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DECODING RAUZY INDUCTION:
AN ANSWER TO BUFETOV’S GENERAL QUESTION

BY JON FICKENSCHER

ABsTRACT. — Given a typical interval exchange transformation, we may naturally
associate to it an infinite sequence of matrices through Rauzy induction. These ma-
trices encode visitations of the induced interval exchange transformations within the
original. In 2010, W. A. Veech showed that these matrices suffice to recover the orig-
inal interval exchange transformation, unique up to topological conjugacy, answering
a question of A. Bufetov. In this work, we show that interval exchange transforma-
tion may be recovered and is unique modulo conjugacy when we instead only know
consecutive products of these matrices. This answers another question of A. Bufetov.
We also extend this result to any inductive scheme that produces square visitation
matrices.

REsuME (Décoder linduction de Rauzy: Une réponse a la question générale de Bufe-
tov). — Etant donné une transformation d’échange d’intervalles typique, nous pou-
vons y associer naturellement une séquence infinie de matrices via I'induction de Rauzy.
Ces matrices encodent les visites des transformations d’échanges d’intervalles induites
dans l'intervalle original. En 2010, W. A. Veech a montré que ces matrices suffisent
pour retrouver la transformation d’échange d’intervalles originale, unique & conjugaison
topologique prés, répondant & une question de A. Bufetov. Dans ce travail, nous mon-
trons que la transformation d’échange d’intervalles peut étre retrouvée et est unique a
conjugaison prés lorsque I’on connait plutdot des produits consécutifs de ces matrices.
Ceci répond a une autre question de A. Bufetov. Nous étendons également ce résultat
A tout schéma inductif qui produit des matrices de visite carrées.

Tezte regu le 20 novembre 2015, accepté le 4 février 2016.
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d’intervalles, Rauzy Induction, 'induction de Rauzy, Eigenvalues, valeurs propres.
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604 J. FICKENSCHER

1. Introduction

Interval exchange transformations (IET’s) are invertible piece-wise transla-

tions on an interval I. They are typically defined by a permutation = on {1,...,n}
and a choice of partitioning of I into sub-intervals Iy, ..., I, with respective
lengths Aq,..., A,. The sub-intervals are reordered by 7' according to 7.

For almost every IET T (i.e., for every appropriate m and Lebesgue almost
every A = (A1,...,An) € R%), Rauzy induction, as defined in [6], is a map that
sends an IET T on I to its first return 7’ on I’ C T for suitably chosen I’. For
almost every IET T, Rauzy induction may be applied infinitely often. This
yields a sequence ), k > 0, of IET’s so that each transition T(*~1) s T)
is the result of a Rauzy induction. To each step we may define a visitation
matriz Ay, so that (Ag);; counts the number of disjoint images of the intervals

IJ(-k) in Ii(k_l) before return to I*). Tt is part of the general theory of IET’s
that the initial m and the sequence of Ay’s define T' uniquely up to topological
conjugacy. In preparation for [1], A. Bufetov posed the following.

QUESTION 1 (A. Bufetov). — Given only the sequence of Ay’s, can the initial
permutation w be determined and is it unique?

In response, W. A. Veech gave an affirmative answer in [10, Theorem 1.2].
This allowed A. Bufetov to ensure the injectivity of a map that intertwines
the Kontsevich-Zorich cocycle with a renormalization cocycle (see the remark
ending Section 4.3.1 in [1]).

However, if another induction scheme was used to get visitation matrices,
we may not know each individual Ay. For instance, we may follow A. Zorich’s
acceleration of Rauzy induction (see [14]) or choose to induce on the first inter-
val I7. In either of these cases, our visitation matrix B will actually be a product
Ajp--- Ay of the Ag’s realized by Rauzy induction. Motivated by this, we say
that a sequence By, ¢ € N, is a product of the Ay’s if there exist an increasing
sequence of integers kg, £ > 0, so that kg = 0 and By = Ak, ,+14k,_,+2- - Ak,
for each £ > 1. We now are able to pose Bufetov’s second, more general,
question.

QUESTION 2 (A. Bufetov). — Given instead a sequence By, £ € N, of products
of the Ay’s, can the initial permutation 7 still be determined and is it unique?

This work is dedicated to answering this second question and its general-
izations. We answer in the affirmative by our main results. Extended Rauzy
induction is more general than regular Rauzy induction and is discussed in
Section 2.5 before Lemma, 2.15.

1. For every appropriate m and Lebesgue almost every A = (A1,...,An) € R%.

TOME 145 — 2017 — N° 4



DECODING RAUZY INDUCTION 605

MAIN THEOREM 1. — If By, Bo, B3, ... are consecutive matriz products de-
fined by an infinite sequence of steps of (extended) Rauzy induction, then the
initial permutation m is unique.

Recently, J. Jenkins proved this result in [3] for the 3 x 3 matrix case. He
then explored the 4 x 4 case numerically.

In the most general case, we call the inductionson I' D I D I” 2 --- an
admissible induction sequence if the n x n visitation matrices Ay, from T*—1)
to T™) are well-defined. We then are able to answer Bufetov’s question in a
much broader setting.

MAIN THEOREM 2. — If visitation matrices B1, Ba, Bs, ... are defined by an
admissible induction sequence, then the initial permutation 7 is unique.

Outline of Paper. — In Section 2 we establish our notation and provide known
results concerning IET’s and related objects as well as general linear algebra.
In particular, the anti-symmetric matrix L, is defined given 7, and this matrix
plays a central role here. In Section 3 the Perron-Frobenius eigenvalue and
eigenvector are discussed. The main argument of that section is Corollary 3.5,
which says that the Perron-Frobenius eigenvector cannot be in the nullspace of
any linear combination L, — cL,s for permutations m, 7’ and scalar c. Section 4
begins with a reduction of Main Theorem 1 to a special case, stated as the
Main Lemma. The section ends with a proof of the Main Lemma. Section 5
reduces Main Theorem 2 to Main Theorem 1 by Lemma 5.1. This lemma
states that any admissible induction sequence must arise from extended Rauzy
induction. Appendix A provides further results concerning admissibility and
induced maps which lead to the proof of Lemma 5.1 in Appendix B.

Acknowledgments. — The author thanks A. Bufetov for his questions, W.
A. Veech for his answer and both for their encouragement. He also thanks
N. Boumal for his help with translation. He appreciates the useful conversa-
tions with J. Jenkins as well as advice from J. Chaika. Without Amy, the
author would be lost.

2. Definitions

An interval or sub-interval is of the form [a,b) for a < b, i.e., a non-empty
subset of R that is closed on the left and open on the right. If I = [a,b) is an
interval, |I| = b—a denotes its length. For a set C, #C denotes its cardinality. A
translation ¢ : I — J for intervals I and J is any function that may be expressed
as ¢(x) = z + c for constant c. If ) : C — D is a function and E C C we use
the notation ¥ E to mean the image of E by ¢, or YE = {¢(c) : c € E} C D.
For A € R%, or a vector in R™ with all positive entries, [A| = Ay +--- + A,
denotes the 1-norm of .
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606 J. FICKENSCHER

2.1. Permutations and a Matrix. — The notations in this section describe ei-
ther standard definitions from algebra or standard literature on interval ex-
change transformations. Let &,, be the set of all permutations on {1,...,n},
i.e., bijections on {1,...,n}.

DEFINITION 2.1. — The irreducible permutations on {1,...,n}, &%, is the set
of m € &, so that n{1,...,k} ={1,...,k} iff k =n.

DEFINITION 2.2. — For 7 € G,,, the anti-symmetric n X n matrix L, is given
by
1, i< jand w(i) > 7(j),

(Lﬂ-)ijz —1,i>jand 7T(Z) <7T(j),
0, otherwise,

1<i,j,<n

The proof of the Main Theorem requires that no distinct 7,7’ € &Y satisfy
L, = L. This is given by the next result.

LEMMA 2.3. — The map from &, to the set of n X n matrices given by
m— L,

18 injective.

Proof. — The result follows immediately from the relationship
m(i) —i= Z 1-> 1= Zxﬂ 02m() (1) = Xiz;(0) = D_(Lx)is,
3)<m(3) k<i j=1
for all i € {1,...,n}, where x is the indicator function. O

The final two definitions simply fix notation of established concepts from
linear algebra and will be used without remark for what follows.

DEFINITION 2.4. — If L is an n x n matrix, N, will denote its nullspace, i.e.,
N ={veC": Lv=0}
For m € 60, N, = N,

DEFINITION 2.5. — If L is an n X n anti-symmetric matrix, (-, )z, is the bilinear
form associated to L given by

(u,v)r, = u* Lo,
where the last value is treated as a scalar. For 7 € 8%, (-, ) = (-,)L. -
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DECODING RAUZY INDUCTION 607

2.2. Interval Exchange Transformations. — An interval exchange transforma-
tion 7' is an invertible transformation on an interval that divides the interval
into sub-intervals of lengths Ay, ..., A, and reorders them according to w. We
will assume n > 2, as T is the identity if n = 1.

More precisely, for fixed 7 € &2 and \ € R%, let 8; = Zigj Aifor0<j<n
and I = [0, 8,), where 8y = 0 and 8, = |A|. For each interval I; = [3;_1, 3;),
then T restricted to I; is just translation by a value w;. If the 4t interval is in
position® m(j) after the application of T', then w; = Z-/r(i)<7r(j) Ai = 2op<j M-
Note that many texts on interval exchange transformations instead let m(j)

describe the interval in position j after the application of T. We see that
w=L;\.

DEFINITION 2.6. — The interval exchange transformation (IET) defined by
(m,A), T =Ix,, is a map I — I defined piece-wise by

T(z) =z + wj, for z € I,
1<j<n.

We restrict our attention to 7 € &2 when defining an IET. Indeed, if
m € &, \ 6% then there exists k < n so that T[0,8:) = [0,3¢). In this
case we may reduce to studying T restricted to [0, Bx) and [Bk, Br) separately.

DEFINITION 2.7. — IET T = I,  satisfies the infinite distinct orbit condition
or i.d.o.c.® iff each orbit Or(B;) = {T*B; : k € Z}, 1 < j < n, is infinite and
the orbits are pairwise distinct.

If A is rationally independent, meaning c;A\; + - - - + ¢, A\, = 0 has a solution
with ¢;’s integers iff ¢; = -+ = ¢, = 0, then T' = Z ) is an i.d.o.c. IET.
Therefore, T is i.d.o.c. for fixed m and Lebesgue almost every A € R .

LEMMA 2.8 (Keane [4]). — If T is an i.d.o.c. IET on I, then for any sub-
interval J C I, Up—o T*J = I, and for any x € I the orbit Or(z) is infinite
and dense.

2.3. Admissible Inductions. — Consider any interval I’ C I for IET T =7 ;,
7 € &2 and A € R?. Informally, we will call I’ admissible if the induced map
T’ is an IET on n intervals and an n x n visitation matrix A is well defined.
Let 7(z) = min{k € N : T*z € I'} be the return time of x € I'. Then the
induced transformation for T on I’ is denoted by T|1' and is given by

— pr(x)
T| I’ (I) - T (x)
for each z € I'.
2. Many texts on interval exchange transformations let m(j) describe the interval in
position j after the application of T'.

3. This is also known as the Keane Condition.
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608 J. FICKENSCHER

DEFINITION 2.9. — Let T'= 17, ) be an i.d.o.c. n-IET on I. The sub-interval
I' C I is admissible for T if there exists a partition of I’ into n consecutive
sub-intervals I, I}, ..., I! so that for each 1 <i < n:

1. r(z) = r(z’) for each z,y € I/, letting r; be this common value,
2. for each 0 < k <y, T restricted to T*I/ is a translation,
3. foreach 0 < k <, TFI! C I; for some 1 < j < n.

The n x n visitation matriz A is given by A;; = #{0 <k <r;: TkI]’- CL}.

This definition of admissible is equivalent to the one given in [2, Section 3.3]
for i.d.o.c. T. It follows that if I’ is admissible for T, then 7" = T} is an
n-IET, and

A= AN

where 7" = T/ »» and )\} = |I]’| for1 <j<n.

REMARK 2.10. — Consider i.d.o.c. T on I with I” C I' C I. Tt is a conse-
quence that any of the two following statements imply the third:

1. I is admissible for T on I,
2. I" is admissible for T on I,
3. I" is admissible for 7" on I’, where T" is the induction of T on I’.

Also, if A; is the visitation matrix of the induction from I to I’ and A, is the
visitation matrix of the induction from I’ to I”, then the product A; As is the
visitation matrix of the induction from I to I”.

Please refer to Appendix A for a more thorough discussion of admissible
inductions. For example, Lemma A.2 proves the remark assuming the first
statement and one other holds.

2.4. Rauzy Induction. — Rauzy induction was defined in [6], and we see that
it is defined as an admissible induction over an appropriately chosen sub-
interval I’. We recall the definition here and discuss some results relevant
for our work.

For 7 € &%, let m = m~!(n) denote the interval placed last by m. Assume
that A, # A, and let I' = [0, B, — min{\,, A\, }). The induced transformation
T = T|I, is also an IET and we give the description below for T = T/ /. If
An > A, then

(1), (i) < w(n),
() =4 7(n) +1,7(6) =n,  and X = {
7(i) + 1, 7(0) > n(n),

)\n_)\m7i:na
Ais 1< n,

TOME 145 — 2017 — N° 4



DECODING RAUZY INDUCTION 609

for 1 <i<mn. If A, < A\, then instead

r(@), i<m, i N zf Z
w'(i)=< ©(n), i=m+1, and X, = )\m mi:m’—i-l
w(t—1),i>m+1, A, i>mal

forl1<i<n.

DEFINITION 2.11. — Consider T' defined by 7 and A with m as above. If
An > A, the change from T to T” is a move of Rauzy induction of type 0. If
An < Am, the change from T to T is a move of Rauzy induction of type 1. If
An = Am, Rauzy Induction is not well defined.

For fixed 7 € 62, the condition A, = A, is of zero Lebesgue measure in R} .
Given 7 and the type of Rauzy induction €, we may define the visitation matrix
A = A(r ) as given in Definition 2.9. If ¢ = 0, then

1,41 =7,

Aijz 1,i:n,j:m,

0, otherwise,
and if € = 1, then
l,i=73<m,
1,j=1i+1>k,
1,7=mn, j =m,
0, otherwise.

Ay =

Suppose we may act by N consecutive steps of Rauzy induction on T' = Z y,
and let 7,77, T",...,T™) be the resulting IET’s at each step where T(¥) =
T st~ Let ex be the type of induction from T*=1 to T(®). If

B = Agren) A es) - A1 ,en)
then A = BAWY),

We may verify that if A = A, . and 7’ is the result of the type ¢ induction
on 7, then A*L;A = L./. For a proof of this with different notation, see [11,
Lemma 10.2]. It follows that if B is defined by N consecutive steps of induction
with initial permutation 7 and ending at 7(N), then
(1) B*L:B = L.

We finish this section by answering a question: for which IET’s can Rauzy
induction be applied infinitely many times? See Section 4 of [13] for a treatment
of this result.

LEMMA 2.12. — If7m € &9, X € R%Y and T = I, then the following are
equivalent:

1. T is i.d.o.c., and
2. T admits infinitely many steps of Rauzy induction.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



610 J. FICKENSCHER

The following is shown in Sections 1.2.3-1.2.4 of [5].

LEMMA 2.13. — If T = I, admits infinitely many steps of Rauzy induction
and Ay, = A(ﬂ.(k))A(k)) are the corresponding matrices, then for each j € N there
exists ko = ko(j) € N so that for all k > ko,

Apjjrk) = ArAkyr - Ajrk

18 a matriz with all positive entries.

2.5. Left Rauzy Induction. — Left Rauzy induction was defined in [9] and
describes inducing on T' = Z, » by I’ = [min{\1, A/}, |A|), where m’ = 771(1)
for 7 € G2 and A € R7. In other words, instead of removing a sub-interval
from the right as in (right) Rauzy induction, we remove one from the left.
We will give the explicit definitions and then show how this type of induction
relates to (right) Rauzy induction.

DEFINITION 2.14. — Left Rauzy induction is the result of taking the first return
of T =717, » on I’ as defined above. The induction is type 0 iff A; > A, and
type 1 iff A1 < A/ The induction is not well defined if A\; = Ap,.

Let T' = Z/ » be the resulting IET by this induction (up to a translation
so that I’ begins at 0). If the induction is type 0, then

w(l)—1,i=m/, _ o
7'(i) =< (i) — 1, 1 <7(i) < w(i), and X\, = {il At ’ ; }’
n(@D),  w(i) 2 w(), A

Likewise, if the induction is type 1, then

ai+1),i<m' —1 Ait1, p<m—1,
. 't ’ =m' —1
(i) =4 n(1), di=m/—1, and X, = A pmm oS
7T(’L) i>m! Amr — A1, 0 =m/,
’ - ’ A, i>m.

Let 7,, be given by
To(i) =m —ifor 0 <i<n.
For m € &9, let 7, be given by
Tr = Tpal O T O Tnil,

noting that m, € &2 as well. If &r is the result of type & induction on 7 and
em; is the result of type ¢ induction on 7., then

En = (emy)r.

For A € R%, let A be given by
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DECODING RAUZY INDUCTION 611

If éX and e\, are defined analogously to ém and en,, then
EX = (eXr)r.

We define the n x n permutation matrix P, by

- 1;i=7-n+1(j),
(Pn)ij = {0, otherwise,

then we see that A, = P, A, _.P,, where A : is the visitation matrix that
satisfles A = A, # - éX. Furthermore,

L7T = PnLnT Pna
and so A} :Lr Az z = Ler as a direct consequence.
Therefore, if Aq,..., Ay are visitation matrices given by consecutive steps

of extended Rauzy induction®, i.e., left and/or right Rauzy induction, and
B = A;--- Ay is the product, then

B*L.B = L

where 7 is the initial permutation and 7(N) is the resulting permutation after
the N steps.

The proof of the following is a modification of Lemma 2.13 and has a similar
proof. However, the notation from [5] is significantly different and will not be
included here.

LEMMA 2.15. — If T = I, admits infinitely many steps of extended Rauzy
induction and Ay are the corresponding matrices, then for each j € N there
exists ko = ko(j) € N so that for all k > ko,

Ay = Apdir - Ajn

is a matriz with all positive entries.

2.6. Veech’s result for N;. — The main result in this section is shown in [8,
Lemma 5.7]. Please refer to that work as well as [7] for the original definitions
and proofs.

Consider each m € &2 to be extended so that m(0) = 0 and 7(n+1) = n+1.
Note that 7, respects this extension as well. Let o, be a function on {0,...,n}
given by

or(i) =7 Y (m(i) + 1) — 1,
as in [7]. Let X(m) be the partition of {0,1,...,n} given by orbits of o,. For
each S € 3(m), let bg € Z™ be given by

(bs)i = xs(i —1) = xs(i).
It was shown in [8, Lemma 5.3] that
#X(m) = dim N, + 1,
4. This is also known as two-sided Rauzy induction.
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612 J. FICKENSCHER

and [8, Proposition 5.2] states that
span{bs : S € E(m)} = N.

LEMMA 2.16 (Veech [8]). — Form € &2 and e € {0,1}, there exists a bijection
€:3(m) — X(em) so that

A(Tr,s)bS = beg
for each S € ¥(m).

Recall 7, 7,41 and P = P, from the previous section. By direct computa-
tion, we see that
Or, :7'noc7;1 O T,

and so (7w, ) = 7, X(m).

COROLLARY 2.17. — For m € G° and € € {0,1}, there exists a bijection
€:3(m) — X(em) so that
Ar,e)bs = bes
for each S € X(m).
Proof. — For each S € X(m) and 1 <7 < n,

(Pbs)i = (bs)n+1—i

=xs(n—1i) —xs(n+1-1)

= Xr,$(Tn(n — 1)) = Xr,5(Tn(n + 1 —1))

= Xr,5(4) = Xr,s(i — 1)

= _(anS)i~
And so

A(ﬂ.’g)bs = PA(nT,e)PbS = _PA(T{'T,E)anS‘

By Lemma 2.16 we continue,

—PA(r, e)br,s = —Pb(r,5) = br, (c(r,5))-
Therefore the desired bijection is € = 7, o € o T,. O

2.7. Invariant Spaces. — For n X n matrix B, a subspace V' C C" is B-in-
variant if BV C V. If B is invertible then V is B-invariant iff BV = V.
An eigenbasis of B for V is a basis {u1,...,umn} of V so that each u; is an
eigenvector for B. Recall that an eigenvector for B is a non-zero vector u
with a corresponding eigenvalue o such that v € Npgr for some p € N where
B, = B — al for identity matrix I. The lemma and corollary in this section
allow us to find an eigenbasis for C™ that includes bases of invariant subspaces.
The definition that follows then correctly associates to a B-invariant subspace
eigenvalues.

LEMMA 2.18. — Let B be an n x n matriz and V,W C C" be subspaces
such that W C V and V,W are each B-invariant. There exists an eigenbasis
{ui,...,um} of B for V so that {uy,...,um } is a basis for W, m’ = dim W.
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DECODING RAUZY INDUCTION 613

COROLLARY 2.19. — If VW C C" are B-invariant subspaces, m = dimV
and m’ = dim W, then there exists an eigenbasis {u1,...,u,} of B for C" such
that

 {Upn—m—m/ttt1s--sUn—m/+e} IS a basis for W,

o {Up—mit1y--Un—mte} 18 a basis for VNW,

o {Up—mit1,---,Un} 1S a basis for W,

where £ = dim(V N W).

DEFINITION 2.20. — If V C C" is B-invariant, and a4, ..., a,, are the respec-
tive eigenvalues for the eigenbasis in the previous lemma or corollary, then they
are the eigenvalues of B over V.

3. The Perron-Frobenius Eigenvalue

We begin with a specific case of a fundamental result. See [12, Theorem 0.16]
for a more general version of this theorem.

THEOREM (Perron-Frobenius Theorem). — If B is a positive matriz, then
there exists positive eigenvalue o for B so that for all other eigenvalues o
of B, a > |d/|. Furthermore, there exists a positive eigenvector u for B with
eigenvalue o and any eigenvector u' for B with eigenvalue o is a scalar multiple
of u.

We call a the Perron-Frobenius eigenvalue such a positive vector u a Perron-
Frobenius eigenvector. If B is a positive integer matrix, then o > 1. Corol-
lary 3.3 tells us that u is not in Ny for any 7 € &%. Then Corollary 3.5 forbids
u from being in N7, for any non-zero matrix L = L, — cL,. Finally, Corol-
lary 3.7 tells us that for a fixed eigenbasis {u1, ..., u,} of B with u; = u there
exists a unique u; so that (uq,u;)r # 0.

DEFINITION 3.1. — An extended Rauzy cycle at 7 is a finite sequence of con-
secutive steps of extended Rauzy induction that begins and ends at 7.

LEMMA 3.2. — If B is described by an extended Rauzy cycle at m € G2, then
there exists a basis {b1,...,bym} of Nz and p € N so that

BPb; = b;,
for each i€ {1,...,m}.

Proof. — Let bg for S € X(7) be as in Section 2.6. By applying Lemma 2.16
and Corollary 2.17 to the product B, we have a bijection d on ¥(7) so that
Bbg = byg for each S € X(m).
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Let p be any power such that dP is the identity on X(7), and choose the
bi,...,b, as a subset of the bg’s that form a basis of A;. Then for any
ie{l,...,m},

BPb; = BPbg = bgps = bs = by,

where b; = bg. O
COROLLARY 3.3. — Let B be given by an extended Rauzy cycle at w. If
B1y- -, Bm are the eigenvalues of B over Ny, m € &2, then each B; is a root

of unity. Furthermore, if B is a positive integer matriz with Perron-Frobenius
eigenvalue a > 1, then {B1,...,8m} N{a,1/a} = 0.

LEMMA 3.4. — If L = L — cL for distinct m,7' € &% and real c, then there
exists © such that row i of L is non-zero and either non-positive or non-negative.

Proof. — We consider the value of c. If ¢ < 0, then the first row of L is
at least the first row of L,. The claim then holds for ¢ = 1. If ¢ > 1 and
L' =L — %L,, then L = —cL’. If we find a non-zero row for L', then the
same row satisfies the claim for L (but with the opposite sign). We therefore
consider two remaining cases: 0 < c¢ <1 and c=1.

If 0 < ¢ < 1, let i satisfy 7(i) = n. Because m € &%, i < n. Then if i > j,

Lij = (Lz)ij = ¢(La)ij = —¢(Lg)ij 2 0.
If i < 7,
Lij = (Lﬂ-)ij — C(Lﬂ-/)ij =1- C(Lﬂ-/)ij > 0.

Therefore row 4 is non-zero and is non-negative.

If ¢ = 1, then let ¢ be such that 7(i) # 7'(¢) and that maximizes 7 (7). Let
k < n be the position of ¢ in =, i.e., k = w(¢). Note that n'(¢) < k. If n(j) > k,
then 7(j) = 7'(j) and so

(Lx)ij = (Lav)ij = Li; = 0.
If 7(j) < k and 7 > j, then
Lij = (Lx)ij = (Lar)ig = —(La)ij 2 0.
If 7(j) < k and ¢ < j, then
Lij = (Lz)ij = (Lav)ij = 1 = (Lav)i5 2 0.

Row i of L is non-negative, and we must verify that it is non-zero. Let i’ # 4
satisfy /(i) = k. By definition, 7(i') < 7(¢) and 7’(i') > 7’(%). Either

e i <i and so (L) =1 and (L) =0, or
e i >4 and so (L,);ir =0 and (L) = —1.

Therefore, L;;; = 1 and row i of L is non-zero. O
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COROLLARY 3.5. — If v is a positive vector, then it does not belong to the
nullspace of
L=L;—cLy

for distinct w, 7' € &% and complex c.

Proof. — Suppose c is real. By Lemma 3.4, there exists a row 4 that is
non-zero and non-negative (resp. non-positive). Therefore (Lv); > 0 (resp.
(Lv); < 0) and so Lv # 0. If ¢ is non-real, then by Lemma 3.4 the real vector
L,/v is non-zero. Therefore

Lv=(L; —cLy)v
must have a non-zero imaginary component and cannot be zero. (]

LEMMA 3.6. — Let B*LB = L for anti-symmetric matriz L and matriz B. If
u,u’ are eigenvectors of B with corresponding eigenvalues o, o/, and (u,u’)r # 0,
then aa’ = 1.

Proof. — Recall that the order of eigenvalue u with eigenvalue « is the min-
imum p € N so that v € Ngr, B, = B — al. We proceed by induction, first
on the order of u and then on the sum of the orders of u and u'.

If u,u’ are both true eigenvectors, i.e., order 1, then

(u,u'), = (Bu, Bu'), = @d’(u,u'),

and @’ =1 as (u,u’)r # 0 by assumption.
If w is higher order and u’ is order 1, let w be defined by Au = au + w and
note that w is one order lower than u for the same eigenvalue a. Then

(u,u")r, = (Bu, Bu) = @d/ (u,v') g, + o (w,u') .

If (w,u')r, # 0, then the claim follows by induction. If (w,u')r, = 0, then the
claim follows just as in the base case.

If u,u’ are both of higher order, let w be defined as before and let w’ be
defined by Bu' = o/v' + w’. Then (u,v’); = (Bu, Bu')r, which is the sum

ad (u,u')p + o (w,u') +a(u,w' ) + (w,w') L.

If any term but the first is non-zero, then the claim follows by induction. Note
that (v,v’)r = (v/,v)r. If only the first term is non-zero, then the claim is

verified as before. O
COROLLARY 3.7. — Let B*LB = L for anti-symmetric matric L and posi-
tive matriz B. Let uq,...,u, an eigenbasis for B with respective eigenvalues
a1, .., 0y such that Up_mi1,- .., U, forms a basis of N, of dimension m < n.

If ay > 0 is the Perron-Frobenius eigenvalue with positive eigenvector uy (in
particular u; ¢ Np), then there is a unique j < n—m so that (u1,u;)r, # 0.
This is also the unique j < n—m so that a; = 1/0;.
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Proof. — The final claim follows from the first by Lemma 3.6. Because
uy ¢ Np, there must exist u; so that (ui,u;)r = ¢ # 0. By Lemma 3.6,
aj =1/a;. Because u; ¢ N, j <n—m.

Suppose by contradiction there exists j° # j so that (u1,uj ) = ¢ # 0.
Again 7/ < n —m and by Lemma 3.6, ojy = ;. If there exists ¢ # 1 so that
either (u;,u;/)r # 0 or (u;,u;)r # 0, then a; = a1, a contradiction to the
simplicity of the Perron-Frobenius eigenvalue. Therefore (ux,u;)r is non-zero
iff k =1 and the same statement holds for (ug,u;/)r.

Let u = ¢'uj — cu; and note that

(u1,u)r, = ' (u1,uj)r — c(ur,uj ) = e —ed = 0.

Because (ug,u)r, = 0 for k # 1, ¢ € N. This implies a linear dependence
between u;, uj; and Up_m41,--.,Un, & contradiction. O

4. Proof of Main Theorem 1

MAIN LEMMA. — [fB’ is a positive matriz defined by an extended Rauzy cycle,
then the initial permutation ™ € &2 is unique.

Proof of Main Theorem 1. — Let By, Ba,... be the matrix products defined
by an infinite sequence of extended Rauzy induction steps, and assume by
contradiction that there exist distinct 7,7’ € &% such that infinite induction
steps beginning at m and 7’ each exist and define the By’s. There exist m’s
and 7}’s, k € Ny, so that 7o = 7, 7, = 7’ and for each k € N,

BZL Bk = Lﬂ-,c and BZLW;C,lBk = LW;«'

Tk—1

Because the By’s are invertible and by Lemma 2.3, L., # L, by induction on k
and so my, # m;, for all k € Ng and are uniquely determined by 7, 7’ and the By’s.
There exist distinct 7, 7 € G so that 7, = 7 and 7, = 7’ simultaneously for
infinitely many k. By Lemma 2.13 we may choose such kg, k1 so that kg < ky
and B = Byy+1Bky+2 - - - Bk, is positive. Therefore Bis a positive matrix
defined by an extended Rauzy cycle at 7 and also an extended Rauzy cycle
at 7’. By the Main Lemma 7 = 7/, a contradiction. O

Proof of Main Lemma. — Suppose B is a positive integer matrix that is de-
scribed by two extended Rauzy cycles: one each at distinct 7,7 € &Y. Then
by Equation (1),
B*Lﬁ—B = Lﬁ— and B*L;‘—/B = L,‘r/.

Let m = dim(Nz), m’ = dim(N3 ) and £ = dim(Nz N Nz). Using Corol-
lary 2.19, let {u1,...,u,} be an eigenbasis for B with respective eigenvalues
Qaz,...,0, such that

e a7 > 1 is the Perron-Frobenius eigenvalue and u; is positive,

® {Un—m—m/ o415+ Un_m/+e} is a basis for Nz,
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 {Up_m't1,---,Un_mrte} 18 a basis for Nz N N3/, and
® {Un_m/41,---,Upn} is a basis for Nz.
Because u; is not in Az there must exist a unique j < n+ £ —m —m’ so
that (u1,u;)# # 0 by Corollary 3.7. By Corollary 3.3 this is also the unique
1 < j < nsothat a; = 1/a;. It follows that (uq,u;)z # 0iff ¢ = j as well,
and j<n+£f—m—m'.
Let ¢1 = (u1,uj)#, c2 = (u1,u;)7 and L = Lz — %Lﬁ-/. For ¢ # 7,

(w1, )L = (u1,u)z — ﬂ(ulaui)ﬁ’ —0-20=0

C2 C2
and
C1 C1
(ui,u)r = (u1,u5)7 — —(u1,u5)7 =1 — —c2 = 0.
C2 C2
This implies that u; € N7, a contradiction to Corollary 3.5. O

5. Proof of Main Theorem 2

The following result is proven in [2, Theorem 4.3] under different notation.
A proof is provided in Appendix B.

LEMMA 5.1. — LetT : I — I be an i.d.o.c. n-IET. Then J C I is admissible
iff the induction realized by J is given by consecutive steps of extended Rauzy
induction.

DEFINITION 5.2. — An admissible induction sequence for T =1,y : I — I
is a sequence I',I",..., 1% .. . so that the induction from I*~1 to I*) ig
admissible for each k.

By Lemma A.3, it follows that |[I*)| — 0 as k — oo for any admissible in-
duction sequence. We say that By, Bs,... are defined by an admissible induc-
tion sequence I’,I”,... if for each k By is the visitation matrix the induction
of T=1 on I® where T®) is the induction of T on I*) or equivalently
T®) is the induction of T*—1) on 1k

Proof of Main Theorem 2. — A sequence of matrices By, Bs,... defined by
an admissible induction sequence must be given by products of A’s given by
extended Rauzy induction by Lemma 5.1. The result then follows from Main
Theorem 1. O

Appendix A. Admissible Inductions

We will give a construction of the induced map given by T' : I — I over
sub-interval I’ C I. Let T =T, ,, 7 € G2 and \ € R?%, be an i.d.o.c. n-IET
with sub-intervals I; = [8;—;, ), 1 < i < n, where we recall 8; = 37, \;
for 0 <4 < n. Also, recall the return time r(z) of z € I’ to I' = [a’,b') by T.
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Given z € I’, we describe how to construct the sub-interval I, C I’ so that
1.z ell,

. for each 2,2’ € I, r(2) = r(2'),

. for each 0 < k < r(x), T restricted to T*I’ is a translation,

. for each 0 < k < r(x), there exists j = j(k) so that T*I’ C I;, and

. I/ is the maximal sub-interval with these properties.

U W N

Compare properties 2-4 with those of intervals I} for admissibility in Defini-
tion 2.9.

Observe that for any sub-interval [c,d) such that [c¢,d) C I; for some j, T
restricted to [c,d) is a translation. Also, T'[c,d) C I;s for some j’ iff (c,d) N
T~'D = () where

D= {ﬁh ce 7571—1}'
Let a(z) be the minimum y € Z' N [0, z] so that
o 7(z) =r(x) for all z € [y,z], and
e for each 0 < k < r(z), T*[y, x| C I; for some j = j(k).
It is an exercise to see that
z—a(z) =min{T*z — 2: 0< k < r(z), z€ D' N0, T*z]},
where D’ = {a’,V/,0} U {f1,...,Bn-1}. Therefore, either a(z) = a’ or a(z) =
T-7-()z for some z € D', where r_(z) = min{k € Ny : T~%z € (a',V')}.
Likewise, let b(z) be defined by
b(z) —z=min{z — TFz: 0 < k < r(z), z € {N}UD)N [T z, )]},
and note that b(z) € (I’ U {b'}) N [z, |\|] is the maximum value y so that
e r(2) =r(z) for all z € [z,y), and
e for each 0 < k < r(z), T*[x,y) C I; for some j = j(k).
Either b(z) = V' or b(z) = a(z’) for some z’ > x.
Let I, = [a(z),b(z)) for each z € I'. Because I, = I, for each y € I,
P ={I,:zel}

is a partition of I'. If Py, = {I'}, then T is periodic and cannot be and i.d.o.c.
IET. Therefore #P; > 2.

LEMMA A.l. — For i.d.o.c. n-IETT : I — I and sub-interval I' C I, if
m = #Pp thenn<m<n+2.

Proof. — Let Dp = {d'}U{T"-®z : z € D'} and v; = T7"-ig,
for 0 < j < m. As discussed in the previous paragraphs, a(z) € Dp for
each z. Furthermore, a(z) = z for each a € Dy.. Therefore #P; = #Dy.. Be-
cause T is i.d.o.c., T*B; = B; iff j = n~1(1), j/ = 0 and £ = 1. It follows that
Yo = Yr-1(1) and y; # ;- for distinct 7, 5’ > 0. Therefore #(Dr \{a'}) > n—1,
or #Pp > n, and #(Dp \{a’'}) <n+1or #Pp <n+2. O
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We order and name the sub-intervals in Py as I{,...,I,. We call this the
natural decomposition of I' by T' = T|1/’ and I’ is admissible iff m = n. The

next statement proves that T|1” = (T|I,) under appropriate choices of T,

I’ and I"”, and the natural decomposition!lagree with this identity.

LEMMA A.2. — Let T = I, be an n-IET defined on I with sub-intervals
Ii,....I, andlet O C I" C I' C I be sub-intervals. If T' = T)|,, with natural de-
composition Iy,...,. I' of I', T" = T),, with natural decomposition I, ..., I",
of I" and S = T’| ., with the natural decomposition Ji,...,J. ., of I", then
m" =m' and J/ = I/ for all1 <i<m/.

For x € I', let q(z) = (jo,---,Jr(z)—1) be the ordered r(z)-tuple given
by T*z € I;, for 0 < k < r(z). Note that I},..., I, is the natural decomposi-
tion of I’ by T" iff the following statements hold:

1. g(z) = q(y) for all z,y € I, 1 < i < m, and

2. g(z) #q(y) if x € I] and y € I, for i # ¢'.
The definition of g(z) coincides with a return word when considering an IET by
its natural symbolic coding. See [4] for an introduction to this coding. Because
these tuples are constant on each I/, let ¢; = ¢(z) for any z € I}.

Proof of Lemma A.2. — Let g;’s be the return words of I’ in I of T, ¢’s be
the return words of I” in I of T” and ¢’s the return words of I” in I’ of S.

Let g;q;» denote the concatenation of the tuples ¢; and ¢;/, meaning
q:q9y = (jOa e aj?‘—17j({)7 e aj;’—l)
where i = (jo, - jr_1) and g = (i}, .- -»5_1)-
Let g;, 1 <1 <m”, be given by

4 = 95045, * "y
where ¢ = (jo,-..,Jr—1). These are the return words for the J/’s in I by T.
The lemma follows from two claims: each §; equals qé for some j = j(i) and
Gi # Gy for i # i’. The first claim follows as for any z € J; and k € Ny, if
Tkx € I}, then TFF g e Iy, for each 0 < k' < rjs, where g; = (jg, - .- ,j;’j/fﬁ.
The second claim holds because ¢} # g}, and g; # g, for ¢ # 4’ and j # j'. O

LEMMA A3. — Let T =TI, 7 € & and )\ € R?, be an i.d.o.c. n-IET. If
1 r,.. ., I%®, ... keN, are admissible sub-intervals so that § C I*) C
I*=1) for each k € N, then either J = (\re, I®) is empty or consists of one
point.

Proof. — Suppose by contradiction that J is contains an open interval and
therefore is a sub-interval of I by possibly removing the right endpoint. Let
J1,...,Jm be the natural decomposition of T| . By Lemma A.1, m < n+ 2.

Because m is finite, ¢ = min{|J;| : 1 < ¢ < m} > 0 is well-defined. Fix kg € N
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so that |[I(F0)| < |J|+¢/2 and let T = T|,, - By Lemma A.2, Jy,..., Jn, is the

natural decomposition of 7" restricted to J. By Lemma 2.8, because J C (ko)
there must exist J; with return time in I*) greater than 1. In this case T
acts on J; by translation and T J; C 1) \ J. However, this implies that
|J;] < e/2, a contradiction. O

Appendix B. Admissibility and Extended Rauzy Induction

Proof of Lemma 5.1. — Suppose that J = [a,b) is not given by extended
Rauzy induction, and let S = T|J be the induced map with natural decom-
position Ji,...,J,,. We will construct a sub-interval I’ of I with induced
T = T|,, so that I "= [da’,V’) is given by steps of extended Rauzy induction
and if T = AEY then

(2) o’ <a<a 4+ min{\],\j } and b — min{\j , A} <b <V,

where 149,41 satisfy 7n'(ip) = 1 and 7'(i;) = n. Because J is not realized by
extended Rauzy induction, at most one equality may occur. We then will show
that J is not admissible for I’, which shows our claim by Lemma A.2.

Initially, let I’ = I and so J C I’ trivially. Given our definitions, suppose
the inequalities for a and a’ do not hold for I’. We then perform left Rauzy
induction on T, and replace I" by this new sub-interval, noting that o’ will
increase. If the inequalities between b and b’ do not hold, then we act by right
Rauzy induction and replace I’ with this new sub-interval. Note that J C I’
still holds after each step. This process must terminate at our desired I’, oth-
erwise we have constructed an infinite properly nested sequence of admissible
intervals that each contain J, a contradiction to Lemma A.3.

Given I’ and J so that inequalities (2) hold, Ji,..., J,, is the natural de-
composition from T” on J and the natural decomposition from T on J as well
by Lemma A.2. If a = o/, then m =n + 1 and

Iz(v ZS 7:17
J = Iz{l \ (T/)_llrlw i =11,
Y (1), i=1iy+1,
Iz{—l’ i1 <t<m,

by direct computation. Similarly, m = n+ 1if b = b'. If both a > o’ and
b < V', then analogous computations will hold unless 7o = n and i; = 1, or 7’ is
standard.

In this case, each I/ is a sub-interval in the natural decomposition of J
for 1 <4 < n with return time 1. Let J] = I1 N J and J,, = I, N J. Both
J{ N (T")=2J!, and J,, N (T")~2J] are sub-intervals in the decomposition of J
with return time 2. Because T" is i.d.o.c., (T")%J] # J! and (T")2J, # J;.
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Therefore, there must be at least one more sub-interval of J in (J] \ (77)2J})U
(JL\ (T")~2J]) and so m > n. O
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