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LOGARITHMIC BUNDLES
OF DEFORMED WEYL ARRANGEMENTS OF TYPE A,

BY TAKURO ABE, DANIELE FAENZI & JEAN VALLES

ABsTRACT. — We consider deformations of the Weyl arrangement of type Az, which
include the extended Shi and Catalan arrangements. These last ones are well-known
to be free. We study their sheaves of logarithmic vector fields in all other cases, and
show that they are Steiner bundles. Also, we determine explicitly their unstable lines.
As a corollary, some counter-examples to the shift isomorphism problem are given.

RESUME (Fibrés logarithmiques des arrangements de Weyl déformés de type Az)
Nous considérons des déformations des arrangements de Weyl de type Ag, défor-
mations dont les arrangements de Shi et de Catalan forment une classe particuliére.
Il est bien connu que ces derniers sont libres. Nous étudions les faisceaux de champs
de vecteurs logarithmiques des autres arrangements déformés et montrons qu’ils sont
des fibrés de Steiner. Nous déterminons explicitement leurs droites instables. Comme
corollaire, des contres exemples du probléme appelé « shift isomorphism » sont donnés.
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746 T. ABE, D. FAENZI & J. VALLES

Introduction

Let ® be an irreducible crystallographic root system in Euclidean space
V ~R™, let & C ® be the positive roots, and let n be the Coxeter number
of ®. Let z1,...,z,, be coordinates of V, set S = R[zg,..., %], and denote
by Der(S) the free S-module of derivations of S, generated by the partial
derivatives -2 9_ For s e Z and o € T, define the hyperplanes:

Oxg’ """ Oz,

Ha,s = {.’E epm | Ol(fL‘l,...,CEm) = SIO} cP™.

Fix integers k,j > 0, and define the (cone over the) deformation of the Weyl
arrangement of type ®:

G R = () =0} U{H,, |0 € ®F,—j < s <k + j}.

The combinatorics, topology and algebra of & = ﬁg_j’kﬂ'] have been
studied by several authors, for instance by Postnikov and Stanley in [10], by
Athanasiadis in [3|, by Edelman and Reiner in [5], and by Yoshinaga in [14],
especially when k& € {0,1}. In particular, the freeness of & when k = 0,1
was conjectured by Edelman and Reiner and proved in [14] by Yoshinaga. By
freeness here we mean freeness of logarithmic derivation module of @:

Dy(&) := {6 € Der(S) | 0(f; ) =0},

where f; 5 is the form of degree n = || given as product of linear forms
defining the hyperplanes of &@. Equivalently, freeness means splitting of the the
sheafification Ty of Do(&). This is a reflexive sheaf of rank m called logarithmic
sheaf. It can also be defined as the kernel of the Jacobian map:

V(f3,
ot YU g (- 1).

In spite of the good knowledge of T for k € {0, 1}, almost nothing is known
about Ty for k > 2, not even for Ay. For example, setting B = ﬁgj_l’kﬂﬂ],
the shift isomorphism problem, cf. [15, Remark 3.7] asks whether there is an

isomorphism:

(1) T ~ Tg(n).
Another question is the shifted dual isomorphism problem, to the effect that:
(2) Ty ~ Ty (—n(k + 25 + 1)).

These isomorphisms hold when & = 0,1 by [14]. However, even equality of
characteristic polynomials (i.e., of Chern classes) of these sheaves is unknown
in general: this is the so-called “functional equation” conjecture of [10], cf. also
[15, Conjecture 3.4 and 3.5]. However the roots of the characteristic polynomial
should have real part n(k+25+1)/2 by the “Riemann hypothesis” of [10], verified
for ® of type A, B,C, D in [2].
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In this paper, we are most interested in the case & = A,. We switch to the
notation (z,z,y) rather than (zg,z1,x2), and we fix & = ﬁzj’kﬂ]. We have
1 = 3. In this case Ty is locally free (a vector bundle) of rank 2, and the lines
of @ are defined by vanishing of the form:

fiw=2% H (r —s2)(y —s2)(y+ = — s2).

—j<s<k+j

Concerning resolutions, our main theorem is the following.

THEOREM 1. — For any k > 2 and j > 0, there is a resolution:
0— Opa(—1)"1 = 05 = Ty(2k + 1+ 35) — 0.
In particular, Ty(2k + 1+ 35) is a Steiner bundle.
By Steiner bundle here we mean a vector bundle whose resolution is given
by a matrix of linear forms. This agrees and gives a new interpretation of the

following formulas, easily obtained for instance counting multiple points and
using [7, Remark 2.2]:

a(Ta@k+3j+1) =k—1,  co(Tu(2k+3j+1)) = &1,

Since Ty (2k + 1 + 3j) is a Steiner bundle, for any line L C P2, by restriction
onto L we get a surjective map:

Ot s Tu(2k + 1+ 35)|1-

This implies that Ty (2k+1+35)| = Or(a)®Or(k—1—a) with0 < a < k—1.
When a = 0 or a = k — 1 the number |k — 1 — 2al is as large as possible. This
justifies the next definition, cf. [11, Page 508] or [6, Definition 2.1].

DEFINITION 1. — Let & > 2 and E be a Steiner bundle defined by:

0 — Opa(—1)F1 o E 0.

A line L such that E|; = O ® Or(k — 1) or equivalently H°(P2, EV|.) # 0
or equivalently H'(L, E|1(—2)) # 0 is called unstable. The set of such lines is
denoted by W (E), it is naturally a subscheme of P?. These unstable lines were
first called superjumping lines in [4].

Our next result, tightly related with Theorem 1, deals with the set of un-
stable lines of T'y, which we can determine explicitly. The figure shows them in
case j = 0 and k = 3 or k = 4, the thick orange lines being unstable (the solid
ones lie in the arrangement, the dashed ones don’t).

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



748 T. ABE, D. FAENZI & J. VALLES

Conic of unstable lines for j =0, k = 3. Unstable lines for j = 0, k = 4.

THEOREM 2. — Assume that k > 3. Then the following siz lines are unstable
for the vector bundle Ty:

lines of G: z=(k+j)z, y=((k+j)z, y+z=—jz,
linesnot of G: x=—(j+1)z,y=—(G+ 1)z, y+z=(k+j+1)z

If kK > 4, then there are no other unstable lines for Ty. If k = 3 these lines are
tangent to the smooth conic

C; = {3522% + 12j2* — 42 — 4wy — 4y* + 1222 + 12yz = 0},

and a line is unstable for Ty if and only it is tangent to C;.

Conics Cj of unstable lines for k =3, j =0,1,2.
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REMARK 1. — When k = 2, for any j we will see that Ty ~ Tp2(—6 — 3j).
Hence all lines are unstable in this case, cf. §1.3.

As a corollary of Theorem 1 and 2, we prove that the shift isomorphism does
not hold even for A, when k& > 3.

COROLLARY 1. — When the root system ® is of the type As the shift isomor-
phism (1) holds if and only if k = 0,1 or 2 i.e. it does not hold for k > 3.

Let us go back to more general irreducible crystallographic root systems.
Let ® be such a system, set & = ﬁ{;”kﬂ} and call graded Betti numbers of T
the integers 3; ; appearing in a minimal graded free resolution:

0— @;S(—i—d)P*i — ... — @;8(—i)% — Dy(&) — 0.

Our results together with experimental computation with the computer algebra
package Macaulay2 ([8]) suggest the following.

CONJECTURE 1. — Let k> 1, >0, @ = @5 7** and @ = gl =1+,

i) The graded Betti numbers of Ty and T5(n) are the same.

ii) The graded Betti numbers of T (—n(k + 2j 4+ 1)) and T are the same.

iii) The projective dimension of T is min(m — 1,k — 1).
)

iv) The sheaf Ty has a linear resolution if ® = A,,.

Linear resolution here means that 3; ; = 0 for all j except for a single ¢ = 4.
The projective dimension is the greatest j with 3;; # 0 for some 3.

Theorem 1 proves parts (i) and (iv) for ® = A, while (ii) and (iii) are true
for any root system of rank 2, so the above conjecture holds for ® = A,.

REMARK 2. — Part (ii) of the above conjecture refines the shifted dual iso-
morphism problem. Indeed, a computer-aided argument shows that the isomor-
phism (2) does not exist in general, even for ® = Az, cf. §4.

The paper is organized as follows. In §1 we introduce several results and
definitions which will be used to prove Theorems 1 and 2. In Theorem 3 we
propose a new criterion to determine the splitting type of @l=7*+3) on a line.
In §2 we prove Theorem 1. In §3 we show Theorem 2. In §4 we give some

computer-aided determination of jumping lines and unstable hyperplanes.

1. Preliminaries

In this section let us recall several results on arrangements of hyperplanes
and the related algebraic geometry.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



750 T. ABE, D. FAENZI & J. VALLES

1.1. Vector bundles on the projective plane. — In this subsection we review
some results and definitions on rank two vector bundles over the projective
plane. The main reference here is [9]. We write the Chern classes of a sheaf E
as integers (c1, ¢z), meaning c; (E) = ¢ H and cp(E) = coH?, H being the class
of a line and H? the class of a point in P2.

1.1.1. Splitting type of bundles. — Let E be a rank two vector bundle on P2,
First of all, recall that the restriction of any vector bundle F to any projective
line L C P? splits as a direct sum of line bundles.

If E has rank 2, there are two integers a; 1, < ag 1 such that:
E|p ~ 0Or(a1,L) ® Or(az,L), with a1,z + as 1 = c1(E).

We call (a1,1, a2,1,) the splitting type of E with respect to L.

By the semi-continuity theorem, these integers do not change when the line
L is chosen a non-empty Zariski open set U C P2. This means that there exist
two integers a; and ag such that on any line L € U, the restricted bundle
E|L = Or(a1) @ Or(az). Moreover, |a; — ag| = min; p2{|a1,; — az,r|}. The
couple (a1, as) is called the generic splitting type of E.

1.1.2. Stability of bundles and jumping lines. — Let E be a vector bundle
of rank 2 on P2. We can tensor E by Opz(t) in such a way that c;(E(t)) €
{—1,0}. We call E(t) the normalized twist of E. Then E is stable if and only
if HO(P2,E(t)) = 0. If ¢;(E(t)) = 0, and H°(P? E(t — 1)) = 0 then E is
semistable and F is strictly semistable if it is semistable, but not stable.

By the Grauert-Miilich theorem, if F is stable (or semi-stable), then the

generic splitting type of E verifies |a; — as| < 1. This leads to the notion of
jumping lines.

DEFINITION 2. — A line L such that E|r = Or(a1 — k) ® Or(az + k), where
k > 0 and (a1,a2) with a1 < ag is the generic splitting type of a rank-two
semi-stable vector bundle FE, is a jumping line of order k of E. The scheme of
jumping lines lives in P? and it is denoted by S(E). A jumping line of order
k > 1 is a singular point in S(E).

1.2. Steiner bundles and unstable lines. — Let 7 > 2 and let us consider a
Steiner bundle F;:

0 —— @p2(—1)i_2 @];2 F; 0.

Then one can construct a new Steiner bundle from F; in two different ways.

TOME 144 — 2016 — N° 4
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1.2.1. By reduction. — Assume that ¢ > 4 and that the line L is unstable
for F;. Then the kernel F;_; of the map F; — @), is again a Steiner bundle
with resolution:

0 —— Ope(-1)% —— 05 — B, — 0.

The proof is done in [11, Proposition 2.1]. Moreover in the same proposition it
is proved that W (F;) \ {L} Cc W(F;_1).

1.2.2. By extension. — Let H C P? be any line. A non-trivial extension

0 F; F Ou 0

is a also a Steiner bundle with resolution:

0 —— Op2(—1)1 ot F 0.

Indeed, the surjection Op> — Op lifts to Op2 — F because H'(P?, F;) = 0.
Combining this with the surjection @f}z — F; we obtain the required epimor-
phism 51" — F, whose kernel is an extension of @5, (—1) by Op2(—1), and
therefore precisely @%;1 (-1).

Moreover, when i > 3 the line H is unstable for F' and again according to
[11, Proposition 2.1] we know that W(F) \ {H} C W(F;). We will use these
two constructions later on.

1.3. Behaviour of first Steiner bundles. — We give here a quick overview of
jumping and unstable lines for Steiner for low 1.

i = 2. In this case we have Fy ~ 0.

i = 3. It is well-known that F3 ~ Tp2(—1). All lines are unstable and none of
them is a jumping line.

i = 4. Unstable and jumping lines coincide this time, i.e. S(Fy) = W(F,). By
[4], W (Fy) is a smooth conic in P?, and the unstable lines of Fj are the
tangent lines to the dual conic.

i = 5. Also this time we have S(F5) = W (F5). The scheme W (F5) is either finite
of length 6 or consist of a smooth conic in P2, see [4].

i > 6. Unstable lines do not always exist in this range. When they do, they are
jumping lines of maximal order, namely the splitting type on an unstable
line H is (0,%— 2). The scheme W (F3) is either finite of length < i+ 1 or
consist of a smooth conic in P2, see [4, 11].

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



752 T. ABE, D. FAENZI & J. VALLES

1.4. Line arrangements and vector bundles. — Let ¢ be a line arrangement
in P2 and let be H a line of &. Define n = || and the restricted arrangement
of points @ := {KNH | K € G, K # H}. Set h := |G"|.
Let ty pr,; be the number of points with multiplicity ¢ on H. The “number
of triple points” on H is:
tam = >3t — 2)ta

We recall the following result, which is often used in the rest of this article.

PRrROPOSITION 1 ([7], Proposiont 5.1). — There is an exact sequence
0—Tg— Te\quy — @H(_tﬁ’H) — 0.
LEMMA 1. — We havetg g =n—1—h.

Proof. — 1t is clear that h = n — 1 when there are only double points on H.
When there is a point of multiplicity ¢ > 3 on H, it is necessary to remove
i — 2 ton— 1 to compute h. More generally, this procedure gives h =n —1 —
> i>3(t — 2)tg m; which means ty g =n—1— h. O

Proposition 1 gives the following criterion to determine the splitting type.

THEOREM 3. — Let @ be a line arrangement in P? with n := |4)|. Let H € @
and L be a line not in @. Define h := |G"| and ¢ := {LNK | K € @}|.
Let di < ds and ey < eq be integers such that:

Talg =~ O (—dy) ® O (—ds) and  Ty|r ~ Or(—e1) ® Or(—e2).
Then we have:

i) if n—h < [251], then (dy,d2) = (n— h,h — 1),
i) if n—£>[%], then (e1,e2) = (n —£,£ —1).

Proof. — The assertion (i) is known (see [13] for example) but not the assertion
(ii). Since we can give the same kind of proof to these two statements by using
Proposition 1, we prove both of them.

For (i), by Proposition 1, there is an exact sequence

0 Tq Taov¢gy — Ou(~tgy) —— 0,

where ty g = n — 1 — h. Take the dual of this sequence and tensor it by Oy to
obtain a surjection

Y|y —— Oultan+1) — 0.

Since T |y ~ Op(d1)® O (dz), the surjection requires ty g +1 =n—h = d;
ortgg+l=n—h>dy.Ifn—-h< [”7_1], then n — h < dy and therefore
n —h=d, or n — h = ds. In both cases we get (d1,d2) = (n — h,h — 1).
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Let us now prove (ii). Consider the exact sequence of Proposition 1:
0 Ty Tq OL(—tgr) —— 0,
where B := @U{L} and tg 1, = n — £. Restricting this onto L, we have

Tyl ~ @L(—el) 52 @L(—ez) E— QL(—n—Ff) — 0.

The surjection requires n — £ < ey or n — £ = ep. If n — ¢ > [%], then
n — £ > e; and therefore n — ¢ = e; or n — £ = e5. In both cases we obtain
(e1,e2) = (m—£,£—1).

2. Resolution of the logarithmic bundle

Here we prove Theorem 1. We construct the arrangement & in three steps,
starting from a grid of horizontal and vertical lines, and adding two series of
diagonal lines, in such a way that the resolution of the logarithmic bundle
remains under control.

2.1. Starting from the grid. — Let us start by defining the lines:

X; ={z =iz}, Y, ={y =iz}, H, ={z=0}.
The grid arrangement consists of the line at infinity and k 4 25 + 1 “parallel”
lines X; and Y;:

k+j k+3j

o=HoU | J (X;UYy) ={z [] (= —iz)(y —iz) = 0}.

i=—j i=—j
It is well-known (or we may apply [7, Proposition 3.3] to show) that @ is free
and we have Ty, ~ Opz(—k — 2j — 1)2.

Grid arrangement @y for j =2, k= 1.

We will now add diagonal lines. For i = —j,... .,k + 7+ 1 we let:
H ={y+z=(k—i+1)z}.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE
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3 3 3 3

2 2 2 2

I 1 I 1

of INZ2[ 3 ONCINZ] 3 ONCING2[ 3 ONCINZ[ 3
G o s G

Nested arrangements &, for j = 2, k = 1.

2.2. Adding diagonal inner lines. — Now we add the diagonal inner lines,
namely the lines H; of &, for i = 1,...,k + 7 + 1. In other words, starting
from the grid, we add diagonal lines lying k integral steps above the origin and
proceed downwards, in such a way that the total number of triple points along
each new line is constant. Indeed, the decreasing number of affine triple points
on H; is compensated by the increasing multiplicity at infinity.

Now define, the nested arrangements @y C ©%; C -+ C Ggyj4+1 as follows:

G, = GyUH, U---UH,.
Fori=1,...,k+j+ 1, we compute
|Gi| =1 — (G U{Hiz1 )"+ | = k+2j + 1.

In other words, tg, m,,, = k+ 2j + 1 by Lemma 1. Hence by Proposition 1

there is an exact sequence:
(3) 0 — Ty, — Ty, — On,,y (=k—2j — 1) — 0.
Fori=1,...,k+j+1, let:
F; =Ty, (k+2j+1).
Then ¢; (F;) =i — 2 and it is easy to check that:
F1 ~ Op2 @ Op2(-1), Fy ~ 0% and F3 ~ Tp2(—1).

The sequence of F; constructed in this way corresponds to the “extension
step” explained in §1.2. Indeed, using that EV ~ E(—c;(F)) for a rank-2 bundle
E, the dual exact sequence of (3) gives the following extension for 2 < i < k+j:

0 — F,— Fip1 — @Hi+1 — 0.
Then, for 2 < i < k+ j, by §1.2.2 the line H;;; is unstable for F; 1, and F;14

is a Steiner bundle with resolution:

0— @Pz(—l)i_l — @];_1 — Fiy1 — 0.
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2.3. Diagonal outer lines. — Now we add the remaining diagonal lines of %,
which we call “outer”. We start from Hj (i.e., the line lying right above H;)
and go upwards, i.e. we add H_q,...,H;_;. In other words, for i = 1,...,7,
we define the nested arrangements:

%i = ﬁk+j+1 UHoU---UH_;.
Therefore % = $B;. We fix the following notation:

EO = Fk+j+1 = Tﬁk+;’+1 (2]{,‘ + 3j + 1) and Ez = T%i (2]€ —|— 3] —|— 1)

3 3

2 2

1 1

0 1 2 3 0 1 2 3
By By =

Arrangements B; for j = 2, k = 1.

Fori=1,...,7, it is easy to compute tg, i, , = 2k+3j+1. By Theorem 3,
we have thus the exact sequences:

0—F, —E;_y— Oy,_, —0.

The line H;_; is then unstable for E;_;. So the “reduction step” recalled in
§1.2.1, implies that E; is a Steiner bundle, for ¢ = 1,..., 7, with resolution of
the form:

0— OE7 17 (-1) — Ok — B, —0.

The case i = j completes the proof of Theorem 1. O

REMARK 3. — If we extend the definition of H;_; and $; to the range i =
J+1,...,k+j — 2, the equality tg, g, , = 2k + 3j + 1 remains valid. Ap-
plying repeatedly the reduction step §1.2.1, we get Eji;_o ~ Tp2(—1). Also,
W (Eg+j—3) is a smooth conic C C P2. Also, we will see that Eiyj_4 has ex-
actly six jumping lines, and that only five of them lie on C. We will use these
supplementary bundles in the next section.
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756 T. ABE, D. FAENZI & J. VALLES

3. Unstable lines of the logarithmic bundle

Let us fix again the notation as in the introduction:
G- ﬁ&:j’k-‘_ﬂ-
2

We have just verified that Ty is a Steiner bundle. We can now investigate its
splitting type in more detail. The following is known, see [12] for example.

PROPOSITION 2. — The splitting type of G at infinity is:
Ta(2k +3j + Dla. = On (1551]) ® O (155H)).

In other words, the splitting type of Ty onto H, is generic. Now let us look
for jumping lines of Ty. Recall that ¢;(Ty(2k + 1+ 35)) = k — 1. Then a line
L C P? is a jumping line of Ty if and only if:

HO(P? Ty(2k + 35 +1—s)|1) # 0, for 2s > k + 1,
or equivalently, by Serre duality, if and only if:
HY (P2, Ty(k + 35 + s)|1) # 0, for 25 > k + 1.
The jumping lines are unstable lines when s = k — 1.
PROPOSITION 3. — Let 0 < 2s < k—1 and let H be one of the following lines:

lines of G: Xkt j—ss Yitj—s Hiyjyi-s,

lines outside G: X _(j+s+1)s Y_(jt+s+1) H_(j1s)-
Then Tg(2k +3j +1)|g ~ Ok —1—3) ® Og(s).

Proof. — Let us prove the statement for the lines of &. It is easy to check that
tg,m =k +3j + 1+ s. Hence applying Theorem 3, part (i), we know that:

(4) Tolpg ~ Ou(—2k—3j—14+35) D Ou(—k—3j—2—35).
Let us check the lines outside #. It is easy to see that tgu(g), g = 2k + 35 +
1 — s. Hence applying Theorem 3, part (ii), we get again (4). O
COROLLARY 2. — Let k > 0 and s > 0 be integers. Then the set of jumping
lines of order kK + s — j of Ty contains:
X2K+S7 Y2N+Sy Hk+s+17
X(—2j+s+1)a )/(—2j+s+1)7 HkJrszanj-

In particular, the following lines are unstable for Ty:

Xk‘+j7 Yk:+j7 Hk+j+17
X+ Y_(+), H;.
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REMARK 4. — These lines do not cover the whole set of jumping lines of any
given order, even when the first Chern class is odd (in which case some of these
sets are presumably finite). These lines are determined by the arrangement, but
it seems very difficult to determine all of them. We comment on this shortly in
one example, see §4.

Proof of Theorem 2. — In order to prove Theorem 2, we have to show that
the six lines appearing in Corollary 2 are tangent to C; for £ = 3 and that
these six lines form the set of all unstable lines of Ty for k > 4. The first fact
is clear from the picture. To prove the second one, we will use the step-by-step
construction like in the proof of Theorem 1 whereby keeping the same notation.
Recall that H;,; is an unstable line for the Steiner bundle F;;;. Now com-
puting the number of triple points and using Theorem 3 we can see that the
following 5 lines are also unstable for F;q:
(5) Xk+j>  Yetj,  Ho,
X—(+1), Y=(+1)-

Let us call Cj ; the conic tangent to these last 5 lines. The line Hy is tangent
to Ck,;, indeed W(Fy) consist of all lines tangent to Cj ;. Since Hj is parallel
both to H4 and Hy, it is not tangent to Cj ;. Then, W (F5) consists of the 5
lines of (5), plus Hs. In other words:
W(F5) \ {Hs} C W(Fiy1).
Applying the procedure of §1.2.2 repeatedly, we see that:
W(Fip1) \{His1} C W(F),

fori =5,...,k+j. Using Proposition 3, we see that the line H; is not unstable
for F;;1. Then we have more precisely, for i =5,...,k + j,

W(Fip1) \{Hi+1} C W(F;) \ {H:}-

The line Hy ;11 is of course not unstable for F5. Then putting all these inclu-
sions together, we find:

W(Fs)\{Hs} C W (Fryj41) \{Hryj1} C W(F5)\ {Hs}.

We have thus proved:

W (Frtj+1) = {Hrrjr1} UW(F5) \ {Hs}.

Now we consider the “outer” construction. Computing the number of triple
points and using Theorem 3 we can see that H_; and the following 5 lines are
unstable for E; = Ty, (2k + 35 + 1):

Xetir Yeri  Hegjtrs
(6)
X—(+1) Y=t
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This happens for s = 1,...,j, but also fori = j+1,...,k 4+ j — 2, as it was
observed in Remark 3. Let us call I'y ; the conic tangent to these last 5 lines.
The line H_j_ ;3 is tangent to I'y ;, as W (Ej4,_3) consists of all lines tangent
to I'y ;. Since H_j_j44 is parallel both to H_;_;43 and Hy, it is not tangent
to 'y ;. Therefore, W(Ej;_4) consists of the 5 lines of (6), and of the extra
line H—k—j+4~

In other words:

W (Ek+j-1) \ {H-k—jt+4} C W(E}).

Applying the procedure of §1.2.2 repeatedly, we see that:
W(E)\{H-i} C W(Ei11),

fori=1,...,k+ j — 4. Using Proposition 3, we see that the line H_;_; is not
unstable for F;. Then we have more precisely, for i =1,..., k+j — 4,

W(E)\{H-i} CW(Eit1) \ {H i1}

The line H_; is of course not unstable for Er ;4. Then putting all these
inclusions together, we find:

W (Ektj—a) \{H-p—j4a} C W(E;) \{H_;} C W (Eryj—s) \{H-p—jr4}-

This proves:
W(E;) ={H_;} UW (Ertj—1) \ {H-r—j+a}-

The proof of the theorem is now complete. O

Proof of Corollary 1. — When k = 0,1,2, the isomorphism (1) is shown in
[14] and [1]. Assume that k£ > 3. Then Theorem 2 shows that the unstable lines
vary when j varies, which completes the proof. O]

4. Experimental results

We outline here some experimental results concerning logarithmic bundles
associated with root systems of type A,,. First, we give a first estimate on the
behaviour of the set of jumping lines for m = 2. Then, we provide a counter-
example to the dual shift isomorphism in case m = 3.
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4.1. Jumping lines. — An interesting question is to determine the set of all

jumping lines of Ty when & = ﬁ[;zj 431 and not only the unstable ones. The

first open case is j = 0 and k = 6, so that the arrangement & consists of 22
lines, and Ty has the resolution:
0 — Op2(—1)% — Oz — T(13) — 0.
The set S(Ty) of jumping lines is the support in P? of the cokernel of a map:
(Sym®(Q2(1)))° — (1)

Combining with the Euler sequence and taking syzygies, S(Ty) is seen to be
the locus cut by the 8 x 8 minors of a matrix of the form:

@%2 (—1) - @%2 .

We may determine this matrix (defined over Q) explicitly with Macaulay2, and
find that that S(Ty) has length 36. It contains 6 triple points, one for each
unstable line, and 6 smooth points corresponding to the 6 jumping lines of
Corollary 2. Moreover it contains 12 (smooth) points with irrational coordinates
which are a complete intersection of a quartic and a cubic. These curves both
have rational (or integral) coefficients, and can also be determined explicitly.
For instance the cubic is:

622° — 9022y — 90zy? + 62y° + 222 — 1092yz + y2z — 18x2% — 18y2z2 — 32°.
4.2. Failure of dual shift isomorphism. — In P™ with m > 3 the notion of
unstable line for a Steiner sheaf E lying in:
0= Opm(=1) > 055™ S E 50
is replaced by the idea of unstable hyperplane, namely H is so if:
H™Y(H, Bl (~m)) # 0.
Let @ = ﬁggfl. With Macaulay2 we get the resolution:
0 — Ops(—8)* — Ops(—7)5 — Ty — 0,

and check that TV = T\ﬁ/(—12) has the same Betti numbers of Ty, i.e. 6 gener-
ators of degree 7 and 3 linear syzygies. This confirms Conjecture 1.

The sets of unstable planes of E = T¢(7) and E' = T'(7) are computed as
loci cut by maximal minors, respectively, of matrices N and N':

N,N': Ops(—1)'8 = 0.

Macaulay2 here says that, although both N and N’ have a cokernel of length 7
consisting of 7 smooth points (so that E and E’ both have 7 unstable distinct
planes), the underlying sets of planes are different, actually only 4 planes are
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common to these sets. So E and E’ cannot be isomorphic. This shows that the
dual shift isomorphism (2) does not take place in general.

Note that, for instance for & = A4, one can choose k and j in such a way
that Ty and T3 (—n(k+2j+1)) do not even have the same number of unstable
hyperplanes.
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