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RIGIDITY OF REDUCIBILITY
OF GEVREY QUASI-PERIODIC COCYCLES ON U (n)

BY XUANJI Hou & GEORGI Poprpov

ABsTRACT. — We consider the reducibility problem of cocycles (o, A) on T?¢ x U(n)
in Gevrey classes, where « is a Diophantine vector. We prove that, if a Gevrey cocycle
is conjugated to a constant cocycle (a, C) by a suitable measurable conjugacy (0, B),
then for almost all C it can be conjugated to (a, C') in the same Gevrey class, provided
that A is sufficiently close to a constant. If B is continuous we obtain that it is Gevrey
smooth. We consider as well the global problem of reducibility in Gevrey classes when
d=1.

REsuME (Rigidité de réductibilité des cocycles quasi-périodiques de Gevrey sur U(n))

On considére le probléme de la réductibilité de cocycles (o, A) sur T¢ x U(n) dans
les classes de Gevrey, o a est Diophantien. Si A est proche d’une constante et le
Gevrey cocycle (a, A) est conjuqué au cocycle constant (a,C) par une conjugaison
mesurable (0, B), on montre que pour presque tous C le cocycle peut étrte conjuguer a
(e, C) dans la méme classe de Gevrey . Si B est continue on obtient qu’elle est Gevrey.
On considére aussi le probléme de la réductibilité globale dans les classes de Gevrey
dans le cas ou d = 1.
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2 X. HOU & G. POPOV

1. Introduction

This article is concerned with the reducibility of cocycles in Gevrey classes
on the unitary group U(n). A cocycle on U(n) is a diffeomorphism of T¢ x U (n),
T? being the torus T¢ = R¢/Z4, given by the skew-product

(a, A) : T¢ x C* — T? x C"
(0,v) — (0 + a, A(O)v),

where o € T¢ and A : T? — U(n) is a map. The corresponding dynamics is
defined by the iterates of the cocycle by composition («, A)", n € Z. We denote
by C"(T%,U(n)) (r = 0,1,...,00,w) the set of all C" functions A. For any
p>1and L > 0 we denote by &, (T, U(n)) the class of Gevrey—§” functions
with an exponent p and Gevrey constant L. A map A € C*(T%,U(n)) belongs
to that class if it satisfies (2.10) (see Section 2.2). Denote by SWE(']I‘d, U(n))
(SWT(T4,U(n))), the set of all Gevrey—%” (C") quasi-periodic cocycles
on U(n).

The dynamics is particularly simple if (a, A) is a constant cocycle. The
cocycle (a, A) is said to be constant if A is a constant matrix. Two cocycles
(a, A), (a, A) € SW"(T? U(n)) are said to be conjugated if there exists B :
T¢ — U(n) such that

Ad(B).(a, A) := (a, B(- + @) ' AB) = (o, A),

which means that B(f + o) 1 A(0)B(#) = A(6) for any 6 € T?. The cocycle
(a, A) is said to be reducible if it is conjugated to a constant one. We say also
that the conjugation or the reducibility is Gevrey—&”, C", or measurable, if B
belongs to the corresponding class of functions.

Reducibility problem of cocycles has been investigated for a long time. The
local reducibility problem (the cocycle is close to a constant one) is usually
studied using KAM-type iterations. In particular, Eliasson’s KAM method de-
veloped in [3] gives full-measure reducibility for generic one-parameter families
of cocycles [2, 4, 10, 9, 5, 6]. The global reducibility problem (cocycles are no
longer close to a constant one) has been studied by Avila, Krikorian and oth-
ers. By means of a renormalization scheme Krikorian obtained a global density
result for C* cocycles on SU(2) [11] and also results for cocycles on SL(2,R)
[1, 12]. Almost reducibility for Gevrey cocycles has been studied by Chavaudret
in [2].

The rigidity problem we are interested in, can be formulated as follows. Sup-
pose that a Gevrey—&” cocycle is measurably reducible. Is it also Gevrey—&”
reducible? In the case of C'° or C* cocycles the rigidity problem has been
investigated in [1, 12, 7, 6].

TOME 144 — 2016 — N° 1



RIGIDITY OF REDUCIBILITY 3

In this paper, we will focus our attention on the Gevrey case. We will prove
a local rigidity result of reducibility in Gevrey classes which can be viewed as
a Gevrey analogue of the main result in [7]. To this end we use techniques
developed in [17]. When d = 1, the local result together with Krikorian’s renor-
malization scheme imply as in [11, 1] a global rigidity result for Gevrey quasi-
periodic cocycles on T! x U(n).

Why are we interested in Gevrey classes? Gevrey classes appear naturally
in the KAM theory when dealing with Diophantine frequencies [16, 17]. They
provide a natural framework for studying KAM systems, Birkhoff normal forms
with an exponentially small reminder terms and the Nekhoroshev theory, and
give an inside relation between these theories [14, 15, 16, 17]. One can consider
as well the more general Roumieu classes of non-quasi-analytic functions. In the
case of Bruno-Riissmann arithmetic conditions we suggest that similar results
hold in appropriate Roumieu spaces.

To formulate the main results we recall certain arithmetic conditions.
Given v > 0 and 7 > d — 1, we say that a € R? is (v, 7)-Diophantine if

")/_1

(1.1) le2mitke) 1) > L
L

0+#keZ,

and we denote by DC (7, 7) the set of all such Diophantine vectors. Hereafter,
i := +/—1 stands for the imaginary unit. It is well known that DC(7) :=
U7>O DC (v,7) is a set of full Lebesgue measure. For any given o € RY, we
denote by Y (a;x,v) the set of all vectors (¢1,...,d,) € R", satisfying

. X
(1.2) |<kaa>+¢p_¢q_J|ZW

for any p # q € {1,2,...,n}, k € Z¢ and j € Z. The set

()= J T(exv)

x,v>0

has full Lebesgue measure in R™. Recall that the Lie group U(n) consists of all
A € GL(n,C) satistying A*A = I. Hereafter, I stands for the identity matrix
and A* is the adjoint matrix to A in M,, = M,(C). The corresponding Lie
algebra u(n) is the set of X € gl(n,C) satisfying X*+X = 0. Any A € U(n) is
diagonalizable, and the set of eigenvalues of A, denoted by Spec (A), is a subset
of {z € C: |z| = 1}. Denote by X(a;x,v) the set of A € U(n) with spectrum
Spec (A4) := {1, Ag, ..., A, } satisfying

X

(1.3) Ap — Age?mitker > L
e (L+ [k~

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



4 X. HOU & G. POPOV

for any p # q € {1,2,...,n} and k € Z9. Let X(a) = Uy so 2@ x,v). Tt is
obvious that A € ¥(«) if and only if

Spec (A) — {62771'91 , 62771'@2’ . ’627”@"}

with (01, 02,...,0n) € T(a).

In Section 2.3 we assign to any measurable map B : T? — M,, a number [B]
which evaluates the distance from B to the set of “totally degenerate maps”. A
measurable maps C : T? — M,, will be called totally degenerate if there exist
constant matrices S,T € U(n) such that the first row of the matrix SC(0)T is
zero for a.e. § € T¢. We say that B : T¢ — M,, is e-non-degenerate if [B] > e.

We are going to state the main results of the article.

THEOREM 1.1. — Let p > 1 and (o, Ae®) € SWE(Td,U(n)), where o €
DC(y,71), A € U(n) is a constant matriz and G € G;(T¢ u(n)). Then for
any £ > 1 there is a positive constant § = §(d,n, p, L,v,T,£) such that for any
€ € (0,1] the following holds. If the cocycle (a, Ae) is conjugated to a constant
cocycle (o, C) with C € () by a measurable map B : T4 — U(n) where

(1.4) [B*] >e>0 and |G| < dé,

then, (o, AeC) can be conjugated to (a,C) by a Gevrey map B € §°(T%,U(n))
in the same Gevrey class. Moreover, B(6) = B(0) for a.e. § € T¢, which implies
that B is a §° map if it is continuous.

Making use of the above local result and of the renormalization we obtain a
global rigidity result. The renormalization scheme we apply in this paper has
been developed by Krikorian and it is often used when studying the global
properties of 1-dimensional quasi-periodic cocycles [1, 6, 11, 12]. To formulate
the global result in the case d = 1 we need the following arithmetic condition
on « involving the Gauss map G : (0,1) — (0,1), where G(z) = {z} ! and
{z} stands for the fractional part of z. We denote by RDC (v, 7) the set of
all irrational o € (0,1) such that G™(«) belongs to DC (v, 7) for infinitely
many m € N. It can be shown that RDC (v, 7) is of full Lebesgue measure
in (0,1) as long as DC (v, 7) is of positive measure [1]. We set as well RDC =

U%T>0 RDC (v, 7).
The global result is stated as follows.

THEOREM 1.2. — For any o € RDC, if (o, A) € SW,?(Tl,U(n)) is conju-
gated to a constant cocycle (o, C) with C € %(c) by a measurable B : T* —
U(n), then it can be conjugated to (a,C) by a Gevrey map B € §°(T%,U(n))
of the same class. Moreover, B(8) = B(f) for a.e. 0 € T, which implies that
B is Gevrey—4” if it is continuous.

TOME 144 — 2016 — N° 1



RIGIDITY OF REDUCIBILITY 5

REMARK 1.1. — We remark that the proofs in this paper can also be general-
ized to obtain similar local and global results for Gevrey cocycles on compact
semisimle Lie groups.

The article is organized as follows. In Sect. 2 we give certain facts about
analytic, Gevrey and measurable functions which are needed in the sequel. In
particular we prove the Approximation Lemma and the Inverse Approximation
Lemma for Gevrey functions P : T¢ — u(n) of Gevrey index p > 1 which gives
the optimal approximation of P with analytic functions P; in the complex strips
']I‘;fj, where h; = hod?, j € N,and 0 < § < 1. By optimal we mean that P;—P;_;

is O(exp(—Ch,}l/(p_l)) in ']I“,’llj, where C > 0 is a constant. We point out that
the approximation with the truncated Fourier series is not optimal. In Sect. 2.3
we introduce the important quantity [B]| giving a sort of a “distance” between
a measurable map B : T — M,, and the set of “totally degenerate maps”. The
definition of [B] is invariant with respect to the choice of the unitary bases
in C". We introduce the sets T'(N,¢) and II(N,&,¢) in order to keep track
on the evolution of the quantity [-| when performing certain operations on B
such as truncation of the Fourier series of B up to order N and multiplication.
The set II obeys a simple rule under multiplication which allows one to use it
successfully in the Iterative Lemma.

In Sect. 3 we prove the local rigidity result. First we establish the KAM
Step—Proposition 3.1. It provides a conjugation of an analytic cocycle (o, Aef")
in T¢ with sup-norm |F|;, < € < 1 to another one (a, Aef*) with sup-norm
|Fyla—myn < €t where 0 < kK < 1 and 0 < ¢ < 1 are constants and
A, A, € U(n) are constant matrices. The sup-norm of the conjugating operator
R, however, can be estimated only by e ¥+, where the constant K, > 1 may
be large due to the presence of resonances. On the other hand, it belongs to a
certain IT(N,1/n,e!=%9), N being the order of the truncated Fourier series of F,
which gives control on [R]. To solve the corresponding homological equations
for the non-resonant terms we use a variant of the inverse function theorem—
Lemma 3.1. Tterating the KAM step we obtain almost reducibility with optimal
estimates in Lemma 3.5. By optimal we mean again that the small constants

€ in Lemma 3.5 are of the size of exp(—Ch.,”~ "), C' > 0. In Sect. 3.3 we prove
reducibility in the Gevrey class SW,? (T¢,U(n)) provided that the cocycle is
reducible by a measurable conjugation B satisfying (1.4) (see Lemma 3.9 ). The
idea (see Lemma 3.6) is first to consider the conjugation with B*R,,, for m > 1,
where R,, gives the the conjugation to the cocycle (o, A,,ef™) in the Iterative
Lemma. Using the e-non-degeneracy of B* given by (1.4) and the relation
R™) € (L, n™™,¢/4n™) in (3.84) with some L,, € N, we obtain that the
eigenvalues of A,, satisfy a suitable non-resonant condition. This allows us to

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



6 X. HOU & G. POPOV

estimate R,, by el/? using the KAM Step (Proposition 3.1, (ii)). Then the
Inverse Approximation Lemma gives a conjugation in the class & (T4, U(n)).
We point out that there is no loss of Gevrey regularity.

In Sect. 4 we prove Theorem 1.2 adapting the renormalization scheme to the
case of Gevrey classes.

2. Preliminaries

In this section we introduce the necessary tools to prove the KAM Step and
the Iterative Lemma. In Sect. 2.1 we recall well-known facts on the Fourier series
of analytic functions P : Tﬁj — u(n). In Sect. 2.2 we prove the Approximation

Lemma and the Inverse Approximation Lemma for Gevrey functions P : T¢ —
u(n) of Gevrey index p > 1 which gives the best approximation of P with
analytic functions P; in the complex strips Tﬁj, where h; = hod?, j € N, and
0 < 6 < 1. By “best approximation” we mean that the sup-norm of P; — P;;

_a
is of the size of exp(—Chj ?~1) in T‘}iLHl, where C > 0. We point out the
usual approximation with the truncated Fourier series is not optimal, it gives

1
an estimate with exp(—C’hj_;). The usual approximation with entire functions
due to Moser is not optimal either. In Sect. 2.3 we introduce the important
invariant [B] for measurable functions B : T — M,, and the sets I and II,
which we need in the KAM Step and in the Iterative Lemma.

2.1. Analytic functions. — Denote by the M,, = M,,(C) the linear space of all
n X n matrices with norm |A| = sup{||Au]| : ||u|| = 1}, where || - || is the norm
on C" associated with the Hermitian inner product on it. Given h > 0 we set

R :={#eC?: [Imb;| <h,1<j<d}
T¢ := R} /2% = {§ € C*/Z% : |Im 6| < h,1 < j < d},
and for any analytic function F : R¢ — M,, (F: T¢ — M,,) we define

|Fln= sup [F(6)]
Im 8| <h

Denote by C¥ (T¢, M,,) the Banach space of all analytic functions F : T¢ — M,
equipped with the sup-norm | - |,. The Fourier expansion of F' is given by
F(0) = > F(k)e* ko),
kezd

and the Fourier coeflicients satisfy the estimate
(2.5) |F (k)| < |F|pe2IkIn,

TOME 144 — 2016 — N° 1



RIGIDITY OF REDUCIBILITY 7

We introduce as well the Wiener norm
(2.6) Flin = 3 |B(k)[e2mkn
kezn

and we denote by By, space of all F € C¥ (T4, M,,) with bonded norm |F|; , <
00. One can easily see that B, is a Banach space and even a Banach algebra—
for any F,G € B} one has

(2.7) |[FGlin < [Fl1,1|Gl1n-
Taking into account (2.5) we get the following relation between the two norms
ol (h— Cx
(2.8)  |Flp < |Flin, [Flipg < |Fln Z e 2mIHh=he) < m|F|h
—hy

kezd

for any 0 < hy < h, where ¢, = ¢.(d) is a positive constant.

We denote by TwF' and RyF (N € N) the truncated trigonometric poly-
nomial of F' of order N and the corresponding remainder term respectively,
ie.,

TnF =Y F(k)e* "% and RyF= Y F(k)e* 9.
|k|<N [k|>N
One obtains as in (2.8) the well-known estimate

c.N¢

_ T ~N(-hy) R
(h—hp)e" Els

(2.9) |RNF|n, <|RNFlin, <
where 0 < hy < h.

For any subset @ C M,, we denote by C¥(T% ) the set of all F €
C¥ (T4, M,,) satisfying F(T¢) C Q. In particular the space C¥(T¢, u(n)) con-
sists of all analytic functions F : T¢ — M, such that F(0)* = —F(0) for each
¢ € T?. This is a Banach subspace of C¥(T¢,M,,) and F € C¥(T¢, M,) is
in C¥(T¢, u(n)) if and only if

F(k)* = —F(—k).

2.2. Approximation and inverse approximation lemma for Gevrey functions. —
Given p > 1, L > 0, and a subset Q C M, we denote by &7 (T%,Q) the set of
all C* functions P : T¢ —  such that

(2.10) Pl = sup sup (|0FP(0)|L~*E!I=7) < oo

€Nd geTd

where |k| = k1 +---+kg and k! = ky!--- k4! for k = (k1,...,kq) € N Hereafter
we suppose that Q is closed in M,,. Then ﬁ’i (T4, ) is complete. For p = 1 this
space consists of analytic functions. When p > 1 the space ﬁz (T4,9) is not
quasi-analytic, i.e., the unique continuation rule does not hold any more and
there exist functions with compact support. On the other hand, functions of

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



8 X. HOU & G. POPOV

that class can be nicely approximated by analytic functions as follows as we
shall see below.

PROPOSITION 2.1 (Approximation Lemma). — Fiz p > 1, L > 1,0 < § <
1 and set hj = hod?, j € N, where 0 < hg < 1/(2L). Then for any P €
G5 (T u(n)) there is a sequence P; € Ch, (T4, u(n)), j >0, such that

sup |P;(0) = P(9)] < Co L exp (—(cLhy)™7'T) ||y
HeTd

and

(eLhs)~1/(=1)
|Pjr1— Pjln,,, < CoL%e™(eEh) NPz,

J+1
(eLhg)—1/ (=1
|Polny < Co(1+ Lie™Hr) 0 1P|

where ¢ = ¢(p) and Cy = Cy(d, p) are positive constants depending only on p
and on d and p respectively.

Proof. — Proposition 2.1 is a variant of Proposition 3.1 [17]. The proof given
bellow is adapted to the case when P takes its values in u(n) simplifying as
well some arguments of [17].

1. Almost analytic extension of P. We recall the following estimates from [17].

LEMMA 2.1. — There is a constant C(p) > 1, depending only on p, such that
for any t € (0,1] and m € N satisfying

(2.11) 1<m<t 7t +1,
the following inequality holds

(2.12) tmmlP~t < C(p)mP /2= (p=1im,

Proof. — Stirling’s formula implies
tmm!P~t < C(p)mPV 2= (P UM oxp ((p — 1)mInm 4+ mInt)
= Ci(p)mP~1/2e=(P=1m oy {(p —1)mln (m tplfl) } .
Moreover, (2.11) yields
mln(mtﬁ) <mn (1+tﬁ) <mteT <1411 <2,
which proves (2.12). O

TOME 144 — 2016 — ~N° 1



RIGIDITY OF REDUCIBILITY 9

We define an almost analytic extensions F}; of P in ’]l'ghj, j >0, as follows

_ )k _
(2.13) Fj(0+i0) = > 05P(0) (ZZ') , 0eT deRr™
ke, ’

The index set JU; consists of all multi-indices k = (k1,...,kq) € N? such that
kl < N]‘,. . .,kd < Nj7 where
(2.14) N, = [(Qth)—ﬁ]

and [z] = inf{k € Z : x > k} is the integer part of z € R. Estimating (2.13)
term by term and using (2.10) one obtains

|Fjlan, < IPllL Y (2Lhy)Hkre=t .
ke
Let k£ = (k1,...,ks,...kq) € M; and ks > 0. Then 0 < ks < N; =
[(Qth)_ﬁ} and setting t = 2Lh; < 2Lhg < 1 and m = k, in Lemma 2.1
one obtains

(2Lh;)* k1P~ < C(p)ymP~D/2=(p=m

which implies

00 d
|Fjlan, < <1+C<p>Zm”‘””"e“ﬂ-ﬂ IPllz = Ci(p,d)||Pl|z.

m=1

= 1/ 0 0
On the other hand, applying 0, := 3 (395 zags), 1 < s <d, to F; one gets
0
(2.15) 20,F;(0 +i0) = > 05, P (Z )
ke

where ﬂ/lj consists of all multi-indices k = (k1,...,ks,...kqg) € M; such that
ks = N;. Each term in the sum can be estimated in Tghj by

L(2Lhj)* k1P~ (ks 4+ 1)?|| P|| ..
Since
1 1
(2Lhj)~ 71 < ks = Nj < (2Lh;)" 777 +1,
one obtains from (2.12) (with ¢t = 2L1h; and m = k; = N;) the estimate
(2Lh;)Fs kgl P~ (ks + 1)” < C(2Lhy) " 75T % exp (—(p - 1)(2th)—plﬁ) .

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



10 X. HOU & G. POPOV

Using the inequality ze~* < m! for m € N and z > 0 this yields

o) 18,F |2, < C1 L(Lhy) 773 exp (—(p = 1)2Lhy) 77 ) ||P|1
2.16
< CLexp (—(cLhy)™77) |IPllL,

where ¢ = 3(p — 1)!77 and C; and C = C(p,d) > 0 are positive constants
depending only on d and p. In the same way, differentiating (2.15) one obtains
the estimate

(2.17) 8" Fjlan, < Clp,d) L exp (=(cLhy)™7'T) |||l

for any I = (ly,...,lq) € N of length 1 < |I| = l; + -+ + g < d and with
components 0 < I; <1, s € {1,...,d}. Moreover, F;(0) = P(f) for any 6 € T?
and (2.13) yields

(2.18) VzeTy,, Fi(z) = —F;(2).

From now on we consider F; as Z%-periodic functions on Rghj with values in M,
which means that F;(z + p) = F;(z) for any p € Z.

2. Construction of P;. We are going to approximate F}; by 1-periodic analytic
in ]R‘,ilj functions using Green’s formula

1 1 9 if (€ D
(2.19) — S, +7./ f(n)dn/\dﬁ: f(C)?C D

2mi Jop n—=C 7 2miJJp n—¢ 0 if¢¢D
where D C C is a bounded domain symmetric with respect to the real axis

and with a piecewise smooth boundary 0D which is positively oriented with
respect to D, D = DU D, and f € C*(D, M,,). Notice that

_ 1 fn)
O = 55 Jop =™

is analytic in D with values in M,,.

LEMMA 2.2. — Suppose that f(z)* = —f(Z) for any z € 0D. Then F(2)* =
—F\(2) for any z € D.

The proof is immediate using the symmetry of 8D with respect to the invo-
lution z — Z.

Denote by D; C C the open rectangle {z € C: |Rez| < 1/2, |Im z| < 2h;},
by 0D; its boundary which is positively oriented with respect to D;, and by I';
the union of the oriented segments

T; = [~1/2 — 2ih;,1/2 — 2ih;] U [1/2 + 2ih;, —1/2 + 2ih;].
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RIGIDITY OF REDUCIBILITY 11

Given 1 € C, we consider the 1-periodic meromorphic function

1 ad 1 1
— K = — .
¢ ) n—C+;<n—C+k+n—C—k>

Obviously, K(n,{) = —K({,n) and the meromorphic function n — K(n,()
is 1-periodic for any ¢ fixed. Set D := {z € C, |[Rez| < 1/2, [Imz| < 1/2}.
Writing K = Ky + K3, where

2 o]

1
Ko(n,Q) =Y. " and Ki(n,(): 22
k=21

3

one can find C > 0 such that

(2.20) VzeD, z/ |K(n,2)|dgAdiy <C.
D

Consider the function

1
Fj,l(z) = % Fj(nlaz27' .. 7Zd)K(771721)d771 ) S Rghj‘

It is smooth and Z%- perlodlc in the strip R 2h, and analytic with respect to 2.
Moreover, for any z € Rghj such that z; € D; we have
1
F

ia(z) = T/ Fi(m,z2,...,2a)K(n,21)dm
T 6Dj

since the function under the integral is 1-periodic with respect to n;. Using
(2.18) we obtain by Lemma 2.2 that F; 1(2)* = —F;1(Z) for any z € Rghj such
that z; € D; and by continuity and periodicity we get it for any z € Rgh,‘
Moreover, (2.19) yields

1

Fj1(z) = Fj(z) - o

/ 5,,1Fj(7]1,22,...,zd)K(m,zl)dnl/\dr’]l.
D;

Set Fo(z) := F;(z) and denote by %;1 the set of all (z1,...,24) € Rghj such
that [Im z;| < h;. Using (2.16), (2.17) and (2.20) we obtain for any multi-index
1=1(0,ly,...,l3) € N with 0 < I, <1 for 2 < s < d the following estimate

(2.21) 0 (Fy1 = Fyo)l,,, < CL exp( (cLh;)™7 ) 1P|z,

where C' = C(p,d) > 0. For 2 < s < d we define by recurrence U;. s as the set
of all (#1,...2s,...24) in U; s_1 such that [Imz,| < h; and set

J,S( ) Fj,s—l(zla ceeyRBs—15Ts5 Rs+1y - - -azd)K(UsaZs) d77s

27

for z € Ujs—1. By construction Fj, is a smooth Z“%-periodic function with
values in M,, and also analytic with respect to the variables (z1,...,2s). It
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12 X. HOU & G. POPOV

follows by induction that F; s — F; s_1 satisfies (2.21) in %, for any | =
0,...,0,l541,...,1lg) with 0 < I, <1 and that F} ;(2)* = —F; +(Z) in U;,.

Finally, the function P; := F} ;4 is analytic and Z%-periodic in Rﬁj. Moreover,
Pj(2)* = —P;(7) in R{, , hence, P; € Gy (T%, u(n)). Moreover,
Py = Fyln, < CL exp (—(cLhy) 77) | P|z.
In particular,
1Pjt1 = Pilnyn < |Pjsr = Fisalngn + 1P = Filng o +1Fjta = Fjln,,,
< O L% exp (—(cth)—#) 1P|z
Moreover,
IP,(6) = P(O)] < CL% exp (—(cLhy) 71) | P
in R?, since F;(0) = P(0) for ¢ real. Finally,
[Polia < |Foln + Py = Foly < C (1+ L¥exp (~(cLho) ™77 ) ) | Pl

This completes the proof of the proposition. O
Conversely, there is also the following.

PROPOSITION 2.2. — (Inverse Approzimation Lemma) Let 0 < § < 1, 0 <
ho <1 and h; = hod?, j € N. Let Q be a closed subset of M, and P; €
cy. (T94,9), j >0, satisfy

—(Lh;)~1/(p=1)
|Pj 1 = Pjln; < Coe™ )

for any j > 0, where Co,L > 0. Then there is C = C(p,d) > 1 and ¢y =
co(p,d) > 1 and P € g | (T4, Q) such that lim P; = P in §° | (T%,9Q) and

cC _1(Lh) V(=D
|P = Pilleyr < {— L2200

for any j € N.

Proof. — For any k € N% and j > 0 one obtains by Cauchy

—|k|—1 — V—1/(p—1)
sup [0¥(Py41(8) = P (0))] < Cohthy "™ em (T,
S

Using the inequality z"e™* < m! for
1
v Q(th)_l/(”_l) and m = [(p — 1)(|e| + 2)] + 1),
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RIGIDITY OF REDUCIBILITY 13

where [z] = inf{m € Z : x > m} stands for the integer part of z € R, one gets
the following estimate

sup, 0% (Pj41(0) — P;(0))]
< Co(2°7 L) 21 ([(p — 1)(Jk| + 2)] + 1)Ly e 3 (ERD 7Y

for 5 > 1. On the other hand, using the properties of the Gamma function,
one obtains

(Lo = D(EI+2)] + D! = T([(p = D(K[ +2)] +2) <T((p — (k[ +2) +2)
(k| + 1Pt = T R et < e ot

where ¢; = c¢1(p) > 1 and ¢y = co(p,d) > 1. Setting cg := 27~ Lcy this implies

_1 N—1/(p—1)
P41 — Pjlleor < ColcoL)?hje™ 2 (L) )

and we get
y-1/e-n &

1-6
for m > j > 1, hence, the sequence P,, = Py + Z?’:l(Pj — Pj_,) is Cauchy
in ﬁgﬂ (T4, €), which is a complete space since 2 is closed. Taking the limit as
m — oo we get P € ﬁgOL(Td, ) and the estimate of P — P;. O

1P, = Pjllcor, < Co(coL)?e™ENs

COROLLARY 2.1. — The sequence P; in Proposition 2.1 satisfies the estimate

cc “ie 1/(p=1)
[P — Pjlleor < 05Ld+2 (eLhs) 7 P .

1
for some ¢ = c(p,d) >0, c=c(p) >0 and ¢y = cp(p,d) > 0.

2.3. Measurable functions with values in U(n).— In this section we introduce
the important invariant [B] for measurable functions B : T¢ — M, and the
sets I" and II, which we need in the KAM step and in the Iterative Lemma.
This sets give information on the quantity [-] under truncation of the Fourier
series of B and under multiplication.

ZB 277sz

keZ2

Consider the Fourier expansion

of a measurable function B : T — M,, and denote by Bpg(k) the (p,q) en-
try of B(k). Note that any measurable function B : T¢ — U(n) is always
in L2(T?, M,,) since |B(6)| = 1 for any § € T¢ (the norm |- | on M,, = M,,(C) is
fixed in Sect. 2.1). To measure the minimal size of the rows of the n X n matrix
B with entries

(2.22) bp,q := sup |bp (k)]
kezd
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14 X. HOU & G. POPOV

we define

L . 7 _ . ™ . d
[Blo = min max (bl = min sup{|b,(b)]: k2% 1< q<n).

The equality [B|o = 0 means that there is a row of the matrix B equal to 0,
or equivalently that there is a row of B which is zero for a.e. 8§ € T¢, which
implies that det B(f) = 0 for a.e. # € T?. In particular,

(2.23) B :T% — U(n) measurable => [B]o > 0

since |det B(f)] = 1. On the other hand, [B]o > € if and only if for any
p€{l,...,n} thereis ¢ € {1,...,n} and k € Z? such that

(2.24) [bp,q (k)| > €.

The quantity [ |o has the following properties.

LEMMA 2.3. — 1. For any measurable B : T¢ — M,, and T € U(n),

1
[BTo > —[Blo.
2. Let W(0) = exp (2midiag ((kV,0),..., (™, 0))), where kW, ... k™ €
Z%. Then
VS, T cU(n), [SWT|o>n"%2

3. For any constant function B € U(n), [Blo > 1/+/n.

Proof. — Set Q = BT and denote by an(k), 1 < p,qg < n, and Qp(k),
1 < p < n, the corresponding entries and rows of Q(k), k € Z*. The rows Ty
of T*, 1 < g < n, form an orthonormal basis of C"* and we get

max

1 - 1 A
> — > =
max > ~||By (k)| = - max |Byq(k)|

<g<n

Qp,q(k)‘ = max ’(Bp(k),TD
which proves the first part of the lemma. To prove the second one, it will be
enough to show that for any S = (S, ¢)1<p.q<n € U(n)

[SW o >n"1/2

The (p, q) entry of SW(8) is Sp,qe%“k(q)’g). For any given p, 2221 1Sp 2 =1,
so there exists ¢ such that |S, ,| > n~'/2. Hence, for any given p there exists
g such that |Sp’q62ﬂ'i<k(q)’9>| > n~1/2, which implies that [SW |o > n~'/2. We
have also shown in particular that [B]o > n~'/2 for any constant B = S €
U(n), which is the third conclusion. O
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RIGIDITY OF REDUCIBILITY 15

In general, the quantity [ By can not be controlled when multiplying B by a
matrix S € U(n) from the left. To make it invariant with respect to the choice
of the unitary bases in C™ or under multiplication with S,T € U(n) from both
left and right, we define

Bl : = inf [SB(-)T]o.

[Bl:= _ inf [SBOTI
Thus [B] = 0 if and only if there are constant matrices S,T" € U(n) such that
the first row of the matrix SBT (the definition of B is given in (2.22)) is zero,
or equivalently, the first row of SB(6)T is zero for a.e. § € T?. Such maps B
will be called totally degenerate. We say that B : T — M,, is e-non-degenerate
if [B] >e.

LEMMA 2.4. — 1. For any constant function B € U(n) we have [B] >
1/4/n.
2. [B] >0 for any measurable B : T¢ — U(n).
3. Set W(0) = exp (2m’ diag (M, 6), ..., (k™) 0))) where kW ... k(™) pe-
long to Z¢. Then [W| > n=3/2.

Proof. — We are going to prove 2. Suppose that there are sequences
{S;}jen, {Tj}jen C U(n) such that

lim [SjBT]'JO =0.

Let S,T € U(n) be accumulation points of the sequences {S;};en and {7} }jen.
Then SBT : T¢ — U(n) is again measurable and one can easily show that
[SBT |o = 0 which leads to a contradiction to (2.23). The first and the third
parts of the lemma, follow from Lemma 2.3. O

Given N € N and € > 0, we say that B € L?(T% M,) is (IV,e)-non-
degenerate if the truncated Fourier series of B up order N is e-non-degenerate,
ie.,

|—TNB_] Z €,

where Ty B is defined in Sect. 2.1. We denote by I'(V, €) the set of (IV, €)-non-
degenerate maps B € L?(T? M,). We point out that the definition of T'(V, ¢)
here is different from that in [7]—in contrast to [7], the set I'(V, €) is invariant
under the action of U(n) from both left and right on the target space M,,.
This set has the following properties which can be easily checked as in [7],
Lemma 3.1.

LEMMA 2.5. — 1. ST(N,€e)T =T'(N,¢) for any S,T € U(n)
2. BeT(N,[B]/2) for N large enough since limy_, [TnB] = [B]
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16 X. HOU & G. POPOV

3. T(N,e)W C (N + N,e/n), where
W () := exp (2m' diag (D, 0),..., <k("),0))) :
ED k™ ezt and max{|kM],... K™} <N
4. T(N,e)P CT(N,e—¢) for any measurable P : T — U(n) with
e = sup |P(9) — I|.
0eT
Proof. — We shall sketch the proof of 3, the other items follow immediately

from the proof of Lemma 3.1 [7]. Take B € I'(N,¢), S € U(n) and set E := SB.
The Fourier coefficients of EW and F are related by the identity

Eﬁ/p,q(k) = Ep,q(k +k@), 1<pqg<n, keZ"
In particular, for any p € {1,...,n} fixed and k € Z" with |k| < N there is

qe{l,...,n}and € Z" with ||| < N+ N such that E, ,(k) = EW, ,(1— k@),

hence, [Ty, 5EW |o > [TnE|o. Now Lemma 2.3 implies that VS, T € U(n)

1
[STy, 5BWT)o > STy, 5BW o

N+N
1 1 €
> — = — > > —
> n[TNSBJO n[STNBJO > [TnB]| > -
and we get [Ty, s BW| > ¢/n. O

The set T'(IV, €) provides information of the quantity [-| after truncating
the Fourier series of a function up to order N, which is needed in KAM step.
In order to evaluate [-| for the product of two functions PB where P is L>
and B in I'(IV,§) (this occurs in the Iterative Lemma below), it is convenient
to introduce the following notation. For any N € N and ¢, e € R we denote
by H(Jv, €,¢) the set of all P € L2(T¢, M,,) such that the operator of multipli-
cation from the left by P maps I'(N, §) into I'(N + ]\7,55 —€), ie.,

(2.25) BeI(N,§) = BPeT(N+N,&—e).
The above relation means that PB is (N + N ,&€0 — g)-non-degenerate if B is
(N, §)-non-degenerate. The definition of the sets I'(IV, €) and II(N, &, ) seems

technical but it turns out to be quite helpful in Sections 3.2 and 3.3. Using the
definition of IT and Lemma 2.5 we obtain

LEMMA 2.6. — 1. S €1II(0,1,0) for any S € U(n),
2. SH(N,{,E)T = H(]V,g,s) for any S,T € U(n),
3. The map 6 — exp (27ri diag (M, 0),..., (k™) 6’))) belongs  to
II(N,1/n,0) provided that

kD k™ ezt and max{|kD|,...,[k™|} <N,
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4. P €11(0,1,¢) for any measurable P : T — U(n) with e = supgera |P(0)—
1],
5. (N, &,61) CTIN, &,62) if 1 > 2.

The set II behaves nicely under multiplication. It obeys the following simple
rule which allows us to keep control on the quantity [-] in the Iterative Lemma.

LEMMA 2.7. — If P, € II(Ny,&1,€1) and Py € TI(Ny, &2, €3), then

PyPy € II(Ny + Ny, €162, 6261 + €2).
Proof. — For any B € T'(N, ), we have

BP, €T(N + Ny, &6 —€1).
Now for P, P,, we have
B(P1Py) = (BP))Py € T(N + Ny + No, £(£10 — £1) — €2)
=T (N + (N1 + Na), £1620 — (261 + €2)),

which implies that

PiPy € TI(Ny + Ny, £162, E261 + €2). 0

The following assertion gives information on the quantity [-| for sequences
of measurable functions with values in U(n) when passing to a limit.

LEMMA 2.8. — Let B,, : T* — U(n) and D,, : T* — U(n), m € N, be two
sequences of measurable functions such that [D,,| > 6 > 0 and

Hm [ |Bm(0) — Dy (6)|d6 =0,

m—0o0 Jrd
Then
Proof. — Fix S,T € U(n) and € > 0. There exists mg > 0 such that
1S(B(6) — Do (6))T1d6 < ¢
’]I‘d

as m > myg. Now for any k € 74
(B — Do) T(k)| < / 1{S(Bon(6) — Dy (0))Te=271 50 |dg < e,
T
hence, by the definition of [ |o,

[SBmTJO = |—SDm + S(Bm - Dm)TJ() > [SDmTJ() — €.

By the definition of [ | we obtain [By,| > [D,| —e. We then get the desired
conclusion. O
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3. Local Setting

In this section we prove Theorem 1.1 which provides a local rigidity result of
the reducibility problem in Gevrey classes. Firstly, we describe the KAM step
in the case of analytic cocycles. Next we approximate a Gevrey cocycle by a
sequence of analytic cocycles and apply the KAM step. In this way we get a
sequence of analytic cocycles tending to a constant. Then we use a convergence
argument to obtain Gevrey reducibility under a suitable smallness assumption.

3.1. The KAM step. — The KAM scheme we are using here is close to that in
[8]. We want to conjugate a cocycle (a, Ae!") with small F to a constant one. In
other words, we are looking for a constant matrix A € U(n) and a u(n)-valued
function Y with a small norm, such that

Ad(e¥).(a, AeT) = (o, A)

which means that

(3.26) e YT geFeY = A.
The corresponding (affine) linearized equation reads
(3.27) Y-A'Y(4+a)A=—-A"'"F+ A TA-1.
If the inverse of the operator

@ Cp(T%u(n) — Cf(T% u(n)
(3.28) Y — Y- AT'Y(+a)A

was bounded then the Equation (3.26) could have been solved by means of
the implicit function theorem. The presence of small divisors, however, does
not allow doing this. Indeed, expanding Y in Fourier series one immediately
observes that there is a lot of resonant terms which makes it impossible to find
bounded solutions of (3.27) in general. To overcome this obstruction, we follow
the standard approach to normal forms—keep resonant terms and remove non-
resonant ones at each step of the iteration. To this end we divide the initial
space into two spaces, one of resonant modes and another one containing only
non-resonant terms where a suitable lower bound of the operator (3.28) can be
obtained. On the other hand, the space C’;“L’(Td,u(n)) equipped with the sup-
norm is not adapted for estimating the operator (3.28) below. For this reason
we fix 0 < h < h and consider the operator (3.28) in the Banach space

B, = {X € C};J(Td,u(n)) : |X|1,ﬁ < oo}

equipped with the norm |- |, ; (see Sect. 2.1). The advantage of this norm is
that it gives a lower bound of (3.28) if there is a lower bound of each of the
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Fourier coeflicients. More precisely, given n € (0,1) and A € U(n) we suppose
that there is a decomposition

o (nre) (re)
B; =B @ B

on a direct sum of two closed sub-spaces %%me) and %ge) (the decomposition
(nre)

i the following

depends on A and 7) in such a way that for any ¥ € B
relations hold

(329) AY)()=Y —AT'Y(+a)Ae B and |GY)|,; > 0lY], ;-

Let ITyre (ILe) be the standard projection from 9B; onto %%me) (%ge)). We call

%%me) (%%me)) the n-nonresonant (7-resonant) subspace. With all these as-

sumptions, one can solve (3.26) partially, which is summarized in the following
lemma.

LEMMA 3.1. — There is a universal constant §, € (0,1), such that for any
F € 'B; satisfying |F|1,}1 < 8,n%, there exist Y € %%me) and F(e) ¢ %ge) such
that

e~ Y(+a) geFe¥ = AeF(re),

i.€.,
(3.30) Ad(e¥).(a, AeF) = (a, AeF™),

with the estimates

2
Y5 < E|F|1,;;, |F(re)|17;L < cst. |F|y 7

Proof. — Lemma 3.1 is a counterpart of Lemma 3.1 [8] in the discrete case. The
lemma follows from the implicit function theorem. Given F' with |F|, ; < 1 we

(nre)

are looking for a solution Y € ‘BB of the equation

(3.31) H(F,Y) = Ty log{A e Y (T 4eF ¥} = 0

where

1
log(X) =Y ~(I=X)", for X &M, |I-X|<1.

r>1

We are going to solve (3.31) by means of a fixed point argument for contraction
maps. To this end, we firstly compute the partial derivative of ¢ with respect
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to Y. Taking the power series expansions of ¥ and e at Y = F = 0 we get

A7l Y+ Y — T A7V (- +a)A+Y

+ A—l Z (_l)ry( +a)r AeFeY

r!
r>2
T R Tl DO
r>2 !

1
1 T T
(3.32) +ATY ()AL Y .F + ZHF

r>1 r>1

Using the above formula we obtain
1
LryyZ = }in% ;{f{(F,Y +tZ)—-H(F,Y)}
(3.33) = ye{Z — A7 Z(-+ o)A+ &(F,Y)Z},

for any Z € %%ﬂre), where & = &(F,Y) is a linear operator in B; depending
on F,Y. Moreover, applying (2.7) one gets a positive constant cst. such that

(3.34) |E(FY) 2]y 5 < est(|Flyp + Y] 5) 1205
for any F,Y € Bj; with [Y[;; < 1 and |F[; ; < 1. In particular, using the

(nre)

definition of the space %11 we obtain

(335)  PLo0Z=Nwe{lZ—A"Z(+a)A} =Z - A" Z(-+ a)A
as well as the estimate
(3.36) 12002l ;=12 - AT Z(-+ a)Aly ;2 0lZ], -
Using (3.33)—(3.36) we prove that there exists a constant d. € (0,1) such that
(3.37) (L) = L00) 2l i < 51V ]y
provided that [F|, ; < 8.n? and Y], j, < 26.n. Hence,
1

_ n
(3.38) 1£00liq < p and [ Zry) = Loolii <5

for |F|, ; < 8,n* and |Y|, ; < 28.n, where || - ||, 7 is the operator norm corre-
sponding to the norm | - | ;.

Denote by W;, the ball
Wy, = {Y e B 1 |v| ; < 20.n}
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which is complete with respect to the norm | - |1,E' For any fixed F' € Bj
satisfying |F|17,:b < 8,m%, we consider the map

FY)=Y — f@%o)nnre log{A™te Y (+) geFeVy
from %g’re) to itself. It follows from (3.38) that
<l.n_1
- 2 2

as long as Y € Wj. On the other hand, for any Y7,Y; € W, there is £ € [0, 1]
such that

F(Yz) — I (Y1) = (Id - f(_OTO)Z)(F’Yl-FE(Yz—Yl)) (Yo — 7).
Then for any Y7,Y; € W} we obtain

-1 —1
Id = 260 LEn g < 1200l alLo0 = ZEv)li

(3.39) |7 (Ya) — (Y1)|1 S |Y2 Y1|1,ﬁ'

Set Yy = 0 and define Y; inductively by Y; = ¥ (Y;_1) for j > 1. Note that
Vi = J(0) = =2 ) Hare F

which implies

(3.40) Y1 —Yol, 7 =1700)], 5 |F|1h<5*77

in view of (3.38). This means that Y; € (WE' One can prove inductively that
Y; belongs to Wﬁ for each j > 1, and that

1
(3.41) Vi =Yl < 55V = Yol -
In fact, if ¥37,...,Y;_; are all in W}, and for all s € {1,...,5 — 1}
1
|Ys - Ys—1|1jL < F'Yl - YO|1,;"1»
then (3.39) implies
1

1
Vi = Yimal = 19 (Y1) = IVl < SYjm1 = Yielij < g1 Y1 = Yol s,

and using (3.40) one obtains
|Yj|1,E= |(Y; = Yj-1) + (YJ 1= Yj2)+- ""(YI_YO)|1,E
< 2|Y1 Yb|1 h |F|1 Jh < 26.1).

Since SB%me) is closed, the limit ¥ = lim;_, o, Y; exists in %%me) . Moreover,
(3.42) Y5 < |F|1 i S 204,
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which means that Y € 9;. In particular, Y satisfies the equation 7(Y) =Y
and in fact Y is unique in Wj, in view of (3.39). Hence,
I log{A_le_Y('+°‘)AeFeY} =0
and setting
(3.43) F) = I log{A e Y (+9) geFe¥}

we obtain (3.30). It remains to estimate F(®). It follows from (3.32), (3.42) ,
and from the implication

Y € B 5 (V) =Y ~ AV (- +a)d e B,
that
(3.44) PO < est. (Y + Fly5)

Then using (3.42) and the assumption |F|, ; < §,n?, we obtain
3.45 FO9| - < st (2| F; + |F,
(3.45) | i < ost. 772| Ln T IFlL

4
< cst. <7]2(6*772)|F|1J~1 + |F|1,}~z> < CSt.|F|1J~I.

This completes the proof of the lemma. O

The previous lemma will be used in the K.A.M. step. Before formulating it
we recall the notion of resonant (non-resonant) pairs. A pair (A, A) of complex
numbers is said to be (NN, §)-non-resonant (with respect to «) if

(3.46) VkeZi 0#k|<N: [eF0XN_) >4,

otherwise it is said to be (N, d)-resonant. Given A € U(n), we write A €
NR (N, ) if any pair of eigenvalues of A is (N, ) non-resonant, otherwise we
write A € RS (N, ). We fix a small constant 0 < o = o(¢) < 1 by

(3.47) o = min(1/100, (£ — 1)(5¢)™1)

where ¢ > 1 appears in (1.4).

PROPOSITION 3.1. — Let o« € DC (~, 7). For any given k € (0, 1), there exist
60250(’/"3777-760 € (Oa 1)7 X:X(F’:a'yaTad) Z 1 and K* :K*(’/") Z 1
such that the following holds.
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i) For any h,e € (0,1), Ac U(n), N>1 and F € C¥(T?,U(n)) satisfying
h

2 1\" /2 1
0 < e < dphX, N:(n+ > (hlog+1>, and |F|,<e
K g

there is R € Ca_ﬁ)h(Td, U(n)), Ay € U(n) and Fy € C’E"I_K)h(’]l‘d, U(n))
such that

Ad (R).(a, Aef') = (a, Ayef™)
where
|Fy l(i—nmyn S €4 0= glto |R|(1-myn < K- and ReII(N,1/n,el=4).
(i) If A e NR(N,e°), then R = €Y with Y € C¥(T? U(n)) and
V], <e'™27, |AL — Al <e'/2

Proof. — The proof of the proposition is long and we divide it in several steps.
Step 1. Choosing the constants. — There exists S € U(n) such that SAS* =
diag (A1, ..., A,). Hence, without loss of generality, we may assume that A is

diagonal, A = diag (A1,...,An). Set

n—j
(3.48) Nj=<2n'11> N, j=0,1,...,n.

Choosing properly the constants g = dp(k) > 0 and x > 1 and taking ¢ €
(0, 60hX) we can assume that /2 is smaller than any of the finitely many
universal constants arising below, and that the following estimates hold

(3.49) e Nnh <L < emNih < o= Noh
2.1
= exp{—h (log+1>} < e?,
h €
N 1 (2n+1\™/2 1 d
3.50 = Zlog=+1
(3.50) i = s ) (Greez 1)
34(2n + 1) N 71\
S~ rnapza \1987) =(Z) >
(3.51) 2v(4n)"TINT

= (2) (g 1) < (1)

For technical reasons we assume as well that the inequality
1X[,[Y|<eV? XY € M,

implies

(3.52) e XeXtY — Il <1, |log{e XXV} <2(X? +|Y)).
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Step 2. The operator &. — Expanding Y in Fourier series we write the operator
@ in (3.28) as follows

(353) Z }'}(k)e%ri(k,e) & Z {?(k‘) _ A—le27ri(k,a)}’}(k)A}e%\-i(k,G).

kezd kezZd

Denote by E(p,q) the elementary matrix with entries E(p,q)s: = 1 if (s,t) =
(p,q) and 0 otherwise. Then (3.53) becomes

>N N G, q(k)E(pq)

kezd 1<p,g<n

# i . i ~
(3.54) = Y MR LN X (A = A BN, (k) E(p, q)
kezd 1<p,g<n

where 7, ,(k) denotes the (p,q) entry of f’(k) In this way the corresponding
homological Equation (3.27) splits into a system of equations

A717()‘17 - )‘qezﬂi<k’a>)§%q(k) = fp,qa |k| S N7 1 S b,q S n.

We would like to solve it and to get “good” estimates for the solutions, or
equivalently to invert the operator ¥ in a suitable space. To do this we have
to deal with the divisor |\, — ?7¥*:®) \ | which could be arbitrary small if the
pair (Ap, Ag) is (IV,e7)-resonant and only ?-small if it is (N, e7)-non-resonant
(note that all A1,..., A, are on the unit circle of C). When p = ¢, the divisor
takes the form |1 — e27¥%:@)| since |\,| = 1, which is only £”-small for |k| < N.
Indeed (1.1) and (3.51) ) imply that it is larger than 2(4n)"*1e?. To deal
with the case p # ¢, we recall a simple fact known as “the uniqueness of the
(2nN, 2ne?-resonance” which says that for any A, and A, the following relation
holds

[Ap — eQ“i(k’o‘>)\q| < 2ne’
(3.55) IAp — 2™\ | < 2ne” = k=L
|kl, 1] < 2nN

In fact, taking into account (1.1), the violation of (3.55) would imply

! 1
> b
k=17 = y(4nN)"

4ne” > |€27ri(k,oz) _ eQﬂ'i(l,a)| >

which contradicts (3.51).

Step 8. Structure of the resonances. — We are going to describe the structure
of the spectrum of A dividing it into blocks of resonant pairs of eigenvalues.
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LEMMA 3.2. — There exist0 < j <n—1 and1 < m < n, such that Spec (4) =
{A1,..., A} can be divided into m subsets A1, ..., A,,, with the properties

a) If \p and Ay belong to one and the same A, then they are (nNj,ne”)-res-
onant;

b) If Ap, Aq belong to different subsets then they are (N;41,€%)-nonresonant.

Proof. — We will say that \,,A; are (L,a)-connected if there exists a
(L, a)-resonant path of length r

)\poa)\pu .. '7>\p7-71a>\p,« S {>\1a)\2a .. 'a)‘n}a with Po=Dp, Pr =4,

such that (Ap,, Ap,) » (AprsAps) s s (Ap._1,Ap,.) are all (L, a)-resonant. One
can easily check that such a (L, a)-connected pair (A,, Ay) is (rL, ra)-resonant.

Note that any A,, Ag in a (N;, €7)-connected component are (nV;, ne”)-reso-
nant. Indeed, suppose that the pair A\,, A, can be connected by a (N;,e7)-reso-
nant path of length . Without loss of generality, eliminating the “closed loops,”
we can assume that r < n, hence, the pair is (nIN;, ne?)-resonant as well.

To prove the assertion, let us firstly divide {A1,...,A,} into (Np,&?)-con-
nected components. If any A, and A, belonging to two different (No,e?)-con-
nected components are (Np,e?)-nonresonant, we finish the proof choosing
Aq,..., Ay, to be the (Ng,e%)-connected components. Otherwise, we consider
the (N1,&7)-connected components and repeat the procedure. More precisely,
if there is j such that any A\, and A\, belonging to different (IN;,e”)-connected
components are (N;41,€7)-nonresonant, we denote by Ai,...,A,, the corre-
sponding (N;,e?)-connected components and finish the proof. Otherwise, we
consider the (IVj41,€7)-connected components. Thus there are two possibili-
ties: a) either we stop at the j-th step and set m = j; b) or the number of
the (INj41,€7)-connected components is strictly less than the number of the
(N;,e7)-connected components. In the latter case, there is j < n —1 such that
at the j-th step there is only one (NV;,&7)-connected component {Aq,..., A}
and we take m =1 and A; = {A1,..., An}. O

From now on we fix j < n — 1 as in Lemma 3.2. Taking account of the
structure of the resonances we are going to define the spaces %;Lme) and %;lre)
and verify the hypothesis of Lemma 3.1. To this end we assign to any p €
{1,...,n} an integer vector k) € Z? as follows. First for any 1 < t < m
we choose a representative A,, € A; and set E®) = 0. Let p € {1,...,n}
and p ¢ {p1,...,Pm}. There exits t € {1,...,m} such that A, € A; and by
Lemma 3.2, a), and (3.55) there is a unique k® € Z? such that

kP <nN; and |\, — )\pt62”i<k(p)’a>| < ne’.
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Let A, and A, belong to one and the same component A;. Then
() (@
max {|)\p — )\pte2’”<k : ’0‘>|, [Aq — )\ptez’”<k ! ’a>|} < ne?
which implies
[Ap — )\qe%i(k(m*k@’“’” < 2ne’.

By the uniqueness (3.55) of the (2nN, 2ne?)-resonance, the integer vector k®) —
k(@ can be characterized as the unique k € Z? satisfying the inequalities

(3.56) k| <2nN and |\, — A\, €2 R0 | < 2ne”

This implies the relation
(3.57)
ApsAg €Agy k#EP — kD |k <2nN = |\, — A2 R | > 2pe,

The existence of k € Z¢ satisfying (3.56) follows from lemma 3.2, a). Indeed, the
eigenvalues \p, A, € A; are (nN;, ne?)-resonant, which means there is kP9 ¢
7 satisfying

|k(p,Q)| <nN; <nN and |\, — )\qe27ri(k,oc)| < ne’

and by (3.57) we get k("9 = k() — (@ In particular, |k®) — k(@) | = |k@9)| <
nN;, and we obtain the relation

(3.58) Ay Ag €Ay, Ny < k| < 20N = |Ap — A2 R | > ope?,
Moreover, (3.58) and lemma 3.2, b) imply
(3.59) A, A, € Spec(4), nN; <|k| < Njp1 = [ Ap—Xge?me)| >0,
Step 4. The spaces %%me) and %ge). — Let us go back to the expansion (3.54).
Denote by Zy, k € Z%, the following subset of {1,...,n}?
(3.60) Z1 :={(p,q): A\p,A\g €A; forsome 1<t <mandk=k® —k@}
and by Z%, := {1,...,n}? — Z) the complement of Zx. Note that

(P,q) € Zk  (¢;p) €Z— and (p,q) € Zo=p=gq.

Recall that for any (p,q) there is at most one k such that (p,q) € Zy, which
implies that there is no more than n? non-empty Z.
Set h = (1 — k/2)h and consider the space B;, consisting of all X €

Cg(’]l‘d,u(n)) of finite norm |X|, ; < co. We define %%re) as the space of all
X € B; such that

(3.61) (TN;'+1X) 0) = Z e k) Z Tp,q(k)E(p, q)

|k|<n.N; (P, 9)EZk
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and denote by %%me) the space of all X € B;, of the form

(3.62) X0 = Y, TN 3,,(kEP9)
[k|<Njt1 (p.9)€Z},
_ Z 627ri(k,9> Z fp,q(k)E(p, q)+ Z X(k)e%ri(k,e)
k| <nhN; (Pa)EZ}, nN; <|k|<Nj41

(recall that the truncation Ty F of the Fourier series of F' is defined in Sect.
2.1 and that f, 4(k) is the (p,q) entry of F(k)). Both spaces are closed in B;
and obviously

(re) _ ¢qn(nre) (re)
B — () @ g5,

Moreover, the following assertion holds true.

LEMMA 3.3. — Let X € %g‘re). Then

X -A'X(-+a)Ac %S}ie) and |X — A7'X(-+ O‘)A|1,i} 2 5U|X|1,E'

Proof. — The first relation is evident. To estimate below the first sum in (3.62)
we use (3.57) and for the second sum in (3.62) we make use of (3.59). O

Step 5. Applying Lemma 3.1. — The previous lemma says that (3.29) holds
with n = €. By assumption and by (2.8) and (3.50) we get as well

|F|, j < cu(kh) "4 F|) < c(kh) ™% < e2739/2
and applying Lemma 3.1 we find Y € %%me) and F € %ge) such that

[Y]; < Y]y j <267|F|y j < 2c(rh) "%t <el7%7,
(3.63) e
|F|,~L§|F|1’ <cst|F|1-<s 20

and

Ad (eY).(a, AeF) = (a, AeF).
Setting Q(0) = diag (eQm(k(l)’g), . ,eQWi(k(n)"))) we consider
Ad(Q).(o, Ae") = (a, Q(- + @) " AQexp{Q ' FQ}).

Since F € ‘Bge) is of the form (3.61) with f replaced by fwe get

QOTIFOQE) = Y Y el k0T (0B g)

|[k|<nN; (p,q) €Lk
+ Q) (R, F)(0)Q(0) = (I) + (IT).
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It follows from the definition of Zj that (I) is a constant and by (2.8) and
(3.50) one gets

OI< Y 1 Y foa®EPa)

[F<nN; (a2
<nl|Fly g <t

On the other hand,

)

1
(364) |Q|h < eanh < enNh < 56—1{*

where K, = K, (k) > 0 is a constant depending only on . In view of (2.9) and
(3.48)-(3.50) this implies

|(II)|(1—n)h < eZanh|RNj+1F|(l—n)h

N¢
< e2anh Cy J+Z e—mNj+1h51—2U
(kh)

Finally, we obtain the conjugation
(3.65) Ad(QeY).(a, AeF) = (a, AeD+UD),

where A := Q(- + o) " AQ is a constant. Moreover, there exists F, €
CEdl—n)h(Td7 U(n)) (one can take F = log{e~(e(+UD1) such that

AeM+UD) — Fo(D Fr
and using (3.52) we get
1Fila—mn < 2 ([P +1UID]a-ppn) < 4e'727 <™

Recall that (I) is a constant. Then A, = Ae() € U(n) is a constant matrix
which satisfies

(3.66) AL — A <2|(D)] < 26173 < /2
in view of (3.52). Setting R = e¥ @, one obtains from (3.65) the equality
(3.67) Ad(R).(a, Aef) = (a, Aef™).

One can check easily the desired estimates.
The relation
R=eYQc (N, 1/n,e'=%9)
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follows from Lemma 2.7, since e¥ € II(0,1,e'7%°) by Lemma 2.6, 4), and
Q € II(N,1/n,0) by Lemma 2.6, 3).

If A € NR(N,e%) using (3.63) and (3.66) ) we get Q@ = I, R = ¢¥ and
A = A with |Y], < &'72% and |A; — A| < £!/2. This completes the proof of
the proposition. O]

REMARK 3.1. — This proof can extended for cocycles on other groups, for
example, GL(n,C), GL(n,R), SO(n,R), as well as for general compact semi-
simple Lie groups.

For any k > 0, repeating the KAM step infinitely many times and choosing
hm = (1 = &%)k and &, = e(1+9)™ and the corresponding N,, as above, we
are going to obtain almost reducibility with analytic radius of conjugations
decreasing to (1 — 2k)h in the next section. The sequence e, will be well-
adapted to the corresponding Gevrey class choosing € = ¢ as in (3.70). Almost
reducibility for Gevrey cocycles has been proved by Chavaudret in [2]. We point
out that the KAM Step and the KAM iteration scheme below are somewhat
different from that in [2].

3.2. Theiterative Lemma. — We assume that A € U(n) and G € &/ (T4, u(n)),
where p > 1. Let o , x, §p and K, be the same as in the assumptions of
Proposition 3.1. Let 0 < hg < 1/2L (ho will be specified later) and set

1—p
n:l—(l—i—g) , and

2
(1—p)m
(368) o= (1= W)y = (L— )"ho = hy (14 7) "

,meN.
By Proposition 2.1 one can find a sequence of Gy, € C} (T4, u(n)) satisfying

|Golhe < coL4(1L + e~ (LR~ G,

(369) |Gm _ Gm—1|hm < COLdef(cLhm,l)—l/(p—l))”G”L’ m>1
sup |G(0) — Gm_1(0)] < coLle™ L) ™" @)L, m > 1,
6T

where ¢ = ¢(p) > 0 and ¢g = ¢o(p, d) > 1. We set

= —— 1 _(cLhy) 71 d
€0 := eXP |~ AT R79) (cLhg , an

(3.70) G

m -

= exp (-m(cl}hm)_ﬂj) 5 m € N.

Choose 0 < hg < 1 small enough depending only on o, x, L, p, and §y such
that

- 1
(3.71) cLho <1, &7/*< o
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and

(3.72) em=cStTT" —exp (cLhm)_pll> < SohX,

1
<_16(1 + K. /o)

for any, m € N. We suppose as well that for any matrix P satisfying |[P—1I| <
€m < &g the following inequality holds true

(3.73) |log P| < 2|P — I| < 2&,.
It is enough to get the above inequality for m = 0 then they follow automati-

cally for each m € N.

We are going to impose a smallness condition on G.

LEMMA 3.4. — Assume that
€0
.74 < —.
(374) 16l < 522
Then
|Goln, < €0
(3.75) G = Gt |, < 20K >,

supgerd |G(0) — Gre1(0) |, < 5fr§iK*/g)~

Proof. — The claim follows directly from (3.69), (3.70) and (3.74) since

__1
e~ (Lhm-2)" 7D _ o —(14+8) 7 (cLhmsa) P

(3.76) 1 . B
< e~ a(elhmir) P71 :Efﬁ: /o)

for m > 1. O

From now on we denote by (N,),,cy the increasing sequence

Ny, = <2n+1> <2log1+1>
K hm Em

o + 1 ) 1
=(—T ) (S log—+1).
(=tvgms) (e, )

In view of (3.72), one can apply Proposition 3.1 for ¢ = ¢,,,, h = h,, and
N = N,,, m € N. Set

(3.77)

(3.78) Ly=Nog+-+ Np_i.
We can state now the iterative lemma.
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LEMMA 3.5. — For each m > 0 there is Ap, € U(n), F, € Gy (T4 u(n)),
and R(™ € Cy (T¢,U(n)), such that

Ad (R(m)).(a, AeCm-1) = (o, Apef™)

|Fm|h < Em
3.79
( ) |Rm |h <em —2K. /o
RO™ € I(Ly,, 2, —ireg ™7 4+ 2el % el 7%

(recall that the definition and property of II has been given in Section 2.3).

Proof. — Applying Proposition 3.1 one can find R™") such that

Ad (RM).(a, Ae°) = (a, Ajel™)
|Filn, <e577 < e

[RW[h, <eg™ =ef
RW € TI(Ny, 1/n,e5~).

K./(1+% —2K,
/( +2)<51 /o

Arguing by induction assume that for given m > 2 we have

Ad (R™).(a, AeCm-1) = (v, Apef™)
|Fm|hm S Em
|R m)| —QK*/O'

R(™) eH(Lm,nm,n,,} reg 4+

Using Proposition 3.1 and (3.71) one can find R,,, and F\y); € G (T%,u(n))
such that

Ad (Rp)-(r, AmeFm) = (a, AmHeFffil)

0 2 1 2
|Ffr(nll|hm+1 S 51+U = U/ +U/ < 5m+1
|Rm|hm+1 S 5
Ry € I(Npy, £,e m—4”).

Setting R+ = R(M R, we obtain
R(m+1)(' + a)flAeGmR(erl)
= Ron(-+ ) ' Ape™ Ry + RV (4 a) 7L A(eCm — eFm-1)RMHD)
= Am+1€F’(T?J)rl + RMHD( 4 )T A(eCm — Gm-1)RMHD),

Moreover,

_ _2(1+0/2) K« oK,
IR(m+1)| Rt < |R(m)|hm|Rm|hm+l = mK*(1+2/J) =E&m 7 = Emi—l /e
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while Lemma 2.7 implies

L1 1 14

(m+1)

+o el Fem )

1 1 1—4 1 1—4 1—4
:H(Lm_i_l,w,nimeo U+“.+ﬁsm—f+8m U).

Taking into account (3.75) one obtains

|R(m+1)(. + a)—lA(eGm _ eGm’l)R(m+1)|h

m—+1
—4K,/o A(1+K./0) _ o 4 1
< 2Em-i-l Em+1 - 26m-ﬁ-l < ng-ﬁ-l’
Moreover,
O) 1 1
F
|Am+1e m+l — Am+1|hm+1 <2x gam—i-l = ng—i-l

which implies

1 1 1
|R(m+1)( + a)_lAGGmR(m+1) — Am+1|hm+1 S Z€m+1 + ng_;,_l S §€m+1-
Setting
Fy1:=log (A;I1+1R(m+1)(. + a)—lAeGmR(m-‘rl) — I)
and using (3.73) one obtains
Ad (R™HD) (o, AeCm) = (o, Appy1€Fm+1)
|Fm+1|hm+1 S Em+1
m —2K., /o
|R( +1)|hm+1 < Em+1 /
R™) e (L1, n":’/l"’l ) n%sé_4a +oeet %E:n_ff + ‘€71n_40)'

This completes the induction argument and proves the iterative lemma.

O

3.3. Gevrey reducibility. — In the previous section we have established almost
reducibility of the Gevrey— &” cocycle (a, Ae). More precisely, for each m € N

we have obtained in Lemma 3.5 a map R(™ which conjugates (a, AeGm-

")

to (a, Amef™), where F,, is of the size of &,,. In general, the sequence R(™)
diverges. Our aim in this section is to prove that the sequence R(™) is convergent
in §”, provided that there exits a measurable function B : T¢ — U(n) with

[B~'] = [B*| > € and C € X(«) such that
(3.80) Ad (B).(a, Ae€) = (a, C)

where 0 < € < 1. To do this we impose condition (1.4). More precisely, choosing

0 < hg < 1 sufficiently small we assume as well that

— 1 -\ _ ¢
(3.81) €0 := €xp ( 161 1 K. /o) (cLhyg) > = £p€
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where &y := &y(n,o,k,p, L) < 1 is sufficiently small so that all previous as-
sumptions on €y hold when € = 1. To do this we choose appropriately hg in a
function of € as well. Setting & := 2co L&, and using (3.74) we obtain the small
constant in (1.4). We assume that

o(l-do)/2 _ 1
3.82 < —.
( ) €o =30

We have 1 — 50 > 1/ by (3.47) which implies

1
3.83 gldo _ zo /0 o 1 ¢
( ) 0 0c0 = 8n6
and we obtain
1 a4 L 14 1-4 I 14 1 1
nm—150 0+...—|—E€m,§+5m,f < nm—1€0 o 1+§+...+ S
2 1—4 €
< i€ ”§4nm.

This inequality combined with Lemma 2.6, 5) and Lemma 3.5, implies

m 1 1—40 1 1—4o0 1—40

R( ) (S H(Lm’ni’rn’inm—l 0 ++ ;Em—Q +5m_1)
(3.84) C (L, —, )
’ - ™ pm’ qpm’’

Now we can get a good control on the size of R,,.
LEMMA 3.6. — For any m sufficiently large there is Y, € C} (T4, u(n)) such
that

R, =e'm

Youlh,, <ém?

|Am - Am+1| < E}r{?-

Proof. — The idea is to prove that A,, € NR (N,,,€7,) for large m which
allows us to use Proposition 3.1, (ii). In the following we will need only the L>
norm || - ||oo on T™.

By Lemma 3.5 and (3.80)) we have the equalities

Ad (R™).(a, AeCm-1) = (o, Appe™™),
Ad (B).(a, Ae€) = (a, O).

Setting B,, = B~'R(™) and using (3.75) we obtain
Ad (Bp).(a, C) = (a,AmeFm + 0(5;*,51++1K*/”>)) .
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Hereafter, the symbol O(¢2), @ € R, stands for a map W : T¢ — M, (R)
such that |W||e < ce%,, where ¢ > 0 does not depend on m and 6. Since the

m?
L*°-norm of any measurable unitary matrix function is 1 this yields

B (- + a)An(I + O(em)) = CBm,
which implies
(3.85) B,.(-+ a)A,, = CB,, + O(enm).

By Lemma 2.5 there exists N,, such that B~! = B* € I'(N,,¢/2), and using
(3.84) and (2.25) applied to B* we arrive at
€ €

B,, = B*R™ € (N, + L,,,, — — ——
€ (V. + 2n™m 4nm)
€
. =T(N, + Ly, ——).
(3.86) (N, + 4nm)
Recall that C' € ¥(«), which means that there exist x,v > 0, such that
ik, X d
(3.87)  |upe? o > — X forany pre ket
: T+ kDY

where {p1,...,un} = Spec(C) . Let T € U(n) be such that
TCT* = diag (p1, .-+ fin)-
Choose S, € U(n) such that
S A S = diag (A™, ..., Al™)
and set D,, = T*B,,S,,. By Lemma 2.5

(3.88) Dy el (N* 4L, M%)

and using (3.85) we obtain

D (- + a)diag (W™, ... A™) = diag (1, . . ., ptn) Do + O(m).
which means that

D (- + a)diag (W™, ..., A0 4 W, = diag (1, - - - , fin) D
with ||[W||eo < cst.&p,. Thus for any 1 < p,q < n we have

e27ri(k,a))\((lm)a;()’cr(;)(k) + ﬁ]\étrl;)(k) = Mpzi;(f;)(k)

~

where @%)(k) and @éﬁ)(k) stand fot the (p, q) entries of the matrices D,, (k)
and of Wy, (k) respectively. We have

D5 (k)| < [Wonloo < cstem

which implies

(3.89) AU (k) A e2miR0) | < csten,

p,q

TOME 144 — 2016 — ~N° 1



RIGIDITY OF REDUCIBILITY 35

for all p,q € {1,...,n} and k € Z9. It follows from (3.88) and the definition
of T in Section 2.3 that for any p there exist ¢ € {1,...,n} and k € Z? with

|k| < N, + L,, such that
(j(m) k)| > £

p,q

(¢ and k depend on m as well). Then using (3.89) and choosing m; = mq(e) > 1
we obtain

|)\((1m)62”<k’“> — pp| < cst.e tn™e,,
(3.90) < cst.el/?
for any m > m;. Consider the map
fm i {1l,...,n} = {1,...,n}
assigning to each p € {1,...,n} an integer g € {1, ...,n} such that (3.90) holds
with some k € Z% of length |k| < Ni+ Ly,.

LEMMA 3.7. — There is mg € N such that the map f,, is bijective for any
m > mg.

Proof. — It suffices to prove that f,, is injective. Suppose that there are p; #
p2 such that f,,(p1) = fm(p2) = ¢. Then there exist ki, ko such that

{ |>\l(1m)e2ﬂ'i(k1,a> — lel S CSt,&'.},{z’

|>\‘(1m)€27ri(k2,0¢> — Np2| < CSt.Er}n/Q-

This implies
0= |A{™ — Al

> |/pr1 e2wz<—k1+k2,a) _ ,upQI _ CSt.€1/2

X 1/2
> — cst.
= (2Lm + 2N, + 1)y~ Em
which can not be true for m > 1 in view of (3.77), (3.78) and (3.51). O
LEMMA 3.8. — There is mg € N such that A, € NR (N,,,e7)) for m > my.

Proof. — Suppose that A, is (N, €9, )-resonant. Then there exist k € Z? with
0 < |k| £ N,, and p,q € {1,... n} such that

Ppemith) x| < o7,

If p = q, we get

-1
% > |627m'(k,a) _ 1| > 27(77—

m —

m
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which can not be true for m > 1. If p # ¢q and m is large enough, it follows from
Lemma 3.7 that there exist k(p), k(q) € Z? satisfying |k(p)|,|k(q)| < Lm + Nu,
such that

max{|A,e2 k@) _ 71N e?mik@e) g < st gl/2

where
o = Byt p) 7 Pryzta) = Pa
Then setting [ = k — k(p) + k(q) we get

2mi(l, o 2ni(k—k(p),o) ~ 27Ti<7k(q),a>|

) — gl = |Bpe — Hq€
< [Ape?m k@) _ x| + cst. e1/2

1/2
< €7 + cst.el/2,

|fipe

On the other hand, the assumption (3.87) yields

~ 27i(l,a) _ > X
e T TR —
> X
= (Np + 2Ly, + 2N, + 1)7°
hence,
(N + 2L X+ N+ st
which is not true for m > 1. O

Lemma 3.8 allows one to apply Proposition 3.1(ii), which completes the proof
of Lemma 3.6. L]

Now we can prove reducibility in Gevrey classes.

LEMMA 3.9 (Gevrey—&” reducibility). — There ezist R € §° and A € U(n)
such that

(3.91) Ad (R).(a, Ae®) = (o, A).

Proof. — Recall from Lemma 3.74 and Lemma 3.5 that

Ad (R™).(a, AeCm-1) = (a, Apef™),

41+ K,
|Gm - C;(m—1|hm < 5»,75_;5 /o) and |Fm - m+1|hm+1 < 25m-
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Moreover, by Lemma 3.6, there exists m,, such that for any m > m, the
following estimate holds true

|[Rm+D — R, = |RM™R,, — R™)|,

m—+1
= |R(m)(Rm - I)|hm+1
= |R(m)(6Ym - I)|hm+1

< 26:,;20 |R(m) |h

m+1"°
This implies
|R(m)|hm+1 < 2|R(m*)

hmy 15
and
|R(m+1) _ 13(m)|herl < 4E}n—QJ|R(m*)|hm*+l_
Taking m, > 1 we get for any m > m, the estimate
|R(7n+1) _ R(m)|hm+1 < 6717{2.
hence, for any m > m, we have

Cm = maX{|Gm_Gm—1|hm+17 |Fm_Fm+1|hm+17 |R(m+1)_R(m)|hm+1} < 5%2'

Recall that

o\ —m(p—1) 1 1
hm =ho (14 = d m = ———————(cLhy)" 71 ;.
0( +2> and. € eXp{ T6(Kjo + 1) “Lhm) 7 }
Then for any m sufficiently large we get
_1
(3.92) exp {_ ((32(K. /o + 1))~ cLhy,) 7 }
1 1
= —————————(cLhy,) 7?1

eXp{ 52(K. Jo + 1) L) 7 }

(3.93) =2 > (.

By the inverse approximation lemma (Proposition 2.2) and (3.92) choosing
L > colp,d)(32(K. /o +1))?"'cL
we obtain that
- R converges in ﬁ% to some R € ﬁ% (T4, U(n)),
- Gy, converges in @77 and it converges to G in C°, so G,, converges to G
P
in G,
- F,, converges in ﬁ%, and F,, converges to 0 in C°, hence, F}, converges

to 0 in §7.
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To finish the proof, one has just to let m — oo in
Ad (R™).(a, AeCm-1) = (a, Appef™)

with A,, converging to some Ae U(n) by Lemma 3.6. O

3.4. Proof of Theorem 1.1. — We are going to complete the proof of Theo-
rem 1.1. By Lemma 3.9, there exist R € ﬁ% and A € U(n) such that

Ad (R).(a, Ae®) = (a, A).

Moreover, there exist by assumption a measurable B : T¢ — U(n), A € U(n)
and C € X(«a) such that

Ad (B).(a, Ae®) = (0, O).

Setting V = RB~!, then B = V~!R. R is analytic, to prove that B is almost
surely Gevrey—&”, we just need to prove that V is so. In fact, we can prove
that there exist Uy, Us, Us € U(n) and k), ... k(™ € Z? such that

(3.94) V(0) = U U3 exp{2midiag (kM. 0),..., (™, 0))}U,
for a.e. § € T¢. Then for a.e. § € T? we have
B(6) : = V() 'R(6)
= U1U; exp{2midiag (k). 0), ..., (k™ ,0))}Us R(6) = B(9).

Obviously B is in ﬁ% and we obtain the desired result.

To prove (3.94), let us consider the conjugation

Ad(V).(a,C) = (o, A).
We write
C = Uydiag (1, ..., un)U; and A = Updiag (fiy -+ , fin)Us

where Uy, Us € U(n) and we get

V(- +a)diag (u1, .., pn) = diag (@i, - - fin) V,
where V := UsV~U; : T — U(n) is measurable. Then for any p,q €
{1,...,n} and k € Z? we obtain

(ezm<k,a>uq — Bp)Up,q(k) = 0.

where i}spﬂ(k) denotes the (p,q) entry of V (k). Since [V]| > 0 there exist
kW, .. k(™ € 74, such that

fj = uj62”<k(j)’a), Jj=1...,n
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Setting W (6) = diag (ezﬂi(k(l)>9), . ,ezm(k(n)ﬁ))ﬁ'(@) we get
W (- + a)diag (1, - - -, pn) = diag (1, ., pn) W.
Then for all p,q € {1,...,n} and k € Z? we have

(62m<k’a>/‘q — Kp)Wp,q(k) = 0.

where @, 4(k) denotes the (p, ¢) entry of W(k) The relation C € ¥(«) implies
that

Yk 7é O, e27‘ri(k,a)'ulq — fp # 0

and we obtain that W(k) =0 for all 0 # k € Z%. Thus there exists Us € U(n),
such that

W(9) =Us
for a.e. § € T, which implies (3.94).

4. Global Setting

In this section we will prove the global rigidity result (Theorem 1.2) using
Theorem 1.1 and adapting the renormalization scheme of a Z2-action developed
by Krikorian [1, 11, 6] to the case of Gevrey classes.

4.1. Z2-Action in Gevrey classes. — Given p > 1 and K > 0 we denote
by &% ([-K, K],U(n)) the Banach space of all C* functions A4 : [-K, K] —
U(n) with finite norm
IAII7 5 := sup sup (|9"A(6)|L~"Ir177) < oo.
reN |9|<K

Denote by @7 (R,U(n)) the functional space (Jyo@%([—K,K],U(n))
equipped by the projective limit topology (a sequence A,, € &% (R,U(n))
converges to A € §7(R,U(n)) if it converges in & ([-K,K],U(n)) for any
K > 0) and set 7”(R,U(n)) := Up5o F7(R,U(n)) equipped by the corre-
sponding inductive limit topology (a sequence A,, € §”(R,U(n)) converges
to A € G°(R,U(n)) if there is L > 0 such that the sequence A,, converges to
in §7(R,U(n))).

Denote by Sng(R,U(n)) the composition group of all (v,4) € R x
g7 (R,U(n)) acting on R x U(n) by

(7,A):RxU(n) > RxU(n)
(0,v) = (0+~,A0)v).
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Denote as well by AL*? the set of all Gevrey—%” fibered Z2-actions. By def-
inition ® € AX* if it is a homomorphism from the additive group Z?2 to the
composition group SWLﬁp(]R, U(n)),

®: 72 — SW{ (R,U(n))
(k1yk2) = @ (k1 ka) = (Vi s Ay )

Any Z2-action ® is completely determined by its values on (1,0) and (0, 1) and
we write it as follows

o= {@(1,0),@(0, 1)} = {("Y?,OvAiO)’ (’Y(()IJ,DA(?,I)}'

We denote by A? the union (J, A%:P. To shorten the notations we sometimes
skip the index p which is fixed.

A Z2-action ® is said to be normalized if ®(1,0) = (1, ). If ® is normalized
then ®(0,1) = (, A) can be viewed as a cocycle in SWY (T, U(n)), since A is
automatically Z-periodic. Conversely, to any (a, A) € SWY(T',U(n)) one can
associate a normalized Z2-action ® = {(1,I), (o, A)}.

A Z2-action ® € AL’ is said to be conjugated to a Z2-action ® by B €
G5 (R,U(n)) if for any (kq, ko) € Z2
Ad (B).®(ky1, k) := (0, B)"* 0 ®(k1, k2) 0 (0, B)
= (0,B™Y) o ®(ky,k2) 0 (0,B
= &(ky, ka).
The following lemma states that any Gevrey Z2-actions can be conjugated to

a normalized one in the same Gevrey class.

LEMMA 4.1 (Normalization). — Any Z2-action of the form
® = {(1,C),(y,D)} € AL

can be conjugated to a normalized one by some P € §° (R, U(n)), where ¢ > 1.
Moreover, if

(4.95) sup [|C(0) — I|| < 1/3
l61<3

then one can choose P so that

(4.96) 1P =Ty 5 < estl|C = TIIZ 5.

Proof. — Choose Xy € u(n) such that C(0) = e*°, fix 0 < § < 3/5 so that
(4.97) l[e=*°C(0—1)—1I|| <2/3 for 6€[l—35,1+7]

and define Y € @ ([1 — 4,1+ 6], u(n)) by

(4.98) Y(0) :=log {e"*°C(H-1)} for fe[l—351+3)
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We have
(4.99) eXoe¥® — (9 —1) for He[l—d,1+46].

Since logt = (1 — t)h(t), where h is analytic in the unit ball {|¢| < 1}, we get
the following inequality by estimating the composition of Gevrey functions (see
[17], Proposition A.3)

sup sup (|97 (0)|L7I"r170) < est. |C(0)T1C() = I 75
reN |g—1|<6

(4.100) < st |C — I)17, 5

where ¢ > 1 is a constant independent of the constant L > 1.

Choosing ¢ > 1 there is b in ¥ C &%, such that 0 < b < 1, b(#) = 0
for 8 € (—00,1/3], b(f) = 1 for 8 € [2/3,400] and b is strictly increasing
on [1/3,2/3]. Set

0—(1-9
ba(6) = (%’) and f5(0) = (1) + (6 — (1 - 8))bs(0)

and define
(4.101) P(0) = ebsOXoehs OV (£50)) - g ¢ [—5,1 + ).
The functions bs and fs have the following properties

- bs(0) =1and f5() =0 for 0 € [1 —6/3,1+ 4],

- 1-6< f5(8) <0 and f5 is increasing on [1 —2§/3,1 — /3],

- bs(0) =0 and fs(f) =1—4 for € [-§,1 — 24/3].
The theorem about the composition of Gevrey functions implies that P €
g%, ([L — 6,1+ 6],U(n)), where ¢ > 1. Moreover, P(§) = eXce¥(® = C(6 - 1)
for 8 € [1 —6/3,1+ 6] and P(f) = I for € [—6,0] C [-§,1 — 26/3] since
0 < § < 3/5, and we obtain
(4.102) PO+1)"'CO)PO) =1 for |0] <.
Now we extend P in R by

ClO-1)PO—-1),60€]1
p(oy - [ CO-DP@-1,0 ¢ [1,+00)
CO)~IPO+1), 0¢€ (—o0,1].
By (4.102) the function P is well defined. Moreover, P € §*, (R,U(n)) with
some ¢ > 1 independent of L > 1 and it satisfies the relation
VOeR, PO+1)"'CO)P(O) =1I.

It remains to prove (4.96) if (4.95) holds. We can choose now X, = log C(0).
Moreover, the inequality (4.97) holds for 8 € [—2,2], Y is well defined by (4.99)
n [—2,2] and as in (4.100) we get

| Xoll + ”Y”dL o Sest|C— I“L 3

(4.103)
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where d > 1. Choose § = 1/2 in (4.101). Writing eX = I + Xg(X), where g is
an entire function and using (4.101) and the theorems about the multiplication
and the composition of Gevrey functions ([17], Proposition A.3) we obtain the
following estimate in §°, ([—1/2,3/2], M,,)

IP = Id 5 = lle™X0 — el
< 1165 Xog(bs Xo)lIcp o + |05 o f5)a(bsY o fo)l1
< et (I Xoll + 1Yl 7y,2) < est|C — T
with § = 1/2 and a suitable ¢ > d. Using (4.103) we obtain the estimate (4.96)
in G, ([-2,2], M,). O

When Aghkz((kl’ ko) € 7Z2) are all constants, we say that ® is constant. The
following simple lemma provides a normalization of constants.

LEMMA 4.2. — Any constant {(1,C), (a, D)} can be conjugated to a normal-
ized constant.

Proof. — As C and D commute, they generate an abelian Lie subgroup
T of U(n), hence, one can choose X, in the Lie algebra of & satisfying
C = eXo and XoD = DX,. Now {(1,e%°),(a, D)} can be conjugated
to {(1,1), (o, De=2%°)} by B(f) = eXo. O

A Z2-action ® € A is said to be reducible if it can be conjugated to a constant
by some B € J°(R,U(n)). From Lemma 4.2 one obtains the following

LEMMA 4.3. — Let (o, A) be a cocycle. Then the Z*-action {(1,1), (o, A)} is
reducible if and only if (a, A) is reducible as a cocycle.

4.2. Renormalization. — We recall from [1, 11] the following operations on A.
a) For any 6 € R a translation Ty is defined by
To(®) (K1, k) = (’Y;fl,kgaAfl,kz(' +9)).
b) For any A # 0 denote by M) the rescaling
M (@) (k1, k2) = ATk, ks AR, ke (V)
¢) For any U € GL(2,Z) we denote by Ny the base change
Ny (®)(k1, ko) = ®((k1, ko) (UT) 7).
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Reducibility is invariant under conjugation, translation, rescaling and base
change.

Given an irrational a € (0, 1) we consider the continued fractional expansion

We set ag = a, and

Qyy, =

Qg1 + ————
am+2+...

In fact, o, = G™(a) where G is the Gauss map = — {1/x} assigning to each
x # 0 its fractional part {1/z}. The integers a,, are given by a, = [a,' ],
where [-] denotes the integer part. We also set ag = 0 for convenience.

Let By, = [1}= ;. Define

Qo = g9 po| _ (10 7
g—1p-1 01
dm DPm am 1 dm—1 Pm—1
Qm = = .
dm—1 Pm—1 10 dm—2 Pm—2

It is easy to see that @, = U(ayy,)---U(a1) where

[a"] 1] '

U(x)zl 1 0

Thus det(Qm) = ¢mPm—-1 — PmGm-1 = (—1)™. Note that
1

Bm = (=)™ (gma —pm) = ———

" ( ) ( " m) dm+1 +am+1qm’
1 1

——— < B < .

Im + gm+1 gm+1

The renormalization operator R is defined by R(®) = M,» Ny(q)(®). Notice
that if ® € A satisfies y¥, = 1, then a®®) = G(a®) (recall that G is Gauss
map) and

R™(®) = Ma,,_, © Nu(a,, 1) © "+ © May © Ny(a)(®) = Mg, _, (Nq,,. (®)).
It is obvious that the reducibility is invariant under renormalization.
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4.3. Proof of Theorem 1.2. — Let ® = {(1,I), (o, A)} be a normalized Z?*-ac-
tion such that @« € RDC (v,7) for some v,7 > 0. Suppose that there is a
measurable function B : T — U(n) satisfying

(4.104) Ad(B).(a, A) = (e, C)
where C' is constant. Denote the spectrum of C' by
spec (C) = {62”i¢1, ..., exmion }.

By assumption C' € 3(«) which means that ¢ := (¢1,...,¢,) € T(a) (for the
definition Y(«) we refer to (1.2)).
The following fact of B will be needed in the proof of Theorem 1.2.

LEMMA 4.4. — For a.e. g € T, we have

1
tglgl—l—/o |B(90 +t0)B(6p)* — I|d9 =0.

Proof. — Denote by X the set of measurable continuity points of B and B*.
By the Lebesgue density theorem, X has full Lebesgue measure.
Fix 6y € X. For any € > 0, let

I (e) = {0 € [0p,6p + ] : |B(O)B(6y)* — I| < €}
and Ji(e) = [0o, 0o + t] — I:(€). Note that
Leb.(J:(€))
t—0+ t
where Leb. denotes Lebesgue measure. Now we have

1
/ B0 + t6) B(60)" — I|d6 — - / B(9)B(0,)" — 1]d9
[0,1] [60,00+t]

]. *
-1 ( / o / t(ﬁ)) |B(9)B(60)" — I|d6

Leb.(Ji(e) _

:O7

<e+ .
as t — 04, where Leb. stands for the Lebesgue measure. Since the inequality
holds for any € > 0, the lemma is proved. O]

Without loss of generality, we assume that the conclusion of Lemma 4.4
holds for 6y = 0 (if not we make a translation). Consider

Rm(@) = {(laAsm (ﬂmfl')% (am7A§m (ﬂmfl))} ) m= 17 23 s
where
Sm = (=1)""Ygm_1 and 3, = (=1)"gpm.

We need the following lemma.
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LEMMA 4.5. — There ezists a constant ¢ > 0 such that for any « irrational
and that A € G (T,U(n)) the sequences Ag,, (Bm-1-) and As,, (Bm-1-), m > 1,
are uniformly bounded in §%(R,U(n)), where L=1LJe.
Proof. — Recall from [1, 6] the following estimate

Vm,r€{1,2,...}, VOeT: |0"An(0)] <m"c"||0"Alo,

where || - [|o is the C° norm and ¢ > 0 is a constant. Applying it to both («, A)
and (o, A)~! we obtain

16 Axllo < IKI"e"]|6" Allg
for all 0 # k € Z. It follows that for all # € R and m > 1
10" A 1yn-tgr, s Bror )| < |Bneron |7 110" Allo < 710" Al o
18" A1y g0, (Brno10)1| < [Br—1am"" 1107 Allo < ¢7116" All.
By assumption A € ﬁi('ﬂ“, U(n)), thus there exists M > 0 such that
supsup(||[0"A()|| L"r!7P) < M.
reN R

This implies

L T
supsup(||0" A_1ym-1q,. _, (Bm— 19)||< ) rI=f) < M,

reN geR

L ™
supsup(|9” A1y, (B 19>||( ) M) < M

reN feR
which completes the proof. O

Set H(-) := e"), where h(p,...,¢n) = 2midiag (¢1,...,¢n). Choose S €
U(n) so that

(4.105) C = S*H(¢)S.

The following lemma gives us information about the limit points of the set
of Z2-actions {R™(®) : m =1,2,...}.

LEMMA 4.6. — There exist sequences (m;) C N and (1), (l~J) CZ" and 1, €
[0,1]™ such that ay,; € DC (7, 7) and

Qoo := lim a,,; € DC(v,7);
J—00
lim (sj¢ +1;) = 1;
J—00
lim (3¢ +1;) = 9,
J—00

where s; = (=1)™ gy, 1 and §; = (—1)™qp,, and the sequences of
functions  As,(Bm,-1) and Az, (Bm,:) converge in G (R,U(n)) to
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B(0)*S*H(¢)SB(0) and B(0)*S*H (¢)SB(0) respectively, for some fized
N>1L.

Proof. — By Lemma 4.5, there exist L > 0, such that the sequences
of functions A, (Bm-1-) and Az, (Bm:), m > 1, are uniformly bounded
in ﬁ%(R, U(n)). Fix N > L. Then for any K > 0 the inclusion

GL(-K,K],U(n)) — Gy(-K, K],U(n))

is compact (see [13], Ch. 7) and by the diagonal procedure one can find a
subsequence {m; : j € N} such that the sequences

(4.106) Uj = Ay, (Bm;—17) and U= Az, (Bm,"), 5 €N,

converge in 7%, (R,U(n)) to some Uy and Uso, respectively, as j — co. Recall
that the topology of the space of Gevrey functions above is given in Sect. 4.1.
Without loss of generality we assume that

H(s;¢) — H(¥), H(5;9) — H()

for some 1,9 € [0,1]" and Qm,; — O for some g, € DC (7, 7) (otherwise we
choose subsequences).

Recall that 0 is a measurable continuity point of both B and B*. Thus for
any€>Oandd>1ﬁxed

jlggo dﬁm] Leb. (I(O €) ﬂ[ ﬂmjd718mjd]) =1,

where Leb. is the Lebesgue measure and
10,e) := {9 e R : [|B(Y) — B(0)|| <&,[|B(d)" — B(0)"|| <&}

By Lemma 4.5 the functions U; defined in (4.106) are C'-uniformly bounded
on R, hence, they are equicontinuous and there exists a positive § such that

1U;(8) = U ()l < e

for all j as long as |0 —¥| < 8. Then for any j > 1 and 6 € [-d+1,d — 1] there
exists ¥ € [-d+ 1,d — 1] N (6 — 6,0 + &) such that

Brm; Py Bm, (9 +1) € 1(0,¢)

and we obtain
(4.107)

max{||U;(0) — U; ()|, [ B(Bm,9) — BO)|, [ B(Bm, (¢ + 1)) = B(O)[|} <e.
Using the conjugations (4.104) and (4.105) we get
(4.108) BBy (9 + 1) U5 (9) B (B, 9) = S*H(s;0)S,
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then by (4.107) and (4.108) we obtain that
| B(0)T;(6)B(0) — 5" H(s;4)S|| < 3<.
Recall that U; converge in &%, (R,U(n)) to Uy and H(s;¢) — H(¢). Then for
any € > 0 and d > 0 fixed and § € [-d + 1,d — 1] we have
1B(0)"Uss () B(0) — S™H(4)S]| < 3¢,
hence,
B(0)*"UxB(0) = S*H(¥)S.
In the same way we get
B(0)*UsB(0) = S*H(1)S
which completes the proof. O

We have proved that R™(®) has a subsequence
D) = ij(@) = {(1"’45]‘ (ﬁmj—l'))»(amj’Agj (/ij_l.))}
=: {(1, Uj)a (amja Uj)}
with s; = (=1)"™"'gm,—1 and §; = (—1)"™q,,,, converging to the constant

7.2-action

oo = {(1, B(0)S*H(¥)SB(0)"), (es, B(0)S™ H ($))SB(0)")}.
We want to show that after a conjugation this subsequence will become a
sequence of normalized ZZ-actions converging in ﬁ%(R, U(n)) to a constant
normalized Z?-action. Set Q(0) := S*H (6¢)S.

LEMMA 4.7. — There is a sequence P; in G5 (R,U(n)) converging to the iden-
tity mapping I in §%,([-2,2],U(n)) and such that
(4.109) U; == Ad (B(0)QF)) .@; = {(1,1), (am,, Wj)}

for suitable W; € G%(T,U(n)), where W, converges to S*H () — ooot))S
in G5 (T,U(n)).

Proof. — Set EI;j = Ad (B(0)Q).®; = Ad(B(0)Q).R™i (®). It follows from the
definition of ®,, and @ that

Ad (B(O)Q)-éoo = {(17I)7 (O‘oov S*HW - am¢)5)}

Thus Cf'j(l,O) and ‘ij(O, 1) converge uniformly in @4 (R,U(n)) to (1,1) and
(Qoos S*H (Y — axot))S) respectively. By Lemma 4.1, there exist a sequence
of P; € % (R,U(n)), satisfying

lim || —I||%, =0,
Jj—o0
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such that Ad (Pj).ZI;j is a sequence of normalized Z?-actions {(1, 1), (atm,, W;)}.
Thus W; € @G (T,U(n)) (W, is automatically Z-periodic thanks to the com-
mutation) and it converges to S*H({/; — 0o ?)S, e,

lim [|W; — S*H (% — aseth)S||% = 0. O
J—00

On the other hand, (ay,,, Wj) can be conjugated to the constant
(Gm,, S"H((—1)™ 11 6)5)

by a measurable conjugation. More precisely, let us consider the following se-
quences

E;(0) = S"H((-1)™ " g, -100)8,
T;(0) = P;(0)7'Q(6) "' B(0)",
and
G;(0) = T;(0) B(Bm,; -10) E;(0),
where Q = S*H (10)S is introduced in Lemma 4.7.

LEMMA 4.8. — The measurable functions G; are all Z-periodic and satisfy

1
lim inf[G;] > in_sm,

Jj—too
Ad(Gy)-(atmy, Wy) = (o, S*H((-1)™ 1311 9)S).

Proof. — One can easily check that
Ad(G)9; = Ad (B(B,10)E;(0)).R™ (®)
= {(1, 1), (am,, STH((—=1)™ B, _16)9)}.
In particular, any G; is Z-periodic.
Let

G;(0) = G;(0)S*H(1;0)S
= P;(0)'S"H(~40)SB(0)"B(fm,-10)S"H((s;¢ + 1;)0)S
(I; is given in Lemma 4.6). Then for any 6 € T we have the estimates
1G;(6) — 1| < [|1P;(6) " —1||
+[1B(0)" B(Bm,;-10) — 1]|
T IH(=¢ + 550 +1;)0) - 1|
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where s; = (=1)™i ¢y, 1. By Lemma 4.6 and 4.7, we have s;¢ + [; — ¢ and
P;(0) — I uniformly on [—2,2]. Moreover, by Lemma 4.4

1
lim / |IB(0)* B(B,6) — T]|d6 = 0.
j—o Jo

Thus we have

1 1
lim [ [|G;(0)* — S*H(—1;6)S||dd = lim / ||G;(0)* — I||do
0 J—= Jo

Jj—oo
1
= lim [ ||G,(6) - I||d6 = o.

j— o0 0

By Lemma 2.4, [H(—1;0)] = [S*H(~1;6)S| > n=%/2. Then by Lemma 2.8,
[G7] > %n_3/2 as j is large enough. O

We are ready to complete the proof of Theorem 1.2. We would like to apply
the local result Theorem 1.1. To this end, we need the following fact.

LEMMA 4.9. — Let ¢ = (é1,-.-,0n) € Y(a), where T(e) is defined in (1.2).
Then for allm € N one has (—1)"8;2 16 € T(am).

Proof. — Without loss of generality, we assume

lpr — 7] <2, t#te{l,...,n}
We consider two cases. If || > 2|k| + 3 and t # ¢ € {1,...,n} we have
ko = (=1)" 8,11 (6 — b)) — U] > U] — [kl — 2 > 2[k| + 3 — [k — 2 = [K[ + 1.
Let [I| < 2|k|+3 and ¢ # t € {1,...,n}. There exist o, > 0, such that for any
kileZandt#te{l,...,n}

lka — (¢e — ¢p) — 1| =

9
(1+ [K])¥
and then

kam = (=1)" B, 1 (6 — ¢7) — 1
= B (1) kB — ($¢ — ¢7) — (—1)™ 11|
= Bl [(@me — pm)k — (d¢ — ¢7) + (Gm-10 — Pm—1)l|
= Bl 1 [(gmk + gm—1l)a = (31 — ¢7) = (Pm + Pm—1))|
> ;1—1‘7
= (1 + gk + gm_1]l)*"
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Since |I| < 2|k| + 3 and t #% € {1,...,n} we have

|kam = (=1)™ Bl (6 — ¢7) —
> ;11—10
T (14 gmlk| + gm—1ll])¥
> ;11—10
T (L + gmlk| + 2gm k| + 3gm)”
Bl

= g (k] + D

So there exists ,,, > 0, such that for any k,l € Zand t #t € {1,...,n}

ag

__m O
(L+ [k~

ko — (=1)" B Ly (¢ — ¢7) — 1] =

Now we go back to the proof of Theorem 1.2. Lemma 4.8 , 4.9 allows us to
apply Theorem 1.1. For j is sufficiently large, there exists B; in §”(T,U(n))
satisfying

B, (0) = G;(6)
for a.e. 0 € T . Since E; and Tj are analytic,
B;(0) := Ty(Brnr—10) " B; (Bt _10) B (B _10) "
is in §”(R,U(n)). Moreover,
B;(6) = Ty(B,} 1) ™" G (B —10)E; (8,1 _16)™" = B(6)
for a.e. 8 € R. Recall that B is Z-periodic for a.e. § € R, so Ej is also Z-periodic
for a.e. 0 € R and it is then Z-periodic for all § € R (thanks to the continuity
of Bj).
By assumption, for a.e. 8 € T,

B0+ o) tA0)B() = C,
hence, for a.e. 8 € T,

B;(6+ )" A(6)B;(9) = C,
which implies that for all 8 € T

B;(0 4+ )"tA(0)B,(f) = C
(thanks to the continuity of EJ) This completes the proof of Theorem 1.2. [
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