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ON DEFORMATIONS
OF THE SPECTRUM OF A FINSLER-LAPLACIAN
THAT PRESERVE THE LENGTH SPECTRUM

BY THOMAS BARTHELME

ABSTRACT. — The main result of this article is the construction of non-reversible
Finsler metrics in negative curvature such that 4A; > h2, where A1 is the bottom of the
L2-spectrum of a previously defined Finsler-Laplacian and h the topological entropy of
the flow. This gives a counter-example to a classical inequality in Riemannian geometry.
We also show that the spectrum of that Finsler-Laplacian can detect changes in the
Finsler metric that the marked length spectrum cannot.

REsuME (Sur des déformations du spectre d’un opérateur de Finsler-Laplace préser-
vant le spectre des longueurs). — Le résultat principal de cet article est la construction
d’une famille de métriques de Finsler, non-réversible, en courbure négative satisfaisant
4)1 > h?, ot A1 est le bas du spectre L? d’un laplacien en géométrie de Finsler et h est
I’entropie topologique du flot géodésique. Ce résultat fournit un contre-exemple, pour
les métriques de Finsler, & une inégalité classique de géométrie riemannienne. Nous
montrons également que le spectre de ce laplacien détecte certains changements de la
métrique qui sont invisible pour le spectre des longueurs.

Finsler metrics have a long history of producing quite different results from
what one might expect from Riemannian metrics. Among the general classes of
Finsler metrics from which surprises can arise are non-reversible Finsler metrics.
Non-reversible Finsler metrics are defined by considering norms which are not
symmetric with respect to 0, or in other words, such that their unit balls in each
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422 T. BARTHELME

tangent space are convex sets that contain, but are not centered at, the origin.
One of the most striking surprise that arose from non-reversible Finsler metrics
was the construction by Katok [18] in 1973 of a metric on the sphere with only
2 periodic geodesics (these metrics are now called Katok-Ziller metrics as they
have been thoroughly studied by Ziller in [30]). The Katok-Ziller metrics turned
out to be Randers metric, i.e., metrics of the form F' = /g + 3 where g is a
Riemannian metric and ( is a one-form.

We are interested in this article in the Finsler-Laplacian spectrum of Randers
metrics, or more generally Finsler metrics of the form F = F + 8 where F is
a reversible Finsler metric and 3 a one-form. The operator we consider is the
Finsler-Laplacian introduced in [1, 2|. Since this operator was thought of by
Jean-Pierre Bourguignon and Patrick Foulon, who then suggested it to me, we
will henceforth call this operator the BF-Laplacian (we recall its construction
in Section 1 below).

While considering this operator, we already had some surprising results in
the non-reversible case: In [3], Colbois and myself showed that, for any sur-
face S and any reversible Finsler metric F, there exists a uniform constant K
(depending only on the topology of S) such that \;(F)vol (S, P_’) < K. This
result is just a generalization of a classical Riemannian result [21]. But we also
proved that, for any C > 0 and any surface S, there exists a Randers metric F’
such that A\ (F)vol (S, F) > C. So, allowing a metric to be non-reversible can
yield examples of metrics with a A; much bigger than it should be.

We will construct here examples of non-reversible metrics that yield two
more surprises. The first with respect to a presumed link between marked length
spectrum and the spectrum of the Laplacian and the second with respect to
the link between the bottom of the spectrum and the topological entropy of
the geodesic flow.

The length spectrum of a metric is defined as the set of lengths of closed
geodesics counted with multiplicity. Two manifolds are said to have the same
marked length spectrum if there is an isomorphism of their fundamental group
such that corresponding free homotopy classes contain closed geodesics of the
same length. The link between Laplacian spectrum and length, or marked
length, spectrum has been intensively studied in Riemannian geometry. Gener-
ically, the length spectrum of a Riemannian manifold is determined by the
Laplacian spectrum (Colin de Verdiére [29]). In some specific cases, the notions
of marked length spectrum and Laplacian spectrum are in fact equivalent in
the sense that one determines the other and vice versa. Among the manifolds
that verifies this are for instance flat tori (see for instance [14]), manifolds of
negative curvature (Otal [25] and Croke [7] since in that case equality of the
marked length spectrum implies isometry), and some types of nilmanifolds (see
[9], and it is in fact conjectured to be true for all nilmanifolds [15]).
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Examples of Riemannian manifolds with the same length spectrum but not
isospectral exists however, but they are quite exceptional. One such example
is comparing two different Zoll surfaces (i.e., a metric on the sphere such that
all its geodesics are closed and of length 27, see [16]).

Non-reversible Finsler metrics give a very contrasted picture: for any (re-
versible) metric on any manifold, we can construct a non-reversible metric with
the same marked length spectrum and different spectra:

THEOREM 1. — Let F be a reversible Finsler metric on a manifold M, we
denote by F* the dual metric. Let F = F + 3, where 3 is an exact 1-form
on M, not identically zero, such that F*(3) < 1. Then F and F have the same
marked length spectrum and the same volume, but, for each k, A\p(F) > \x(F).

Note that the condition on the norm of 3 is only there to insure that the
metric F is still a Finsler metric.

Saying that this result is really surprising might be a bit of a stretch. Indeed,
there exist infinite-dimensional families of Finsler metrics that share the same
marked length spectrum, so finding some metrics with different spectra should
not be too hard. But on the other hand, infinitely many Finsler metrics should
also share the same BF-Laplacian (see [1, 2]), which makes the existence of the
above examples not completely obvious.

Moreover, the main interest of this result is what it suggests about the BF-
Laplacian: this type of transformation of a reversible metric by an exact form
does not change the metric, or the geodesic flow a lot. Indeed, the new geodesic
flow is a time change of the old that do not change the length of any closed
geodesic. In fact such a time-change is a trivial time change in the terminology
of [20], i.e., it is a time change such that the two flows are smoothly conjugate
(and this is all due to the fact that § is taken to be exact, see Lemma 11).
So the length spectrum is not subtle enough to pick up this change, nor is the
dynamics of the geodesic flow. But what the above result shows is that the
BF-Laplacian do detect such variations, which could make it a more powerful
tool in some situations.

If we work a bit more, we can obtain some even more surprising examples:

THEOREM 2. — Let go be the flat metric on the 2-torus R?/Z?. Let F.; =
V90 +tdh. be a Randers metric, where h. is a well chosen function such that,
almost everywhere, Vh. tends to a unit vector of irrational slope. Then, for all
e,t, (T? F.+) have the same volume, the same geodesic flow up to a (trivial)
time-change and the same marked length spectrum as (T2, go), but
lim A (F.) = +oo.
(e,t)—(0,1)

The family of functions h. are given explicitly in Section 3.2. This result
is an improvement on the example on the torus constructed in [3]. First of
all because this new example preserves the marked length spectrum. But also,
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in [3], we had to modify the Riemannian part of our Randers metric in order
to build a big eigenvalue, whereas this example shows that the Riemannian
part can be fixed. It seems very likely that one could build ad hoc examples
of a family of Randers metric with a first eigenvalue tending to infinity on any
manifold and with any fixed Riemannian part. However the construction and
the proof is much easier in the torus case and I did not investigate more the
general case.

We will now see what the same type of construction can yield in terms of the
relation between the bottom of the L?-spectrum and the topological entropy
of the geodesic flow. In the following, M is a closed manifold equipped with
a Finsler metric F, M is the universal cover of M and F the lifted metric.
We denote by A the BF-Laplacian of F and call A;(F) the bottom of the
L2-spectrum of A (see Section 4 for more details).

A classical result in Riemannian geometry is the inequality 4)1(g) < h(g)?,
where h(g) is the topological entropy of the geodesic flow. Moreover, a very
interesting rigidity phenomenon takes place for Riemannian metrics: if 421 (g) =
h(g)?, then (M, g) is a Riemannian symmetric space (see [19, 22] for the surface
case and [5] in higher dimension) For quite some time, I have been hoping to
prove that the inequality 4\ (F' ) < h? still holds for the BF-Laplacian.

In the Finsler setting, it is very easy to show that 4\, (F) < nh(F)?2, where
n is the dimension of M (see Proposition 17). In [4], we also proved that the
sharper inequality 4A;(F) < h(F)? does hold in some Finsler cases. However,
it turns out, to my surprise, that the sharp inequality does not hold in general:

THEOREM 3. — There exist examples of negatively curved, non-reversible
Finsler metrics such that 4\ (F) > h(F)2. More precisely, let Vg be an hy-
perbolic metric on a manifold M. Let 8 be an exact 1-form on M such that
Bllg« < 1. Set F = /g + B. If B have only isolated zeros, then,

4N (F) > h(F)? = (n—1)%

Once more, the condition ||§]|4« < 1 is only there to ensure that the metric
F is Finsler. It also seems reasonable to expect that the condition 3 have
isolated zeros can be removed, but one would need to do more than a trivial
modification of the proof we give.

The construction of Theorem 2 relies on the following fact: If F is a reversible
Finsler metric and 3 a 1-form, then the spectrum of F' = F 4 is strictly greater
than the spectrum of F'. In fact, if two of their eigenvalues are equal, then 3 has
to be zero.

PROPOSITION 4. — Let F be a reversible Finsler metric on a closed manifold
M, and let B be a, non-identically zero, 1-form on M such that F*(8) < 1.
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Let F = F + 3. Then vol(M, F) = vol(M, F), and, for all k > 1,

This result was proven for the first eigenvalue A;(F') and when the metric
F' is Randers by He and Zheng [17]. We provide here a general and coordinate-
free proof.

Obtaining a strict inequality in Theorem 3 is however much more involved
than in Proposition 4. This is due to the fact that Al(ﬁ) is in general not an
eigenvalue, but just the bottom of the spectrum. We can nevertheless prove the
following

PROPOSITION 5. — Let F be a reversible Finsler metric on a closed manifold
M. Let 3: M — T*M be a 1-form on M such that F*(8) < 1, and F = F 4.

Let F and F be the lifts to the universal cover of M, then
M(F) > M (F).

Moreover, if F = V9 s a Riemannian metric of negative curvature and 3 is
a 1-form with isolated zeros, then

A (F) > A (9).

Let us finish this introduction with a conjecture. Proposition 4 suggests
the following problem: Let F be a non-reversible Finsler metric and F its
symmetrization, i.e., F = (F + F o s)/2, where s: TM — TM is defined
by s(z,v) = (x, —v).

Is the BF-Laplacian spectrum of F above the spectrum of F ¢

I suspect that this is the case, and that one can probably prove it by following
the general idea of the proof of Proposition 4. Unfortunately, the necessary
computations in the general case are much more involved, and this remains a
conjecture for the time being.

Notice that this result, if true, would be similar in nature to a consequence of
the Brunn-Minkowski inequality that says that the Holmes-Thompson volume
of a Finsler metric is less than the Holmes-Thompson volume of its symmetriza-
tion (see, for instance, [6] or [28]).

This article is organized as follows. In Section 1, we recall the construction of
the BF-Laplacian and how one can obtain its spectrum. In Section 2, we prove
Proposition 4 and deduce Theorem 1. In Section 3, we discuss several ways of
constructing families of Randers metric with a fixed Riemannian part and with
unbounded A; and prove Theorem 2. Finally, in Section 4 we consider the case
of the L?-spectrum for negatively curved metrics and prove Theorem 3.

Acknowledgment. — 1 would like to thank Chris Judge for a useful remark
that removed an unnecessary hypothesis from Theorem 1.
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1. Background

We start by recalling the definition of the BF-Laplacian and other related
objects. For a more complete exposition, see [1] or [2]. We will be using the
following definition of Finsler metric:

DEFINITION 1. — Let M be a manifold. A Finsler metric on M is a continuous
function F: TM — RY that is:

1. C? except on the zero section,

2. positively homogeneous, i.e., F(x, ) = AF(z,v) for any A > 0,

3. positive-definite, i.e., F(x,v) > 0 with equality if and only if v =0,
4

. 2 2 . ey .
. strongly convez, i.e., %) is positive-definite.
Ay

A Finsler metric is said to be reversible if F(z, —v) = F(z,v) for any (z,v) €
TM. We denote by F* the dual metric of F, it can be defined by

F*(z,l) = sup{l(v) | F(z,v) = 1}.

Let HM be the homogenized bundle, i.e., HM = (TM ~ {0}) /RT. We
denote by m: HM — M the canonical projection and by VHM = Kerdnr C
THM the vertical bundle. We say that a vector field Y on HM is vertical if it
lands in VHM.

The Hilbert form A is a 1-form on HM defined, for (z,§) € HM, and
Z € T(m’g)HM, by

F(z,v+edn(Z))— F (z,v)

A(m,ﬁ)(z) = gl_l}’(l) c ’

where v € T, M is a vector that projects to the direction £. That is r(z,v) =
(z,€), where r: TM ~ {0} — HM. The Hilbert form is a contact form, i.e., if
n is the dimension of M, then A A dA™ ! is a volume form on HM. Moreover,
if X denotes the geodesic vector field of F', then X is the Reeb field of A. That
is, X: HM — THM is the unique vector field such that

AX)=1
ixdA=0.
In order to define the BF-Laplacian, we first split the contact volume A A
dA™ ! into a volume form on the manifold M and an angle form: There exist

a unique volume form Qf on M and a (n — 1)-form of on HM, never zero
on VHM, such that

af AT QF = ANdA™,
and, for all x € M,

/ af’ = volguq (S™71).
H.M
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Note that af” is not technically unique as a (n — 1)-form, but its integration
along a Borel set in a fiber H, M is. So it is unique only as an angle measure,
but this is all we need. Note also that the volume form (n — 1)!71QF is the
Holmes-Thompson volume form, but since the factor (n—1)! does not play any
role in all that we do, we just say that QF is the Holmes-Thompson volume.
The Bourguignon-Foulon-Laplacian of a function is then obtained as the
average with respect to a of the second derivatives in every directions:

DEFINITION 2. — For f € C%(M), the BF-Laplacian is the operator AF de-
fined by, for any x € M,
n
L2 * F
VOlEucl (Sn_l) /1—le X(?T f)a )

where Lx denotes the Lie derivative of X.

AP f(z) =

When the manifold M is compact, the BF-Laplacian admits a discrete, un-
bounded spectrum 0 = A\g < A\; < Ay < .... Furthermore, the spectrum can be
obtain via the Min-Max Principle. That is, the BF-Laplacian has a naturally
associated energy functional defined by

n / ILx (7" )| AN A",
HM

volgual (Snf 1 )

EF(f) =
The Rayleigh quotient for F is

Fepy . ET()
RO = 7 Fgr

And the Min-Max principle says that the spectrum of the BF-Laplacian is
given by

(1) A = infsup {R"(f) | f € Vic}

where V}, runs over all the (k + 1)-dimensional subspaces of H!(M) (the space
of functions with derivatives in L?).

When the manifold is not compact, the spectrum of the BF-Laplacian is
in general not discrete, but the infimum of the spectrum, that we also denote
by A1, is still obtained as the infimum of the Rayleigh quotient of functions
in H'(M). So, depending on the context (compact or non-compact), A\; will
refer to slightly different objects, but we hope that this will not cause too much
confusion.

The BF-Laplacian is elliptic and symmetric with respect to the Holmes-
Thompson volume QF, and, as such, is a weighted Laplacian. We denote by o'
the symbol metric of A¥. Note that of" is a dual Riemannian metric. If we
identify HM with the unit tangent bundle S¥ M of the metric F, and denote

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE
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again by af the image of the angle measure on S M, we have, for ly,ly € T} M,

S F
<l1712>O'F - VOlEucl(Snil) /’L)ES{Mll(’U)l2('U)a .

And another way of writing the energy of AT is

EF(f)= [ ldflZ-0".
(1= sl

2. Adding a one-form increase the symbol

Proposition 4 will be an easy consequence of the following remark, that when
a reversible metric F' is modified by adding a 1-form (3, then the symbol metric
gets bigger. This fact was proved for Randers metrics by He and Zheng [17],
we give here a coordinate-free proof, and for which we do not need for the
reversible part to be Riemannian. The proof of Proposition 5 is also based on
this, but we will have to be much more precise.

PROPOSITION 6. — Let F' be a reversible Finsler metric on a manifold M, and
let B be a 1-form on M such that F*(8) < 1. Let F = F + 3. If we denote
by o and & the symbol metrics of the BF-Laplacians of F and F respectively,
we have, for any f € CY(M) and x € M,

ldefllo = llda fl7,
with equality if and only if d, f =0 or B, = 0.

The way we are going to prove this proposition is by writing explicitly the
symbol of F with respect to F' and play around with the fact that F is reversible.
We start by expressing how the different objects associated to a reversible
Finsler metric behave when we apply the flip map. The flip map is the map
s: TM — TM defined by s(z,v) = (z,—v). We will abuse notation and also
refer to the flip map on HM as s. In all the following, we denote by A, X, a and
Q the Hilbert form, geodesic vector field, angle form and Holmes-Thompson
volume form of the metric F, and A4, X, & and ) the same objects for the
reversible metric F.

LEMMA 7. — Let F be a reversible metric, then
s*A=—A,
$: X = —X,
$xY =Y, foranyY: HM — VHM,
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So in particular, for any Borel set on H,M, U, and any integrable function,
f, if we fix an orientation for H, M, we have

fdz/ fosa.
s(U) U

Proof. — Writing the definition of A and using the fact that dr o ds = dn
(since wo s = 7) directly gives that s*A = —A. Now, using either that X is the
Reeb field of A or that it is the generator of the geodesic flow of F, one quickly
deduces that dso X = —X o s, hence s, X = —X.

The equality s,Y = Y is immediate: in a local chart ds: THM — THM
can be written as ds(z,&;v,y) = (z,—&;v,—y) and a vector in VHM has to
be of the form (z,&;0,y).

Finally, since s*A = —A, we have that

SF(ANdA™ ) = s* AN (ds* A" = (=1)"ANdA™ .
Using the definition of & and the fact that s*7*Q = €, we then deduce that

s*@ = (—1)™a. The last equation is just the change of variables formula. (]

We can now express the Hilbert one-form, the angle and the symbol of F'
with respect to F.

LEMMA 8. — Let F be a reversible Finsler metric on a manifold M, and let
B be a 1-form on M such that F*(8) < 1. Let F = F + 3. Then, we have, for
some vector field Yo: HM — VHM

e + Yo,
A=A+7"0,
ANdA™ ! = 1+ 7 B(X))ANdA™ Y,
Q=0

a = (1+78(X))a.

The proof of this lemma is the exact same as the proof of Proposition 3.1.1
in [1] (or Proposition 3 in [3]). The only difference is that the mentioned results
were given for Randers metric, i.e., when F is Riemannian, but that fact was
never really used in the proof, we just needed F' to be reversible. Note also that
the fact that the Holmes-Thompson volume is left unchanged when adding
a one-form to a reversible Finsler metric is not new and can be seen as a
consequence of the Brunn-Minkowski inequality (see, for instance, [6, 28]).

Proof — Since both X and X are geodesic vector fields there exists
m: HM — R and a vector field Y: HM — VHM such that X = mX +Y
(see [13]). Now, direct computations using the definition of A given above and
the fact that 3 is linear yields A = A + 7.
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Using that X is the Reeb flow of A, X the Reeb flow of A, and A(Y) =
A(Y) = 0 for any vertical vector field, i.e., for any Y: HM — VHM, we get
that m = (1 + 7*8(X)) "'

Since A = A+ 7*3, we get that dA = dA + 7*dp. So, dA™ ' = dA" ' + T
where T is a (2n — 2)-form. Since 7*df is a 2-form vanishing on VHM, and
for any Y1,Ys € VHM, iy,iy,dA = 0, T can be given at most n — 2 vertical
vectors, i.e., if Y7,...,Y,_1 € VHM, then iy, ...iy,_,T = 0. Now this implies
that the top-form A A T vanishes, hence A A dA™ ! = (A + 7*3) ANdA™ .

Since AANdA™ ! and AAdA™ ! are both volume forms, there exists a function
X such that A AdA™ 1 = XA A dA™ 1. Now,

ig(ANdA™™ ) = (14 7*8(X))dA" ! = AdA™ !,

therefore A = 1+ 7*3(X). B

Given our computation of A, using the definition of Q and €2, yields
. VOlEuCl(Sn_l)

Jo, 1+ B(X))a

Ju, 1+ 7 B(X))a
Q=

VO]EuCl(Sn_l)

(147" B(X))a,

(67

But, by Lemma 7 and since m o s = 7, we obtain

/HIMW ﬁ(X)a:/SI(HZM)ﬂ' ﬁ(X)osa:/HzMﬂ B(X o s)a

:/ ﬂ*ﬂ(—dSOX)&:/ Br(—dmodso X)a
H,M

H,M

= / —Br(dmo X)a = —/ ™ B(X)a.
H,M HoM
So meMﬂ*ﬂ(X')& = 0, hence
a=1+7"8(X))a and Q=0Q. O

We are now ready to prove Proposition 6. We in fact give a more precise
evaluation of the symbol since we will use it later.

LEMMA 9. — Let F be a reversible Finsler metric on a manifold M, and let
B be a 1-form on M such that F*(3) < 1. Let F = F + 3. Let Hf M := {§ €
H.M | m*B(X)(z,&) > 0}. Then, for any f € C*(M) and x € M,

2_  2n M
lldzfll5 = volgya (S"—1) /}le 1-— (W*ﬁ(X))Qa
> ||d. f112,

and the equality is realized only when d,f =0 or 6, = 0.
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Note that H;f M is just the image on HM of the set of vectors in TM where
[ is non-negative. Note also that in this proof, we will use the fact that the
angle form @ gives a Lebesgue measure on H,M. This is always true when
the Finsler metric is C2, but fails when we define the angle for less regular
metric. The angle for a C° Finsler metric can be defined as the pullback by the
Legendre transform of the vertical part of the symplectic volume on S*M, the
co-tangent unit bundle.

Proof. — The proof is just a simple rewriting of the symbols, using Lemmas 7
and 8. First, by Lemma 8, since Ly, 7* f = 0, we have
(LXW*f)2 ))&
Lxn*f —=-— and a=(1+7"6(X))a.
Exm D= Tr w g (
So,
n n (Lgm*f)? _
df||2 = 7/ Lxm*f)’a = / X —Q
” fHU VOlEuCl(Snfl) HmM( X f) VOlEuCl(Snfl) H, M 1+ W*ﬂ(X)

Now, setting Hy M = {¢ € H,M | 7*3(X)(x, &) < 0}, we have that H, M =
HifM UH;M, HfM N H; M is of measure zero except when 3, = 0, and
s(HfM) = H; M. So, using Lemma 7, we obtain

(Lxm*f)? _ (Lxmf)* _ (Lxm*f)?
/HzM 1+7T*5(X)a_/H;M 1+7T*5(X)a+/H m 1+ B(X )

_ (Lxm*f)? a (Lgmf)o 5)? a
_/H;M1+7T*5(X) +/H;§M 1+ m*B8(X)o
:/ (Lxmf)*  (=Lxm"f)*

grm L+ 76(X)  1-mpB(X)

B (Lxm*f)? a
= 2/Hz+M - (B(X))?

Since (7*(3(X))? is positive outside of the directions in the kernel of 3, we get
2n Lem*f)? _
Iz £1I5 = 7n71/ (X*—Zza
VOlguc (S"1) Jurar 1 — (7*B(X))
s £112,
with equality if and only if 8, is zero or d, f is zero. 0

v

Proposition 4 is then an immediate corollary:

COROLLARY 10. — Let F be a reversible Finsler metric on a closed manifold
M, and let B be a 1-form on M such that F*(B) < 1. Let F = F + 3. Then
vol(M, F) = vol(M, F), and, if B is not identically zero, then for all k > 1,
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Note that this result is still true for a compact manifold with boundary, but
we chose to restrict ourselves to the closed case for simplicity.

Notice also that, if one knows a priori that a Finsler metric F' is of the form
F = F+ 3 and that \;(F) = A (F) then the above corollary implies that 3 = 0
and hence F = F.

The fact that the volume of M with respect to the metric F' or F is un-
changed was already proved in Lemma 8, but we recall it here to emphasize
the fact that the increase in the spectrum is not obtained by just shrinking the
volume.

Proof. — Let fy be a constant function on M, and f1,..., fr be eigenfunctions
for M (F),...,\x(F). Let V be the (k + 1)-dimensional subspace generated
by fo, ..., fk- By the Min-Max principle (given by Equation (1) in Section 1),
we have,

Julldf 11222

) = s (R0} = {2
Sulldflze . Finl _ o\ (F
Sy M | 2 (0} -

where in the last inequality, Vi runs over all the (k + 1)-dimensional subspace
of HY (M) (or C*°(M)).

The reason that the first inequality above is strict, is that any non-constant
eigenfunction cannot have a vanishing derivative of all order ([8, 23]). Hence,
for any f € V, f not a constant, the support of df has to be everything, and
therefore intersects the support of 3 in a set of positive measure, except if 3 is
identically zero. O

To finish proving our claim about the examples of Theorem 1 we also need
the following result (which is not new, see for instance [11, 12])

LEMMA 11. — Let F be a reversible Finsler metric on a manifold M, let 3 be
a 1-form on M such that F*(8) < 1, and let F = F + 3. We have

1. The geodesic flow of F is a time change of the flow of F if and only if
the 1-form (8 is closed.

2. If B is exact, then the time change does not modify the lengths of closed
geodesics. In fact, the two flows are smoothly conjugate. Moreover, if the
geodesic flows are Anosov, then it is an equivalence, i.e., F = F+ (3 and
F have the same marked length spectrum if and only if B is exact.

Note that the Anosov condition for the equivalence in the second part of
the lemma is probably not optimal, but we will not use that part of the lemma
anyway.
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Proof — Recall from Lemma 8 that the geodesic vector fields X and X are
related by X = mX + Y, for some vertical vector field Yy and m: HM — R
given by m = (1 + 7*B(X))~L. So the geodesic flow of F is a time change of
the flow of F' if and only if Yy = 0. Since,

0 =ixdA =migdA+iy,dA+ migdn*B +iy,dn*f = iy,dA + migm*dp,

we get that, if, d3 = 0, then iy,dA = 0, and hence Y; = 0 (since dA is a
symplectic form that is already zero on X). So if 3 is closed, then the geodesic
flows are time changes of one another.

Now, if Yy = 0, then ign*dB = 0. For (z,£) € HM, let (z,v) € TM be the
vector in the direction of ¢ and such that F(x,v) = 1. Then we have

0= dﬂx(dﬂ'()_((l‘,f), )) = dﬂm(vv )

Hence, dB,(v,-) = 0 for any (z,v) € TM, that is, d = 0.
We can now prove the second part of the lemma. First suppose that g is
exact, then for any closed, C* curve c: [0,1] — M, the length of ¢ for F is

te(e) = | Pt o0t = [ Plelt)é) + B et = Lp(c) + [ B=15(c)

So, when f is exact, the length of any closed curve stays unchanged, hence the
marked length spectrum stays the same. Moreover, when g is exact, it is easy
to see that it is a trivial time change (in the terminology of [20]), i.e., it is a
time change that is also a smooth conjugation.

Now suppose that the geodesic flows are Anosov and that the marked length
spectrum are equal. Since the flows are Anosov geodesic flows, they are tran-
sitive, so the periodic orbits are dense in HM. And since F and F have same
marked length spectrum, a modification of the computations above show that
for any periodic geodesic v C M, f“r B = 0. So in particular, if we denote by @'

the geodesic flow of F' on HM, we see that the cocycle : HM xR — R defined
by
w(@8.1)= [ ",
{#*(2,6)[0<t<T}
is zero on every periodic orbit. So applying LivSic Theorem shows that ¢ is a
coboundary so ( is exact. O

We can finally give the

Proof of Theorem 1. — Let 3 be an exact 1-form, not identically zero, and
such that F*(3) < 1. Let F = F + 3. Then, by Lemma 11, F and F have
the same marked length spectrum, by Lemma 8, they have the same volume,
and Corollary 10 implies that the spectrum of F' is strictly greater than the
spectrum of F. O
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3. Finsler-Randers metrics with no upper bound for A,

3.1. Family with a fixed reversible part and a fixed one-form. — Looking again
at Lemma 9, we can make the following easy observation: If F' and § are fixed
and we set F; = F+tf3, for 0 < t < (sup F*(3))™', then we see that the symbols
associated with F; are increasing with ¢. Indeed, for any smooth function f, we

have
d f||2 _ 2n / (L)_(ﬂ-*f)Q
el = ol &) Sty 1= (B2

So applying the proof of Corollary 10 shows that the spectrum of F} is
strictly increasing in t. So a question one might ask is:

What is the limit as t tends to (sup F*(3))™! of A (F})?

We will not answer that question in full generality, but will concentrate
instead on the infinite case:

Does there exist examples of Finsler manifolds (M, F) and form 3 such that
the limit of A1 (Fy) is infinite?

It turns out that the answer to that second question is yes.

First, we note that, when ¢ tends to (sup £*(3)) ™!, then, in some places at
least, the symbol for F; tends to explode. To see that, we rewrite one more
time ||d f||»,, but in a slightly different way. We write SM for the unit tangent
bundle of F', and ST M for the projection of H* M on SM. We will also denote
by @ the angle of F on the unit tangent bundle. Finally, for any (z,v) € SM,
we let ¢, ,(t) be the geodesic of F' on M through z in the direction v. Then,

2n (Lymf)?
volgyel (S™—1) /H;*'M 1 —t2(r*B(X))?
2n 1 d 2
5 e T (@) ) e
Now, recall that F*(8,) = sup{B(v) | v € S;M}. Let v, € S, M be the vector
such that B(v,) = F*(0,).

So, when ¢ tends to (sup, F*(ﬁm))_l, we see that the norm ||d, f||2, stays
bounded if and only if F*(83;) < sup, F*(8;) or <% f(cz,v, (t))|t=0 = 0.

Note that if we write Lz: TM — T*M for the Legendre transform of F,
then by definition v, = Lz '(8,) (see for instance [1] for the definition and
some basic facts about the Legendre transform).

Moreover, we can rewrite %f(cw,vz (t))|¢=0 as

O Fenn lemo = daf(02) = L, 5) 1 @),

So all we have to do to find a one parameter family of Finsler metric F; =
F + t3 such that \;(F}) tends to infinity, is to choose a one form (3 such that
F*(B) is constant on M and such that, if f is a smooth function invariant
by Lz7*(8), i.e., such that Ly .-1s)f =0, then f is constant.

ld=f117, =
2)
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One easy way of making sure that this second point is verified is by choos-
ing the one form [ such that the flow of the vector field Eﬁfl(ﬂ) admits a
dense orbit. Indeed, f would then be constant on a dense orbit, hence constant
everywhere.

Hence we proved

PROPOSITION 12. — Let F be a reversible Finsler metric on a closed manifold
M. Suppose that there exists B, a 1-form on M, such that:
o F*(B)=1;

e The vector field Lz~ *(8) admits a dense orbit.

Then the one-parameter family of Finsler metrics Fy = F+tB,0<t<1,is
such that vol(M, F}) = vol(M, F') and

7}in} A (F}) = +o0.

Obviously, such a # does not exist on every manifold M. In particular, the
only surface that can support a 1-form satisfying to the first point is the torus.
But once the topological obstructions are taken care of, then it is very easy to
construct such a §: Start with a vector field Z with no zeros and admitting a
dense orbit, renormalize it so that F(Z) = 1, then define 8 := L7(Z).

REMARK 13. — Note also that it is certainly not always the case that the limit
of A\i(F}) is infinite. Just take a one-form 3 such that F*(3) is not constant
and take a function f which support is included in the set {x € M | F*(8,) <
sup F*(5)}, then the Rayleigh quotient Rf*(f) stays bounded in ¢, hence so
does A1 (F}).

Similarly, one can find a 3 such that F*(8) is constant but A;(F}) is still not
infinite. Take for instance the 2-torus T? = R?/Z? with F the flat Riemannian
metric and § = dx, then it is easy to check that any function depending only
on y will have a bounded Rayleigh quotient.

So the above proposition is, if not optimal, at least pretty close to being so.

3.2. Family with a fixed reversible part and a fixed length spectrum. — One of
the downside of the previous proposition is that a form [ satisfying to the
conditions given can be closed (take for instance S = cospdx + sinpdy on
the flat torus T? = R?/Z2, where mp ¢ Q), and therefore the geodesic flows
of the metrics F; are time change of each others, but # cannot be exact. So,
unfortunately, in the examples obtained above, the marked length spectrum
varies.

It is in fact not possible to come up with examples of a fized exact 1-form
B such that A;(F;) tends to infinity. Indeed, since 3 is exact, there must exist
xo € M such that 3, = 0, hence there exists a neighborhood U of z( such that
the F-norm of 3 on U is, say, at most half of the maximum of the F-norm of 3
on M. Hence any function f with support in U will have a Rayleigh quotient
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for F; bounded independently of ¢. So in particular A;(F}) can be big but not
unbounded.

However, if we are willing to replace the family F, = F + t3, where (3 is a
fixed exact one-form by a family F; . = F + tf., where f3. is a family of exact
one-forms, then we can obtain an infinite limit for A\;(F;.). From what we
discussed above, one thing is clear: We will have to take a family of exact forms
. such that F*(3.) tends to 1 outside of a set of zero measure. Unfortunately,
the vector fields LEI(,BE) cannot admit a dense orbit, so we will have to work
around that problem. I will just give an ad hoc construction on the 2-torus with
a flat metric. This construction could easily be extended to the n-torus and to
any Riemannian metric, but cannot be extended to other manifolds as such. I
did not pursue trying to find a general rule to obtain such metrics, but it would
be surprising if the tori were the only manifolds admitting such examples.

Let T? = R%/Z2, (x,y) be global coordinates on T? and gy be the flat metric.

We are going to build 3. as the differential of a certain function on T2.

Let fo: S* = R/Z — S* be the function defined by

t if 0<t<1/2,
t) = ='=
fo(®) {—t+1 if 1/2<t<1.

Now, for any € > 0, let f.: S! — S! be a smooth approximation of f; such
that f:(0) = fo(0), f-(1/2) = fo(1/2), |fL(t)] = 1 for any t € [¢,1/2 — €] U
[1/2+¢€,1—¢],and |fI(t)| <1 for any t € [—¢,e]U[1/2 —€,1/2 + €]
Let p € R such that mp ¢ Q. We define
he(z,y) = cos pfe(z) + sin pfe(y),
and set
B := dh..
Let AL, A2 B! and B2 be the annuli given by
Al ={(z,y) € T? | —e <z <e}l, A2={(z,y)€T?|1/2—ec<x<1/2+¢},
Bl ={(e,y) €T? | ~e<y<e}, B ={(x,y) €T*|1/2—c<y<1/2+c}.
We set C. :=T? \ (AL UA2UBlUB?2). On C., the norm of S, is 1, and outside
of C., it is less than 1. Note also for further reference that, in C¢, the vector
field E;}l(,ﬁg) = Vh, is of norm 1 and points in the direction given by the angle

p, or p+ 7 depending on which connected component of C. we consider).
Now that we have 3., we can define the following Randers metric on T?

Ft,a = \/g>0+t/66~

This family of Randers metrics verifies

PROPOSITION 14. — Let F; . be defined as above. Then, for all e > 0 and all
0<t<1, we have

e vol(T?, F; ) = 1;
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o The marked length spectrum of F; . is the marked length spectrum of the
flat torus;
e But

li M(F:e) = .
(t,s)grgl,o) 1(Fre) = Ho0

Proof. — The first two points of the proposition were proven in Lemma 8 and
Lemma 11 respectively. All we have to do is prove the last.

In order to prove that third point, we are going to show that for any non
constant smooth function f, with a fixed L?-norm, the energy of f for the
metric F; . tends to infinity as ¢ tends to 1 and ¢ tends to 0.

We set ' = v/9o and use our previous notations. Let f be a smooth function
on T? such that [,, f2Q = 1. Then, the Rayleigh quotient of f is

Rfve(fy=E"=(f)= [ |ldf]2, . Q daf|12, Q
n=5"(n)= [ 10, 0= [ 1wz, 0

where C. = T? \ (AL U A2 U B! U B?) is the set defined previously, on which
dh, is of norm 1. Since

o112, =2 [ e @) 6

we deduce as before that, if there exists z € C. such that

Lyn. f(z) = ds f(Vhe) # 0,

then ||df||§m tends to infinity as ¢t tends to 1 at = and also in a small neigh-
borhood of x. This implies that Rf*<(f) tends to infinity as ¢ tends to 1.

So all we are left to deal with are functions such that Lyy_f(z) = 0 for all
xz € C. and all ¢ > 0. We are going to prove that such a function has to be
constant, and this will prove our claim.

On C., Vh, = £V, where V,: T?> — ST? is the unit vector field pointing
in the p direction, i.e., V, = cos p% + sin p%. The plus or minus sign depends
on which of the four pieces of C. we are considering. So if Ly, f(z) = 0 for
all z € C; and all € > 0, then Ly, f(z) = 0 for all x € C; and all € > 0. This
implies that f has to be constant on C. along the orbits of V,. But since this
has to be true for all ¢ > 0 and C. tends to the torus T? minus four lines (the
lines z =0, z = 1/2, y = 0 and y = 1/2), by continuity of f, we deduce that
f has to be constant along the full orbits of V,,. Since V, has dense orbits, f is
constant.

In conclusion, if f is not constant, then there exists € > 0 and = € C. such
that Ly, f(x) # 0. Hence, for any non constant function f,

RFee(f) = . 0
(t,e)—(1,0) (f) +oo
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4. Negatively curved metrics, bottom of the spectrum and topological entropy

We will now switch our setting a bit. Let M be a closed manifold and M be
its universal cover. For any Finsler metric F' on M, we consider its lift FtoM
and we will be interested in A; (F) defined as the bottom of the L?-spectrum
of the BF-Laplacian A¥ on M. That is,

M (F) = inf{RF(f) | f € C™(M)n L*(M,QF)}.

We will just stress once more that the A;(F') that we consider now is very
different from the A;(F') that we considered in the first part of this article.
Among the differences let us mention two major ones: Al(ﬁ) is in general not
an eigenvalue, but just the bottom of the spectrum, and Al(ﬁ) can be zero
while A1 (F) is defined to be the first non-zero eigenvalue.

A classical inequality in Riemannian geometry is that 4X;(g) < h2, where
h is the topological entropy of the geodesic flow. In fact, the classical proof of
this inequality gives 4\;(g) < v?, where v is the volume entropy of the metric,
but, by a famous result of Manning [24], v < h and if g has non-positive
sectional curvature, then v = h.

The Riemannian proof adapted to the BF-Laplacian immediately yields that
4)\1(ﬁ ) < nh?, where h is still the topological entropy of the flow and n is the
dimension of the manifold. We will now recall that result (see Proposition 17)
and construct examples showing that the stronger Riemannian inequality is

not always satisfied, and hence proving Theorem 3.

4.1. Volume entropy for non-reversible Finsler metrics. — Before giving the
proof of the weaker Finslerian inequality and the counter-examples to the Rie-
mannian version, we need to make precise what we mean by volume entropy
in the non-reversible setting. Let F' be a (non-reversible) Finsler metric on an
open manifold V. If B is a measurable set in V', we write vol(B, F') = fB Or.
We write vol(B) = vol(B, F) if the Finsler metric we are using is clear from
the context.

Since the distance associated with F' is not necessarily symmetric, there are
two possible ways of defining the volume entropy: We can consider the rate of
growth of the volume of forward balls, or the rate of growth of backward balls.
A forward ball of radius r is defined as

BY(z,r):={y eV |d(z,y) <},
while a backward ball of radius r is given by
B~ (z,r):=={y eV |d(y,z) <r}.

Then the forward volume entropy is defined as

1
v1(F) := limsup — log vol(B™ (z, R)),
R—4c R
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and the backward volume entropy is defined as

v~ (F) := limsup 1 log vol(B™ (z, R)).
R—+00 R

For a generic non-reversible Finsler metric, these two volume entropies have no

reasons to be equal. For instance, if one considers the Funk metric on a convex

domain in R™ (see for instance [26]), then it is easy to see that v~ (F) = 400

while v (F) is bounded. However, here are a few remarks that one can easily

make about these objects:

e The forward volume entropy of F' is equal to the backward volume en-
tropy of the reversed metric F o s, i.e., vt (F) =v"(F o s).
e If F' is quasi-reversible, i.e., if Cp = sup{F(z,—v) | F(z,v) = 1} < o0,
then
L'UJF(F) <v (F) < Cpv(F).
Cr

The proof of the second point follows from the fact that, if F' is quasi-
reversible, then BT (z,r/Cr) C B~ (z,7) C BT (x,Cpr). The proof of the first
point is easy once we rephrase what the forward and backward balls are in
terms of flow. Let SF'V be the unit tangent bundle for F' over V. Then the
forward ball of radius r is obtained by flowing SE'V for a time r under the
geodesic flow of F. On the other hand, the backward ball can be seen to be
obtained by flowing S£°*V', the unit ball of F o s on 7,,V, under the geodesic
flow of F o s, for a time r. Hence the equality.

So, the natural notion to choose in order to have Manning’s result is the
forward volume entropy. Manning’s result was already extended to closed re-
versible Finsler manifolds by Egloff [10] and can further be extended to the
non-reversible case. When M is a closed manifold, the forward volume entropy
of M is by definition the forward volume entropy of M.

THEOREM 15 (Manning [24], Egloff [10]). — If M is a closed manifold equipped
with a possibly non-reversible Finsler metric, then h(F) > vt (F). Moreover, if
F has non positive flag curvature, then h(F) = v (F).

The justification that Egloff gives in [10] to show that Manning’s proof in
[24] holds in the Finsler context is still true in the non-reversible case.

Since F' has non-positive flag curvature if and only if F' o s has non-positive
flag curvature, we see that in the non-positively curved case, v*(F) = v~ (F)
if and only if the topological entropy of the geodesic flow of F' is equal to the
topological entropy of the geodesic flow of F o s.

In fact, without using Manning’s theorem, we can easily prove

PROPOSITION 16. — Let F be a reversible Finsler metric and 8 an ezact one-
form on a closed manifold M. Let F = F + (3. Then

v (F)=v (F)=v(F), and h(F)=h(F).
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Proof. — The proof that the two topological entropies coincides is trivial:
As (3 is exact, the two geodesic flows are obtained by a time change that does not
change the length of periodic geodesics (see Lemma 11). Since the topological
entropy is obtained as the exponential growth rate of the periodic orbits, the
entropies of the two flows must coincide. Let us now prove that the volume
entropies are the same.

Let M be the universal cover of M,z e M and r > 0. Since M is compact,
there exists C > 1 such that

évol(Bﬂ:v,r),ﬁ) < t{y € m(M) | d(z,- @) < r} < Cvol(B¥ (z,r), F), and

évol(B_(x,r),ﬁ) <t#{yem(M)|d(y- =z z)<r} < Cvol(B (z,r), F),

where d(-, ) is the distance for F. Now, since 3 is an exact form on M, we see
that d(z,v - z) = d(y - z,z) (because the length of any closed curve in M is
unchanged). So,

vol(B* (z,7), F) < Ct{y € m (M) | d(z,~ - z) < r}
= Ct{y e m (M) | d(y - z,2) <1} < C*vol(B™ (z,7), F).

Hence, vt (F) < v~ (F), and by symmetry we also have v~ (F) < v*(F).
_ Denoting by d(-,-) the distance for F, since for all v € my (M), d(z,v - x)
d(z,v - x), we also have v (F) = v(F).

Ol

4.2. The weak topological entropy inequality and a counterexample to the sharp
version. — Let us quickly recall why, just by following the Riemannian proof,
we obtain a weak inequality for A (F'). Note that for the following proposition,

we do not need M to be the universal cover of a closed manifold. The result
holds for any open manifold.

PROPOSITION 17. — Let F be a Finsler metric on a manifold M of dimension
n. Then the bottom of the L?-spectrum of the BF-Laplacian satisfies

M (F) < Zmin{(v+(ﬁ))27 (v™ (F))2}

Proof. — We fix a base point O € M and define the forward and backward
distance functions by, respectively,
(@)= d(0,2) and p~(z) = d(x,0).
By definition of v“‘(F) and v~ (F), we have that for all 2s > v (F) and 2t >
v (F), e~ @) ¢ L2(M) and e~ (®) ¢ L2(M).
We will just give an upper bound for the Rayleigh quotient of e=°" (@) The
case of e~t" (*) is exactly the same.
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First, we have that

Lym*e®"" (z,§) = —s(Lxm"p) (z,{)e d
So,

Lyn*e=P" AN dAn!
/. )
HM

= / s (/ (LXﬂ*p+(x,§))2a> e~25P7(®)Q),
zeM ¢eH, M

Now, |Lx7*p*(z,€)| < |dzp(vs)| = 1, where v, is the vector in S, M such that
the direction, at z, of the geodesic from O to z is v,. Therefore, we get

-1

~ n + +
MAY —————— 32/ e~ 2%p (x)/ aQ> (/ e~ %P (x)Q>
1( ) o VOlEucl (Snil) ( M Ha:M M

< ns?.
Since the above inequality is true for all s > vT (F)/2, we deduce that A (F) <
n(vt(F))?/4. Doing the same computation with e % () yields
A (F) < n(v=(F))?/4. O

We can now finish the construction of the last surprise: Finsler metrics such
that the sharp inequality for the bottom of the spectrum is not verified. Let us
recall Theorem 3:

THEOREM 18. — Let g be a hyperbolic metric on a manifold M. Let h be a
smooth function on M such that the zeros of dh are isolated and ||dh||4+ < 1.
Let F = /g + dh, A\ (F F) be the bottom of the L*-spectrum and h(F) be the
topological entropy of the geodesic flow of F'. Then F and g have the same
marked length spectrum and

AN (F) > h(F)? = (n—1)2.

The proof of this result also contains the proof of Proposition 5, one just
has to make obvious notational changes. We hence do not provide an explicit
proof of that proposition.

Proof. — The fact that F' and g have the same marked length spectrum
follows from Lemma 11. Moreover, by Proposition 16, the topological entropy
of F' is the same as the topological entropy of g and they are equal to the
volume entropy. And since g is hyperbolic, 4\1(g) = (n — 1)? = h(g )

So all we have to do to prove the above inequality is show that Ay (¥ F) > A (9).
This would be trivial if A\;(F ) was an eigenvalue (the same argument as in the
proof of Corollary 10 would immediately yields the answer), but this is in
general not the case. Hence we have to work more.
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Let us abuse notations a bit and write h again for the lift of & to the universal
cover M. The function h will only be on the universal cover for the rest of this
proof, so hopefully this will not cause any confusion.

With this abuse of notation, by our previous computations (see Equation (2)),
we have that for any f € CW(H) N LZ(M)

2 o 2’)’L 1 2 _
4120 = o5y ooy T O

where & is just the Riemannian angle measure on the Riemannian unit spheres
Sz M. So in particular,

s ([ (g e [ (@) (@) )

2n 2 2 _
| /5 00 (e )

vOlgual (Sn -1

ldo f15 - >

> |ldo fll5- +

In the rest of the proof, we will be using the fact that F' is a Randers metric,
i.e., that we have a Riemannian metric g to work with. The fact that the bottom
of the spectrum of Fis strictly greater than the one for g should certainly still
hold if g was replaced by any reversible metric F, but the proof would probably
be more tedious (or at least we did not find an easy proof).

To obtain the strict inequality we are aiming for, we will first find a lower
bound for ||d, f||25 in terms of ||d, f]|2..

We first notice that [s+57(dsf(v))? (dgh(v))® @ is minimized when V f(z)
and Vh(z) are orthogonal (here V and orthogonal are defined with respect to
the hyperbolic metric g). So we suppose that V f(x) and Vh(x) are orthogonal.

We choose a coordinate system on S, M such that for v € S, M, 8(v) represents
the angle between the direction of Vh(z) and the projection of v onto the plane
containing V f(z) and Vh(z). In other words, we write

S.M = {(6,¢) € [-m, 7] x H" "2},

where H "‘iis the unit hemisphere of dimension n — 2, and such that for v =
(0,6) € Sy M we have

dzh(v) = ||dzh| g+ cos
dy f(v) = [|dz ||~ sin 6.

TOME 145 — 2017 — ~N° 3



DEFORMATIONS OF SPECTRUM THAT PRESERVE THE LENGTH SPECTRUM 443

If we write dfd¢ for the Riemannian angle @ in the coordinates that we chose

on SxM = [~m, 7] x H" 2, then we have
2/Sm(<1mf(v))2 (dsh(v)) @ = /Sm(dzf(v))? (dh(v))? @

[ ([ raerian
Hn—2 —7

™
= ||dg f||%||dehr -‘2’*1/ d¢
Hn72

de f1|2+ || dz R 2
= —H f 98 Hg VOlEuCl(Sn_l).

2. cos” f sin® 0d9> d¢

2
g*

Hence,

dhl|2.
Hd;foiF Z ||dzf||§* <]_ +n”8”g> )

Therefore, given the characterization of A\; has the infimum of the Rayleigh
quotient of smooth L? functions, we have

T fer2(m) Jar £2Q

Recall that we chose h such that dh had isolated zeros. We denote these
zeros by zx, k € N. Since the z; are isolated, for £ > 0 small enough, there
exists a constant ¢ = c(¢) > 0 such that outside of some balls By, = B(zg,¢€), we
have ||d.h 3* > c¢. Moreover, taking € small enough, we can suppose that the
By, are pairwise disjoint (the radius of the balls can be chosen uniform, while
still having them pairwise disjoint because the z; are the lifts of the isolated
zeros of dh on the compact manifold M). Up to taking ¢ smaller still, we can
suppose that the balls B; = B(zg, 2¢) are still pairwise disjoint.

We will first show that the infimum in the equation above cannot be attained
by functions with support inside the balls B,’C. Let hCheeger(B,'C) be the Cheeger
constant on By, i.e.,

2./8) Q9 .

Area(0U)

B;) = inf
hCheeger( k) m { VOI(U)

| U open, U C B,’C}

Note that since all the Bj, are balls of the same radius and that the metric is
hyperbolic (and hence homogeneous), Acheeger (B}, is independent of k. By the
proof of the classical Cheeger inequality (see for instance [27, p. 91]), we have
that if f is a function such that supp f C |J By, then

/ =
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Hence, since hcheeger(B},) is independent of k,

2
Lo
UB;,
_ h%heeger(B]/c) / fQQg
4 i ’

Now the Cheeger constant on a very small hyperbolic ball By, is close to the
Cheeger constant of a small Euclidean ball, so for € > 0 small enough, the
Cheeger constant on Bj, is approximately 2/e. In particular, taking ¢ small
enough, we see that if f is such that supp f C UBj, then

Z (1 2./8) Q9
Jaz 129

where RI(f) = 2.Q9/ [57 £7Q9 is the Rayleigh quotient for the hyper-
bolic metric g. We fix such an ¢ once and for all.

Let f; be a sequence of functions in Lz(M ) such that RE(f;) converges
to Al(ﬁ ). We suppose furthermore that all the f; are normalized so that
J57 £i€29 = 1. Our goal is to show that

2
g* (
We proceed by contradiction: Suppose that

it | s
1— 00 M

2 g Cheeger 209
2.09 > / £20

> RI(f) > - > 10(n — 1),

(3) 42

M (F) > lim inf /Mndxfi 2./8) 20 > i ().

2. (14 nlldshl2. /8) Q9 = A1(9).

Then, up to passing to a subsequence, we have

1— 00 M

207 =\ and I [ iR
71— 00 M

2 —
2.09 = 0.

Since | 3* > c outside of the balls By, defined above, we have
lim Iz £il| 229 = 0.
1= JM\UB;

Morally, this means that the functions f; tends to be almost constant outside
of the balls By, and since they are in L? (M ) they have to be almost 0 outside
of the By. So their Rayleigh quotient has to be close to the Rayleigh quotient
of a function with support in the By, but we proved before that the Rayleigh
quotient of such function is very big, which gives us a contradiction.

Let us be more precise: Let > 0 be arbitrary. Let I > 0 such that, for i > I,
fM\UBk |dz fill2-99 < 1. We only consider ¢ > I in the rest of the proof.
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We define the functions f] in the following way:
(=) fi(z) if z € UB, = UB(z,€)
\x) =
! 0 if z ¢ UB,, = UB(zy, 2¢),
and we choose f/(z) to decrease linearly (with the radius) between 0By and
0B;,.
Since [37. ,p, ldafill5-Q9 < and [37 f2Q9 = 1, there exists a constant
n1 = m(n,€) > 0, depending on 1 and ¢ such that
|R(fi) — RO(f{)| < .
Moreover, the constant 7; goes to zero as 7 goes to zero (and gets bigger as ¢
gets smaller, but we fixed ¢ before). So for some small enough 7 (depending
on ¢), we have n; < 1.
Hence, by Equation (3), since supp f; C UBy,, we have
R(fi) 2 RO(f)) =1>10(n = 1) = 1> (n — 1)* = M (9).
This is in contradiction with the fact that

lim RY(f;) = li da fi
Jm B = Tm /M” !

and that ends the proof. O

597 = (9,

Let us finish this article by a remark. All along this article I have been
claiming that it is difficult to get a strict inequality in Theorem 3, and the proof
that I give certainly is more involved than the proof of Theorem 1. However, I
might just have not been clever enough. If that may very well be true, I would
however like to point out the following example that should serve as a word of
caution, even though it is not in a cocompact setting.

PROPOSITION 19. — Let (H",g) be the hyperbolic n-space. Let 3 be a one-
form on H™ such that ||Bz|lg« tends to zero as x approaches OH"™ (and such
that ||Bz|lg- < 1). Let F = /g + 3. Then,

M(F) = Ai(g) = (n—1)%/4.

Proof. — From Proposition 6, we directly obtain that A\ (F) > Ai(g) =
(n — 1)?/4. Now, since ||3;]|,~ tends to zero as z leaves every compact, the
Finsler metric F' is asymptotically Riemannian in the terminology of [4]. That
is, for any C > 1, there exists a compact K such that, for any x € H” \ K and
any v € T,H",

F(z,v) <
g(z,v)
So, by [4, Theorem 4.1], we have 4\;(F) < (vt (F))?. All there is left to

do is to show that v (F') corresponds to the volume entropy of the hyperbolic
metric.

Ccl< C.
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In the rest of the proof, we use F' as a subscript when referring to object
defined by the distance dr for F' and g when using the hyperbolic distance d,.

Fix zg € H" and C > 1. Let K be a compact such that, outside of K, the
ratio between F' and gg is bounded by C'. Since K is compact, there exists C
(depending on C) and Cy < C3 (depending on Cy) such that K C By(zo,Cs) C
B} (z0,C1) C B,(w0,C3) and K C B,(x0,C1), where B} (zg,C1) is the (for-
ward) ball of radius C; for F' and Bgy(zo, C;) are the balls of radii C; for g.

Let A} (wo,C1, R) be the (forward) annulus of radii C; and Cy + R for F.
Let y € Af(z0,C1, R).

Since By (zg,C2) C Bj(xg, C1), we have that dy(z,y) > Ca. Now, Let z; be
the point on dBg(xg,C1) such that dr(xo,y) = dr(xo,21) + dr(z1,y). Since
the geodesic between 1 and y is outside of the compact K, we have

1
R+ Cy > dp(xo,y) = dr(zo,21) + dp(z1,y) > C1 + 5dg(m17y)'

So, using that B}'(xo, C1) C By(zo,C3), we have
dg(z0,y) < dg(20,71) + dg(z1,y) < C3 + CR.

Hence, we showed that A}(xo, C1,R) C Ay(zo,Cs, CR + (). Since we can
also compute the volume entropy by taking the exponential growth of annuli
instead of balls and that the volume for F' and for g are the same, we obtain

1
v1(F) = limsup — log vol(A}.(zo, C1, R))
R—+00 R

1
< lim sup R log vol(Ag4(xo,C2, CR + Cs))

R—+o0
<C(n-1).
So vT(F) < C(n — 1). Since this is true for any C > 1, we obtain that
vt (F) = n — 1, which proves that 4\ (F) = (n — 1)%. O
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