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AEPPLI COHOMOLOGY CLASSES ASSOCIATED
WITH GAUDUCHON METRICS

ON COMPACT COMPLEX MANIFOLDS

by Dan Popovici

Abstract. — We propose the study of a Monge-Ampère-type equation in bidegree
(n − 1, n − 1) rather than (1, 1) on a compact complex manifold X of dimension n

for which we prove ellipticity and uniqueness of the solution subject to positivity and
normalization restrictions. Existence will hopefully be dealt with in future work. The
aim is to construct a special Gauduchon metric uniquely associated with any Aeppli
cohomology class of bidegree (n− 1, n− 1) lying in the Gauduchon cone of X that we
hereby introduce as a subset of the real Aeppli cohomology group of type (n−1, n−1)

and whose first properties we study. Two directions for applications of this new equation
are envisaged: to moduli spaces of Calabi-Yau ∂∂̄-manifolds and to a further study of
the deformation properties of the Gauduchon cone beyond those given in this paper.

Résumé (Classes de cohomologie d’Aeppli associées à des métriques de Gauduchon
sur les variétés complexes compactes)

Nous proposons l’étude d’une équation de type Monge-Ampère en bidegré
(n− 1, n− 1) plutôt que (1, 1) sur une variété complexe compacte X de dimension
n pour laquelle nous démontrons l’ellipticité et l’unicité des solutions soumises à
des contraintes de positivité et de normalisation. Nous espérons que la question de
l’existence pourra être traitée dans un travail ultérieur. Le but est de construire
une métrique de Gauduchon spéciale associée de manière unique à une classe de
cohomologie d’Aeppli quelconque de bidegré (n − 1, n − 1) appartenant au cône
de Gauduchon de X que nous introduisons comme un sous-ensemble du groupe de
cohomologie d’Aeppli réel de type (n − 1, n − 1) et dont nous étudions les premières
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764 D. POPOVICI

propriétés. Des applications de cette nouvelle équation sont envisagées dans deux
directions : aux espaces de modules de ∂∂̄-variétés de Calabi-Yau et à une étude des
propriétés de déformations du cône de Gauduchon au-delà de celles décrites dans ce
travail.

1. Introduction

Let X be a compact complex manifold, dimCX = n. The main theme of this
paper is the interaction between various kinds of metrics (especially Gaudu-
chon metrics) on X and certain cohomology theories (especially the Aeppli
cohomology) often considered on X.

On the metric side, let ω > 0 be a C∞ positive definite (1, 1)-form (i.e.,
a Hermitian metric) on X. The following diagram sums up the definitions of
well-known kinds of Hermitian metrics and the implications among them.

dω = 0 =⇒ ∃α0,2 ∈ C∞0,2(X,C) s.t. =⇒ ∂∂̄ω = 0

d(α0,2 + ω + α0,2) = 0

(ω is Kähler) (ω is Hermitian-symplectic) (ω is pluriclosed)

=⇒

dωn−1 = 0 =⇒ ∃Ωn−2,n ∈ C∞n−2,n(X,C) s.t. =⇒ ∂∂̄ωn−1 = 0

d(Ωn−2,n + ωn−1 + Ωn−2,n) = 0

(ω is balanced) (ω is strongly Gauduchon (sG)) (ω is Gauduchon).

Recall that of the above six types of metrics, only Gauduchon metrics always
exist ([7]). Compact complex manifolds X carrying any of the other five types
of metrics inherit the name of the metric (Kähler, balanced, etc).

The conditions on the top line in the above diagram bear on the metric in
bidegree (1, 1), while those on the bottom line are their analogues in bidegree
(n − 1, n − 1). It is a well-known fact in linear algebra (see e.g., [11]) that for
every smooth (n − 1, n − 1)-form Γ > 0 on X, there exists a unique smooth
(1, 1)-form γ > 0 on X such that γn−1 = Γ. We denote it γ = Γ

1
n−1 and call γ

the (n− 1)st root of Γ. The power-root bijection between positive definite C∞

forms of types (1, 1) and (n− 1, n− 1) suggests a possible duality between the
metric properties in these two bidegrees. The following observation (noticed
before in [8] and references therein as a consequence of more general results)
gives a further hint. We give below a quick proof.

Proposition 1.1. — If ω is both pluriclosed and balanced, then ω is Kähler.
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Proof. — The pluriclosed assumption on ω translates to any of the following
equivalent properties:

∂∂̄ω = 0⇐⇒ ∂ω ∈ ker ∂̄ ⇐⇒ ? (∂ω) ∈ ker ∂?,(1)

the last equivalence following from the well known formula ∂? = − ? ∂̄?, where
? = ?ω : Λp,qT ?X → Λn−q,n−pT ?X is the Hodge-star isomorphism defined
by ω for arbitrary p, q = 0, . . . , n.

On the other hand, the balanced assumption on ω translates to any of the
following equivalent properties:

dωn−1 = 0⇐⇒ ∂ωn−1 = 0⇐⇒ ∂ω is primitive,(2)

the last equivalence following from the formula ∂ωn−1 = (n − 1)ωn−2 ∧ ∂ω.
Now, since ∂ω is primitive by (2), a well-known formula (valid for any Hermitian
metric ω) given e.g., in [19, Proposition 6.29, p. 150] spells

? (∂ω) = i
ωn−3

(n− 3)!
∧ ∂ω =

i

(n− 2)!
∂ωn−2.

Since ? (∂ω) ∈ ker ∂? by (1), we get by applying ∂? in the above identities:

∂?∂ωn−2 = 0, so 0 = 〈〈∂?∂ωn−2, ωn−2〉〉 = ||∂ωn−2||2, so ∂ωn−2 = 0.

Since ∂ωn−2 = (n−2)ωn−3∧∂ω, the last identity above gives ωn−3∧∂ω = 0.
Now, ∂ω is a form of degree 3 while the Lefschetz operator on 3-forms

Ln−3
ω : Λ3T ?X −→ Λ2n−3T ?X, α 7→ ωn−3 ∧ α,

is an isomorphism (see e.g., [19, Lemma 6.20, p. 146]—no assumption on the
Hermitian metric ω is needed). It follows that ∂ω = 0, i.e., ω is Kähler.

On the cohomological side, recall that for all p, q = 0, . . . , n, the Bott-Chern
cohomology group of type (p, q) is defined as

Hp, q
BC(X, C) =

ker(d : C∞p, q(X)→ C∞p+1, q(X) + C∞p,q+1(X))

Im(∂∂̄ : C∞p−1, q−1(X)→ C∞p, q(X))
,

while the Aeppli cohomology group of type (p, q) is defined as

Hp, q
A (X, C) =

ker(∂∂̄ : C∞p, q(X)→ C∞p+1, q+1(X))

Im(∂ : C∞p−1, q(X)→ C∞p, q(X)) + Im(∂̄ : C∞p, q−1(X)→ C∞p, q(X))
.

There are always well-defined linear maps from Hp, q
BC(X, C), from

Hp, q

∂̄
(X, C) (the Dolbeault cohomology group of type (p, q)) and from

Hp+q(X,C) (the De Rham cohomology group of degree p + q) to Hp, q
A (X, C)

but, in general, they are neither injective, nor surjective.
We will be often considering the case when X is a ∂∂̄-manifold. This means

that the ∂∂̄-lemma holds on X, i.e., for all p, q and for any smooth d-closed
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766 D. POPOVICI

form u of pure type (p, q) on X, the conditions of d-exactness, ∂-exactness,
∂̄-exactness and ∂∂̄-exactness are all equivalent for u.

If X is a ∂∂̄-manifold, Hp, q
A (X, C) is canonically isomorphic to each of the

vector spaces Hp, q
BC(X, C) and Hp, q

∂̄
(X, C), while injecting canonically into

Hp+q(X,C) (cf. Theorem 3.2). In particular, if (Xt)t∈∆ is a deformation of
the complex structure of X = X0, the various Aeppli cohomology groups of
the fibres Xt depend on t but, if X0 is assumed to be a ∂∂̄-manifold (in which
case every Xt with t sufficiently close to 0 is again a ∂∂̄-manifold by Wu’s
main theorem in [20]), then for each (p, q), all the groups Hp, q

A (Xt, C) inject
canonically into a fixed De Rham cohomology group of X:

Hp, q
A (Xt, C) ↪→ Hp+q(X,C), t ∈ ∆,

after possibly shrinking ∆ about 0. Under the same ∂∂̄ assumption on X0

(hence also on Xt for t close to 0), there are canonical isomorphisms (cf. The-
orem 3.2):

Hk(X,C) '
⊕
p+q=k

Hp, q
A (Xt, C), t ∈ ∆, k = 0, . . . , 2n.

They depend only on the complex structure of Xt and will be called the
Hodge-Aeppli decomposition of Xt for t in a possibly shrunk ∆.

We now bring together the metric and the cohomological points of view.
Let ω be a Gauduchon metric on the ∂∂̄-manifold X = X0, i.e., a C∞ posi-
tive definite (1, 1)-form such that ∂∂̄ωn−1 = 0. Then ωn−1 defines an Aeppli
cohomology class [ωn−1]A ∈ Hn−1, n−1

A (X, C) that we call the induced Aeppli-
Gauduchon class. The image {ωn−1} ∈ H2n−2(X,C) under the canonical in-
jection Hn−1, n−1

A (X, C) ↪→ H2n−2(X,C) induced by the ∂∂̄ assumption on X
of the Aeppli-Gauduchon class [ωn−1]A will be called the associated De Rham-
Gauduchon class. Note that ωn−1 need not be d-closed, hence it need not
define directly a De Rham class, but we have just argued that on a ∂∂̄-man-
ifold X there is a De Rham class of degree 2n − 2 (that we denote a bit
abusively by {ωn−1} ∈ H2n−2(X,C)) canonically associated with the Aeppli
class [ωn−1]A ∈ Hn−1, n−1

A (X, C).
Extending the approach of [13] from balanced classes to Gauduchon classes,

we can define the fibres that are co-polarised by the De Rham-Gauduchon
class {ωn−1} ∈ H2n−2

DR (X,C) in the family (Xt)t∈∆ as being those Xt for which
{ωn−1} remains of type (n− 1, n− 1) in the Hodge-Aeppli decomposition

(3) H2n−2(X,C) ' Hn, n−2
A (Xt, C)⊕Hn−1, n−1

A (Xt, C)⊕Hn−2, n
A (Xt, C)

of degree 2n − 2 on Xt, i.e., those Xt for which the components of Xt-types
(n, n − 2) and (n − 2, n) of {ωn−1} ∈ H2n−2(X,C) vanish. (Since the class
{ωn−1} is real, it actually suffices for the (n − 2, n)-component of {ωn−1} to
vanish.)
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We can construct a local deformation theory of Calabi-Yau ∂∂̄-manifolds
co-polarised by a De Rham-Gauduchon class on the model of that for co-
polarisations by a balanced class constructed in [13].

A Monge-Ampère-type equation in bidegree (n− 1, n− 1). — To go from local
deformations to moduli spaces, we need canonical objects, namely we would
like to single out in any co-polarising Gauduchon class [ωn−1]A (or {ωn−1})
a unique (n − 1)st power of a Gauduchon metric for which we have pre-
scribed the volume form. On a Calabi-Yau manifold X (i.e., one for which
the canonical bundle KX is trivial), this would entail the existence of a unique
Ricci-flat Gauduchon metric ω of a certain shape whose Aeppli cohomology
class [ωn−1]A ∈ Hn−1,n−1

A (X,C) has been prescribed (arbitrarily). (By ω be-
ing Ricci-flat we mean that the Ricci form Ricω of ω—defined as the curva-
ture form of the anti-canonical bundle −KX equipped with the metric induced
by ω—vanishes identically.)

Motivated by considerations of this nature, we undergo to study in this and
future work to which extent there is an Aeppli-Gauduchon analogue of Yau’s
theorem on the Calabi conjecture. Every representative of [ωn−1]A is of the
form ωn−1 + ∂u+ ∂̄v with u of type (n− 2, n− 1) and v of type (n− 1, n− 2).
To avoid an underdetermined equation, it seems sensible to look for forms of
the special shape u = ∂̄ϕ ∧ ωn−2 and v = ∂ϕ ∧ ωn−2 (up to constant factors),
where ϕ is a real smooth function on X that we wish to find. We are thus led
to look for positive definite (n− 1, n− 1)-forms that are Aeppli-cohomologous
to ωn−1 of the shape

ωn−1 +
i

2
∂(∂̄ϕ ∧ ωn−2)− i

2
∂̄(∂ϕ ∧ ωn−2)

= ωn−1 + i∂∂̄ϕ ∧ ωn−2 +
i

2
(∂ϕ ∧ ∂̄ωn−2 − ∂̄ϕ ∧ ∂ωn−2).

Equations (?) and (5) proposed below involve taking the (n− 1)st root of a
positive definite (n − 1, n − 1)-form and thus produce a Gauduchon metric γ
with prescribed volume form γn such that γn−1 is Aeppli-cohomologous to the
(n− 1)st power ωn−1 of the given Gauduchon metric ω.

Question 1.2. — Let X be a compact complex manifold of complex dimension
n ≥ 2. Fix an arbitrary Gauduchon metric ω on X. Consider the equation[(

ωn−1 + i∂∂̄ϕ ∧ ωn−2 +
i

2
(∂ϕ ∧ ∂̄ωn−2 − ∂̄ϕ ∧ ∂ωn−2)

) 1
n−1
]n

= ef ωn (?)

subject to the positivity and normalisation conditions

(4) ωn−1 + i∂∂̄ϕ∧ωn−2 +
i

2
(∂ϕ∧ ∂̄ωn−2− ∂̄ϕ∧∂ωn−2) > 0 and sup

X
ϕ = 0,
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for a function ϕ : X → R, where f is a given C∞ real-valued function.

(a) For any given f , are solutions ϕ to (?) and (4) unique?
(b) For any given f , let ϕ be a C∞ solution of equation (?) subject to (4).

Are there uniform a priori C∞ estimates on ϕ depending only on (X,ω, f)?
(c) For any given f , does there exist a (unique) constant c ∈ R such that

the equation

(5)
[(
ωn−1 + i∂∂̄ϕ∧ωn−2 +

i

2
(∂ϕ∧ ∂̄ωn−2− ∂̄ϕ∧∂ωn−2)

) 1
n−1
]n

= ef+c ωn

admits a C∞ solution ϕ satisfying (4)? This solution is unique if the answer
to (a) is affirmative.

Note that in the special case of a Kähler metric ω, ∂ωn−2 = 0 and ∂̄ωn−2 = 0,
so equation (?) simplifies to the equation[(

ωn−1 + i∂∂̄ϕ ∧ ωn−2

) 1
n−1
]n

= ef ωn (??)

with initial conditions

(6) ωn−1 + i∂∂̄ϕ ∧ ωn−2 > 0 and sup
X
ϕ = 0.

Notice that for n = 2, equation (??) is the classical Calabi-Yau equation. At
the time of writing the first version of this paper, the author was unfortunately
unaware of the works by Fu, Wang and Wu who had discussed in [5] and [6] the
equation (??) and also unaware of the work of Tosatti and Weinkove who had
completely solved equation (??) on compact Kähler manifolds in [18]. However,
the emphasis of the present work is firmly on the non-Kähler context and on
the new equation (?) adapted to it.

Besides its applications to moduli spaces of Calabi-Yau ∂∂̄-manifolds out-
lined above, equation (?) would also contribute to the further study of the
deformation properties of the Gauduchon and sG cones introduced and stud-
ied in § 5.

In § 6 we prove the uniqueness of solutions to equation (?) subject to (4).
In § 7 we calculate the linearization of equation (?) and observe that its principal
part is the Laplacian associated with a certain Hermitian metric on X. The
following statement sums up these results (cf. Theorem 6.3, Proposition 7.1
and Corollary 7.3 for more precise wording).

Theorem 1.3. — Fix a compact Hermitian manifold (X,ω), dimCX = n ≥ 2.
(i) Part (a) of Question 1.2 has an affirmative answer.
(ii) The principal part of the linearisation of equation (?) is

(n− 2)!

n− 1
∆λ̃,
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where ∆λ̃ = trλ̃(i∂∂̄) is the Laplacian associated with the C∞ positive definite
(1, 1)-form λ̃ defined by the following relations:

ρ := ?Λ > 0, where Λ := ωn−1+i∂∂̄ϕ∧ωn−2+
i

2
(∂ϕ∧∂̄ωn−2−∂̄ϕ∧∂ωn−2) > 0,

λ is the (n − 1)st root of (Λρω) ωn−1

(n−1)! − (ωn/ρn)
1

n−1 ? (?ρ)
1

n−1 > 0, λ̃ =
1

(n−1)!
λ

λn/ωn > 0, where ? = ?ω is the Hodge star operator associated with ω.

Since the principal part of the linearization of equation (?) is a constant
factor of a Laplacian, the local inversion theorem can be applied as in the case
of the classical Calabi-Yau equation to prove the openness of the interval of
solutions in the continuity method. The resemblance with the latter equation
makes it likely for (?) to lend itself to a treatment through the standard tech-
niques developed in the literature for the classical Monge-Ampère equation in
bidegree (1, 1). We hope to be able to take up the study of parts (b) and (c) of
Question 1.2 in future work.

Acknowledgments. — The author is very grateful to Jean-Pierre Demailly from
discussions with whom during the autumn of 2009 the idea of studying an
equation of the Monge-Ampère type in bidegree (n − 1, n − 1) for geometric
applications to the deformation theory first emerged. Many thanks are also due
for the interest he has shown since then in two earlier forms of such an equation
with which the author has experimented over several years before hitting upon
the idea of considering equation (?) in the context of the Aeppli cohomology
as best suited to the original objectives.

Some 10 days after this work had been posted on the arXiv, Valentino Tosatti
and Ben Weinkove informed the author that they were about to post their
preprint [17] in which they made significant progress towards the resolution
of equation (?). The author is very grateful to them for their work on this
equation and for letting him know of the earlier works [5], [6] and [18] of which
he was unfortunately unaware at the time.

2. Bott-Chern and Aeppli cohomologies

Let (X,ω) still denote a compact Hermitian manifold, dimCX = n. We will
give a different interpretation of Proposition 1.1.

The 4th order Bott-Chern Laplacian ∆p, q
BC : C∞p, q(X, C)→ C∞p, q(X, C) intro-

duced by Kodaira and Spencer in [9, §.6] (see also [14, 2.c., p. 9-10]) as defined
by

(7) ∆p, q
BC := ∂?∂+ ∂̄?∂̄+ (∂∂̄)?(∂∂̄) + (∂∂̄)(∂∂̄)? + (∂?∂̄)?(∂?∂̄) + (∂?∂̄)(∂?∂̄)?
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is elliptic and formally self-adjoint, so it induces a three-space decomposition

(8) C∞p, q(X,C) = ker ∆p, q
BC ⊕ Im ∂∂̄ ⊕ (Im ∂? + Im ∂̄?)

that is orthogonal w.r.t. the L2 scalar product defined by ω. We have

(9) ker ∂ ∩ ker ∂̄ = ker ∆p, q
BC ⊕ Im ∂∂̄,

yielding the Hodge isomorphism Hp, q
BC(X, C) ' ker ∆p, q

BC . We also have

(10) Im ∆p, q
BC = Im ∂∂̄ ⊕ (Im ∂? + Im ∂̄?).

Similarly, the 4th order Aeppli Laplacian ∆p, q
A : C∞p, q(X, C) → C∞p, q(X, C)

(cf. [14, 2.c., p. 9-10]) defined by

(11) ∆p, q
A := ∂∂?+ ∂̄∂̄?+(∂∂̄)?(∂∂̄)+(∂∂̄)(∂∂̄)?+(∂∂̄?)(∂∂̄?)?+(∂∂̄?)?(∂∂̄?)

is elliptic and formally self-adjoint, so it induces a three-space decomposition

(12) C∞p, q(X,C) = ker ∆p, q
A ⊕ (Im∂ + Im∂̄)⊕ Im(∂∂̄)?

that is orthogonal w.r.t. the L2 scalar product defined by ω. We have

(13) ker(∂∂̄) = ker ∆p, q
A ⊕ (Im ∂ + Im ∂̄),

yielding the Hodge isomorphism Hp, q
A (X, C) ' ker ∆p, q

A . We also have

(14) Im ∆p, q
A = (Im∂ + Im∂̄)⊕ Im(∂∂̄)?.

In what follows, H p,q
∆BC

(X,C) := ker ∆p,q
BC ⊂ C∞p,q(X,C) will stand for the

space of Bott-Chern-harmonic (p, q)-forms and H p,q
∆A

(X,C) := ker ∆p,q
A ⊂

C∞p,q(X,C) will denote the space of Aeppli-harmonic (p, q)-forms, while the
Laplacians will be simply written ∆BC and ∆A (without the superscripts)
when no confusion is likely. The following statement sums up the basic prop-
erties of Hp,q

BC(X,C), Hp,q
A (X,C) and their harmonic counterparts, some of

which already appear in [9, §.6] and in [14].

Theorem 2.1. — Let (X,ω) be a compact Hermitian manifold, dimCX = n.
(i) We have ker(∂∂̄)? = H p,q

∆BC
(X,C)⊕(Im ∂?+Im ∂̄?) and ker ∂?∩ker ∂̄? =

H p,q
∆A

(X,C)⊕ Im (∂∂̄)?.

It follows that H p,q
∆BC

(X,C) = ker ∂ ∩ ker ∂̄ ∩ ker(∂∂̄)? and H p,q
∆A

(X,C) =

ker(∂∂̄) ∩ ker ∂? ∩ ker ∂̄?.

In particular, for any (p, q)-form α, the following equivalences hold:

∆BCα = 0 ⇐⇒ ∆BC ᾱ = 0 and ∆Aα = 0 ⇐⇒ ∆Aᾱ = 0.

(Note that ∆BC 6= ∆BC and ∆A 6= ∆A because of the last two terms in the
definition of each of these Laplacians.)

(ii) Under the Hodge star isomorphism ? = ?ω : C∞p,q(X,C)→ C∞n−q,n−p(X,C)

defined by ω, the Bott-Chern and Aeppli three-space decompositions (8)
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of C∞p,q(X,C) and respectively (12) of C∞n−q,n−p(X,C) are related by the
following three restrictions of ? being isomorphisms:

? : H p,q
∆BC

'−→ H n−q,n−p
∆A

,(15)

? : Im ∂∂̄
'−→ Im (∂∂̄)?(16)

and ? : (Im ∂? + Im ∂̄?)
'−→ (Im ∂ + Im ∂̄).(17)

Thus the resulting isomorphism in cohomology

(18) ? : Hp,q
BC(X,C)→ Hn−q,n−p

A (X,C)

depends on the choice of the metric ω.

(iii) The following duality in cohomology

(19) Hp,q
BC(X,C)×Hn−p,n−q

A (X,C) −→ C, ([α]BC , [β]A) 7−→
∫
X

α ∧ β

is well defined, canonical (i.e., independent of the metric ω) and non-
degenerate.

Proof. — (i) The three-space decomposition (8) being orthogonal, we have

H p,q
BC(X,C)⊕ (Im∂? + Im∂̄?) = (Im∂∂̄)⊥ = ker(∂∂̄)?,

where the last identity is standard. Similarly, the orthogonality of decomposi-
tion (12) gives

H p,q
A (X,C)⊕ Im(∂∂̄)? = (Im∂ + Im∂̄)⊥ = (Im∂)⊥ ∩ (Im∂̄)⊥ = ker ∂? ∩ ker ∂̄?.

This proves the first two identities in part (i). The remaining two identities
in (i) follow immediately from these and from (9) and respectively (13).

(ii) The well-known identities ∂? = − ? ∂̄? and ∂̄? = − ? ∂? imply the
inclusions

?

(
Im (∂∂̄)?

)
⊂ Im ∂∂̄ and ?

(
Im ∂ + Im ∂̄

)
⊂ Im ∂? + Im ∂̄?

and, combined with part (i), they also imply the equivalences (cf. [14]):

u ∈ H p,q
∆BC

⇐⇒ ∂u = 0, ∂̄u = 0, (∂∂̄)?u = 0

⇐⇒ ∂̄?(?u) = 0, ∂?(?u) = 0, ∂∂̄(?u) = 0

⇐⇒ ?u ∈ H n−q,n−p
∆A

.

This proves (15), while (16) follows immediately using the above inclusions.

(iii) It is obvious that the metric ω does not feature in the definition of the
pairing (19). To show that the pairing (19) is well defined, i.e., independent
of the choice of representatives α, β of the respective Bott-Chern and Aeppli
classes, let α ∈ C∞p,q(X,C) and β ∈ C∞n−p,n−q(X,C) be such that dα = 0 and
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∂∂̄β = 0. Any representative of the Bott-Chern class [α]BC is of the shape
α+ ∂∂̄γ for some γ ∈ C∞p−1,q−1(X,C); we have∫

X

(α+ ∂∂̄γ) ∧ β =

∫
X

α ∧ β −
∫
X

γ ∧ ∂∂̄β =

∫
X

α ∧ β

since ∂∂̄β = 0. Similarly, any representative of the Aeppli class [β]A is of the
shape β + ∂u+ ∂̄v for some u ∈ C∞n−p−1,n−q(X,C) and v ∈ C∞n−p,n−q−1(X,C);
we have∫

X

α ∧ (β + ∂u+ ∂̄v) =

∫
X

α ∧ β ±
∫
X

∂α ∧ u±
∫
X

∂̄α ∧ v =

∫
X

α ∧ β

since ∂α = 0 and ∂̄α = 0.
That the pairing (19) is non-degenerate follows from the isomorphism (15).

Indeed, if [α]BC ∈ Hp,q
BC(X,C) is any class, let α denote its unique Bott-Chern-

harmonic representative. Then ∆A(?α) = 0 by (15), hence ∆A(?ᾱ) = 0 by the
last statement of part (i), so ?ᾱ is the unique Aeppli-harmonic representative
of the class [?ᾱ]A ∈ Hn−p,n−q

A (X,C) and we have∫
X

α ∧ ?ᾱ = ||α||2 > 0

if α 6= 0 (i.e., if [α]BC 6= 0 inHp,q
BC(X,C)). Similarly, if [β]A ∈ Hn−p,n−q

A (X,C) is
any class and β denotes its Aeppli-harmonic representative, then ∆BC(?β̄) = 0

by (15) and the last statement of part (i), while
∫
X
β ∧ ?β̄ = ||β||2 > 0 if β 6= 0

(i.e., if [β]A 6= 0).

We can now observe that for a pluriclosed metric, the balanced condition is
equivalent to the Aeppli harmonicity.

Lemma 2.2. — Let ω > 0 be a C∞ positive definite (1, 1)-form on X such that
∂∂̄ω = 0. The following equivalence holds:

∆Aω = 0 ⇐⇒ dωn−1 = 0.

Proof. — Since ?ω = ωn−1/(n − 1)! and d? = − ? d?, the balanced condi-
tion dωn−1 = 0 is equivalent to d?ω = 0, hence to ∂?ω = 0 and ∂̄?ω = 0.
The contention is thus seen to follow from the vector space identity H 1,1

∆A
=

ker(∂∂̄) ∩ ker ∂? ∩ ker ∂̄? proved in part (i) of Theorem 2.1.

Thus Proposition 1.1 can be reworded in the following way.

Corollary 2.3. — Let ω > 0 be a Hermitian metric on X. Then

ω is Kähler ⇐⇒ ∆Aω = 0.
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3. Relations with the ∂∂̄-lemma

A C∞ positive definite (1, 1)-form ω on X is Hermitian-symplectic (cf. def-
inition in [15]) iff there exists α ∈ C∞0,2(X,C) s.t. d(α0,2 + ω+α0,2) = 0, which
amounts to

(20) ∃α0,2 ∈ C∞0,2(X,C) s.t. ∂ω + ∂̄α0,2 = 0 and ∂α0,2 = 0.

Indeed, in the real 3-form d(α0,2 + ω + α0,2) the components of types (3, 0)

and (0, 3) are conjugate to each other and so are the components of types (2, 1)

and (1, 2), so the vanishing of d(α0,2 + ω + α0,2) is equivalent to the vanishing
of its components of types (2, 1) and (3, 0).

We now observe that on a ∂∂̄-manifold, the two conditions in (20) charac-
terizing the Hermitian-symplectic property reduce to the first one and that,
consequently, the notions of Hermitian-symplectic and pluriclosed metrics co-
incide.

Lemma 3.1. — Let X be a compact ∂∂̄-manifold. For any Hermitian metric
ω, the following equivalences hold:

ω is Hermitian-symplectic
(a)⇐⇒ ∂ω ∈ Im ∂̄

(b)⇐⇒ ∂∂̄ω = 0.

Proof. — To prove the implication
(b)⇐=, suppose that ∂∂̄ω = 0, which means

that ∂ω ∈ ker ∂̄, hence ∂ω is a d-closed form of pure type (2, 1). Since ∂ω is
∂-exact, it must also be ∂̄-exact by the ∂∂̄-assumption on X. The implication
(b)
=⇒ is obvious.

To prove the implication
(a)⇐=, suppose that ∂ω ∈ Im ∂̄ and let α2,0 ∈

C∞2,0(X,C) such that ∂ω = −∂̄α2,0. Put α0,2 := α2,0. Then ∂ω + ∂̄α0,2 = 0. In
view of (20), it remains to show that ∂α2,0 = 0.

Now ∂α2,0 is ∂̄-closed since ∂̄(∂α2,0) = −∂(∂̄α2,0) = ∂2ω = 0. Thus the
(3, 0)-form ∂α2,0 is d-closed and ∂-exact, hence it must also be ∂̄-exact by
the ∂∂̄-assumption on X. However, the only ∂̄-exact (3, 0)-form is zero, hence
∂α2,0 = 0.

The implication
(a)

=⇒ is obvious in view of (20).

It is well known that on any compact complex manifold X and for any
(p, q), there are well-defined linear maps from the Bott-Chern cohomology
group Hp,q

BC(X,C) to the Dolbeault, De Rham and Aeppli cohomology groups
Hp,q

∂̄
(X,C), Hp+q

DR (X,C) and resp. Hp,q
A (X,C):

[α]BC 7−→ [α]∂̄ , [α]BC 7−→ {α}, [α]BC 7−→ [α]A,

and a well-defined linear map from the Dolbeault to the Aeppli cohomology:

Hp,q

∂̄
(X,C) −→ Hp,q

A (X,C), [α]∂̄ 7−→ [α]A.
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These maps are neither injective, nor surjective in general. However, if the
∂∂̄-lemma holds on X, the map to De Rham cohomology is injective while
the others are isomorphisms. In the same vein, still denoting De Rham classes
by { }, we have the following.

Theorem 3.2. — Let X be a compact ∂∂̄-manifold, dimCX = n.

(a) Every Aeppli cohomology class contains a d-closed representative.

(b) For any p, q = 0, 1, . . . , n, there is a canonical injective linear map:

(21) T p,q : Hp,q
A (X,C) ↪→ Hp+q

DR (X,C), [α]A 7−→ {α},

where α is any d-closed (p, q)-form representing the Aeppli class [α]A whose
existence is guaranteed by (a).

(c) For any k = 0, 1, . . . , 2n, there is a canonical isomorphism:

Hk
DR(X,C) '

⊕
p+q=k

Hp,q
A (X,C)(22)

{ ∑
p+q=k

αp,q
}

7−→

∑
p+q=k

[αp,q]A,

where each αp,q is a d-closed representative of the Aeppli class [αp,q]A, that can
well be called the Hodge-Aeppli decomposition. Note that the Aeppli cohomology
analogue of the Hodge symmetry always (even without the ∂∂̄-assumption on X)
holds trivially, i.e., Hp,q

A (X,C) = Hq,p
A (X,C) for all p, q.

Proof. — (a) Let α be a (p, q)-form such that ∂∂̄α = 0. We have to prove the
existence of a (p− 1, q)-form β and of a (p, q− 1)-form γ such that d(α+ ∂β +

∂̄γ) = 0. The last identity translates to

∂α = −∂∂̄γ and ∂̄α = ∂∂̄β.

We are thus reduced to showing that ∂α and ∂̄α are ∂∂̄-exact. Both ∂α and
∂̄α are of pure types ((p + 1, q), resp. (p, q + 1)) and d-closed (thanks to the
assumption ∂∂̄α = 0), while ∂α is ∂-exact and ∂̄α is ∂̄-exact, so both must be
∂∂̄-exact by the ∂∂̄-lemma that holds on X by hypothesis.

(b) First, we have to show that T p,q is independent of the choice of d-closed
representative of the Aeppli class [α]A. Let α̃, β̃ ∈ C∞p,q(X,C) be d-closed forms
representing the same Aeppli class, i.e.,

dα̃ = dβ̃ = 0 and α̃− β̃ = ∂u+ ∂̄v,

for some (p − 1, q)-form u and some (p, q − 1)-form v. It follows that 0 =

∂(α̃− β̃) = ∂(∂̄v), hence ∂̄v is ∂-closed, hence ∂̄v is d-closed.
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Since ∂̄v is obviously a ∂̄-exact pure-type form, the ∂∂̄-assumption on X

implies that ∂̄v ∈ Im ∂∂̄. Similarly, we have

0 = ∂̄(α̃− β̃) = ∂̄(∂u), hence ∂u is ∂̄-closed, hence ∂u is d-closed.

Since ∂u is obviously a ∂-exact pure-type form, the ∂∂̄-assumption on X

implies that ∂u ∈ Im ∂∂̄.
Putting together the last two pieces of information, we find that

α̃− β̃ = ∂u+ ∂̄v ∈ Im ∂∂̄ ⊂ Im d.

Thus α̃ and β̃ are d-cohomologous, so they define the same De Rham coho-
mology class {α̃} = {β̃} ∈ Hp+q

DR (X,C), i.e., T p,q([α̃]A) = T p,q([β̃]A).
It remains to show that T p,q is injective. Let α ∈ C∞p,q(X,C) such that dα = 0

and T p,q([α]A) = {α} = 0. The last identity means that α is d-exact. By the
∂∂̄-assumption on X, α must also be ∂∂̄-exact. In particular, α ∈ Im ∂ + Im ∂̄,
which means that [α]A = 0.

(c) If T :
⊕

p+q=k

Hp,q
A (X,C) −→ Hk(X,C) is the linear map T =

∑
p+q=k

T p,q,

then T is injective since each T p,q is and the images in Hk(X,C) of any two
different Hp,q

A (X,C) meet only at zero. Since X is compact and ∆ := dd?+d?d

and ∆A (defined for any Hermitian metric on X) are elliptic, all the vector
spaces involved are finite-dimensional, so the injectivity of T implies

(23)
∑
p+q=k

dimCH
p,q
A (X,C) ≤ dimCH

k(X,C).

On the other hand, the ∂∂̄-assumption on X implies that Hp,q
A (X,C) is

isomorphic to Hp,q

∂̄
(X,C) for every p, q and that∑
p+q=k

dimCH
p,q

∂̄
(X,C) = dimCH

k(X,C).

Thus equality holds in (23) for all k, hence the injective map T =
∑

p+q=k

T p,q

must be an isomorphism.

For any compact complex manifold X (not necessarily ∂∂̄) and any p, the
space Hp,p

A (X,C) is stable under conjugation, so we can define Hp,p
A (X,R) ⊂

Hp,p
A (X,C) to be the real subspace of real Aeppli (p, p)-classes (i.e., classes such

that [u]A = [u]A). Thus H
p,p
A (X,R) is the subspace of classes representable by

a real (p, p)-form. Note that thanks to the last statement in (i) of Theorem 2.1,
for any Hermitian metric on X, the Aeppli-harmonic representative of a real
Aeppli (p, p)-class is real.
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4. Resolution of the ∂∂̄ equation

Let (X,ω) be a compact Hermitian manifold. The Bott-Chern Laplacian
∆BC can be used to derive an explicit formula and an estimate for the minimal
L2-norm solution of the ∂∂̄-equation on X that parallels standard formulae for
the minimal solutions of the d, ∂ and ∂̄-equations known in terms of ∆, ∆′ and
resp. ∆′′. Similar uses of ∆BC have been made in [9] and [4, §.4].

It will prove useful later on to consider as well the following 4th order real
non-elliptic Laplace-type operator that we will call ∂∂̄-Laplacian:

(24) ∆∂∂̄ := (∂∂̄)(∂∂̄)? + (∂∂̄)?(∂∂̄).

It is obvious that ∆∂∂̄ = ∆∂∂̄ and that

(25) ker ∆∂∂̄ = ker(∂∂̄) ∩ ker(∂∂̄)? ⊃ ker ∆BC = ker ∂ ∩ ker ∂̄ ∩ ker(∂∂̄)?.

Theorem 4.1. — Fix a compact Hermitian manifold (X,ω). For any C∞

(p, q)-form v ∈ Im (∂∂̄), the (unique) minimal L2-norm solution of the equation

(26) ∂∂̄u = v

is given by the formula

(27) u = (∂∂̄)?∆−1
BCv,

as well as by the formula

(28) u = (∂∂̄)?∆−1
∂∂̄
v,

while its L2-norm is estimated as

(29) ||u||2 ≤ 1

λ
||v||2,

where ∆−1
BC (resp. ∆−1

∂∂̄
) denotes the Green operator of ∆BC (resp. of ∆∂∂̄) and

λ > 0 is the smallest positive eigenvalue of ∆BC . Furthermore, we have

(30) ∂∆−1
BCv = 0 and ∂̄∆−1

BCv = 0.

Proof. — Let w := ∆−1
BCv, i.e., w is the unique (p, q)-form characterized by the

following two properties

(31) ∆BCw = v and w ⊥ ker ∆BC .

By the definition (7) of ∆BC , the identity ∆BCw = v = ∂∂̄u is equivalent
to

A1 + (A2 +A3) = 0, where

A1 := ∂∂̄

(
(∂∂̄)?w − u

)
∈ Im ∂ ∩ Im ∂̄,

A2 := ∂?∂w + (∂?∂̄)(∂?∂̄)?w ∈ Im ∂?,

A3 := ∂̄?∂̄w + (∂∂̄)?(∂∂̄)w + (∂?∂̄)?(∂?∂̄) ∈ Im ∂̄?.
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Since Im ∂ ⊥ Im ∂? and Im ∂̄ ⊥ Im ∂̄?, we infer that A1 ⊥ A2 and A1 ⊥ A3,
hence A1 ⊥ (A2 + A3). It follows that the identity ∆BCw = v = ∂∂̄u is
equivalent to A1 = 0 and A2 +A3 = 0. Note that A1 = 0 amounts to

(32) (∂∂̄)?w − u ∈ ker(∂∂̄).

Meanwhile, the solutions of equation (26) are unique up to ker(∂∂̄), so if u
is the minimal L2-norm solution, then u ∈ ker(∂∂̄)⊥ = Im (∂∂̄)?. Thus

(33) (∂∂̄)?w − u ∈ Im (∂∂̄)?.

Now, ker(∂∂̄) and Im (∂∂̄)? are mutually orthogonal, so thanks to (32) and
(33), the identity A1 = 0 is equivalent to (∂∂̄)?w − u = 0. This proves formula
(27). On the other hand, the identity A2 + A3 = 0 implies 〈〈A2 + A3, w〉〉 = 0

which translates to

||∂w||2 + ||∂̄?∂w||2 + ||∂̄w||2 + ||∂∂̄w||2 + ||∂?∂̄w||2 = 0.

This amounts to ∂w = 0 and ∂̄w = 0, proving (30).
Let us now estimate the L2 norm of u = (∂∂̄)?∆−1

BCv. We have

||u||2 = 〈〈(∂∂̄)(∂∂̄)?∆−1
BCv,∆

−1
BCv〉〉

(a)
= 〈〈∆BC∆−1

BCv,∆
−1
BCv〉〉

= 〈〈v,∆−1
BCv〉〉

(b)

≤ 1

λ
||v||2,

where identity (a) follows from (7) and from the identities

∂?∂∆−1
BCv = 0, (∂?∂̄)(∂?∂̄)?∆−1

BCv = 0,

∂̄?∂̄∆−1
BCv = 0, (∂∂̄)?(∂∂̄)∆−1

BCv = 0, (∂?∂̄)?(∂?∂̄)∆−1
BCv = 0,

all of which are consequences of ∂∆−1
BCv = 0 and of ∂̄∆−1

BCv = 0 already proved
as (30). Inequality (b) follows from v ⊥ ker ∆BC since v ∈ Im (∂∂̄) ⊂ Im ∆BC

(see (10)). Estimate (29) is proved.
It remains to prove formula (28). The minimal L2-norm solution u of equa-

tion (26) is the unique (p−1, q−1)-form u satisfying the following two properties

(34) ∂∂̄u = v and u ∈ ker(∂∂̄)⊥ = Im (∂∂̄)?.

Let u′ := (∂∂̄)?∆−1
∂∂̄
v. To prove that u = u′, we have to prove that u′ satisfies

the two properties of (34). Since it obviously satisfies the latter property, we
are reduced to showing that ∂∂̄u′ = v. We have

∂∂̄u′ = (∂∂̄)(∂∂̄)?∆−1
∂∂̄
v

(i)
=

(
(∂∂̄)(∂∂̄)? + (∂∂̄)?(∂∂̄)

)
∆−1
∂∂̄
v = ∆∂∂̄∆−1

∂∂̄
v = v,

where identity (i) above follows from the commutation of ∂∂̄ with ∆∂∂̄ :

(∂∂̄)∆∂∂̄ = (∂∂̄)(∂∂̄)?(∂∂̄) = ∆∂∂̄(∂∂̄),
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which implies that ∂∂̄ and ∆−1
∂∂̄

commute, which in turn implies the following
identities

(∂∂̄)?(∂∂̄)∆−1
∂∂̄
v = (∂∂̄)?∆−1

∂∂̄
(∂∂̄v) = 0

since ∂∂̄v = 0 by assumption (v is even assumed ∂∂̄-exact.)

5. Cones of classes of metrics

Let X be a compact complex manifold (dimCX = n). The canonical map

(35) T : Hn−1,n−1
A (X,C) −→ Hn,n−1

∂̄
(X,C), [Ω]A 7→ [∂Ω]∂̄

is well defined. Indeed, if Ω ∈ C∞n−1,n−1(X,C) defines an Aeppli cohomology
class, then ∂∂̄Ω = 0, which amounts to ∂Ω being ∂̄-closed, hence ∂Ω defines a
Dolbeault cohomology class of bidegree (n, n− 1). If Ω1, Ω2 are two represen-
tatives of the same (n−1, n−1) Aeppli class, then Ω1 = Ω2 +∂u+ ∂̄v for some
forms u, v of types (n−2, n−1), resp. (n−1, n−2). Thus ∂Ω1 = ∂Ω2 + ∂̄(−∂v),
hence ∂Ω1 and ∂Ω2 represent the same Dolbeault cohomology class, showing
that T ([Ω]A) does not depend on the choice of representative of the Aeppli class
[Ω]A.

Now let ω be a Gauduchon metric on X. Then ∂∂̄ωn−1 = 0, so ωn−1 defines
an Aeppli cohomology class [ωn−1]A ∈ Hn−1,n−1

A (X,R) that will be called the
Aeppli-Gauduchon class associated with ω. It is clear that

[ωn−1]A ∈ kerT ⇐⇒ ∂ωn−1 ∈ Im ∂̄ ⇐⇒ ω is a strongly Gauduchon metric,

the last equivalence being precisely the definition of a strongly Gauduchon
(sG) metric (cf. [12]). This shows that the strongly Gauduchon property is
cohomological in the sense that either all Gauduchon metrics ω with ωn−1

lying in a given Aeppli class are strongly Gauduchon, or none of them is.

Definition 5.1. — (i) An sG class on X is an Aeppli-Gauduchon class lying
in kerT , i.e., any Aeppli cohomology class [ωn−1]A ∈ Hn−1,n−1

A (X,R) repre-
sentable by the (n− 1)st power of a strongly Gauduchon metric ω.

(ii) The Gauduchon cone of X is the set GX ⊂ Hn−1,n−1
A (X,R) of Aeppli-

Gauduchon classes, i.e., the convex cone of Aeppli classes [ωn−1]A of (n− 1)st
powers ωn−1 of Gauduchon metrics ω.

(iii) The sG cone of X is the set SGX ⊂ Hn−1,n−1
A (X,R) of sG classes,

i.e., the subcone of the Gauduchon cone defined as the intersection

SGX = GX ∩ kerT ⊂ GX ⊂ H
n−1,n−1
A (X,R).
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Note that the subsets of Hn−1,n−1
A (X,R) defined above are indeed convex

cones as follows by taking (n − 1)st roots. For example, if [ωn−1
1 ]A, [ω

n−1
2 ]A ∈

GX , then [ωn−1
1 ]A+[ωn−1

2 ]A = [ωn−1]A ∈ GX where ω > 0 is the (n−1)st root
of ωn−1

1 + ωn−1
2 > 0.

We easily infer the following.

Observation 5.2. — The Gauduchon cone GX is an open subset of
Hn−1,n−1
A (X,R).

Proof. — Let us equip the finite-dimensional vector space Hn−1,n−1
A (X,R)

with an arbitrary norm || || (e.g., the Euclidian norm after we have fixed a basis;
at any rate, all the norms are equivalent). Let [ωn−1]A ∈ GX be an arbitrary el-
ement, where ω > 0 is some Gauduchon metric on X. Let α ∈ Hn−1,n−1

A (X,R)

be a class such that ||α − [ωn−1]A|| < ε for some small ε > 0. Fix any
Hermitian metric ω0 on X and consider the Aeppli Laplacian ∆A defined
by ω0 inducing the Hodge isomorphism Hn−1,n−1

A (X,R) ' H n−1,n−1
∆A

(X,R).
Let Ωα ∈ H n−1,n−1

∆A
(X,R) be the ∆A-harmonic representative of the class α.

Since ωn−1 ∈ ker(∂∂̄), (13) gives a unique decomposition

ωn−1 = Ω + (∂u+ ∂̄v) with ∆AΩ = 0.

If we set Γ := Ωα + (∂u+ ∂̄v) (with the same forms u, v as for ωn−1), then
∂∂̄Γ = 0, Γ represents the Aeppli class α and we have

||Γ− ωn−1||C0 = ||Ωα − Ω||C0 ≤ C ||α− [ωn−1]A|| < Cε,

for some constant C > 0 induced by the Hodge isomorphism. (We have chosen
the C0 norm on H n−1,n−1

∆A
(X,R) only for the sake of convenience.) Thus, if

ε > 0 is chosen sufficiently small, the (n − 1, n − 1)-form Γ must be positive
definite since ωn−1 is, so there exists a unique positive definite (1, 1)-form γ

such that γn−1 = Γ. Thus γ is a Gauduchon metric and γn−1 represents the
original Aeppli class α, so α ∈ GX .

Note that the Gauduchon cone is never empty since Gauduchon metrics exist
on any compact complex manifold X (cf. [7]), while the sG cone of X is empty
if and only if X is not an sG manifold. On the other hand, the sG cone of
any ∂∂̄-manifold X is maximal, i.e., SGX = GX , since on a ∂∂̄-manifold every
Gauduchon metric is strongly Gauduchon (cf. [12]). So we have the following
implications:

X is a ∂∂̄-manifold =⇒ SGX = GX =⇒ X is an sG-manifold.

In our opinion, compact complex manifolds X for which SGX = GX deserve
further study. For example, their behavior under deformations of the complex
structure warrants being understood.
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Observation 5.3. — The equality of cones SGX = GX is equivalent to the
following very special case of the ∂∂̄-lemma: every smooth d-closed ∂-exact
(n, n− 1)-form on X is ∂̄-exact (i.e., T ≡ 0).

Proof. — Since SGX = GX ∩ kerT = GX ∩ (kerT ∩Hn−1,n−1
A (X,R)) and GX

is open in Hn−1,n−1
A (X,R), the equality SGX = GX is equivalent to kerT ∩

Hn−1,n−1
A (X,R) = Hn−1,n−1

A (X,R), i.e., to Hn−1,n−1
A (X,R) ⊂ kerT . Since

kerT is a C vector subspace of Hn−1,n−1
A (X,C), the last inclusion amounts

to kerT = Hn−1,n−1
A (X,C), i.e., to T being identically zero.

It is worth noticing that there are examples of compact complex manifolds
X whose Gauduchon cone is the whole space Hn−1,n−1

A (X,R). In this case,
we will say that the Gauduchon cone degenerates. If X is the connected sum
]k(S3 × S3) of k ≥ 2 copies of S3 × S3, it was shown in [4, Corollary 1.3] that
the complex structure constructed on X in [3] and [10] by “conifold transitions”
admits a balanced metric ω. Since dimCX = 3, ω2 defines a De Rham coho-
mology class in H4(X,C). However, H4(X,C) = 0 for this particular X, so ω2

must be d-exact. In particular, ω2 ∈ Im ∂ + Im ∂̄, hence [ω2]A = 0. Since ω is
necessarily a Gauduchon metric on X, it follows that GX contains the origin,
hence due to being open it must contain a neighborhood of 0 in H2,2

A (X,R).
Then GX = H2,2

A (X,R) by the convex cone property of GX . It would be inter-
esting to know whether the identity GX = Hn−1,n−1

A (X,R) (which is clearly
equivalent to 0 ∈ GX by the above arguments) can hold when H2(X,C) 6= 0

or Hn−1,n−1
A (X,R) 6= 0.

The following statement shows that the manifolds whose Gauduchon cone
degenerates are rather exotic.

Proposition 5.4. — Let X be a compact complex manifold, dimCX = n.

(a)The following three statements are equivalent.
(i) There exists a d-exact C∞ (n − 1, n − 1)-form Ω > 0 on X (henceforth

called a degenerate balanced structure).
(ii) There exists no nonzero d-closed (1, 1)-current T ≥ 0 on X.
(iii) The Gauduchon cone of X degenerates: GX = Hn−1,n−1

A (X,R).
Furthermore, if any of the above three equivalent properties holds, X cannot be
a class C manifold.
(b) If H2(X,C) = 0, the following equivalence holds

X is an sG manifold ⇐⇒ X is a balanced manifold

and each of these two equivalent properties implies GX = Hn−1,n−1
A (X,R).
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Proof. — (a) The equivalence (i) ⇔ (ii) follows by the standard duality and
Hahn-Banach argument introduced in [16] and used in various situations by
several authors. Let Ω be a real C∞ form of bidegree (n−1, n−1) on X. Then
Ω is d-exact if and only if∫

X

Ω ∧ T = 0 for every real d-closed (1, 1)-currentT onX,

while Ω is positive definite if and only if∫
X

Ω ∧ T > 0 for every nonzero (1, 1)-currentT ≥ 0 onX.

It is thus clear that a form Ω as in (i) and a current T as in (ii) cannot
simultaneously exist. Thus (i) ⇒ (ii). Conversely, if there is no T as in (ii),
the set E of real d-closed (1, 1)-currents T on X is disjoint from the set C
of (1, 1)-currents T ≥ 0 on X such that

∫
X
T ∧ γn−1 = 1 (where we have

fixed an arbitrary smooth (1, 1)-form γ > 0 on X). Since E is a closed, convex
subset of the locally convex space D′R of real (1, 1)-currents on X, while C is
a compact, convex subset of D′R, by the Hahn-Banach separation theorem for
locally convex spaces there must exist a linear functional on D′R that vanishes
identically on E and is positive on C if E∩ C = ∅. This amounts to the existence
of Ω as in (i). The implication (ii) ⇒ (i) is proved.

We will now prove the equivalence “not (ii) ⇔ not (iii)”.
Suppose there exists a non-trivial closed positive (1, 1)-current T on X. If

GX degenerates, it contains the zero Aeppli (n− 1, n− 1)-class, so there exists
a C∞ (1, 1)-form ω > 0 on X such that ωn−1 = ∂u+ ∂̄v for some forms u, v of
types (n−2, n−1), resp. (n−1, n−2). Thus, on the one hand,

∫
X
T ∧ωn−1 > 0,

while on the other hand Stokes’s theorem would imply∫
X

T ∧ ωn−1 =

∫
X

T ∧ (∂u+ ∂̄v) = −
∫
X

∂T ∧ u−
∫
X

∂̄T ∧ v = 0

since ∂T = 0 and ∂̄T = 0 by the closedness assumption on T . This is a contra-
diction, so GX cannot degenerate. We have thus proved the implication “not
(ii) ⇒ not (iii)”.

Conversely, suppose that GX ( Hn−1,n−1
A (X,R). If no non-trivial closed

positive (1, 1)-current existed on X, then by the implication (ii) ⇒ (i) proved
above, there would exist a d-exact C∞ (n− 1, n− 1)-form Ω > 0 on X. Taking
the (n − 1)st root, there would exist a C∞ (1, 1)-form ω > 0 on X such that
ωn−1 = Ω. Then ωn−1 ∈ Im d ⊂ Im ∂ + Im ∂̄, hence [ωn−1]A = 0. However, ω
is a Gauduchon (even a balanced) metric, so [ωn−1]A ∈ GX . We would thus
have 0 ∈ GX , hence GX = Hn−1,n−1

A (X,R), contradicting the assumption.
This completes the proof of the implication “not (iii) ⇒ not (ii)”.

BULLETIN DE LA SOCIÉTÉ MATHÉMATIQUE DE FRANCE



782 D. POPOVICI

The last statement in (a) can be proved by contradiction. If X were of
class C , then by the easy implication in Theorem 3.4 of [2] there would exist a
Kähler current T on X. However, any Kähler current is, in particular, a nonzero
d-closed positive (1, 1)-current whose existence would violate (ii).

To prove (b), let us suppose that H2(X,C) = 0. Then H2n−2(X,C) = 0

by Poincaré duality, so for every balanced metric (if any) ω on X, ωn−1 must
be d-exact, hence it must define a degenerate balanced structure on X. Thus,
thanks to part (a), X is balanced if and only if there exists no nonzero d-closed
(1, 1)-current T ≥ 0 on X. On the other hand, it was shown in [12] that an
arbitrary X is sG if and only if there exists no nonzero d-exact (1, 1)-current
T ≥ 0 on X. However, the assumption H2(X,C) = 0 ensures that any d-closed
current of degree 2 is d-exact, so in this case the balanced and sG conditions
onX are characterized by the same property. This proves the equivalence in (b).

The implication in (b) follows from the above discussion: the assumption
H2(X,C) = 0 ensures that any balanced structure on X is degenerate, while
the existence of a degenerate balanced structure implies that the Gaudu-
chon cone contains the zero Aeppli class, hence it must be the whole space
Hn−1,n−1
A (X,R).

We notice that the Gauduchon cone GX and the sG cone SGX cannot be
simultaneously trivial, i.e., the implication holds:

GX = Hn−1,n−1
A (X,R) =⇒ SGX 6= ∅.

Indeed, if GX = Hn−1,n−1
A (X,R), then SGX = kerT ∩ Hn−1,n−1

A (X,R) is
an R vector subspace of Hn−1,n−1

A (X,R), hence it contains at least the origin.
An immediate consequence of this and of Proposition 5.4 is the following.

Corollary 5.5. — If the Gauduchon cone GX of a compact complex manifold
X degenerates, then X is a strongly Gauduchon manifold but is not of class C .

Recalling the implications “X is a class C manifold =⇒ X is a ∂∂̄-manifold
=⇒ X is a strongly Gauduchon manifold”, the above corollary prompts the
following question.

Question 5.6. — Do there exist ∂∂̄-manifolds X whose Gauduchon cone GX
degenerates?

We notice that if such a manifoldX existed, it could not carry any pluriclosed
metric. Indeed, it would have to carry a smooth d-exact (n − 1, n − 1)-form
Ω > 0 by Proposition 5.4 and Ω would have to be ∂∂̄-exact by the ∂∂̄-lemma.
If a pluriclosed metric ω > 0 existed on X, then

∫
X

Ω ∧ ω would have to be
both positive and zero, a contradiction.
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A partial answer to Question 5.6 may be contained in the discussion fol-
lowing Corollary 8.8 in [3], although this is not clear to us since the notion of
“cohomologically Kähler” manifold used there is said to be equivalent to that
of manifold whose Frölicher spectral sequence degenerates at E1. If so, this
notion is strictly weaker than our notion of a ∂∂̄-manifold. It would be very
interesting to know whether the complex structure constructed in [3] and [10]
on ]k(S3 × S3) (for k ≥ 2) satisfies the ∂∂̄ condition in the strong sense of the
present work.

The duality (19) between the Bott-Chern and Aeppli cohomologies can be
restricted to various cones of cohomology classes. For example, if we consider
the Bott-Chern Kähler cone of X, i.e., the open convex cone KX ⊂ H1,1

BC(X,R)

of Bott-Chern classes of Kähler metrics, we obviously have the following.

Observation 5.7. — The non-degenerate duality

H1,1
BC(X,C)×Hn−1,n−1

A (X,C)→ C

restricts to a positive bilinear map

KX × GX −→ R, ([ω]BC , [γ
n−1]A) 7−→

∫
X

ω ∧ γn−1 > 0.

In particular, GX ⊂ ( KX)v and KX ⊂ ( GX)v, where for an open convex
cone C in a finite-dimensional vector space E we denote by Cv the dual cone,
i.e., the set of linear maps in E? evaluating positively on every element in C .

It would be interesting to have an explicit description of the cone ( GX)v ⊂
H1,1
BC(X,R) dual to the Gauduchon cone. The cone ( GX)v, which contains the

Bott-Chern Kähler cone, is of course empty if GX = Hn−1,n−1
A (X,R), but when

non-empty it may prove an efficient substitute for the Kähler cone when the
latter is empty, so one may wonder if and to what extent it shares properties
with it.

Similarly, recall Demailly’s following definitions (cf. [1]) of two other cones
of Bott-Chern (1, 1)-classes. The nef cone of X is

N EFX :=

{
β ∈ H1,1

BC(X,R) / ∀ ε > 0 ∃βε ∈ β smooth s.t.βε ≥ −ε ω
}
,

with ω > 0 a fixed C∞ (1, 1)-form on X. If X is Kähler, N EFX is easily seen
to be the closure of KX (cf. [1]). The pseudo-effective cone of X is

EX :=

{
[T ]BC ∈ H1,1

BC(X,R) / T ≥ 0 d-closed (1, 1)-current
}
.

Clearly, N EFX and EX are closed convex cones (cf. [1]) and KX ⊂
N EFX ⊂ EX ⊂ H1,1

BC(X,R).
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Bearing in mind the duality between H1,1
BC(X,R) and Hn−1,n−1

A (X,R), it
seems natural to pursue in bidegree (n− 1, n− 1) the analogy with the Kähler,
nef and pseudo-effective cones of bidegree (1, 1). If the finite-dimensional vector
space Hn−1,n−1

A (X,R) is endowed with the unique norm-induced topology, the
closure inHn−1,n−1

A (X,R) of the Gauduchon cone is the following closed convex
cone

GX :=

{
α ∈ Hn−1,n−1

A (X,R) / ∀ ε > 0 ∃Ωε ∈ α smooth s.t.Ωε ≥ −εΩ

}
,

where Ω > 0 is a fixed C∞ (n − 1, n − 1)-form on X such that ∂∂̄Ω = 0.
This follows immediately from the fact that a class α ∈ Hn−1,n−1

A (X,R) is in
the closure of GX iff for every ε > 0, α + ε [Ω]A ∈ GX (supposing that we
have chosen [Ω]A 6= 0 ∈ Hn−1,n−1

A (X,R); if Hn−1,n−1
A (X,R) = 0, everything is

trivial). Clearly, by compactness of X, the definition of GX does not depend
on the choice of Ω. We can also define the cone N X ⊂ Hn−1,n−1

A (X,R):

N X :=

{
[U ]A ∈ Hn−1,n−1

A (X,R) /U ≥ 0 ∂∂̄-closed (n− 1, n− 1)-current
}
.

It is clear that GX ⊂ N X , hence GX ⊂ N X . If N X happens not to be closed
(cf. Proposition 5.8 below), we can replace it with its closure N X . Thus we have
cones GX ⊂ GX ⊂ N X ⊂ Hn−1,n−1

A (X,R). Meanwhile, if the Gauduchon cone
degenerates (cf. Proposition 5.4), then GX = GX = N X = Hn−1,n−1

A (X,R).

Proposition 5.8. — Let X be a compact complex manifold, dimC = n.

(i) If X is Kähler, the cone N X is closed in Hn−1,n−1
A (X,R).

(ii) If X is of class C , the inclusion GX ⊂ N X holds.

Proof. — (i) Suppose that X admits a Kähler metric ω. If (Uj)j∈N are
∂∂̄-closed positive (n − 1, n − 1)-currents such that the Aeppli classes [Uj ]A
converge to some class α ∈ Hn−1,n−1

A (X,R) as j → ∞, then
∫
X
Uj ∧ ω

(depending only on [Uj ]A thanks to ω being Kähler) converges to
∫
X
α ∧ ω,

hence the positive currents Uj are uniformly bounded in mass. Therefore, there
exists a subsequence Ujk converging weakly to some (n − 1, n − 1)-current U .
Then U ≥ 0, ∂∂̄U = 0 and [U ]A = α, proving that α ∈ N X . Thus N X is
closed.

(ii) Suppose that X is of class C . By [2], this amounts to the existence of
a Kähler current T , i.e., a d-closed (1, 1)-current such that T ≥ δ ω for some
constant δ > 0 and some Hermitian metric ω > 0. Let α ∈ GX and let (Ωε)ε>0

be a family of C∞ (n− 1, n− 1)-forms in α such that Ωε ≥ −εΩ for all ε > 0

small. Then Ωε + εΩ ≥ 0 and
∫
X

(Ωε + εΩ) ∧ T =
∫
X

Ωε ∧ T + ε
∫
X

Ω ∧ T
is bounded when ε ↓ 0 since

∫
X

Ωε ∧ T is independent of ε thanks to [Ωε]A

tome 143 – 2015 – no 4



AEPPLI COHOMOLOGY CLASSES ASSOCIATED WITH GAUDUCHON METRICS 785

being independent of ε and to ∂T = 0 and ∂̄T = 0. Moreover,
∫
X

(Ωε + εΩ) ∧
T ≥ δ

∫
X

(Ωε + εΩ) ∧ ω ≥ 0, hence
∫
X

(Ωε + εΩ) ∧ ω is bounded as ε ↓ 0.
Therefore the family (Ωε + εΩ)ε>0 admits a subsequence converging weakly
to an (n − 1, n − 1)-current U as ε ↓ 0. We must have U ≥ 0, ∂∂̄U = 0 and
[U ]A = α, proving that α ∈ N X . Thus GX ⊂ N X if X is of class C .

It is natural to ask whether the Kähler assumption in (i) or the class C
assumption in (ii) above may be relaxed. If we only suppose that GX (
Hn−1,n−1
A (X,R), Proposition 5.4 ensures the existence of a nonzero d-closed

(1, 1)-current T ≥ 0 for which the expressions
∫
X

(Ωε + εΩ) ∧ T in the proof
of (ii) in Proposition 5.8 are still bounded when ε ↓ 0. However, this is not
enough to infer the existence of a weakly convergent subsequence of (Ωε)ε>0.
One may wonder what could be said if “many” d-closed positive (1, 1)-currents
T existed on X. For example, if the algebraic dimension of X is maximal (i.e.,
a(X) = n), then there are “many” divisors D on X inducing d-closed positive
(1, 1)-currents of integration T = [D]. However, a(X) = n means that X is
Moishezon, hence X is also of class C and we are in the situation of (ii).

We now sum up the natural questions arising from the above considerations
that we will hopefully take up in future work.

Question 5.9. — (i) Are the cones N EFX and N X , as well as the cones
EX and GX , dual under the duality H1,1

BC(X,C)×Hn−1,n−1
A (X,C)→ C?

It is clear that we have inclusions N EFX ⊂ N
v

X and EX ⊂ G
v

X , where for
a closed convex cone C in a finite-dimensional vector space E we denote by Cv

the dual cone, i.e., the set of linear maps in E? evaluating non-negatively on
every element in C . It is also clear that if X satisfies any of the equivalent
conditions (i), (ii), (iii) of part (a) of Proposition 5.4, then EX = G

v

X = {0}.

(ii) Can we define a notion of existence of “many” d-closed positive
(1, 1)-currents T on X?

This might mean that the pseudo-effective cone EX is “maximal” in some
sense that has yet to be defined and also that the cone GX is “minimal” if these
two cones are dual to each other. Any notion of “minimality” of GX should be a
strengthening of the property SGX = GX which is necessary but not sufficient
to ensure that X is of class C (cf. Observation 5.3).

(iii) If the answer to (ii) is affirmative, does the following equivalence hold:
X is of class C ⇐⇒ there exist “many” d-closed positive (1, 1)-currents T
on X?

This would be the transcendental analogue of the standard characterization
of Moishezon manifolds as the compact complex manifolds carrying “many”
divisors (i.e., having maximal algebraic dimension).
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If the answers to these questions turn out to be affirmative, then the class C
manifolds will be precisely those compact complex manifolds whose Gauduchon
cone is “minimal”. If this proves to be the case, then the standard conjecture
predicting that any deformation limit of class C manifolds is again of class
C would follow since it will be seen below that the Gauduchon cone can only
shrink or remain constant in the deformation limit.

We shall now show that the Gauduchon cone behaves lower semicontinuously
under holomorphic deformations of a ∂∂̄ complex structure. Let π : X −→ ∆

be a proper holomorphic submersion between complex manifolds. The question
being local, we can assume that ∆ ⊂ Cm is an open ball containing the origin
for some m ∈ N?. All the fibres Xt := π−1(t), t ∈ ∆, are compact complex
manifolds of equal dimensions n and are C∞ diffeomorphic to a fixed C∞ man-
ifold X, while the family of complex structures (Jt)t∈∆ varies holomorphically
with t ∈ ∆. If we assume that X0 is a ∂∂̄-manifold, the main result in [20]
ensures that Xt is again a ∂∂̄-manifold for all t ∈ ∆ sufficiently close to 0.
After possibly shrinking ∆ about 0, we may assume that this is the case for all
t ∈ ∆. Thus, by Theorem 3.2, we have a Hodge-Aeppli decomposition on each
fibre Xt which in the case of the De Rham cohomology group H2n−2(X,C)

(necessarily independent of t ∈ ∆) reads

H2n−2(X,C) ' Hn,n−2
A (Xt,C)⊕Hn−1,n−1

A (Xt,C)⊕Hn−2,n
A (Xt,C), t ∈ ∆.

The ∂∂̄ assumption on the fibres Xt ensures that the dimension of each of
the spaces Hn,n−2

A (Xt,C), Hn−1,n−1
A (Xt,C) and Hn−2,n

A (Xt,C) is independent
of t ∈ ∆. Therefore the ellipticity of the Aeppli Laplacians ∆

(t)
A (defined by

any smooth family of Hermitian metrics (ωt)t∈∆ on the fibres (Xt)t∈∆) and
the Kodaira-Spencer theory [9] imply that

∆ 3 t 7→ Hn−1,n−1
A (Xt,C)

and its analogues in bidegrees (n, n − 2), (n − 2, n) are C∞ vector bundles,
while the projections of H2n−2(X,C) on Hn,n−2

A (Xt,C), Hn−1,n−1
A (Xt,C) and

Hn−2,n
A (Xt,C) vary in a C∞ way with t ∈ ∆. Thus, composing the canonical

injection Hn−1,n−1
A (X0,C) ↪→ H2n−2(X,C) of Theorem 3.2 with the canoni-

cal projection H2n−2(X,C) � Hn−1,n−1
A (Xt,C) induced by the Hodge-Aeppli

decomposition, we get a linear map

(36) At : Hn−1,n−1
A (X0,C) −→ Hn−1,n−1

A (Xt,C), t ∈ ∆,

that depends in a C∞ way on t. Since A0 is the identity of Hn−1,n−1
A (X0,C), At

must be an isomorphism of complex vector spaces for all t ∈ ∆ after possibly
further shrinking ∆ about 0.

The isomorphisms At in (36) can be used to compare GX0
with GXt

.
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Theorem 5.10. — The Gauduchon cones ( GXt
)t∈∆ of the fibres (Xt)t∈∆ of

any holomorphic family of ∂∂̄-manifolds satisfy the following semi-continuity
property. For every [ωn−1

0 ]A ∈ GX0
, there exists ε > 0 (depending on [ωn−1

0 ]A)
such that

At([ω
n−1
0 ]A) ∈ GXt

for all t ∈ ∆ with |t| < ε.

In other words, if we identify every GXt
with its image in H2n−2(X,C)

under the canonical injection Hn−1,n−1
A (Xt,C) ↪→ H2n−2(X,C) for every t,

the Gauduchon cone of X0 is contained in the limit as t approaches 0 of
the Gauduchon cones of Xt. So in a sense the Gauduchon cone can only
shrink or remain constant on the limit fibre. Note that if we do not make the
∂∂̄ assumption on the fibres (Xt)t∈∆, the picture may change: we may have
dimHn−1,n−1

A (X0,C) > dimHn−1,n−1
A (Xt,C) for t 6= 0, so in this case the di-

mension of GX0
as a complex manifold (= the dimension of Hn−1,n−1

A (X0,C)

as a vector space since GX0
⊂ Hn−1,n−1

A (X0,C) is an open subset) is strictly
larger than the dimension of GXt

as a complex manifold for t 6= 0.
Before proving Theorem 5.10, we notice the following.

Lemma 5.11. — Let X be a compact complex manifold, dimCX = n. Fix an
arbitrary smooth (2n− 2)-form Ω on X such that dΩ = 0.

(i) If Ω = Ωn,n−2 + Ωn−1,n−1 + Ωn−2,n is the splitting into components of
pure types, then

∂∂̄Ωn,n−2 = 0, ∂∂̄Ωn−1,n−1 = 0, ∂∂̄Ωn−2,n = 0.

(ii) Suppose that X is a ∂∂̄-manifold. Then

{Ω} = [Ωn,n−2]A + [Ωn−1,n−1]A + [Ωn−2,n]A,

where {Ω} ∈ H2n−2(X,C) denotes the De Rham class of Ω, while [Ωp,q]A de-
notes the image in H2n−2(X,C) of the Aeppli class of Ωp,q under the canonical
injection Hp,q

A (X,C) ↪→ H2n−2(X,C) defined by the ∂∂̄ assumption on X (cf.
Theorem 3.2) for all (p, q) ∈ {(n, n − 2), (n − 1, n − 1), (n − 2, n)}. (Thus we
denote by the same symbol an Aeppli class and its canonical image into De
Rham cohomology.)

Proof. — The form dΩ is of degree (2n−1), so it has two pure-type components
of bidegrees (n, n− 1), resp. (n− 1, n). Thus dΩ = 0 amounts to the vanishing
of each of these:

(37) (a) ∂Ωn−1,n−1 + ∂̄Ωn,n−2 = 0 and (b) ∂Ωn−2,n + ∂̄Ωn−1,n−1 = 0.

Applying ∂ in (b) (or ∂̄ in (a)), we get ∂∂̄Ωn−1,n−1 = 0. Now, Ωn,n−2 is
∂-closed and Ωn−2,n is ∂̄-closed for obvious bidegree reasons, hence they are
also ∂∂̄-closed. This proves (i).
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To prove (ii), we have to spell out the canonical images of the Aeppli classes
[Ωp,q]A into De Rham cohomology as in the proof of Theorem 3.2.

In the case of Ωn−1,n−1, we need forms ξ, η of bidegrees (n− 2, n− 1), resp.
(n− 1, n− 2), such that d(∂ξ + Ωn−1,n−1 + ∂̄η) = 0, which amounts to

∂∂̄ξ = ∂̄Ωn−1,n−1 and ∂∂̄η = −∂Ωn−1,n−1.

If we fix a Hermitian metric ω on X and choose ξ and η to be the solutions
of minimal L2 norms of these ∂∂̄ equations, formula (27) of Theorem 4.1 gives

ξ = (∂∂̄)?∆−1
BC

(
∂̄Ωn−1,n−1

)
and η = −(∂∂̄)?∆−1

BC

(
∂Ωn−1,n−1

)
.

The form Γn−1,n−1 := ∂ξ + Ωn−1,n−1 + ∂̄η constructed in this way reads

Γn−1,n−1 := ∂(∂∂̄)?∆−1
BC

(
∂̄Ωn−1,n−1

)
+Ωn−1,n−1−∂̄(∂∂̄)?∆−1

BC

(
∂Ωn−1,n−1

)
,

is of bidegree (n − 1, n − 1), d-closed and Aeppli cohomologous to Ωn−1,n−1.
Thus the canonical image of [Ωn−1,n−1]A = [Γn−1,n−1]A ∈ Hn−1,n−1

A (X,C)

into H2n−2(X,C) is the De Rham class {Γn−1,n−1}.
Running the same procedure for Ωn,n−2 and Ωn−2,n, we get d-closed forms

Γn,n−2 = ∂(∂∂̄)?∆−1
BC

(
∂̄Ωn,n−2

)
+ Ωn,n−2, of bidegree (n, n− 2),

Γn−2,n = Ωn−2,n − ∂̄(∂∂̄)?∆−1
BC

(
∂Ωn−2,n

)
, of bidegree (n− 2, n),

that are Aeppli cohomologous to Ωn,n−2, resp. Ωn−2,n. To finish the proof
of (ii), it remains to prove the following identity of De Rham classes

(38) {Ω} = {Γn,n−2 + Γn−1,n−1 + Γn−2,n}.

We see that Γn,n−2 + Γn−1,n−1 + Γn−2,n = Ω + ∂α+ ∂̄β, where

α = (∂∂̄)?∆−1
BC

(
∂̄Ωn,n−2 + ∂̄Ωn−1,n−1

)
and β = −(∂∂̄)?∆−1

BC

(
∂Ωn−2,n + ∂Ωn−1,n−1

)
.

Now, formulae (37) show that α = β. Indeed, (a) and (b) add up to ∂̄Ωn,n−2+

∂̄Ωn−1,n−1 = −(∂Ωn−2,n+∂Ωn−1,n−1). We get ∂α+ ∂̄β = ∂α+ ∂̄α = dα, hence

Γn,n−2 + Γn−1,n−1 + Γn−2,n = Ω + dα.

This proves (38) and completes the proof of the lemma.
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Proof of Theorem 5.10. — Let [ωn−1
0 ]A ∈ Hn−1,n−1

A (X0,C) be an arbitrary
element in GX0

, where ω0 > 0 is a Gauduchon metric on X0.
Thanks to the ∂∂̄ assumption, we can find forms u0 and v0 of respective

J0-types (n− 2, n− 1) and (n− 1, n− 2) such that

Ω := ∂0u0 + ωn−1
0 + ∂̄0v0

is d-closed. Let (Ωn−1,n−1
t )t∈∆ be the C∞ family of components of Ω of Jt-types

(n − 1, n − 1). By (i) of Lemma 5.11, we have ∂t∂̄tΩ
n−1,n−1
t = 0 for all t. We

extend u0 and v0 in an arbitrary way to C∞ families (ut)t∈∆ and (vt)t∈∆ of
forms of Jt-types (n− 2, n− 1) and resp. (n− 1, n− 2) and we set

Λt := Ωn−1,n−1
t − ∂tut − ∂̄tvt, t ∈ ∆.

It is clear that ∂t∂̄tΛt = 0, that [Λt]A = [Ωn−1,n−1
t ]A and that the family of

forms (Λt)t∈∆ of Jt-types (n− 1, n− 1) depends in a C∞ way on t ∈ ∆ and

Λ0 = Ω− ∂0u0 − ∂̄0v0 = ωn−1
0 > 0

since Ω is of type (n − 1, n − 1) for J0, so Ωn−1,n−1
0 = Ω. By the continuity

of the family (Λt)t∈∆, the strict positivity of Λ0 implies the strict positivity
of Λt for all t ∈ ∆ sufficiently close to 0. Thus we can extract the (n − 1)st
root: for every t close to 0, there exists a unique positive definite smooth form
ωt of Jt-type (1, 1) such that ωn−1

t = Λt. Every such ωt is thus a Gauduchon
metric on Xt and we have

At([ω
n−1
0 ]A) = At([Ω]A)

(a)
= [Ωn−1,n−1

t ]A = [Λt]A = [ωn−1
t ]A ∈ GXt

,

where the identity (a) above follows from (ii) of Lemma 5.11 applied to the ∂∂̄
complex structure Jt.

A more precise description of the variation of the Gauduchon cone GX under
deformations of X may be possible after singling out a special representative
for every Aeppli-Gauduchon class by solving equation (?).

6. Proof of uniqueness in equation (?)

We start by proving the uniqueness of solutions to equation (??) subject to
(6) when the given ω is an arbitrary Hermitian metric.

Proposition 6.1. — Let (X,ω) be a compact Hermitian manifold, dimCX =

n ≥ 2. Suppose that for real-valued C∞ functions ϕ1 and ϕ2 on X we have
ωn−1 + i∂∂̄ϕl ∧ ωn−2 > 0 (for l = 1, 2) and

(39)
[(
ωn−1 + i∂∂̄ϕ1 ∧ ωn−2

) 1
n−1
]n

=

[(
ωn−1 + i∂∂̄ϕ2 ∧ ωn−2

) 1
n−1
]n
.

Then the function ϕ1 − ϕ2 is constant on X.
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We begin on a few preliminary calculations that will prove useful later on.
The symbol Λ = Λω will stand for the formal adjoint of the Lefschetz operator
Lω = ω∧· of multiplication by the Hermitian metric ω, while ∆ωϕ := Λω(i∂∂̄ϕ)

will denote the (non-positive) Laplacian associated with ω on real-valued C2

functions ϕ on X. On (1, 1)-forms, Λω coincides with the trace w.r.t. ω denoted
by trω, so Λω and trω will be used interchangeably.

Lemma 6.2. — Let (X,ω) be a compact Hermitian manifold, dimCX = n.

(i) For any smooth (1, 1)-form α on X, the Lefschetz decomposition of α
w.r.t. ω (into forms of bidegree (1, 1)) reads

(40) α = αprim +
1

n
(Λωα)ω,

where the primitive part αprim of α is defined by either of the equivalent condi-
tions: Λωαprim = 0 or αprim ∧ ωn−1 = 0.

(ii) In particular, if ? = ?ω is the Hodge star operator defined by ω, we have

(41) ?

(
α ∧ ωn−2

(n− 2)!

)
= −α+ (Λωα)ω.

Hence, if α = i∂∂̄ϕ for some real-valued function ϕ, then

(42) ?

(
i∂∂̄ϕ ∧ ωn−2

(n− 2)!

)
= −i∂∂̄ϕ+ (∆ωϕ)ω.

(iii) Still denoting ? = ?ω, for any smooth (n− 1, n− 1)-form Γ, we have

(43) trωn−1
Γ = trω(?Γ).

(iv) For any real-valued C2 function ϕ on X, we have

(44) trωn−1

(
i∂∂̄ϕ ∧ ωn−2

(n− 2)!

)
= (n− 1) ∆ωϕ,

where trωn−1
denotes the trace w.r.t. ωn−1 := ωn−1

(n−1)! of the (n− 1, n− 1)-form
to which it applies.

Proof. — (i) By the Lefschetz decomposition, any α ∈ C∞1,1(X,C) splits as
α = αprim + f ω for a unique primitive (1, 1)-form αprim and a unique function
f on X. Applying Λω and using Λωαprim = 0, Λωω = n, we get (40).

(ii) It is well known that for any primitive (1, 1)-form αprim, we have

(45) ? αprim = −αprim ∧
ωn−2

(n− 2)!
i.e., ?

(
αprim ∧

ωn−2

(n− 2)!

)
= −αprim,
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(i.e., the bidegree (1, 1) case of the formula ? v = (−1)k(k+1)/2 ip−q ω
n−p−q∧v

(n−p−q)!
for any primitive (p, q)-form v, where k = p+ q—see e.g., [19, Proposition 6.29,
p. 150]). On the other hand, ?(ωn−1/(n− 1)!) = ω, so using (40) we get

?

(
α ∧ ωn−2

(n− 2)!

)
= −αprim +

n− 1

n
(Λωα)ω = −α+ (Λωα)ω.

(iii) To prove the pointwise identity (43), we fix an arbitrary point x ∈ X
and choose local holomorphic coordinates z1, . . . , zn about x such that

ω(x) =

n∑
j=1

idzj ∧ dz̄j and Γ(x) =

n∑
j=1

Γj ̂idzj ∧ dz̄j ,

where for all j = 1, . . . , n, we denote by ̂idzj ∧ dz̄j the (n − 1, n − 1)-form
idz1 ∧ dz̄1 ∧ · · · ∧ ̂(idzj ∧ dz̄j) ∧ · · · ∧ idzn ∧ dz̄n (where ̂ indicates a missing
factor). It is clear that

(46) ? ( ̂idzj ∧ dz̄j) = idzj ∧ dz̄j at x.

Indeed, if we denote dVω = ωn/n!, we have ( ̂idzk ∧ dz̄k) ∧ (idzj ∧ dz̄j) =

δjk idz1 ∧ dz̄1 ∧ · · · ∧ idzn ∧ dz̄n = δjk dVω(x) = 〈 ̂idzk ∧ dz̄k, ̂idzj ∧ dz̄j〉 dVω(x)

for all j, k = 1, . . . , n, where 〈 , 〉 stands for the pointwise scalar product defined
by ω at x and δjk is the Kronecker delta.

Thus (?Γ)(x) =
n∑
j=1

Γj idzj ∧ dz̄j . Meanwhile, ωn−1(x) =
n∑
j=1

̂idzj ∧ dz̄j ,

hence (trωn−1
Γ)(x) =

n∑
j=1

Γj = trω(?Γ)(x), which proves (43).

(iv) We now use (43) and (42) to get

trωn−1

(
i∂∂̄ϕ ∧ ωn−2

(n− 2)!

)
= trω ?

(
i∂∂̄ϕ ∧ ωn−2

(n− 2)!

)
= −∆ωϕ+ n∆ωϕ,

which proves (44).

If Γ > 0 is an (n− 1, n− 1)-form for which the local coordinates have been

chosen at a given point x such that Γ(x)
(n−1)! =

n∑
j=1

Γj ̂idzj ∧ dz̄j , then its (n−1)st

root γ = Γ
1

n−1 is given at x by

(47) γ(x) =

n∑
j=1

γj idzj ∧ dz̄j , where γj =
(Γ1 . . .Γn)

1
n−1

Γj
, j = 1, . . . , n.
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The γj ’s are well-defined since Γj > 0 for all j. In particular, we see that
the determinants (which make intrinsic sense) are related by

(48) det (Γ
1

n−1 ) =
1

((n− 1)!)
n

n−1
(det Γ)

1
n−1 .

Now, let ϕ1 and ϕ2 be real-valued functions on X as in the statement of
Proposition 6.1. Fix an arbitrary point x ∈ X and choose local holomorphic
coordinates z1, . . . , zn about x such that

ω(x) =

n∑
j=1

idzj ∧ dz̄j and i∂∂̄ϕl(x) =

n∑
j=1

λ
(l)
j idzj ∧ dz̄j , l = 1, 2.

Straightforward calculations give ωn−1(x) = (n− 1)!
n∑
j=1

̂idzj ∧ dz̄j and

i∂∂̄ϕl ∧ ωn−2(x) = (n− 2)!

n∑
j=1

(λ
(l)
1 + · · ·+ λ(l)

n − λ
(l)
j ) ̂idzj ∧ dz̄j , l = 1, 2.

Hence, if we set µ(l)
j := 1+λ

(l)
j and ξ(l)

j = µ
(l)
1 + · · ·+µ

(l)
n −µ(l)

j for 1 ≤ j ≤ n
and l = 1, 2, we get at x:

(49) ωn−1 + i∂∂̄ϕl ∧ ωn−2 = (n− 2)!

n∑
j=1

ξ
(l)
j

̂idzj ∧ dz̄j , l = 1, 2.

Using (47), we see that at x the roots for l = 1, 2 read(
ωn−1 + i∂∂̄ϕl ∧ ωn−2

(n− 2)!

) 1
n−1

=
1

((n− 1)!)
1

n−1

( n∏
k=1

ξ
(l)
k

) 1
n−1

n∑
j=1

1

ξ
(l)
j

idzj ∧ dz̄j ,

while using (46), we have at x:

(50) ? (ωn−1 + i∂∂̄ϕl ∧ ωn−2) = (n− 2)!

n∑
j=1

ξ
(l)
j idzj ∧ dz̄j , l = 1, 2.

Proof of Proposition 6.1. — For real-valued functions ϕ1 and ϕ2 on X as in
the statement of Proposition 6.1, we consider the positive definite (1, 1)-forms

γ1 := (ωn−1 + i∂∂̄ϕ1 ∧ ωn−2)
1

n−1 and γ2 := (ωn−1 + i∂∂̄ϕ2 ∧ ωn−2)
1

n−1 .
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Hypothesis (39) translates to the following sequence of equivalent identities

γn1 = γn2 ⇐⇒ det(γ1) = det(γ2)
(a)⇐⇒ det(γn−1

1 ) = det(γn−1
2 )

⇐⇒ det(ωn−1 + i∂∂̄ϕ1 ∧ ωn−2) = det(ωn−1 + i∂∂̄ϕ2 ∧ ωn−2)

(b)⇐⇒ det

(
? (ωn−1 + i∂∂̄ϕ1 ∧ ωn−2)

)
= det

(
? (ωn−1 + i∂∂̄ϕ2 ∧ ωn−2)

)
⇐⇒

(
? (ωn−1 + i∂∂̄ϕ1 ∧ ωn−2)

)n
=

(
? (ωn−1 + i∂∂̄ϕ2 ∧ ωn−2)

)n
⇐⇒ ?

(
i∂∂̄(ϕ1 − ϕ2) ∧ ωn−2

)
∧ ρn−1 = 0

(c)⇐⇒
(
− i∂∂̄(ϕ1 − ϕ2) + ∆ω(ϕ1 − ϕ2)ω

)
∧ ρn−1 = 0,(51)

where (a) follows from (48), (b) follows from comparing (49) and (50), (c)
follows from (42), while ρ denotes the smooth, positive definite (1, 1)-form that
is the (n− 1)st root of the smooth, positive definite (n− 1, n− 1)-form

Ω :=

n∑
p=1

(
? (ωn−1 + i∂∂̄ϕ1 ∧ ωn−2)

)n−p
∧
(
? (ωn−1 + i∂∂̄ϕ2 ∧ ωn−2)

)p−1

.

Further transforming (51), we get

γn1 = γn2 ⇐⇒ ∆ω(ϕ1 − ϕ2)ω ∧ ρn−1 −∆ρ(ϕ1 − ϕ2)
ρn

n
= 0

⇐⇒
(

∆ω(ϕ1 − ϕ2)ω − 1

n
∆ρ(ϕ1 − ϕ2) ρ

)
∧ ρn−1 = 0

⇐⇒ Λρ

(
∆ω(ϕ1 − ϕ2)ω − 1

n
∆ρ(ϕ1 − ϕ2) ρ

)
= 0

⇐⇒ Pω,ρ(ϕ1 − ϕ2) = 0,(52)

where we have considered the operator

(53) Pω,ρ := (Λρω) ∆ω −∆ρ.

Let ρ1, . . . , ρn > 0 be the eigenvalues of ρ > 0 w.r.t. ω. If we fix an arbitrary
point x ∈ X and choose local holomorphic coordinates z1, . . . , zn about x such
that

ω(x) =

n∑
j=1

idzj ∧ dz̄j and ρ(x) =

n∑
j=1

ρj(x) idzj ∧ dz̄j ,

then (Λρω)(x) =
n∑
j=1

1
ρj(x) and Pω,ρ(ϕ)(x) =

n∑
j=1

(∑
l 6=j

1
ρl(x)

)
∂2ϕ

∂zj∂z̄j
(x) for any

real-valued C2 function ϕ. This means that

(54) Pω,ρ = ∆λ̃,
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where λ̃ > 0 is the smooth (1, 1)-form on X whose eigenvalues w.r.t. ω are

(55)
1∑

l 6=j

1
ρl

> 0, j = 1, . . . , n, hence λ̃(x) :=

n∑
j=1

1∑
l 6=j

1
ρl(x)

idzj ∧ dz̄j > 0.

We can actually give λ̃ an invariant expression. Let λ be the smooth
(1, 1)-form intrinsically defined by

(56) λ =

[
(Λρω)

ωn−1

(n− 1)!
−
(
ωn

ρn

) 1
n−1

? (?ρ)
1

n−1

] 1
n−1

> 0,

i.e., the (n − 1)st root of a positive definite (n − 1, n − 1)-form. That this
(n−1, n−1)-form is positive-definite follows from the calculation below showing
it to be λ̃n−1 multiplied by a positive function. We notice that using formulae
(46) and (47), we get

?(?ρ)
1

n−1 =
1

((n− 1)!)
1

n−1

(ρ1 . . . ρn)
1

n−1

n∑
j=1

1

ρj
̂idzj ∧ dz̄j atx,

(57)

λ̃n−1 = (n− 1)! (det λ̃)

n∑
j=1

(∑
l 6=j

1

ρl

)
̂idzj ∧ dz̄j

= (n− 1)! (det λ̃)

( n∑
l=1

1

ρl

) n∑
j=1

̂idzj ∧ dz̄j

− (n− 1)! (det λ̃)

n∑
j=1

1

ρj
̂idzj ∧ dz̄j

(a)
= (n− 1)! (det λ̃)

[
(Λρω)

ωn−1

(n− 1)!
− (ρ1 . . . ρn)−

1
n−1 ? (?ρ)

1
n−1

]
= (n− 1)! (det λ̃)

[
(Λρω)

ωn−1

(n− 1)!
−
(
ρn

ωn

)− 1
n−1

? (?ρ)
1

n−1

]
= (n− 1)! (det λ̃)λn−1 atx,(58)

where (a) follows from (57). Taking determinants, we get (det λ̃)n−1 =

((n− 1)!)n (det λ̃)n (detλ)n−1 at x, i.e., det λ̃ = 1
((n−1)!)n (detλ)n−1 at x. Thus

(58) translates to λ̃ = (1/detλ)λ at x. Now, in the chosen local coordinates,
detλ = λn/ωn at x. Since x ∈ X is arbitrary, the intrinsic shape of (58) is

(59) λ̃ =
1

(n− 1)!

1

λn/ωn
λ onX.

Combined with (56), this is the sought-after invariant expression for λ̃.
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Thanks to (54) and (59), (52) translates to the equivalences

γn1 = γn2 ⇐⇒ ∆λ̃(ϕ1 − ϕ2) = 0 ⇐⇒ ∆λ(ϕ1 − ϕ2) = 0.

By the maximum principle, the condition ∆λ(ϕ1 − ϕ2) = 0 on the compact
manifold X implies that ϕ1−ϕ2 is constant on X. The proof of Proposition 6.1
is complete.

The uniqueness of solutions to equation (?) subject to (4) is proved in the
same way. The new terms are all of the first order, so they do not disturb
in any way the ellipticity of the operators involved and the application of the
maximum principle.

Theorem 6.3. — Let (X,ω) be a compact Hermitian manifold, dimCX =

n ≥ 2. Suppose that for real-valued C∞ functions ϕ1 and ϕ2 on X we have
ωn−1 + i∂∂̄ϕl ∧ ωn−2 + i

2 (∂ϕl ∧ ∂̄ωn−2 − ∂̄ϕl ∧ ∂ωn−2) > 0 (for l = 1, 2) and[(
ωn−1 + i∂∂̄ϕ1 ∧ ωn−2 +

i

2
(∂ϕ1 ∧ ∂̄ωn−2 − ∂̄ϕ1 ∧ ∂ωn−2)

) 1
n−1
]n

=

[(
ωn−1 + i∂∂̄ϕ2 ∧ ωn−2 +

i

2
(∂ϕ2 ∧ ∂̄ωn−2 − ∂̄ϕ2 ∧ ∂ωn−2)

) 1
n−1
]n
.

Then the function ϕ1 − ϕ2 is constant on X.

Proof. — For l = 1, 2, we consider the positive definite (1, 1)-forms

γl :=

(
ωn−1 + i∂∂̄ϕl ∧ ωn−2 +

i

2
(∂ϕl ∧ ∂̄ωn−2 − ∂̄ϕl ∧ ∂ωn−2)

) 1
n−1

and the positive definite (n− 1, n− 1)-form

Ω :=

n∑
p=1

(
? (γn−1

1 )

)n−p
∧
(
? (γn−1

2 )

)p−1

.

If we set ρ := Ω
1

n−1 > 0, arguing as in the proof of Proposition 6.1, we find
that the identity γn1 = γn2 on X is equivalent to[
?

(
i∂∂̄(ϕ1 − ϕ2) ∧ ωn−2

)
+
i

2
?

(
∂(ϕ1 − ϕ2) ∧ ∂̄ωn−2 − ∂̄(ϕ1 − ϕ2) ∧ ∂ωn−2

)]
∧ ρn−1 = 0,

which, in turn, is found as in the proof of Proposition 6.1 to be equivalent to

(60) (∆λ̃ + Q̃)(ϕ1 − ϕ2) = 0,
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where λ̃ is the positive definite (1, 1)-form defined by the eigenvalues ρ1, . . . , ρn
> 0 of ρ w.r.t. ω through the same formula as in (55) and Q̃ is the first-order
operator defined on functions by

Q̃(ϕ) :=
i

2
?

(
∂ϕ ∧ ∂̄ωn−2 − ∂̄ϕ ∧ ∂ωn−2

)
∧ ρn−1/ωn.

We can still define the (1, 1)-form λ > 0 intrinsically on X by formula (56)
(only ρ is different now) and it is still related to λ̃ by (59). Setting

Q := ((n− 1)!)
1

n−1

( n∏
j=1

(∑
l 6=j

1

ρl

))− 1
n−1

Q̃

= ((n− 1)!)
1

n−1 (det λ̃)
1

n−1 Q̃ =
1

(n− 1)!

1

detλ
Q̃

(see (58)), we see that (60) is equivalent to (∆λ +Q)(ϕ1−ϕ2) = 0 on X. Since
there are no zero-order terms in the second-order elliptic operator ∆λ + Q

and X is compact, we conclude by the maximum principle that ϕ1 − ϕ2 is
constant.

7. The linearisation of equation (?)

We will follow the analogy with the classical Calabi-Yau equation. We fix
arbitrary k ∈ N (k ≥ 2) and 0 < α < 1, and consider the open subset

U := {ϕ ∈ Ck,α(X) /ωn−1 + i∂∂̄ϕ∧ωn−2 +
i

2
(∂ϕ∧ ∂̄ωn−2− ∂̄ϕ∧∂ωn−2) > 0}

of the space Ck,α(X) of real functions on X of Hölder class Ck,α. We will
calculate the differential at an arbitrary ϕ ∈ U of the map C : U → Ck−2,α(X),

C(ϕ) =

[(
ωn−1 + i∂∂̄ϕ ∧ ωn−2 + i

2 (∂ϕ ∧ ∂̄ωn−2 − ∂̄ϕ ∧ ∂ωn−2)

) 1
n−1
]n

ωn
.

Let γ > 0 be the smooth (1, 1)-form on X such that γn−1 = ωn−1 + i∂∂̄ϕ ∧
ωn−2 + i

2 (∂ϕ ∧ ∂̄ωn−2 − ∂̄ϕ ∧ ∂ωn−2) := Λ > 0. We will prove the following

Proposition 7.1. — For every ϕ ∈ U , the differential of C at ϕ calculated at
an arbitrary h ∈ Ck,α(X) is given by the formula

C(ϕ)−1(dϕC)(h) =
1

(n− 1)2

(
trωγ

γn/ωn
∆ωh− (n− 1)! ∆?ωΛh

)
+ first order terms,

where the first order terms are 1
n−1 trγn−1

(
i
2 (∂h ∧ ∂̄ωn−2 − ∂̄h ∧ ∂ωn−2)

)
.
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The rest of this section will be devoted to the proof of Proposition 7.1.
Using (48), we see that logC(ϕ) = 1

n−1 log det(γn−1) + n
n−1 log(n − 1)! −

log det(ω), where det(γn−1) (resp. det(ω)) denotes the determinant of the coef-
ficient matrix of γn−1 (resp. ω) in local coordinates. Using the standard formula
(log detA)′ = tr(A−1A′) and the fact that log det(ω) and n

n−1 log(n − 1)! do
not depend on ϕ, we get:

C(ϕ)−1(dϕC)(h) =
1

n− 1
trγn−1

(
i∂∂̄h ∧ ωn−2

)
+

1

n− 1
trγn−1

(
i

2
(∂h ∧ ∂̄ωn−2 − ∂̄h ∧ ∂ωn−2)

)
.(61)

We will now transform the first term in the r.h.s. above (i.e., the principal
part of C(ϕ)−1dϕC). Setting as usual γn−1 := γn−1/(n− 1)!, we get

1

n− 1
trγn−1

(
i∂∂̄h ∧ ωn−2

)
=

(n− 2)!

(n− 1) (n− 1)!
trγn−1

(
i∂∂̄h ∧ ωn−2

(n− 2)!

)
(a)
=

1

(n− 1)2
trγ

(
?γ

(
i∂∂̄h ∧ ωn−2

(n− 2)!

))
(62)

where identity (a) has followed from (43) applied with γ in place of ω.

Lemma 7.2. — For any Hermitian metrics ω, γ > 0 and any smooth real (n−
1, n− 1)-form Γ on X, we have

(63) trγ(?γΓ) =
1

γn/ωn

〈
γ, ?ωΓ

〉
ω

.

Proof. — Fix an arbitrary point x ∈ X and local holomorphic coordinates
z1, . . . , zn centred on x such that

ω(x) =

n∑
j=1

idzj ∧ dz̄j , γ(x) =

n∑
j=1

γj idzj ∧ dz̄j , Γ(x) =

n∑
j,k=1

Γjk̄ ̂idzj ∧ dz̄k,

with γj > 0, Γjj̄ ∈ R. Since 〈dzj ∧ dz̄j , dzk ∧ dz̄k〉γ =
δjk

γ2
j

at x, we get at x:

〈 ̂dzj ∧ dz̄j , ̂dzk ∧ dz̄k〉γ = δjk
γ2
j

γ2
1 · · · γ2

n

, so ?γ ̂(idzj ∧ dz̄j) =
γ2
j

γ1 · · · γn
idzj ∧ dz̄j .

It follows that (?γΓ)(x) =
n∑
j=1

Γjj̄ γ
2
j

γ1···γn
idzj ∧dz̄j+

∑
j 6=k

ξjk̄ idzj ∧dz̄k, where the

non-diagonal terms with coefficients denoted by ξjk̄ can be computed explicitly
but we will not do it here because they will disappear in the trace.
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On the other hand, we have ?ω ̂(idzj ∧ dz̄j) = idzj ∧ dz̄j at x by (46), hence

(?ωΓ)(x) =
n∑
j=1

Γjj̄ idzj ∧ dz̄j +
∑
j 6=k

ηjk̄ idzj ∧ dz̄k. Therefore, we get

trγ(?γΓ)(x) =

n∑
j=1

Γjj̄ γj

γ1 · · · γn
=

1

det γ(x)
〈γ, ?ωΓ〉ω(x).

Since det γ(x) = γn/ωn(x) and x is arbitrary, this proves the contention.

End of proof of Proposition 7.1. — We see that (42) reads ?ω(i∂∂̄h ∧
ωn−2/(n − 2)!) = −i∂∂̄h + (∆ωh)ω, so applying (63) with Γ = i∂∂̄h ∧
ωn−2/(n− 2)!, the term featuring on the right side of (62) becomes

trγ

(
?γ

(
i∂∂̄h ∧ ωn−2

(n− 2)!

))
=

1

γn/ωn

(
− 〈γ, i∂∂̄h〉ω + (∆ωh) 〈γ, ω〉ω

)
=

trωγ

γn/ωn
∆ωh−

〈
γ

γn/ωn
, i∂∂̄h

〉
ω

.(64)

We will now transform the last term in (64). Recall that γ > 0 has been
defined as the (n − 1)st root of Λ := γn−1 = ωn−1 + i∂∂̄ϕ ∧ ωn−2 + i

2 (∂ϕ ∧
∂̄ωn−2 − ∂̄ϕ ∧ ∂ωn−2) > 0. If at a given point x ∈ X the local coordinates are
chosen as in the proof of Lemma 7.2, then thanks to (47) we have

(65) Λ(x) =

n∑
j=1

Λj ̂idzj ∧ dz̄j with γj = (n− 1)!
det γ

Λj
.

Thus it follows from (46) that the (1, 1)-form ?ωΛ > 0 is given at x

by (?ωΛ)(x) =
n∑
j=1

Λj idzj ∧ dz̄j . Putting the various bits together, we get at x:

〈γ, i∂∂̄h〉ω =

n∑
j=1

γj
∂2h

∂zj∂z̄j
= (n− 1)! (det γ)

n∑
j=1

1

Λj

∂2h

∂zj∂z̄j

= (n− 1)! (det γ) tr?ωΛ(i∂∂̄h),

which in invariant terms translates to

(66)
〈

γ

γn/ωn
, i∂∂̄h

〉
ω

= (n− 1)! ∆?ωΛh.

Proposition 7.1 follows by putting together (61), (62), (64) and (66).

Part (b) of Theorem 1.3 appears now as an immediate consequence of Propo-
sition 7.1.
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Corollary 7.3. — Set ρ := ?ωΛ > 0, a smooth (1, 1)-form. Then, for every
ϕ ∈ U , the principal part of C(ϕ)−1dϕC is the second-order elliptic operator

(n− 1)!

(n− 1)2

(
(Λρω) ∆ω −∆ρ

)
=

(n− 2)!

n− 1
Pω,ρ =

(n− 2)!

n− 1
∆λ̃,

with Pω,ρ (resp. λ̃) defined in terms of ω and ρ by formula (53) (resp. (55)).

Proof. — Fix a point x ∈ X. We keep the notation and the choice of local
coordinates z1, . . . , zn centred on x ∈ X of the proof of Proposition 7.1. At x,
we have

trωγ

γn/ωn
=

1

det γ

n∑
j=1

γj
(a)
= (n− 1)!

n∑
j=1

1

Λj
= (n− 1)! tr?ωΛω = (n− 1)! Λρω.

where (a) has followed from (65). Combined with the conclusion of Proposi-
tion 7.1 and with (54), this proves the contention.
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