Bulletin

de la SOCIETE MATHEMATIQUE DE FRANCE

BLOW-UP OF THE CRITICAL SOBOLEV
NORM FOR NONSCATTERING RADIAL
SOLUTIONS OF SUPERCRITICAL
WAVE EQUATIONS ON R3

Thomas DuycKkaerts & Tristan Roy

Tome 145
Fascicule 3

2017

SOCIETE MATHEMATIQUE DE FRANCE

Publi¢ avec le concours du Centre national de la recherche scientifique
pages 503-573




Le Bulletin de la Société Mathématique de France est un périodique
trimestriel de la Société Mathématique de France.

Fascicule 3, tome 145, septembre 2017

Comité de rédaction

Christine BACHOC Laurent MANIVEL
Emmanuel BREUILLARD Julien MARCHE
Yann BUGEAUD Kieran O’GRADY
Jean-Frangois DAT Emmanuel RUSS
Charles FAVRE Christophe SABOT
Marc HERZLICH Wilhelm SCHLAG

Raphaél KRIKORIAN
Pascal HUBERT (Dir.)

Diffusion

Maison de la SMF - Case 916 - Luminy - 13288 Marseille Cedex 9 - France
christian.smf@cirm-math.fr

Hindustan Book Agency AMS
0-131, The Shopping Mall P.O. Box 6248
Arjun Marg, DLF Phase 1 Providence RI 02940
Gurgaon 122002, Haryana USA
Inde WWW.ams.org
Tarifs

Vente au numéro : 43 € ($64)
Abonnement électronique : 135 € ($202),
avec supplément papier : Europe 179 €, hors Europe 197 € ($296)

Des conditions spéciales sont accordées aux membres de la SMF.

Secrétariat : Nathalie Christiaén
Bulletin de la Société Mathématique de France
Société Mathématique de France
Institut Henri Poincaré, 11, rue Pierre et Marie Curie
75231 Paris Cedex 05, France
Tél : (33) 01 44 276799 e Fax : (33) 01 40 46 90 96
bullsmf@ihp.fr . smf .emath.fr

© Société Mathématique de France 2017

Tous droits réservés (article L 122—4 du Code de la propriété intellectuelle). Toute représen-
tation ou reproduction intégrale ou partielle faite sans le consentement de l’éditeur est il-
licite. Cette représentation ou reproduction par quelque procédé que ce soit constituerait une
contrefagon sanctionnée par les articles L 335-2 et suivants du CPI.

ISSN 0037-9484 (print) 2102-622X (electronic)

Directeur de la publication : Stéphane SEURET



smf.emath.fr

Bull. Soc. Math. France
145 (3), 2017, p. 503-573

BLOW-UP OF THE CRITICAL SOBOLEV NORM
FOR NONSCATTERING RADIAL SOLUTIONS
OF SUPERCRITICAL WAVE EQUATIONS ON R3

BY THOMAS DUYCKAERTS & TRISTAN ROy

ABsTrRACT. — We consider the wave equation in space dimension 3, with an energy-
supercritical nonlinearity which can be either focusing or defocusing. For any radial
solution of the equation, with positive maximal time of existence T', we prove that
one of the following holds: (i) the norm of the solution in the critical Sobolev space
goes to infinity as ¢ goes to T, or (ii) T is infinite and the solution scatters to a linear
solution forward in time. We use a variant of the channel of energy method, relying
on a generalized LP-energy which is almost conserved by the flow of the radial linear
wave equation.

REsuME (Ezplosion d’une norme de Sobolev critique pour les solutions radiales non-
dispersives de ’équation des ondes surcritique sur R3). — Considérons ’équation des
ondes avec une non-linéarité surcritique pour ’énergie, focalisante ou défocalisante, en
dimension 3 d’espace. On démontre que toute solution radiale de I’équation, avec un
temps d’existence maximal T', vérifie une des deux propriétés suivantes: (i) la norme
de la solution dans ’espace de Sobolev critique tend vers ’infini quand ¢ tend vers T';
(ii) T est infini, et la solution est asymptotiquement proche d’une solution linéaire pour
des temps infiniment grands. La démonstration utilise une variante de la méthode des
canaux d’énergie basée sur une énergie généralisée (définie dans un espace LP a poids)
qui est presque conservée par le flot de I’équation des ondes linéaires.
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504 T. DUYCKAERTS & T. ROY

1. Introduction

In many recent works, global existence and scattering for solutions of a
supercritical dispersive equation were proved assuming that an appropriate
critical norm remains bounded close to the maximal time of existence. The
goal of this article is to prove, in a specific case, a slightly stronger result,
namely that it is sufficient to assume the boundedness of the critical norm only
along a sequence of times going to the time of existence. More precisely, we
consider the supercritical wave equation in space dimension 3:

Opw — Aw = tJw|P~ w, (t,z) € T x R3,
(1.1) u(0,z) := ug(z)
Oru(0,x) := ui(x)
with real-valued initial data
(1.2) w(0,z) := wo(x) € H**(R?), duw(0,z) := wy(x) € H*"}(R?),
where (t,z) € I x R3, I is an interval such that 0 € I C R, p > 5, 1+ = +1

(focusing case) or t = —1 (defocusing case), s. is the critical Sobolev exponent,
ie., s, = % — %, and H*¢(R3) is the usual homogeneous Sobolev space.

Equation (1.1) is locally well-posed in H®¢(R3) x H*~1(R3): for any initial
data (wg,w;), there exists a solution

@ = (w,0w) € CO((T-(w), Ty (w)), H* (R?) x H*~}(R?))

defined on a maximal interval of existence (7_(w), T4 (w)) that satisfies (1.1),
(1.2) in the Duhamel sense, and is unique in a natural class of functions. It has
the following scaling invariance: if A > 0 and w is a solution, then w), defined
by

wy(t,x) == )\%w()\t, )
is also a solution of (1.1), with maximal interval of existence (A7!7T_(w),
A71T (w)), that satisfies

(1.3) ||w/\(0)||HsC(1R3)><HsC—1(R3) = ||(w0awl)”mc(RS)xgsc—l(Rs)-

With the additional assumption (wo,w;) € H'(R?) x L*(R3), the energy

. 1 1
E(d(t)) := 3 /]Rs |Vw(t,z)|? dz + 5 /Rs |0yw(t, z)|* dz — Lp 1 /R3 lw(t, z)[PT dz

is well-defined for all ¢ and independent of time. The assumption p > 5 is
equivalent to s, > 1: the equation is energy-supercritical, and the energy has
little utility in the study of global well-posedness or related properties.

Our goal is to classify the solutions of (1.1) according to their dynamics.
The solution w is said to scatter forward in time if T (w) = 400 and if there
exists a solution wy, of the linear wave equation

(14) (9ttwL — A’LUL =0
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RADIAL SOLUTIONS OF SUPERCRITICAL WAVE EQUATIONS 505

such that

(1.5) tii+moo [ (¢) — w(t)HHsc(Rs)XHsC—l(Ra) =0.

It was proved in [19] in the defocusing case that radial solutions of (1.1) that
are bounded in the critical space scatter. More precisely, for any solution of
(1.1), (1.2) with ¢ = —1, and radial initial data (wg,w;)

(1.6)  limsup [|@(¢)|| grec (ro)x frec—1(rsy < 00 == w scatters forward in time.
t—T, (w)

This was later extended to the nonradial, defocusing case in [23], and the
radial, focusing case in [10] (see also [20], [2], [4] in higher dimensions). Note
that it follows from the scaling invariance of the equation and (1.3) that it
is impossible to give a lower a priori bound of Ty (w) ounly in terms of the
H%¢(R3) x H%1(R3)-norm of (wg,w;): in particular, even the implication

lim Sl&lp) ||w(t)||HSC(R3)><HSC_1(R3) <00 — T+(’ll]) = +007
t—=T4 (w

weaker than (1.6), does not follow from the local Cauchy theory for equation
(1.1).
In this paper, we improve (1.6) in the radial case:

THEOREM 1.1. — Assume p > 5. Let w be a solution of (1.1) with radial data
(wo,wy) € H%(R3) x H~Y(R3). Then:
o cither
1.7 li £), 8w ()| 5. =
(a7 i 0(6), ) e e ey = 400

o or T (w) = 400 and w scatters forward in time.

An analogous statement holds for negative times.

Note that Theorem 1.1 is equivalent to (1.6), with the limit superior replaced
by a limit inferior. We do not know any direct application of this qualitative
improvement, however its analog in the case p = 5, ¢ = 1 is crucial in the proof
of the soliton resolution conjecture for the energy-critical wave equation in [9].

Theorem 1.1 means exactly that solutions of (1.1) are of one of the following
three types: scattering solutions, solutions blowing-up in finite time with a
critical norm going to infinity at the maximal time of existence, and global
solutions with a critical norm going to infinity for infinite times.

In the defocusing case ¢ = —1, it is conjectured that all solutions of (1.1)
with initial data in the critical space H%¢ x H5<~! scatter. The difficulty of this
conjecture is of course the lack of conservation law at the level of regularity
of this critical space. The only supercritical dispersive equations for which

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



506 T. DUYCKAERTS & T. ROY

scattering was proved for all solutions are wave and Schrédinger equations
with defocusing barely supercritical nonlinearities: see e.g [27, 28, 32, 33] .

In the focusing case ¢ = 1, solutions blowing up in finite time are known.
One type of finite time blow-up is given by the ODE y” = |y|P~ly, and is
believed to be stable: see [5, 6] for stability inside the wave cone. For large
space dimensions (> 11) and large p, “geometric" blow-up solutions, based on
a stationary solution of (1.1) which is not in H*: are obtained in [3]. These
solutions belong to the critical space H® x H®~1 and satisfy (1.7), however
all subcritical Sobolev norms remain bounded.

It is not known if there exist global solutions of (1.1) satisfying (1.7). This
type of solution is excluded in the energy-critical case p = 5 in [9] using conser-
vation of energy and a monotonicity formula, two tools that are not available in
the case p > 5. Let us mention the construction, in the case p = 7, of a solution
w of (1.1), with initial data (wo,w;) which does not belong to H* x H® 1
but is in all higher order Sobolev spaces H® x H571, s > s..

Conditional global well-posedness results similar to (1.6) are also known for
other type of equations: radial wave equations with energy-subcritical non-
linearities (see [31]), defocusing Schrédinger equations (see [18] for cubic non-
linearity in space dimension 3 and [22] for supercritical nonlinearities in large
space dimensions). In [26], a lower bound of the critical norm (of the form
|log(T} —t)|¢) is obtained for finite energy, radial solutions of focusing energy-
subcritical nonlinear Schrédinger equations blowing-up in finite time 7'y . This
can be seen as a quantitative version of Theorem 1.1, restricted to finite time
blow-up solutions, and in a subcritical context. Except for this work we do not
know any result of the type of Theorem 1.1 for dispersive equations.

Results in the same spirit than (1.6) for the Navier-Stokes equation are
known since [16], where it is proved that an a priori bound of the scale-invariant
L3-norm implies global well-posedness and regularity. We refer to [17], [11] and
[12], for related statements with proofs based on profile decomposition. In [30],
it is proved that blow-up in finite time implies that the L3-norm goes to infinity,
which might be seen as an analog of Theorem 1.1 for Navier-Stokes equation.

The proof of Theorem 1.1 relies on the channel of energy method initiated
in |7, 8] to study the radial focusing energy-critical wave equation. In [9], this
method was used to get the resolution into solitons for any radial solution of the
equation that does not satisfy (1.7) with s, = 1. It is based on the observation
that the exterior energy of any nonzero, finite-energy solution wy, of the linear

In [27] the scattering with data in A2 := H2 N H!(R3) is not explicitely mentionned.
However, it can be easily derived from the finite bounds of the L#(R,L.?) norm and the
L (R, flz) norm of the solution, by using a similar argument to that in [28] to prove
scattering.

TOME 145 — 2017 — N° 3
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wave equation (1.4) satisfies a lower bound. Namely, for some 7,79 > 0

(1.8) VtZOOthSO,‘/ |V, ()] + [0pwr, (2)|? dz > 7.
lz|=ro+]t]

A key step in the proof is the characterization of all (global) solutions of the

nonlinear equation that do not satisfy the preceding dispersive property, i.e.,

such that

(1.9) Vro >0, liminf |Vw(t)|? + |0pw(t)|? dz = 0.

£ Jia|>ro+t]
This rigidity result is then used to determine the profiles in a profile decompo-
sition for a bounded sequence {W(ty)}n, tn — T (w).

The exterior energy appearing in (1.8) is not compatible with the scaling of
(1.1) and not well-defined for solutions with initial data in H® x H*~! in the
supercritical range p > 5. It is tempting to replace, in (1.8) wy by D*~lwy to
obtain a scale invariant quantity, however this would lose the local character of
the norm which is crucial when using finite speed of propagation for equation
(1.1). The main novelty of this article is to replace the standard energy of the
linear wave equation by a generalized energy which is local and invariant by
the scaling of (1.1). Namely, if m > 2, and wy, is a radial solution to the wave
equation, we define its L™-generalized energy by:

En(t) = EpJwl](t) = /000 |8, (rwe (t, 7)™ + |0y (rwe (¢, 7))|™ dr.

Then E,, is almost conserved by the linear flow: their exists a constant C > 0,
depending only on m such that

Vt, C7'En(0) < En(t) < CEn(0).

Furthermore, for m = 252, E,, is well-defined if (wo, w1) € H* (R%)x H*~}(R3),
and is invariant by the scaling of (1.1). Finally, it is possible to prove an exterior
energy property similar to (1.8) for the generalized energy.

The proof of Theorem 1.1 follows the lines of the proof of [9] (using also some
of the arguments of [10], specific to the supercritical wave equation), replacing
the usual energy by the generalized energy FE,,. The main obstruction to the
exterior energy property for the nonlinear equation is the existence of a nonzero
radial stationary solution. In the energy-critical case, this solution belongs to
the space H'(R®), is of order 1/r for large r, and unique up to scaling and
sign change. In the supercritical case, there is no solution in the critical space
Hse (R?), but there exist singular stationary solutions of the same order 1/r
for large r (see [10] for the focusing case and Proposition 2.4 below for the
defocusing case).

The outline of the article is as follows: after some preliminaires on equation
(1.1) (Section 2) we define, and give some properties of generalized energies for
the radial linear wave equation (Section 3). In Section 4, we prove lower bound
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for the exterior (generalized) energy of nonzero solutions of (1.1). Section 5
gives the proof of Theorem 1.1 in the global case. Section 6 concerns the finite
time blow-up case.

We start with some notation.

Acknowledgments. — The first author would like to thank Pierre-Gilles
Lemarié-Rieusset for references on Navier-Stokes.

Notation. — If a and b are two positive quantities we will write a < b when
there exists a constant C' > 0 (which depends only on p) such that a < Cb.
When the constant is allowed to depend on another quantity M, we will write
a Spr b. We will write @ ~ b when a < b and b < a. We will write a < b (resp.
a > b) if there exists a large constant C' > 0 such that b > Ca (resp. a > Cb).

If f is a function depending on ¢ and r := |z|, let
f=(f,0:f).
Given f1,...,, fn N functions depending on ¢ and r, and F' a map, let

F(Ortfry--y0rtfN) = F (Opfr,...,0nfN) + F (Oef1,... 0 fN) .
Given s > 0 and n a positive integer, we define
HE(R™) := H*(R"™) x H*"}(R™),

where H® denotes the standard homogeous Sobolev space.

To lighten the notation, if n = 3, then we will write H?* instead of H* (R3),
and we will proceed similarly for the other spaces that we use in this paper,
such as LP(R3), etc... We let LY (I, L2) be the space of measurable functions f
on I x R? such that

1/q
I lezrns) = ( [, dt) <.

In all the paper, we let

oo

Hence s, = %
Let x be a radial smooth function such that

{X(|$|) =1, [z >
x(|z]) = 0, [] <

INEE S

Given R > 0, we denote by xgr(z) := x (%) We let Bg be the Euclidean ball
of R3:
Br={zeR®: |z| < R}.

TOME 145 — 2017 — ~N° 3



RADIAL SOLUTIONS OF SUPERCRITICAL WAVE EQUATIONS 509

We denote by 7g the operator

_Jf(R),|z|<R
f=Talf)= {f(lwl), 2] > R.

Let S(t) denote the linear propagator, i.e

in (tD
S(#)(wo, wr) = cos (tD)wo + %U}h D=+/-A.
The notation < is defined in Subsection 2.3.1.

Assumption. — In this paper we consider only radial functions, i.e., functions
depending on r := |z| with | - | denoting the Euclidean norm on R3.

2. Preliminaries

We recall in this section some facts about local well-posedness, singular
stationary solutions of (1.1) and profile decomposition.

2.1. Local well-posedness. — We recall a local-wellposedness result:

PROPOSITION 2.1 (see for example [19]). — There exists §o < 1 and Cy > 1
with the following properties. Let wg € H*. Then

o if an open interval I containing 0 satisfies
(2.1) 1S )wsll pam (1, Lam) < o,
then there exists a unique solution
@eC(I,7),
of (1.1) with initial data w(0) := wy such that
|wll Lam (1,Lamy < 280, ||D8°7%w||Lg(1,Lg) < o005

o if |wg]lsye. < g—‘; then (2.1) is satisfied with I = R, w is global, scatters,
and

_1 "
max (| ez oy 1D Fwllsqe pays 100 e (15000 ) < B0
The proof is based upon the Strichartz estimates (see for example [13, 24]):

(2:2) M@l e (1, p50) T I1D* 2 wllLg e

+ ||w||L?m(1,Lim) + ||’1,U||Lt5Tm (I,Lim)

_1
< lwollyyse + D% 2 F| ;

4 4
LPI,L2)

Hence, if we write for instance f € H*, then we do not only assume that f lies in HS(RB)
but also that f is radial

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



510 T. DUYCKAERTS & T. ROY

for any solution of 02w — Aw = F with initial data wp.

REMARK 2.2. — a. More generally, if an I is an interval containing tg € R
satisfies || S(t — to)"LTO)HL%m(I’Lim) < o, then there ezists a unique solu-

tion W € C (I,'HSC) of (1.1) with w(ty) := wy that satisfies the same

conclusions as Proposition 2.1.
b. This allows to define the mazimal interval of existence

Imaz(w) := (T-(w), Ty (w))
e., the union of all the open intervals J containing to for which there
exists a solution v of (1.1) with the same initial data such that U €
: _1
C(J,H), [[D%* 20| pacg.0e) < 00 and |[v]|pam (g pam) < o0.
c. Let us also mention the following standard scattering criterion: if

lwll Lam (12,7 (), Lam) < 00,

then Ty (w) = 400 and w scatters forward in time.

We next recall a local well-posedness result, in H! for an equation that is
derived from (1.1) (see [10], Lemma 3.3).

PRrROPOSITION 2.3. — There exists 61 > 0 with the following property. Let

R>0. Let I be an interval with 0 € I, V € L{™(I,L™), and 77()) € H' such
that

p=5
(2.3) 1DV lpacr,pay < 01, VIIpam(r,pamy < 6VR™
(2.4) lholly < 61 VR .

Then the equation:

{@th Ah—|V+XRh|p YV + xgrh) — VP~V
h(o) - hO)

has a unique solution h such that
he L¥(I,L8), DY?he LXI,L%), heC°(I,H).

Furthermore
o —/ =
sup || (1) — S(t)ho(?)

—[lPoll -
tel

|, =
If V. =0, one can take I = R and the preceding estimate can be upgraded to:

sup
teR

(t) - St>ho<t>H S sl
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2.2. Stationary solutions. — We next state a result regarding some singular
stationary solutions of (1.1):

PROPOSITION 2.4. — Let £ € R — {0}. There exists Ry > 0 and a C? solution
of

(2.5) NZy+ZP~ Zy =0 on R N {|z| > R}
such that

(2.6) [rZe(r) — €| < :2, r>1

(2.7) rlglolo r? dZTe =—¢

Furthermore

e if L = +1 (focusing nonlinearity), Ry = 0 and Z; ¢ H®.
e if L = —1 (defocusing nonlinearity), Ry > 0 and

(2.8) lim |Z,(r)| = +o0.

r—Ry
Proof. — The case of a focusing nonlinearity ¢ = 1 is treated in [10, Proposi-
tion 3.2, and we will only consider a defocusing nonlinearity « = —1.

In this case, the existence of a solution Z, defined for large r and satisfying
(2.5) (for large r), (2.6) and (2.7) follows also from the proof of Proposition 3.2
of [10]. Let (R, +00) be the maximal interval of existence of Z;, as a solution
of the ordinary differential equation (in the r variable):

2
Z] + ;Zg —|ZyP 1z, = 0.

We now prove that Ry, > 0. We assume ¢ > 0 to fix ideas and argue by
contradiction. Assume R, = 0. Let h(s) = Zy(1/s), s € (0,00). Then h is a
C? solution of

1
(2.9) R'(s) = | (8)[P~*h(s), s>0
that satisfies (by (2.6), (2.7)):
lim ) _ lim A/(s) = £.
s—0 8 s—0
By (2.9),
"
lim ) _ o,
s—0 sP—4

and thus A”(s) > 0 for small positive s. Combining these estimates with
equation (2.9) and a simple bootstrap argument we obtain:

14

(2.10) Vs >0, h'(s)>0, N(s)> 3,

h(s) >

1\3\6\
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512 T. DUYCKAERTS & T. ROY

We next prove by induction:
(2.11) Yn>1, dc, >0, Vs>0, h(s)>c,s".

Indeed, (2.11) holds for n = 1. Assuming that it holds for some n > 1, we
obtain by (2.9)

h”(S) > cﬁs"p_4.
Integrating twice between 0 and s, we deduce h(s) > cl,sP"~2, which yields
(2.11) at rank n + 1, since pn — 2 > 5n —2 > n + 1.

Let ) )
F(s) = = (W(s))? = ———(h(s))"™".
()= 5 W) = oy (h(s)
Then F'(s) = ﬁh”“. By (2.11), lim,_,o F(s) = +o0. It follows that for
large s,

2 h*(s) _ 1
I > e > 2

by (2.11) again. Hence for large s,
d 1
ds h(s)
a contradiction with the fact that h is positive and defined on (0, 00).
By the standard blow-up criterion |Z,(r)| + |Z,(r)| —»_r, co. Notice that
since Z, decreases, this means that Z,(r) has a limit as r — R,. But this limit
cannot be finite. If not this would imply by (2.9) that Zé is bounded, which is

< -1/C,

not possible. Hence (2.8) holds. O
REMARK 2.5. — Note that ,
AP=T Zy(Ar)
is a stationary solution of (1.1), defined for r > %, and such that
L -» /
NPT Zp(Ar) ~ AFTT IS = ApeE S
r T

as v — 00. By uniqueness in the fized point defining Zy (see the proof of
Proposition 3.2 in [10]), if £ > 0,

R p—1
Zo(r) = A\7-1 Zy(\r), Ry = 71 Pt =1
and if £ <0,
2 Rl _p—1
Zg(’l") = —)\Pfl Z]_()\’f')7 Rz = T’ >\ = |€| p—3
REMARK 2.6. — We will often linearize equation (1.1) around the singular

solution Z1, and use Proposition 2.4. To make this possible we will need the
following estimates about two potentials obtained from Zy by truncation (x and
Tr are defined in the notations given at the end of the introduction):
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RADIAL SOLUTIONS OF SUPERCRITICAL WAVE EQUATIONS 513

a. Let V := TrZy, R > Ry. Then there exists 6 := 0(R) > 0 such that V,
I = [—6,0] satisfy the assumptions of Proposition 2.3.
b. Let S1 > Ri be a large parameter, and

V(t,z) = x <Slfr|t|> 7, (x).

Then V satisfies the assumptions of Proposition 2.8 with I = R.

If R > 0, we will denote by zg the solution with initial data (7gZ1,0). Then
we have the following:

LEMMA 2.7. — a. There exists pz > Ry such that, if R > pz, zr is global
and scatters in both time directions.
b. For p > 0, denote by

0, := inf T € [0, 00].
1= jnf T+ (2n) € [0,00]
Then 0, is a strictly positive, nondecreasing function of p.

Proof. — Point (a) follows from the small data theory and Result B.3.

The fact that 6, is nondecreasing follows immediately from the definition.
The positivity of 8, is obvious if p > pz: in this case 6, = +o00. If p < pz, we
have:

b0 = pSiFIélépz T:(zr).
Since
{(2r(0),0), p< R < pz}
is a compact subset of H*c, the result follows from the Cauchy theory. g

2.3. Profile decomposition

2.3.1. Definition. — Throughout the manuscript, we constantly use the pro-
file decomposition of a bounded sequence {(wo,n,W1,n)}nen in H*. Adapting
the proof of [1], there exists a subsequence of {(wg n,w1.r)}nen (still denoted

by {(wo,n,w1,n)}nen) such that for all j > 1, there exist sequences {A; , }nen,
— —

{tjn}tnen, {GoJ,n}neN with A;, >0, t;, € R, and e({’n € ‘H*< such that:

(2.12) j#k=> lim 24 ZE 4 Mtin = ten] _

b
n—=% Apn  Ajn Ajn

and forall J > 1

(wO,na wl,n)(m) =

J

1 ; tin T 1 ; tin < -5
Z ilwlf <_>\Jj ’)\‘ ) ) %+18tWIf (_)\JA ’)\‘ ) +5g,n(x)a
=1 \ A\, m Agn /N gm Ajn
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with W]f(t) = S(t)(Wg, W1]) and

(2.13) hm lim sup ||En||L4m(R pamy =0

—0 n—oo

—>

(Here €;)(t) := S(t)eq ,)-
We say that {(wo,n, W1,n) }nen has a profile decomposition
{Wﬂ {{tj.n, Aj,n)}neN}Ql

with profiles {W/};>; and parameters {{Njn tin)}

the remainder.
Let wy, ,(t) := S(t)(wo,n, w1,n). The profiles satisfy, for all j,J > 1,

J
%N}j21 and that ep , is

a2+l ; ;
(2.14) ()‘p "y, n(tj n; J,n) )‘jp,nl 8twL,n(tj,n7)‘j,n')> m\ (Wg,Wf),
(2.15)
j<J= (/\” el (tims M), AL, 1+16tsg(tj7n,Aj,n~)) ——0,

b
I, n—oo

- ts
J g:n
Wi — v
VR
Translating in time and rescaling W/, and extracting a subsequence, we may
assume

and

J

2
(216)  [|(wo.ns win)lFpee = >

=1

2

T2
+ leo,n ll3c + 0n(1).

tjn

(2.17) Vi >1, =200 or Vn, t;,=0.

n— 00 ;
J,m

Recall that it possible, assuming (2.17), to construct a solution W7 of (1.1)
that satisfies

— t; — ts
(2.18) lim HWJ <_J"> — W (_ g >’
e Ajw’"« )‘j,n

See for example [19]. Such a construction is unique and we say that W/
is the nonlinear profile associated to Wy and {(tjn,\jn)},cn- Recall that

=0.

o1 tin .
if hmn_,oo—;]jn = oo (resp. —o0) and {s,}nen is a sequence such that

lim,, o0 8, = 00 ( resp. —o0) then

(2.19) Hv?(sn) Wil =o.

Heoe
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We also denote by W (resp. an) the normalized nonlinear profile (resp. the
normalized linear profile), i.e

; 1 (t—tin
(2.20) Wi (t,z) = —s W (f’, ° )
AT Ajm Ajn
. 1 St — ¢
(2.21) Wi (¢, ) = — W in 2
’ APT Ajm Ajn
j,n

If {(wo,n,w1,n)}nen is & bounded sequence in Hse, we will write:
(2.22)

oy = (ot (2, ) ot (52, )
i>1 \ AP T Ajn Ajon AHE Ajn Ajn
= 3.m

J,m

when {(won,w1,n)}nen has a profile decomposition with profiles {W,f}J and
parameters {(Ajn, jn)nen};s,. We will often shorten (2.22) into

—
(wO,'ru wl,n) = Z WI.].,TL (O)

jz1

If moreover {p,}n is a sequence of positive numbers, we will write
—
(2.23) (Wo,m, w1m) < Y WY, (0), |2] > pa,
j>1
when there exists a sequence {(Wo n, W1,5) }nen, bounded in H?< such that
—
('lDO,n’ wl,n) = Z Wf.],n (0)7

jz1

and for all n,
(wo,n, w1,n)(r) = (@O,nawl,n)(T)a |z > pr.

2.3.2. Approzimation by nonlinear profiles. — The next proposition states
that under suitable assumptions, the solution w, of (1.1) with initial data
Wo,, can be well-approximated, for large n, by sum of the nonlinear profiles.
We omit the proof, which is close to the proof of the main theorem in [1], using
the perturbation theorem in Section 2 of [19].

PROPOSITION 2.8. — Let {Wo,, }nen be a bounded sequence in H* that has a
profile decomposition {WLJ, (tjns Ajn)nti>1. Let {0, }nen be a sequence such
that 0,, € [0,00). Assume that for all j, the nonlinear profile W7 scatters
forward in time or:

0n, — tijm ~
(2.24) lim sup 71 < T (W7).

n—oo 7,1
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Let wy, be the solution of (1.1) with data wo,. Then for n>> 1, wy, is defined
on [0,0,],

lim sup ||wn||L%m((079n)7Lim) < 00,
n—oo

and

(2.25) VE€[0,60,], walt,z) =Y Wit,z)+ep(t,z)+r)(t ),
j=1

with

_
i [ (I lageoazom + 1l () ) | = O

A similar conclusion holds if 8,, € (—o0, 0] for all n, and, for all j, W7 scatters
backward in time or

0n, —t; 4
(2.26) liminf ——2% > T_(W7).
n—oo jgn
REMARK 2.9. — Under the assumptions of Proposition 2.8, we can deduce from
(2.25) and after extraction of a subsequence, a profile decomposition of W, (0y,).
Let 555, = tjn — 0n. By a diagonal extraction argument, we can assume

that for all j > 1, the following limit exists:

(2.27) lim —2 & [—o0, +00]
n—oo jan
For j > 1, we have
— —

i [ 0.~ v,0) =0

n—oo HSC
where )

. C(t—Sin

Vin(t,@) = V( - ,;““>,
A‘;;"l J,n Jm

and VLj is the only solution of the linear wave equation that satisfies

— (g, — /.
WJ J,n _ VJ ]nn
< >‘j,n > t ( )‘j,n >
(The existence and uniqueness of VLj follows from (2.27).)
One easily checks that if j,k > 1, j # k,

=0.

lim
n—oo

tj,n - tk,n
>\k n

)

lim

n—oo

A Sin — Sk.n Nin
log ], J,n ) log ]

)\k:,n >\k,n Ak,n
Finally, the conclusion of Proposition 2.8 implies

Wy (0,) =< ZF{H(O).

Jj=1

= lim

n—oo

+ + = +o00.
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Let us conclude this section by giving a version of Proposition 2.8 and Re-
mark 2.9 outside a ball that is a direct consequence of the finite speed of
propagation:

PROPOSITION 2.10. — Let {wg n}n be a bounded sequence in Hse and {pn}n
be a sequence of positive numbers. For all n, denote by w, the solution of (1.1)
with initial data wo ,, and let 0,, € [0, Ty (wy)). Assume that there exist profiles

{Wi};>1 and parameters {(Ajnstindn}; such that

RN 1
Wo,n = Z Wg,n(o)v |:L'| > Pn;
Jj=1

and that satisfy the assumptions of Proposition 2.8. Then

—
@r(0,) = S Vi, (0), [2l > po+ O,

j21

where the modulated linear profiles VL];n are as in Remark 2.9.
An analogous statement holds for negative times.

Proposition 2.10 follows readily from Proposition 2.8, Remark 2.9 and finite
speed of propagation.

3. Generalized energies for the linear equation

3.1. Definition. — Recall that m = %, and that all the functions are im-

plicitely assumed to be radial in the space variable.

DEFINITION 3.1. — Let w; be a solution of the linear wave equation
{@twL — A'U]L =0

(3.1) w1(0) == (wo,wy)

The L™-generalized energy (in brief L™-energy) of w; is the time-dependent
quantity:

Enwi](t) = /000 |0 (rwi)|™ + |0 (rw;)|™ dr.

Note that the L?-generalized energy is (up to a multiplicative constant) the
standard energy of wy, which is well-defined, and independent of ¢, if (w, w1) €
H!. In this section, we will prove that the L™-generalized energy is well defined
if (wo,w1) € H* and is almost conserved with time, in the sense that the
L™-energy of a solution at any time is comparable to the energy at t = 0. We
will also prove a lower bound for the exterior generalized energy outside a wave
cone, analog to the exterior energy estimate used to classify solutions of the
energy-critical wave equation (see [7, Lemma 4.2|).
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3.2. Preliminary estimates
LEMMA 3.2. — If ¢ € H%~! thenr'=m¢ € L™, and

(3:2) I =% gl < 16l grees-

If ¢ € H, then T~ w0, € L™, r~m¢ € L™, ¢ € L3™, and
_2

(3:3) 7m0, llm S Ml e

and

(3.4) =%+ 19llam S Ir= 0 gllm.

Proof. — Estimates (3.2) and (3.3) are given by Lemma 3.2 of [19].

It remains to prove (3.4). We start with the bound of the norm of r_%¢>
in L™. For further use we will prove a slightly more general estimate. By
density, we can assume ¢ € C§°. Let R > 0. An integration by parts gives:

= [ e dr = 6@ R = [ ronormydr=m [ ro.golelm 2 dr,
R R R

By Hélder’s inequality,

m—1

RI6(R)|™ + AtmmwSmQArﬂaWWQm(L wmm)m

Combining with Young’s inequality

1 m — 1 m
3.5 b< — ™4+ —(b/e)ym- b 0
(35) ab< —(ca)™ + "= (b/e) 7T, abe> 0,
we obtain
(36) [ temar+ Rls@Im < [ rmiongl .
R R
Letting R = 0, we obtain the bound of the first term of the left-hand side in
(3.4).
We next prove the other bound in (3.4). By the critical Sobolev inequality,

lllze = [161% |75 < 10 (161%)||7%

By Holder inequality, and using that ‘8r|qb|} = |0,¢| on the set {¢ # 0}, we
deduce

m _2 m m—2
e e e el e
= [-#a].. Hr ol 7
and the result follows, using the bound of the first term of the left-hand side
in (3.4). 0
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LEMMA 3.3. — Let R € [0,00). Then for all ¢ € H?,
(oo} oo
(37) | roweiar= [ jo.co)? dr + Rls(RP.
R R
and for all ¢ € H?e,

+oo o0
3.8 ™0,0|™ dr ~ Oy md Rlo(R)|™.
(3.8) L P18, 6| dr L| ()™ dr + RI$(R)|

REMARK 3.4. — a. Notation: if R:= 0 then R|¢(R)|? := 0 and R|¢(R)|™ := 0.
b. Note that |¢(R)|™ is well-defined for R > 0 since ¢ € H*< is a continuous
function of the radial variable outside the origin.

Proof. — The proof of (3.7) is straightforward and therefore omitted.
We prove (3.8). By density we can assume ¢ € C.

Proof of the estimate 2. — We have

/ |6T(r¢)|md7«:/ |¢+T6T¢’|md7"§/ |¢|mdr+/ |Or- ™™ drr,
R R

R R
Combining with the estimate (3.6) in the proof of Lemma 3.2, we obtain

400 oo
/'vwﬂmmhz/ 10, (ré)|™ dr + RIG(R)|™.
R R

Proof of the estimate <. — In view of

o0

[ ormmar= [ oo - omar s [T jocomar+ [Tloman

R R R
we are reduced to prove

[e.e]

(3.9) [l ar s R+ [ o) ar

R R

For this, we write

> 1 [ 1
| antrersier=2ar = — [ "o ar

m—1

oo R
= — ™dr — —|p(R)|™.
[ ol dr = o)
By Holder’s inequality, we obtain
m—1

m
_1 [~ R oo 00 -
2L [Torar< Roar+ ([T oneorman) ™ ([Tlormar)

which yields (3.9) using Young’s inequality (3.5). O

3|
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REMARK 3.5. — By Lemma 3.2, we see that En,[w;](t) is well defined if the
initial data (wo,wy) is in H®. By Lemma 3.3,

Em[wL](t)%/ ™| 0pwi (t, 7)™ dr+/ r™Oywi (L, r)|™ dr.
0 0

3.3. Almost conservation of the generalized energy

LEMMA 3.6. — Let wy be a solution of the linear wave equation, and E,,(t) =
E,.[w;](t) be the L™-energy given by Definition 3.1. Then

(3.10) VteR, E,()=Ey).

Proof. — Notice that if wy is the solution of the linear wave equation with
data (wp,w;) € H*, then there exists f € L” (R) such that f € L™(R) and
(3.11) rwy(t,r) = flt+7r)— ft—7)

More precisely, if r > 0,
1

£() = 3 (0 (run)(r) + run (1),
f=r) = 5 @ ruo)(r) — run (7)),

and

£(s) = s>0: %swg(s)—i— i fos ow; (a)da

s<0: 2sw0 )+ = fo ow1)(o) do.
These statements are derived from the equation 3tt(1"w1_) — Opr(rwy) = 0 and
Lemma 3.2.

Hence, for t € R, using |a + b|™ + |a — b|™ =~ |a|™ + |b|™, (a,b) € R?,

Em(t)=/OOOIf(t+7")+f(t—r)lm+If(t+r)—f(t—7°)lmdr

e . . +O(> .
~ [Clfeenrife-nrars [ 1w,
0 —oo
which is independent of ¢. This concludes the proof of (3.10). O

3.4. Bound from below of the exterior generalized energy

LEMMA 3.7. — Let w; be a solution of the linear wave equation, with initial
data in H% and R > 0. Let

En r(t) = /°° (B¢ (rwp))™ + (O (rwy))™ dr.

R+|t]
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Then
(3.12) Enr(t) 2 Enr(0), forallt>0 or forallt <O0.
REMARK 3.8. — Lemma 8.7 is already known in the energy-critical case s, = 1,

m = 2. More precisely, for finite energy solutions of the linear wave equation
(see [7]):
1
Es r(t) > §E273(0), forallt >0 or for allt < 0.

Proof. — With the notations of the previous proof, we have
Enn® = [ 1i+n)+fa-nmart [ (fern - fe-nrar
R+|t| R+t

~ [ e el

R+[t|
Denoting by Em’ r(r) the quantity appearing at the last line of the previous
inequality, we will prove

~ 1~
(3.13) En.r(t) > §Em,R(0), forallt >0 or for all t <0,

which will conclude the proof of (3.12).
If t > 0, we have

-R too |
Bun®)= [ i@+ [ 1w

R+2t
and if ¢t <0,
. +oo . 2t—R .
B = [ i ars [ 1 ar
R —0o0
Using that
~ +w . 7R .
ﬂm@=/ umww+/ £y dr,
R —oo
we deduce that if f f)|™dr > f £(r)|™ dr, then
~ 1~
vt Z 07 Em,R(t) Z EEM,R(O)a
and if f r)|™dr < f f(r)|™ dr then
~ 1~
Vi S 07 Em,R(t) 2 iEm,R(O)a
which proves (3.13) as announced. O
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3.5. Linear approximation for data with small generalized energy
PROPOSITION 3.9. — Let A > 0. There exists 62 = 02(A) with the follow-

ing properties. Let w be a solution of (1.1) with data wg € H5 such that
@6 s, < A Let
_2 2
§ = ||t m dpwol|pm + ||Irt T we || pm.
Assume that § < 0. Then w is global,
s g, zamy S 85 IIWOIIHSC

and

—2 —2
||’I"1 m (8.,«’[1} — 8’er)||Lt°°(R,L;") + ||’)"1 ™ (8tw - 8twL)||Loo(R Lm)

SERN T
Proof. — Using Holder’s inequality, Lemma 3.2, the Strichartz estimates (2.2),
Remark 3.5, and Lemma 3.6, we have
3
lwellpam @ zam) < Hrl—%aer Z?O(R,L;”) ”wL”Z?m(R,Lz’")
< 0% [y, <05 AR

By the Cauchy problem theory for equation (1.1) (see Proposition 2.1), the
solution w is global if 68 A% is small. (It could also be deduced from the
argument below).
Next from Strichartz inequality (2.2) we see that for all interval I C R,
ID* 2wl Lagr sy S @ llpgec + 1D~ 2wllm(z [l am rim)

||w||L§m(I,L§m) S ||wL||L§m(I,L§m) + [| Do~ 2w||L‘tL(I,L§)||w||L§1m(I7L%m)7
where we have used the chain rule for fractional derivatives

e

S

p—
L?/3(I,L4/3 L4 (I,L4) ” ” 2(p 1)(1 LZ(p 1))

(see [21]). Combining these three estimates and using a bootstrap argument
we see that

1
(P2 2w||L§(R,Lg) < ||U70>||Hc

R s
lwllpam @, pamy < 0% lwoll,,
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Hence, using (3.2), (3.3), Strichartz estimates (2.2) and the chain rule for frac-
tional derivatives, we have

rlf%(arw — Orwy) rlf%(atw — Jywy,)

Ly (R,L7) L$e (R,L™)
SN0 = WLl oo 75
_1 -1
< || Dse Zw‘ w||?
~ H L4(R,L4) I ”Lfm(R’Lﬁm)
o1y S (p—1)+1
<8 O O
3.6. Localization of solutions. — We gather two localization properties of so-
prop

lutions of wave equations in the generalized energy norm. The first one (on the
linear equation) results from the strong Huygens principle.

PROPOSITION 3.10. — Let w; be a solution of the linear wave equation with
ingtial data (wo,w1) € H®. Let {\p}nen and {t,}nen be two sequences of real
numbers with A\, > 0 for all n. Let

1 t «x
wrn(t, ) = —5—w; ( )

AT A’ An
Assume that lim,,_, f\—z =1 €[00, 0].
If | = +o00 then
(3.14)
lim limsup/ )1"1*% W (En)|  + ‘r*%whn(tn) dr =0
R0 n—oo Jjja|—|tal|2RA,
and if l € R then
(3.15)
lim limsup/ ‘rl_% Wi (tn)|  + ‘r_%wLm(tn) dr =0.
R=00 n—oo J{jz|>Ran}u{|z|< EAn}

The proof of Proposition 3.10 is given in Appendix A. The following propo-
sition follows from the small data theory and finite speed of propagation:

PROPOSITION 3.11. — Let w be a solution of (1.1), global for positive times.
Then
(3.16) lim lim sup/ [rOrw(t,r)|™ + |réyw(t,r)|™ dr =0

R—oo t—oo JiyRr

Proof. — Let € > 0. By Results B.3 in the appendix, one can choose a R > 1
such that

[(Trwo, 1z pw1)|| .. < @,
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with a < min (dp, €) and dy defined in Proposition 2.1. Let @ be the solution of
(1.1) with initial data (Zrwo, 1rs\p,w1). By Proposition 2.1 and Lemma 3.2

H(Tl_%aﬂﬂ,rl_%aﬂf))‘ < €.

Ly (R, L7 XLT)
From finite speed of propagation we see that w(t,r) = w(t,r) if r > R+ |t| and
thus
/ [rorw(t, r)|™ + [ropw(t,r)|™ dr < e.
R+t
Hence (3.16) holds. O

3.7. Bound from below of the generalized energy for a sum of profile. — Propo-
sition 3.12 shows that the generalized energy of a sum of linear profiles (resp.
nonlinear profiles) in an annulus is bounded asymptotically from below by the
generalized energy of one of the linear profiles (resp. nonlinear profiles) in the
same annulus.

PROPOSITION 3.12. — Let {(wo,n, W1,n) tnen be a bounded sequence in Hse that
has a profile decomposition with profiles {W]};>1 and parameters

{{(tj,ny )‘J}n)}j>1} N Let {(On, pry0n) } pen e a sequence such that 0 < p, <
= ne

on <00, 0, €R. Let k > 1. Then, extracting a subsequence if necessary

(3.17)

on(1) + Hrl_%&wa"(ﬁn)

m

+ Hrl_%atwL,n(en)
L™ ({pn<|z|<on})

L™ ({pn<|z|<on})

+ [ W (6n)

L™ ({pn<|z|<on})

m

> Hrl—%aTWL’fn(an)

Lm({pn<|z|<on})
where lim,, 0,(1) = 0, wy, is the solution of the linear wave equation with
initial data (wo,n,w1n) and WE, is defined in (2.21).

Moreover, denoting by W7 the corresponding nonlinear profiles and assuming
that all these profiles scatter, we have

(3.18)
o, (1 +‘r1_%8rwn 0, " —|—Hr1_%3 Wy, (05, "
@ G| o <tet<onyy WO o (o <tot<ont)
> r'= w0, Wk (6,) ri=w 0, Wk (6,)

L™ ({pn<|z|<0on}) L ({pn<|z|<on})’

where w, is the solution of (1.1) with data (won,w1.n), and WF is defined in
(2.20).

The proof of Proposition 3.12 relies on the following two pseudo-orthogonality
lemmas:
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LEMMA 3.13. — Under the assumptions of Proposition 3.12, if j # k,

(3.19) lim </ |8TWLk’n(O,r)|m_28TWL’fn(O,r)@TWij(O,r)rm dr
pn

n—oo

+ / B WE,(0,7)["20,WE (0, 1), Wi . (0,r)r™ dr> —0.

n

LEMMA 3.14. — Under the assumptions of Proposition 3.12, if J > k,

(3.20) lim </ |8TWLk,n(07r)|m_267’W1ﬁn(OaT)aTEOJ,n(T)Tm dr

e N Jp,
+ / |atW£n(0,7’)|m_28th]in(0,T)ElJ’n(T)Tm d?") = 0,
Pn

where (e ,,€1 ,,) is as in §2.3.1.

We first prove Proposition 3.12, assuming the two lemmas.

Proof. — Proof of (3.17). By the definition of the profile decomposition, we
have
k
(3.21) wen(t,r) =Y WY, () +ek(t,r).
j=1

Translating wy , in time if necessary, we may assume 6, = 0 for all n. By
(3.21) (and its time derivative), at ¢ = 0, we have

/ Or 1w, (0, 1) |8T)tW,fn (0,7) |m_2 arth]ﬁn(O, r)r™ dr

n

:/ n|6TthIfn(0,r)|mrmdr

Pn

k=1 o, - _
+> / 10 WE L (0,7)|™ 7% 0y, WE,L (0, 7) 00 s W, (0, 7)r™ dr
i=1 Pn

+ / ‘@,tWIfn(O, T) |m_2 ar,twffn(o, r)(?r,tsﬁ (0,7)r™ dr,

Pn

Using Lemmas 3.13, 3.14 and Hélder’s inequality, we obtain

m—1

On, 1 +HT1_% ., Wkn 0 H HTI_%ar, w N O H
1) £, 0) L™ ({pn<|z|<0n}) L. (0) L ({pn<|w|<on})
1 m

> ||r % TatWLﬁ’I’L(O)H

Lm({pn<||<on})’

and (3.17) follows from Young’s inequality (3.5).
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Proof of (3.18). — By Proposition 2.10,

(3.22) T(6,) = 3"V (0),

j21

where

; 1 (t—s; T
Vl-j,n(tvm) = 2 VLJ ( Iy — ) y Sjimn = tin — O,

R . ) .
APt Jsn )‘J,n
J,n

and V}f is as in Remark 2.9.
By (3.17),

m m

on(1) + Hrl_%&wn(ﬁn)

2 [ art,o

+ Hrl—%atwn(en)

Lm({pn<|z|<on})

# oo

Lm({pn<|z|<on})

m m

L™ ({pn<|a|<on}) Lm({pn<lal<on})

Combining with the definition of VLj;n, we get the desired conclusion. (|
We are left with proving Lemmas 3.13 and 3.14.

Proof of Lemma 3.15. —  Step 1. Preliminaries. Using Lemmas 3.2, 3.6, and
the density of C§° functions in H* and H*~!, we see that it is sufficient to
prove the lemma assuming

(3.23) Wi, Wi, Wk, wkecge.
The explicit solutions of the linear wave equation in dimension 3 are given by
(3.24) *WY(t,r) = f7(t+7) = [t =r), rWEtr) = fRE+r) = ot —r),

where f7 (respectively f*) is defined as f after (3.11), with w = W} (respec-
tively w = W[F). It follows from the definition of f* and f7 that fk and fj
are compactly supported. By the strong Huygens’ principle and (3.23), there
exists a constant K > 0 (depending on W7, W) such that

—_—
(325)  Vie{jk}, resuppW,,(0)=> ‘r — il

< K)\l,n'

Using (3.23) and (3.24), it is easy to see that the following bound holds:

1

3.26) Vt e R, Vr > 0, VI ik Wt O Wit r)| < ————.
( ) e R, vr >0, E{Ja} | L(ar)|+| St L(7T)|N1+|t|+|r|
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We conclude this step by noting that we can assume A, = 1. Indeed, the
change of variable s = /Ay ,, gives

/ 10 WE L (0,7)|™ % 0y, WE L (0,7)00 s W, (0, 7)r™ dr

n

o k / m—2 k / j t;‘ n s s™
:/ |8r,tWL (_tk,n’s)| Or e Wy (_tk,nvs)ar,twlf -7 i ds,
P

PV r 1+
n gn N ) AT
where
Ajn Pn o, _ On tin te,n

!/ _
Ajn =

/
= o = — . = =
)\k,n > Pn >\k,n on )\k,n T >\k,n ? Thn >\k n ’
and these new parameters satisfy the usual orthogonality condition (with )\;m =
1).
We next prove the conclusion of Lemma 3.13, assuming (3.23) and Ag,, = 1.
Extracting subsequences in n if necessary, we can assume that A; , has a limit

in [0,400] as n — oo. We distinguish two cases: when the limit is 0 or +o00
(treated in Step 2), and when the limit is in (0,400) (treated in Step 3).

Step 2. In this step we prove the desired result when

(3.27) Vn, Agn =1 and nlirr;o Ajn € {0,400}

We denote by S, the set

(3.28) Sy 1= {r > 0s.t. ’r - |tk,n|‘ < K and ‘r — |tj’n|’ < K)\j’n},

By Hoélder’s inequality and (3.25),

/ 100 W, (0,7)[™ 720, W, (0,7)8, . W, (0,r)r™ dr

n

§< / |8T7tWL’fn(O,r)|mrmdr) " < / |8T7th7n(O,r)|mrmdr)m.
Sn Sn

I, II,

We note that by Lemma 3.2 and Lemma 3.6, both terms I, and I, are
bounded. We distinguish two subcases.

If A\;,, — 0, using that the length of S, is smaller that 2K\, ,, and the
bound |9, ;W}| < 1/r in (3.26), we obtain

—1
.m0,
Jn n—oo

|In‘ ,SK A
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If \j, — 400, using that the length of S,, is smaller that K and the bound
of |8, ,W7| in (3.26), which implies |8T,tWIf | < 7“_1)\ 1/ , we obtain

1 1/m 1
0 T o AT e

In both cases, the conclusion of the lemma follows.
Step 8. In this step we prove the desired result when
(3.29) Vn, Ak, =1 and nh—>Holo Ajn € (0,00).
Rescaling if necessary, we can assume without loss of generality that the limit

of \jp is 1. In this case

1 ) . 1 . ) )
2 Wlfn 07 2 atI/VLn 7 — (W87W13)7
AP Aj.n )\ e Ajn n—eo
jon
in H*c, so that we can assume furthermore:
Vn, )\jm =1.

Finally, we must prove that the following sum of 2 integrals goes to 0 as n
goes to infinity:

In 2:/ " lar,twf(_tk’mrﬂmd
Pn

ar,tW}fc(_tk,n> r)ar tW ( 7, ny T ),rm dr'

If

= —i—OO’

lim{[te.n] = [tjn]
n—oo
then S,, is empty for large n and the conclusion of the lemma follows. Ex-
tracting subsequences, we are reduced to the case where |ty | — |tj ] has a

finite limit as n — oco. In view of the orthogonality condition (2.12), and since
Ajn = Ak,n = 1, we deduce that

lim tk,n + tjm, =6y € R, lim |tk,n — tj7n| = 0.
n—00 n—oo
To fix ideas, we will assume
(3.30) lim ¢4, =400, lim ¢;, = —oo.
n—oo n—oo

(The proof is the same if these limits are exchanged.) We next prove

(3.31) / |8T7tWLk(—tkm, r)lm_QamWf(—tk,n, r)@ntwg(—tjm, )’ dr =
Pn

2

/ |8r,t (TWLk) (_tk,n7 r)|m_ 87',t (TWI_],C) (_tk,n; 'r)ar t(TWL )( gy T ) dr + On(]-)
Pn
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Since supp Wf(—tkm) C [ltkn] — K, |tk,n| + K], and, by (3.26), |Wf(—tk7n,r)|
S 1/|tkn|, we have
+oo m

+o0 .
lim |W{“(—tk7n,r)|m dr + / ‘Wﬁ(—tj,n,r) dr =0,
0

n—oo 0

and (3.31) follows, using that
Or i (TWH(—tgmy 1)) = 10 W (—tn, ) + WH(~tgm,7),1 = j, k.

Using (3.30), the formula (3.24) and the fact that f7 and f* are compactly
supported, we see that for large n, for any r > 0,

O (rWE) (—thm,m) = F¥(~thm + 1), On(rWE)(—tjm,7) = f7(~tjmn—1)
and
O (rWE) (=tim,m) = fF(—tom + 1), O W) (—tjn,m) = —f7 (=tjm — 7).

As a consequence, the term with d, and the term with 9; in the second line of
(3.31) cancel each other, and we obtain

o

Jim 10t W (=th s 7)™ 20 s W (=t s 1) Oyt WE (=t 7)™ dr = 0,
Pn

which concludes the proof of Lemma 3.13. ([l

Proof of Lemma 3.14. — Step 1. Preliminaries. As in the proof of Lemma 3.13,
we first note that it is sufficient to prove the lemma assuming

W, W e cge.
We will use the notations of the preceding proof: we recall from this proof that
—
rWE(t,r) = f*(t+r)— f*(t—r), the condition (3.25) on the support of W}, (0)
and the estimate (3.26) (with [ = k). As in this proof, we see (using the change

of variable r = s/\; ,,) that we can assume Ay, = 1 for all n. In this case, &/
satisfies, in view of (2.15),

- .
(3.32) el (tgn) — 0 in H.

Assuming, after extraction, that {¢y ,}», has a limit 6y € [—o0, +00] as n — o0,
we will distinguish the case where 6y € R (treated in step 2) and the case where
6o € {—00, +00} (treated in step 3).

Step 2. — In this step we prove (3.20) assuming:

Hm tj, = 6 € R.

n—oo

Translating in time, we can assume 6y = 0. Using the continuity of the linear
flow in H® and Lemma 3.2, we can even assume tj , = 0 for all n. Thus we
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are reduced to prove that

(3.33) lim 10, W (0,7) ™28, ,WF(0,7)0,.:¢](0,7)r™ dr = 0.

Pn

If p, — 400 or o, — 0 as n — oo, (3.33) is obvious. Thus we can assume
(extracting subsequences) p, — poo € [0,400), 0y, — 0o € (0, +00] as n — 00,
where po < 0. In this case

/ 10, WE(0,7)|™28, ,WF(0,7)0,.4¢](0,7)r™ dr
pn

_ / 18, WE (0, 1) ™28, ;W (0,7)8, 462 (0, 7)r™ dr + o (1),

oo

and (3.33) follows from (3.32) (with ¢x , = 0), since by Lemma 3.2,

f / 100 W (0, 1) 20, WE (0, 1) £ (r)r™ dr
Poc

is a continuous linear form on H%~1,

Step 3. — In this step we prove (3.20) assuming:
lim t, € {—00,+00}.
n=oo

To fix ideas, we assume

(3.34) lim ty, = +oo.

Using, as in the proof of Lemma 3.13, that (3.34) implies
+oo m
lim ‘Wf(—tk,n,r)‘ dr =0,

n—oo 0
we obtain

(3.35) / |0, W (0,7)™28, ;W (0,7)8,.:¢.(0,7)r™ dr

n

= / ! iaryt(rWLk)(O,rﬂm_Q Ot (’I‘Wf) (0,r)8r7ts,‘{(0,r)r dr + 0,(1)

Pn
Furthermore, by the radial Sobolev embedding,

1
€200 S~ [len )l .

—
Combining with the condition (3.25) on the support of W, (0), we obtain

oo - 1O
B (rWE (—tioms Yel(0,n)] dr g A O
/o 9 Wt ) (03] " (lton| - K) % nm
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in view of (3.34). Combining with (3.35), we deduce
(3.36) / |0r W (0, 7)™ 20, W (0, 7) 0y 4850 (0, 7)r™ drr
Pn
= / |0y,¢ (rWF) (0,1")‘”172 Ot (rW{) (0,7)0,¢ (re)) (0,7) dr + 0,(1)
Pn

We write, as in (3.11)
re(tr) = go(t+1) —gu(t—r),

where g is defined in a similar way as f after (3.11). Hence g; € L (R) and
gn € L™(R).

Since f* has compact support, we deduce from (3.34) that f.k(—tk,n —r)=0
for large n and all » > 0, and we can rewrite (3.36) as

/ |8T,th (0,7) |m_28mW]fC (0, r)amai((), r)r™ dr

Pn
On
/n
In m—2
<
p

Ftim+0)| " P tan 1) (@) = 33(=r)) dr + oa(1)

Pn

Pt )| Pt 1) G0 + () dr

m—2 .

P (~tpm +7) FE(=thm + )G (r) dr + 0 (1)

O'n_tk,n
pn_tk,n

If pp, — ty,n, — +00 or 0, — tg, — —00 as n — 400, then we are done. Assume

FEO gl + ten) dr.

‘m72

lim p, —tpn = Reo € [-00,+00), lim 0y —tkpn = Seo € (—00,+00],
n—oo n— 00

with Ry, < So. Then

/ |8T,th (0,7) |m_2(9mW]fC (0, r)ar,tai((), r)r™ dr
Pn

=2 [ e+t e+ ou)

oo

Since, for r > 0,

g;{(r + tk,n) = (8r(7"57{(tk,na r)) + 0 (7‘57{ (tk,na T))) y

gn(=r +ten) = 5 (0r(res (thn, ) — Be(res (thm,7)))

N = N =
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we deduce from (3.2), (3.3), and (3.32) that
gn(tim ++) —— 0in L™(R),

which concludes the proof, since
S‘x’ .
hHQ/ ‘ﬁ@)
Roo

is a continuous linear form on L™ (R). O

m—2

FE(r)h(r) dr

4. Channels of energy for nonzero solutions

4.1. Results. — In this section we consider all nonzero solutions of (1.1). We
will prove below Propositions 4.1 and 4.2 that state roughly that these solutions
have a dispersive behavior in the sense of the exterior energy estimate (4.2).
Recall from Proposition 2.4 the definitions of Z, and R,. If (f,g) € H®, and
£ #0, we let
oi(f.9) = min {R> Ry o [ 1) = 2] + lor)] dr = 0} € (Revoc]
If f;o |f(r)—=Zo(r)|+]g(r)| dr is not O for large R, we just let op(f, g) = 00. The
fact that o(f, g) is greater than Ry if (f, g) € H® follows from Proposition 2.4.
For technical reasons, we will distinguish between the case where o, (wg, w1)
is infinite for all £ # 0 (Proposition 4.1) and where it is finite for some ¢
(Proposition 4.2).

[e.°]

PROPOSITION 4.1. — Let w be a solution of (1.1) with initial data wg € H
such that for all £ # 0, oy(wg) = oo. Then there exist R > 0, n > 0, and a

global, scattering solution w of (1.1), with initial data 170) € H®<, such that
(4.1) wo(r) = wo(r), 7 > R
and the following holds for allt > 0 or for allt <0

(4.2) / |rOw(t, r)|™ + |ropw(t, r)|™ dr > 7.
|| > R+|¢|

PROPOSITION 4.2. — Let w be a solution of (1.1) with initial data wg such
that o1(wg) is finite. Then

a. There exists 0 = 0(o1(wg)) > 0, a solution W of (1.1), defined on [0, 6],
— .
with initial data Wy € H*, and R € (0,01(wy)) close enough to o1 (wp)

such that
(43) Wo(r) = wW(r) if 7 > R,
the following holds for all t € [0, 0] or for allt € [—6,0]
—
(4.4) o1( (1)) = o1(wp) + [¢].
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Moreover

(4.5) VR > Ry, Jli]lefl‘?/ 9(0’1) > 0.

b. There ewists S1 > Ry such that if o1(wg) > S1, and R € (0,01 (wg))
is close enough to o1(wy), there exists a global, scattering solution W of
(1.1) such that (4.1) and (4.2) hold.

REMARK 4.3. — Proposition 4.2 is stated for solutions such that oi(wg) is
finite. Howewver, in view of Remark 2.5, one obtains from Proposition 4.2 a
similar conclusion for solutions such that oo(wg) is finite, for any £ # 0.

The proof of Propositions 4.1 and 4.2 is given in Subsections 4.2 and 4.3.
We next state a profile version of Proposition 4.1 and Proposition 4.2 (b),
i.e.,

PROPOSITION 4.4. — Consider a profile decomposition {WL], {Xjn, tj’")}nEN}
j21

as in Section 2.8. Assume that there exists j > 1 such that WLJ # 0. Assume
furthermore

lim —2% € {—o0, +o0},
n—oo jvn

or o1 (W{(O)) > S1, where S is given by Proposition 4.2. Then there ex-

ists a solution WLJ of the linear wave equation, and a sequence {p;,}nen of
positive numbers such that the nmonlinear profile W7 associated to Wi and
{()‘j’"’tjm)}neN scatters as t — £oo,

(4.6) |z| > pjn = Wi, (0,2) = W}, (0,2),

and there exists n; > 0 such that the following holds for all t > 0 or for all
t<0

il /piﬂtl

In the statement of Proposition 4.4, the modulated linear profile an is

TBTW£(t,x)‘m + ‘r@twg(t,x)’m dr > n;.

defined as usual by (2.21). The modulated linear and nonlinear profiles W{n

and Wg are defined the same way, replacing W]f by Wf and W7 respectively.
The proof of Proposition 4.4 is given in Subsection 4.4.
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4.2. Proof of the exterior energy property in the first case. — We give here the
proof of Proposition 4.1. The proof is close to the proof of [9, Proposition 2.1],
with the generalized energy replacing the energy. .

Let w be a nonzero solution of (1.1) with data wg := (wp,w;) € H* such
that for all £ # 0, oy(wg) = co. We prove Proposition 4.1 by contradiction,

—

assuming that for all scattering solution @ of (1.1) and all R > 0 if @ (0,7r) =
N
wp(r) for r > R, then

(4.8) lim inf/ [ror @ (t, m)|™ + |royw(t, r)|™ dr = 0.
t—+oo R+|t|

We first prove:

RESULT 4.5. — Let A := ||wg||4y... There ezists 83 = 65(A) > 0, such that, for
any ro > 0, if

(4.9) / |rOrwo|™ + |rw.|™ dr =6 < 3,
ro
then, letting (vo,v1) := rwg, we have
- [vo(ro) 5™
m m <
(410) /TO |87'U0| + |’U1| dr ~A rém(m_l) .

Furthermore, for all g <r <1’ < 2rg

(4.11) oo (r) — vo(r')] <a [0(r)

~ (m—l)(%—#) ~

Proof. — We first see that (4.11) can be easily derived from (4.10) and (4.9).
Indeed,

1

[vo(r) = vo(r')| S (' = 1) (/ |0rvo|™ d?’)

—3(m—-1 3m
()],
which yields the first inequality in (4.11). Furthermore, using Lemma 3.3 and
(4.9), we obtain ri "™ |vg(r)|™ < 8, which yields the second inequality in (4.11).
We next prove (4.10). We let

m—1
<A 7‘0"‘

~

—
Wo = (Wo, W1) := (Zr,wo, 12\ B,, 1),

so that

400 o0
(4.12) / |rOpg|™ + |rwq|™ dr = / |rOrwo|™ + |rwy|™ dr =4,
0

To

and, by Results B.1 and B.2 in the appendix. HUT)SH oo <al.
Hoe
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We denote by w. the solution of the linear wave equation with initial data
(o, w1), and let (¥g,01) = r(Wo,w1) and ¥, := rwy. We note that w(t,r) =
w(t,r) if r > ro + |t| by finite speed of propagation.

By Lemma 3.7, the following holds for all ¢ > 0 or for all ¢t < 0:

oo oo
/ |Orvo|™ + |v1|™ dr = / |0r0o|™ + |01]™ dr

To To

< / |0r 0L (E, 7)™ + |0 UL (L, 7)|™ dr.
ro+|t]

But then, using Lemma 3.3, Proposition 3.9, and (4.12), we deduce
(oo} o0
/ |Orvo|™ + 1| dr < / |rOpn|™ + |rOpL|™ dr
70 7‘0+|t|

o0
<a / |rOpw|™ + |ropw|™ dr
7‘0+|t|

+oo
+ (/ |rdrwo|™ + |rw|™ d7“>
To

Letting ¢ — 400 or t — —oo and using (4.8), we deduce

oo o0
/ |Orvo|™ + o1 | dr <a (/ |rOrwo|™ + |rw|™ dr)

To To

e

m

m

NI

By Lemma 3.3,
(4.13)

00 o im
/ |8rU0|m + |1)1|m dr SJA (’I"(l)m|1)0(7”0)|m + / |8r’l)0|m + |’l)1|m d’l’) .
70 To
By (4.9) and Lemma 3.3 again, we have

o)™+ [0l + o™ dr S 8.

To

Using that d3 is small, we see that (4.13) implies (4.10). O

REsuLT 4.6. — We have

(4.14) wy € H!
and

1
(4.15) Vr>0, |vo(r)] Sal and >0, Vr>1 |og(r)—¢ S et
where a := (m — 1) (% — %) > %. Moreover, if R > 0 and w is a global

solution with initial data 170)(7“) := (Wo,w1) € H'N'H® such that ?IT(;(T) = wo(r)
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for r > R, then

(4.16) lim |0, w(t, )| + |0y (t, )| dz = 0.
£ g > Rt 1

Proof. — Step 1. We prove that for all € > 0,

(4.17) Vr>1, |vo(r)| Sa.ere

We may assume without loss of generality that » > 1. Choose r; > 1 such
that (4.9) holds with rg := 7, and asmall 0 < § := §(A) < 1. Let n € N. From
(4.11) with ro = 2™r;, we see that there exists 0 < ¢’ := §’(A) < 1 such that
lvo(27F1r1)| < (14 &)|ve(27r1)|. By a straightforward induction,

lvo(2"r1)| < (1+68")"vo(r1)]-
Let » > 1. Choosing n such that 27r; < r < 2"y and 6 small enough, and
using (4.11) with rg := 2"r1, we obtain (4.17).

Step 2. Proof of (4.15). Again we may assume without loss of generality that
r > 1. We fix 71 > 1. Combining (4.11) and Step 1, we obtain that for all n
in N,

where € is a positive constant if € is small enough. As a consequence,

S oo(@r1) = w02 )| Sa 1

n

which shows that vg(2™r;) has a finite limit £ as n — oo. Using again (4.11)
and Step 1, we deduce that vo(r) — £ as r — oco. The bound |vy(r)| Sa 1
follows immediately. Going back to (4.11), we obtain for large 7,

|1)0(2n1"1) — Uo(2n+17"1)| SA (277,7,1)—04.

Summing up over n € N, we deduce
1
lvo(r) =41 Sa —,
1

concluding the proof of (4.15).

Step 3. Proof of (4.14). — Next we prove that wg € H!. We see from Holder’s
inequality, (4.10) and (4.15) that

gntlp, . gntlp, e
/ |0pvg|? + o1 |2 dr < (27ry) / |Orvo|™ + |v1|™ dr
2 2

npy npy

Sa (27ry) TR,
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Hence, noting that the exponent =2 — 2(m — 1) is negative (since m > 2) and

summing over n, we see that

oo
/ |0,v0]? + |v1]? dr < co.

r1

We also have

2

T1 m—2 T1 m
/ |0pvo|? + o1 P dr Sy (/ |Orvo|™ + |v1|™ dr) < 00.
0 0

Hence (vg,v1) € H'(R), and we see from Lemma 3.3 that wg € H'.

Step 4. Proof of (4.16). — Let 0 < ¢ < 1. Choose r; > R such that
/ |0rwol? + |wi)? da < e.
|| =71

Then, let (W, w1) := (7, wo, 1gs\B,, w1 ), and W be the solution of

8tt'(b — A = |Xr1w|p71Xr1w
- V.
w (0) := (o, wW1)

given by Proposition 2.3. By the conclusion of this proposition,

- T 1= i
(4.18) sup || (1) = S()w (0)(t)|| < =@ (0I5,
teR H T, 2
Hence (using also finite speed of propagation)
(4.19) sup / |0rw(t, )2 + |Oyw(t, ))* dx < e.
T_(w)<t<Ti(w) J|z|>r1+|t]

From (3.2) we see that

Siatrs 2y [0t 2)[? + 10w (t, 3)[? da 2

m—2 m m m
S+ ) (faper g POt D)™ + [rdyo(t,z)™ do)

< 0.

Hence w(t) € H' for all ¢ in the domain of existence of w.

Next we prove (4.16). The case t — —oo is a straightforward modification
of the case ¢ — oo and is left to the reader.

Let w that satisfies the assumptions of Result 4.6. We first note that the
proof of (4.19) yields (fixing a small € > 0 and choosing 7 > max (R, 1)),

(4.20) sup/ |0,0(t, x)|? + 0w (t, )| do < e.
teR J|z|>r +¢|
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We have, for t > 0

rath 2 2
/ |rorw(t,r)|” + |royw(t,r)|” dr
R+[t|

3o

R+|t|

< (r;— R)MT_2 (/ [ro,w(t,r)|™ + |rosw(t, r)|™ dr>

Hence, combining the estimates above with (4.8), we see that

liminf/ 10,5(t, 2)[2 + |0 (t, 2) 2 de < e.
|| > R+]t|

t—+oc0
Hence
liminf/ |0,0(t, x)|? + |0pw(t, 2)|* do = 0.
|z|>R+|¢|

t—oo

It remains to replace the lower limit by a limit to obtain (4.16). Defining w as
the solution of

%ﬂj} — AW = |XR+EUV}|Z)_1XR+£“V]
w (0) := (TR+51D(t), 1R3\3R+flb(t)),

where f is such that
/ |8ru_;(f, gc)|2 + |8tu‘)(f,:c)|2 dr <e¢
|| >R+ [£]

we see again from Proposition 2.3 that (4.18) holds for [t| > |f| > 1 and, by
finite speed of propagation,

(4.21) vt > 1, / 10,%(t, )2 + |0y (t, r)|? dz < e.
o> R+t

Hence (4.16) holds. O

We are now in position to conclude the proof of Proposition 4.1. We distin-
guish between two cases.

Case 1: £ = 0. — We first prove that wg is compactly supported. By (4.15),
since £ = 0,
(4.22) lvo(r)] S ria’ r>1.
Fix € > 0 so small that 1 — e > 5. By (4.11), for large ro,
V>0, |vg(2" )| > (1 — €)|uo(2"r0)].

An easy induction gives |vg(2"rg)| > (1—€)"|vg(r0)|, contradicting (4.22) unless
vo(ro) = 0. This proves that vg (thus wg) has compact support. By (4.10) in
Result 4.5 we deduce that we can assume (changing w; on a set of measure 0
if necessary), that w; is a compactly supported function.
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Since by our assumption w # 0, we can choose r¢ > 0 close to the boundary
of the support of (wg,w;), so that

(4.23) / [rOpwo|™ + [rw1|™dr =0, 0< / [rOpwo|™ + |rwy|™ dr < d3

27’0 To

i.e., (4.9) is satisfied. If 7o < r < 27y, we have, by (4.11),
1 3
[vo(r)] = [vo(r) = vo(2ro)| Sa —glvo(r)[2™.
0
Hence, for r € [rg, 2r0],

w(r) =0 or |ug(r)[i™t 24 g,

By continuity of v, vo(rg) = 0. By (4.10), vg = 0 for r > rg, and thus wg =0
for r > 7y, contradicting (4.23) and concluding the proof in the case £ = 0.

Case 2: £ # 0. — In this case one can prove that oy (wy) is finite, contradicting
our assumptions. We omit the proof: in view of (4.16), it is exactly as Step 1 of
the proof of Lemma 3.11 in [10], using Proposition 2.3 with the potential given
by Remark 2.6 (b), and the H! exterior energy estimate given by Remark 3.8.

|
4.3. Proof of the exterior energy property in the second case. — We prove here
Proposition 4.2.
Proof of (a). — Let wg € Hse such that o := oy (wg) is finite. If 0 < R < o,

we denote by wg the solution of (1.1) with initial data
Wo,r = TRwo, W1,Rr = lgs\BRW1-
In this step, we prove that there exists p such that % < p <o and
p—5
(4.24) VR € [p,0), |[(Wo,r = 2,(0),W1,r)llzn < d1p%=D

_gagi
2 72

425) VRe o), |57 %] < (TR Ty 0r) 0 (2 (ar) T o)

where 0, is given by Proposition 2.3, R; by Proposition 2.4 and z, and 6, by
Lemma 2.7. Note that

- - 2
| (Wo,r — 2,(0), W1,R) |5

:/ [VZ1(0)? do +/ Vwo — VZ|? dx+/ lwy |? de,
p<|z|<R R<|x|<o R<|z|<o

and (4.24) follows if p is close enough to o.
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Since (—6,,0,) is in the domain of existence of z,, the following limits will
imply (4.25) with p close to o by standard perturbation theory:

(4.26) li£n | (Wo,r — 25(0), W1, R — 0325 (0) |l y.. =0
R—>o
(4.27) lim [|Z(0) — Z(0)[l .. = 0.
RSo

The limit (4.27) follows from Result B.3 in the appendix.
To obtain (4.26), notice that 0;2,(0) = 0 and

Wo,r — 26(0) = Tr(wo) — ToZ1 = (T — To)wo + To(wo — Z1) = (Tr — T5)wo,
since by the definition of o, 7,(wo — Z1) = 0. Thus we are reduced to prove
ligl || (TR - ,‘ZZT)U}OHHSC + ||1BU\BRw1 HHSC—I = 0’
R—o
which follows again from Result B.3 in the appendix. Step 1 is complete.
We will prove in the two remaining steps that w = W, satisfies the conclusion
of Proposition 4.2 (a). The sequel of the proof is close to Step 1 and Step 2 of

the proof of the corresponding result for p = 5 (Proposition 2.2 (a) in [9]) with
additional technicalities due to the fact that the nonlinearity is supercritical.

Step 2. Linearization around z,. — Let R € [p,0).
By (4.24) and Remark 2.6, there exists 8’ > 0 depending only on p such that
the solution hg of

(4.28) {MR — Db = [T,2: + Xrhal? ™ (T) 21 + xehr) - [T, 21" 1,2,
. —
hr(0) := (wo,r — 2,(0),w1,R)

satisfies the assumptions of Proposition 2.3 with I = [-6',6'].
By Proposition 2.3, denoting by hy g the solution of the linear wave equation
with initial data (wo,r — 2,(0), W1, r), We have

(4.29) sup

ha(t) ~ hon(t)| < L [r )|
_orzt<o I T LR = 100 117

0 := min (00,9’) .
2

Letting @ := wg, we see that (4.3) and (4.5) are satisfied.
We also define hg := wr — 2,. Then hp is solution of the equation

H

We let

Ouhr = D= |2y +hal”™" (29 + h) = 12,15,

(4.30) .
hr(0) = (wo,r — 2,(0), w1,R)-

Since p depends only on o, 6’ depends only on o.
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By finite speed of propagation
hr(t,r) =0 if r>o0+|t|, and
hr(t,r) = hg(t,r) if r>R+]t|, —0<t<86.

Step 3. Propagation of the support. — Let R' € [R,0). By (3.7) and Re-
mark 3.8, the following holds for all ¢ € [0, 6] or for all ¢ € [0, 0]:

(4.31)

(4.32) / |Vhe r(2, z)? + (Othe R(t, x))? d
|z|> R +]t]

> /+Oo (ar(ThL,R(t, 7’)))2 + (8t(7”hL7R(t,7‘)))2d1"
R+t

+oo
> %/R (8,(rhr(0,7)))* + (8:(rhr(0,7)))” dr
1

. . R .
_ 7/ Vhr(0,2)[* + (8:hr(0,2))? dz — - (hp(0, R))®.
2 Jjz|> R 2

Since

< \/(o —R) /U (E),aisz(O,r))2 dr

Vo — R 7oA 2
< T /, (ath(O,T)) r2 dr,

we see that (4.32) implies, if R’ is close enough to o, that the following holds
for all t € [0,0] or for all t € [-6,0]:

(4.33) |ﬁR(0,R’)|:‘/ dr-hg(0,7)dr
R/

/ IVhe r(t,2)2 + (Behe p(t, x))? do
|z|>R’+|t|

> 1/ |VFLR(0,:L‘)|2 + (8JLR(O,:L‘))2 dr.
|z|>R!

Thus, by (4.29), the following holds for all ¢ € [0, 6] or for all ¢ € [0, 0]:
(4.34) / |Vhr(t,2)|* + (0ihr(t, x))* dx
2|2 R +t|

> 1 / Vhr(0,)? + (0h(0, 7)) da.
|z|>R!

Note that
T
|z| > R = hg(0,2) = (wo(z) — Z1(x),w1(x)).
Since R’ < o1(wyp), the right-hand side of (4.34) is positive.
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By (4.31) we can replace, in the left-hand side of (4.34), hg by hg. This
implies

o1 (711—1;(15)) > R+ |t| for all ¢ € [0,0] or for all t € [—0,0].

Finally, since R’ can be taken arbitrarily close to o, we obtain (4.4). ]

Proof of (b). — We next prove the second point of Proposition 4.2. The
proof is inspired by the proof of the analogous energy-critical result, (b) of
Proposition 2.2 in [9].

By Result B.3 in the appendix, we can choose a large constant S; > 0 such
that S; satisfies (b) in Remark 2.6 and

5 p=5
(4.35) VR > 81, |TaZ1 s and ||TpZ1 || g0 < Elx/ﬁ

0
<2

2Cy
where 8y, Cy are given by the small data theory in H*e (Proposition 2.1), and
41 is given by Proposition 2.3.

Step 1. — Let wg := (wo,w1) € Hs< such that S; < o1(wp) < oo. In particu-
lar, wy € H'. Let R be such that S; < R < o1 (wy),
1)
(436) H (TRwo, 1]R3\BRw1) H’Fﬂsc < Cf(z], and
p—5
(437) H (TR(H}O — Zl), 1R3\BRw1) HHl < 51\/§p71 .

Note that (4.36) and (4.37) are always possible for R close to o1 (wp) in view
of the first inequality in (4.35) and Result B.3 in the appendix.

Let V be given by (b) in Remark 2.6. Let (ho,h1) = wo — (Ts,Z1,0),
90 = (90, 91) := (TRhO, le\BRhl) and g the solution of

Oug—Dg=|V+gPP " (V+g)— 9’9, Gr—0=20

given by Proposition 2.3. Recall that by (4.37), g is globally defined and

~ S 1
(4.38) sup [|7.(t) — §(®) 5 < 7511901l

teR 100
where gi(t) := S(t)go. By Lemma 3.3 and Remark 3.8, the following holds for

allt >0 or for all £ <O0:

+oo
[ Vel oo do> [ o) + 10a) ) dr
2|2 R+t R+[t]
1 oo 2 2 _ 1 2 2 2
> 5 [ el + o dr = 5 (190l + ) = Flao (R
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Notice that go is supported in B,. Bounding go(R) similarly to hg(0, R') in
(4.33), we obtain

1
[ Vel + oo de> 5 (195l + o)
|z = R+]¢|

if R is close enough to 0. Combining with (4.38), we deduce that the following
holds for all t > 0 or for all ¢ < 0:
(4.39)

1
/ Va(t,2)]” +10:9(t,2)|” do > 5 (IV9olzz + llg1lz2) =: " > 0.
lz|>R+|t]

Indeed, 7 is positive by the definition of gg since S; < R < o1 (wg)-

Step 2. — Let @ bethe solution of (1.1) with initial data 11”7)0 = (Trwo, 1g3\BrW1)-
By (4.36), @ is globally defined and scatters. Furthermore u“)—)o = wg for |z| > R.
Let h = w — zg,. Then

~ ~ ~|p—1 ~ ~ ~
Buh — A = |25, + h‘p (26, + 1) — [hP~F0

(in the usual Duhamel sense), and, by the definition of V,
~|p—1 - - ~ ~|p—1 ~ ~ -
s, + A (s, +B) = R = |V 4R (V4 R) = AP,
for all (¢, ) such that |z| > S; + |t|. In other words, h and g satisfy the same
—

equation for |z| > S; + |t|. We also have h (0,7) = g(0,r) for r > R > S;. By
finite speed of propagation and a standard argument (see again the comments
after (2.27) in [9]),

|z| > R+ |t| = ¢(t,x) = h(t, ).
By (4.39), the following holds for all ¢ > 0 or for all ¢ < 0:

/IwZR+|t

Since o1 (W) is finite, we know by finite speed of propagation that

. 2 5 2
Vh(t,:c)‘ + ath(t,x)‘ dr >n'.

=
supp h (t) C {r < o1(Wo) + |t|}.
Using Hélder’s inequality, we deduce, for all ¢ > 0 or for all ¢ < 0,

+oo N _
/ |rO-h(t,m)|™ + |roh(t,r)|™ dr > n,
Rt
where 1 = %n’ 2 for a large constant C' (depending on o, (wy)). Finally, since
W(t, ) = h(t,z) + zs, (t,2) = h(t,z) + Z1 () if || > R + |t|, we obtain

+oo
liminf or lim inf/ [rOpw(t, r)|™ + |royw(t, r)|™ dr > n.
t——+4o00 t——o00 R+\t|
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Using a similar argument to that below “It remains to replace the lower limit. . .”
in the proof of Result 4.6we can replace the lower limit by an uniform lower
bound and get (4.2), concluding the proof of (b). O

4.4. Proof of the profile version. — The proof of Proposition 4.4 relies upon
the following lemma.

4.4.1. Exterior energy in positive times for linear solutions. — The following
lemma states roughly that the exterior generalized energy of any solution of the
linear wave equation satisfies an asymptotic lower bound in both time directions.
This can be compared with Lemma 3.7, where one cannot choose the time
direction, but the lower bound is more precise.

LEMMA 4.7. — Let w; be a nonzero solution of the linear wave equation on R X
R3, with initial data wy = (wo,w;) € Hse, and § > 0. Then there exists a
solution Wy of the linear wave equation, with initial data 170 = (g, W1) € HSC,
and to >0, n >0, and pg € R such that

s
(4.40) ‘onHS < llwollye
4.41 =2 (8,0, @ H <3
( ) r ( Wo wl) LmxLm
(4.42) @i(t,z) = Wyt ), ift>to, |z| > po+t
and

“+oo
(4.43) Yt > to, / [rO v (t, )| + |roywy (¢, z)|™ dr > .
po+t

We first assume the lemma and prove Proposition 4.4. The proof of the
lemma is given in Subsubsection 4.4.3.

4.4.2. Main proof. — Let us first assume that ¢;, = 0 for all n. Then, by
Proposition 4.1 or Proposition 4.2, there exists a solution Wi of (1.1) such
that W97 scatters as t — +oo and positive numbers R; > 0, 7; > 0 such that
= —
|z| > R; = W7 (0,z) = W’(0,z),
and the following holds for t > 0 or ¢t <0

/OO
R;+]t|

Hence, choosing p; , := \; ,R; and letting Wf to be the linear solution with

=.
data W7 (0), we see that (4.6) holds and (4.7) holds for all ¢ < 0 or for all ¢ > 0.

r@rwj(t,m)‘m + ‘ra[VVf (t,:r))m dr > n;
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Assume now that lim,,_, o _/\t_f’" = 400 (the case where this limit is —oo is
J,mn

the same). Let W7 be the solution of (1.1) such that

—

= =
. 1@ Wa(t) — Wi (t) =0

"
with W,f that is derived from Wg in Lemma 4.7 for some small 6 > 0. By

Lemma 3.2,

(4.44)  lim H W )Hm + Hrl—%at(fifﬂ‘ - W{)(t)HLm —0,

By Proposition 3.9, if § is small enough, W9 scatters in both time directions.
By (4.43) and (4.44), there exists t; and n; > 0 such that

t>t; :>/ r8WJtr‘ +‘r8tW3tr)‘ dr > n;.

Hence, choosing n > 1 so that —32* > t;, and letting p; , 1= pjAjn — tjn, We
see that (4.6) holds, and (4.7) holds for all t > 0.
REMARK 4.8. — We see from the proof that
(V’I’L, tjm = 0) — HR] >0, Vn, Pjn = )\j,nRj
t .
lim -2 € {00} = 3pj, pjn = 1pjAjn = tin| ~ [tjn| as n — oo,

Jin
4.4.3. Proof of the asymptotic lower bound for linear solutions. — We next
prove Lemma 4.7. Recall that if wy is a solution of the linear wave equation,
with initial data in H®¢, then rwy(¢,7) = f(t +r) — f(t — ), with f € L]? (R)
and f € L™(R).

By Lemma 3.3, we see that for pg € R and ¢ > |po|

(4.45) / [rOrwi(t, z)|™ + |rOpwe(t, z)|™ dr
po+t

m/O:t‘f(t”)J”é(t_?”)’me’Jé(“ﬂ")—f'(t—v')lmdvur(;oo+1t)!wL(t,po+wt)}m

%/ » [FE+m)|™ + £t =)™ dr+ (po + t)|wet, po + )"
PO

oo . m —Po . m 1 m
”/p ()] d’”+/_oo |f(r)] dr+W|f(Po+2t)—f(—Po)‘ :

0+2t
Let po € R and § > n > 0 be such that
—Po
(4.46) / [f ()™ dr = 2n.
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Let 0 < e < 1 and R >> 1 such that f;o|f|m§e. Then, for r > R,

) — FR)™ = ' /R "f(syds| < (r—Rym /R @)™ ds < (r— RY™ e,

which proves that limsup,_, . r!=™|f(r)|™ < ¢, and finally (with the same
proof for r — —o0),

(4.47) lim ™ f(r)|™ = 0.

Let tg > 1 such that

o0

(4.48) Vt > tg, /pmt |£(r)|™ dr + W}f(po +2t) — f(—po)|" < .

If Wy, is the solution of the linear wave equation with initial data
(o, W) = (Tpo+towL(to)7 1rs/B, 40 atwL(tO))

at t = to, then we see that (4.40), (4.42) and (4.43) hold. Furthermore, using
the pseudo-conservation of the generalized energy (Lemma 3.6), we also get
(4.41).

5. Proof of theorem in the global case

5.1. Sketch of proof. — In this section we prove Theorem 1.1 in the global
case (i.e., T (w) = oo or T_(w) = —00). We will assume T (w) = +oo and
that (1.7) does not hold, and prove that w scatters for positive times. The case
of negative times follows by looking at the solution w(—t,x) of (1.1).

We first show (Proposition 5.1) that if w is a solution of (1.1) that exists
globally in the forward direction, and such that there exists a sequence t,, — 0o
along which its critical H* norm is bounded, then there exists a solution of
the linear wave equation that approaches well w in the weighted L™-norm as
t — 00, in the region |z| >t — A (A arbitrary large).

We next prove (Proposition 5.2) that if @(t,) is bounded in H* and has a
profile decomposition, the only (nonlinear) profile that can have exterior gener-
alized energy is the one corresponding to the linear component w;, constructed
in Proposition 5.1.

We then conclude the proof using the channels of generalized energy prop-
erty for nonzero profiles given in the preceding section, proving that the only
admissible profiles in the preceding profile decomposition is the one correspond-
ing to wy. (see Subsection 5.2). This is the core of the proof, and also its most
technical part, mainly because we must take a particular care at the profiles
with initial data equal to Z, (for some £ # 0) for large r: see Cases 2 and 3 of
Lemma 5.3.
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We first state Propositions 5.1 and 5.2. Subsection 5.2 is devoted to the
proof of Theorem 1.1 assuming these two propositions, which are proved in
Subsections 5.3 and 5.4 respectively.

PROPOSITION 5.1. — Let w be a solution of (1.1) such that T4 (w) = oo.
Assume that there exists a sequence t,, — 0o such that

(5.1) sup || W(tn) ||l 3ye. < 00.
neN

Then there exists a linear solution w; such that for all A in R

o0
(5.2) . li+m |70 (w — wp)(t, 7)™ + |rdp(w — wi)(t,r)|™ dr = 0.
—TeJi-A
PROPOSITION 5.2. — Let w and wy, be as in Proposition 5.1. Let {pp }nen be a

sequence of nonnegative numbers. There does not exist a sequence {t, }nen —
oo such that

R —
(5.3) B(tn) < D (ta) + 3 WE,(0), el > p
j>1

where the corresponding nonlinear profiles W7 scatter as t — 400, and there
exists jo > 1 such that

[e.e]

(5.4) / |r8rWﬂL'° (t,r)|m + [ro, Wi (t,r)|m dr > n,
pn+lt]

for some € > 0 and for allt > 0 or for all t < 0.

The statement (5.3) means:
—
W(t,) < Z Wlf,n(o)’ |z > pn,
Jj=0

where W = wy, to,, = t, and A, = 1 for all n.

5.2. Scattering. — We first assume Propositions 5.1 and 5.2 and prove Theo-
rem 1.1 for positive times, when T (u) = +00. The proof relies on the following
lemma:

LEMMA 5.3. — Let w be a solution of (1.1) such that T (w) = +oo, that
does not scatter forward in time, and such that (1.7) does not hold. Let w; be
given by Proposition 5.1. Then, replacing w by —w if necessary, there exists a
sequence of times {t, }n — 00, a sequence {pn}n of positive numbers, such that

R —
(5.5) W(t,) < wi(ty) + Z Wi,.00), |z|>p,
i>1

and one of the following holds
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e Case 1. For all j > 1, W7 scatters in both time directions and there
exists n > 0, jo > 1 such that the following holds for allt > 0 or for all
t<O0:

(5.6) / |ro, Wie (t,r)|m + [roWie(t, r)|m dr > n.
pntt]

e Case 2. For all j > 2, W7 scatters in both time directions and there
exists 1 > 0, jo > 2 such that (5.6) holds for allt > 0 or for all t < 0.
Furthermore,

tiom
lim —22" € {+o0}
n—oo Jo,n
vn, ti, =0; and (Wg,W})=(7,,2,0)
for some r1 > 0 such that

(5.7) Yn, pn > TiAin.

e Case 3. For all j > 2, W7 scatters in both time directions,

Vo, tin,=0; o1(Wy,Wi) < oo; and limsup Pn_ ol (W, Wi).

n— oo 1,n

(The notation o is defined at the beginning of Section 4.) Let us postpone
the proof of Lemma 5.3 to the end of this subsection. Assuming Lemma 5.3,
we obtain a contradiction in each of the three cases as follows.

Case 1. In this case, the assumptions of Proposition 5.2 are satisfied which
immediately gives a contradiction.

It remains to deal with Cases 2 and 3. We will prove that in both cases, we
can reduce to Case 1 along the sequence {t,}, or another sequence of times.

Case 2. We first notice that if r1 > pz, where pz is defined in Lemma 2.7,
then we are still in the setting of Proposition 5.2. Indeed, by the definition
of pz, W' = z,, scatters in both time directions. We will reduce to this setting
by proving the following:

REsuLT 5.4. —  Assume:

(5.8) lim —Hom 4o,

n— oo ;
Jo,n

Let 0,, be given by Lemma 2.7, t, = t, + /\Lne%, 71 =1 + 9%,
Pn = pn+ Ain 9;1 . Then the sequence {u‘)‘(fn)}n is bounded in H% and
satisfies (after extraction) the conclusion of Case 2 of Lemma 5.3, with

r1 and p, replaced by 71 and py,.
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o Assume:

(5.9) lim —2" = —co.
n—oo jOyn
Ift, = tn—)\lm%, thent, > T_(w) forn > 1 and the same conclusion
holds with the same 71 and p, defined above.

It is easy to see that we can assume r; > pz after a finite number of iterations
of Result 5.4. To conclude this case, it thus suffices to prove Result 5.4.

Proof of Result 5.4. — We note that since o1 (W, W{) is finite, (W}, W{) is
not compactly supported. Since for all nn, ¢, ,, = 0, we can use Proposition 3.12
and finite speed of propagation to prove that

(5.10) lim Min

n—oo t,

=0.

This shows that £, ~ ¢, as n — oo, and thus that %, is in both cases in the
domain of existence of w for large n.

We prove Result 5.4 in the case where (5.8) holds. The proof is the same
when (5.9) holds. Note that by (5.8), we can assume that (5.6) must hold for
all ¢ > 0. Indeed, assume on the contrary that (5.6) holds for all ¢ < 0. Letting
t =tj,.n in (5.6), we obtain

+oo ) +oo )
n < / [70r W30 (Lo m, )| dr = / |70y W (0,7)|™ dr,
; g prtltjy ;
pntltig,nl 4].0,2;
which goes to 0 as n goes to infinity by (5.9). This is a contradiction.

By the definition of 6,,, W! = 2, is defined on [0, 6%] Since all the
nonlinear profiles W7, j > 2 scatter in both time directions, we can apply
Proposition 2.10 to the sequence {w(t,)},, at the time 6, = %Al,n. After
extraction of subsequences,

N Al,nerl — )‘l,nan —J) 5
(511) @ (t+ 5T ) < WLt + L) 4 DO VEL(0), 2l > s

j=1
where, for j > 1,
' 1 i(t=$im 2 A1 nf
‘/Lj,n(ta .’IZ) =T ‘/L] < B ]na )\> y  Simn T tj,n - %
)\]1_7;1 j,m Jsm

and VLJ is the only solution of the linear wave equation that satisfies

— —Sjin — —Sjn
i |7 (S20) -0 (S22 =
n—oo Ajn Ajon ) | #gse
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By (5.8), the nonlinear profile associated to V° and {(sj,.n, Njon) fnen 18 €x-
actly W, Denoting by

. 1 .t —s; T

Vrgo(tvl‘) = = W ( J(),TL, ) )
p—1 )‘jo»n >‘j07n
Jo,m

we have, for all ¢ > 0,
+00 s m s m
/ |'r8rV,{° (t,r)| + ‘T@tVT{O (t,r)! dr
F;

ntt
+o0 m
:/ ré, Wi (t+ 0’"1;‘1’”,7'>' +|ro,Wi <t+ 0’1;‘1’",r>
Pt
by (5.6), which proves that the analog of (5.6) is satisfied. Using finite speed of
propagation, and since p,, > A1 ,71 for large n, and (W¢, W) = (7,, Z1,0), we
can replace in (5.11) the profile of the decomposition corresponding to j = 1 by
the profile with initial data (77 Z1,0), which concludes the proof of Result 5.4
and thus of Case 2. |

dr>n>0

Case 3. First assume that
(5.12) o (Wy, W) > Sy,

where S, is given by Proposition 4.2 (b). We fix R close to o1 (W(}, Wll) and
such that

max (limsup )\p",5’1> <R<o; (Wol,Wll) .
n 1,n
By Proposition 4.2 (b), if R is close enough to o1 (W, W{), there exists n > 0
—
and a scattering solution W of (1.1), with initial data W} := (W3, W}) such
that

=
(513) V’f’ 2 R7 WO1 (Ir) = (WO17 Wll) (T>7
and the following holds for all ¢ > 0 or for all £ < 0.

“+o0
(5.14) /R »

By (5.5), (5.13) and since, by our choice of R, RAy , > p, for large n, we see
that

rarwl(t,r)‘m + ‘ratwl(t,r)’m dr > .

- " I =1 1 = : B
@(tn) < Bu(tn) + | —=Wo, W1 | (=) + S W L(0), |zl > RApp.
S bl e

Combining with (5.14), we see that the assumptions of Proposition 5.2 are
satisfied, concluding the proof when (5.12) holds.
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We next prove that we can always reduce to the case where (5.12) holds,
by changing the sequence of times {t,},. By Proposition 4.2 (a), there exists
6 >0, R > 0 close to o1 (W{, W) such that

(5.15) lim sup )\Pn

n 1,n

<R< o (W}, W),

. =7 Y Y
and a solution W1, defined for t € [—0, 6], with initial data W} = (W}, W{),
and such that
-
Ws (r) = (Wo(r),Wi(r)), r>R
and the following holds for all ¢ € [0, 6] or for all ¢ € [0, 0]:

-
(5.16) o1 (Wl(t)) = oy (WL, WE) +[t].
We will prove:

RESULT 5.5. — Assume that (5.16) holds for all t € [0, 6] (respectively for all
€ [-6,0]). Lett, = t, + Al,ng (respectively t, = t, — )\17ng). Then for
large n, T, is in the mazimal interval of existence of w, the sequence {u‘;’(fn)}n

is bounded in M and has a profile decomposition {WZ, {#jn, Aj)”)}neN} .
i>
that satisfies the conclusions of Case 8 of Lemma 5.8, with o (Wol,Wll) and

pn replaced by o1 (W&,W}) = 01 (Wol,Wll) + g and pn, = RA\in + #

respectively.

Tterating Result 5.5, and using the bound from below (4.5) of 6 in Propo-
sition 4.2, we see that we can reduce to the case where (5.12) is satisfied. It
remains to prove Result 5.5.

Proof of Result 5.5. — The proof is quite similar to the proof of Result 5.4.
The fact that ¢, is in the domain of existence of w for large n follows from
(5.10).

Since RA1,, > py, for n > 1, we deduce from (5.5):

=3 —_—
(5.17) W(tn) < Wi (tn) + Wi (0) + > WY ,(0), |z| > RAin
j=2

where

. 1 . t

Wi(t,) = — W' [ —, ).

/\pj >\1,n )\l,n
1,n
Assume that (5.16) holds for ¢ € [0,0] to fix ideas. Using (5.17), Proposi-
tion 2.10, and recalling that £, = t, + 1 ”9 , we get
(5.18) @ (£,) = wi, () + VLIn B vgn 2| > f,
Jj22
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where the modulated linear profiles V}_ln and VLJ » are as in Remark 2.9.
Note that V;! is the solution of the linear wave equation with initial data

-
W1(%) that satisfies, by (5.16),

(5.19) o1 (Wl’(e/z)) = o (W2, W1) + g

Note also that

N R e
hrrln_)solip M R+ 5 <01 (W (9/2))
by (5.19) and the choice (5.15) of R. Finally, we see that the assumptions of
Case 3 are satisfied, which concludes the proof of Result 5.5. ]

We have proved Theorem 1.1 in the global case assuming Lemma 5.3. It
remains to prove the lemma.

Proof of Lemma 5.3. — Let t, — o0 such that @(t,) is bounded in H*c.
Extracting subsequences, we can assume that (¢, ) has a profile decomposition
—
(5.20) W(tn) < > W, (0).
j>1

If all the profiles are zero, then the solution w scatters, contradicting our as-
sumptions. Thus at least one profile, says W is nonzero.

—
wio)|,
solution of (1.1) with initial data < € in ¢ is globally defined and scatters in

both time directions.
We reorder the profiles so that there exists Jy > 1 such that

Let € > 0 be a small number such that € < ‘ , and such that any

—
Vie{l1,...,J}, W{(O)H >e€
(5.21) o
Vi > Jo +1, HW{(O)H . <e
Hoe
We next define two subsets Z and J of {1,...,Jo}.
Definition of Z. — Recall that we can assume that the parameters ¢;, and

Ajn) satisfy (2.17). If j € {1,...,Jo}, we let

Qjn = )\j,n if Vn, tjﬂl =0
e 1 —tin
Qjn = tjn| if lim, A;;L = 400,

Then W,fn is essentially localized close to {r = «; ,} (see Proposition 3.10).
We define T C {1,...,Jy} as the set of indices corresponding to the most
exterior profiles: if j € {1,...,Jo}

(522) J € I < Vke {1, ey Jo}, Qk.n S jp-
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Extracting subsequences, we can always assume that Z is not empty, and that
the following holds:

5.23 VieT, Vke{l,...,Jo}\Z, lim &Em .
(5.23)

n—oo a],n

Definition of J. — Recall from the beginning of Section 4 the definition of oy.
We define J as the set of indices j € {1, ..., Jo} such that ¢; ,, = 0 for all n and
—

there exists £ € R\ {0} such that oe(Wi(0)) < oo. If j € J we can assume,
rescaling W} if necessary

— —
(5.24) o1 (W{ (0)) <oo or o_g <Wf (O)) < 00.
We distinguish three cases.

Case 1. INT =0. — Ifje{1,...,Jo} \ J, we let W{ and {pj.n}n be given
by Proposition 4.4. Note that by Remark 4.8,

(5.25) Pjn R Qjy 88 N — 0.

If j € J, we let W{ be the solution of the linear wave equation with initial
data

(WOJ’ WIJ) = (7—1+pz Zzi1, O)v
where the sign + or — is the same as in (5.24), and pz is defined in Lemma 2.7.
Extracting subsequences, rescaling the profiles, and reordering them if nec-
essary, we can assume, in view of (5.22), (5.23) and (5.25),

(526) leZ, Vje {1,...,J0}\j, Vn, Pin Z,Oj,n‘
Let pn, = p1,n- By (5.26) and the definition of Wj, we have
— =
(Gef{l,....,Jo}\ T and r > p,) = W{ ,(0,7) = W{,(0,7).
By (5.23) and the assumption Z N J = 0,

)\’n I,n
Vied, lim 22" — lim 2 —o,

Thus for large n, if j € J,

Pn > Aj,nma‘x (1 +pz,041 (W(gan)> )
where the sign in 01, is again given by (5.24). We thus obtain

— =
(j €J and r > pn) = W{ ,.(0,7) =W/ .(0,r).

We can thus rewrite (5.20) as

- — —

W(tn) = W(tn) + D W, 0)+ D Wi, (0), 2] > pn,
j=1 j=Jo+1
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and the assumptions of Case 1 of Lemma 5.3 are satisfied with jo, = 1.

It remains to treat the other cases, i.e., when Z N J is not empty. Since
for j € J, t;» = 0 for all n, and thus a;, = Ajn, (5.22) and the pseudo-
orthogonality property (2.12) imply that ZN 7 has only one element. Reorder-
ing and replacing w with —w if necessary, we can assume Z N J = {1} and
o1(W3, W) < co. Using again (2.12), (2.17) and (5.22), we also have:

—tin
(5.27) je€Z\{1} = lim —2" € {+o0}.
n=o0 Ajn

For j = 2...Jy, we let Wi and pj.n be given by Proposition 4.4. Reordering
and extracting subsequences, we can assume that

(528) Vj e {2, . Jo}, vn, P2,n > Pjn-
Case 2. — In this case we also assume that
P2,n 1 1
2 01 (WO s Wl ) .

n— oo 1,n
Hence, after extraction of a subsequence,
(5.29) Tim 22> gy (W, W)

- 1,n

We first make a slightly stronger assumption than (5.29):
(5.30) v, pan > Mnor (Wy,W1).
Let r1 = o1 (W§,W{). By (5.30), (5.7) is satisfied with p, = p2,,. We let
(W3, W) = (T,,21,0)..
By the definition of r1, we have
r>r = (W&,Wll) (r) = (W3, WhH(r).
For j =1...Jy, we define

— 1 —.(t—1; x

W, (ta) = —— WLJ< /\‘”‘,—/\‘ )
APt J,m J,n
g

(recall that WLl is the solution of the linear wave equation with initial data
(Wg,Wi) and that for j = 2...Jy, W} is given by Proposition 4.4). By (5.28)
and (5.7),

W(tn) < W (ta) + D WL, 00+ Y Wgn ), x| > pn.
j=1 J>Jo+1

By the definition of p,, = pa », W?2 satisfies (5.6). Thus all the assumptions of
Case 2 of Lemma 5.3 are satisfied.
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It remains to treat the general case (i.e., (5.30) is not satisfied). By (5.29),
after extraction of a subsequence

(5.31) lim 22" = o .= o1 (Wg, Wi).

Let 5\1,71 = pz’". Then by (5.31), lim,, 5\1,”/)\1,7, = 1. This implies that

1 .
lim WO <A > — jwol ( = > = O, and
n—00 )\{,;L 1,n )\f’;; )\1’” o

Sc

1 . 1 .
lim || ————W} <> - =" <~ ) =0.
n— 0o )\1‘;1,_1 )\Ln )\i';p—l )\l,n ) )

Hse—

This proves that w(t,) has a profile decomposition for |z| > p,, with profiles
{w .} U {W,f } and parameters
j>1

{0t e U {Crmtin)} Uit b1

Since pa,,, = 5\17n01 (Wol, Wll), we see that we are reduced to the case where
(5.30) holds, concluding the proof.

Case 8. — In this case we also assume that

<o (Wg,WY).

n— o0 1,n
Let py, := p2.,. Then by (5.28),

Jo —

W(t,) < w ()+WM0)+ZWL’n(0 > Wﬁn ), |zl > pn,
Jj=2 i>Jo+1

and it is easy to check that all the assumptions of Case 3 of Lemma 5.3 are
satisfied. 0

5.3. Existence of the free wave. — We next prove Proposition 5.1. We start
with a preliminary lemma.

5.3.1. Scattering outside wave cones
LEMMA 5.6. — Let w be a solution of (1.1) such that Ty (w) = +oo and (1.7)
does not hold. Then there exists a sequence {sp}n — +00 such that

lim sup ||@W(sy,)]| .. < 00,

n—oo

a sequence {(Won, W1,n)}nen, bounded in Hse, and a small € > 0 such that for
large n, the solution wy, of (1.1) with initial data (wo n,w1,,) scatters forward
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i time and

(5.32) |z| > (1 — €)sp, = W(sp,x) = (won(z), ws ().

Proof. — Step 1. Let {t,} — oo such that {@(t,)}, is bounded in H*. In
this step we prove that there exists (after extraction and for large n) an ¢’ > 0
such that

(5.33) (1) < SSWIL0), 2] > (- ),

Jj=1

with nonlinear profiles Wi , such that for all j, W7 scatters in both time direc-
tions or

(5.34) lim )\73 € {xoo} and Vn, [t; .| > (1 — 2€)t,.

n— 00 ;
J,m

Extracting subsequences, we can assume that

(tn) = 3 WL (0).

Jj=1

If all the corresponding nonlinear profiles W7 scatters forward in time then w
scatters by Proposition 2.8 and and Remark 2.2, and one can choose € := 1.
If not, we reorder the profiles so that for j > Jy + 1, W7 scatters in both
time directions, and for 1 < j < Jy, W/ does not scatter, at least in one time
direction. Let j > 1. If j > 14 Jo, we let Wi = W{. If 1 < j < Jo, we will
obtain Wg from W; by truncation as follows.

Case 1. — Assume
(5.35) Vn, tjn,=0.
By Proposition 3.11 and Proposition 3.12 the sequence {\; ,/t,}, is bounded,
and we distinguish between two subscases.
Case 1a. — Assume (5.35) and
. )\j n
(5.36) lim —= € (0, 0).

n—oo n

By the pseudo-orthogonality conditions (2.12), there is no other j satisfying
(5.35) and (5.36). Rescaling (W{, W), we can assume that the preceding limit
is 1, and that A;, = t, for all n. Then, changing Wg and Wf on a negligible
set if necessary:

(5.37) supp(W3,W{) C B
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Indeed, Proposition 3.12 yields for R > 1 and n > 1

I On et ozt oy 2 [ #0WEn Oy on)
1—2 Il m 1—-2 157 "
= ||r~ma,W, HT m + on(1).
H OllLm ({lzlz1+£Y}) Hlpm ({jelz1+£1) S

Letting n — oo and R — oo, and using Proposition 3.11, we obtain (5.37).
By Result B.3, we can choose 0 < ¢ < 1 such that

(W&W{) = (Tl_e/Wg,le\Bliele)

satisfies
— 5o
W)\, <&
H( 0 lgse = Gy
where g and Cy are given by Proposition 2.1 (the small data theory for the
equation (1.1)). Letting W7 be the nonlinear profile associated to W; and

{t)n, Aj,n)}neN, we see that W/ scatters in both time directions by Proposi-
tion 2.1. Furthermore,

= —
(5.38) lz] > (1 = €)t, = WY, (0,z) = WY, (0, ).
Case 1b. Assume (5.35) and

Ain
(5.39) lim 22" — .

n—oo t,

As before, by Result B.3 in the appendix and Proposition 2.1, we can choose
R; > 1 such that the solution W7 with initial data

(5.40) (WS Wi ) = (TRj Wi, Les\ 5, Wi )

scatters in both time directions. Note by the definition of (Wé , le ) that

2] > RjAjn = WY, (0,2) = WY (0, 2).
In view of (5.39), we see that (5.38) is satisfied for large n.

Case 2. We next assume

(5.41) lim % € {+oo}.
Again, we distinguish between two subcases.

Case 2a. We assume (5.41) and, after extraction of a subsequence
(5.42) Vn, |tjin] < (1= 2€)t,.
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Using Result B.3, we define again (Wg , Wf ) by (5.40), where R; > 1 is such
that

. 5o
J 1177 -0
H(WO’Wl)HHsC =20,
As a consequence, for all t € R,
wio| ||, <
Pl T RO T e = 260

Thus by Proposition 2.1 and (2.18), the nonlinear profile Wi associated to Wf
and {(Ajn,tjn)},cy Scatters in both time directions. Furthermore we obtain
by finite speed of propagation:

[t5,n]

Jel S Mnl L o (0,z) = Wi (0, z)
- J Ln\Y - n\“ .
Ajm — Ajm ’ ’

In view of (5.41) and (5.42), we see that (5.38) is satisfied for large n.
Case 2b. We assume (5.41) and after extraction of a subsequence
(5.43) Vn, |tjn|> (1 —2€)t,.

In this case, we simply let Wi = W]f

Recalling that (5.38) is satisfied for all j > 1, we obtain as announced (5.33),
where for all 5 > 1, the corresponding nonlinear profile W9 scatters in both
time directions or satisfies (5.34).

Step 2. Conclusion of the proof. — 1If all the nonlinear profiles Wi correspond-
ing to the preceding profile decomposition scatter forward in time, then by
——

Proposition 2.8, the solution 1w, with initial data (Wo,n, W1,n) = 32 ;5 Win(o)
scatters for large n, and the conclusion of the lemma is satisfied with s,, := t,,
€ = 6/, (woyn,wl’n) = (1:)0’”,’[7)1’").

We thus assume that there is at least one nonlinear profile W7 that does
not scatter forward in time. We reorder the profiles, so that (for some J; > 1)
if 1 <j < J; then W7 does not scatter forward in time, and if j > J; + 1,
W7 scatters forward in time. We will prove the conclusion of the lemma with
oy = Bl

We first note that the assumptions of Proposition 2.8 are satisfied with
0, = %" Indeed, by Step 1, if 1 < j < Jp, then

lim “lin

n—oo

= —o0 and |tj,| > (1 — 2€')t, for large n.
j,n
As a consequence, for such a profile, we have, using that ¢ < 1/4,

tn _ tim
limsup 2—2% = —o0,
n— oo )\j,n
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and thus the assumption (2.24) of Proposition 2.8 is satisfied. By the conclusion
of the proposition, we have for all J > 1

J
— (1 = [t 5[t 5[t
44 o | =) = J [ J(In JIm)
oo w(3)-2W(3)+4(3) 1 (3)
Let ¢ be a smooth function such that

ol > 1= %) =1, ol < 5 = p(x) =0,

Let
AN
' . =t Tt T (tn
6a5) o) = () 2 (5)+< (5) +0 (5):

By finite speed of propagation and (5.33),

|z > §—e' tn = By, t—nx = 32&—”2}
=\ n Wn, 9 =w 9 .

By the definition of 9, (5.44) and (5.45),

— [t
|5L'| >ty = Wy (n ZL’) = (wO,n,’LULn) (33)

2 )

Combining the two equalities above, we deduce that (5.32) holds with s,, := 3L,

Furthermore by Step 1,if 1 < j < Jy,
L% = —00 and (1 — 2€')t, < tj,.

Jsn

lim

n—oo

We also claim that for n > 1

(5.46) tin < (L+€)t,

Indeed, we first observe by Lemma 3.3 and Lemma 3.6 that
2020, - =400t

(rl_%(?TWg, rl_%WIj)

Q

HLm

Then, by Proposition 3.10, Proposition 3.11, and Proposition 3.12, we can
choose R > 1 and n > 1 such that

1-2 9 137
PR, W, 0)|
H MLm= 85,0 |2 RAfn)

Tli% TthIj/,n(O)‘

< H(rl_%(?TWg,rl_%WIj)HL , and

(r= o, wg,ri= 5w

L (|z|>tn +R) ‘ HLm

Thus if (5.46) were not true then this would lead to a contradiction.
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Hence
. t?" tjn 1 ’
lim — = —o0, and for large n, tin| < | 2 4+€ |t
n—oo )\j,n 2
Hence
Ji—
‘7 =
i e () 327 (3)] -0
=1 Fyse

= ==
(indeed by (2.19), we can substitute W{ , (%) foL)W,{ (%) ; but then by finite

speed of propagation the statement is obvious if W{ (0) is compactly supported;
the general case follows by a density argument). Combining with (5.44), (5.45),
we deduce that for all J,

I = /¢
(5.47) (Wo,n, W1,n) = Z w3 (;) + (ég,n’gljm)’

j=14+J1

where (&7 ,,,€7,,) satisfies (2.13), in view of (2.2).

Observing (see Remark 2.9) that (5.47) yields a profile decomposition of
the sequence (wo n, w1 ), where the nonlinear profiles are the Wi , 3> 1+4
J1 (and thus all these nonlinear profiles scatter forward in time), we deduce
from Proposition 2.8 and Remark 2.2 that the solution w, with initial data
(wo,n,w1,n) scatters forward in time, concluding the proof of the lemma. O

5.3.2. Construction of the free wave. — We are now in position to prove
Proposition 5.1.

Step 1. — We prove that VA € R, there exists a solution wﬁ4 of the linear
wave equation such that

oo

(5.48) lim |rdy (w — wf‘)(t,r)\m + |rou(w — wﬁq)(t,r)|m dr =0.

t—oo t—A

Consider the sequence {s,, }nen and the solution w,, of (1.1) given by Lemma 5.6.
Since w,, scatters as t — oo, there exists Wy, , solution of the linear wave equa-
tion such that

-
lim {[wn (t) = @0 (t) ]l pee =0

t—o0
By finite speed of propagation wW(t + s,,z) = Wy(t,z) for x| > (1 —€)s, + ¢
and ¢t > 0. Hence, choosing n such that es,, > A and using Lemma 3.2 we see
that (5.48) holds with w{(¢,z) := W n(t — 8, T).

Recall that H’L/) ( ) gH S gl gq for g € HY and q € {s¢,sc — 1}
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Step 2. — Since (S(—s,)W(sn), 8 S(—s,)W(sn)) is a bounded sequence in H,
one can assume (after extraction of a subsequence) that

(S(_sn)w(sn)’8tS(_3n)u7(5n)) E (’U(),’Ul) in Hoe.

n—oo

Let wy(t) := S(t)(vo,v1). We may assume that (after extraction again) that

RN
W(sy,) — wil(s,) has a profile decomposition

W(sn) — wi (n) X we(sn) —wi (sn) + Z WL,n(O)a
i>2

.
where the first profile is W/ILn(O) = W(s,) — wil(s,). Hence we see from
Proposition 3.12 and (5.48) that

oo

(5.49) lim {r@r(wf‘ - wL)(sn,r)|m + |r8t(wﬁ4 - wL)(sn,T)|m dr = 0.
A

n— 00

n

Let » > 1 such that s, > A. Let @ (resp. w{') be the solution of the
—
linear wave equation with data @ (sn) := (7s,—awe(sn), Lrs;p, _,0wi(sn))

—

( resp. Wi (s,) = (Tsn,Awf‘(sn),IRs/BSn_AOtwff‘(sn)) ). By using finite
speed of propagation and the pseudo-conservation of the generalized energy
(Lemma 3.6), we see that for ¢ > s,

/t \T&‘T,t(w]’f‘ - wL)(t,r)|m dr = / \T&‘r,t(ﬁzf - @L)(t,r)|m dr

—-A t—A
< / |7“8r,t(1b£4 - wL)(sn,r)|m dr = / |1"E),ﬂ7,5(wf_4 — wr)(Sn, r)|m dr.
0 Sp—A

Hence, by (5.49),

(5.50) tlim ’r@r,t(wfl —wy)(t, r)‘m dr = 0.

—J—A
Combining (5.50) with (5.48) we get (5.2). O
5.4. Nonexistence of profile with exterior generalized energy. — We prove here

Proposition 5.2. Let w be the solution of (1.1) such that
(5.51) lim [T () — B0 e = 0.

Translating w and w in time if necessary, we may assume without loss of gen-
erality that w is defined on [0, 00).
By the assumptions of Proposition 5.2, there exists (won, w1 ) such that

(552) (wO,ny IULn)(T) = U_j(tna ’l“), r> Pny
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and (wo,n, w1,,) has the profile decomposition

(5.53) (W01, W1,n) X WL(tn) + Z an
jz1
Let w,, be the solution with data (wo n,w1,,) at t = 0. By Proposition 2.8,
we see that

o

Jo— —
wy (t, ):Bt +t,1) +ZW{L el(t,x) +rl(t,x), t€ [~tn,+00)
j=1

with

-
lim limsup sup | (¢)[|5.. = 0.
TP n—oo te[—t,,00)
Assume that (5.4) holds for ¢ > 0. Then, using also Proposition 3.12, (5.51),
and Lemma 3.2, we see that for n > 1

o0
vt >0, / |70 1wn (t,7) — 7O wi(tn + t,7)|™ dr = 1.
pn+t

Hence, by finite speed of propagation and (5.52)

o0
vt >0, / |70 cw(tn + t,7) — 1O qwr (tn + ¢, 7)|™ dr 2 .
pntt
Letting t — oo, we see that it contradicts Proposition 5.1.
Next assume that (5.4) holds for ¢ < 0. Then

/ |70 1w (—tn, ) — 100 (0,7)|™ dr = 1.
pnttn

Hence, by using again finite speed of propagation and (5.52)

/ |70y 1w (0,7) — 78, ;w(0, 7)™ dr 2 n.
Pntitn

Letting n — oo, we see that it is impossible.

6. Proof of theorem in the finite maximal time of existence case

6.1. Outline of the proof. — This section is devoted to the proof of Theo-
rem 1.1 in the finite maximal time of existence case (i.e T} (w) < oo or
T_(w) > —o0). By the invariances of the equation, we can without loss of
generalities consider only positive times and assume T (w) = 1.

We first show (Proposition 6.1) that if w is a solution of (1.1) such that
T, (w) = 1, and there exists a sequence t, — 1 along which its critical H*
norm is bounded, then there exists a solution vy of (1.1) such that w = vy
outside the light cone |x| = 1 —¢t. We then prove (Proposition 6.2) the analog
of Proposition 5.2 for the finite time of existence case, namely that if t, —
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1 and W(t,) is bounded in % and has a profile decomposition, then the
corresponding nonlinear profiles (except the one corresponding to the solution
v4) do not have any exterior generalized energy. The end of the proof is very
close to the corresponding proof in the global case and we will only sketch it.

PROPOSITION 6.1. — Assume that Ty (w) = 1, and that there exist a sequence
tn, — 1 such that (5.1) holds. Then there exists a solution vy of (1.1), defined
in a neighborhood of t =1, and Ty € (0,1) such that

(t e [Th,1) and |z|>1—1t) = vy(t,z) =w(t, z).

PROPOSITION 6.2. — Let w be as in Proposition 6.1. Let {py}nen be a sequence
of nonnegative numbers. There does not exist a sequence {t,}neny — 1 such
that {W(t,)}n has a profile decomposition for |x| > pn:

—
(6.1) B(ta) = T4 (1) + S WL (0), 2] > pu,
j=1
where the corresponding nonlinear profiles W7 scatter as t — 400, and there
exists jo > 1 such that

(6.2) / |ro, Wi (t,r)\m + [ro W (t,r)|m dr > e,
pntlt|

for some € > 0 and for allt > 0 or for all t < 0.

6.2. Nonexistence of type II blow-up solution. — Assuming Propositions 6.1
and 6.2, the proof of the nonexistence of solutions of (1.1) that do not satisfy
(1.7) and blow up in finite time relies on the following lemma, which is the
analog of Lemma 5.3 for the finite time blow-up case:

LEMMA 6.3. — Let w be a solution of (1.1) such that T (w) = 1 and such
that (1.7) does not hold. Then, replacing w by —w if necessary, there exists a
sequence of times {t,}n — 1, in the domain of existence of w, a sequence of
positive number {pn}n such that W(t,) has the following profile decomposition
for |z| > pn:

and one of the following holds

e Case 1. For all j > 1, W7 scatters in both time directions and there
exists 1 > 0, jo > 1 such that the following holds for all t > 0 or for all
t<O0:

(6.3) / |ro, Wi (t,r)|m + |rosWio(t, 'r)|m dr >n.
pn+|t|
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e Case 2. For all j > 2, W7 scatters in both time directions and there
exists n > 0, jo > 2 such that (6.3) holds for allt > 0 or for all t < 0.
Furthermore,

tion
lim — 22" € {4+o00}
n—oo ]’07”
Vn, ti,=0 and (Wy,W})=(7,,2,0)
for some r1 > 0 such that

vn? Pn Z Tl)\l,nn

e Case 3. For all j > 2, W7 scatters in both time directions,

Vn, tin,=0; o1(Wy,Wi)<oo; and limsup )\p—" <o (W, Wi).
n— oo 1,n
The proof of Lemma 6.3 is almost the same as the proof of Lemma 5.3. The
proof of Theorem 1.1 in the case Ty (w) < 0o, assuming Propositions 6.1 and
6.2, and Lemma 6.3 is also very close to the corresponding proof in the case
T, (w) = oo (see the paragraphs after Lemma 5.3, p. 548). We omit both
proofs.

6.3. Local strong limit outside the origin. — We prove here Proposition 6.1.
We will need the following lemma, based on standard energy estimates and
the radial Sobolev embedding.

LEMMA 6.4. — For all (a,b) € R? such that 0 < a < b, there exists a constant
Cap with the following property. Let I be an interval, o € I, F € Lj(I,L?)
and (ug,u1) € H®. Let u be the solution of

_ — 3
(6.4) {8ttu Au=F, (t,x)eIxR

(710, ) = (uo(x), u1(z)).

Fortel, let J, =[a+|t—7o|,b— |t —70|]. Then (assuming that the right-hand
side is finite),

(6.5) vtel, [u(®)lren

< Cap (/ [Vuol® + |uo|* + |U1|2d$>
a/2<]2|<2b

Proof. — Let

1/2
+

t
JIFOls, s
To

1/2
M = </ |VU0|2 + |’U,()|2 + |’U«1|2 dZL‘) + / ||F(S)||L:O(JS) ds < 00.
a/2<|z|<2b I
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It is sufficient to prove
(6.6) Ve D, [u(®)liemy < Caph.

In all the proof, we will denote by C' a large constant, that may depend on a
and b and change from line to line. ]
By a classical extension lemma, there exists (g, ;) € H' such that
(Go,@1)(r) = (uo,u1)(r), a <r <b, and |[(Go,a1)|,;: < CM.
Let @ be the solution of
6.7) {Bttﬂ—AﬂzlJt(r)F, (t,z) € I x R3
' ﬁ(Tg,SC) = ’[LO(.T), at'a(7-07x) = ’(7,1(33),

where 1, is the characteristic function of J;. Note that by the assumptions of
the lemma, the right-hand side of the first equation of (6.7) is in L} L2(I), so
that

W e O, HY).
By finite speed of propagation, @(t,r) = u(t,r) if t € I, r € J;. It then suffices
to prove (6.6) for @ instead of u. By energy estimates:

veel [a®ly < flaol, + lalf+ [ 11l ds,
which, in view of the radial Sobolev inequality:

1
IFOIS 5z 1l

and noting that J; has finite length smaller than b — a, concludes the proof of
the lemma. 0

We next prove Proposition 6.1.

Proof. — Let {ty}n — 1, t, < 1, such that @(t,) is bounded in H%. Ex-
tracting a subsequence, we can assume

(6.8) @(tn) —— (vo,v1) € H*,

weakly in H%. Let vy be the solution of (1.1) with initial data (vo,v;) at t = 1.
Let T such that T_(v;) < T < 1, and (a/,b’) € R? such that

(6.9) 1-T<d <V,

We will prove

(6.10) w(T,r) =v, (T,r), o <r<V,

which will yield the conclusion of the proposition since a’ and b’ can be chosen
to be arbitrary numbers satisfying (6.9). We have

(Oh — D) (vs — w) = ¢ (Jo P os — [w]P~ w).
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We fix a large n (so that ¢, > T), and use Lemma 6.4 with 7o = t,,, u = vy —w,
a=a — @, —T),b=0b+1t,—T (so that 0 < a < b) and I = [T,t,]. Note
that for these choices of 79, a and b,

Jy=1[d —(t-T),0 +t—T], te|l,ty,)].
Let

B(t) = [lv4+(t) —w(@®)llpe(r), T <t<tn.
By Lemma 6.4 there exists a constant Cy := Cy(a’, ') such that

(6.11) T <t<t, =

tn
B0) < Co (20 [ B (s @, + B7) ds).
where ¢, is defined as the following integral:
/ (|w+ — YVl + 8y — Byw|? + |vs —w|2) (tn, z) dz.
=T o <o(b 1, —T)

Since t,, — T < 1 — T, we can bound this integral by the integral on the set
of z such that “=U=T) < |z| < 2% + (1 — T)). By (6.8), and the Rellich-
Kondrachov theorem,

lim &, = 0.
n—oo

Let € > 0. Let n such that Cye,, < e. We will prove by bootstrap that if €
is small enough,
(6.12) vt € [T,t,], B(t) < Cae,
where Cy = €2€0C¢1(1=T) 4 1 with Cj defined in (6.11) and
1

Cr = max o(s)l ),

which is finite, by the radial Sobolev embedding and since v € C° ([T, 1], H SC).

Note that B(¢,) < Coe, < € by (6.11). To prove (6.12), we argue by
contradiction and assume that there exists 7 € [T, t,,] such that

(6.13) B(1) = Cee and Vt € (1,t,], B(t) < Cae.
By (6.11),
tn
Vt e [r,ty]), B() <e+ Co/ B(s) (C’l +C§716p71) ds.
¢
Thus by Gronwall’s Lemma,
Vt € [r,ta], B(t) < eeCo(OHOE ) (tnt) < (o Co(CrH07 e )(1-T)
If € is so small that C’g_le”_l < C}, we obtain:

B(r) < €e2CoC1(0-T) ¢y
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contradicting (6.13) and concluding the proof of (6.12).

By (6.12),
Ve >0, B(T) < Cae.
Thus B(T) = 0, which concludes the proof of the proposition. O
6.4. Nonexistence of profile with exterior generalized energy. — In this subsec-

tion we prove Proposition 6.2.

From (6.1) we know that there exists (wg », w1 ) such that (5.52) and (5.53)
hold, with wr,(t,) replaced with vy (1). Let w, be the solution of (1.1) with
initial data (won,w1,n) at t = 0. Let §p > 0 be small, so that

Tf(/U+) <1l-— 90 <1 +90 < T+(1)+).

By Proposition 2.8, we see that w, is defined on [1 — 6y, 1+ 9] for large n and
(6.14)

Jo— —> —
Vt € [=00,+00], Wn(t,x) =7 (1+t2)+ > Wi(tz)+e(t,z)+r(t ),

Jj=1
where

_
lim limsup sup ||r;{(t)||H =0.
70 n—oo —0p<t<by

By finite speed of propagation, for all ¢t € [0, 0] such that 0 < ¢, +t < 1,
we have:

(6.15) |z| > pn + |t| = wn(t,x) = Gt + t,, ).
By Proposition 6.1, we deduce, in the same range for ¢,
|z| > max(1 — (t +t,), pn + [t]) = Wa(t, ) = T (t + tn, T).

Using the continuity of the H%-valued maps t — w, (t) and t — o7 (t), we get
that the preceding equality holds also for t =1 —t,,, i.e.,

(6.16) (1 —t, <0y and |z| > pp + 1 —t,) = Wy (1 —t,,z) = 01 (1, ).

First assume that (6.2) holds for all ¢ > 0. By (6.14) and Proposition 3.12,
the following holds for large n:

m
/ ‘rl_%ar,t(wn(l—tn,x)—v+(2—tn,x))‘ dx > E.
|z|>pn+1—t 2
Combining with (6.16), we obtain
/ rlf%&,t(v_,_(l,m) —v_,.(?—tn,m))} dx > <
IZ‘ZPn+17tn 2

Letting n — oo, we see by Lemma 3.2 that the left-hand side of the preceding
inequality goes to zero, a contradiction.
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Next assume that (6.2) holds for all ¢ < 0. By (6.14) and Proposition 3.12,
the following holds for large n:

/ rl=m T,t(wn(l—ﬁg—tn,m)—v+(2—00—tn,m))} dx > E.
|#|>pn+tn+00—1 2
Hence, by (6.15),
/ ‘rl_%ar,t(w(l—Ho,x)—v+(2—90—tn,x))| dz > <
|#|>pn+tn+00—1 2

Since vy (1 — g, z) = w(1 — O, z) for |z| > Oy, we deduce
2 m
/ )rl_ﬁar’t(m_(l—%,x) —v+(2—00—tn,m))‘ dx
|z[=60

+/
prttn+00—1<|z|<00o

with the convention that the second integral on the left-hand side of the preced-
ing line is zero if p, +%, —1 > 0. Letting n — oo, we get again a contradiction.

Pl e (w(l = 0o, 2) — vy (2 — 6 — tn,x))‘ dx > %,

Appendix A. Proof of the localization property

In this appendix we prove Proposition 3.10. )
Assume that | € R. Then, by continuity of the linear flow in H® and
Lemma 3.2

1 .
lim ’I,U]__,n(tn,m) — —— WL (l, > =0
n— oo p—1 )\n .
>\TL Hse
. 1 :

lim ([Oywpp(tn,x) — —5——0wwy | |, — =0.

n—oo )\ﬁ‘f‘l )\" . _

n Hsc—1

This easily leads to (3.15), taking also into account Lemma 3.2.
Next assume that [ € £oo. Let € > 0. Let ¥ be a smooth function such

that x(z) = 1 if |z| < % and x(z) = 0 if |z| > 1. Let R > 0 and (wf,wf) :=
(X (%) wo, X (%) w1). Since

Jim | (wg = wo, wi — w1 4., =0,

one can choose R such that for R > R
||(w§ — wp, wk — 'w1)||HSC <e€

Let wfn be the solution of the linear wave equation with data

1 T 1 xT
(wéf"(x),w{?n(x)) = <2w(1;z <)\> afﬂwf (/\>> .
)\ﬁ_l n )\71{_1 n
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Lemma 3.2 yields
-2 R — R
|7 @rwn(tn) = Ol @) S 1B (0) = )l

S Mwghy = woms wity, — w1 m)llyge.

L€
1
m m
dzr

" da:) ) + O(e)

e

Hence

(/thIxIIZRAn

2 m
(/ [P F o, w)
[ltn]—lz||2RAn

m

_2 _2
rl mOpwr, ()| + rt m Oy, p (tn)

+ | gl (k)

7

—
using the strong Huygens principle at the last line, i.e., wfn(tn) is supported

in the ring [t,| — R\, < |z] < |tn] + RAx.

Appendix B. Useful Estimates
RESULT B.1. — Let 0 < s < % Let R> 0. Let f € H*. Then

Brfllge S N5

Proof. — Since the H* norm is invariant under the following scaling transform

1 .
1= (5)
we may assume without loss of generality that R = 1.

Recall the following estimate (see Theorem 2, p 151, of [29], and the refer-
ences given in this book, i.e., [14, 15, 25])

(B.1) 115, flles S 1 fllae

Let ¥ be a smooth compactly supported function on R?® such that x(z) = 1
on B;. Then, applying (B.1) to xf, we have

118, fllge = 1B XS |l 175

S Ixfllee
S AN g
the last inequality coming from ||xf| 5. < [|f|l 4. and the following estimate
I fllzz SN2 A1, pope S NS Mg 0
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ResuLT B.2. — Let 1< s < 2. Let R > 0. Let f € H®. Then
IZr(H) s S Wl gres

where again the implicit constant is independent of R > 0.
Proof. — One may write 7r(f) = 1B, f(R) + f1grs\p,. By scaling (see proof

of Result B.1), we may assume that R = 1.
Recall that the Fourier transform of f is given by

F© =g | smlehrsyar
Therefore, choosing

7 L Tf(’l‘), r>0
J(r) = {rf(—rx <o,

we have || f|l . = ||f||H5(R). Hence we are reduced to show that
2, . 8
dr Hs—l(R) ~ | dr Ho-1(R)
We have
d7,(f) df
—— = f(1)1._ 1/ (115
dr fMWL 1)+ 1ry 1) ar
Since (see again [29])
af .
e F] ] P
H b+ gy He-1(R) / He=1(R)

and taking into account that 1(_; ;) € Hs_l(R), we are reduced to show that

df .
lf(D)] < ‘ d—’; PO, But this follows from
L -
d d d
sois [ |%20ws| 92| <2 .o
o | dr dr lleam 1) " 9 || s )
RESULT B.3. — Let 1< s < 3/2 and (f,g) € H°. Let o > 0. Then
Jim (T = T)f, (L = 15,)9)l. = 0
I%i_lgo || (Trf, 1R3\BR9)‘ 5 =0
Proof. — We prove the first estimate, the proof of the second one is close and

left to the reader.
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By Results B.1 and B.2 and a density argument, it is sufficient to prove this
estimate for (f,g) € (C’f]’o)z. For such (f,g) we have obviously:

lim [|((7r — 7o) f, (LBr = 18,)9)ll7n =0

And the results follows since for s < s’ < 3/2,

(7r — 75)f, (ABr — 1B, )9) 5+

is bounded independently of R by Results B.1 and B.2. |
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