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MULTI-MICROLOCALIZATION AND MICROSUPPORT

BY NAOFUMI HONDA, LucA PRELLI & SUSUMU YAMAZAKI

ABsTrRACT. — The purpose of this paper is to establish the foundations of multi-
microlocalization, in particular, to give the fiber formula for the multi-microlocalization
functor and estimate of microsupport of a multi-microlocalized object. We also give
some applications of these results.

REsUME (Multi-microlocalisation et microsupport). — Le but de cet article est d’éta-
blir les fondements de la multi-microlocalisation, en particulier, de donner une formule
de fibre pour le foncteur de multi-microlocalisation et aussi une estimation du micro-
support d’un objet multi-microlocalisé. Nous donnons également quelques applications
de ces résultats.
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570 N. HONDA, L. PRELLI & S. YAMAZAKI

Introduction

A microlocalized object of a sheaf F' along a closed submanifold M was
first introduced in M. Sato, T. Kawai and M. Kashiwara [9], which is locally
described by, roughly speaking, local cohomology groups of F' with support in
a dual cone of the edge M (see also M. Kashiwara and P. Schapira [4]). As a
result it can be tightly related with, via Cech cohomology groups, boundary
values of local sections of F' defined on open cones of the edge M. It is well
known that, for example, Sato’s microfunctions, which are obtained by applying
the microlocalization functor along a real analytic manifold M to the sheaf of
holomorphic functions, can be regarded as boundary values of holomorphic
functions locally defined on wedges with the edge M.

We sometimes, in study of partial differential equations, need to consider a
boundary value of a function defined on a cone along a family x of several closed
submanifolds. In such a study, J. M. Delort [1] had introduced simultaneous
microlocalization along a normal crossing divisor x which gives a boundary
value of a function defined on a dual poly-sector. Bi-microlocalization along
submanifolds x = {M;, My} with M; < M, was also introduced by P. Schapira
and K. Takeuchi [10] and [11] which defines a different kind of a boundary value.

On the other hand, in the paper [3]|, the first and the second authors of
this article established the notion of the multi-normal cone for a family x of
closed submanifolds with a suitable configuration, and they also constructed
the multi-specialization functor along x. One can observe that cones appearing
in simultaneous microlocalization and bi-microlocalization are characterized by
using the multi-normal cone and that both microlocalization functors coincide
with the multi-microlocalization functor along x where the latter functor is
obtained by repeated application of Sato’s Fourier transformation to the multi-
specialization functor. Hence multi-microlocalization gives us a uniform ma-
chinery for both simultaneous microlocalization and bi-microlocalization. The
purpose of this paper is to establish the foundations of multi-microlocalization,
in particular, to give the fiber formula for the multi-microlocalization func-
tor and estimate of microsupport of a multi-microlocalized object. We briefly
explain, in what follows, these two important results and their meanings.

The most fundamental question for the multi-microlocalization functor .
along closed submanifolds x = {Mi,..., M,} is a shape of a cone on which
a boundary value given by p, is defined. The fiber formula gives us an ex-
plicit answer: A germ of H*(u, (F)) is isomorphic to local cohomology groups

limHE (F) where G is a vector sum of closed cones G;’s and each G; is defined

G
in the similar way as that in the fiber formula of the usual microlocalization

functor along M;. Therefore the multi-microlocalization functor can be under-
stood as a natural extension of the usual microlocalization functor. Once we
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MULTI-MICROLOCALIZATION AND MICROSUPPORT 571

have grasped a geometrical aspect of multi-microlocalization, then the next
fundamental problem to be considered is estimate of microsupport of p, (F') by
that of F', for which the answer is quite simple and beautiful: The microsupport
SS(py (F)) is contained in the multi-normal cone of SS(F') along x*. Here x*
is a family of Lagrangian submanifolds {TJ’\“/hX e 7T1>\k/1¢X }. This shows, in par-
ticular, soundness of our framework in the sense that the sharp estimate can
be achieved by a geometrical tool (the multi-normal cone) already prepared in
our framework. These two results have many applications, and some of them
will be given in the last section of this paper.

The paper is organized as follows: We briefly recall, in Section 1, the theory of
the multi-specialization developed in [3]. Then, in Section 2, we define the multi-
microlocalization functor by repeatedly applying Sato’s Fourier transformation
to the multi-specialization functor. After showing several basic properties of
the functor, we establish a fiber formula which explicitly describes a stalk of a
multi-microlocalized object. In Section 3, after some geometrical preparations,
we give an estimate of microsupport of a microlocalized object, that is our main
result. Several applications of this result to 9-modules are studied in Section 4.

1. Multi-specialization: a review

In this section we recall some results of [3]. We first fix some notations,
then we recall the notion of multi-normal deformation and the definition of the
functor of multi-specialization with some basic properties.

1.1. Notations. — Let X be a real analytic manifold with dim X = n, and
let x = {My,..., M} be a family of closed submanifolds in X (¢ > 1). Through-
out the paper all the manifolds are always assumed to be countable at infinity.
We set, for N € xy and pe N,
NR,(N):={M;ex;pe M;, N& M; and M; € N}.
Let us consider the following conditions for .

H1 Each M; € x is connected and the submanifolds are mutually distinct,
i.e., Mj # Mj/ fOI“ j # j/.
H2 For any N € x and p € N with NR,(N) # &, we have

(1.1) (\ T,M; |+T,N=T,X.
M;eNR,(N)

Note that, if x satisfies the condition H2, the configuration of two submanifolds
must be either 1. or 2. below.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



572 N. HONDA, L. PRELLI & S. YAMAZAKI

1. Both submanifolds intersect transversely.
2. One of them contains the other.

If x satisfies the condition H2, then for any p € X, there exist a neighborhood
V of p in X, a system of local coordinates (z1,...,z,) in V and a family of
subsets {I; }§=1 of the set {1,2,...,n} for which the following conditions hold.

1. Either Iy c I, I; < I, or Iy n I; = & holds (k,j € {1,2,...,£}).

2. A submanifold M; € x with p € M; (j = 1,2,...,¢) is defined by

{Zi=0;iel;j}inV.

We set, for N € x,

(1.2) w(N) = () M.
NeM;
Here ¢, (V) := X for convention if there exists no j with N & M;. When there
is no risk of confusion, we write for short ¢(IN) instead of ¢, (V). We also assume
the condition H3 below for simplicity.
H3 M; # (M) for any j e {1,2,...,4}.

In local coordinates let Iy,...,I, < {1,...,n} such that M; = {zx; =0; k€
I;}. Note that the family x satisfies the conditions H1, H2 and H3 if and only
if I,..., I, satisfy the corresponding conditions

(i) either I; & Iy, Iy & I; or Ij n I, = & holds for any j # k,
1.3
(1.3) (ii) U I | € I; for any j.

I G

Hence, for any j € {1,2,...,£}, the set

(1.4) =1\ | I

LG,

is not empty by the condition H3. Further it follows from the conditions H1,
H2 and H3 that, for each j € {1,..., ¢}, there exist unique j1,...,7, € {1,...,¢}
such that

L= ueul,

and I < I for all k € {j1,...,jp

——

(equality holds only if £ = j). In particular
(15) Ij=flu---l_llg.

Set, for i € {1,...,n}
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MULTI-MICROLOCALIZATION AND MICROSUPPORT 573

It follows from the proof of Proposition 1.3 of [3] that

(1.7) Ju=Js < a,fel;

for some j € {1,...,¢}.

LEMMA 1.1. — Let I; 2 I,;. Then for each o€ I; and 3 € I; we have J, < Jp.

Proof. — Let a € I; and B e fj. By definition of I; and condition H2 we have
ked, = I;21I,.

Since I; = I; we have
I 2 Ij < ke J,@.
Then J, S Jg. O

Thanks to the previous result we can introduce the following notation. Set
for convenience

¢

(18) I(]:IO = {1,,77,}\UIJ
j=1

Then, in local coordinates, we can write the coordinates (z1,...,z,) by
(1.9) (2@, ™ 28,
where 2) denotes the coordinates (xi)iefj (j =0,...,£). By taking (1.7) into
account, we can also define, for j € {0,1,...,¢}
(1.10) Ji={ke{l,....0}; [ Sy ={ke{l,....0}; I; € I,}.

Note that, with this notation, we have Jy = . Moreover, by (1.7) we have
Jo = Jg = Jj for each j € {1,...,¢} and each «,f € I;. In particular, by
Lemma 1.1

(1.11) Lcl; = JycJ.

1.2. Multi-normal deformation. — In [3] the notion of multi-normal deforma-
tion was introduced. Here we consider a slight generalization where we re-
place the condition H2 with the weaker one. Let x = {Mq,..., M,} be a fam-
ily of closed submanifolds of X. We say that x is simultaneously linearizable
on M = Myn---nM, if for every x € M there exist a neighborhood V of  and a
system of local coordinates (1, ..., ,) there for which we can find subsets I;’s
of {1,...,n} such that each M; NV is defined by equations z; = 0 (¢ € I;). Note
that if x satisfies the condition H2, then it is simultaneously linearizable. Now,
through the section, we assume that x is simultaneously linearizable on M.
First recall the classical construction of [4] of the normal deformation of X
along M;. We denote it by X M, and we denote by ¢t; € R the deformation
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574 N. HONDA, L. PRELLI & S. YAMAZAKI

parameter. Let Q7 = {t; > 0} and let us identify s71(0) with Ths, X. We have
the commutative diagram

s ~ Q0
(1.12) Tor, X —2 Xppy —2 Quy,
M, Py
I
ZMl
M X.

Set Qps, = {(x; t1) ; t1 # 0} and define
My := (pM1|§M1)_1M2.
Then ]\72 is a closed smooth submanifold of X M, -

REMARK 1.2. — One cannot expect the smoothness of ]\72 without the simul-
taneously linearizable condition. For example, let X = R? with (x1,2,) and
let My = {z; = 0}, My = {x; — 3 = 0}. Then in )?Ml with coordinates
(z1,x2; t1) we have

MQ = {tl.'El —.'L’% = 0, tl #* 0} = {tliL'l - :L'g = 0}
which is singular at (0,0; 0).
Now we can define the normal deformation along M;, M as
XM1,M2 = (XM1)1\~72
Then we can define recursively the normal deformation along x as
X = XMl,m’Me = (XM1,~~,MZ—1);7£'

Set Sy = {t1,...,t, =0}, M = ﬂf=l M, and Q, = {t1,...,t¢ > 0}. Then we
have the commutative diagram

~ i
(1.13) Sy —>=X "0,
lT Lp/
' P
M- X
Let us consider the diagram (1.13). In local coordinates let Iy,...,I, <

{1,...,n} such that M; = {z =0; ke I,;}. For j € {0,...,¢} set

jj:{ke{lw"ag};fjg]—k}’ tjj:l_[tk7
k‘ij

where t1,...,t, € R and tjo =1. Thenp:)?—>Xis defined by
(x(o),a:(l) R ALE PR ,te) — (tjoa:(o),tjlx(l),...,tjlzc(l)).
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MULTI-MICROLOCALIZATION AND MICROSUPPORT 575

DEFINITION 1.3. — Let Z be a subset of X. The multi-normal cone to Z along
X is the set C\(Z) = p~1(Z) n S,.

LEMMA 1.4. — Letp = (p(@,pM, ... . p*):0,...,0) € S, and let Z = X. The
following conditions are equivalent:

1. pe Cy(2).
2. There exist sequences { Climy -+ Com)} < (RY)*
and {(qm ,qm),...,q )} © Z such that qﬁ,{)cJ —pl@), j=01,...,¢
and ¢y j — 400, 5 =1,...,¢4.
Proof. — Let us prove 1. = 2. Since p € p—1(Z) n S, there exist sequences

()9, P)} € Z, {(tm, - - tem)} © (R*)” such that

tim—0, j=1,...,4

Y4
PO, 0y L (pO p) 0,
(p(o),p(l)tjhm, . 7P(€)tje,m) € Z.

Set t71 = Cjm, Jj =1,...,£ and p%)tjj = q%), 7 =0,1,...,¢. Then we
have {(qﬁ,?),qﬁ,}b),...,q%))} c Z, qﬁ,{)cjj —pW, j=0,1,...,¢ and Cm,j — +00,
j=1,...,0

Let us prove 2. = 1. Suppose that there exist sequences {(c1,m,...,Cem)} <

(R+)* and{(qm ,qm),...,qm )} < Zsuchthatqﬁn)ca —p@, j=0,1,...,¢and

Cm,j — 0,7 =1,...,¢ Deﬁnepsn) —q,(,]l)cJ,j =0,1,....,4and tj, = ¢

Then clearly

-1
m,j°

tim—0, J=1,...,¢
D, p® L pD) S (p©, pM L p®),
(p(O),p(l) Jimo e ,p(e)tje,m) €2

SopeCy(2). O

Let us consider the canonical map T, t(M;) — M; — X, j =1,...,¢, we
write for short

Tar;o(M;) := Tag, o(My) x Tagye(Ma) x -+ x Tag,u(My).
X,lzjgl M, L(M) vy L 1);; Mo L( 2); % ', o(My)

When x satisfies the conditions H1, H2 and H3 we have
(1.14) Sy~ x  Tyu(My).

X,1<5<¢

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



576 N. HONDA, L. PRELLI & S. YAMAZAKI

REMARK 1.5. — When y satisfies conditions H1, H2 and H3, the zero-section
Sy becomes a vector bundle over M. However, in general, the simultaneously
linearizable condition is not enough to assure the existence of a vector bundle
structure on Sy. The important exceptional case where x does not satisfy H2
but S, has a vector bundle structure, the case of the family x* in T*X, will
be studied in § 3.1.

EXAMPLE 1.6. — Let us see two typical examples of multi-normal deforma-
tions in the complex case. Let X = C? (~ R* as a real manifold) with coordi-
nates (21, 22).

1. (Majima) Let x = {My, My} with My = {z; = 0} and My = {2 = 0}.
Then yx satisfies H1, H2 and H3. We have I} = {1}, I, = {2}, J; = {1},
Jo = {2} (in RY, if 27 = (z1,%2) and 23 = (x3,74) we have I; = {1,2},
I, = {3,4}, J1 = Jo = {1}, J3 = Jy = {2}). The map p : X — X is
defined by

(21,225 t1,ta) = (t121,t222).
Remark that the deformation is real though X is complex. In particula;r
t1,t2 € R. We have «(M;) = ¢«(Ms) = X and then the zero section S of X
is isomorphic to T, X x T, X.
X

2. (Takeuchi) Let x = {My, Mo} with M; = {0} and My = {23 = 0}. Then
x satisfies H1, H2 and H3. We have I, = {1,2}, I, = {2}, J; = {1}, Jo =
{1,2} (in R4, if z; = (21,%2) and 2o = (x3,74) we have I} = {1,2,3,4]},
I2 = {3,4}, Jl = J2 = {1}, J3 = J4 = {1,2}). The map p : X - X is
defined by

(21, 22; t1,t2) = (t121,t1t222).

We have 1(M;) = My, «(Ms) = X and then the zero section S of X is
isomorphic to T, My x T, X.
b's

EXAMPLE 1.7. — Let us see three typical examples of multi-normal deforma-
tions in the real case. Let X = R® with coordinates (x1, T2, z3).
1. (Majlma) Let X = {Ml,MQ,M3} with M1 = {1‘1 = 0}, M2 = {172 = 0}
and M3 = {z3 = 0}. Then x satisfies H1, H2 and H3. We have I; = {1},
I, = {2}, Is = {3}, J1 = {1}, Jo = {2}, J3 = {3}. The map p: X > X is
defined by

(@1, T2, x3; t1,ta,t3) — (t121,tax2, t3xs).

We have +(M;) = o(My) = «(Ms3) = X and then the zero section S of X
is isomorphic to Ths, X x T, X x Ty, X.
X b'e
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2. (Takeuchi) Let X = {Ml,MQ,Mg} with M1 = {0}, MQ = {1‘2 = T3 = 0}
and Ms = {z3 = 0}. Then x satisfies H1, H2 and H3. We have I; =
(1,2,3}, I, = {2,3}, Iy = {3}, J1 = {1}, Jo = {1,2}, J5 = {1,2,3}. The
map p : X — X is defined by

(@1, 2, x3; t1,t2,t3) — (t121, titaxe, titatsxs).

We have ¢«(M7) = Ma, o(Ms) = M3, 1(Ms) = X and then the zero section
S of X is isomorphic to T, My ; Th, M3 ; T, X.

3. (Mixed) Let x = {My, My, M3} with M; = {0}, My = {z2 = 0} and
M3 = {x3 = 0}. Then x satisfies H1, H2 and H3. We have I; = {1, 2, 3},
I ={2},Is = {3}, Js = {1}, Jo = {1,2}, Js = {1,3}. Themapp: X — X
is defined by

(x1, T2, x3; t1,t2,t3) — (t121, titaze, titsxs).

We have «(M;) = ManMs, (M) = 1(M3) = X and then the zero section
S is isomorphic to Thr, (M2 N M3) x Tar, X x T, X.
X X

Let g€ () M; and p; = (¢; &) be a point in Tar,o(M;) (j = 1,2,...,£). We

1<j<t
set p=p1 X...xpp€ x Tyu(Mj), and p; = (q; ;) € Tag; X denotes
X X X,1<j<0
the image of the point p; by the canonical embedding Ty, ¢(M;) — Ty, X.
We denote by Cone, j(p) (j = 1,2,...,¢) the set of open conic cones

in (Tar, X )q ~ R~ 4mM; that contain the point e (T, X )g ~ Rr-dimM;,

DEFINITION 1.8. — We say that an open set G < (T'X), is a multi-cone along

X with direction to p € ( X TMJ.L(MJ')> if G is written in the form
X,1<5<¢ ‘

G= (] m.4(G;)  GjeConey;(p)
1<j<e

where 7, : (TX)y — (Twm;X)q is the canonical projection. We denote
by Cone, (p) the set of multi-cones along x with direction to p.

For any ¢ € X, there exists an isomorphism ¢ : X ~ (T'X), near ¢ and
¥(q) = (g; 0) that satisfies ¢(M;) = (T'M;)q for any j =1,...,¢.

Let Z be a subset of X. When x satisfies H1, H2 and H3 we also have the
following equivalence: p ¢ C, (Z) if and only if there exist an open subset ¥(q) €
U c (TX)4 and a multi-cone G € Cone, (1) (p)) such that Y(Z) nG U = &
holds.
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ExAMPLE 1.9. — We now give two examples of multi-cones in the complex
case. Let X = C? with coordinates (z1, 22).

1. (Majima) Let My = {z = 0} and My = {z; = 0}. Then Cone,(p)
for p = (0,0; 1,1) is nothing but the set of multi sectors along M7 U My
with their direction to (1,1).

2. (Takeuchi) Let My = {0} and My = {22 = 0}. For p = (0,0; 1,1) €
T, Mo ; T, X, it is easy to see that a cofinal set of Cone, (p) is, for

example, given by the family of the sets
{(m,m2); Im| < €lnzl, m2 € S}sa1,e=0,

where S is a sector in C containing the direction 1.

EXAMPLE 1.10. — We now give three examples of multi-cones in the real case.
Let X = R?® with coordinates (z1, 22, z3).

1. (Majlma) Let M1 = {xl = O}, M2 = {.CCQ = 0} and M3 = {l‘g = O}
For p = (0,0,0; 1,1,1) € T, X X T, X x Tg, X, it is easy to see that
X X

Cone, (p) = {(R*)*}.
2. (Takeuchi) Let M1 = {0}, MQ = {.CL‘Q = I3 = 0} and M3 = {563 = 0}
For p = (0,0,0; 1,1,1) € Ty, M2 x Tpr, M5 x Tip, X, it is easy to see that
X X

a cofinal set of Cone, (p) is, for example, given by the family of the sets
{(€1,€2,83); |€a] + [&€3] < €61, |€a] < €€2, §3 > O}eo-

3. (Mixed) Let M; = {0}, My = {z2 = 0} and M5 = {z3 = 0}. For p =
(0,0,0; 1,1,1) € Ty, (MgmM;;);TMzX;TMSX, a cofinal set of Cone, (p)

is, for example, given by the family of the sets

{(&1,82,€3); |&2| + €3] < €€1, &2 > 0, &3 > O}eso-

This definition is also compatible with the restriction to a subfamily of .
Namely, let k < £ and K = {j1,...,jk} be a subset of {1,2,...,¢}. Set xx =
{Mju N 7Mjk} and SK = TMleX(Mjl) )>§ s )>§ TMjkLX(Mj ) )>§ M. Let Z be a

subset of X. Then we have
CX(Z) M SK = CXK(Z) N SK.

In the following we will denote with the same symbol C,, (Z) the normal cone
with respect to xx and its inverse image via the map X — XMjl,,,,,Mj .
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MULTI-MICROLOCALIZATION AND MICROSUPPORT 579

1.3. Multi-specialization. — Let k be a field and denote by Mod(kx,,) (resp.
D%(kx,,)) the category (resp. bounded derived category) of sheaves on the
subanalytic site X,,. For the theory of sheaves on subanalytic sites we refer to
[5, 7]. For the theory of multi-specialization we refer to [3].

Let x be a family of submanifolds satisfying H1, H2 and H3.

DEFINITION 1.11. — The multi-specialization along x is the functor
vi*: D%(kx,,) — D°(ks,..)
F i s'RIg p 'F.

REMARK 1.12. — We can give a description of the sections of the multi-
specialization of F € D®(kx,,): let V be a conic subanalytic open subset of S, .
Then:
B (Vv F) ~ lig B (U; F),
U

where U ranges through the family of open subanalytic subsets of X such that
Cy(X\U)nV =F. Let p=(q;§) €  x  Tnu(M;j), let Be < (TX)y be an
X,1<5<¢

EERSVAS

open ball of radius € > 0 with its center at the origin and set
Coney (p, €) := {G N Be; G € Cone, (p)}.

Applying the functor p~': Db(kg ) — DP(ks,) (see [7] for details) we can
calculate the fibers at pe  x  T,o(M;) which are given by
<t

X,1<j
(p "HIVS"F), ~ lim HY (W; F),
w
where W ranges through the family Cone, (p, €) for € > 0.

On the other hand, under ordinary topologies, we can define the multi-
specialization functor

I/X: Db(kx) g Db(k‘sx),
F s s 'Rl p'F.

In the same way as the subanalytic case, forany pe  x T, 1(Mj), we have
X,1<5<t

(H'v, F), ~ lim B (W; F),
w
where W ranges through the (not necessary subanalytic) family Cone, (p, €)

for € > 0.
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In general, for a morphism f: Y — X between real analytic manifolds, we
have

X

b

Yoo — Xso-
Then for any G € Db(ky ) we have
7V Rp,G — T Rp Rfuf T'G = f \RfuRp,f G — Rp,f G
(this is not an ismorphism in general). Thus, for any F € D(ky) we have
p Vi (Rp F) = p~'s 'RIG (p”'Rp,F)
= p's'RHam(pska, ,p ' Rp,F)
— p~'sT'RHam(Rpska, , Rpup~ ' F)
= p~'s 'Rp,R¥om(kq, ,p ' F)
— p 'Rp,s"'Rlo (p'F)
=s'RIG (p7'F) = vy (F).
Namely, we have a natural morphism p_IV;“(Rp*F) — vy (F'), and by the stalk
fomulae, this gives an isomorphism. Thus we may identify v, with pfll/;“Rp*.

Therefore, if there is no risk of confusion, in the rest of the paper we will also
use the notation

vy = p i DP(kx,,) — D’(ks,)

under the identification D°(ky) 3 F = Rp,F € D*(kx_ ).

2. Multi-microlocalization

In this section we introduce the functor of multi-microlocalization as the
Fourier-Sato transformation of multi-specialization. We then compute its stalks
as inductive limits of sections supported on convex subanalytic cones.

2.1. Definition. — Now we are going to apply the Fourier-Sato transformation
to the multi-specialization. We refer to [4] for the classical Fourier-Sato trans-
formation and to [8] for its generalization to subanalytic sheaves. First, we need
a general result: Let 7,: E;, — Z (1 < ¢ < {) be vector bundles over Z, and
let E be the dual bundle of E;. We denote by A, and v, the Fourier-Sato
and the inverse Fourier-Sato transformations on E; respectively. Moreover we
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denote by A and v} the Fourier-Sato and the inverse Fourier-Sato transfor-
mations on E; respectively. Recall that

G = (GV ) @uws;

E*/Z

Here w is the dualizing complex and w® = /  its dual. Set E := F, >< - X Ee

E¥|Z
and E* := Ef x --- x E for short. Let 7: E — Z be the canonical prOJection.
z z

Set P! :={(n,§) e E, X E¥; (n,&) < 0}. Further set

P :=P x---x P, Pt :=E x E¥\P/,
z  z z

and denote by py: P’ — E, py: P’ > E* andp; : Pt — E,,pj : P™ — E* the
canonical projections respectively. Let F' and G be a multi-conic object on F
and E* respectively. Then we set for short Anp (resp. v},) the composition
of the Fourier-Sato transformations A; (resp. the composition of the inverse
Fourier-Sato transformations v¥) on E; for each i € {1,...,¢}.

REMARK 2.1. — Let X, Y be two real analytic manifolds, and f: Y — X a
real analytic mapping. We have a commutative diagram

sa sa

For subanalytic sheaves we can also define the functor of proper direct image
fu, and its derived functor Rfii. Note that Rf, o Rp, % Rp, o Rf, in general.
As in the notation above, let i: Z — E be the zero-section embedding. Then
we have

R, o Rp, :i!oRp* :Rp*oi! = Rp, o Rm.

Hence in what follows, we identify R7, with R7,.

PROPOSITION 2.2. — Let F' and G be multi-conic objects on E and E* respec-
tively.

(1) F*E and G'E are independent of the order of the Fourier-Sato trans-
ormations A, and the inverse Fourier-Sato transformations v¥ respectively.
K3 (]

(2) It follows that
GVE = Ryl p,'G.
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Proof. — (1) By induction on ¢, we may assume that ¢ = 2. We have the
following commutative diagram:

’
P2
P P x E¥ E*
/ 1 2 /
Py P32 zZ P12
pllyl 0O lpll,l
E E, x P} E, x E¥.
’ /

P21 Z P22 Z

Then we have
k% | 1 ! !
(2.1) GY1Y2 = Rp 1, Pop RP) 14 P1,2G = RPb 14 RPY 14 P22 P12 G
= Rp,l*pIQIG'
For the same reason, we obtain
GViv3 = Rpl p)G = GV¥Vi.

Therefore we have

ATAS = (VEVE)Th = (ViVE) T = A AT
Replacing (Ef, EX) with (E4, E,), we obtain

A{Ag = Ay Aq.

(2) For £ = 2, the result follows by (2.1). Next, assume that ¢ > 2. Set

E':= x E,E*:= x FE¥ Pp:= x P/ and v}, the composition
Z,2<i<t Z,2<i<t Z,2<i<t
of v¥) for each i € {2,...,¢}. We have the following commutative diagram:
/
b2
P PIxE* g
Py Pgi zZ P12
Pia O l/pllJ
E E, x Pg, E, x E'*.
; 1 X P — 1
Pgry Z Ppr o A

Then by induction hypothesis, we have
(G” ’ ) Ve = RPIE'J* P%’,z Rpll,l* Plll,zG
= Rplps 14 BPY 14 Vv 2 112G = Rpl,05 G
Therefore, the induction proceeds. O
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We shall need some notation. For a subset K = {i1,...,ix} S {1,...,4}, set
Xk ={M;; i€ K}, S; :=Tpe(M;)) x M (j=1,...,¢) and
X

x S;

Sk = TMil L(Mh) ; T TM%L(M““) =i Ea

X oeoe e
X M M

Let S} be the dual of Sk:
® . ) * )= 8% x ... *
Sk = TMHL(M“) Xox TMikl’(Mlk) S; x A>}S“€ .

Given C;; € S;;, j = 1,...,k, we set for short Cx := C;; x --- x C;, < Sk.
X X
Define Ak as the composition of the Fourier-Sato transformation A;, on S;,
for each ix € K.
Let I,J < {1,...,¢} be such that I u J = {1,...,£}. We still denote

by 7: St 1\>2 S% — M the projection. We define the functor v3% 13*, by

Vit DPkx,) 2 F o AE) € DPkis, , s..)

By Proposition 2.2, this is well defined; that is, this definition does not depend

on the order of the Fourier-Sato transformations. Composing with the functor

p~ 1, we set for short

-1 b b
Vxilx, =P V;iﬂ;af D (sza) —D (kSI X S}“)
M
When I = (& we obtain the functor of multi-microlocalization: Set A :=
Af1,...,ey for short.

DEFINITION 2.3. — The multi-microlocalization along x is the functor

3t D¥(kx,,) 3 F = vt (F)" € DP(kgs ).

As above, we set for short

py o= p s DP(kx,) — D(kgx).

2.2. Stalks. — Let X be a real analytic manifold and consider a family of

submanifolds x = {Mj, ..., M,} satisfying H1, H2 and H3. Let S = Ty, t(M1) x
X
)); Tar,o(My). Locally p e S is given by p = py x --- x pp = (g; €1, ..., £®),

with € € Ty, 1(My). Set M = (;_; M;. Let 7; : Tay,o(M;) — Thy, X denote
the canonical injection and let 7; : S — Ty, ¢(M;) be the canonical projection.

LEMMA 2.4. — Let F € D%(kx,,).
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(i) Let A be a multi-conic closed subanalytic subset of S. Then HY(S; VAF) ~

li_n}Hé(U;F), where U ranges through the family of open subanalytic
Z,U
neighborhoods of M and Z is a closed subanalytic subset such that
Cy(Z) < A.

(ii) Suppose that A = ﬂ§=1 7r]71A]- with A; being a closed conic subanalytic
subset in Thpr,0(M;) x M. Then H (S; VRt F) ~ l’l)nHlé(U;F), where U

M; Z,U

ranges through the family of open subanalytic neighborhoods of M and
Z = Zyn---n Zy with each Z; being a closed subanalytic subset in X
and Car,(Z) < (Tag, X\7j(Tar; 0 (M;)\Ay)).

Proof. — (i) We have the exact sequence
> By (S;0(F)) — B (S; 057 F) — HY(S\A; 17 F) — -+
We have H*(S; vt F) ~ h_II)lHk(U;F), where U ranges through the family of
U
subanalytic neighborhoods of M. Moreover

H*(S\A; V3" F) ~ lim H*(W; F),
w
where W € Op(X,,) is such that C (X\W) n (S\A) = . Setting Z = X\W
we obtain
Hk(S\A;V;“F) ~ li_I)nHk(U\Z;F),
U,z

where U ranges through the family of subanalytic neighborhoods of M and Z
is closed subanalytic such that C,(Z) < A. Then the result follows thanks to
the five lemma applied to the exact sequence

- = lim HY (U; F) — lig B*(U; F) — lig HY(U\Z; F) — - --
U,z U U,Z

where U ranges through the family of subanalytic neighborhoods of M and Z
is closed subanalytic such that C,(Z) c A.

(ii) Let A = ﬂf.:l 7rJ71Aj with A; < Tao(Mj) xar;, M. Set for short
Sj := Tar,uo(M;) xpr, M. Then we have S\A = |J;_; 7;'(S;\4;). Let W €
Op(X.a) be such that Cy(X\W) n (S\A) = @. Then W = J;_, W; with
Cy (X\W;) n ﬂ;l(Sj\Aj) = (. Let us find Wq,...,W,. Let W/j be an open
neighborhood of ﬂ;l(Sj\Aj) in the multi-normal deformation X of X. Then
by Proposition 4.6 of [3] we have CX(X\ﬁ(MN/j N Q)N 7rj_1(Sj\Aj) = (. Set
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W; = ﬁ(Wj N Q) nW. Up to shrinking W we may suppose W = Ule W;. We
have
Cy (X\W;) n ;1 (S1\4;) = & < Cy (X\W;) n (S,\4;) = &
< Cu, (X\W;) N 7;(55\4;) = I,
where, for the second condition, S;\A; is regarded as a subset of
{(g:€D,....6D) e s qe M W =0k #j)} < 8.
The first equivalence follows from Lemma 4.2 of [3] and the second one from

Corollary 4.3 of [3]. Setting Z = X\W and Z; = X\W;, we obtain Z = ﬂ?zl Z;
with C,(Z;) N 7;(S;\A;) = & and the result follows. O

REMARK 2.5. — By Lemma 6.1 in [3], for any F € DP(kx_,) there is a natural
isomorphism

v (F) = s'RIg (p7'F) ~ s!(p!F)QX .

PROPOSITION 2.6. — Assume that x satisfies the conditions H1, H2 and H3.
Let 7: Sy ~  x  Tau(Mj) — M be the canonical projection, where M :=

X,1<j<¢
ﬂﬁ:l M; . Then
(2.2) V;G(F”M :RT*I/;“(F) ~ F|m,
(2.3) RFM(V;“(F)) ~ RT!V;"(F) ~ RI'y(F).

Proof. — Let k: M — S, be the zero-section embedding, and ¢: M — X the
canonical embedding. Then

Fla =k™1s7p7'F — k™ 's 7' Rig wig '~ (F)
~ kflsflRFQX (p~'F) ~ V;“(F)|M,
Rny*(F) = k‘!V;a(F) ~ k!s!(p!F)QX — k's'p'F = Ry (F).
These morphisms are isomorphisms by the stalk formulae. O
Set S* := Ty t(My) X% Ty, u(My). Let V = V) Ko % Ve be a multi-

conic open subanalytic subset in S*, and let m : S* — M denote the canonical
projection. We set, for short, V° := V{° x ... x V;? the multi-polar cone in S.
X X

LEMMA 2.7. — LetV = Vi x ... x V; be a multi-conic open subanalytic subset
X X

in 8* such that V.am='(q) is convex in S} for g€ n(V'). Then H*(V; ptF) =~

li_I)nHZ(U;F), where U ranges through the family of open subanalytic sub-
zZ,U

sets in X with U nM = n(V) and Z = Zy n--- n Zy with Cp,(Z;) <
(Tar; X \7(Int (V7). Here (-)* denotes the inverse image of the antipodal map.
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Proof. — Since the fiber of Vj is convex for each j the Fourier-Sato trans-
formation gives Hk(V;uff‘F ) ~ HY.(S; vy?F'). Then the result follows from
Lemma 2.4 (ii). O

Let p=p1 x --- xpp = (q; €V, ... £¥)) e §* For any p;, € Ty, ((My,), we
define the subset in (T, X),

(2.4) pf = (Tar, X) g\ (PR

Here the subset pp® in (T, ¢(My))q denotes the antipodal polar set of the point
Dk, i-e., pi® = {n € (Tar, t(My))g; (n,€*)) < 0}. Note that pk# is an open subset.
Set for short p, := pfl,u;“. As a consequence of Lemma 2.7 we have

COROLLARY 2.8. — Let p = py x --- x pg = (q; €M,...,6®0) e S*, and
let F € D°(kx.,). Then H*(u, F), ~ li_n)lH’}(U; F), where U € Op(X,,) ranges
Z,U
through the family of open subanalytic neighborhoods of q and Z runs through
a family of closed sets in the form Z1 N Zs -+ N Zy with each Zy being closed

subanalytic in X and Cp, (Zy)q < pk# u {0} (k=1,2,...,0).

Now we are going to find a stalk formula for multi-microlocalization given
by a limit of sections with support (locally) contained in closed convex cones.
As the problem is local, we may assume that X = R™ and ¢ = 0 with
coordinates (z1,...,2z,), and that there exists a subset I (k = 1,2,...,¢)
in {1,2,...,n} with the conditions (1.3) such that each submanifold M, is
given by {z = (z1,...,2,) € R"; x; = 0(i € I;)} . Recall that I; was defined by
(1.4) and that we set M = Ny My and ng = #I,. Then locally we have

X =Mx(NyxNgx---xNyj)=MxN,

where N}, is R™ with coordinates z(¥) = (i) e, - Set, for ke {1,...,¢},
Jop 1= {] € {1,...,6}, Ij < Ik},
(25) J>7€ = {je{]‘a"'ae}a I] glk}7

Jyp={jel{l,....0}, I n I}, = J}.
Clearly we have
(2.6) ke ol Sl < je o,
and, by the conditions H1, H2 and H3, we also have
(2.7) Japu{k}u Jopudy, ={1,2,...,4}.
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Let p=py x -~ xpp = (g;ED,...,60) e Ty o(My) x ... x Ty «(My) and
X X
consider the following conic subset in N
x(j)zo, j€J<kI_1JHk
(2.8) Y=< (9);1 e N; z0) e R, jeJon

<$(J)a§(k)> >0,7=k
Note that, if £*) = 0, then ~ is empty.

EXAMPLE 2.9. — We now compute v, of (2.8) on the complex case in the
following two typical situations. Let X = C? with coordinates (21, 22).

1. (Majima) Let M; = {z; = 0} and My = {22 = 0}. Then
M = {(21,0); Rez1,m) > 0},
Y2 = {(0, 22); Re(z2,m2) > 0}.

2. (Takeuchi) Let M; = {0} and My = {z3 = 0}. Then

71 = {(21,0); Re{z1,m) > 0},
Y2 = {(21, 22); Re(z2,m2) > 0}.

EXAMPLE 2.10. — We now compute 7% of (2.8) on the real case in three typ-
ical situations. Let X = R?® with coordinates (z1, 2, z3).

1. (Majima) Let My = {1 = 0}, My = {z3 = 0} and M3 = {z3 = 0}. Then
Y1 {(1’1,0,0); <I17§1>>0}a
Y2 = {(0, 22, 0); (w2,§2) > 0},
73 = {(0,0,z3); (x3,§3) > 0}.

2. (Takeuchi) Let M; = {0}, My = {z3 = z3 = 0} and M3 = {z5 = 0}.
Then

{(21,0,0); {z1,&1) > 0},

{(z1,22,0); (z2,&2) > 0},

= {(z1,22,23); {z3,&3) > 0}

3. (Mixed) Let M7 = {0}, M2 = {2 = 0} and M3 = {z3 = 0}. Then
11 = {(21,0,0); {x1,&1) > 0},
Y2 = {(z1,22,0); (z2,&2) > 0},
73 = {(z1,0,23); (x3,&3) > 0}.
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THEOREM 2.11. — Letp=1p; x ---xpp = (q; €V, ... £©O) e S* and let F €
D*(kx,,). Then we have
(2.9) H* (i, F)p ~ li_H}H]Cc:(U§F)-

G,U

Here U is an open subanalytic neighborhood of q in X and G is a closed sub-
¢

analytic subset in the form M X (Z Gk> with Gy, being a closed subanalytic
k=1

convezx cone in N satisfying Gi\{0} < v, where vi is defined in (2.8).
Proof. — As a point of the base manifold M is irrelevant in the subsequent
arguments, we may assume M = {0} for simplicity. We also assume ¢ = 0 and
|€®)| <1 for k=1,2,...,°L

We first prove that, for any Z = Z; n---n Zy with Zj being closed in X and
Cum,(Zy)q < pk# v {0} (k =1,2,...,¢), there exists G described in the theorem
with G © Z. As Gy, is convex and it contains the origin, we have

Gin-nGy=(G1+ - +Gy)°
and
(G- nG) =Gt TG
where G} designates the usual polar cone of G in X as a vector space. We
shall find a closed convex cone V such that V = V; n---nV, with V}, convex for
each k =1,...,¢ and V2\{0} < 7 satisfying V° © Z. Furthermore we choose
Vi so that every V7 is proper with respect to the same direction 5 # 0, ie.,
Vo\{0} € {z € X; (z,€) > 0}. In this way
Vo — (Vvloom”.m‘/;O)o :mzvlo+“.+wo
and setting G}, := V7 we obtain the claim. Here the last equality follows from
the fact that every V° is closed and properly contained in the same half space
in X.
It follows from the definition of Z; that there exists ¢ > 0 and a closed
convex cone I'y = Ny, with T;\{0} < {(z(®), £() > 0} which satisfies

Zrcf{ze X;2W ey} u{ze X; ¢z®| < Z |z}
j€J<k
Note that, for k£ with £€(*) = 0, we always take I';y = {0}. The existence of such

an € and a I'y is shown in the following way. We set

N/ = X Nj, N”:Z X Nj,
Jje€J<k Je€I kU dyk

for which we have X = N’ x Nj x N” with coordinates (2, z(*),z"). Note
that My = {0}n'xn, X N” holds. We also define a closed subset D in Nj
by {z*) € Ny; (™), €®)) < 0}. Then Car, (Z1), < pj U {0} implies that, for
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any 6 € D\{0}, there exist an open cone Qg in N’ x Ny with direction (Oy-, 6)
and an open neighborhood Uy of ¢ in X satisfying

((29 X IV”) F\l]g C )(\éfk.

Then, as {0}/ x D is a closed conic subset in N’ x Ny, we can find a finite
subset © in D\{0} such that

{0} x (D\{0}) = | @s,

0e®©

() +)-(or) v

Then, by taking U in (2.9) sufficiently small so that U c ﬂ Uy, we may assume,

0e®
from the beginning,

<UQ9> x N" < X\Zj.
6c©

As U Qg is an open conic neighborhood of {0}n+ x (D\{0}) in N’ x Ng, there

0cO
exist an open cone T in Nj with D\{0} c T and € > 0 satisfying

" 2N e N x Nu: 2B eT (4) (k) .
{(w,w )€ N’ x Ni; 2™ e T, Z |z | < e|z'™] cegng

jeJ<k

Hence we have
{(x', )y e N' x Ny; 2 e T, Z 29| < e|a:(k)} x N" < X\Zs,
jeJ<k

which is equivalent to saying that

{x eX;z® e (Nk\T)} v {w € X; Z 29| > e|:v(k)} > Zy.

jEJ<k
This shows the existence of € > 0 and T’y := Ni\T.

Now we set
Zi,r = {x e X; z®) e Fk}

Zy e = {meX; elz®| < Z |sc(j)}.

je€J <k

Note that, for k € {1,2,...,¢} with I, = I, we have Z;, Zy, v and no Zj .
appears.
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. . . k
Define V = V; A --- n V. Here each Vj, is given by, if £*) = 0,

{.’17 S X; ;L'(k) = Tk7 6|<m(k)’§(k)>| > Z .’E(J)|}

jEJ>k

where 6 > 0 and T} is a proper closed convex cone in Nj with T} {x(k) €
Ni; {z®), €0 > 0} and € e Inty, Ty. And if ) = 0, then V} is the whole
X. Note that V} is a convex set in any case, i.e., V,° = V. Then such a V'
satisfies the desired properties. Indeed it is easy to see V,2\{0} < ;. We will
show that

Veo ﬂ(ZkI U Zg ) 2 2.
k

Here we emphasize that the inequality appearing in Zj, .

(2.10) ez®| < > 2]

jEJ<k

and that in Vj, for k with £) =0
(2.11) sj@®, €= Y7 e
j6J>k
play an important role below.
Let 0 = 0105...04 be an {-length sequence where oy, is either the symbols
Pore(k=1,2,...,¢), and let us define

Ko :=2Z1,6," 22,6y "N Zg o,

Then we have

ﬂ(Zk,F ) Zk,e) = ;)Kg.
k

We now show that, for each sequence o, we obtain V° > K, if we take Ty
(k=1,2,...,¢) and ¢ > 0 sufficiently small.

Set
Jr(o):={je{l,2,...,4}; o; =T}
and
Je(o) :={je{1,2,...,4}; 0j = €}.

Note that, for k € {1,2,...,¢} with I, = I, we have k € Jp(c) and k ¢ J.(0),
which implies, in particular, Jr(c) is non-empty. As both V and T'y, are proper
cones with direction £€*) in Ny, if £€*) # 0, and as T'y, = {0} if £(®) = 0, there
exists a constant M > 0 such that

MzD|ly D] < (@), 49y < |20y
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holds for j € Jp(o) and z = (z™,...,2) e K, and y = (y,...,.y©) e V.
Furthermore, by (2.10), there exists a constant N > 0 such that, for any j €
Je(o), we have

, N

\x(3)| <% Z |x(a)|
aedr(o)nJd<;

for x = (zM,...,2Y) e K,. By noticing these facts, we obtain, for z =

(W, ..., 20)e Ky and y = (yV,...,y) e V.
(z,y) = Z<m(j),y(j)> = Z (2D )y 4 Z (29 40y
J

jeJr (o) jeJe(o)
>M Z |29 ||y @)] — 2 |29 ||y )|
jeJr(o) j€Je(o)
D) N @] | 15
=M Y DY -5 ) S @) ).
jeJr (o) jeJe(o) \aedr(o)nJ<;

Here, as T, = {0} for a with £¢(*) = 0, we have |z(®)| = 0 for such an a € Jr (o)
and the last term in the above inequalities is equal to

. . N o .
1) M Y Y- N Y Gl el
jedr(o) jeJe(o) \aedr(o)nd<;,£(@)£0

It follows from (2.11) that we get d|y(®)| = §|(y(®), £ > |y for a with
€@ 0 and for j € J.o (= a € J-;). Hence the (2.12) is lower bounded by

MY RO - Y Y )

jeJr (o) jeJe(o) aedr(o)nd<j, £()#£0
ON#J (o) i (a
=M Y eV - SN (el )
jeJr (o) a€eJr(o)
(SN#JE( ) « «a
- (v - SEH) S ey,
OzEJr(o’)

Note that the set Jr(c) is non-empty as noted above. Hence, if we take &
sufficiently small, {(x,y) takes non-negative values for z € K, and y € V, which
implies K, < V°. Hence we have shown the existence of G described in the
theorem with Z < G.

Now we show that G described in the theorem satisfies Ciy, (G)q < pk# v {0}
for any k. We may assume G = V° where V was defined in the first part of
the proof. Suppose that there exists a non-zero vector n € (Th, X )y = N’ x Ny,
such that

0#mneCur,(V°)g N 1i(pp?).
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Note that n € 74(pj®) implies the existence of 0 # 1*) € Ny such that n =
(0n+, n®)) and (n*), £*)) < 0. Set, for any € > 0,
2’| < e(n®, )Y |2 < e}

T z®| <€, 2™ e QW)

Q. := {m = (2,2 ") e X

where {ng)}oo is a family of open cone neighborhoods of the direction 7n*)

in Ni. Then n € Cpy,, (V°), means Qe N V° # J for any € > 0. By noticing

(n®), €)% <0, it follows from the definition of V that there exists a vector

v = (v',v®) 0n~) € V such that we can find a positive constant C' > 0 with
@, 00y < —C®| (@) e Q)

for any sufficiently small € > 0. Hence we have, for z = (z/,z(*), z") € Q.,

(2,0) = (@', 0") + @@, 0" < (eln® ||| = C) 2™,

As a result, if we take a sufficiently small ¢ > 0, we have (z,v) < 0 for any
z € @, and thus, we get Q. N V° = J which contradicts Q. n V° # .
Therefore we have obtained the conclusion. This completes the proof. O]

REMARK 2.12. — In the case £ = 2 with M; < My < X we obtain the stalk
formula computed in [11].

Now let us consider the mixed cases between specialization and microlo-
calization. We shall need some notations. Given a subset K = {i1,...,ix} S
{1,.... 0}, let xx = {M;, ie K}, set S, = TMijL(Mij) x M (j=1,...,k)and

M,
J
Sk = T, (M) Xox T, (M) and let Sk be its dual. Given C;; € S;;,
j=1,...,k, we set for short Cx := C;; x --- x C;, < Sk. Define Ag as the
X X
composition of the Fourier-Sato transformations A;, on §;, for each iy € K.

Let I,J < {1,...,¢} be such that I 1 J ={1,...,¢}.

LEMMA 2.13. — Let V = Vi x Vj be a multi-conic open subanalytic subset
X

in SI;;S}‘: such that V. nm—1(q) is convex for g € ©(V'). Then H*(V; vt ust F) ~

li_n)lH’}(U;F), where U ranges through the family of open subanalytic subsets
zZ,U

in X with Cy,(X\U) 0 Use; 7 (Vi) = & and Z = (o, Z; with Car, (Z;) ©
(Thr; X\7j(Int (V7). Here (-)* denotes the inverse image of the antipodal map.

Proof. — We write x instead of x for short. Since V is convex the Fourier-

X
Sato transformation gives H*(V;v3¢ e F) ~ H"“/vaf(S;V;“F). Consider the

X(IL /'LXJ
distinguished triangle

(2.13) RI(sp\vyyxvevy B — RIs, xvovyF — Rl xyevy" F X5
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By Lemma 2.7 we have H’gleJo(S;l/;“F) ~ li_n)1H]§(U;F), where U ranges
Z,U

through the family of open subanalytic subsets of X such that U n M =

m(V)and Z = ﬂJeJ Zj with Cpr, (Z5) < (Tar; X\7;(Int(V?))). By Lemma 2.4
we also have H(SI\VI e (SRt F) ~ lim H%(U; F), where U ranges through

zZ,U
the family of open subanalytic subsets of X such that U n M = #(V) and
Z = (;_, Z; with Cy,(Z;) < (Tnr, X\7;(Int(V72))) if j € J and Oy, (Z) <
(T, X \TJ( )) if 7 € I. Thanks to the long exact sequence associated to (2.13)
we obtain Hlev; (S;vtF) ~ h_II)lHZ(U N W; F), where U ranges through
zZ,U

the family of open subanalytic subsets of X such that U n M = n(V), Z =
ey Zj with Cun,;(Z;) = (Tar; X\ (Int (V) and W = (J;c;(X\Z;) such
that Chy, (Z;) < (Tar, X\7:(V;)). Then the result follows since, as in Lemma 2.4

O, (Zi) < (Ta, X\1:(V3)) = O\ (Z:) n 7 Y (Vi) = &. O

Let p = p1 x - xpp = (q; €W,...,60) = (g; €1,€9) € S1 x S5 Locally

we may identify S; with its dual. Set for short vy, pu,, = p i, v uy- As a
consequence of Lemma 2.13 we have

COROLLARY 2.14. — Letp=1p; x ---xpp = (q; €V ... £¥)) e S x S%, and
X

let F e D*(kx,,). Then H*(vy,piy, F)p ~ lim HY (W.; F), where W, = W n B,
Z,W.

with W € Coney(q; £1,07), Be is an open ball containing q of radius € > 0 and

Z runs through a family of closed sets in the form Zy nZs - N Zy with each

Zy, being closed subanalytic in X and Cp, (Zk)q < pk# v {0} (k=1,2,...,0).

Proof. — The result follows since for any subanalytic conic neighborhood V'
of (g; £1,05), any U € Op(X,,) such that Cy (X\U) NV = J contains W N B,
q € Be, € > 0, W € Cone(q; £1,05). Moreover, by definition of multi-cone we
may assume W = ﬂle W; such that Cag, (W), < pf u{0}if j € I and
W;=Xifjeld. O

As in Theorem 2.11 we can find a cofinal family to the family of closed
subsets defining the stalk formula in Corollary 2.14 which (locally) consists of
convex cones and we can formulate the stalk formula in the mixed case.
THEOREM 2.15. — Letp = p; x -+ x pp = (q; €,... ¢®)) e Sf x S%, and

X
let F e D*(kx.,). Then we have

(2.14) HE (v, px, F)p ~ lim HG(We F).
G,W.
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Here W, = W n B, with W € Cone, (q; £1,0), Be is an open ball of radius € >

¢
0 containing q and G is a closed subanalytic subset in the form M x (Z Gk>
k=1
with Gy, being a closed subanalytic convexr cone in N satisfying Gp\{0} < 4,

where vy 1s defined in (2.8).

3. Multi-microlocalization and microsupport

In this section we give an estimate of the microsupport of multi-
microlocalization. The main point is to find a suitable ambient space: this is
done (via Hamiltonian isomorphism) by identifying 7%S, with the normal
deformation of T* X with respect to a suitable family of submanifolds x*.

3.1. Geometry. — Let X be a real analytic manifold and consider a family of
submanifolds x = {M;,...,M,} satisfying H1, H2 and H3. We consider the
conormal bundle T* X with local coordinates (z(®),z™), ... 2, ¢© ¢ @)

where z(9) = (@; ..., 2; ) with I = {y,--- ,Jp} etc. We use the notations in

§ 2.1; for example, we set S; := Thr,e(M;) x M. Let I,J < {1,...,£} be such
b's

that I uJ = {1,...,£}. Recall that

S, =85 x---x8§
X bx xb

S*¥ =8¥x...x 8F
X 1},’ X £

.
~—

S;xS%=( x §;)x
M Myiel " M M,jeJ

Then we consider a mapping
Hy;: T*S, 5 (2@, aM, . 2®; ¢ ¢M) 1 ¢®)
nd (37(0)7 (x(i))ieh (g(j))jeJ; 77(0)7 (g(i))ieb (_m(j))jej) € T*(SI X} S}‘)

Note that H,; is induced by the Hamiltonian isomorphisms T%S; = T*S%.

PROPOSITION 3.1. — Hj; gives a bundle isomorphism over M; that is, H};
does not depend on the choice of local coordinates.

Proof. — Let ¢: X — X be a local coordinate transformation near any x € X.
We may assume that X = R™ with coordinates = = (z(©,z(1) ... 2(®)) where
M is given by (z(®),0,...,0), and ¢ is given by

Y9 = oD@ O @) (j=0,1,...,0).
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Here ) (z) = (), (@), H(x)) with I; = {j,,... ,Jp(jy}- This induces a
coordinate transformation

T*X 3 (z;€) — (y; n) e T*X

defined by
Y9 = o) (z)
Q)
f(]) = l;)t[af(j) ( 77( )7
where oo, oo,
wr@) g (2)
2p® 1 ]p(f)
oz () R
(@) -+ (o)
71 Tp(3)

is a p(i) x p(j)-matrix, and * means the transpose of a matrix. Set Jj(:v(o)) =

@ . .
g‘;’(;) (2(®),0) for short. Then the coordinate transformation

(x(0)7x(1)7 A "m(e)) = (y(0)7y(1)7 R ’y(Z))

on S, is given by

Y0 = o0z ),
(3.1) , .
y) = Jj(m(o))x(]) (j=1,...,0).

The Jacobian matrix of (3.1) is

Jo(z(©) 0 )
oJ
(’}z(é) (x(o)) x(l) Jl (.’L'(O)) e 0
0J,(z®
%(g}(ﬂ)) z© 0 e JZ($(0)>

Thus the coordinate transformation

(@@, 2™, 20 0 ¢ eO)

= (@ y W,y @M g®)
on T*S, is given by (3.1) and
32) 0 = (0) 0) + Z )) n(i),
€9 =7, (z0) g (j=1,....0).
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Next, consider the coordinate transformation on S; x S%. After a permutation,
M

we may assume that I = {1,...,p}, J = {p+ 1,...,£}. Then the coordinate
transformation

(.’E(O), (x(i))f:h (g(j))§=p+1) = (y(0)7 (y(i))lev (n(j))§=p+l)

on S; x S% is given by
M

y(O) = <P(0) (x(O)v 0))
(3:3) y =L@ )2 G =1,..p),

nW =77 @)Y (G =p+1,...,0).
The Jacobian matrix of (3.3) is

Jo(a®) o o 0 0 e o T
2 @) e® g @®) .. 0 o . o
ol ' : ' :
5 (z(©) 2@ 0 - J, () 0 o 0
(‘)tJfl
U GO)Er o e 0 UhEO) . o
otJ, B
aw(t)) (ac )g(e 0 0 0 ...tJZ 1(3:(0))_

Thus the coordinate transformation

(x(o)’ (:v(i))le, (é(j))§=p+1; 5(0)7 (f(i))f 1s (_m(j))§*p+1)
— (y(0)7 (y(l))f=17 (U(J)) p+1 77( ) ( (i))€=17( (]))j p+1)

on T*S% is given by (3.3) and

, ¢ aJ;” -t ,
£ _ (0 Jth (4) a (0) )77(1)* Z tE(J) )( (0))y(]),
j=p+1
f(l) = tJ( (0))77() ('L = 13"'ap))
x(]):J YOyl (j=p+1,...,0).

Since

oJ 1 0J;

:L‘(O)) = JJ ( (0))3.@(0)

(&) J;7 (@),
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we have
50 ! . , oJ; A
(D I @)y D) = (€007 @) @) g @)y ),
aJ; ) aJ; )
— (t(3) 73 (.0 .(3)y — (J) 2(0) (9)
(99 2 @2 = 3 nf (a ol ), 7
,u,VeI].
atJ )
— (tx(z (x(O))n(J))k.
0x(0)
Therefore
_ Z tg(])ajo ON Z ¢ <a> (2©) ).
Jj=p+1 o Jj=p+1

Thus we can prove that

(3.4) Hyy: T*S, = T*(Sp x 83). O

Hence, using Proposition 5.5.5 of [4] repeatedly, we obtain:

PROPOSITION 3.2. — Let I,J < {1,...,£4} be such that I uJ = {1,...,¢}.
Then, under the identification by (3.4), for any F € Db(ky) it follows that
T*S, =—=1T%*(5; ﬁSj)
U U
SS(vy (F') = SS(v, , i1, , (F)).
In particular, it follows that
T*S, =——
U U
SS(vy (F)) = SS(py (F)).
Next, we study the relation between the normal deformations of T*X with
respect to X = {TA”} T3, X} and of X with respect to x. We de-
note by T*X Yk = T*XT* X,. T* x the normal deformation of T*X with

respect to x* and by S, 1ts zero- sectlon Set z := (@, M . . z®), ¢ .=
(€@ M @) and t:= (t;,...,t,). We have a mapping

T#X 4 2 (25 & 1) = (ua(s; t); pe(6 1)) € THX
defined by
pg (5 1) := (tjox(o),tjlx(l), . ,tjéx(z)),
pe(; 1) o= (85, t56W, 1560,
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where jjc = {1,...,4}\J; (j = 0,1,...,£). In particular J§ = {1,...,¢} since
Jo = . In particular tj, =1 and tjg =ty -t

THEOREM 3.3. — As vector bundles, there exist the following canonical iso-
morphism:

Syx = T*S, ~ T*S%.

Proof. — Let ¢: X — X be a local coordinate transformation near any z €
X, and retain the notation of the proof of Proposition 3.1. The coordinate
transformation (z; & t) — (y; n; ) on T* X, +\S, , is given by

. 1
yl) = — (J)(t ),

b
4 i t
0 = N0
i=0 Jg
where t ;2 := pg(z; t) = (tjox(o), tjla:(l), e ,tjeaz(é)). Let us consider the coor-
dinate transformation on S ;. We write for short ¢t — 0 instead of (¢,,...,t,) —

(0,...,0). Set J;(z(0) := gf((j)) (2(®),0) for short. Then, by Proposition 1.5 of

[3] on SX*

y© = 0 (20 ),
yU) = T (22D, (j=1,...,0),

that means y, = ZpeI gik( ©,0)z, for all k € I;. Concerning the variable

£ as in the proof of Proposition 3.1 we get

00 L o0® tie
0) _ tf%¥ )@ P T @)
3 [§m(0) (tﬂﬁ)]?? + Z [ax(o) (th)] e n.

i=1 0

Let M, = {zx =0; ke I,} and I, = jjl U - By expanding [q ((0; (tjz)]

along the submanifold M;, we obtain

o 0 Lie (i) _ o0 Lie

Gea sl 1" =5 (tjx)]‘Mi t

(}2@(1) tj,ctjk )
i @ 4 ...
kel K 0
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Since ¢ (t;z)|,, =0 and Iy n I, = & we have 22 (t -x) v - 0. Moreover

M; oz )
tscts
Jetd 1,
t,\
t- ct
M_,oy (k #19),
e

when ¢ — 0. This is because Jk J; when k € {j1,---,dp}, k # i by Lemma 1.1
and (1.7). In a similar way the higher order terms vanish when ¢ — 0. Hence
on S,

2p(©) 2000 .
(0) _ ¢ ), 0)]n© )t () (@)

(0) (2) l (1)
)n +Z x 6m(0) ©y 5@,

Concerning the variable £U) (j # 0), we get

Z K3
S0( tJC "
axm .
= Jje
¢ ; f tjlc — 0 (t—0).

J

orj-mjj=@,wehavefjml'i=®.

Do (V)
By expanding 575 (t jx) along the submanifold M;, we obtain

i e iy _ o™ e
g7t on® =55, po
i i
(}290(1) tjf:tjk .
i @ 4 ..
N Emk oz, Ox(J)( i* ‘Mv tse +
kel; ‘ i
Since ¢(*) (tjx)‘ =0 and I N I, = & we have a—(];(tjx)‘M = 0. Moreover
tjets, .
t e

when t — 0 since [, < I, = J, 2 J, by Lemma 1.1 and Jf U J, = {1,...,4} 2
J§ when j # 0. Hence on Sy

)
oz ()
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Summarizing, the coordinate transformation on S, is given by
y(O) = 90(0) (IL‘(O),O),
Yy = J ()2 (1<i<o),

4
% at']i %
£0 = 47 (2(0) O 4 2 0 S (@),

This is nothing but (3.1), (3.2). O

EXAMPLE 3.4. — Let X = C? with coordinates (z1,22) and consider T*X
with coordinates (2; 1) = (21, 22; M1,7M2)- Set t = (t1,t2) € (R*)2.

1. (Majima) Let My = {z; = 0} and My = {z3 = 0}. Then x* =
{T3;, X, Ty, X} and we have a map
T+X — T*X,
(2315 1) = (p=(25 )5 pn(ns 1)),
which is defined by
p(z; t) = (t121,t220),
pn(n; 1) = (t2m1,t1m2).
By Theorem 3.3 we have S§ ~ T* (TMIX;;TMzX) ~ T* (Tﬁ1X§Tj\"/l2X).
2. (Takeuchi) Let M; = {0} and M = {29 = 0}. Then x* = {TJ’\“/IIX, T]’\“/lzX}
and we have a map
T*X — T*X,
(2513 t) = (w225 1); py(m; 1)),
which is defined by
w25 t) = (ti21,t1taze),
pn(n; 1) = (tam1,m2).
By Theorem 3.3 we have S} ~ T*(Ta, M X T, X) ~ T*(T5;, M %
T}, X).

EXAMPLE 3.5. — Let X = R? with coordinates (x1, 72, 23) and consider T* X
with coordinates (x; &) = (z1, T2, ¥3; £1,62,&3). Set t = (t1,t2,t3) € (RT)3.
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1. (Majima) Let M; = {1 = 0}, M2 = {x2 = 0} and M3 = {3 = 0}. Then
x* = {Ty, X, T3, X, Ty, X} and we have a map
T+X — T*X,
(@; & t) = (na(@s t); pe(§5 1)),
which is defined by
po(x; t) = (t121, toxa, t3x3),
pe (&5 t) = (tatsér, titala, tataés).
By Theorem 3.3 we have S} ~ T*(TMlX;éTMzX;TMzX) ~ T* (TJ’\“/IIX;;
T, X x T3, X).
2. (Takeuchi) Let My = {0}, My = {2 = 23 = 0} and M3 = {z3 = 0}.
Then x* = {T}; X, Ty, X, T3, X} and we have a map
T+X — T*X,
(z; & 1) = (pa(@; 1); pe (&5 1)),
which is defined by
pa (T t) = (t121, titawa, titatses),
pe (& t) = (tatsén, tséa, &3).
By Theorem 3.3 we have S} =~ T*(Ty, M> )>§ T, M3 )>§ T, X) ~
T* (T, M % Ty, My x Ti;, X).
3. (Mixed) Let My = {0}, My = {22 = 0} and M3 = {z3 = 0}. Then
x* = {1y, X, T3, X, Ty, X} and we have a map
T*X — T*X,
(z; & 1) = (pa(@; 1); pe (&5 1)),
which is defined by
po (x5 t) = (8121, t1taza, t1t3x3),
pe(&; 1) = (tataén, t3€a, t2€3).
By Theorem 3.3 we have S} ~ T* (T, (M2 N M3) X T, X % T, X) ~
(T, (Ma 0 M) x Ty, X x T, X).

3.2. Estimate of microsupport. — In this section we shall prove an estimate for
the microsupport of the multi-specialization and multi-microlocalization of a
sheaf on X. We refer to [4] for the theory of microsupport of sheaves.
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THEOREM 3.6. — Let F € Db(kx). Then
SS(vx(F)) = SS(py (F)) S Cyx (SS(F)).

Since the problem is local, we may assume that X = R™ with coordinates
(1,...,2n). Let I, (k =1,2,...,£) in {1,2,...,n} such that each submanifold
My, is given by

{z = (21,...,2,) ER"; 2, =0(i € I})} .

Then Theorem 3.6 follows from Lemma 1.4 and the following theorem:

THEOREM 3.7. — Let F € Db(kx) and take a point

1 (0). £ ¢
po = (0, al), . xl?; eV, ey e TS,
Assume that po € SS(vy (F')). Then there exist sequences

{(C1hs--rCop) it © (R+)e’

0 (@ 0. (0) (1 ‘
(@, as 60,60, 60, <SS,
such that

kh—I»I;oC]k = 0, (.7 = 1""7€)a

0 (1 ¢ a
kh_r)rgo(x;c),x,(c)cJ o :L’Ec)chk,ﬁk ck,ﬁk )cj%k,...,fk Ce )

0 ¢
(x(()),x((]),.. x(()), ((]), o ,...,50 ),

14 N

where ¢, = H Cjks j = {1,...,¢1\J;, and cj := []cjr for any J <
j=1 jedJ

{1,...,4}.

Proof. — Let (x;t) = (z(©, 20 ... 2®: ¢;,...,t,) be the coordinates in X.
It follows from the estimate of the microsupport of the inverse image of a closed
embedding (Lemma 6.2.1 (ii) and Proposition 6.2.4 (iii) of [4]) that there exists
a sequence

1 4 1
{('T](g)ax](g)a ",x]({;)7t17k7 . tfka g]c ) ]E;)’ aé.k 77—1ka-~-77-€,k)}]20:1

in SS(Rjqs«p 1 F) such that for any j = 1,...,¢

(4) ; () _ (@) : _
dma? =i’ Jim 67 = &7, lim b, =0,
11m|(t1’k,...,tg,k)|"(lek,...,Tg’kM=O.

k—o0

By Theorem 6.3.1 of [4] we have
SS(Rjasp 'F) € SS(p~F) T N*(Q).

TOME 144 — 2016 — N° 3



MULTI-MICROLOCALIZATION AND MICROSUPPORT 603

By Proposition 5.4.5 of [4], we have
SS(BT'F) = pa(py (SS(F))
) tjl ) ) tjz

t;>0(G=1,...,0), @@, aM, .. a®; @ W e®)ess(F)},

R AP 7/ 5(0)7tj1§(1)""7tje€(€); Tla"‘le);

where we did not calculate the terms in the variables 7; (j = 1,...,£) since we
are not going to use them. Thanks to Remark 6.2.8 (ii) of [4] and the fact that
N*(Q) < {(z; t; 0; 7)}, for each k € N we get sequences

0 1 ¥4 0 1 ?
(@, a6 el el W, SS(F),

{(t1kms - - tekm)} © (RS,

such that

(0) x}(:) g)
lim (xk 7777”’-'-7 m tl,k,ma“-até,k,m)
m—wt BT th,km

¢
(x,go),xfcl),.. .’E;c),tl’k,.. tgk)
(1) (0) £(1) ()

nllmoc(fkm’ Jukesmo Skmo 0ty km km) & & &)

Then extracting a subsequence, we can find

@m0 60,67, 60 < SS(F)
and {(t1k,---,ter) )i, < (R*) such that

IR
lim (:L’](C), k 7...,L)=($(O),w(1),...,x(5)),
k—o0 tjl,k tj(,k

0 1 2
ILI)II( ]E: )’tjl,k: IE: )7" tj[ k IE:)) = (5(0)7§(I)>"'u€(€))7
lim (¢ 5, .. tek) = (0,...,0).
k—o0

Since SS(F') is conic, we have

(@, 2, e el ke ke € SS(F),

‘
where t := [] ¢, Setting ¢, := ﬁ (j = 1,...,¢) we obtain the desired
J=1 Js
result. O
REMARK 3.8. — Theorem 3.6 extends the estimate of microsupport computed
in [6].
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4. Applications to 9-modules

In this section, we consider applications of multi-microlocalizations
to P-module theory.

4.1. Uchida’s Triangle. — First, recall the notations of § 2.1; for example,

let 7,: E;, > Z (1 < i < {) be vector bundles over Z, and let E; be the dual

bundle of E;. Set F := E; x---x E,. Let 7: E — Z be the canonical projection.
z

We set E := E\Z. Similar notations shall be adopted for E*.
THEOREM 4.1 (cf. [12]). — Let F be a multi-conic object on E. Then there
ezists a natural isomorphism

T'ROF = Rpy, p3(F"7),

and the natural morphism F — T!R’T‘! F is embedded to the following distin-
guished triangle:

F — 7'RnF — Rp},p}'(F e) =5

Proof. — If ¢ = 1, the result follows by Lemma A.2 of [12]. Assume ¢ > 1,
and set B’ := XZZJ=2E1., E'* = XZZJ=2E;", and Py, := Xez,i=2P{- Moreover,

let A g (resp v ) be the composition of A; (resp. v§) fori = 2,..., £ Consider:
Py
. ExEf— - F xE*— = E*
4 Pg’2 z Pi1,2
l/pl,l o ‘/P1,1
E<~——E xE xFE'* E, x E'*.
Pgra Z z Pgs 2 z
By the commutative diagram
E———~F
J/"'E/ o J/TE/
E, - Z

we have
! ! ! —
T Rrgnmi R\ F = 1 R 74 1R7'1! F®wE/Z

= T!E/ Tl_lRTE/! R FQug,; = TJ!E, Tl!RTE/! Rr\F = T!RT! F.
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Hence, by Lemma A.2 of [12] and induction hypothesis, we obtain:

F ~ F/\E/vz, ~ F/\E/vz,/\lv;k
T R F = Rpp: 14 Dpr o(F )
(4.1)
Tl!RTUT}E/RTE,!F = TiRTlngE/J*pb,Q(FAE/)
l
T!RT!F = Rpl,l*pl!,Z((RpE/,l*p!E’,2<FAE,))A1)‘
For the same reasoning as in (2.1), for any multi-conic object H on E; x E'*
z
we have

H\/;k\/l — H\/l\/:k'
Therefore, we have

(4.2) ij‘/\l _ (Hv:“vl)idxa@)w@—l _ (Hvlvj‘)idxa@)w@—l — MV

EB\/Z E,/Z
Thus, by Proposition 2.2 (2) and (4.2) we have
(43) Frere T — Ryl g (FAP).

Lastly, by Proposition 3.7.13 of [4] we have
Rpy 1 pl!,Z((RpE’,l* pI!EI,Q(FAE'))Al)
(4.4) = Rpy 14 P12 Ropr 14 (P o(F 7))
= Rpy 14 P12 RPpy 14 P o(F 5 1) = Rpy,py(F ).
Therefore, by (4.1), (4.3), (4.4) and the definition of P*, we have
F ' RnF

[ L
F/\E,\/E//\lvik . Rpl’l*pll,Z((RpE’,l*p!El>2(FAE/))A1)
: |
Rt 23 (F**) Rps h(F"*)

The commutativity follows from the constructions. O

+1
Rp{, pi'(Fre) =,

Therefore, we obtain the following:
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THEOREM 4.2. — Let X be a real analytic manifold, and assume that the fam-
ily x = {M,}i_, of submanifolds in X satisfies conditions H1, H2 and H3. Set
M = ﬂle M,. Then for any F € D®(kx_,), there exists the following distin-
guished triangle:

_ _ _ _ 1
(45) v (F) > 7RIy (F)@w$ k= Bl (p3) " (F)@wl y = .

Proof. — By the definition of multi-microlocalization and Theorem 4.1 we have
(see also Remark 2.1)

1
VX(F) — T!RT!I/X(F) — Rpf*p;!uX(F) X,

Since 7 and p; are projections, we have
T~ T_1®wSX/M ~ 7t ®w1\®47)1(,
p3 = (p3) 7 @up iy = () OWY k-

Hence we prove the theorem. O
By Theorem 3.6, under the identifications T*S} = T*S, = S, «, we have
SS(uy (F)) = SS(v, (F)) = C, . (SS(F)).

In particular we obtain
(4.6) supp p, (F) = S5 n C, .« (SS(F)).
Thus we obtain:

COROLLARY 4.3. — If S;: N C .« (SS(F)) = &, then
v (F) = 7 'Ry (F)@wyy i -

4.2. Solutions of 9-modules in complex domains. — Let x = {Y;}{_,, and as-
sume that each Y, and ¥V := ﬂf=1Yi are complex submanifolds of X. As
usual, let Px be the sheaf of holomorphic differential operators on X. Let M
be a coherent 9y -module, and Ch M the characteristic variety of M. Then,
for F' = RHtomy (M, Ox), it is known that SS(F) = Ch . From (4.5), we
have

Rj@/’ﬂg)x(m, VX(@X)) — Tﬁle{OMQX(m, RFY(QX)) ®w§71

/X
— Bpi, ()" R g, (M, 1, (Dx)) @wd

Let f: Y — X be the canonical embedding. We can define the following natural
mappings associated with f:

Ty JLyxrrx I o x
X
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We define the inverse image of M by
L
Df*un:=0, ® f U
f~10x

Assume that Y is non-characteristic for ; that is, Ty X nCh M < T$ X. Then,
it is known that D f*M is identified with Df*M := HD f*M, and Df*M is a
coherent 9y -module.
THEOREM 4.4. — Assume that Y is non-characteristic for M. Then
RHomq, (M, v, (0x)) ~ 7~ RHomq (Df*M, Oy )
x~ T_lf_le(ﬂlﬂ@X(m, @X)

Proof. — By the non-characteristic condition and Cauchy-Kovalevskaya-
Kashiwara theorem, we obtain the following isomorphisms:

Rlomq, (M, RTy (0x)) @Sk ~ Rtame, (DM, Oy)
~ f " RHamq, (M, D).

Hence by Corollary 4.3, it is enough to show S;(" N C,«(ChM) = . Assume
that there exists a point

(@@; €M, D) e SF A C 4 (ChM).
Then by Theorem 3.7 there exist sequences
(@), oD, €))L, < Cha,
(e, e = R,

such that:
limcglj)zoo, (G=1,...,0),
n—o0
; () ,.(1) (1) (0) o(Jo). ¢(0) ¢, (Jl 0, Je>
7}1_13(113<$n ’xn cn 7""1.7’!/ C’n 757’1, £ 5 )

= (x(0)707‘"70;075(1)""76(6))?

where ¢, = [

J=1c$f), jj = {1,...,0} ~ jj, and c;‘]) = H]GJ 9 for any
J < {1,...,£}. In particular we have Ji_{rgo(x,(}),.. xn ,fn ¢,) = (0,...,0,0).
Since (€M) ... £®)) % 0, we may assume that

= (& 0) (1) (f))| = 0.

We consider the sequence {(mn ,x%l),..., @, st ({n , n ,..., ,(f))) ., <
Ch M. By extracting a subsequence, we may assume that there exists ¢, # 0
such that

lim ¢, (6@, eW, ..., eP) =¢.

n—o0
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Choose 1 < k </ with lingo 57(,]9)05{7’5) = 5(7’“) # 0. Since lingo c5f) = 00, we have

5(0) 5(0)

= lim ————"— =0.
n—oo (k) n—oo é.T(Lk)chJ;S)clek)

Therefore, we see that {, = (0,{y,...,{ye) # 0. Hence
lim (z,, 0) (1), .. .,x?;t,;l(g(‘)),ggl), e ,gﬁﬁ))

n—0o0

= (29,0,...,0;¢,) € TEX ~ Ch o,

which contradicts the non-characteristic condition. Thus S; NC «(ChM) = &.
Hence we obtain the desired result. O

EXAMPLE 4.5. — Take a point p = (¢; §) € X Ty;u(Y;), and set o :=
X,1<j<L

T(p) € Y. Recall the notation in Remark 1.12. Then under the assumption

of Theorem 4.4, every solution to i defined on Cone, (p, €) for some ¢ > 0

extends automatically a solution defined on a full neighborhood of zg.

4.3. Solutions of ?-modules in real domains. — Next, we consider the real
cases.

EXAMPLE 4.6. — Let us take x = {N,M} with N ¢ M < X (Takeuchi’s
case). Then S, = TyM x Ty X and S} = T M o THX ~TF o ThX.
M N x T X

Under the notation of [11], Takeuchi defines functors
UNM = l/X: Db(kx) — Db(kTNM;ITMX%
VUNM = VQZI Db(kX) - Db(kTNM X T;’;X)a
M
pna = s DP(kx) = DP (ks o 7 x)-
M
Let M be a real analytic manifold, and x = {N,}¢_, € M. Assume that each
N, and N := ﬂf=1 N, are real analytic submanifolds of M. We consider the
multi-normal deformation M, along x. Let X be the complexification of M,

and Y the complexification of N in X. Let ¢+: M < X the canonical embedding.
Let 9B,, be the sheaf of hyperfunctions on M. Then by (4.5) we obtain

RHomq, (M, v, (Byr)) — 7 RHomq, (M, RFN@M)@WN/M
— Rp{,(p3) " RHamg, (M, 1, (Bur)) @Gy —

1
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For any conic subset A = T*X we can define 1#(A) := T*M n CT:}X(A)
([4, Definition 6.2.3]). Note that (z4;&,) € ¢#(A) if and only if there exists a

sequence {(z, + v—1y,;&, +v/—1n,)}s_; < A such that
Jim (z, +V=1y,;8,) = (20:&),  lim [y, ]|[n,|=0.

THEOREM 4.7. — Assume that N — M is hyperbolic for M; that is,
(4.7) THM ~ J# (Chai) = &

Then
RHomq, (M, v, (Bar)) > 7~ RHomg, (Df*M, By).

Proof. — By (4.7), we see that Y is non-characteristic for “/ on a neighborhood
of N. By the non-characteristic division theorem, we have

RHom g (M, RIN(Bu)) ®W%/_z\14 = R%’”Q)Y(Df*ma By)-
By Corollary 6.4.4 of [4], we have
SS(RHom ¢ (M, Br)) < o SS(RHamy (M, Ox)) = #(Ch ).
As in the proof of Theorem 4.4 we have
supp(RHom g (M, p (Bar))) 0 S¥cStn C,x (#(Chm)) = &.

and we obtain the desired result. O

As usual, let &y be the sheaf of ring of microdifferential operators on T*X
and {&x(m)},,c, the usual order filtration on &x. Let U be a C*-conic open
subset of T*X , and X' a C*-conic involutory closed analytic subset of U. Set
Is ={P € &x(1)|y; 01(P)|s, = 0} and &5 = UmeNO J%.. Here o,,(P) de-
notes the principal symbol of P € & (m), and we set J% 1= Ex (0)|y;- Namely,
&x, € Ex |y is a subring generated by Jx;.

DEFINITION 4.8. — (1) Let U be a C*-conic open subset of T*X, and X a
C*-conic involutory closed analytic subset of U. Let 9t be a coherent & yx-mod-
ule defined on U.

(a) An &5, submodule £ of 9 is called an &y -lattice of M if £ is & (0)-co-
herent and &x £ = M.

(b) We say that 9 has regular singularities along X if for any p* € U, there
exist an open neighborhood V of p* and an &y-lattice £ < M|, .

(2) Let X be a C*-conic involutory closed analytic subset of T* X, and J a
coherent 9y -module. Then we say that M has regular singularities along X if
sodoes 6x @ m UM

T 1Dy

We impose the
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CONDITION 4.9. — (1) A © T*X is a C*-conic closed regular involutory com-
plex submanifold,

(2) M has regular singularities along 4,

(3) TEM ~ #(A) = &

By Condition 4.9 (2), we have Ch. M — A u suppM. Hence by virtue of
Condition 4.9 (3), we see that Y is non-characteristic for /% on neighborhood
of N. Let Dby be the sheaf of distributions on M.

THEOREM 4.10. — Assume Condition 4.9. Then
RHomq, (M, v, (Dbrr)) ~ 7' RHamg, (DM, Dby ).

Proof. — Consider

Rtomg, (M, v, (Dbyr)) — 7~ RHome (M, R (Dbyy)) @ Wy oy

— Rp,(p3) " RAHomy (M, 11, (Dby)) @R ay = -
Under Condition 4.9, we have
Rtomq (M, RFN(@/;M))@)w%/_Al/I ~ RHomq (M, FN(@&M))®w%7A14
~ R&’@mgy(Df*/”I/l, Dby ),
and
SS(RHtom g (M, Dbyy)) < # (A L supp i)

(see [2]). As in the proof of Theorem 4.4 we have

supp(R&%m@X(/”I/l, P (Dbpg))) 0 S;(" c S; ) CX*(L#(A L suppM)) = &,

and this entails that Rp, (p;)flRJ(‘(am@X(/(l/l, tr (Dbyr)) = 0, and we obtain
the desired result. O

THEOREM 4.11. — Assume Condition 4.9. Then
RHamg, (M,v,(Gy;)) ~ 7 RHamq, (D f*M, Gy).

Proof. — Consider

Rftmy, (M, vy (€3p)) — 7~ RHmey, (M, RTy (C)) @wy

— Rp{,(p3) " RAHamey (M, 1, (G37) @0y RNy
Under Condition 4.9, we have
R¥omg (M, RIy(611)) @w 3 ~ R¥amq, (M, Wi y)
~ RHamq, (DM, G,

and

SS(RIomq (M, €37)) < (A L supp )
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Here ‘M/;\'O/L n is the sheaf of Whitney functions on N (see [13]). Thus the

proof is the same as in Theorem 4.4. O
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