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MULTI-MICROLOCALIZATION AND MICROSUPPORT

by Naofumi Honda, Luca Prelli & Susumu Yamazaki

Abstract. — The purpose of this paper is to establish the foundations of multi-
microlocalization, in particular, to give the fiber formula for the multi-microlocalization
functor and estimate of microsupport of a multi-microlocalized object. We also give
some applications of these results.

Résumé (Multi-microlocalisation et microsupport). — Le but de cet article est d’éta-
blir les fondements de la multi-microlocalisation, en particulier, de donner une formule
de fibre pour le foncteur de multi-microlocalisation et aussi une estimation du micro-
support d’un objet multi-microlocalisé. Nous donnons également quelques applications
de ces résultats.
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570 N. HONDA, L. PRELLI & S. YAMAZAKI

Introduction

A microlocalized object of a sheaf F along a closed submanifold M was
first introduced in M. Sato, T. Kawai and M. Kashiwara [9], which is locally
described by, roughly speaking, local cohomology groups of F with support in
a dual cone of the edge M (see also M. Kashiwara and P. Schapira [4]). As a
result it can be tightly related with, via Čech cohomology groups, boundary
values of local sections of F defined on open cones of the edge M . It is well
known that, for example, Sato’s microfunctions, which are obtained by applying
the microlocalization functor along a real analytic manifold M to the sheaf of
holomorphic functions, can be regarded as boundary values of holomorphic
functions locally defined on wedges with the edge M .

We sometimes, in study of partial differential equations, need to consider a
boundary value of a function defined on a cone along a family χ of several closed
submanifolds. In such a study, J. M. Delort [1] had introduced simultaneous
microlocalization along a normal crossing divisor χ which gives a boundary
value of a function defined on a dual poly-sector. Bi-microlocalization along
submanifolds χ “ tM1, M2u withM1 ĂM2 was also introduced by P. Schapira
and K. Takeuchi [10] and [11] which defines a different kind of a boundary value.

On the other hand, in the paper [3], the first and the second authors of
this article established the notion of the multi-normal cone for a family χ of
closed submanifolds with a suitable configuration, and they also constructed
the multi-specialization functor along χ. One can observe that cones appearing
in simultaneous microlocalization and bi-microlocalization are characterized by
using the multi-normal cone and that both microlocalization functors coincide
with the multi-microlocalization functor along χ where the latter functor is
obtained by repeated application of Sato’s Fourier transformation to the multi-
specialization functor. Hence multi-microlocalization gives us a uniform ma-
chinery for both simultaneous microlocalization and bi-microlocalization. The
purpose of this paper is to establish the foundations of multi-microlocalization,
in particular, to give the fiber formula for the multi-microlocalization func-
tor and estimate of microsupport of a multi-microlocalized object. We briefly
explain, in what follows, these two important results and their meanings.

The most fundamental question for the multi-microlocalization functor µχ
along closed submanifolds χ “ tM1, . . . ,M`u is a shape of a cone on which
a boundary value given by µχ is defined. The fiber formula gives us an ex-
plicit answer: A germ of HkpµχpF qq is isomorphic to local cohomology groups
lim
ÝÑ
G

Hk
GpF q where G is a vector sum of closed cones Gi’s and each Gi is defined

in the similar way as that in the fiber formula of the usual microlocalization
functor along Mi. Therefore the multi-microlocalization functor can be under-
stood as a natural extension of the usual microlocalization functor. Once we
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MULTI-MICROLOCALIZATION AND MICROSUPPORT 571

have grasped a geometrical aspect of multi-microlocalization, then the next
fundamental problem to be considered is estimate of microsupport of µχpF q by
that of F , for which the answer is quite simple and beautiful: The microsupport
SSpµχpF qq is contained in the multi-normal cone of SSpF q along χ˚. Here χ˚

is a family of Lagrangian submanifolds tT˚M1
X, . . . , T˚M`

Xu. This shows, in par-
ticular, soundness of our framework in the sense that the sharp estimate can
be achieved by a geometrical tool (the multi-normal cone) already prepared in
our framework. These two results have many applications, and some of them
will be given in the last section of this paper.

The paper is organized as follows: We briefly recall, in Section 1, the theory of
the multi-specialization developed in [3]. Then, in Section 2, we define the multi-
microlocalization functor by repeatedly applying Sato’s Fourier transformation
to the multi-specialization functor. After showing several basic properties of
the functor, we establish a fiber formula which explicitly describes a stalk of a
multi-microlocalized object. In Section 3, after some geometrical preparations,
we give an estimate of microsupport of a microlocalized object, that is our main
result. Several applications of this result to D-modules are studied in Section 4.

1. Multi-specialization: a review

In this section we recall some results of [3]. We first fix some notations,
then we recall the notion of multi-normal deformation and the definition of the
functor of multi-specialization with some basic properties.

1.1. Notations. — Let X be a real analytic manifold with dimX “ n, and
let χ “ tM1, . . . ,M`u be a family of closed submanifolds inX (` ě 1). Through-
out the paper all the manifolds are always assumed to be countable at infinity.

We set, for N P χ and p P N ,

NRppNq :“ tMj P χ; p PMj , N ĘMj and Mj Ę Nu.

Let us consider the following conditions for χ.

H1 Each Mj P χ is connected and the submanifolds are mutually distinct,
i.e., Mj ‰Mj1 for j ‰ j1.

H2 For any N P χ and p P N with NRppNq ‰ H, we have

(1.1)

¨

˝

č

MjPNRppNq

TpMj

˛

‚` TpN “ TpX.

Note that, if χ satisfies the condition H2, the configuration of two submanifolds
must be either 1. or 2. below.
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572 N. HONDA, L. PRELLI & S. YAMAZAKI

1. Both submanifolds intersect transversely.
2. One of them contains the other.

If χ satisfies the condition H2, then for any p P X, there exist a neighborhood
V of p in X, a system of local coordinates px1, . . . , xnq in V and a family of
subsets tIju`j“1 of the set t1, 2, . . . , nu for which the following conditions hold.

1. Either Ik Ă Ij , Ij Ă Ik or Ik X Ij “ H holds pk, j P t1, 2, . . . , `uq.
2. A submanifold Mj P χ with p P Mj pj “ 1, 2, . . . , `q is defined by
txi “ 0; i P Iju in V .

We set, for N P χ,

(1.2) ιχpNq :“
č

NŠMj

Mj .

Here ιχpNq :“ X for convention if there exists no j with N ŠMj . When there
is no risk of confusion, we write for short ιpNq instead of ιχpNq. We also assume
the condition H3 below for simplicity.

H3 Mj ‰ ιpMjq for any j P t1, 2, . . . , `u.

In local coordinates let I1, . . . , I` Ď t1, . . . , nu such that Mi “ txk “ 0 ; k P

Iiu. Note that the family χ satisfies the conditions H1, H2 and H3 if and only
if I1, . . . , I` satisfy the corresponding conditions

(1.3)

(i) either Ij Ř Ik, Ik Ř Ij or Ij X Ik “ H holds for any j ‰ k,

(ii)

¨

˝

ď

IkŘIj

Ik

˛

‚Ř Ij for any j.

Hence, for any j P t1, 2, . . . , `u, the set

(1.4) Îj :“ Ijz

¨

˝

ď

IkŠIj

Ik

˛

‚

is not empty by the condition H3. Further it follows from the conditions H1,
H2 and H3 that, for each j P t1, . . . , `u, there exist unique j1, . . . , jp P t1, . . . , `u
such that

Ij “ Îj1 \ ¨ ¨ ¨ \ Îjp

and Ik Ď Ij for all k P tj1, . . . , jpu (equality holds only if k “ j). In particular

(1.5)
ď

1ďjď`

Ij “ Î1 \ ¨ ¨ ¨ \ Î`.

Set, for i P t1, . . . , nu

(1.6) Ji “ tj P t1, . . . , `u ; i P Iju.
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MULTI-MICROLOCALIZATION AND MICROSUPPORT 573

It follows from the proof of Proposition 1.3 of [3] that

(1.7) Jα “ Jβ ô α, β P Îj

for some j P t1, . . . , `u.

Lemma 1.1. — Let Ii Ě Ij. Then for each α P Îi and β P Îj we have Jα Ď Jβ.

Proof. — Let α P Îi and β P Îj . By definition of Îi and condition H2 we have

k P Jα ô Ik Ě Ii.

Since Ii Ě Ij we have
Ik Ě Ij ô k P Jβ .

Then Jα Ď Jβ .

Thanks to the previous result we can introduce the following notation. Set
for convenience

(1.8) I0 “ Î0 :“ t1, . . . , nuz
ď̀

j“1

Ij .

Then, in local coordinates, we can write the coordinates px1, . . . , xnq by

(1.9) pxp0q, xp1q, . . . , xp`qq,

where xpjq denotes the coordinates pxiqiPÎj (j “ 0, . . . , `). By taking (1.7) into
account, we can also define, for j P t0, 1, . . . , `u

(1.10) Ĵj “ tk P t1, . . . , `u ; Îj Ď Iku “ tk P t1, . . . , `u ; Ij Ď Iku.

Note that, with this notation, we have Ĵ0 “ H. Moreover, by (1.7) we have
Jα “ Jβ “ Ĵj for each j P t1, . . . , `u and each α, β P Îj . In particular, by
Lemma 1.1

(1.11) Ii Ď Ij ñ Ĵj Ď Ĵi.

1.2. Multi-normal deformation. — In [3] the notion of multi-normal deforma-
tion was introduced. Here we consider a slight generalization where we re-
place the condition H2 with the weaker one. Let χ “ tM1, . . . ,M`u be a fam-
ily of closed submanifolds of X. We say that χ is simultaneously linearizable
onM “M1X¨ ¨ ¨XM` if for every x PM there exist a neighborhood V of x and a
system of local coordinates px1, . . . , xnq there for which we can find subsets Ij ’s
of t1, . . . , nu such that eachMjXV is defined by equations xi “ 0 (i P Ij). Note
that if χ satisfies the condition H2, then it is simultaneously linearizable. Now,
through the section, we assume that χ is simultaneously linearizable on M .

First recall the classical construction of [4] of the normal deformation of X
along M1. We denote it by rXM1

and we denote by t1 P R the deformation

BULLETIN DE LA SOCIÉTÉ MATHÉMATIQUE DE FRANCE



574 N. HONDA, L. PRELLI & S. YAMAZAKI

parameter. Let ΩM1 “ tt1 ą 0u and let us identify s´1p0q with TM1X. We have
the commutative diagram

(1.12) TM1
X

sM1 //

τM1

��

rXM1

pM1

��

ΩM1

iΩM1oo

rpM1||
M

iM1 // X.

Set rΩM1 “ tpx; t1q ; t1 ‰ 0u and define

ĂM2 :“ ppM1 |rΩM1
q´1M2.

Then ĂM2 is a closed smooth submanifold of rXM1
.

Remark 1.2. — One cannot expect the smoothness of ĂM2 without the simul-
taneously linearizable condition. For example, let X “ R2 with px1, x2q and
let M1 “ tx1 “ 0u, M2 “ tx1 ´ x2

2 “ 0u. Then in rXM1 with coordinates
px1, x2; t1q we have

ĂM2 :“ tt1x1 ´ x2
2 “ 0, t1 ‰ 0u “ tt1x1 ´ x

2
2 “ 0u

which is singular at p0, 0; 0q.

Now we can define the normal deformation along M1,M2 as
rXM1,M2 :“ p rXM1q

„
ĂM2
.

Then we can define recursively the normal deformation along χ as
rX “ rXM1,...,M`

:“ p rXM1,...,M`´1
q„
ĂM`
.

Set Sχ “ tt1, . . . , t` “ 0u, M “
Ş`
i“1Mi and Ωχ “ tt1, . . . , t` ą 0u. Then we

have the commutative diagram

(1.13) Sχ
s //

τ

��

rX

p

��

Ωχ
iΩoo

rp~~
M

iM // X.

Let us consider the diagram (1.13). In local coordinates let I1, . . . , I` Ď
t1, . . . , nu such that Mi “ txk “ 0 ; k P Iiu. For j P t0, . . . , `u set

Ĵj “ tk P t1, . . . , `u ; Îj Ď Iku, tĴj “
ź

kPĴj

tk,

where t1, . . . , t` P R and tĴ0
“ 1. Then p : rX Ñ X is defined by

pxp0q, xp1q . . . , xp`q; t1, . . . , t`q ÞÑ ptĴ0
xp0q, tĴ1

xp1q, . . . , tĴ`x
p`qq.
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MULTI-MICROLOCALIZATION AND MICROSUPPORT 575

Definition 1.3. — Let Z be a subset of X. The multi-normal cone to Z along
χ is the set CχpZq “ rp´1pZq X Sχ.

Lemma 1.4. — Let p “ ppp0q, pp1q, . . . , pp`q; 0, . . . , 0q P Sχ and let Z Ă X. The
following conditions are equivalent:

1. p P CχpZq.
2. There exist sequences tpc1,m, . . . , c`,mqu Ă pR`q`

and tpqp0qm , q
p1q
m , . . . , q

p`q
m qu Ă Z such that qpjqm cĴj Ñ ppjq, j “ 0, 1, . . . , `

and cm,j Ñ `8, j “ 1, . . . , `.

Proof. — Let us prove 1. ñ 2. Since p P rp´1pZq X Sχ there exist sequences
tpp

p0q
m , p

p1q
m , . . . , p

p`q
m qu Ă Z, tpt1,m, . . . , t`,mqu Ă pR`q` such that
$

’

&

’

%

tj,m Ñ 0, j “ 1, . . . , `,
pp
p0q
m , p

p1q
m , . . . , p

p`q
m q Ñ ppp0q, pp1q, . . . , pp`qq,

ppp0q, pp1qtĴ1,m
, . . . , pp`qtĴ`,mq P Z.

Set t´1
j,m “ cj,m, j “ 1, . . . , ` and p

pjq
m tĴj ,m “ q

pjq
m , j “ 0, 1, . . . , `. Then we

have tpqp0qm , q
p1q
m , . . . , q

p`q
m qu Ă Z, qpjqm cĴj Ñ ppjq, j “ 0, 1, . . . , ` and cm,j Ñ `8,

j “ 1, . . . , `.

Let us prove 2.ñ 1. Suppose that there exist sequences tpc1,m, . . . , c`,mqu Ă
pR`q` and tpqp0qm , q

p1q
m , . . . , q

p`q
m qu Ă Z such that qpjqm cĴj Ñ ppjq, j “ 0, 1, . . . , ` and

cm,j Ñ `8, j “ 1, . . . , `. Define ppjqm “ q
pjq
m cĴj , j “ 0, 1, . . . , ` and tj,m “ c´1

m,j .
Then clearly

$

’

&

’

%

tj,m Ñ 0, j “ 1, . . . , `,
pp
p0q
m , p

p1q
m , . . . , p

p`q
m q Ñ ppp0q, pp1q, . . . , pp`qq,

ppp0q, pp1qtĴ1,m
, . . . , pp`qtĴ`,mq P Z.

So p P CχpZq.

Let us consider the canonical map TMj
ιpMjq Ñ Mj ãÑ X, j “ 1, . . . , `, we

write for short

ˆ
X,1ďjď`

TMj
ιpMjq :“ TM1

ιpM1q ˆ
X
TM2

ιpM2q ˆ
X
¨ ¨ ¨ ˆ

X
TM`

ιpM`q.

When χ satisfies the conditions H1, H2 and H3 we have

(1.14) Sχ » ˆ
X,1ďjď`

TMj
ιpMjq.
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576 N. HONDA, L. PRELLI & S. YAMAZAKI

Remark 1.5. — When χ satisfies conditions H1, H2 and H3, the zero-section
Sχ becomes a vector bundle over M . However, in general, the simultaneously
linearizable condition is not enough to assure the existence of a vector bundle
structure on Sχ. The important exceptional case where χ does not satisfy H2
but Sχ has a vector bundle structure, the case of the family χ˚ in T˚X, will
be studied in § 3.1.

Example 1.6. — Let us see two typical examples of multi-normal deforma-
tions in the complex case. Let X “ C2 (» R4 as a real manifold) with coordi-
nates pz1, z2q.

1. (Majima) Let χ “ tM1,M2u with M1 “ tz1 “ 0u and M2 “ tz2 “ 0u.
Then χ satisfies H1, H2 and H3. We have I1 “ t1u, I2 “ t2u, J1 “ t1u,
J2 “ t2u (in R4, if z1 “ px1, x2q and z2 “ px3, x4q we have I1 “ t1, 2u,
I2 “ t3, 4u, J1 “ J2 “ t1u, J3 “ J4 “ t2u). The map p : rX Ñ X is
defined by

pz1, z2; t1, t2q ÞÑ pt1z1, t2z2q.

Remark that the deformation is real though X is complex. In particular
t1, t2 P R. We have ιpM1q “ ιpM2q “ X and then the zero section S of rX

is isomorphic to TM1
X ˆ

X
TM2

X.

2. (Takeuchi) Let χ “ tM1,M2u with M1 “ t0u and M2 “ tz2 “ 0u. Then
χ satisfies H1, H2 and H3. We have I1 “ t1, 2u, I2 “ t2u, J1 “ t1u, J2 “

t1, 2u (in R4, if z1 “ px1, x2q and z2 “ px3, x4q we have I1 “ t1, 2, 3, 4u,
I2 “ t3, 4u, J1 “ J2 “ t1u, J3 “ J4 “ t1, 2u). The map p : rX Ñ X is
defined by

pz1, z2; t1, t2q ÞÑ pt1z1, t1t2z2q.

We have ιpM1q “ M2, ιpM2q “ X and then the zero section S of rX is
isomorphic to TM1M2 ˆ

X
TM2X.

Example 1.7. — Let us see three typical examples of multi-normal deforma-
tions in the real case. Let X “ R3 with coordinates px1, x2, x3q.

1. (Majima) Let χ “ tM1,M2,M3u with M1 “ tx1 “ 0u, M2 “ tx2 “ 0u

and M3 “ tx3 “ 0u. Then χ satisfies H1, H2 and H3. We have I1 “ t1u,
I2 “ t2u, I3 “ t3u, J1 “ t1u, J2 “ t2u, J3 “ t3u. The map p : rX Ñ X is
defined by

px1, x2, x3; t1, t2, t3q ÞÑ pt1x1, t2x2, t3x3q.

We have ιpM1q “ ιpM2q “ ιpM3q “ X and then the zero section S of rX

is isomorphic to TM1X ˆ
X
TM2X ˆ

X
TM3X.
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2. (Takeuchi) Let χ “ tM1,M2,M3u with M1 “ t0u, M2 “ tx2 “ x3 “ 0u

and M3 “ tx3 “ 0u. Then χ satisfies H1, H2 and H3. We have I1 “
t1, 2, 3u, I2 “ t2, 3u, I3 “ t3u, J1 “ t1u, J2 “ t1, 2u, J3 “ t1, 2, 3u. The
map p : rX Ñ X is defined by

px1, x2, x3; t1, t2, t3q ÞÑ pt1x1, t1t2x2, t1t2t3x3q.

We have ιpM1q “M2, ιpM2q “M3, ιpM3q “ X and then the zero section
S of rX is isomorphic to TM1M2 ˆ

X
TM2M3 ˆ

X
TM3X.

3. (Mixed) Let χ “ tM1,M2,M3u with M1 “ t0u, M2 “ tx2 “ 0u and
M3 “ tx3 “ 0u. Then χ satisfies H1, H2 and H3. We have I1 “ t1, 2, 3u,
I2 “ t2u, I3 “ t3u, J1 “ t1u, J2 “ t1, 2u, J3 “ t1, 3u. The map p : rX Ñ X

is defined by

px1, x2, x3; t1, t2, t3q ÞÑ pt1x1, t1t2x2, t1t3x3q.

We have ιpM1q “M2XM3, ιpM2q “ ιpM3q “ X and then the zero section
S is isomorphic to TM1

pM2 XM3q ˆ
X
TM2

X ˆ
X
TM3

X.

Let q P
Ş

1ďjď`

Mj and pj “ pq; ξjq be a point in TMj
ιpMjq (j “ 1, 2, . . . , `). We

set p “ p1 ˆ
X
. . . ˆ

X
p` P ˆ

X,1ďjď`
TMj ιpMjq, and p̃j “ pq; ξ̃jq P TMjX denotes

the image of the point pj by the canonical embedding TMj
ιpMjq ãÑ TMj

X.
We denote by Coneχ,jppq (j “ 1, 2, . . . , `) the set of open conic cones
in pTMj

Xqq » Rn´dimMj that contain the point ξ̃j P pTMj
Xqq » Rn´dimMj .

Definition 1.8. — We say that an open set G Ă pTXqq is a multi-cone along

χ with direction to p P
ˆ

ˆ
X,1ďjď`

TMj ιpMjq

˙

q

if G is written in the form

G “
č

1ďjď`

π´1
j, qpGjq Gj P Coneχ,jppq

where πj, q : pTXqq Ñ pTMjXqq is the canonical projection. We denote
by Coneχppq the set of multi-cones along χ with direction to p.

For any q P X, there exists an isomorphism ψ : X » pTXqq near q and
ψpqq “ pq; 0q that satisfies ψpMjq “ pTMjqq for any j “ 1, . . . , `.

Let Z be a subset of X. When χ satisfies H1, H2 and H3 we also have the
following equivalence: p R CχpZq if and only if there exist an open subset ψpqq P
U Ă pTXqq and a multi-cone G P Coneχpψ˚ppqq such that ψpZq XGX U “ H
holds.
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Example 1.9. — We now give two examples of multi-cones in the complex
case. Let X “ C2 with coordinates pz1, z2q.

1. (Majima) Let M1 “ tz1 “ 0u and M2 “ tz2 “ 0u. Then Coneχppq

for p “ p0, 0; 1, 1q is nothing but the set of multi sectors along M1 YM2

with their direction to p1, 1q.
2. (Takeuchi) Let M1 “ t0u and M2 “ tz2 “ 0u. For p “ p0, 0; 1, 1q P

TM1
M2 ˆ

X
TM2

X, it is easy to see that a cofinal set of Coneχppq is, for

example, given by the family of the sets

tpη1, η2q; |η1| ă ε|η2|, η2 P SuSQ1,εą0,

where S is a sector in C containing the direction 1.

Example 1.10. — We now give three examples of multi-cones in the real case.
Let X “ R3 with coordinates px1, x2, x3q.

1. (Majima) Let M1 “ tx1 “ 0u, M2 “ tx2 “ 0u and M3 “ tx3 “ 0u.
For p “ p0, 0, 0; 1, 1, 1q P TM1

X ˆ
X
TM2

X ˆ
X
TM3

X, it is easy to see that

Coneχppq “ tpR`q3u.
2. (Takeuchi) Let M1 “ t0u, M2 “ tx2 “ x3 “ 0u and M3 “ tx3 “ 0u.

For p “ p0, 0, 0; 1, 1, 1q P TM1
M2 ˆ

X
TM2

M3 ˆ
X
TM3

X, it is easy to see that

a cofinal set of Coneχppq is, for example, given by the family of the sets

tpξ1, ξ2, ξ3q; |ξ2| ` |ξ3| ă εξ1, |ξ3| ă εξ2, ξ3 ą 0uεą0.

3. (Mixed) Let M1 “ t0u, M2 “ tx2 “ 0u and M3 “ tx3 “ 0u. For p “
p0, 0, 0; 1, 1, 1q P TM1

pM2XM3qˆ
X
TM2

Xˆ
X
TM3

X, a cofinal set of Coneχppq

is, for example, given by the family of the sets

tpξ1, ξ2, ξ3q; |ξ2| ` |ξ3| ă εξ1, ξ2 ą 0, ξ3 ą 0uεą0.

This definition is also compatible with the restriction to a subfamily of χ.
Namely, let k ď ` and K “ tj1, . . . , jku be a subset of t1, 2, . . . , `u. Set χK “
tMj1 , . . . ,Mjku and SK :“ TMj1

ιχpMj1q ˆ
X
¨ ¨ ¨ ˆ

X
TMjk

ιχpMjkq ˆ
X
M . Let Z be a

subset of X. Then we have

CχpZq X SK “ CχK pZq X SK .

In the following we will denote with the same symbol CχK pZq the normal cone
with respect to χK and its inverse image via the map rX Ñ rXMj1

,...,Mjk
.
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1.3. Multi-specialization. — Let k be a field and denote by ModpkXsaq (resp.
DbpkXsaq) the category (resp. bounded derived category) of sheaves on the
subanalytic site Xsa. For the theory of sheaves on subanalytic sites we refer to
[5, 7]. For the theory of multi-specialization we refer to [3].
Let χ be a family of submanifolds satisfying H1, H2 and H3.

Definition 1.11. — The multi-specialization along χ is the functor

νsaχ : DbpkXsaq Ñ DbpkSχsaq,

F ÞÑ s´1RΓΩχp
´1F.

Remark 1.12. — We can give a description of the sections of the multi-
specialization of F P DbpkXsaq: let V be a conic subanalytic open subset of Sχ.
Then:

Hj
pV ; νsaMF q » lim

ÝÑ
U

Hj
pU ;F q,

where U ranges through the family of open subanalytic subsets of X such that
CχpXzUq X V “ H. Let p “ pq; ξq P ˆ

X,1ďjď`
TMj

ιpMjq, let Bε Ă pTXqq be an

open ball of radius ε ą 0 with its center at the origin and set

Coneχpp, εq :“ tGXBε; G P Coneχppqu.

Applying the functor ρ´1 : DbpkSχsaq Ñ DbpkSχq (see [7] for details) we can
calculate the fibers at p P ˆ

X,1ďjď`
TMj

ιpMjq which are given by

pρ´1Hjνsaχ F qp » lim
ÝÑ
W

Hj
pW ;F q,

where W ranges through the family Coneχpp, εq for ε ą 0.

On the other hand, under ordinary topologies, we can define the multi-
specialization functor

νχ : DbpkXq Ñ DbpkSχq,

F ÞÑ s´1RΓΩχp
´1F.

In the same way as the subanalytic case, for any p P ˆ
X,1ďjď`

TMj ιpMjq, we have

pHjνχF qp » lim
ÝÑ
W

Hj
pW ;F q,

where W ranges through the (not necessary subanalytic) family Coneχpp, εq

for ε ą 0.
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In general, for a morphism f : Y Ñ X between real analytic manifolds, we
have

Y
ρ
��

f // X
ρ
��

Ysa
f // Xsa.

Then for any G P DbpkXq we have

f ´1Rρ˚GÑ f ´1Rρ˚Rf˚f
´1G “ f ´1Rf˚Rρ˚f

´1GÑ Rρ˚f
´1G

(this is not an ismorphism in general). Thus, for any F P DbpkXq we have

ρ´1νsaχ pRρ˚F q “ ρ´1s´1RΓΩχpp
´1Rρ˚F q

“ ρ´1s´1R Hompρ˚kΩχ , p
´1Rρ˚F q

Ñ ρ´1s´1R HompRρ˚kΩχ , Rρ˚p
´1F q

“ ρ´1s´1Rρ˚R HompkΩχ , p
´1F q

Ñ ρ´1Rρ˚s
´1RΓΩχpp

´1F q

“ s´1RΓΩχpp
´1F q “ νχpF q.

Namely, we have a natural morphism ρ´1νsaχ pRρ˚F q Ñ νχpF q, and by the stalk
fomulae, this gives an isomorphism. Thus we may identify νχ with ρ´1νsaχ Rρ˚.
Therefore, if there is no risk of confusion, in the rest of the paper we will also
use the notation

νχ “ ρ´1νsaχ : DbpkXsaq Ñ DbpkSχq

under the identification DbpkXq Q F “ Rρ˚F P D
bpkXsaq.

2. Multi-microlocalization

In this section we introduce the functor of multi-microlocalization as the
Fourier-Sato transformation of multi-specialization. We then compute its stalks
as inductive limits of sections supported on convex subanalytic cones.

2.1. Definition. — Now we are going to apply the Fourier-Sato transformation
to the multi-specialization. We refer to [4] for the classical Fourier-Sato trans-
formation and to [8] for its generalization to subanalytic sheaves. First, we need
a general result: Let τi : Ei Ñ Z p1 ď i ď `q be vector bundles over Z, and
let E˚i be the dual bundle of Ei. We denote by ^i and _i the Fourier-Sato
and the inverse Fourier-Sato transformations on Ei respectively. Moreover we
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denote by ^˚i and _˚i the Fourier-Sato and the inverse Fourier-Sato transfor-
mations on E˚i respectively. Recall that

G^i “ pG_iqa b ωb´1
E˚i {Z

.

Here ω
E˚i {Z

is the dualizing complex and ωb´1
E˚i {Z

its dual. Set E :“ E1ˆ
Z
¨ ¨ ¨ˆ

Z
E`

and E˚ :“ E˚1 ˆ
Z
¨ ¨ ¨ ˆ

Z
E˚` for short. Let τ : E Ñ Z be the canonical projection.

Set P 1i :“ tpη, ξq P Ei ˆ
Z
E˚i ; xη, ξy ď 0u. Further set

P 1 :“ P 11 ˆ
Z
¨ ¨ ¨ ˆ

Z
P 1`, P` :“ E ˆ

Z
E˚zP 1,

and denote by p11 : P 1 Ñ E, p12 : P 1 Ñ E˚, and p`1 : P` Ñ Ei, p
`
2 : P` Ñ E˚ the

canonical projections respectively. Let F and G be a multi-conic object on E
and E˚ respectively. Then we set for short ^E (resp. _˚E) the composition
of the Fourier-Sato transformations ^i (resp. the composition of the inverse
Fourier-Sato transformations _˚i ) on Ei for each i P t1, . . . , `u.

Remark 2.1. — Let X, Y be two real analytic manifolds, and f : Y Ñ X a
real analytic mapping. We have a commutative diagram

Y
ρ
��

f // X
ρ
��

Ysa

f // Xsa

For subanalytic sheaves we can also define the functor of proper direct image
f!!, and its derived functor Rf!! . Note that Rf!! ˝Rρ˚ fi Rρ˚ ˝Rf! in general.
As in the notation above, let i : Z Ñ E be the zero-section embedding. Then
we have

Rτ!! ˝Rρ˚ “ i! ˝Rρ˚ “ Rρ˚ ˝ i
! “ Rρ˚ ˝Rτ! .

Hence in what follows, we identify Rτ!! with Rτ!.

Proposition 2.2. — Let F and G be multi-conic objects on E and E˚ respec-
tively.

p1q F^E and G_
˚
E are independent of the order of the Fourier-Sato trans-

formations ^i and the inverse Fourier-Sato transformations _˚i respectively.

p2q It follows that

G_
˚
E “ Rp11˚p

1 !
2 G.
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Proof. — (1) By induction on `, we may assume that ` “ 2. We have the
following commutative diagram:

P 1
p11

		

p12

((

p12,2

//

p11,1

��
˝

P 11ˆ
Z
E˚2

p11,2

//

p11,1

��

E˚

E E1ˆ
Z
P 12

p12,1

oo
p12,2

// E1ˆ
Z
E˚2 .

Then we have

G_
˚
1 _

˚
2 “ Rp12,1˚ p

1 !
2,2Rp

1
1,1˚ p

1 !
1,2G “ Rp12,1˚Rp

1
1,1˚ p

1 !
2,2 p

1 !
1,2G

“ Rp11˚p
1 !
2 G.

(2.1)

For the same reason, we obtain

G_
˚
1 _

˚
2 “ Rp11˚p

1 !
2 G “ G_

˚
2 _

˚
1 .

Therefore we have

^˚1^
˚
2 “ p_

˚
2_

˚
1 q
´1 “ p_˚1_

˚
2 q
´1 “ ^˚2 ^

˚
1 .

Replacing pE˚1 , E
˚
2 q with pE1, E2q, we obtain

^1^2 “ ^2 ^1 .

(2) For ` “ 2, the result follows by (2.1). Next, assume that ` ą 2. Set
E1 :“ ˆ

Z,2ďiď`
Ei, E1˚ :“ ˆ

Z,2ďiď`
E1˚i , P

1
E1 :“ ˆ

Z,2ďiď`
P 1i , and _˚E1 the composition

of _˚i ) for each i P t2, . . . , `u. We have the following commutative diagram:

P 1
p11

��

p12

((

p1
E1,2

//

p11,1

��
˝

P 11ˆ
Z
E1˚

p11,2

//

p11,1

��

E˚

E E1ˆ
Z
P 1E1

p1
E1,1

oo
p1
E1,2

// E1ˆ
Z
E1˚.

Then by induction hypothesis, we have

pG_
˚
1 q
_
˚

E1 “ Rp1E1,1˚ p
1 !
E1,2Rp

1
1,1˚ p

1 !
1,2G

“ Rp1E1,1˚Rp
1
1,1˚ p

1 !
E1,2 p

1 !
1,2G “ Rp11˚p

1 !
2 G.

Therefore, the induction proceeds.
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We shall need some notation. For a subset K “ ti1, . . . , iku Ď t1, . . . , `u, set
χK :“ tMi; i P Ku, Si :“ TMi

ιpMiq ˆ
X
M (j “ 1, . . . , `) and

SK :“ TMi1
ιpMi1q ˆ

X
¨ ¨ ¨ ˆ

X
TMik

ιpMikq “ Si1 ˆ
M
¨ ¨ ¨ ˆ

M
Sik .

Let S˚K be the dual of SK :

S˚K :“ T˚Mi1
ιpMi1q ˆ

X
¨ ¨ ¨ ˆ

X
T˚Mik

ιpMikq “ S˚i1 ˆ
M
¨ ¨ ¨ ˆ

M
S˚ik .

Given Cij Ď Sij , j “ 1, . . . , k, we set for short CK :“ Ci1 ˆ
X
¨ ¨ ¨ ˆ

X
Cik Ă SK .

Define ^K as the composition of the Fourier-Sato transformation ^ik on Sik
for each ik P K.

Let I, J Ď t1, . . . , `u be such that I \ J “ t1, . . . , `u. We still denote
by π : SI ˆ

M
S˚J ÑM the projection. We define the functor νsa

χIµ
sa
χJ by

νsa
χIµ

sa
χJ : DbpkXsa

q Q F ÞÑ νsa
χ pF q

^J P DbpkpSI ˆ
M
S˚J qsa

q.

By Proposition 2.2, this is well defined; that is, this definition does not depend
on the order of the Fourier-Sato transformations. Composing with the functor
ρ´1, we set for short

νχIµχJ :“ ρ´1νsa
χIµ

sa
χJ : DbpkXsaq Ñ DbpkSI ˆ

M
S˚J
q.

When I “ H we obtain the functor of multi-microlocalization: Set ^ :“

^t1,...,`u for short.

Definition 2.3. — The multi-microlocalization along χ is the functor

µsa
χ : DbpkXsa

q Q F ÞÑ νsa
χ pF q

^ P DbpkS˚χsa
q.

As above, we set for short

µχ :“ ρ´1µsa
χ : DbpkXsa

q Ñ DbpkS˚χ q.

2.2. Stalks. — Let X be a real analytic manifold and consider a family of
submanifolds χ “ tM1, . . . ,M`u satisfying H1, H2 and H3. Let S “ TM1

ιpM1qˆ
X

¨ ¨ ¨ ˆ
X
TM`

ιpM`q. Locally p P S is given by p “ p1 ˆ ¨ ¨ ¨ ˆ p` “ pq; ξ
p1q, . . . , ξp`qq,

with ξpkq P TMk
ιpMkq. Set M “

Ş`
j“1Mj . Let τj : TMj

ιpMjq ãÑ TMj
X denote

the canonical injection and let πj : S Ñ TMj ιpMjq be the canonical projection.

Lemma 2.4. — Let F P DbpkXsaq.
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(i) Let A be a multi-conic closed subanalytic subset of S. Then Hk
ApS; νsaχ F q »

lim
ÝÑ
Z,U

Hk
ZpU ;F q, where U ranges through the family of open subanalytic

neighborhoods of M and Z is a closed subanalytic subset such that
CχpZq Ă A.

(ii) Suppose that A “
Ş`
j“1 π

´1
j Aj with Aj being a closed conic subanalytic

subset in TMj ιpMjq ˆ
Mj

M . Then Hk
ApS; νsaχ F q » lim

ÝÑ
Z,U

Hk
ZpU ;F q, where U

ranges through the family of open subanalytic neighborhoods of M and
Z “ Z1 X ¨ ¨ ¨ X Z` with each Zj being a closed subanalytic subset in X

and CMj pZjq Ă pTMjXzτjpTMj ιpMjqzAjqq.

Proof. — (i) We have the exact sequence

¨ ¨ ¨ Ñ Hk
ApS; νsaχ pF qq Ñ Hk

pS; νsaχ F q Ñ Hk
pSzA; νsaχ F q Ñ ¨ ¨ ¨

We have Hk
pS; νsaχ F q » lim

ÝÑ
U

Hk
pU ;F q, where U ranges through the family of

subanalytic neighborhoods of M . Moreover

Hk
pSzA; νsaχ F q » lim

ÝÑ
W

Hk
pW ;F q,

where W P OppXsaq is such that CχpXzW q X pSzAq “ H. Setting Z “ XzW

we obtain
Hk
pSzA; νsaχ F q » lim

ÝÑ
U,Z

Hk
pUzZ;F q,

where U ranges through the family of subanalytic neighborhoods of M and Z
is closed subanalytic such that CχpZq Ă A. Then the result follows thanks to
the five lemma applied to the exact sequence

¨ ¨ ¨ Ñ lim
ÝÑ
U,Z

Hk
ZpU ;F q Ñ lim

ÝÑ
U

Hk
pU ;F q Ñ lim

ÝÑ
U,Z

Hk
pUzZ;F q Ñ ¨ ¨ ¨

where U ranges through the family of subanalytic neighborhoods of M and Z
is closed subanalytic such that CχpZq Ă A.

(ii) Let A “
Ş`
j“1 π

´1
j Aj with Aj Ă TMj

ιpMjq ˆMj
M . Set for short

Sj :“ TMj
ιpMjq ˆMj

M . Then we have SzA “
Ť`
j“1 π

´1
j pSjzAjq. Let W P

OppXsaq be such that CχpXzW q X pSzAq “ H. Then W “
Ť`
j“1Wj with

CχpXzWjq X π´1
j pSjzAjq “ H. Let us find W1, . . . ,W`. Let ĂWj be an open

neighborhood of π´1
j pSjzAjq in the multi-normal deformation rX of X. Then

by Proposition 4.6 of [3] we have CχpXzrppĂWj X Ωqq X π´1
j pSjzAjq “ H. Set
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Wj “ rppĂWj XΩq XW . Up to shrinking W we may suppose W “
Ť`
j“1Wj . We

have

CχpXzWjq X π
´1
j pSjzAjq “ H ô CχpXzWjq X pSjzAjq “ H

ô CMj pXzWjq X τjpSjzAjq “ H,

where, for the second condition, SjzAj is regarded as a subset of

tpq; ξp1q, . . . , ξp`qq P S; q PM, ξpkq “ 0 pk ‰ jqu Ă S.

The first equivalence follows from Lemma 4.2 of [3] and the second one from
Corollary 4.3 of [3]. Setting Z “ XzW and Zj “ XzWj , we obtain Z “

Ş`
j“1 Zj

with CMj
pZjq X τjpSjzAjq “ H and the result follows.

Remark 2.5. — By Lemma 6.1 in [3], for any F P Db
pkXsa

q there is a natural
isomorphism

νsaχ pF q “ s´1RΓΩχpp
´1F q » s!pp!F qΩχ .

Proposition 2.6. — Assume that χ satisfies the conditions H1, H2 and H3.
Let τ : Sχ » ˆ

X,1ďjď`
TMj ιpMjq Ñ M be the canonical projection, where M :“

Ş`
j“1Mj . Then

νsaχ pF q|M » Rτ˚ν
sa
χ pF q » F |M ,(2.2)

RΓM pν
sa
χ pF qq » Rτ!ν

sa
χ pF q » RΓM pF q.(2.3)

Proof. — Let k : M Ñ Sχ be the zero-section embedding, and i : M Ñ X the
canonical embedding. Then

F |M “ k´1s´1p´1F Ñ k´1s´1RiΩχ˚i
´1
Ωχ
p´1pF q

» k´1s´1RΓΩχpp
´1F q » νsaχ pF q|M ,

Rτ!ν
sa
χ pF q “ k!νsaχ pF q » k!s!pp!F qΩχ Ñ k!s!p!F “ RΓM pF q.

These morphisms are isomorphisms by the stalk formulae.

Set S˚ :“ T˚M1
ιpM1q ˆ

X
. . . ˆ

X
T˚M`

ιpM`q. Let V “ V1 ˆ
X
. . . ˆ

X
V` be a multi-

conic open subanalytic subset in S˚, and let π : S˚ ÑM denote the canonical
projection. We set, for short, V ˝ :“ V ˝1 ˆ

X
. . .ˆ

X
V ˝` the multi-polar cone in S.

Lemma 2.7. — Let V “ V1ˆ
X
. . .ˆ

X
V` be a multi-conic open subanalytic subset

in S˚ such that V Xπ´1pqq is convex in S˚q for q P πpV q. Then Hk
pV ;µsaχ F q »

lim
ÝÑ
Z,U

Hk
ZpU ;F q, where U ranges through the family of open subanalytic sub-

sets in X with U X M “ πpV q and Z “ Z1 X ¨ ¨ ¨ X Z` with CMj
pZjq Ă

pTMj
XzτjpIntpV ˝aj qqq. Here p¨qa denotes the inverse image of the antipodal map.
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Proof. — Since the fiber of Vj is convex for each j the Fourier-Sato trans-
formation gives Hk

pV ;µsaχ F q » Hk
V ˝pS; νsaχ F q. Then the result follows from

Lemma 2.4 (ii).

Let p “ p1 ˆ ¨ ¨ ¨ ˆ p` “ pq; ξ
p1q, . . . , ξp`qq P S˚. For any pk P T˚Mk

ιpMkq, we
define the subset in pTMk

Xqq

(2.4) p#
k :“ pTMk

Xqqzτkpp
˝a
k q.

Here the subset p˝ak in pTMk
ιpMkqqq denotes the antipodal polar set of the point

pk, i.e., p˝ak “ tη P pTMk
ιpMkqqq; xη, ξ

pkqy ď 0u. Note that p#
k is an open subset.

Set for short µχ :“ ρ´1µsaχ . As a consequence of Lemma 2.7 we have

Corollary 2.8. — Let p “ p1 ˆ ¨ ¨ ¨ ˆ p` “ pq; ξp1q, . . . , ξp`qq P S˚, and
let F P DbpkXsaq. Then HkpµχF qp » lim

ÝÑ
Z,U

Hk
ZpU ;F q, where U P OppXsaq ranges

through the family of open subanalytic neighborhoods of q and Z runs through
a family of closed sets in the form Z1XZ2X ¨ ¨ ¨XZ` with each Zk being closed
subanalytic in X and CMk

pZkqq Ă p#
k Y t0u pk “ 1, 2, . . . , `q.

Now we are going to find a stalk formula for multi-microlocalization given
by a limit of sections with support (locally) contained in closed convex cones.
As the problem is local, we may assume that X “ Rn and q “ 0 with
coordinates px1, . . . , xnq, and that there exists a subset Ik pk “ 1, 2, . . . , `q

in t1, 2, . . . , nu with the conditions (1.3) such that each submanifold Mk is
given by tx “ px1, . . . , xnq P Rn; xi “ 0 pi P Ikqu . Recall that Îk was defined by
(1.4) and that we set M “ XkMk and nk “ 7Îk. Then locally we have

X “M ˆ pN1 ˆN2 ˆ ¨ ¨ ¨ ˆN`q “M ˆN,

where Nk is Rnk with coordinates xpkq “ pxiqiPÎk . Set, for k P t1, . . . , `u,

(2.5)

Jăk :“ tj P t1, . . . , `u, Ij Ř Iku,

Jąk :“ tj P t1, . . . , `u, Ij Ś Iku,

J∦ k :“ tj P t1, . . . , `u, Ij X Ik “ Hu.

Clearly we have

(2.6) k P Jăj ô Ik Ř Ij ô j P Jąk,

and, by the conditions H1, H2 and H3, we also have

(2.7) Jăk \ tku \ Jąk \ J∦ k “ t1, 2, . . . , `u.
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Let p “ p1 ˆ ¨ ¨ ¨ ˆ p` “ pq; ξp1q, . . . , ξp`qq P T˚M1
ιpM1q ˆ

X
. . . ˆ

X
T˚M`

ιpM`q and

consider the following conic subset in N

(2.8) γk :“

$

’

&

’

%

pxpjqqj“1,...,` P N ;

xpjq “ 0, j P Jăk \ J∦ k

xpjq P Rnj , j P Jąk

xxpjq, ξpkqy ą 0, j “ k

,

/

.

/

-

.

Note that, if ξpkq “ 0, then γk is empty.

Example 2.9. — We now compute γk of (2.8) on the complex case in the
following two typical situations. Let X “ C2 with coordinates pz1, z2q.

1. (Majima) Let M1 “ tz1 “ 0u and M2 “ tz2 “ 0u. Then

γ1 “ tpz1, 0q; Rexz1, η1y ą 0u,

γ2 “ tp0, z2q; Rexz2, η2y ą 0u.

2. (Takeuchi) Let M1 “ t0u and M2 “ tz2 “ 0u. Then

γ1 “ tpz1, 0q; Rexz1, η1y ą 0u,

γ2 “ tpz1, z2q; Rexz2, η2y ą 0u.

Example 2.10. — We now compute γk of (2.8) on the real case in three typ-
ical situations. Let X “ R3 with coordinates px1, x2, x3q.

1. (Majima) Let M1 “ tx1 “ 0u, M2 “ tx2 “ 0u and M3 “ tx3 “ 0u. Then

γ1 “ tpx1, 0, 0q; xx1, ξ1y ą 0u,

γ2 “ tp0, x2, 0q; xx2, ξ2y ą 0u,

γ3 “ tp0, 0, x3q; xx3, ξ3y ą 0u.

2. (Takeuchi) Let M1 “ t0u, M2 “ tx2 “ x3 “ 0u and M3 “ tx3 “ 0u.
Then

γ1 “ tpx1, 0, 0q; xx1, ξ1y ą 0u,

γ2 “ tpx1, x2, 0q; xx2, ξ2y ą 0u,

γ3 “ tpx1, x2, x3q; xx3, ξ3y ą 0u.

3. (Mixed) Let M1 “ t0u, M2 “ tx2 “ 0u and M3 “ tx3 “ 0u. Then

γ1 “ tpx1, 0, 0q; xx1, ξ1y ą 0u,

γ2 “ tpx1, x2, 0q; xx2, ξ2y ą 0u,

γ3 “ tpx1, 0, x3q; xx3, ξ3y ą 0u.
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Theorem 2.11. — Let p “ p1ˆ ¨ ¨ ¨ ˆ p` “ pq; ξ
p1q, . . . , ξp`qq P S˚, and let F P

DbpkXsaq. Then we have

(2.9) HkpµχF qp » lim
ÝÑ
G,U

Hk
GpU ;F q.

Here U is an open subanalytic neighborhood of q in X and G is a closed sub-

analytic subset in the form M ˆ

˜

ÿ̀

k“1

Gk

¸

with Gk being a closed subanalytic

convex cone in N satisfying Gkzt0u Ă γk, where γk is defined in (2.8).

Proof. — As a point of the base manifold M is irrelevant in the subsequent
arguments, we may assume M “ t0u for simplicity. We also assume q “ 0 and
|ξpkq| ď 1 for k “ 1, 2, . . . , `.

We first prove that, for any Z “ Z1X¨ ¨ ¨XZ` with Zk being closed in X and
CMk

pZkqq Ă p#
k Yt0u (k “ 1, 2, . . . , `), there exists G described in the theorem

with G Ą Z. As Gk is convex and it contains the origin, we have

G˝1 X ¨ ¨ ¨ XG
˝
` “ pG1 ` ¨ ¨ ¨ `G`q

˝

and
pG˝1 X ¨ ¨ ¨ XG

˝
`q
˝
“ G1 ` ¨ ¨ ¨ `G`

where G˝k designates the usual polar cone of Gk in X as a vector space. We
shall find a closed convex cone V such that V “ V1X¨ ¨ ¨XV` with Vk convex for
each k “ 1, . . . , ` and V ˝k zt0u Ă γk satisfying V ˝ Ě Z. Furthermore we choose
Vk so that every V ˝k is proper with respect to the same direction rξ ‰ 0, i.e.,
V ˝zt0u Ă tx P X; xx, rξy ą 0u. In this way

V ˝ “ pV ˝˝1 X ¨ ¨ ¨ X V ˝˝` q
˝ “ V ˝1 ` ¨ ¨ ¨ ` V

˝
` “ V ˝1 ` ¨ ¨ ¨ ` V

˝
`

and setting Gk :“ V ˝k we obtain the claim. Here the last equality follows from
the fact that every V ˝ is closed and properly contained in the same half space
in X.

It follows from the definition of Zk that there exists ε ą 0 and a closed
convex cone Γk Ă Nk with Γkzt0u Ă txx

pkq, ξpkqy ą 0u which satisfies

Zk Ă tx P X; xpkq P Γku Y tx P X; ε|xpkq| ď
ÿ

jPJăk

|xpjq|u.

Note that, for k with ξpkq “ 0, we always take Γk “ t0u. The existence of such
an ε and a Γk is shown in the following way. We set

N 1 :“ ˆ
jPJăk

Nj , N2 :“ ˆ
jPJąkYJ∦ k

Nj ,

for which we have X “ N 1 ˆ Nk ˆ N2 with coordinates px1, xpkq, x2q. Note
that Mk “ t0uN 1ˆNk ˆ N2 holds. We also define a closed subset D in Nk
by txpkq P Nk; xxpkq, ξpkqy ď 0u. Then CMk

pZkqq Ă p#
k Y t0u implies that, for
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any θ P Dzt0u, there exist an open cone Qθ in N 1 ˆNk with direction p0N 1 , θq
and an open neighborhood Uθ of q in X satisfying

pQθ ˆN
2q X Uθ Ă XzZk.

Then, as t0uN 1 ˆ D is a closed conic subset in N 1 ˆ Nk, we can find a finite
subset Θ in Dzt0u such that

t0uN 1 ˆ pDzt0uq Ă
ď

θPΘ

Qθ,

˜˜

ď

θPΘ

Qθ

¸

ˆN2

¸

X

˜

č

θPΘ

Uθ

¸

Ă XzZk.

Then, by taking U in (2.9) sufficiently small so that U Ă
č

θPΘ

Uθ, we may assume,

from the beginning,
˜

ď

θPΘ

Qθ

¸

ˆN2 Ă XzZk.

As
ď

θPΘ

Qθ is an open conic neighborhood of t0uN 1 ˆ pDzt0uq in N 1 ˆNk, there

exist an open cone T in Nk with Dzt0u Ă T and ε ą 0 satisfying
#

px1, xpkqq P N 1 ˆNk; xpkq P T,
ÿ

jPJăk

|xpjq| ă ε|xpkq|

+

Ă Y
θPΘ

Qθ.

Hence we have
#

px1, xpkqq P N 1 ˆNk; xpkq P T,
ÿ

jPJăk

|xpjq| ă ε|xpkq|

+

ˆN2 Ă XzZk,

which is equivalent to saying that
!

x P X; xpkq P pNkzT q
)

Y

#

x P X;
ÿ

jPJăk

|xpjq| ě ε|xpkq|

+

Ą Zk.

This shows the existence of ε ą 0 and Γk :“ NkzT .
Now we set

Zk,Γ :“
!

x P X; xpkq P Γk

)

Zk, ε :“

#

x P X; ε|xpkq| ď
ÿ

jPJăk

|xpjq|

+

.

Note that, for k P t1, 2, . . . , `u with Îk “ Ik, we have Zk Ă Zk,Γ and no Zk, ε
appears.
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Define V “ V1 X ¨ ¨ ¨ X V`. Here each Vk is given by, if ξpkq ‰ 0,
#

x P X; xpkq P Tk, δ|xx
pkq, ξpkqy| ě

ÿ

jPJąk

|xpjq|

+

where δ ą 0 and Tk is a proper closed convex cone in Nk with Tk Ă tx
pkq P

Nk; xxpkq, ξpkqy ě 0u and ξpkq P IntNk Tk. And if ξpkq “ 0, then Vk is the whole
X. Note that Vk is a convex set in any case, i.e., V ˝˝k “ Vk. Then such a V
satisfies the desired properties. Indeed it is easy to see V ˝k zt0u Ă γk. We will
show that

V ˝ Ě
č

k

pZk,Γ Y Zk, εq Ě Z.

Here we emphasize that the inequality appearing in Zk,ε

(2.10) ε|xpkq| ď
ÿ

jPJăk

|xpjq|

and that in Vk for k with ξpkq ‰ 0

(2.11) δ|xxpkq, ξpkqy| ě
ÿ

jPJąk

|xpjq|

play an important role below.
Let σ “ σ1σ2 . . . σ` be an `-length sequence where σk is either the symbols

Γ or ε pk “ 1, 2, . . . , `q, and let us define

Kσ :“ Z1, σ1
X Z2, σ2

X ¨ ¨ ¨ X Z`, σ` .

Then we have
č

k

pZk,Γ Y Zk, εq “ Y
σ
Kσ.

We now show that, for each sequence σ, we obtain V ˝ Ą Kσ if we take Tk
(k “ 1, 2, . . . , `) and δ ą 0 sufficiently small.

Set
JΓpσq :“ tj P t1, 2, . . . , `u; σj “ Γu

and
Jεpσq :“ tj P t1, 2, . . . , `u; σj “ εu.

Note that, for k P t1, 2, . . . , `u with Îk “ Ik, we have k P JΓpσq and k R Jεpσq,
which implies, in particular, JΓpσq is non-empty. As both Vk and Γk are proper
cones with direction ξpkq in Nk if ξpkq ‰ 0, and as Γk “ t0u if ξpkq “ 0, there
exists a constant M ą 0 such that

M |xpjq||ypjq| ď xxpjq, ypjqy ď |xpjq||ypjq|
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holds for j P JΓpσq and x “ pxp1q, . . . , xp`qq P Kσ and y “ pyp1q, . . . , yp`qq P V .
Furthermore, by (2.10), there exists a constant N ą 0 such that, for any j P
Jεpσq, we have

|xpjq| ď
N

εN

ÿ

αPJΓpσqXJăj

|xpαq|

for x “ pxp1q, . . . , xp`qq P Kσ. By noticing these facts, we obtain, for x “
pxp1q, . . . , xp`qq P Kσ and y “ pyp1q, . . . , yp`qq P V .

xx, yy “
ÿ

j

xxpjq, ypjqy “
ÿ

jPJΓpσq

xxpjq, ypjqy `
ÿ

jPJεpσq

xxpjq, ypjqy

ěM
ÿ

jPJΓpσq

|xpjq||ypjq| ´
ÿ

jPJεpσq

|xpjq||ypjq|

ěM
ÿ

jPJΓpσq

|xpjq||ypjq| ´
N

εN

ÿ

jPJεpσq

¨

˝

ÿ

αPJΓpσqXJăj

|xpαq|

˛

‚|ypjq|.

Here, as Γα “ t0u for α with ξpαq “ 0, we have |xpαq| “ 0 for such an α P JΓpσq

and the last term in the above inequalities is equal to

(2.12) M
ÿ

jPJΓpσq

|xpjq||ypjq| ´
N

εN

ÿ

jPJεpσq

¨

˝

ÿ

αPJΓpσqXJăj , ξpαq‰0

|xpαq|

˛

‚|ypjq|.

It follows from (2.11) that we get δ|ypαq| ě δ|xypαq, ξpαqy| ě |ypjq| for α with
ξpαq ‰ 0 and for j P Jąα (ô α P Jăj). Hence the (2.12) is lower bounded by

M
ÿ

jPJΓpσq

|xpjq||ypjq| ´
δN

εN

ÿ

jPJεpσq

ÿ

αPJΓpσqXJăj , ξpαq‰0

|xpαq||ypαq|

ěM
ÿ

jPJΓpσq

|xpjq||ypjq| ´
δN#Jεpσq

εN

ÿ

αPJΓpσq

|xpαq||ypαq|

“

ˆ

M ´
δN#Jεpσq

εN

˙

ÿ

αPJΓpσq

|xpαq||ypαq|.

Note that the set JΓpσq is non-empty as noted above. Hence, if we take δ
sufficiently small, xx, yy takes non-negative values for x P Kσ and y P V , which
implies Kσ Ă V ˝. Hence we have shown the existence of G described in the
theorem with Z Ă G.

Now we show that G described in the theorem satisfies CMk
pGqq Ă p#

k Yt0u

for any k. We may assume G “ V ˝ where V was defined in the first part of
the proof. Suppose that there exists a non-zero vector η P pTMk

Xqq “ N 1ˆNk
such that

0 ‰ η P CMk
pV ˝qq X τkpp

˝a
k q.
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Note that η P τkpp˝ak q implies the existence of 0 ‰ ηpkq P Nk such that η “
p0N 1 , η

pkqq and xηpkq, ξpkqy ď 0. Set, for any ε ą 0,

Qε :“

#

x “ px1, xpkq, x2q P X;
|x1| ă εxηpkq, xpkqy, |x2| ă ε

|xpkq| ă ε, xpkq P Qpkqε

+

,

where tQpkqε uεą0 is a family of open cone neighborhoods of the direction ηpkq

in Nk. Then η P CMk
pV ˝qq means Qε X V ˝ ‰ H for any ε ą 0. By noticing

xηpkq, ξpkqy ď 0, it follows from the definition of V that there exists a vector
v “ pv1, vpkq, 0N2q P V such that we can find a positive constant C ą 0 with

xxpkq, vpkqy ă ´C|xpkq| pxpkq P Qpkqε q

for any sufficiently small ε ą 0. Hence we have, for x “ px1, xpkq, x2q P Qε,

xx, vy “ xx1, v1y ` xxpkq, vpkqy ď pε|ηpkq||v1| ´ Cq|xpkq|.

As a result, if we take a sufficiently small ε ą 0, we have xx, vy ă 0 for any
x P Qε, and thus, we get Qε X V ˝ “ H which contradicts Qε X V ˝ ‰ H.
Therefore we have obtained the conclusion. This completes the proof.

Remark 2.12. — In the case ` “ 2 with M1 Ă M2 Ă X we obtain the stalk
formula computed in [11].

Now let us consider the mixed cases between specialization and microlo-
calization. We shall need some notations. Given a subset K “ ti1, . . . , iku Ď

t1, . . . , `u, let χK “ tMi, i P Ku, set Sij “ TMij
ιpMij q ˆ

Mij

M (j “ 1, . . . , k) and

SK “ TMi1
ιpMi1q ˆ

X
¨ ¨ ¨ ˆ

X
TMik

ιpMikq and let S˚K be its dual. Given Cij Ď Sij ,

j “ 1, . . . , k, we set for short CK :“ Ci1 ˆ
X
¨ ¨ ¨ ˆ

X
Cik Ă SK . Define ^K as the

composition of the Fourier-Sato transformations ^ik on Sik for each ik P K.
Let I, J Ď t1, . . . , `u be such that I \ J “ t1, . . . , `u.

Lemma 2.13. — Let V “ VI ˆ
X
VJ be a multi-conic open subanalytic subset

in SIˆ
X
S˚J such that V Xπ´1pqq is convex for q P πpV q. Then Hk

pV ; νsaχIµ
sa
χJF q »

lim
ÝÑ
Z,U

Hk
ZpU ;F q, where U ranges through the family of open subanalytic subsets

in X with CχI pXzUq X
Ť

iPI π
´1
i pViq “ H and Z “

Ş

jPJ Zj with CMj pZjq Ă

pTMj
XzτjpIntpV ˝aj qqq. Here p¨qa denotes the inverse image of the antipodal map.

Proof. — We write ˆ instead of ˆ
X

for short. Since V is convex the Fourier-

Sato transformation gives Hk
pV ; νsaχIµ

sa
χJF q » Hk

VIˆV ˝J
pS; νsaχ F q. Consider the

distinguished triangle

(2.13) RΓpSIzVIqˆV ˝J ν
sa
χ F Ñ RΓSIˆV ˝J ν

sa
χ F Ñ RΓVIˆV ˝J ν

sa
χ F

`
Ñ
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By Lemma 2.7 we have Hk
SIˆV ˝J

pS; νsaχ F q » lim
ÝÑ
Z,U

Hk
ZpU ;F q, where U ranges

through the family of open subanalytic subsets of X such that U X M “

πpV q and Z “
Ş

jPJ Zj with CMj
pZjq Ă pTMj

XzτjpIntpV ˝aj qqq. By Lemma 2.4
we also have Hk

pSIzVIqˆV ˝J
pS; νsaχ F q » lim

ÝÑ
Z,U

Hk
ZpU ;F q, where U ranges through

the family of open subanalytic subsets of X such that U X M “ πpV q and
Z “

Ş`
j“1 Zj with CMj

pZjq Ă pTMj
XzτjpIntpV ˝aj qqq if j P J and CMj

pZjq Ă

pTMj
XzτjpVjqq if j P I. Thanks to the long exact sequence associated to (2.13)

we obtain Hk
VIˆV ˝J

pS; νsaχ F q » lim
ÝÑ
Z,U

Hk
ZpU X W ;F q, where U ranges through

the family of open subanalytic subsets of X such that U XM “ πpV q, Z “
Ş

jPJ Zj with CMj
pZjq Ă pTMj

XzτjpIntpV ˝aj qqq and W “
Ť

iPIpXzZiq such
that CMi

pZiq Ă pTMi
XzτipViqq. Then the result follows since, as in Lemma 2.4

CMi
pZiq Ă pTMi

XzτipViqq ô CχpZiq X π
´1
i pViq “ H.

Let p “ p1 ˆ ¨ ¨ ¨ ˆ p` “ pq; ξp1q, . . . , ξp`qq “ pq; ξI , ξJq P SI ˆ
X
S˚J . Locally

we may identify SJ with its dual. Set for short νχIµχJ :“ ρ´1νsaχIµ
sa
χJ . As a

consequence of Lemma 2.13 we have

Corollary 2.14. — Let p “ p1 ˆ ¨ ¨ ¨ ˆ p` “ pq; ξ
p1q, . . . , ξp`qq P SI ˆ

X
S˚J , and

let F P DbpkXsaq. Then HkpνχIµχJF qp » lim
ÝÑ
Z,Wε

Hk
ZpWε;F q, where Wε “W XBε,

with W P Coneχpq; ξI , 0Jq, Bε is an open ball containing q of radius ε ą 0 and
Z runs through a family of closed sets in the form Z1XZ2X ¨ ¨ ¨XZ` with each
Zk being closed subanalytic in X and CMk

pZkqq Ă p#
k Y t0u pk “ 1, 2, . . . , `q.

Proof. — The result follows since for any subanalytic conic neighborhood V

of pq; ξI , 0Jq, any U P OppXsaq such that CχpXzUqXV “ H contains W XBε,
q P Bε, ε ą 0, W P Conepq; ξI , 0Jq. Moreover, by definition of multi-cone we
may assume W “

Ş`
j“1Wj such that CMj

pWjqq Ă p#
j Y t0u if j P I and

Wj “ X if j P J .

As in Theorem 2.11 we can find a cofinal family to the family of closed
subsets defining the stalk formula in Corollary 2.14 which (locally) consists of
convex cones and we can formulate the stalk formula in the mixed case.

Theorem 2.15. — Let p “ p1 ˆ ¨ ¨ ¨ ˆ p` “ pq; ξ
p1q, . . . , ξp`qq P SI ˆ

X
S˚J , and

let F P DbpkXsaq. Then we have

(2.14) HkpνχIµχJF qp » lim
ÝÑ
G,Wε

Hk
GpWε;F q.
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Here Wε “W XBε, with W P Coneχpq; ξI , 0Jq, Bε is an open ball of radius ε ą

0 containing q and G is a closed subanalytic subset in the form M ˆ

˜

ÿ̀

k“1

Gk

¸

with Gk being a closed subanalytic convex cone in N satisfying Gkzt0u Ă γk,
where γk is defined in (2.8).

3. Multi-microlocalization and microsupport

In this section we give an estimate of the microsupport of multi-
microlocalization. The main point is to find a suitable ambient space: this is
done (via Hamiltonian isomorphism) by identifying T˚Sχ with the normal
deformation of T˚X with respect to a suitable family of submanifolds χ˚.

3.1. Geometry. — Let X be a real analytic manifold and consider a family of
submanifolds χ “ tM1, . . . ,M`u satisfying H1, H2 and H3. We consider the
conormal bundle T˚X with local coordinates pxp0q, xp1q, . . . , xp`q; ξp0q, ξp1q, . . . , ξp`qq,
where xpjq “ pxj1 , . . . , xjpq with Îj “ tj1, . . . , jpu etc. We use the notations in
§ 2.1; for example, we set Si :“ TMiιpMiqˆ

X
M . Let I, J Ď t1, . . . , `u be such

that I \ J “ t1, . . . , `u. Recall that

Sχ “ S1ˆ
X
¨ ¨ ¨ ˆ

X
S`,

S˚χ “ S˚1 ˆ
X
¨ ¨ ¨ ˆ

X
S˚` ,

SI ˆ
M
S˚J “ p ˆ

M,iPI
Siq ˆ

M
p ˆ
M,jPJ

S˚j q .

Then we consider a mapping

HIJ : T˚Sχ Q px
p0q, xp1q, . . . , xp`q; ξp0q, ξp1q, . . . , ξp`qq

ÞÑ pxp0q, pxpiqqiPI , pξ
pjqqjPJ ; ηp0q, pξpiqqiPI , p´x

pjqqjPJq P T
˚pSI ˆ

M
S˚J q.

Note that HIJ is induced by the Hamiltonian isomorphisms T˚SJ
„
Ñ T˚S˚J .

Proposition 3.1. — HIJ gives a bundle isomorphism over M ; that is, HIJ

does not depend on the choice of local coordinates.

Proof. — Let ϕ : X Ñ X be a local coordinate transformation near any x P X.
We may assume that X “ Rn with coordinates x “ pxp0q, xp1q . . . , xp`qq, where
M is given by pxp0q, 0, . . . , 0q, and ϕ is given by

ypjq “ ϕpjqpxp0q, xp1q, . . . , xp`qq pj “ 0, 1, . . . , `q.
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Here ϕpjqpxq “ pϕj1pxq, . . . , ϕjppjqpxqq with Îj “ tj1, . . . , jppjqu. This induces a
coordinate transformation

T˚X Q px; ξq ÞÑ py; ηq P T˚X

defined by
$

’

’

&

’

’

%

ypjq “ ϕpjqpxq,

ξpjq “
ÿ̀

i“0

t
“Bϕpiq

Bxpjq
pxq

‰

ηpiq,

where

Bϕpiq

Bxpjq
pxq “

»

—

—

—

—

—

–

Bϕi1
Bxj1

pxq ¨ ¨ ¨
Bϕi1
Bxj

ppjq

pxq

...
. . .

...
Bϕi

ppiq

Bxj1
pxq ¨ ¨ ¨

Bϕi
ppiq

Bxj
ppjq

pxq

fi

ffi

ffi

ffi

ffi

ffi

fl

is a ppiq ˆ ppjq-matrix, and t means the transpose of a matrix. Set Jjpxp0qq :“
Bϕpjq

Bxpjq
pxp0q, 0q for short. Then the coordinate transformation

pxp0q, xp1q, . . . , xp`qq ÞÑ pyp0q, yp1q, . . . , yp`qq

on Sχ is given by

(3.1)

#

yp0q “ ϕp0qpxp0q, 0q,

ypjq “ Jjpx
p0qqxpjq pj “ 1, . . . , `q.

The Jacobian matrix of (3.1) is
»

—

—

—

—

—

—

–

J0px
p0qq 0 ¨ ¨ ¨ 0

BJ1

Bxp0q
pxp0qqxp1q J1px

p0qq ¨ ¨ ¨ 0
...

...
. . .

...
BJ`px

p0q
q

Bxp0q
pxp0qqxp`q 0 ¨ ¨ ¨ J`px

p0qq

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

Thus the coordinate transformation

pxp0q, xp1q, . . . , xp`q; ξp0q, ξp1q, . . . , ξp`qq

ÞÑ pyp0q, yp1q, . . . , yp`q; ηp0q, ηp1q, . . . , ηp`qq

on T˚Sχ is given by (3.1) and

(3.2)

$

’

’

&

’

’

%

ξp0q “ tJ0px
p0qq ηp0q `

ÿ̀

i“1

txpiq
B tJi
Bxp0q

pxp0qq ηpiq,

ξpjq “ tJjpx
p0qq ηpjq pj “ 1, . . . , `q.
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Next, consider the coordinate transformation on SI ˆ
M
S˚J . After a permutation,

we may assume that I “ t1, . . . , pu, J “ tp ` 1, . . . , `u. Then the coordinate
transformation

pxp0q, pxpiqqpi“1, pξ
pjqq`j“p`1q ÞÑ pyp0q, pypiqqpi“1, pη

pjqq`j“p`1q

on SI ˆ
M
S˚J is given by

(3.3)

$

’

’

&

’

’

%

yp0q “ ϕp0qpxp0q, 0q,

ypiq “ Jipx
p0qqxpiq pi “ 1, . . . , pq,

ηpjq “ tJ ´1
j pxp0qq ξpjq pj “ p` 1, . . . , `q.

The Jacobian matrix of (3.3) is
»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

J0px
p0qq 0 ¨ ¨ ¨ 0 0 ¨ ¨ ¨ 0

BJ1

Bxp0q
pxp0qqxp1q J1px

p0qq ¨ ¨ ¨ 0 0 ¨ ¨ ¨ 0
...

...
. . .

...
...

...
BJp
Bxp0q

pxp0qqxppq 0 ¨ ¨ ¨ Jppx
p0qq 0 ¨ ¨ ¨ 0

B
tJ ´1
p`1

Bxp0q
pxp0qq ξpp`1q 0 ¨ ¨ ¨ 0 tJ ´1

p`1px
p0qq ¨ ¨ ¨ 0

...
...

...
. . .

...
B

tJ ´1
`

Bxp0q
pxp0qq ξp`q 0 ¨ ¨ ¨ 0 0 ¨ ¨ ¨ tJ ´1

` pxp0qq

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

Thus the coordinate transformation

pxp0q, pxpiqqpi“1, pξ
pjqq`j“p`1; ξp0q, pξpiqqpi“1, p´x

pjqq`j“p`1q

ÞÑ pyp0q, pypiqqpi“1, pη
pjqq`j“p`1; ηp0q, pηpiqqpi“1, p´y

pjqq`j“p`1q

on T˚S˚χ is given by (3.3) and
$

’

’

’

’

’

&

’

’

’

’

’

%

ξp0q “ tJ0px
p0qq ηp0q `

p
ÿ

i“1

txpiq
B tJi
Bxp0q

pxp0qq ηpiq ´
ÿ̀

j“p`1

tξpjq
BJ ´1

j

Bxp0q
pxp0qq ypjq,

ξpiq “ tJipx
p0qq ηpiq pi “ 1, . . . , pq,

xpjq “ J ´1
j pxp0qq ypjq pj “ p` 1, . . . , `q.

Since
BJ ´1

j

Bxp0q
pxp0qq “ ´J ´1

j pxp0qq
BJj
Bxp0q

pxp0qq J ´1
j pxp0qq,
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we have

´ptξpjq
BJ ´1

j

Bxp0q
pxp0qq ypjqqk “ p

tξpjqJ ´1
j pxp0qq

BJj
Bxp0q

pxp0qq J ´1
j pxp0qq ypjqqk

“ ptηpjq
BJj
Bxp0q

pxp0qqxpjqqk “
ÿ

µ,νPÎj

ηpjqµ

´ BJj

Bx
p0q
k

pxp0qq
¯

µ,ν
xpjqν

“ ptxpjq
B tJj
Bxp0q

pxp0qq ηpjqqk .

Therefore

´
ÿ̀

j“p`1

tξpjq
BJ ´1

p

Bxp0q
pxp0qq ypjq “

ÿ̀

j“p`1

txpjq
B tJj
Bxp0q

pxp0qq ηpjq.

Thus we can prove that

(3.4) HIJ : T˚Sχ
„
Ñ T˚pSI ˆ

M
S˚J q.

Hence, using Proposition 5.5.5 of [4] repeatedly, we obtain:

Proposition 3.2. — Let I, J Ď t1, . . . , `u be such that I \ J “ t1, . . . , `u.
Then, under the identification by (3.4), for any F P DbpkXq it follows that

T˚Sχ
Ť

T˚pSI ˆ
M
S˚J q

Ť

SSpνχpF qq SSpνχIµχJ pF qq.

In particular, it follows that

T˚Sχ
Ť

T˚S˚χ
Ť

SSpνχpF qq SSpµχpF qq.

Next, we study the relation between the normal deformations of T˚X with
respect to χ˚ :“ tT˚M1

X, . . . , T˚M`
Xu and of X with respect to χ. We de-

note by ĆT˚Xχ˚ :“ ĆT˚XT˚M1
X,...,T˚M`

X the normal deformation of T˚X with

respect to χ˚ and by Sχ˚ its zero-section. Set x :“ pxp0q, xp1q, . . . , xp`qq, ξ :“

pξp0q, ξp1q, . . . , ξp`qq and t :“ pt1, . . . , t`q. We have a mapping

ĆT˚Xχ˚ Q px; ξ; tq ÞÑ pµxpx; tq; µξpξ; tqq P T
˚X

defined by

µxpx; tq :“ ptĴ0
xp0q, tĴ1

xp1q, . . . , tĴ`x
p`qq,

µξpξ; tq :“ ptĴc0
ξp0q, tĴc1

ξp1q, . . . , tĴc`
ξp`qq,
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where Ĵcj :“ t1, . . . , `uzĴj (j “ 0, 1, . . . , `). In particular Ĵc0 “ t1, . . . , `u since
Ĵ0 “ H. In particular tĴ0

“ 1 and tĴc0 “ t1 ¨ ¨ ¨ t`.

Theorem 3.3. — As vector bundles, there exist the following canonical iso-
morphism:

Sχ˚ » T˚Sχ » T˚S˚χ .

Proof. — Let ϕ : X Ñ X be a local coordinate transformation near any x P
X, and retain the notation of the proof of Proposition 3.1. The coordinate
transformation px; ξ; tq ÞÑ py; η; tq on ĆT˚Xχ˚zSχ˚ is given by

$

’

’

’

’

&

’

’

’

’

%

ypjq “
1

t
Ĵj

ϕpjqpt
Ĵ
xq,

ξpjq “
ÿ̀

i“0

tr
Bϕpiq

Bxpjq
pt
Ĵ
xqs

tJci
tJcj

ηpiq,

where t
Ĵ
x :“ µxpx; tq “ ptĴ0

xp0q, tĴ1
xp1q, . . . , tĴ`x

p`qq. Let us consider the coor-
dinate transformation on Sχ˚ . We write for short tÑ 0 instead of pt1, . . . , t`q Ñ

p0, . . . , 0q. Set Jjpxp0qq :“ Bϕpjq

Bxpjq
pxp0q, 0q for short. Then, by Proposition 1.5 of

[3] on Sχ˚
#

yp0q “ ϕp0qpxp0q, 0q,

ypjq “ Jjpx
p0qqxpjq, pj “ 1, . . . , `q,

that means yk “
ř

pPÎk

Bϕk
Bxp
pxp0q, 0qxp for all k P Îj . Concerning the variable

ξp0q, as in the proof of Proposition 3.1 we get

ξp0q “ tr
Bϕp0q

Bxp0q
ptĴxqsη

p0q `
ÿ̀

i“1

tr
Bϕpiq

Bxp0q
ptĴxqs

tĴci
tĴc0

ηpiq.

Let Mi “ txk “ 0; k P Iiu and Ii “ Îj1 \ ¨ ¨ ¨ \ Îjp . By expanding tr
Bϕpiq

Bxp0q
ptĴxqs

along the submanifold Mi, we obtain

tr
Bϕpiq

Bxp0q
ptĴxqs

tĴci
tĴc0

ηpiq “ tr
Bϕpiq

Bxp0q
ptĴxqs

ˇ

ˇ

ˇ

Mi

tĴci
tĴc0

ηpiq

`
ÿ

kPIi

xk
tr
B2ϕpiq

BxkBx
p0q
ptĴxqs

ˇ

ˇ

ˇ

Mi

tĴci
tĴk
tĴc0

ηpiq ` ¨ ¨ ¨
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Since ϕpiqptĴxq
ˇ

ˇ

Mi
“ 0 and Î0 X Ii “ H we have Bϕpiq

Bxp0q
ptĴxq

ˇ

ˇ

ˇ

Mi

“ 0. Moreover

$

’

’

’

’

&

’

’

’

’

%

tĴci
tĴi

tĴc0
“ 1,

tĴci
tĴk
tĴc0

Ñ 0, pk ‰ iq,

when tÑ 0. This is because Ĵk Ř Ĵi when k P tj1, . . . , jpu, k ‰ i by Lemma 1.1
and (1.7). In a similar way the higher order terms vanish when t Ñ 0. Hence
on Sχ˚

ξp0q “ tr
Bϕp0q

Bxp0q
pxp0q, 0qs ηp0q `

ÿ̀

i“1

txpiq tr
B2ϕpiq

BxpiqBxp0q
pxp0q, 0qsηpiq

“ tJ0px
p0qq ηp0q `

ÿ̀

i“1

txpiq
B tJi
Bxp0q

pxp0qq ηpiq.

Concerning the variable ξpjq (j ‰ 0), we get

ξpjq “
ÿ̀

i“0

tr
Bϕpiq

Bxpjq
ptĴxqs

tĴci
tĴcj

ηpiq.

(i) If Ĵcj Ř Ĵci ô Ĵi Ř Ĵj we have
tĴc
i

tĴc
j

Ñ 0 (tÑ 0).

(ii) If Ĵi Ś Ĵj or Ĵi X Ĵj “ H, we have Îj X Ii “ H.

By expanding Bϕpiq

Bxpjq
pt
Ĵ
xq along the submanifold Mi, we obtain

tr
Bϕpiq

Bxpjq
pt
Ĵ
xqs

tĴci
tĴcj

ηpiq “ tr
Bϕpiq

Bxpjq
pt
Ĵ
xqs

ˇ

ˇ

ˇ

Mi

tĴci
tĴcj

ηpiq

`
ÿ

kPIi

xk
tr
B2ϕpiq

BxkBx
pjq
pt
Ĵ
xqs

ˇ

ˇ

ˇ

Mi

tĴci
tĴk
tĴcj

ηpiq ` ¨ ¨ ¨

Since ϕpiqptĴxq
ˇ

ˇ

Mi

“ 0 and Îj X Ii “ H we have Bϕpiq

Bxpjq
ptĴxq

ˇ

ˇ

ˇ

Mi

“ 0. Moreover

tĴci
tĴk
tĴcj

Ñ 0

when tÑ 0 since Îk Ď Ii ñ Ĵk Ě Ĵi by Lemma 1.1 and Ĵci Y Ĵk “ t1, . . . , `u Ś
Ĵcj when j ‰ 0. Hence on Sχ˚

ξpjq “ tr
Bϕpjq

Bxpjq
pxp0q, 0qs ηpjq “ tJjpx

p0qq ηpjq.
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Summarizing, the coordinate transformation on Sχ˚ is given by
#

yp0q “ ϕp0qpxp0q, 0q,

ypiq “ Jipx
p0qqxpiq p1 ď i ď `q,

$

’

’

&

’

’

%

ξp0q “ tJ0px
p0qq ηp0q `

ÿ̀

i“1

txpiq
B tJi
Bxp0q

pxp0qq ηpiq,

ξpiq “ tJipx
p0qq ηpiq p1 ď i ď `q.

This is nothing but (3.1), (3.2).

Example 3.4. — Let X “ C2 with coordinates pz1, z2q and consider T˚X
with coordinates pz; ηq “ pz1, z2; η1, η2q. Set t “ pt1, t2q P pR`q2.

1. (Majima) Let M1 “ tz1 “ 0u and M2 “ tz2 “ 0u. Then χ˚ “

tT˚M1
X,T˚M2

Xu and we have a map

ĆT˚X Ñ T˚X,

pz; η; tq ÞÑ pµzpz; tq; µηpη; tqq,

which is defined by

µzpz; tq “ pt1z1, t2z2q,

µηpη; tq “ pt2η1, t1η2q.

By Theorem 3.3 we have S˚χ » T˚pTM1
Xˆ
X
TM2

Xq » T˚pT˚M1
Xˆ
X
T˚M2

Xq.

2. (Takeuchi) LetM1 “ t0u andM2 “ tz2 “ 0u. Then χ˚ “ tT˚M1
X,T˚M2

Xu

and we have a map

ĆT˚X Ñ T˚X,

pz; η; tq ÞÑ pµzpz; tq; µηpη; tqq,

which is defined by

µzpz; tq “ pt1z1, t1t2z2q,

µηpη; tq “ pt2η1, η2q.

By Theorem 3.3 we have S˚χ » T˚pTM1
M2 ˆ

X
TM2

Xq » T˚pT˚M1
M2 ˆ

X

T˚M2
Xq.

Example 3.5. — Let X “ R3 with coordinates px1, x2, x3q and consider T˚X
with coordinates px; ξq “ px1, x2, x3; ξ1, ξ2, ξ3q. Set t “ pt1, t2, t3q P pR`q3.
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1. (Majima) Let M1 “ tx1 “ 0u, M2 “ tx2 “ 0u and M3 “ tx3 “ 0u. Then
χ˚ “ tT˚M1

X,T˚M2
X,T˚M3

Xu and we have a map

ĆT˚X Ñ T˚X,

px; ξ; tq ÞÑ pµxpx; tq; µξpξ; tqq,

which is defined by

µxpx; tq “ pt1x1, t2x2, t3x3q,

µξpξ; tq “ pt2t3ξ1, t1t3ξ2, t2t3ξ3q.

By Theorem 3.3 we have S˚χ » T˚pTM1
Xˆ
X
TM2

Xˆ
X
TM2

Xq » T˚pT˚M1
Xˆ
X

T˚M2
X ˆ

X
T˚M3

Xq.

2. (Takeuchi) Let M1 “ t0u, M2 “ tx2 “ x3 “ 0u and M3 “ tx3 “ 0u.
Then χ˚ “ tT˚M1

X,T˚M2
X,T˚M3

Xu and we have a map

ĆT˚X Ñ T˚X,

px; ξ; tq ÞÑ pµxpx; tq; µξpξ; tqq,

which is defined by

µxpx; tq “ pt1x1, t1t2x2, t1t2t3x3q,

µξpξ; tq “ pt2t3ξ1, t3ξ2, ξ3q.

By Theorem 3.3 we have S˚χ » T˚pTM1M2 ˆ
X
TM2M3 ˆ

X
TM2Xq »

T˚pT˚M1
M2 ˆ

X
T˚M2

M3 ˆ
X
T˚M3

Xq.

3. (Mixed) Let M1 “ t0u, M2 “ tx2 “ 0u and M3 “ tx3 “ 0u. Then
χ˚ “ tT˚M1

X,T˚M2
X,T˚M3

Xu and we have a map

ĆT˚X Ñ T˚X,

px; ξ; tq ÞÑ pµxpx; tq; µξpξ; tqq,

which is defined by

µxpx; tq “ pt1x1, t1t2x2, t1t3x3q,

µξpξ; tq “ pt2t3ξ1, t3ξ2, t2ξ3q.

By Theorem 3.3 we have S˚χ » T˚pTM1
pM2 XM3q ˆ

X
TM2

X ˆ
X
TM2

Xq »

T˚pT˚M1
pM2 XM3q ˆ

X
T˚M2

X ˆ
X
T˚M3

Xq.

3.2. Estimate of microsupport. — In this section we shall prove an estimate for
the microsupport of the multi-specialization and multi-microlocalization of a
sheaf on X. We refer to [4] for the theory of microsupport of sheaves.
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Theorem 3.6. — Let F P DbpkXq. Then

SSpνχpF qq “ SSpµχpF qq Ď Cχ˚pSSpF qq.

Since the problem is local, we may assume that X “ Rn with coordinates
px1, . . . , xnq. Let Ik pk “ 1, 2, . . . , `q in t1, 2, . . . , nu such that each submanifold
Mk is given by

tx “ px1, . . . , xnq P Rn; xi “ 0 pi P Ikqu .

Then Theorem 3.6 follows from Lemma 1.4 and the following theorem:

Theorem 3.7. — Let F P DbpkXq and take a point

p0 “ px
p0q
0 , x

p1q
0 , . . . , x

p`q
0 ; ξ

p0q
0 , ξ

p1q
0 , . . . , ξ

p`q
0 q P T˚Sχ.

Assume that p0 P SSpνχpF qq. Then there exist sequences

tpc1,k, . . . , c`,kqu
8
k“1 Ă pR`q`,

tpx
p0q
k , x

p1q
k , . . . , x

p`q
k ; ξ

p0q
k , ξ

p1q
k , . . . , ξ

p`q
k qu

8
k“1 Ă SSpF q,

such that
$

’

’

’

&

’

’

’

%

lim
kÑ8

cj,k “ 8, pj “ 1, . . . , `q,

lim
kÑ8

px
p0q
k , x

p1q
k cĴ1,k

, . . . , x
p`q
k cĴ`,k; ξ

p0q
k ck, ξ

p1q
k cĴc1 ,k

, . . . , ξ
p`q
k cĴc` ,k

q

“ px
p0q
0 , x

p1q
0 , . . . , x

p`q
0 ; ξ

p0q
0 , ξ

p1q
0 , . . . , ξ

p`q
0 q,

where ck :“
ś̀

j“1

cj,k, Ĵcj :“ t1, . . . , `uzĴj, and cJ,k :“
ś

jPJ

cj,k for any J Ď

t1, . . . , `u.

Proof. — Let px; tq “ pxp0q, xp1q, . . . , xp`q; t1, . . . , t`q be the coordinates in rX.
It follows from the estimate of the microsupport of the inverse image of a closed
embedding (Lemma 6.2.1 (ii) and Proposition 6.2.4 (iii) of [4]) that there exists
a sequence

tpx
p0q
k , x

p1q
k , . . . , x

p`q
k ; t1,k, . . . , t`,k; ξ

p0q
k , ξ

p1q
k , . . . , ξ

p`q
k ; τ1,k, . . . , τ`,kqu

8
k“1

in SSpRjΩ˚rp
´1F q such that for any j “ 1, . . . , `
$

&

%

lim
kÑ8

x
pjq
k “ x

pjq
0 , lim

kÑ8
ξ
pjq
k “ ξ

pjq
0 , lim

kÑ8
tj,k “ 0,

lim
kÑ8

|pt1,k, . . . , t`,kq| ¨ |pτ1,k, . . . , τ`,kq| “ 0.

By Theorem 6.3.1 of [4] we have

SSpRjΩ˚rp
´1F q Ď SSprp´1F q p`N˚pΩq.
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By Proposition 5.4.5 of [4], we have

SSprp´1F q “ rpdprp
´1
π pSSpF qq

“ tpxp0q,
xp1q

tĴ1

, . . . ,
xp`q

tĴ`
; t1, . . . , t`; ξ

p0q, tĴ1
ξp1q, . . . , tĴ`ξ

p`q; τ1, . . . , τ`q;

tj ą 0 pj “ 1, . . . , `q, pxp0q, xp1q, . . . , xp`q; ξp0q, ξp1q, . . . , ξp`qq P SSpF qu,

where we did not calculate the terms in the variables τj (j “ 1, . . . , `) since we
are not going to use them. Thanks to Remark 6.2.8 (ii) of [4] and the fact that
N˚pΩq Ă tpx; t; 0; τqu, for each k P N we get sequences

tpx
p0q
k,m, x

p1q
k,m, . . . , x

p`q
k,m; ξ

p0q
k,m, ξ

p1q
k,m, . . . , ξ

p`q
k,mqu

8
m“1 Ă SSpF q,

tpt1,k,m, . . . , t`,k,mqu Ă pR`q`,

such that

lim
mÑ8

px
p0q
k,m,

x
p1q
k,m

tĴ1,k,m

, . . . ,
x
p`q
k,m

tĴ`,k,m
; t1,k,m, . . . , t`,k,mq

“ px
p0q
k , x

p1q
k , . . . , x

p`q
k ; t1,k, . . . , t`,kq,

lim
mÑ8

pξ
p0q
k,m, tĴ1,k,m

, ξ
p1q
k,m, . . . , tĴ`,k,mξ

p`q
k,mq “ pξ

p0q
k , ξ

p1q
k , . . . , ξ

p`q
k q.

Then extracting a subsequence, we can find

tpx
p0q
k , x

p1q
k , . . . , x

p`q
k ; ξ

p0q
k , ξ

p1q
k , . . . , ξ

p`q
k qu

8
k“1 Ă SSpF q

and tpt1,k, . . . , t`,kqu8k“1 Ă pR`q` such that
$

’

’

’

’

’

&

’

’

’

’

’

%

lim
kÑ8

px
p0q
k ,

x
p1q
k

tĴ1,k

, . . . ,
x
p`q
k

tĴ`,k
q “ pxp0q, xp1q, . . . , xp`qq,

lim
kÑ8

pξ
p0q
k , tĴ1,k

ξ
p1q
k , . . . , tĴ`,kξ

p`q
k q “ pξ

p0q, ξp1q, . . . , ξp`qq,

lim
kÑ8

pt1,k, . . . , t`,kq “ p0, . . . , 0q.

Since SSpF q is conic, we have

px
p0q
k , x

p1q
k , . . . , x

p`q
k ; tkξ

p0q
k , tkξ

p1q
k , . . . , tkξ

p`q
k q P SSpF q,

where tk :“
ś̀

j“1

tj,k. Setting cj,k :“ 1
tj,k

(j “ 1, . . . , `) we obtain the desired

result.

Remark 3.8. — Theorem 3.6 extends the estimate of microsupport computed
in [6].

BULLETIN DE LA SOCIÉTÉ MATHÉMATIQUE DE FRANCE



604 N. HONDA, L. PRELLI & S. YAMAZAKI

4. Applications to D-modules

In this section, we consider applications of multi-microlocalizations
to D-module theory.

4.1. Uchida’s Triangle. — First, recall the notations of § 2.1; for example,
let τi : Ei Ñ Z p1 ď i ď `q be vector bundles over Z, and let E˚i be the dual
bundle of Ei. Set E :“ E1ˆ

Z
¨ ¨ ¨ˆ

Z
E`. Let τ : E Ñ Z be the canonical projection.

We set 9E :“ EzZ. Similar notations shall be adopted for E˚.

Theorem 4.1 (cf. [12]). — Let F be a multi-conic object on E. Then there
exists a natural isomorphism

τ !Rτ!F „Ñ Rp1˚ p
!
2pF

^E q,

and the natural morphism F Ñ τ !Rτ! F is embedded to the following distin-
guished triangle:

F Ñ τ !Rτ!F Ñ Rp`1˚p
`!
2 pF

^E q
`1
ÝÝÑ .

Proof. — If ` “ 1, the result follows by Lemma A.2 of [12]. Assume ` ą 1,
and set E1 :“

Ś`
Z,i“2Ei, E

1˚ :“
Ś`

Z,i“2E
˚
i , and P

1
E1 :“

Ś`
Z,i“2P

1
i . Moreover,

let^E1 (resp_˚E1) be the composition of^i (resp._˚i ) for i “ 2, . . . , `. Consider:

Eˆ
Z
E˚p1

��

p2

))
p
E1,2

//

p1,1

��
˝

E1ˆ
Z
E˚

p1,2

//

p1,1

��

E˚

E E1ˆ
Z
E1ˆ

Z
E1˚

p
E1,1

oo
p
E1,2

// E1ˆ
Z
E1˚.

By the commutative diagram

E
τ1 //

τ
E1

��
˝

E1

τ
E1

��
E1 τ1

// Z

we have

τ !
E1 RτE1! τ

!
1Rτ1! F “ τ !

E1 RτE1! τ
´1
1 Rτ1! F bωE{Z

“ τ !
E1 τ

´1
1 RτE1!Rτ1! F bωE{Z “ τ !

E1 τ
!
1RτE1!Rτ1! F “ τ !Rτ! F.
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Hence, by Lemma A.2 of [12] and induction hypothesis, we obtain:

(4.1)

F

��

„ // F^E1_
˚

E1 „ // F^E1_
˚

E1
^1_

˚
1

��
τ !
E1RτE1!F

��

„ // RpE1,1˚ p
!
E1,2pF

^E1 q

��
τ !
1Rτ1!τ

!
E1RτE1!F

„ // τ !
1Rτ1!RpE1,1˚ p

!
E1,2pF

^E1 q

o
��

τ !Rτ!F
„ // Rp1,1˚ p

!
1,2ppRpE1,1˚ p

!
E1,2pF

^E1 qq^1q.

For the same reasoning as in (2.1), for any multi-conic object H on E1ˆ
Z
E1˚

we have
H_

˚
i _1 “ H_1_

˚
i .

Therefore, we have

(4.2) H_
˚
i ^1 “ pH_

˚
i _1qidˆabωb´1

E1{Z
“ pH_1_

˚
i qidˆabωb´1

E1{Z
“ H^1_

˚
i .

Thus, by Proposition 2.2 (2) and (4.2) we have

(4.3) F^E1_
˚

E1
^1_

˚
1 “ Rp11˚p

1 !
2 pF

^E q.

Lastly, by Proposition 3.7.13 of [4] we have

Rp1,1˚ p
!
1,2ppRpE1,1˚ p

!
E1,2pF

^E1 qq^1q

“ Rp1,1˚ p
!
1,2RpE1,1˚ppp

!
E1,2pF

^E1 qq^1q

“ Rp1,1˚ p
!
1,2RpE1,1˚ p

!
E1,2pF

^E1^1q “ Rp1˚p
!
2pF

^E q.

(4.4)

Therefore, by (4.1), (4.3), (4.4) and the definition of P`, we have

F //

o��

τ !Rτ!F

o��
F^E1_

˚

E1
^1_

˚
1

o
// Rp1,1˚ p

!
1,2ppRpE1,1˚ p

!
E1,2pF

^E1 qq^1q

o
Rp11˚ p

1 !
2 pF

^E q // Rp1˚ p
!
2pF

^E q // Rp`1˚ p
` !
2 pF

^E q
`1// .

The commutativity follows from the constructions.

Therefore, we obtain the following:
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Theorem 4.2. — Let X be a real analytic manifold, and assume that the fam-
ily χ “ tMiu

`
i“1 of submanifolds in X satisfies conditions H1, H2 and H3. Set

M :“
Ş`
i“1Mi. Then for any F P DbpkXsa

q, there exists the following distin-
guished triangle:

(4.5) νχpF q Ñ τ´1RΓM pF qbω
b´1
M{X Ñ Rp`1˚pp

`
2 q
´1µχpF qbω

b´1
M{X

`1
ÝÝÑ .

Proof. — By the definition of multi-microlocalization and Theorem 4.1 we have
(see also Remark 2.1)

νχpF q Ñ τ !Rτ!νχpF q Ñ Rp`1˚p
`!
2 µχpF q

`1
ÝÝÑ .

Since τ and p`2 are projections, we have

τ ! » τ´1bωSχ{M » τ´1bωb´1
M{X ,

p`!
2 » pp`2 q

´1bωP`{M » pp`2 q
´1bωb´1

M{X .

Hence we prove the theorem.

By Theorem 3.6, under the identifications T˚S˚χ “ T˚Sχ “ Sχ˚ , we have

SSpµχpF qq “ SSpνχpF qq Ă Cχ˚pSSpF qq.

In particular we obtain

(4.6) suppµχpF q Ă S˚χ X Cχ˚pSSpF qq.

Thus we obtain:

Corollary 4.3. — If 9S˚χ X Cχ˚pSSpF qq “ H, then

νχpF q „Ñ τ´1RΓM pF qbω
b´1
M{X .

4.2. Solutions of D-modules in complex domains. — Let χ “ tYiu`i“1, and as-
sume that each Yi and Y :“

Ş`
i“1 Yi are complex submanifolds of X. As

usual, let DX be the sheaf of holomorphic differential operators on X. Let M
be a coherent DX -module, and Ch M the characteristic variety of M. Then,
for F “ R Hom DX

pM, OXq, it is known that SSpF q “ Ch M. From (4.5), we
have

R Hom DX
pM, νχp OXqq Ñ τ´1R Hom DX

pM, RΓY p OXqqbω
b´1
Y {X

Ñ Rp`1˚pp
`
2 q
´1R Hom DX

pM, µχp OXqqbω
b´1
Y {X

`1
ÝÝÑ .

Let f : Y ãÑ X be the canonical embedding. We can define the following natural
mappings associated with f :

T˚Y
fd
ÐÝ Yˆ

X
T˚X

fπ
ÝÑ T˚X.
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We define the inverse image of M by

Df˚M :“ OY
L
b
f´1 OX

f ´1M.

Assume that Y is non-characteristic for M; that is, T˚YXXCh M Ă T˚XX. Then,
it is known that Df˚M is identified with Df˚M :“ H0Df˚M, and Df˚M is a
coherent DY -module.

Theorem 4.4. — Assume that Y is non-characteristic for M. Then

R Hom DX
pM, νχp OXqq „Ñ τ´1R Hom DY

pDf˚M, OY q

» τ´1f ´1R Hom DX
pM, OXq.

Proof. — By the non-characteristic condition and Cauchy-Kovalevskaya-
Kashiwara theorem, we obtain the following isomorphisms:

R Hom DX
pM, RΓY p OXqqbω

b´1
Y {X » R Hom DY

pDf˚M, OY q

» f ´1R Hom DX
pM, OXq.

Hence by Corollary 4.3, it is enough to show 9S˚χ X Cχ˚pCh Mq “ H. Assume
that there exists a point

pxp0q; ξp1q, . . . , ξp`qq P 9S˚χ X Cχ˚pCh Mq.

Then by Theorem 3.7 there exist sequences

tpxp0qn , xp1qn , . . . , xp`qn ; ξp0qn , ξp1qn , . . . , ξp`qn qu
8
n“1 Ă Ch M,

tpcp1qn , . . . , cp`qn qu
8
n“1 Ă pR`q`,

such that:
$

’

’

’

&

’

’

’

%

lim
nÑ8

cpjqn “ 8, pj “ 1, . . . , `q,

lim
nÑ8

pxp0qn , xp1qn cpĴ1q
n , . . . , xp`qn cpĴ`qn ; ξp0qn cn, ξ

p1q
n c

pĴc1 q
n , . . . , ξp`qn c

pĴc` q
n q

“ pxp0q, 0, . . . , 0; 0, ξp1q, . . . , ξp`qq,

where cn :“
ś`
j“1 c

pjq
n , Ĵcj :“ t1, . . . , `u r Ĵj , and c

pJq
n :“

ś

jPJ c
pjq
n for any

J Ď t1, . . . , `u. In particular we have lim
nÑ8

px
p1q
n , . . . , x

p`q
n , ξ

p0q
n cnq “ p0, . . . , 0, 0q.

Since pξp1q, . . . , ξp`qq ‰ 0, we may assume that

tn :“ |pξp0qn , ξp1qn , . . . , ξp`qn q| ą 0.

We consider the sequence tpxp0qn , x
p1q
n , . . . , x

p`q
n ; t´1

n pξ
p0q
n , ξ

p1q
n , . . . , ξ

p`q
n qqu

8
n“1 Ă

Ch M. By extracting a subsequence, we may assume that there exists ζ0 ‰ 0

such that
lim
nÑ8

t´1
n pξ

p0q, ξp1qn , . . . , ξp`qn q “ ζ0 .
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Choose 1 ď k ď ` with lim
nÑ8

ξ
pkq
n c

pĴckq
n “ ξpkq ‰ 0. Since lim

nÑ8
c
pjq
n “ 8, we have

lim
nÑ8

ξ
p0q
n

ξ
pkq
n

“ lim
nÑ8

ξ
p0q
n cn

ξ
pkq
n c

pĴckq
n c

pĴkq
n

“ 0.

Therefore, we see that ζ0 “ p0, ζ01, . . . , ζ0`q ‰ 0. Hence

lim
nÑ8

pxp0qn , xp1qn , . . . , xp`qn ; t´1
n pξ

p0q, ξp1qn , . . . , ξp`qn qq

“ pxp0q, 0, . . . , 0; ζ0q P
9T˚YX X Ch M,

which contradicts the non-characteristic condition. Thus 9S˚χXCχ˚pCh Mq “ H.
Hence we obtain the desired result.

Example 4.5. — Take a point p “ pq; ξq P
Ś

X,1ďjď`

TYj ιpYjq, and set x0 :“

τppq P Y . Recall the notation in Remark 1.12. Then under the assumption
of Theorem 4.4, every solution to M defined on Coneχpp, εq for some ε ą 0

extends automatically a solution defined on a full neighborhood of x0.

4.3. Solutions of D-modules in real domains. — Next, we consider the real
cases.

Example 4.6. — Let us take χ “ tN,Mu with N Ă M Ă X (Takeuchi’s
case). Then Sχ “ TNM ˆ

M
TMX and S˚χ “ T˚NM ˆ

M
T˚MX » T˚

N ˆ
M
T˚MX

T˚MX.

Under the notation of [11], Takeuchi defines functors

νNM :“ νχ : DbpkXq Ñ DbpkTNM ˆ
M
TMXq,

νµNM :“ ν
^2
χ : DbpkXq Ñ DbpkTNM ˆ

M
T˚MX

q,

µNM :“ µχ : DbpkXq Ñ DbpkT˚NM ˆ
M
T˚MX

q.

LetM be a real analytic manifold, and χ “ tNiu`i“1 ĂM . Assume that each
Ni and N :“

Ş`
i“1Ni are real analytic submanifolds of M . We consider the

multi-normal deformation ĂMχ along χ. Let X be the complexification of M ,
and Y the complexification ofN inX. Let ι : M ãÑ X the canonical embedding.
Let BM be the sheaf of hyperfunctions on M . Then by (4.5) we obtain

R Hom DX
pM, νχpBM qq Ñ τ´1R Hom DX

pM, RΓN pBM qqbω
b´1
N{M

Ñ Rp`1˚pp
`
2 q
´1R Hom DX

pM, µχpBM qqbω
b´1
N{M

`1
ÝÝÑ .
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For any conic subset A Ă T˚X we can define ι#pAq :“ T˚M X CT˚MX
pAq

([4, Definition 6.2.3]). Note that px0; ξ0q P ι
#pAq if and only if there exists a

sequence tpxν `
?
´1 yν ; ξν `

?
´1 ηνqu

8
ν“1 Ă A such that

lim
νÑ8

pxν `
?
´1 yν ; ξνq “ px0; ξ0q, lim

νÑ8
|yν | |ην | “ 0.

Theorem 4.7. — Assume that N ãÑM is hyperbolic for M; that is,

(4.7) 9T˚NM X ι#pCh Mq “ H.

Then
R Hom DX

pM, νχpBM qq „Ñ τ´1R Hom DY
pDf˚M, BN q.

Proof. — By (4.7), we see that Y is non-characteristic for M on a neighborhood
of N . By the non-characteristic division theorem, we have

R Hom DX
pM, RΓN pBM qqbω

b´1
N{M » R Hom DY

pDf˚M, BN q.

By Corollary 6.4.4 of [4], we have

SSpR Hom DX
pM, BM qq Ă ι# SSpR Hom DX

pM, OXqq “ ι#pCh Mq.

As in the proof of Theorem 4.4 we have

supppR Hom DX
pM, µχpBM qqq X 9S˚χ Ă

9S˚χ X Cχ˚pι
#pCh Mqq “ H.

and we obtain the desired result.

As usual, let EX be the sheaf of ring of microdifferential operators on T˚X
and t EXpmqumPZ the usual order filtration on EX . Let U be a Cˆ-conic open
subset of 9T˚X, and Σ a Cˆ-conic involutory closed analytic subset of U . Set
IΣ :“ tP P EXp1q|U ; σ1pP q|Σ ” 0u and EΣ :“

Ť

mPN0
ImΣ . Here σmpP q de-

notes the principal symbol of P P EXpmq, and we set I 0
Σ :“ EXp0q|U . Namely,

EΣ Ă EX |U is a subring generated by IΣ .

Definition 4.8. — (1) Let U be a Cˆ-conic open subset of 9T˚X, and Σ a
Cˆ-conic involutory closed analytic subset of U . LetM be a coherent EX -mod-
ule defined on U .

(a) An EΣ submodule L ofM is called an EΣ-lattice ofM if L is EXp0q-co-
herent and EXL “M.

(b) We say thatM has regular singularities along Σ if for any p˚ P U , there
exist an open neighborhood V of p˚ and an EΣ-lattice L ĂM|V .

(2) Let Σ be a Cˆ-conic involutory closed analytic subset of 9T˚X, and M a
coherent DX -module. Then we say that M has regular singularities along Σ if
so does EX b

π´1 DX
π´1M.

We impose the
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Condition 4.9. — (1) Λ Ă 9T˚X is a Cˆ-conic closed regular involutory com-
plex submanifold,

(2) M has regular singularities along Λ,
(3) 9T˚NM X ι#pΛq “ H.

By Condition 4.9 (2), we have Ch M Ă Λ \ supp M. Hence by virtue of
Condition 4.9 (3), we see that Y is non-characteristic for M on neighborhood
of N . Let DbM be the sheaf of distributions on M .

Theorem 4.10. — Assume Condition 4.9. Then

R Hom DX
pM, νχpDbM qq „Ñ τ´1R Hom DY

pDf˚M, DbN q.

Proof. — Consider

R Hom DX
pM, νχpDbM qq Ñ τ´1R Hom DX

pM, RΓN pDbM qqbω
b´1
N{M

Ñ Rp`1˚pp
`
2 q
´1R Hom DX

pM, µχpDbM qqbω
b´1
N{M

`1
ÝÝÑ .

Under Condition 4.9, we have

R Hom DX
pM, RΓN pDbM qqbω

b´1
N{M » R Hom DX

pM, ΓN pDbM qqbω
b´1
N{M

» R Hom DY
pDf˚M, DbN q,

and
SSpR Hom DX

pM, DbM qq Ă ι#pΛ\ supp Mq
(see [2]). As in the proof of Theorem 4.4 we have

supppR Hom DX
pM, µχpDbM qqq X 9S˚χ Ă

9S˚χ X Cχ˚pι
#pΛ\ supp Mqq “ H,

and this entails that Rp`1˚pp
`
2 q
´1R Hom DX

pM, µχpDbM qq “ 0, and we obtain
the desired result.

Theorem 4.11. — Assume Condition 4.9. Then

R Hom DX
pM, νχp C

8
M qq „Ñ τ´1R Hom DY

pDf˚M, C8N q.

Proof. — Consider

R Hom DX
pM, νχp C

8
M qq Ñ τ´1R Hom DX

pM, RΓN p C
8
M qqbω

b´1
N{M

Ñ Rp`1˚pp
`
2 q
´1R Hom DX

pM, µχp C
8
M qqbω

b´1
N{M

`1
ÝÝÑ .

Under Condition 4.9, we have

R Hom DX
pM, RΓN p C

8
M qqbω

b´1
N{M » R Hom DX

pM, W8

M,N q

» R Hom DY
pDf˚M, C8N q,

and
SSpR Hom DX

pM, C8M qq Ă ι#pΛ\ supp Mq
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Here W8

M,N is the sheaf of Whitney functions on N (see [13]). Thus the
proof is the same as in Theorem 4.4.
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