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ON THE SPECTRUMS OF ERGODIC SCHRODINGER
OPERATORS WITH FINITELY VALUED POTENTIALS

BY ZHIYUAN ZHANG

ABsTRACT. — In this paper, we show that the Lebesgue measure of the spectrum of
ergodic Schrodinger operators with potentials defined by non-constant function over
any minimal aperiodic finite subshift tends to zero as the coupling constant tends to
infinity. We also obtained a quantitative upper bound for the measure of the spectrum.
This follows from a result we proved for ergodic Schrodinger operators with potentials
generated by aperiodic subshift under a condition on the recurrence property of the
subshift. We also show that such condition is necessary for such result.

RESUME (Sur les spectres des opérateurs de Schrédinger ergodique avec les potentiels
des wvaleurs fini). — Dans cet article, nous montrons que les mesures Lebesgue des
spectres des opérateurs de Schrodinger avec les potentiels qui sont définis par les
fonctions non-constantes sur un décalage de type fini, minimal et aperiodique tendent
vers zero quand le constant du couplage tend vers 'infini. Ce résultat découle d’un
résultat plus général dont nous montrons pour les opérateurs de Schrédinger avec les
potentiels qui sont engendrés par un décalage de type fini avec certaine condition sous
la récurrence. Nous montrons en méme temps que cette condition est nécessaire pour
obtenir ce résultat.
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296 Z. ZHANG

1. Introduction

This paper is motivated by Simon’s subshift conjecture (in [6], see also [2])
and the desire to get a better understanding of recently discovered counter-
examples in [1].

Given a finite set .A, we define the shift transformation T’ on A% by T'(w), =
Wny1- Let Q be a T—invariant compact subset of A%. Let u € P(Q) be an
ergodic T'—invariant measure. Without loss of generality, in this paper we will
always assume that Q = supp(u), for otherwise we can replace by supp(u).
We will assume that for any a € A, we have p({w | wo = a}) > 0, for
otherwise we can replace A by one of its subsets. To avoid triviality, a function
v: A — R is said to be admissible if for any two distinct elements o, 8 € A,
we have v(a) # v(f8). Given any admissible function v, we denote

Ay = a,ﬂg}i’r}#ﬁ |v(a) — v(B)]-

For each w € Q, we consider the Schrédinger operator H,, on £?(Z) defined

by

(1.1) (Hyot)n = Unt1 + Un—1 + v(wp) .

Let X, denote the spectrum of H,,. By ergodicity, ¥, is the same for p almost
every w. It is also well-known that when (2,T') is minimal, 3, is the same for
all w € Q. In either case, we denote by ¥, the (almost sure) common spectrum.

Consider an aperiodic minimal subshift as above, the common spectrum was
suspected to be of zero Lebesgue measure. For CMV matrices, Barry Simon
conjectured the following in [6].

CONJECTURE 1. — Given a minimal subshift of Verblunsky coefficients which
s not periodic, the common essential support of the associated measures has
zero Lebesgue measure.

There is also a Schrodinger version of the subshift conjecture (see [1]). We
state it using our notations.

CONJECTURE 2. — Given any admissible v : A — R, and a minimal subshift
Q C A% which is not periodic, the associated common spectrum ¥, has zero
Lebesgue measure.

It has been shown that for strictly ergodic subshifts satisfying the so-called
Boshernitzan condition, the Schrédinger operators have zero-measure spectrum
for any non-constant potentials [3], and for CMV matrices, one has zero-
measure supports [4]. More results on subshifts associated operators can be
found in [2].

In the recent work of Avila, Damanik and Zhang [1], the subshift conjecture is
shown to be false, for both Schrédinger version and the orginal version for CMV
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matrices. In fact, the authors proved the following theorem for Schrédinger
operators (Theorem 1 in [1]). We rephrase it using our notations.

THEOREM 1. — Given any integer p > 2, there is an admissible function
v:{l,...,p} — R, and a minimal subshift Q@ C {1,...,p}> which is not
periodic, such that the associated spectrum X, has strictly positive Lebesgue
measure.

They also proved a CMV matrices analog (Theorem 2 in [1]) which disproved
the subshift conjecture in its original formulation.

In [1], the authors also proved a positive result which roughly says that when
the system endowed with an ergodic invariant measure which is relatively sim-
ple, the associated density of states measure is purely singular. The precise
conditions are formulated as being “almost surely polynomially transitive” and
“almost surely of polynomial complexity”. The positive result works for every
subshift that is uniformly polynomially transitive and of polynomial complex-
ity (see the remarks after Definition 1,2 in [1]). This theorem can be applied to
subshifts generated by translations on tori with Diophantine frequencies, cer-
tain skew shifts and interval exchange transformations. Note that this theorem
does not imply that the measure of the spectrum is zero.

Given this new phenomenon, namely that the minimal aperiodic subshift
generated potentials can have positive-measure spectrum, the following ques-
tion arises naturally.

QUESTION 1. — Given a minimal aperiodic subshift and a non-constant po-
tential function, how large can the Lebesgue measure of the spectrum be ?

This paper is an attempt to study this question. One of our main results is
the following.

THEOREM 2. — Given any integer p > 2, a minimal aperiodic subshift 0 C
{1,...,p}2. Then for any 0 < v < 1 the following is true. For any admissible
function v : {1,...,p} — R, there exists C > 0, such that for any X > 0, the
Lebesgue measure of Xy, is smaller than CA\™7.

We actually proved the following more general result for ergodic Schrédinger
operators with subshift-generated potentials:

THEOREM 3. — Given any integer p > 2, let u be an ergodic shift invariant
measure on {1,...,p}”, such that there exists an integer K > 0 satisfying
p{w |wo = w1 = - = wrg_1}) = 0. Then for any 0 < v < 1, there exists a

constant C > 0, such that for any admissible function v : {1,...,p} — R, we
have Leb(2,) < CA;7.
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298 Z. ZHANG

Since on any minimal subshift €2, any ergodic shift invariant measure p
on ) satisfies the condition of Theorem 3, Theorem 2 follows as an immediate
corollary.

We note that assuming only the condition of Theorem 3, one cannot hope
to prove zero-measure spectrum for all sufficiently sparse potentials. In fact we
have the following theorem which is a slight modification of Theorem 1 in [1].
We will give a sketched proof for the convenience of the readers.

THEOREM 4. — Given any integer p > 2, any countable subset B of the
admissible functions from A to R. There exists a minimal aperiodic subshift
Q c {1,...,p}? such that for any v € B, ¥, has strictly positive Lebesgue
measure.

In fact, we can adapt the proof of Theorem 4 to further ensure that the
subshift we cooked up is uniformly polynomially transitive and is of polynomial
complexity. Thus we can apply Theorem 2 in [1] to show that, for any ergodic
shift invariant measure, the associate density of sates measure is purely singular.

We also note that the condition in Theorem 3 is necessary to ensure that
the measure of the spectrum tends to zero as the “sparseness” of the potential
function grows to infinity. This is seen from the following theorem, which seems
to be folklore.

THEOREM 5. — Given any integer p > 2, an ergodic shift invariant measure
p on {1,...,p}” such that there exists i € {1,...,p} satisfying that for any
integer N > 0, p({w |wo =w1 =+ =wn_1 =i}) > 0. Then for any function
vi{l,...,p} = R, we have [-2 4 v(i),2 + v(§)] C U, cquppp Zw-

Acknowledgements. — 1 am grateful to Artur Avila for his encouragement. I
thank Jean-Paul Allouche for his comments on complexity functions which were
used in an earlier version. I thank Sébastien Gouézel for useful conversations
which give a part of the motivation of this paper. I thank Zhenghe Zhang
for reading an earlier version of this paper and comments. Special thanks go to
David Damanik for his generous encouragement, his interest in this problem and
detailed comments, these including pointing out an mistake in the statement
of Theorem 2 in an earlier version; and to Qi Zhou for his supports and many
interesting conversations.

After the earlier version is done, the referee suggested that major simplifi-
cation could be done. This leads to the present paper. I thank the referee for
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2. Preliminary

Let A be a finite set, and let Q C A% be a subshift. Let v : A — R be any
function. For any a € A, any F € R, we denote

AP = [E —1v(a) —01] .

and define a map A : Q — SL(2,R) by A®(w) = AE . We define A” : ZxQ —
SL(2,R) by letting A¥(0,w) = Id, and

AE Tk—l .. AE

AE(]{),(,U) — E( ) (w)z E(w)71 vk >107

AP (TF (w))~ - A®(T Hw))™, VEk<O.
In particular, for any n,m > 0, any w € 2 we have the following relation
(2.1) AE(n+m,w) = AP (m, T (w)) AL (n,w).
For any finite word a = wowy - - - wp_1 € A™, we define

AE(a) = Afn_l ---AEO.

We have the following notion.

DEFINITION 1. — Given an admissible function v : A — R (defined in the
introduction), for each E € R, we say AF : Q — SL(2,R) is the Schridinger
cocycle at energy E. The map AP is called uniformly hyperbolic if there are two
continuous maps u, s : Q@ — P(R?) such that

1. u, s are invariant under the cocycle dynamics in the sense that
AP (Whu(w) = w(TW)), A% w)s(w) = s(T(w)).

2. there exists C > 0, A > 1 such that ||AZ(—n,w)w ||, [|AF (n,w)ws| <
CA~" for every n > 1, w € Q and all unit vectors w; € u(w), ws € s(w).

The following result is contained in [5].
LEMMA 1 (Johnson). — For any function v : A — R, we have

U Y, ={E| AF is not uniformly hyperbolic}.
weN

For any ¢ > 0, we define the following cones,
Ci(e) ={u= (z,9) € R? | |y| < clzf},
C—(c) = {u=(z,y) e R? | 2| < c|yl}.

When ¢ = 0, C4(0) (resp. C_(0)) is reduced to the z—axis (resp. the y—axis).
For any o € A, we set

Iy(a) = [v(a) — 4,v(a) +4].

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE
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By straightforward computation, we can see that for any E ¢ I,,(,), AP (a)Cy (1)
is in the interior of C+(%) except for the origin. By the invertibility of 7', and
the cone-field criterion for uniform hyperbolicity, it is standard to verify that
AP is uniformly hyperbolic for any E ¢ |J I,(a)- Then by Lemma 1, we
have

(2.2) U = c U Liw-

weN acA

acA

3. Proof of Theorem 3

In order to prove Theorem 3, it suffices to prove that for any o € {1,...,p},
we have an upper bound of this type for the Lebesgue measure of ¥, () I(a)-
Then Theorem 3 will follow from (2.2).

In the rest of this section, we let p, 2, K be given by Theorem 3. Denote
A={1,...,p}. We fix ap € A and denote Ey = v(ag). Then Theorem 3 is
reduced to the following.

PRrROPOSITION 1. — Under the conditions of Theorem 3, for any 0 < v < 1,
there exists a constant C = C(K,v) > 0, such that for any admissible function
v:{l,...,p} = R, we have Leb(Z, (N Ig,) < CA,".

We first show the following lemma.

LEMMA 2. — For any v € (0,1), there exists A\g = Ao(7y) > 0 such that the
following is true. Assume that A\, > Ag. Then for any integer n > 1, any
E € Ig,, any finite word 8 = Bo---Pn—1 such that B € A\ {ag} for all
0<k<n-—1, we have

L APB)R?\C_(A;7)) € CL(X;)7),

2. for any w € R?2\ C_()\;"), we have

IAZ(B)(w)]| > Ao™ "]l

Proof. — This follows from direct computations. Let w = (x,y) € R? \
C_(A,;7). Then by definition, |x| > A, 7|y|. Take an arbitrary a € A\ {ao}. We
have

AP (a)(w) = (B —v(a))z — y,2).
By E € Ig,, a # agp, we have |E — v(a)| > A, — 4. Then we have

(3.1) (B —v(a))z —y| = (A — 4)|z] — |yl.
By v € (0,1) and by letting )¢ be sufficiently large, the following is true
(3.2) A—4>20 AT AT, YA > Ao

Then by (3.2), Ay > A and |z| > A 7|y|, we have
(v = D] = ly| > Al|.
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We then obtain (1) by (3.1). Similarly, by (3.2), A, > Ao and |z| > A 7|y|, we
have

1oy
o = dlz[ = [yl > Ao ® (Jz[ + [y])-
We obtain (2) by (3.1). O

We denote

E—Ey—1
cEz[ . 0 0].

It is clear that ||Cg|| <5 for any E € Ig,. For any € > 0, we define
J(e) ={E € I, | 31 < k < K, such that C%(C,(0)) € C_(¢)}.
LEMMA 3. — There exists C = C(K) > 0, such that J(¢) < Ce for any € > 0.

Proof. — This lemma is a well-known consequence of the monotonicity of
the Schrédinger cocycles. Represent any vector w € R?\ {0} in the polar
coordinate by w = (r(w) cos§(w), r(w) sinf(w)). Then we have the following
basic observations for any E € Ig,, which follows from direct computations,

1. for any w € R?\ {0}, we have dg0(Cg(w)) <0,

2. for any w € R?\ C_(1), we have Cg(w) € C_(6) \ {0},

3. for any w € C_(6) \ {0}, we have 0gf(Cg(w)) < ¢ for some constant

c>0.

This implies that for any 1 < k < K, for any ¢ > 0, the measure of the set
of E € I, such that 0(CE(1,0)) € (3 —¢’, % +¢’) is bounded by ¢’ for some
constant ¢’ > 0 depending only on K. This concludes the proof. ([l

LEMMA 4. — Under the conditions of Theorem 3, for any v € (0,1), there
exists A\ = M (K,v) >0, n =n(K,v) >0, ng = no(K,7) > 0 such that the
following 1is true. Assume that A, > A1. Then for any E € Ig, \ J(\;"), any
n > ng, any w € supp(u), we have

(3.3) | AT (n,w)|| > e™.
Proof. — By our hypothesis in Theorem 3, we have
{wlwo="+=wk 1} Nsupp(u) = 0.
By the shift-invariance of supp(u), for any w € supp(u), for any n € Z, the set
{Wn+1,---,wntk} contains at least two distinct elements in .A.

For any w = (w;)sez € Q, there exists 0 < k < K such that wy # ag. Then
by ||[AE(ap)|| < 5 for all E € Ig,, and by (2.1), it suffices to consider only
w € Q such that wg # «ag. Given any such w, there exist integers [ > 1 and
1<ai,a,...,a-1 <K, by,...,bp >1, a; >0, finite words 8', 32,..., 3" such
that

(1) B* is a word of length by in A\ {ag}. We denote 8% = gF--- 8f ;
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(2) wows - - - wy_1 is the ordered concatenation of (8%, aglai],..., B, aolai]),
ie.,
wow1 -~ wn—1 = Bag[ar] - Bla[ad].

Here we denote by «g[0] the empty word, and by ag[k] the k—times concate-
nation of ag for any k > 1. It is clear that AZ(ag[k]) = C% for any k > 0.
Denote 7' = H'T'Y € (v,1), we have the following.
Claim. For sufficiently large \,, for any 1 < k <[, we have

AP (BFaglar])(R2\ C_(A;Y)) C B2\ C_(A)7).
Moreover, for any w € R?\ C_(\;""), we have

1—+/
7 bk

_ 1-y a b
1AZ (8% aolar]) (w)[| > 575X = ™ [luw]| > AdTE @0 |y,

Proof. — By Lemma 2, for any A\, > A\o(7’) we have

L AP(BF) R\ C-(A;7)) C C+ (A,
2. for any w € R2\ C_(\;7"), we have

1— !
27 by,

IAZ(B") (@)l = X ™ ]|
By E € Ig, \ J(A,7), we have
Z(AP(aolar]))C4(0),C-(0)) = Z(CEC1(0),C-(0) Z A"

Then by v < 7' and 5K)\;7/ < A7 for sufficiently large A, (depending only
on K,~), we obtain
1. AP(aglar])C (A7) CRZ\ C-(A7),
2. for any w € R%\ {0}, we have
1A (o ar]) (w)| = 57 |w].
Our claim follows by

1—7/b 1—77/[, 1—77/[, K 1=
)\1)4 k>5K’ >\v4 kZ)\USK(k+ )2)\1}5K(k+ak)'

for sufficiently large A,, and by concatenating the above estimates. (|
Our lemma follows from repeatedly using the above claim for 1 < k£ <[. O

Proof of Proposition 1 : By Lemma 4 above and Proposition 2 in [7], we see
that for any sufficiently large A, any E € Ig, \ J(\, "), the Schrédinger cocycle
A¥ is uniformly hyperbolic. By Lemma 1, this implies Iz, X, C J(A;7).
Proposition 1 then follows from Lemma 3 and by letting C' to be sufficiently
large. |
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4. Proof of Theorem 4 and Theorem 5

4.1. Proof of Theorem 4. — The construction of the required subshift follows
closely the proof of Theorem 1 in [1]. We refer to [1] for some relevant lemmata.
Without loss of generality, let us assume that B is a countably infinite set of
potentials. We will inductively define collections of finite words S,,, subshifts
Q,,, closed subsets 3, ,, for 1 <n <m.

For n = 1, we define

(4.1) Sy ={1,...,p}.

We define €2; to be the two-sided infinite concatenations of the words in S;. We
now pick any element v; € B. For each word w € S;, we denote the spectrum
of the periodic potential associated to v; and w by ¥; 1(w), and define

(4.2) Y11= U 11 (w).
weS,

Assume Sy, Q,, 3; »,V1 < ¢ < n are constructed. We denote
Sp = {wn1,Wn,2,..., Wk, }
For any given integer N,, > 1, we define
Spt1 = {wWp1wp 2 -wmknwﬁl,k |1 <k<k,l1<I<N,}

and define 2,1 to be the two-sided infinite concatenation of the words in S, 1 1.
It is direct to see that Q,,+1 C Q,.

We pick any element v, 1 € B\ {v1,...,v,}. Foreach 1 < i < n+1, for
each w € S,4+1, we denote the spectrum of the periodic potential associated
to v; and w by %; ,4+1(w), and denote

(4.3) Yint1 = U Lint1(w).

wWESni1
It is clear that Leb(X,4+1) > 0. By Lemma 1 in [1], we can choose a positive
integer N,, depending only on S, @y, 3;,, such that the following is true.
(4.4) Leb(Ein \ Sint1) < Leb(E;,;)2- "+,

for any 1 < i < n. We define Q2 = ﬂn Q,,. For each v € B, denote the spectrum
associated to 2 and v by X. For some i € N, we have v = v;. Then following
[1], we have

(4.5) ¥ D lim sup ;.

Then by the same reasoning in [1], we have Leb(X) > 1Leb(X;;) > 0. By
Lemma 2 in [1], we can show that €2 is minimal and aperiodic. This completes
the proof.
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4.2. Proof of Theorem 5. — Fix E € (-2 + v(i),2 + v(i)), then AF is an
elliptic matrix. Assume to the contrary that E ¢ Uwesupp# 3,. Then we can
take an open interval neighborhood of E, denoted by J, such that J C (—2 +
v(i), 24+v(i)) () 2¢. By Lemma 1 the cocycle A¥ over Q is uniformly hyperbolic.
Thus we can define stable, unstable directions, denoted respectively by s, u :
Q — P(R?). After possibly reducing J, we can assume that for any E’ € J,
there exists s(E'),u(E’) : © — P(R?) so that for any w € Q, the function
s(,w),u(,w) : J — P(R?) are C* (in fact analytic) and the C! norm of these
functions are bounded uniformly in w € 2. We take any w € €2 such that
wo = ---=wn_1 = i, where N will be chosen to be large. Denote w’ = TV (w).
Then s(E',w') = (AF)Ns(E',w) for all E' € J. Straightforward calculation
shows that the C* norm of s(-,w’) will be ©(IN). When N is large, we have a

contradiction. Hence E € Uwesupp 4 2w- This proves the theorem.
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