of Equation (17) is that it is
a linear equation, the solution of which can be sought in a huge linear space,
namely End¢ C[[#]].

The idea of looking for the composition operator of h rather than h itself is
reminiscent of the classical Lagrange reversion formula: given f(z) = z 4+ u(z)
with u(z) € 22C[[z]], so that the Taylor formula yields

1
(18) Cyr=Ciatu=1d+ Z Eudad where 9 := %7
a>1
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252 F. FAUVET, F. MENOUS & D. SAUZIN

not only do we know that

o(— : o(— (_1)d —
19) ) = (4w (E) = 2+ Y 0 (),
d>1
but in fact there is also a closed formula for the corresponding composition
operator:

—1)¢
(20) Cro-ny =1d + Z %6‘1_1 o (uda)
d>1 :

Similarly, we shall obtain a closed formula for C and Formula (12) for A will
follow by letting C}, act on z.

Notice that the right-hand side of (19) is an infinite series of formal series,
which is convergent for the topology of the formal convergence in C[[z]]. Sim-
ilarly, the right-hand sides of (18) and (20) must be considered as formally
convergent series of operators in the sense that, when evaluated on a formal
series, they yield formally convergent series in Cl[z]].

5.2. The coarbomould associated with f € %,. — Given a non-empty set A,
we call arbomould any map A®: F(N) — C and coarbomould any map
B,: F(N) — Endc C[[z]]. Here the big dots represent the arguments which
the arbomould or the coarbomould may take, and it is customary to denote
their value on an N -forest F' by AF or Bp. From now, we take N = N*.

DEFINITION 5.3. — Given f € 4, we define the coarbomould Do (f) associated
with f by the formula

(21) Dr(f) = Br(f)2IFl+dee(P) gdes(F)  for each F € F(N*),

with Bp(f) € C as in the second part of (14) and 0 = &

We will often omit the explicit dependence on f and simply write Do, Dp
or Br when f is clear from the context.

Notice that D. = Id and that Dr is a derivation for any A -tree T'. For any
F € F(N*), the operator Dp is homogeneous of degree || F||, in the sense that
it maps Cz* to CZF I,

5.3. The contraction of an arbomould. — Let f € 4, and Dy = D, (f).

Since there are only finitely many N*-forests with given weight, we find
that, for any arbomould A*®, the series of operators ) . FOv) AF D is formally
convergent: when evaluated on a formal series ¢, it yields a formally convergent
series® of formal series, because ord(Af Dpy) > ord¢ + ||F||. We can thus

4. Strictly speaking, since we have not chosen any specific bijection from N to F(N*), it is
rather the sum of a “summable family”—which is meaningful since the formal topology can
be induced by a distance which makes C[[z]] a complete metric space and a topological ring.
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define an operator

(22) > A*D,:= > A"Dp,

FEF(N*)
called the contraction of the arbomould A® in the coarbomould D, (or simply
the contraction of A®).

EXAMPLE 5.4. — The simplest possible example is Y 1°D, = Id, where the
unit arbomould 1° is defined by 17 = 1 if F = ¢ and 1¥ = 0 else.

EXAMPLE 5.5. — Let us define the arbomoulds I°®, J® and K*® by

(i) I¥ = 1 if the height of F is 0 or 1 (i.e., if any two distinct elements
of (Vr, <r) are incomparable) and I = 0 else,
(ii) J¥ = (-1)*F,
(iii) K = 1.
Then

(23) Y I°Dy=Cy, > J*°De=Cjo-n, P K*Dy=Clq_ypec,

with the notation f = id +u, i.e., u(z) = 3 a,2"*! (hence z—u(z) = 22— f(2)).
Very simple proofs of these identities(® will be given in Section 6.2, with the
help of the concept of “separativity” (the first identity can also be proved by a
direct computation from (18) with a little combinatorial argument).

As a matter of fact, Example 5.5 (iii) and the corresponding identity in (23)
are not only an illustration of the above notions: they will prove to be crucial
to the majorant series argument of Section 9.

6. Tree-expansion for the composition operator of the solution — Theorem A’

Here is the closed formula for the composition operator of the formal lin-
earization h that was alluded to at the beginning of Section 5:

THEOREM A’. — Let f € 4, and q € C*, and suppose that q is not a root of
unity. Let Do denote the coarbomould associated with f and let S*(q) denote
the arbomould defined in the first part of (14). Then the composition operator
of the formal linearization (6) of g = Rq o f coincides with the contraction
of S°(q) in Ds:

(24) Ch =3 5*(a)D..

5. In particular, the second identity in (23) is the solution to the Lagrange inversion
problem resulting from Ecalle’s tree-formalism; see [3] for another tree-based formula in
arbitrary dimension.
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Theorem A’ implies Theorem A. — Observe that, according to (21),

(25)

TeT(N') = Dpz=pp2TIH e £ Fe FINO\T(N*) = Dpz=0,
thus (24) implies that h = Cpz = Y S*(q) D,z is given by (15). O

The rest of this section is dedicated to the proof of Theorem A’. It will
require a description of some natural structures available in F(/N), and then the
definition of a class of arbomoulds whose contractions are tangent-to-identity
algebra automorphisms, before the actual proof of (24) which takes few lines
by itself.

6.1. The set of N -forests as a free commutative monoid. — Let A be a non-
empty set.

DEFINITION 6.1. — For Fy, Fy € F(N), the disjoint union of Fy and F», de-
noted by FyFb, is defined as follows: choose any N -arborescent posets (V7, =<1
, N1) and (Va, <o, N3) representing F; and Fy such that V3 NV, is empty and
form their disjoint union (V, =<, N) (i.e.,, V := V3 UV,, V; and V; are incompa-
rable for < and the restriction to V; of =<, resp. N, is <;, resp. N;); (V, <, N)
clearly is an A -arborescent poset and its isomorphy class Fy F»> depends only
on F] and Fg.

We obtain a commutative monoid operation
(26) (Fl,FQ)ef(N)X]:(N)O—)FlFQGf(N)

for which € is a unit element. In fact, it is easily seen that F(N) is the free
commutative monoid on T (N'), denoted by

(27) F(N) = Mser(TN)),

i.e., any non-empty forest F' can be written in a unique way as a product
[1T4T) over all N-trees T, with a finitely supported function d: 7 (N) — N;
we usually will omit the trivial factors corresponding to N -trees outside the
support of d and rather write

(28)

F=Th...Td Ty,..., T, € T(N) pairwise distinct, di,...,d, € N*,

a decomposition which is unique up to a permutation of the pairs (73, d;).
Notice that deg(F) = dj + - - - + d,., the sum of the multiplicities.(®

See the left part of Figure 6.1 for an example of product of the form T2T,
in F(N*).

6. We use the notation MSET because an element of the free commutative monoid on a
set A can be viewed as a “multiset”, i.e., a finite subset of A possibily with “repetitions”: each
element a has a multiplicity d, > 1.
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6]

FIGURE 6.1. Left: The N*-forest F = T?Ty, where T} = T< &
and Tp = 12« (6 < €). Right: The N*-tree 8 < F.

DEFINITION 6.2. — Let n € N and F' € F(N). We define an N-tree, denoted
by n < F, which is said to be obtained by attaching n to F, as follows: choose
any representative (Vg, <p, Ng) of F, choose any one-element set {p} disjoint
from Vg, consider the ordinal sum (V, <) of {p} and (Vr, <p) (ie., V =
{p}UVFE, the restriction of < to Vg is < and p < o for every o € Vr) and define
N: V — N as the extension of N such that N(p) = n; (V, <, N) clearly is
an A -arborescent poset with a unique minimal element and its isomorphy class
n < F depends only on n and F'.

See the right part of Figure 6.1 for an example with A" = N*. The map thus
defined
N X FWN)—>TWN)

(29) (n,F) — naF

is a bijection, with inverse T € T(N) — (Nr(pr),For® (pr,T)) (notations of
the end of Section 3).

Other algebraic constructions involving A -forests are available (see Appen-
dix A), but the two operations that we have just defined, (26) and (29), are
the ones which play a fundamental role in our proof Theorem A’.

REMARK 6.3. — Note that (27) and (29) can be used as a recursive definition
of F(N) and T (N). More precisely, we then obtain filtrations by height:

FN) = FaWN),  TW) =] T<W),

£>0 e>1
where F<o(N) := {e} and, for £ > 1,
ng(./\/) = {n<1F | n e N, F e fge_l(N) }7 fgz(./\/) = MSET (ng(./\/’))

The latter set coincides with the set of all N/-forests of height < ¢. For example,
the N*-tree of height 3 of Figure 3.2 is 8« ((7< €)?(12< (6< €))).

LEMMA 6.4. — For any non-empty forest Tld1 - T decomposed as in (28),
(30) sym(TH - T) = dy!- - d, ) (sym(Ty)) ™ - -+ (sym(T})) ™.
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For anyn e N and F € F(N),
(31) sym(n < F) = sym(F).
Proof. — Let us choose representatives (V;, =;, N;) for the T;’s with pair-

wise distinct underlying finite sets and consider, for each i, d; disjoint copies
of (Vi, =i, Ni), say

(32) (V; X {1}7 jiy Ni)) sy (VL X {di}; jiv Nl)7

so that we can represent F' = Tld1 .- T4 by the disjoint union (Vr, <p, Nr)

of these dy + - - - + d,. N-arborescent posets. Denoting by &, the permutation
group of {1,...,d} for any d € N*, we see that we can define a bijective map

Aut(Vi, <1, N))B x - x Aut(Ve, <, N)% X By, X -+ x 6y — Aut(Vi, <p, Np),

because an automorphism of (Vr, <p, Nr) must send a subset V; x {m} of Vg
belonging to the ith collection (32) (thus with 1 < m < d;) onto a subset
of the same collection, thus inducing an automorphism of (V;, <X;, N;) and a

permutation of {1,...,d;}, and (30) follows. The construction of a bijection
which yields (31) is obvious. O
LEMMA 6.5. — The coarbomould B, defined by
(33)
1
B, =1d and Bp:= Wadﬁ'“*dr for F =T ...T% g5 in (28)
Ledy)
satisfies
(34) Br(py) = > (Br/o)(Brib)

(F',F"eF(N)XF(N)
such that F=F'F"

for any F € F(N) and ¢,9y € C[[z]].

Proof. — We proceed by induction on the number r of distinct A-trees which
appear in the decomposition (28) of F. The formula obviously holds for r = 0,
ie., F=e. Let F = GT%, where G € F(N), d > 1 and T is an N -tree distinct
from any N -tree which appears in the decomposition of G (a requirement that
we omit if G = €). Assuming that (34) holds for Bg and writing Bp = Bgo %?,
we get from the Leibniz rule

1 ’ 1
Br(pv) = ) Y. g (Bod'e)(Baroty),
(G, G")EF(N)XF(N)  (d',d")eNxN
such that G=G’G’"" such that d=d'+d’’
which can be recognized as a summation over all pairs (F’, F"”) such that
F = F'F" (setting F' = G'T? and F” = G"T?") since we have assumed that
T does not belong to the list of factors of GG, and the summands can then be
written (Bp:¢)(Bp»1)) (because T is not a factor of G’ nor of G”) hence (34)
holds for Bp. O
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6.2. Separative arbomoulds and their contractions

DEFINITION 6.6. — An arbomould A®: F(N) — C is called separative if it is
a monoid homomorphism when considering the disjoint union of N -forests at
the source and the multiplication of complex numbers at the target, i.e., if

(35) A*=1 and AT = AT A" for every F',F" € F(N).

Observe that, because of (27), the restriction to 7(N') induces a one-to-
one correspondence between separative arbomoulds and arbitrary functions
on 7 (N): a separative arbomould is determined by its values on A/-trees (and,
when extended by linearity to the monoid algebra CF(N), it is the same thing
as a character—see Appendix A.2).

From now on we take A = N*. We have already encountered five separative
arbomoulds: 1°, I°®, J*, K*® in Section 5.3, and S*(¢) in Formula (14). The
separativity of the first four is obvious, the separativity of the fifth one is
easy too and will be crucial to the proof of Theorem A’. In fact, everything
relies on the following properties of the coarbomoulds D,(f) and of separative
arbomoulds:

PROPOSITION 6.7. — The coarbomould Do :== Do(f) of any f € G, satisfies

(a) Dypar = (Dp(anz"1))0 for every n € N* and F € F(N*),

(b) Dp = m(Dle)dl---(DTTz)dTE)‘ilJr"'erT for F = THh...T% ¢
F(N*) as in (28),

(¢) Dp(py) = Z (Dpr@)(Dpntp)  for any F € F(N) and

(F',F"YeF(N)xF(N)
such that F=F'F"

@,v € C[[z]].

PROPOSITION 6.8. — The contraction of any separative arbomould in the coar-
bomould D, is a tangent-to-identity algebra automorphism of C[[z]]. In fact, if
A® is a separative arbomould, then > A* Dy = Cy with 6 € 4, defined by

(36) 0(z)=2+ Y. ATDrz=z+ Y. ATppITIH,
TeT(Nx) TeT (N*)

Proof of Proposition 6.7. — (a) Let d := deg(F). According to (14), using
the fact that k,qr(c) = kr(c) for o € Vg, we can write

1
n - n k o
Prar = symn<lF e H #(9)aNe ()
ceVp
with
E* = knar(pnar), le., k :M ifn+1>d, k*=0 else.
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By (31), we get Bnqr = k*a,fF, hence
Dn<1F = k*anﬂpz”F||+"+18.

On the other hand, Dy (a,2"*') = Br2IF1+49%(a,,2"*1). The conclusion stems
from the identity z49%(2"*1) = k*2n L.
(b) For F = T ... T% decomposed as in (28), the second part of (14) gives

1 .
fr= @ Vith @ = I k(@ o,
oceVp
1
= —— P, with P, = kr, )"
br.= gmmy T ™ erv[ nre o
T Ti

In view of (11), 7 € Vi, = kr,(7) = kp(7), hence Q = P ... P4 and (30)
yields

P{il . pTdT 1 0 d,
Br = dl!---d,n!(sym(Tl))dl (Sym(Tr))dT = d1!~-odr!(ﬁT1) (Br,)"™"
With the help of the coarbomould B, defined by (33), Definition 5.3 can thus
be rewritten D = MpBp, with Mg = (ﬁTIz”Tanrl)d1 (ﬁTrz”Tr”“‘l)dT =
(Dr,2)™ -+ (Dr,2)%.
(c) Use the property Mp: g = Mp Mg+ and (34). O

Proof of Proposition 6.8. — Let A® be a separative arbomould, © :== > A*D,,
and ¢, € C[[z]]. For each F € F(N*), putting together (35) and Propo-
sition 6.7.c we get

A" Dp(pv) = > (A" Dprp) (A" Dprp).
(F',F")EF(N)XFN)
such that F=F'F"
With a Fubini-like manipulation for series (granted by the standard properties
of the topology of formal convergence), this implies that ©(py) = (Op)(O).
On the other hand ©1 = 1 because A = 1, thus © is an algebra automorphism.
From (25) we see that Oz coincides with the formal series 6 defined by (36),
whence © = Cy by Lemma 5.1. ]

Note that points (a) and (b) of Proposition 6.7, together with D, = 1d,
provide a recursive definition(” of the coarbomould D,. The first point is

7. Using the recursive definition of F(N*) and 7 (N*) based on (27) and (29) explained
in Remark 6.3. Notice that, although for a given F' € F(N*) \ T(N*) the pairs (T3,d;) are
only defined up to permutation, the right-hand side of point (b) can be used as a definition
of Dp because it is invariant under permutation. When F € 7 (N*), point (b) says that
Dp = (Dpz)9, i.e., merely that Dg is a derivation, which can be defined by point (a) in
terms of Np(pr) and Dy, +(,,., Fy (notations of the end of Section 3). Properties (a) and (b)
of Proposition 6.7 could thus have been used to define the coarbomould D, by induction on
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particularly interesting when using (36), because one may parametrize the set
of all N*-trees by (n, F') € N* x F(N*), by means of the bijection (29).

Before moving on to the proof that the contraction of S*(g) yields the com-
position operator we search for, let us illustrate the previous concepts by prov-
ing (23).

(i) Since I* is separative, by Proposition 6.8 we know that @y :== > I*D
coincides with Cj-, where f*(z) :== z + . I” Drz and the summation is
over all N*-trees T. But I” = 1 if T is of the form n < € and IT = 0 else,
therefore f*(2) = 24+, cn» Dnaez = 2+ an 2"t by Proposition 6.7.a,
ie., f*=f.

(ii) Since J* is separative, we know that ©; := > J*D, coincides with C,,
where v(z2) == 2+ JT D7z. Using the bijection (29), the relation J"¢¥ =
—J¥ and Proposition 6.7.a, we get

y=z4+ >, Y I Dupz=z- Y > J'Dp(a,z").
FeF(N*) neN* FeF(N*) neN*
The last term is nothing but the action of the operator © ; on the formal
series — Y a, 2"t =z — f(2), hence v(2) = 2 + Cy(z — f) = z + v(z) —
f ov(z), which entails f o v(z) = z, i.e., v = fo(=1.
(iii) Since K*® is separative, we know that ©x := > K°®D, coincides
with Cy,, where w(z) = z + ZKTDTZ = z + ZZanpz =

T n

z+ > p 2, Dr(anz"t) = 2z + Ogu, ie.,, w = id+u o w, which yields

(id —u) o w = id, hence w = (id —u)°(~1,
6.3. Proof of Theorem A’. — Let © := > S*(q)D,. Since S*(q) is separative,
by Proposition 6.8 we have © = Cj+ with
(37) h'(z)=0z=2+ » ST(q)Drz€%.

TeT (N*)

We want to show that this h* is the solution of the Formal Linearization Prob-

lem, ie., that foh* = R o h* o R,.

LEMMA 6.9. — Ifn € N and p(z) is a constant multiple of 2" 1, then R;(_l) o
poRg=q"p.

Proof. — Obvious. |
Since each Drz € CzITI+1 we thus have
(38) RYVoh*oRy(2) =2+ Y  q"1ST(q)Dra.

TeT(N*)

the height of forests (initializing the induction with D¢ = Id); Formula (21) and the second
part of (14) would then have been consequences of that definition.
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On the other hand,
foh*=0f=0z+ Z O(an2z"t) =0z + Z Z SF(q)Dr(anz""").

neN* FeF(N*)neN*

But Dp(a,z"*!) = D,qrz by Proposition 6.7.a, and (14) entails

(39) SF(q) = (¢"*1FI —1)8™F (g),

thus

foh* =0z2— Y > 8" F(Q)Dnarzt Y, Y. "I F(q)Dyqpz.
FeF(N*) neN~ FeF(N*) neN*

The bijection (29) allows us to rewrite the summations in the last two terms
as summations over T' € 7 (N*); then the first two terms of the right-hand side
yield only z (because of (37)) and we end up with

foh*=2z+ Z “T”ST )Drz.
TeT(N*)

Comparing with (38) we conclude that f o h* = RZ(_I) oh*oR,.

6.4. Simplifications in the case of the quadratic polynomial. — A number of
simplifications occur in the case of the quadratic polynomial

fqu(z):z+z2, ie, a1=1, a,=0 forn>2.
Let
Ty :={T € T({1}) | degf-(0) <2 for each o € V },

i.e., we restrict ourselves to N*-trees in which the decoration map only takes
the value 1 and the vertices have outdegree 0, 1 or 2. In fact, 7 is the set of
all binary trees (possibly incomplete) and any T' € % is of the foorm T'=1« ¢
orT=1<«UorT=1« (UV) with U,V € %. By (11) and the second part
of (14), Br(fqu) = 0 and hence Dy (fqu) =0 for T ¢ 5, so

= > 87(q) Br(fau) ##7
TET
in this case. Notice that, for any T € 5,
1
7l =#7 and 57(0) = 1] Gy 1
oeVr

while Proposition 6.7 (a)—(b) yields
Dr(fau) = Br(fau) #7110, Br(fan) =227,
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with a function a: 95 — N which can be defined by induction on height:

a(lae) =0,
a(laU)=a(lU)+1 for U € %,
a(l<4 U?) =2a(0) for U € %,

a(l< (UV)) =aU)+a(V)+1 for distinct U,V € Z.

An alternative formula stemming from (11) and the second part of (14) is:
Br(fqu) = %, where int(T") is the number of internal vertices of T' (vertices
having nonzero outdegree).

Thus, the coefficients (13) of the formal linearization h of the quadratic

polynomial g(z) = q(z + 22) are simply

N 1
= > VI meem

Te T st. #T=n oc€Vr
Z 2int(T) H 1
- #Tree(o,T) _ 1°
TE€Ts st #T=n sym(T) seViy q ee(o 1

SECOND PART: ANALYTIC LINEARIZATION
7. Convergence of the formal linearization—Theorem B

7.1. Solution of the Holomorphic Linearization Problem. — We move on to the
Holomorphic Linearization Problem described in Section 2: we want to show
how the explicit tree-representation (15) that we have obtained for the formal
linearization h allows one to recover certain classical results on the radius of
convergence of h when one starts from a convergent g = R, o f, i.e., when one
assumes g € ¢4 (or, equivalently, f € ¢;) and not only g € 9.

We shall see that the analysis is elementary when the multiplier ¢ has mod-
ulus different from 1. When |g| = 1, we have already seen the necessity of
assuming that ¢ is not a root of unity in the Formal Linearization Problem:;
it turns out that an arithmetical condition is needed for the Holomorphic Lin-
earization Problem:

DEFINITION 7.1. — Given a complex number g of modulus 1, we define B(q) €
R*T U{co} as follows: if q is a root of unity, then we set B(q) := ooj; if not, then
we take any w € R\ Q such that ¢ = €*™ and consider the numerical series

(40) B(q) = Z lnginﬂ € R U {0},
n>0 "

where (Qn)nen is the sequence of the denominators of the convergents of w. If
B(q) < 0o, then we say that g satisfies the Bruno condition and write ¢ € A.
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Notice that the sequence (Qn)neny and thus the value of the series (40)
depend only on ¢, not on w, hence the notation B(g) is legitimate. For the
definition of the convergents % of a real number and the theory of continued
fractions, the reader is referred to [14] or [17]. It is well-known that 2 has full
Haar measure in the unit circle (see e.g., [19]).

We now gather the classical results on the convergence of h in

THEOREM B. — Let g € ¢4. If its multiplier ¢ has modulus different from 1 or
satisfies the Bruno condition, then the formal linearization h of g is convergent.

More precisely, there exist universal constants k,k’ > 0 such that, for any
R>0, for any f(2) =2+ Y ,5, anz" ! € 4 such that

(41) lan| < R7™, n>1,
and for any q € C*,

(i) 4f |g| # 1, then the radius of convergence of h is at least kRmin{1, ||q| — 1‘},
(ii) if q € A, then the radius of convergence of h is at least k' Re B,

Our proof is in Section 7.2, based on the tree-representation (15) and on
two propositions proved in Sections 9 and 10. We shall see that one can take
k=3 —+/8and k' = ke ", where u comes from Davie’s lemma (Lemma 7.4).

The case (i) of Theorem B is the Koenigs linearization theorem, which dates
back to 1884. It is easily obtained by a majorant method from the induction
Formulas (7). Here it will appear as a by-product of our analysis of the tree-
representation (15).

The case (ii) of Theorem B, which is much less elementary, is the result
of a long history — see e.g., [26], [19]. The lower bound for the radius of
convergence of h is part of J.-C. Yoccoz’s celebrated 1987 work published in
[28] (according to [16], Bruno’s proof only affords a lower bound of the form
k" Re=2B(9)), Yoccoz also gave an upper bound for the infimum of the possible
radii of convergence as follows: if ¢ = e>™* with w € R\ Q, then there exists
f € % univalent in the unit disk such that the radius of convergence of the
formal linearization of Ry2xiw o f is at most C' e 8@ where C' > 0 is a universal
constant; in particular, whenever ¢ ¢ 2%, one can have a divergent formal
linearization.(®

Yoccoz’s proof is based on his novel geometric renormalization theory for
holomorphic germs. Later on, it was realized by T. Carletti and S. Marmi [4]
that Yoccoz’s lower bound can be recovered by a classical majorant method
based on (7), exploiting the Bruno condition through Davie’s lemma.

8. This is what happens for the quadratic polynomial g(z) = q(z + 22), according to [28]:
in that case, for ¢ ¢ %, the radius of convergence of the formal linearization of Rq o f is zero,
whereas for every € > 0 there exists C. > 0 such that, for ¢ € %, this radius of convergence
is at most Oz e—(1—€)B(a)
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7.2. Proof of Theorem B. — Our proof Theorem B relies on three ingredients:

— the explicit Formula (15) for h obtained in the first part of this article,

— a majorant series argument to bound the coefficients S (f) involved in the
coarbomould associated with an f € 4,

— direct estimates to bound the coefficients of the mould S*(g).

PROPOSITION 7.2. — Let k == 3 —+/8. Then, for any R > 0 and f(z2) =
z+ ZnZl a, 2"l € 4 satisfying (41), the coefficients Br(f) defined by the
second part of (14) satisfy

(42) > 1Br(f)| <x ™ 'R, neN.
TET(N*) s.t. |T||=n

The proof of Proposition 7.2 is in Section 9.

ProposITION 7.3. — (i) If g € C has modulus different from 1, then

#T

L " rerew,

lg| =1

(ii) There exists a universal constant u > 0 such that, for any q € B,

(43) 157 ()] < ‘

(44) 7 (q)] < bt E@NITI 7 e Ty

The proof of Proposition 7.3 is in Section 10. The second part relies on
Davie’s lemma, which we quote here without proof:

LEMMA 7.4. — There exist a universal constant p > 0 and, for each q € A, a
positive real function K, on N* such that
(i) for alln > 1,
Kq(n) < (n+ B(q)n,
(ii) for allmy,ng > 1,
Ky(n1) + Ky(nz) < Kq(m +na),
(iii) for allm > 1,
1 K —Ky(n-1)
lg» — 1] —
with the convention K4(0) = 0.

For the proof of this lemma, see [9] or [4]. We shall see in Section 10 that
one can take the same u in Proposition 7.3 as in Lemma 7.4.

Propositions 7.2 and 7.8 imply Theorem B. — Let g € C* be such that either
lg| # 1 or ¢ € B. We set

1
X = max{l, Hl‘} if |q| # 1, x = eMtB) if g € B,
q —
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with p as in Lemma 7.4, so that Proposition 7.3 yields
(45) 15T (q)] <X, TeT(NY)

(using #T < ||T).
Let R and f be as in the statement, and let h(2) = z + >, 5, ;2" be the
formal linearization of g = R, o f. Formula (15) yields, for each n > 1,

Cn = > ST(q)Br(f),

TeT (N*)s.t. ||T||=n
whence, by (45),
leal < X" > 1Bz ()],
TeT(N*) s.t. | T|=n
and |c,| < X"k " 'R™" with k = 3—v/8 by (42). It follows that h(z) converges
at least for |z| < kRx ™!, which amounts to the desired conclusion, with ' =
ke * in the second case. ]

8. Regularity of the solution with respect to the multiplier—Theorem C

8.1. Position of the problem. — Theorem B can be enhanced into a statement
about the regularity of the solution h as a function of the multiplier ¢. Let us
fix f € 4. From now on, for ¢ not a root of unity, we denote by

(46) he(2) = 2z + Z cn(q)2"

the formal linearization of R, o f.

In view of (14), for each F € F(N*), the coefficient S¥(q) is a rational
function of ¢ with poles among the roots of unity of order less than ||F||, and
it extends meromorphically to the Riemann sphere

C:=CuU{co}

with SF(0) = (=1)#F and S¥(c0) = 1 or 0 according as F' is empty or not.
We thus set S*(0) = J*® and S°®(c0) = 1° (cf. Examples 5.5 (ii) and 5.4), and
accordingly
ho = oY, he =id,
so that Formulas (15) and (24) still hold for ¢ = 0 or ¢ = 00, even though the
linearization problem is then meaningless.
Each coefficient

(47) calq) = > Br(f)S* (q)
TeT(N*)s.t. || T|=n

is a rational function of ¢, with poles among the roots of unity of order less
than n, but what is left of this regularity in ¢ when it comes to h, itself, thus
taking into account all the roots of unity at the same time? Theorem B has
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provided us with a pointwise convergence result, according to which hy(z) €
C{z} for each q € C of modulus different from 1 and for each q € B; we now
wish to discuss the global regularity of the map g — hy.

Even if we may hope analyticity in the usual sense at any ¢ of modulus
different from 1, we must expect in general a natural barrier on the unit circle
for the classical Weierstrass notion of analytic continuation. Indeed, it is proved
in [1] that, at least when f € ¥ extends to an entire function, the radius of
convergence of h, tends to 0 as ¢ tends radially from the inside to any root of
unity g, = e*™™/™ such that (R, o f)°™ # id (see “Corollary 2.1” in [1]).

8.2. C'-holomorphic and monogenic functions. — A. N. Kolmogorov was the
first, in 1954, to raise this kind of question in a small divisor problem (in his
case, it was in the realm of what has later become KAM theory); he explicitly
asked whether the regularity of the solution could be investigated using Borel’s
theory of monogenic functions [2]. Following subsequent work of V. Arnold,
M. Herman [15] proved the first result of this nature in the context of circle
maps in 1985, reformulating Borel’s ideas in a modern terminology.

Like [21], [20], [22] or [5], we will follow Herman to construct compact subsets
of C on which regularity will be investigated. The strategy consists in defining,
for each M > 0, a compact Kj; of C which intersects the unit circle along
{qge #|B(¢qg) < M} and a complex Banach space Bjs such that ¢ € Ky, —
hq € By can be proved to be tame enough.

LEMMA 8.1. — Define E: w € C+— e*™% ¢ C* and, for each real M > 0,
(48) Ay, ={weR|B(Ew)) <M},

(49) AS; = {w e C|w, € A} such that |Smw| > |w, — Rew| },
(50)  Ku = E(A%;) u{0,00} c C.

Then Aﬂf,f and A% are closed, and Ky is compact and perfect. Moreover

U Ku =DUZUE,
M>0

with D == {|¢| <1} and E := {|q| > 1 or g = oo}.

Proof. — The function Bo E is lower semi-continuous on R (see Appendix B),
the rest follows or is obvious. |

The sets Kj; are very similar to the sets called “complex multiplier do-
mains KJ(VSI)” in [22] (p. 61) or the sets “Kjs” of [5]; see the pictures there.
Observe that the Haar measure of {|g| = 1} \ K/ in the unit circle tends to 0
as M — oo, and that the two-dimensional Lebesgue measure of C\ K also
tends to 0.
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The corresponding target spaces By will be of the form H*(D,.) for some
real r > 0, with the notations

D, ={zeCl|z|<r}

and, for any open subset D of C, H*(D) := {bounded holomorphic functions
of D} (Banach space for the sup norm).

Given a compact K C C and a Banach space B, we denote by O(K, B)
the Banach space consisting of continuous maps from K to B which are holo-
morphic in the interior of K. If K is perfect, we denote by %;.,(K, B) the
space of all C'-holomorphic maps from K to B (this means that they are
Whitney-differentiable for the underlying real structure of C and that their
partial derivatives satisfy the Cauchy-Riemann equations); this is also a Ba-
nach space (see e.g., [15], [21] § 2.1 or [5] § 2.1), the definition of a possible
norm will be given in Section 8.3. As a set, ¢.,(K, B) C 0(K, B).

THEOREM C. — There exist universal constants k1,ks > 0 such that, for any
R > 0, for any f € % whose Taylor coefficients satisfy (41), and for any
M > 0, if we consider the map q — hq = linearization of Rg o f, then

(i) this map induces an element of ﬁ(KM, H*> (Dane—M)),
(ii) this map induces an element of €y, (Knr, H®(Dyypo-2m)).-

The proof is in Section 8.3, based on a proposition proved in Section 11.

The statement (i) of Theorem C is essentially in [1] (see the first footnote
on p. 966). The factor e™™ is optimal, in view of Yoccoz’s upper bound result.

As for the C'-holomorphy of the map g — h,, such a property was proved
for the first time in 2008 by C. Carminati and S. Marmi in [20], but with a
less precise control of the target space due to the technique they employed
which is less direct than ours®: the factor e 2™ in part (ii) of Theorem C is
a significant improvement with respect to [20] which has e =M.

The monogenic character is obtained by considering a sequence M; T co: the
space of monogenic functions .# associated with this sequence is the projective
limit of the spaces €., (K, , H>*(D,, o2 )) (see [22]). We thus get that

the map q — hg considered on Uj Ky, =DUZUE belongs to
the space of monogenic functions 4 .

An interesting feature of the spaces .#, 6. (K, B) and 0(Ky, B) (with
any Banach space B) is the #1-quasianalyticity property, which holds as soon
as M is larger than a universal constant in the last two cases, so that Ky N
{lg| = 1} have positive Haar measure—see [22]. This means that the map
g — hg is determined by its restriction to any subset I' of positive linear
Hausdorff measure, however small it may be. This is remarkable even in the

9. And with a slightly different definition of Kjs: their construction is based on a variant
of the Bruno series, but the difference is immaterial.
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case of O(K s, B), since the interior of K s has two connected components (one
is contained in D, the other is contained in E) and I" may be entirely contained
in one of them; still, the unit circle may be a natural barrier for the analytic
continuation of an element of (K, B).

8.3. Proof of Theorem C. — Our proof of Theorem C is similar to the proof

of Theorem B: it relies on

— the Formula (47) for the Taylor coefficients of h,, deduced from its tree-
representation (15),

— the very same Proposition 7.2 to control the coefficients Sr(f) involved in
the coarbomould associated with f,

— direct estimates for the norms of the functions ¢ — S7(g) contained in
Proposition 8.2 (the role of which is analogous to that of Proposition 7.3).
Let us now recall the definition of the norms in the spaces ¢ (K, B) and

%..,(K, B), for a compact K C C and a Banach space B. If ¢ € O(K, B), we

just set

(51) lell o5y = max| (@)l -

For 4}},,(K, B), we assume that K is perfect so as to ensure the uniqueness of
the derivative. We cover C with two charts, using g as a complex coordinate
in C and £ = % in C \ {0}; a function ¢: K — B belongs to .., (K, B) if its
restriction ¢|xnc belongs to ¢, (K N C, B) and the function ¢: & — ¢(1/£)

belongs to €.,(K, B), where K == {& € C | 1/¢ € K} (with the convention
1/0 = 00); we set

(52) lellsr (x,B) = maX{||<P|Kmnc||<ggol(Km<c,B)» 1% (gﬁol(f{,B)}a

where, for any perfect closed C' C C, the Banach space ¢;.,,(C, B) and its norm
are defined as follows: a function ¢: C' — B is in ¢;.,(C, B) if it is continuous
and bounded, and there is a bounded continuous function from C to B, which
we denote by 1)’, such that the function Q1: C xC — B defined by the formula

Y'(q) if g =¢,
53 QY(q,q) = n—
(53) ¥(g,:q") Q/J(Qq)l_;/f((ﬂ ifg4d

is continuous and bounded, the function ¢’ is then unique'® and we set

(54) Wl cmy = max { supllw(@)ls,  sup  94(q,4)]5 }-
qeC

(¢,9")ECXC

10. Moreover, for any interior point go of C, the complex derivative of 1 at go exists and
coincides with ¥’(qo).
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This is a Banach space norm equivalent to the one indicated in [15] or [21]
(or to the one indicated in [5], which is designed to be a Banach algebra norm
whenever B is a Banach algebra(V).

As usual, we simply denote by ¢(K) and %;.,(K) the spaces obtained when
B = C. Here are the direct estimates of the norms of the functions q — S7(q)
we have alluded to earlier:

PROPOSITION 8.2. — Let v := p+ 2, where p is as in Lemma 7.4. Then, for
any M > 0 and T € T(N*), the function q — ST (q) induces a C*-holomorphic
function on Ky and

@) 157 lo(ry) < e@HOITI,

(i) 115" Mgz, (xen) < DT EHOITE < T2 2@+OITI

The proof of Proposition 8.2 is in Section 11.

Proof of Theorem C. — Let R, f and M be as in the statement. The rational
functions ¢, defined by (47) can be considered as elements of %} (Ka); for

each r > 0 and n € N*, ¢, gives rise to a C'*-holomorphic function ¢ € Kjs +—
cn(q)z™ € H*(D,.), with

g — Cn(Q)Zn”ﬁ(KM,HOO(DT)) < Tn||cn||ﬁ’(KM)»

lg = enl@)2" 6, (xar, = (D,)) S 7" enllgr (xan)-

Now, for each n € N*, setting & := 3 — v/8 and putting together (42) and (47),
we get

lenlloen) < w77 R 157 oy < " R A,

max
TeT(N*)s.t. | T||=n

where we used Proposition 8.2 (i) in the last step, and similarly

n—1p—n

lenller (xpy < 6 15 42, rear)

max
TeT (N*)s.t. [|[T||=n
< N—n—lR—nn2 e2(1/+M)n

thanks to part (ii) of the same proposition. It follows that ¢ — > ¢,(q)z" is
a convergent series in ﬁ(KM,HC’O(DT)) as soon as 7 < kRe”TM) 5o we

can take k; = ke””/2, and the same expression is a convergent series in
Gt (Kar, H(D,)) as soonas 7 < kR e 2" tM) 5o we can take kg := ke™2 /2.
O

11. One gets a slighly simpler Banach algebra norm than in [5] by taking a sum instead
of a max in (54).
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9. The majorant series argument to bound 37 (f) (proof of Proposition 7.2)

Let us give ourselves R > 0 and f(2) = z+ Y., 5, an2" "t € 4 such that
lan] < R7™ for n > 1. Let a(z) = Y., @n2""! and f(2) = z+ @(z) with
an =1for alln >1, i.e., B

a(z) = 22(1 — 2)7 L.
The Definition (14) of the coefficients Sr can be rephrased as
Br(f) = Br(f) [] ane@)» Br(f) = H kr(o)
sym(F)
ceVr O'EVF

for every F € F(N*). We observe that 8r(f) > 0, thus
1Br ()] < Br(f H lane ()| < Br(f ARIFI

ceVp
In particular, we have
(55)
> 1Br(f)] < EuR™", & = > Br(f), n>1.
TeT (N*)s.t. ||T||=n TeT (N*)s.t. | T||=n

It turns out that we can easily compute the generating series

2) =2+ Z G2 =2+ Z Br(f)TI+1,
n>1 TEeT (N*)
Indeed, Example 5.5 (iii) and Proposition 6.8 yield Cy = 3. K*D,(f) (because
K* is a separative arbomould), and (23) yields 3. K*D,(f) = Clid —ayo -1,
hence
0 = (id —a)°Y.

We invert id —@ by solving a second-order algebraic equation and get
1
0(z) = Z(l +z—-(1—-62+ 22)1/2).

Let k := 3 — /8 and x* := 3 4+ /8. Since (1 — 62 + 22)1/2 = (k — 2)(k* — 2),
the function 6 is holomorphic in the open disk D, and extends continuously to
the closure of this disk; the Cauchy inequalities thus entail

Cp = 9+ (0) < k™" ! max|f(z , n > 1.

e A0 maxlo(2)
One can easily check that max,—.|0(z)| < 1. In view of (55), this completes
the proof.

REMARK 9.1. — This proof is in essence the majorant series argument used
in the articles [23] and [24], regarding respectively non-linear g-difference equa-
tions and the Birkhoff decomposition in spaces of Gevrey series. The same
argument is used in [12].
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10. Pointwise bounds on the arbomould S*®(q) (proof of Proposition 7.3)
The Definition (14) says that, for each ¢ not a root of unity,

s = [ ——, TeTm).

oeVr qO' - 1
Part (i) of Proposition 7.3 is obtained by observing that, if |g| # 1, then
l¢" =1 = lg| =1, neN,
T  |#T
hence |S (q)| < W‘

We thus focus on part (ii). With a view to later purposes, we prove a slightly
more general inequality:

LEMMA 10.1. — Let p > 0 as in Lemma 7.4. Then, for any T € T(N*) and
for any V C Vp,

< BT for qil g € B

II

oev

AN
g7 -1
(with the usual convention that the value of an empty product is 1).

Proof of Lemma 10.1. — We fix ¢ € & and take K,: N* — R* as in Davie’s
Lemma 7.4, setting K,(0) = 0. We will prove that, for all T € 7 (N*),

(56) IIHl—

— < KT for all V Vr
06‘7 qa - ]‘

by induction on the size #7T. In view of Lemma 7.4 (i), this will be sufficient
to get the conclusion.

When #T = 1, inequality (56) results from Lemma 7.4 (iii). Let m € N and
assume that (56) holds for all N*-trees of size not larger than m. Suppose that
T € T(N*) has size #T <m+ 1 and let V C Vp. We have T =n< (T - - - Ty)
with n € N*, d = degt(pr) > 1, T; € T(N*) and #T; < m fori=1,...,d. We
can write

II

%

with Vo .=V N{pr}and V; =V NVp, fori=1,...,d.
For i > 1, each o € V; can be viewed as a vertex of T as well as a vertex
of T;, and the meaning of the symbol & is the same in both cases, thus the

induction hypothesis applied to T} entails S; < eXa(IT:) | For i = 0, we have
Sp < eXalITID=Kq(ITI=1) by Lemma 7.4 (iii).

d

:HSi’ S; = H

1=0 oeV;

1

A

q° —1

1
qg—l

fori=0,...,d
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Now, by Lemma 7.4 (ii), we have K (|T1])) + - - + Kq(|Tull) < Ko (|| 71| +
<+ Tyll), but | T1)| 4+ -+ | Tall < |T||—1 and the function K is increasing,
hence SpS; - -- Sy < eFKalllT) e (56) holds for T'. O

Lemma 10.1 clearly implies part (ii) of Proposition 7.3 by taking V = Vr.
The proof of Proposition 7.3 is thus complete. At this stage of the article, the
proof of Theorem B is complete, since all that was left behind after Section 7.2
was the proof of Propositions 7.2 and 7.3.

11. Global bounds on the arbomould S*® (proof of Proposition 8.2)
11.1. Part (i). — We start with

LEMMA 11.1. — For every q € Ky, there exists q. € Ky N A such that

£ 2

q e
57 < forall m>1 and ¢ € {0,...,n}.
N = O
Proof of Lemma 11.1. — Let ¢ € Kps. If ¢ =0 or oo then any g, € Kyy N %
will do. If not, we pick w € Af; such that ¢ = e*™“, and then w, € A%, such
that |Smw| > |ws — Rew|. We will prove that g. := e?™“~ (which belongs
to Ky N A) satisfies
(58) lg" — 1] > e 2 g™ — 1] for all n € Z*.

This will imply (57) by distinguishing the possibilities |¢| < 1 (in which case (57)
follows from |¢°| < 1) and |g| > 1 (in which case one can write qfil = —%
and use ¢~ ("9 <1 and |¢" | =1).

Letn € Z*. If |Sm(nw)| > 1, then [¢"—1| > 2 (because |¢"| = e~27 Im(nv) g
either < ™™ or > €™) and |q* — 1| < 2, therefore ‘q*f ‘ < %< If

3
Sm(nw) < 3, then (58) follows from the inequalities
(59) VzeC, [Smz<i = [ —1] > (E + 55) 7 dist(,2)
(60)
Vz € C, Vx € R, ISmz| > |z — Rez| = dist(z,Z) > (2%\/5)*1|e2’m” — 1‘.

applied to z = nw and z = nw, and from (£ + %)’1(2rf)*1 >e 2

Proof of (59): By periodicity, we may suppose |Re z| < ;, hence dist(z,Z) = |z|.
It is then sufficient to bound the modulus of F'(2) := z=&— = 5(coth(riz)—1).

A classical identity yields
2

1 1 1 z
F2) = — — 24 =S 2
(2) 2ri 22+ mi ; PR 2
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We have 2|2 < 1 and |22 — 2| = [€— 2| [€+ 2| > [{— Rez| [(+Rez| > 2 -1
1 1 1 1 1) _ 3, 1
whence [F(2)] < 35+ 35 + 3 (1 - 1) = & + ol

£>1

Proof of (60): Let d > 0 and p € Z and suppose |z — p| < d; then

dist(z,Z) < |z —p| = |Rez —p+z — Rez| < |Re(z —p)| + |z — Re 2|

< [Re(z — p)] + [9m 2| = [Re(z — p)| + [Sm(z — p)| < V3.

Hence dist(z,Z) < v2dist(z,Z). The result follows because |e2™* — 1| <
2 dist(z, Z). O

For each M > 0 and T € 7(N*), the rational function
1

S = [[ =
oc€Vr qa -1

(cf. (14)) induces an element of &' (K ), whose norm we are to estimate: part (i)
of Proposition 8.2 amounts to

(61) 15T (q)] < e@+HMITI for all g € Ky,

with v := p + 2, where p is as in Proposition 7.3 and Lemma 7.4. Inequali-
ties (61) are clearly a particular case of the following ones (which will be used
also in the second part of the proof):

LEMMA 11.2. — Letv:=pu+2. Let M > 0 and T € T(N*). Suppose that we
are given V. C Vr and a family of integers (n,) If 0 < n, < & for each
o€ f/, then

o€V

qs

(62) x
q° —1

< (HM)|T] for all q € Kyy.

%

Proof. — For each ¢ € K);, Lemma 11.1 yields g, € Kj N % such that
£ 2
q,?—_l‘ < Iq’?i—ll whenever n € N* and 0 < ¢ < n. Thus the left-hand side

of (62) is < €? card(V) which is itself < e2ard(V)g(u+B(@))IT] by

oeV qg - 1‘
Lemma 10.1. Since card(V) < #T < ||T|| and B(g.) < M, we end up with (62).
O

This completes the proof of part (i) of Proposition 8.2.
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11.2. Part (ii). — Let M > 0 and T € T(N*). As a rational function which
is regular outside the roots of unity, ST induces an element of €. (Ky). In
view of (52)—(54), since {£ € C |1/ € Ky} = Ky NC,

||ST||<§}}01(KM)SmaX{HST”ﬁ(KM)’ sup |QST|7 sup |Q,§’T|}’
KMXKM

KMXKM

with ST(q) :== ST(1/q) for all ¢ € K.
By part (i) of Proposition 8.2, we already have

(63) 157 |0 (xary < €@ HMITI < (7) | T|| 2T
Let r := #T'. To end the proof of Proposition 8.2, it is thus sufficient to prove
(64) sup [QST|, sup [QST| < T 2@ HMITI

Ky X Km Ky x K

Let us introduce the elementary functions
¢

(65) Yne(q) = a for g€ Ky, ne N, £ e N.
Numbering the vertices as Vi = {o1,...,0,}, we can write
66) ST=x1-xr, ST=%1-%  with x;= Uy o0 Xi= Yy 5
fori=1,...,r.
LEMMA 11.3. — Suppose x1,. .-, Xr € Cho)(Knr). Then
(67) 900 = 3 (T4 ) @ (T 5w )
i=1 “j<i §>i

where, for any x: Ky — C, we define Ax,Byx: Ky x Ky — C by

Ax(q,4") = x(a), Bx(a,q) =x(q).
Proof. — Induction on r. |

Simple computations show that, for every n € N*, 4, , =14 1, ¢ and
an,o = an,n = - Z (Awn,a)(Bwn,b)a

a,b>0s.t.a+b=n—1

whence, by applying Lemma 11.3 to the products (66),

Z 2 ((H 1/’gj,o> ¢9i,a> B (wgi,bgl/’gj,o)’

ab>0st a+b= U— j<i

Q5" = (- T“Z D ((Hwéjﬁj)‘”@m)B(%wbHw@j?i)'

L0 b>0s.t. atb=6,—1 J<t J>1
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By virtue of Lemma 11.2, whenever 0 < a,b < 37,
i;lp<H‘¢9jfj wﬁiﬂ‘)’ igp(’ngi’b‘H‘,w‘A’j’zj
MM j<i M Jj>i

provided 0 < ¢; < ﬁj for j=1,...,r, hence

> < oWHMITI

T

sup |QST|, sup ‘QST’§<Zai>e2<v+M>IIT||’
Ky x Ky Ky XKy P

which entails (64) because Y.;_, &; < 7||T||. The proof of Proposition 8.2 is
thus complete.

At this stage of the article, the proof of Theorem C is complete, since all
that was left behind after Section 8.3 was the proof of Proposition 8.2.

Appendix A. Algebraic structures involving N/ -forests

The material in this appendix is included for the benefit of the readers who
would be interested in the connection between A -forests and other algebraic
constructions available in the literature, but it is not used in the rest of the
paper. The exposition will be less detailed.

Our main goal is to explain how to put arbomoulds and their contractions in
the coarbomoulds D, (f) in the appropriate algebraic framework; we shall see
particularly how to compute the composition of two operators obtained by the
contraction of two arbomoulds in the same coarbomould D,(f) (an operation
which we managed to dispense with in the linearization problem).

A.1. The N -decorated Connes-Kreimer Hopf algebra. — A.1.1 Let N be a
non-empty set. We denote by CF(N) the C-vector space consisting of formal
linear combinations of A/-forests. By definition it is an infinite-dimensional
vector space, a basis of which is F(A/). We shall use the notation

(68) x = Z zpF, zp = F*(z),
FeF(N)

for an arbitrary element z € CF(N'), thus denoting by F* € (CF(N))” the
coordinate map associated with the basis element F' (notice that = can be
identified with the map F € F(N) — zp € C, and CF(N) can thus be
identified with the space of all finitely supported functions on F(N), i.e., finitely
supported arbomoulds).

Since F(N) is a commutative monoid, we can extend (26) by bilinearity and
get a product in CF(AN), which we can view as a C-linear map

(69) m: CFN) ® CFN) — CFN)
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turning CF(N) into a commutative associative algebra, the unit of which is €.
This is the monoid algebra of F(N); we shall denote it by A(N). In view
of (27), it is nothing but the free commutative algebra on T (N) (the algebra
of polynomials in N-trees).

A.1.2 It so happens that one can define a coproduct, a counit and an an-
tipode, compatibly with m, so as to make A(N') a Hopf algebra. To define the
coproduct

A: AN) — AN) Q@ AN),
one first defines its action on the N -forests,

(70) AF = 3 ChPPR®F, FecFWN)
(F1,F2)EF(N)XF(N)

(with coefficients CEI’FZ to be specified so that (70) contains only finitely many

non-zero terms) and then extends it to A(N) by linearity; the coeflicients C'El 2
in (70) are the non-negative integers defined by induction on the height of F
by requiring Ae = e Q ¢,

Ana F)=(na F)®e+ > CEP R @ (na Fy)
(F1,F2)EF(N)xF(N)

for any n € N and F' € F(N), and
ATy -+ Ty) = (ATy) -+ (ATy) for any d > 2 and Ty, ..., Ty € T(N).

Similarly, the antipode a: A(N) — A(N) is defined on N -forests by the re-
quirements

a(e) =g,
a(Th - Ty) =a(Th) - a(Ty)
and a(n< F) = — Z C’gl’an(Fl)(nq Fy),
(F1,F2)

and then extended to A(N) by linearity. The counit is defined to be the
coordinate map €*: A(N) — C associated with the empty N -forest.

One obtains this way a Hopf algebra structure on A(N) (one can check that
the appropriate axioms are satisfied), which is commutative and not cocommu-
tative; this is the A -decorated Connes-Kreimer Hopf algebra. We shall see in
Section A.3 that, for N'= N*, the coproduct of A(N*) is tightly related to the
composition of the operators Dp(f) associated with a given f € 9.

A.1.3 The coproduct of A(N) has an alternative description in terms of ad-
missible cuts ([8], [13]). For an N-tree T, the admissibile cuts are the subsets
of Vr belonging to

adm(7T) := {c¢ C Vr | any two distinct elements of ¢ are incomparable}.
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Notice that @ and {pr} are admissible cuts. Given ¢ € adm(T'), one denotes
by P¢(T) the product of the A/-subtrees of T rooted at elements of c,

P(T) == H Tree(o,T) € F(N)

oeEc

(in particular P?(T) = e, P{»7}(T) = T), and by R°(T) the N-forest which
remains when these A/-subtrees have been removed. Observe that R¢(T) €
T(N), except when ¢ = {pr}, in which case R{PT}(T) = €. One then easily
finds by induction on height

AT = Y PT)®RY(T),

ceadm(T)

ie., CEF" = #{c€adm(T) | PAT) = F', RYT) = F" }, and A(T} - - Ty) =
S Pe(Ty) -+ P4(Ty) @R (TY) - - - R°(Ty) with summation over (cq,...,cq) €
adm(T1) x - -+ x adm(Ty).

We end up with a formula for the coefficients Cf:l’F”: it F/, F" € F(N) and

F=T - Tywithd €N, Ty,...,Ts € TN), then CE T = #{(c1,...,cq) €
adm(T1) x -+ x adm(Ty) | PO (Ty)--- Pe¢(Ty) = F', RO\(Ty)--- Re(Ty) =
F }
A.1.4 The Connes-Kreimer coproduct is implicit in Ecalle’s 1992 article [10],
through the notion of “monotonic partition” of an arborescent poset. Indeed,
the above formula for C?’F” can be rephrased, using the following definition
which comes from [10, p. 81].

DEFINITION A.1. — A monotonic partition of an arborescent poset (V, <) is
a pair (V1,V3) of subsets of V such that Vi UV, =V, V1 NV, = () and one
cannot find o7 € V7 and o5 € V5 such that oy < 7.

The reader can check(? that, for F' € F(N) represented by (V, <, N),

(71) AF= Y Fy,®Fy,
(V1,Va)

where the summation is taken over all monotonic partitions of (V, <) and,
whenever W C V, Fly, denotes the N-forest represented by the restriction
W, Zjw, Nyw)-

12. Write F = Ty ---Ty with d € N and Ty,...,Ty € T(N), and observe that there is
a one-to-one correspondence between monotonic partitions (Vi,V2) of (V, <) and d-tuples
(c1,...,¢cq) € adm(Ty) X --- X adm(Ty) given by c; = {minimal elements of V2 N V7, } and,
conversely, Fjy, = P! (Th) - -+ Ped(Ty), Fiy, = R% (Th) - -+ R4 (Ty).
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A.2. Arbomoulds as linear forms, separative arbomouds as characters

A.2.1 The linear dual of CF(N) can be identified with the space C*W) of
all scalar functions defined on the set F(N), i.e., the space of all arbomoulds.
Indeed, we go from a linear form p to an arbomould M® by restricting its
action to the basis elements: M = u(F) for F € F(N), and conversely, from
an arbomould M*® to a linear form u by

(72) p= > MF
FeF(N)
(with linear forms F* defined as in (68)). We emphasize that the sum in (72)
(contrarily to that of (68)) may have infinitely many non-zero terms (there is
no restriction on the support of the arbomould M*®), but it always makes sense
because its action on any x € CF(N) is finitary.
A22 We get an algebra structure on CF™) when we put on CF (N) the
Connes-Kreimer coalgebra structure of A(N') and dualize it; the resulting asso-

ciative algebra, which we denote by A*(A/), has its product (called convolution)
defined by

(n,v) € AT(N) x A*(N) = pxv e AX(N),
prxv(z)=(pov)(Az) e CQ C~C forall z € AN),
which yields

(73) prv= > CpTu(R)v(F)FT,
(F,F1,F2)EF(N)3

i.e., the corresponding arbomoulds M¥ = u(F), N = v(F), PF = (u*v)(F)
are related by

(74) PF= 3" of "M NT" for all F € CF(N)
(FI)F/I)

with the same coefficients as in (70) (the arbomould P* is simply called product
and denoted by M* x N* in [10, p. 81]). The unit of * is the linear form e*
(which is nothing but the counit of A(N)), and A*(N) is a non-commutative
associative algebra.
A.2.3 Since the product m of (69) makes A(N) an algebra, we can single
out among all linear forms p: A(N) — C those which satisfy p(e) = 1 and
pom = p® u,ie., plry) = p(z)u(y) for all z,y € A(N). These particular
linear forms are called the characters of A(N); they form a group for the
convolution *.

In view of Definition 6.6, a linear form p € A*(N) is a character if and only
if the corresponding arbomould is separative.
A.2.4 Similarly, we may single out the infinitesimal characters of A(N), i.e.,
the linear forms p such that yom = p® €* + €* ® u, which form a Lie algebra
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P (N) for the binary operation

(75) [ v] =pxv—vxp.

The corresponding arbomoulds M *® may be called antiseparative; they are char-
acterized by

M¥ =0 forany F € F(N)\ T(N).

A.2.5 The coalgebra structure on A(N) ® A(N) (induced by the coalgebra
structure of A(N)) gives rise to an associative algebra structure on its linear
dual (A(N) ® A(N))* (which, as a vector space, is isomorphic to the space of
all scalar functions on F(N) x F(N)). By duality, the product m of A(N)
gives rise to a map

m*: A*(N) — (AN) @ AN))*, m™(p) = > p(F1F)FY ® Fy,
(F1,F2)€F(N)xF(N)

which turns out to be an algebra homomorphism but is not a coproduct: there
is a natural inclusion A*(N) ® A*(N) — (AWN) ® A(N))* (which consists in
identifying F} ® Fy with the unique linear form of A(N) ® A(N) mapping
z®y to Fif(x)F5(y)), but one can show that the range of m* is not contained
in A*(N)RA*(N). In fact, (AN)®A(N))* can be interpreted as the completed
tensor product A*(N)®@A*(N) [6, Remark 3.5.1].

A.2.6 We may restrict ourselves to the linear span A°(N) of the linear forms F*,
F € F(N) (the space of all finite sums of the form (72)): this is a subalgebra
of A*(N) (with underlying vector space isomorphic to CF(A)), and one can
check that m* induces by restriction a coproduct

me: A°(N) — A°(N) ® A°(N),

m°(F*) == Z Ff ® Fy for all F € F(N).
(F1,F2)€F(N)xFN)
such that F’=F F5
There is a counit: u € A°(N) — u(e) (coordinate map on £*). The result is a
Hopf algebra structure for A°(AN), cocommutative and not commutative, which
can be interpreted as the graded dual of the Connes-Kreimer Hopf algebra
A(N) and is tightly connected with the Grossman-Larson Hopf algebra.

It turns out that a more convenient basis of A°(N) is (e},) rer(n), With e}, ==
(sym(F))F*, because there is a simple formula for the convolution product
€p, * €, in terms of “graftings” of Fy onto F, which yields an alternative
definition of the coefficients CE**2 of (70).

Notice that A°(N) contains infinitesimal characters of A(N) (which are its
primitive elements and correspond to the arbomoulds whose supports are finite
subsets of 7 (N)), but no non-trivial character of A(A') (there is no non-trivial
group-like element in A°(N)).
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A.3. The coarbomould D, (f) as an algebra representation on C[[z]]

Let f € 4. Tt turns out that our coarbomould D, (f) is related to a repre-
sentation of the associative algebra A*(N*) on the vector space of formal series,
which induces by restriction a representation of the Hopf algebra A°(N*) on
the algebra of formal series. In all this subsection we shall use the abridged
notation A = A(N*), A* = A*(N*), A° = A°(N*), D, = D.(f).

A.3.1 We set

(76) V = C|[7]], R: peA*— Z uw(F)Dp € Endc 'V,
FeF

where the right-hand side is a well-defined operator (by the formal convergence
argument given in Section 5.3), which is nothing but the contraction R(u) =
S>> M*D, of the arbomould M* associated with u.

One can prove that, for any Fy, F» € F(N),

(77) nDp, = Y Cp™Dp
FeF(N)

with the same coefficients as in (70), hence R is an algebra homomorphism
(using the convolution of linear forms in A* and the composition of operators
in Endc V):

R(p*v) = R(u)R(v) € EndcV for any p,v € A*

and R(e*) = Idy. In other words, for any two arbomoulds M*® and N°, the
composite operator (Y M*D,)(>. N*D,) coincides with Y P*D,, where P®* =
M?® x N* is the arbomould defined by (74) (this statement is implicit in [10]).

We thus get a representation of the associative algebra A* on the vector
space V. Alternatively, we can use the notation p - ¢ = R(u)(¢) for any
weE A" ¢ eV, and view V as a left A*-module:

(wxv)-p=p-(v-p) for uy,ve A*and p € V.

A.3.2 If we now take into account the algebra structure of V' = C][z]], a natural

question to ask is: How does R interacts with the product formal series? What

is - (¢9)? The answer is an immediate consequence of Proposition 6.7 (c):

(78)

() = > p(F'F")(Dpig)(Dpiip) for p€ A* and ¢,9 €V,
(F",F'"eFN)xFN)

with a formally convergent right-hand side.

In fact, one can view V ® V as a left A*-module and Formula (78) can
be interpreted as a property of A*-equivariance of the product of formal series
M: VRV — V. If A* were a coalgebra, this would be a standard construction,
but here we need an extra argument to define the structure of A*-module
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on V ® V. The point is that one can check that
Ry: (A® A)* > Endc VRV,

Ro () = > A(F' ® F")Dpr @ Dpn
(F FYeF(N)x F(N)

is well-defined thanks to a formal convergence argument analogous to that of
Section 5.3 and is an algebra homomorphism, hence, composing with the alge-
bra homomorphism m*: A* — (A® A)* of Section A.2.5, we get an associative
algebra representation

p=Room*: A* 5 Endc VRV

which allows us to view V ® V as an A*-module. The aforementioned equiv-
ariance property embodied in (78) is

R(p)oM = Mo (p(p)) forall ue A*.

A.3.3 It follows that the representation R maps the group (for convolution) of
characters of A to the group (for composition) of tangent-to-identity algebra
automorphisms of V: if 4 € A* is a character, then we find p(u) = R(u) @ R(u),
hence R(p) o M = Mo (R(p) ® R(k)), and since g - 1y = 1y this implies that
R(u) is an algebra endomorphism of V, whence R(u) = Cp.. (notation of
Section 5.1).

A.3.4 Similarly, R maps the Lie algebra of infinitesimal characters of A to
the Lie algebra of the derivations of V: if 4 € A* is an infinitesimal charac-
ter, then p(u) = R(u) ® Idy +1Idy ®R(u), hence R(p) o M = Mo (R(u) ®
Idy +Idy ®R(u)), i.e., R(k) is a derivation of V, whence R(u) = (p - 2)L by
Remark 5.2.

A.3.5 By restriction, R induces a representation of the associative algebra A°
on the vector space V, which is in fact a bona fide Hopf algebra representation
of A° on the algebra C[[z]] (because M is A°-equivariant), i.e., C[[2]] is a left
Hopf A°-module algebra.

A.4. The pre-Lie algebra of infinitesimal characters

A.4.1 A right pre-Lie structure on a vector space E is a bilinear map (a,b) €
E x E — a<b such that

(a<db)<dc—a<(b<dc)=(adc)db—a<(cab)

for any a,b,c € E. Such a bilinear map is called a pre-Lie product, and
(E,<) is then called a pre-Lie algebra. A pre-Lie product < induces a Lie
algebra structure, defined by

[a,b] :=b<da—ad<b, a,be E.
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A classical example is the space of vector fields on a smooth manifold with a
flat torsion-free connection V: the formula

(79) XY =VyX
defines a pre-Lie product, which induces the usual Lie bracket of vector fields.
See e.g., [18].

A42 Let N by any non-empty set. Recall from Section A.2.4 that 22(N) C
A*(N) is the Lie algebra of infinitesimal characters of the Connes-Kreimer
Hopf algebra A(N'), with Lie bracket (75). We define a bilinear map (u,v) €
PN) x P(N) — pav € Z(N) by the formula

) opav= > (X Phu@pm)Tr
TeT(N) (T1,T2)eT(N)XxT(N)

(mark the unusual order of the terms). One can check that this binary operation
is related to Definition 6.2 by the identity

(nae)*aT*=(n<aT)" forneNandT € T(N)
and that < is a right pre-Lie structure on & (N), which induces the Lie algebra
structure (75).
A.4.3 We now take N/ = N* and give ourselves f € ¥, as in Section A.3. As

noticed in Section A.3.4, the representation (76) induces a Lie algebra homo-
morphism

pePN)—Ru)= > wT)Dr(f) € DerC[[2]],
TET(N*)

where Der C[[2]] is the Lie algebra of all derivations of C[[z]] (we have restricted
the summation to N*-trees because the arbomould associated with an infini-
tesimal character is antiseparative and hence vanishes outside 7 (N*)).

The Lie algebra structure of Der C[[z]] is induced by the pre-Lie product

XY = (YXz)% for X,Y € Der C[[z]]

(formal analog of (79)). Let us put the pre-Lie product (80) on &?(N*). Then,
one can check that the restriction of R to &?(N*) is a pre-Lie algebra homo-
morphism, i.e.,

R(p<v) = R(u) < R(v) for p,v e (N*).

Appendix B. Lower semicontinuity of the Bruno series

Let B := B o E with the notations of Definition 7.1 and Lemma 8.1, i.e.,

o0 iwaQ,
B: R — RT U {0}, B(w) = ZW ifweR\Q,
n(w

n>0
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where (Qn (w))n ¢y s the sequence of the denominators of the convergents of w.
In this appendix, we prove that B is lower semicontinuous on R, i.e., that

Uy ={weR|Bw)>M}

is open for every M > 0, a fact which was used in the proof of Lemma 8.1. The
arguments are similar to the ones used in [20] to prove the lower semicontinuity
of a close variant of B.

We use the standard notation for continued fractions: given k > 0, Ag € Z
and (if k > 1) Ay,..., Ay € N¥,

[Ao,Al,...,Ak] = Ao +
A+

1
1
.+ A
For 0 < n < k, the reduced expression P,,/Q,, of [Ag,...,A,] can be obtained
inductively from the formulas

(P-1,Q-1) = (1,0),
(Po, Qo) = (Ao, 1),
(Pna Qn) = (AnPnfl + Pn727AnQn71 + Qn72)-

Every w € R\ Q can be represented in a unique way as an infinite continued
fraction
w= lim [Ag(w),..., Ax(w)],
k—oo

whereas every rational number w has exactly two distinct representations as a
finite continued fraction, one shorter than the other:

[Ag(w), ..., Ap_1(w), Ax(w)] = [Ao(w), ..., Ax_1(w), Ap(w) — 1,1],
with &k = k(w) € N. We shall need the following elementary property:

Let K > 0, Ag € Z and Ay,..., A € N*. Let J(Ao,...,Ax)
denote the set of all real numbers which can be represented by
a finite or infinite continued fraction starting with the string
Ao, ..., Ag. Then J(Ao,..., Ax) the closed interval whose end-
points are [Ao,...,Ar—1,Ak] and [Ag,...,Ap—1, Ak + 1] =
[AO, ey Ak,]_,Ak, 1]

The reader is referred to [14] or [17] for the previous facts. We now start the
proof of the lower semicontinuity of B and give ourselves M > 0 and w, € Uy,.
It is enough to show that Uj, is a neighborhood of w,.

k—1

1 n *
— If w, ¢ Q, then we can choose k large enough so that Z M

Qn (w*)
n=0
and clearly J(AO (we) -+, Ak(w*)) is a neighborhood of w, contained in Uy,.

> M,
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— Ifw, € Q, then we denote its reduced expression by w, = P/Q. There are two
continued fraction representations w, = [Ao, ..., Ak], one with k even, the
other with k odd. Using the first representation, we set w™ := [Ao, ..., Ak, n]
for n > 1, thus defining a decreasing sequence to the right of w,. One easily
checks that

(81) we (wow!) = Bw)> ln(gQ),
because if w € (ws,w])\Q, then w € [w,,w]] = J(Ay,. .., Ar), thus Qx(w) =

Q, while Ay (w ) > n and Qrt1(w) = Ap+1(W)Qk(w) + Qr—1(w) > nQ.
Therefore (ws,w,}) C Uy for n large enough. Similarly, (w;, ,w.) C Ups for n
large enough, Where (w;, )n>1 is the increasing sequence to the left of w,
defined from the second continued fraction representation of wi.

Concluding remarks

Ecalle’s arbomould formalism and arborification mechanism, though avail-
able for more than twenty years ([10]), has of all evidence not been digested
until now by the mathematical communities most susceptible of using it. The
algebraic structures underlying arborification, e.g., combinatorial Hopf alge-
bras, pre-Lie products, have lately been the object of several works (see for
example [12] and the references therein). In the present article, however, we
have tried to illustrate how properly introduced notions of arborification theory
enable, in a very natural way, to reach difficult results without recourse to any
heavy machinery.

We have reexamined a classical problem of analytic classification of dynam-
ical systems in one complex dimension and shown the explicit tree-indexed
formulas that some of the concepts and structures of arbomould calculus en-
able to obtain. Next, we have been able to recover in a direct way non-trivial
analyticity results and to obtain a refined result on the regularity of the lin-
earizing transformations with respect to the multiplier.

In a forthcoming article, we will address the linearization problem for mul-
tidimensional dynamical systems with discrete or continuous time: indeed, one
of the striking features of Ecalle’s formalism is to make possible a unified treat-
ment of diffeomorphisms and vector fields and to yield compact formulas in
arbitrary dimension; the formulas are slightly more complicated but as explicit
as in dimension 1, and they eventually lead to analyticity results under the
multidimensional multiplicative or additive Bruno condition.
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