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ABsTRACT. — We establish the pseudo-differential variant of the LP estimates for
multi-linear and multi-parameter Coifman-Meyer multiplier operators proved by
C. Muscalu, J. Pipher, T. Tao and C. Thiele in [21, 22|. This gives an affirmative
answer to the question, raised in the book of C. Muscalu and W. Schlag [23], on
whether the LP estimates for multi-linear and multi-parameter pseudo-differential
operators hold.
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568 W. DAI & G. LU

1. Introduction

1.1. Background. — For n > 1 and d > 1, let m be a bounded function in R™¢,

smooth away from the origin and satisfying Hérmander-Mikhlin conditions ()
1

HE

for sufficiently many multi-indices a. Denote by T, the n-linear operator de-

fined by

(12) Tm(fh ERRE) fn)(.Z') = /Rnd m(é.)fl (é.l) e fn(571)627‘—1‘”(614—“—’_6”)(1&7

where & = (£1,...,&,) € R™ and fi,..., f, are Schwartz functions on R
From the classical Coifman-Meyer theorem (see [6, 7, 19, 11, 15]), we
know that the operator T, extends to a bounded n-linear operator from
LPr(RY) x --- x LP»(RY) into LP(RY), provided that 1 < pi,...,pn, < o0
and 1 =21 4...4 L >0. When n = 2, as a consequence of bilinear T'1

(1.1) 16°m(&)] <

1 n
theorem (see [6, 11]), there is also a pseudo-differential variant of the classical
Coifman-Meyer theorem for symbol a € BS?’O(RM), that is, a satisfies the
differential inequalities

(1.3) 1070¢ 05 a(x, &, m)| S8,y (1+ €] + ) 711717

for sufficiently many multi-indices «, 3, 7. Namely, let T, be the corresponding
bilinear pseudo-differential operators defined by replacing m with @ in (1.2),
then T, is bounded from LP(R?) x LI(R%) into L"(R?), provided that 1 <
p,qg < ooand L = %—F% > 0 (see [2], and see [3, 26, 23| for d = 1 case).
For large amounts of literature involving estimates for multi-linear Calderé6n-
Zygmund operators and multi-linear pseudo-differential operators, refer to e.g.,
[1, 6, 19,9, 11, 12, 15, 23, 24].

However, when we come into the situation that a differential operator (with
different behaviors on different spatial variables z;, ¢ = 1,...,d) acts on a
product of several functions (for instance, the bilinear form 9% 94 (fg), where

g/)(f\f(fl,ﬁz) = &) f(€1,€2) and @(61’52) = |&|Pf (&1, &) for a, B > 0),

we realize that the necessity to investigate bilinear and bi-parameter operators

(1) Throughout this paper, A < B means that there exists a universal constant C > 0 such
that A < CB. If necessary, we use explicitly A S4,...« B to indicate that there exists a
positive constant Ck,...,» depending only on the quantities appearing in the subscript contin-
uously such that A < Cy,... «B.

* The first author was partly supported by a grant of NNSF of China (Grant No.11371056)
and the second author was partly supported by a US NSF grant DMS-1301595.
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MULTI-LINEAR AND MULTI-PARAMETER PSEUDO-DIFF. OPERATORS 569

T2 defined by
(1.4) (£, 9) / m(€,n) £(6)3(m)e?™= €+ dedn,

where the symbol m is smooth away from the planes (£1,71) = (0,0) and
(é2,m2) = (0,0) in R? x R? and satisfying the less restrictive Marcinkiewicz
conditions

1 1
1.5 0 0 O 0lm (€, m)| S '
(18) 10606 0 mEm S g e (&, )P

for sufficiently many multi-indices o = (a1, @3), 8 = (81, B2)- It becomes more

complicated and difficult to establish the LP estimates for Ty(n2 ) than in the one-
parameter multilinear situations or LP estimates for linear multi-parameter
singular integrals (see e.g., [8] and [14]). In [21], by using the duality lemma
of LP*> presented in [24], the L1 sizes and energies technique developed in
[25] and multi-linear interpolation (see e.g., [10, 25]), Muscalu, Pipher, Tao
and Thiele proved the following LP estimates for T\ ) (see also [23], and for
subsequent endpoint estimates see [16]).

THEOREM 1.1 ([21]). — The bilinear operator Ty(nz) defined by (1.4) maps
LP(R?) x LI(R?) — L"(R?%) boundedly, as long as 1 < p,q < oo and
L_1i1lsy

T p g

In general, any collection of n generic vectors & = (£8)%_,,...,&, = (€))L,
in R? generates naturally the following collection of d vectors in R™:
(16) 51 = (gjl’)?:h 52 = (€?)?=1’ ) gd = (67)?:1

Let m = m(¢) = m(€) be a bounded symbol in L>°(R9") that is smooth away
from the subspaces {£; = 0} U--- U {&; = 0} and satisfying

d
(17) o - 02tm(@)] < [[ &l e
i=1
for sufficiently many multi-indices aq, ..., aq. Denote by T,(,ii ) the n-linear mul-

tiplier operator defined by
(1.8) T (f1,..., fu)(z) = ]&dnrn(g)fz(gl)...f;(gn)e2ﬂiZ(£1+~~+£n)d§.

In [22], Muscalu, Pipher, Tao and Thiele generalized Theorem 1.1 to the n-lin-
ear and d-parameter setting for any n > 1, d > 2, their result is stated in the
following theorem (see also [23]).

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



570 W. DAI & G. LU

THEOREM 1.2. — ([22]) For any n > 1, d > 2, the n-linear, d-parameter
multiplier operator TS maps LP1 (R?) x -+ x LP»(R?) — LP(RY) boundedly,
provided that 1 < p1,...,p, < 00 and % = p%—i—'u—}-pi > 0.

Recently, J. Chen and the second author has provided an alternative proof
of the LP estimates for the multilinear and multi-parameter Coifman-Meyer
Fourier multipliers established in [21, 22| using the multi-parameter Littlewood-
Paley theory instead of the time-frequency and para-product theory. In the
meantime, the authors of [5] also obtained the limited smoothness condition
on the Fourier multipliers under which the LP estimates hold. The LP esti-
mates for the trilinear pseudo-differential operators with flag symbols has also
been established by Zhang and the second author in [18] which extend the LP
estimates for the trilinear Fourier multipliers with flag singularity proved by
C. Muscalu [20]. A symbolic calculus of the multilinear and multi-parameter
pseudo-differential operators has also been studied by Hong and the second
author in [13]. A Calderén-Vaillancourt type theorem for bi-parameter and
bilinear pseudo-differential operators with limited smoothness has also been
established by Zhang and the second author in [17].

1.2. Main results. — The purpose of this paper is to prove the pseudo-
differential variant of the LP estimates for multi-linear, multi-parameter
Coifman-Meyer multiplier operators obtained in [21, 22] (see Theorem 1.1,
Theorem 1.2).

Suppose that a(x,&,n) is a smooth symbol satisfying
(1.9)

107203208192 95202 a(, £,m)| <

T1 T2

1 1

(L[ mDartes - (1+](E,m2) )PP
for sufficiently many multi-indices o = (a1, @2), 8 = (61, 02), v = (71,72), and

denote by Ta(2) the bilinear operator given by
(1) IO = [ ale o) f@atne e,

In this paper, we prove that the same LP estimates as Tg ) in Theorem 1.1 hold
true for the operator Tf). The main theorem of this article is the following
result.

THEOREM 1.3. — The bilinear and bi-parameter pseudo-differential operator
T? defined by (1.10) maps LP(R?) x LI(R?) — L"(R?) boundedly, as long as
1<p,q§ooand%:%+%>0.

TOME 143 — 2015 — N° 3



MULTI-LINEAR AND MULTI-PARAMETER PSEUDO-DIFF. OPERATORS 571

In general, let symbol a = a(z,£) = a(x, &) € C®(R¥™*Y) and satisfy the
differential inequalities

(1.11) 07021 -+ 02 a( w£|<H<1+|a o

for sufficiently many multi-indices a7, ..., ag and . Denote by Ta(d) the n-linear
multiplier operator defined by

(1.12) TD(fi,..., fa)(@) ;:/ (@, €) fr(€1) - - foo(£n)e2mim E1FFEn) g
Rdn

then we can naturally generalize Theorem 1.3 to the n-linear and d-parameter
setting for any n > 1, d > 2 and obtain the pseudo-differential variant of
Theorem 1.2. Our generalized theorem in this paper is the following.

THEOREM 1.4. — For anyn > 1, d > 2, the n-linear, d-parameter pseudo-
differential operator Y maps L (R?) x -+ x LP»(R?) — LP(R?) boundedly,
provided that 1 < p1,...,p, < 00 and % = p%—k'-'—l-p% > 0.

REMARK 1.5. — For simplicity, we will only prove Theorem 1.3 (the bilinear
and bi-parameter case, n = d = 2) in this paper. However, it will be clear from
the proof that we can extend the argument to the general n-linear, d-parameter
setting (Theorem 1.4) straightforwardly.

1.3. Qutline of the proof strategy of our main theorems. — In this subsection,
we would like to give an overview of our proof strategy of main theorems and
indicate its additional difficulty and complexity compared with the case of L?
estimates for one-parameter and multi-linear pseudo-differential operators of
C. Muscalu [26, 23] and the L? estimates for multi-linear and multi-parameter
multiplier theorem of C. Muscalu, J. Pipher, T. Tao and C. Thiele [21, 22].
By using the idea by C. Muscalu in [26, 23] to prove the L? estimates for one-
parameter (d=1) and bilinear pseudo-differential operators T, = Tél), we will
first show that the proof of Theorem 1.3 can be essentially reduced to proving
a localized variant of the bilinear and bi-parameter Coifman-Meyer theorem
(Theorem 1.1), that is, some kind of localized L estimates of the localized

bilinear and bi-parameter operator T 0

T@-C00)(f, g)( / mg(&,m)F()g(m)e*™ PV dedn - o ® o5 ().

72),0.00)

given by

Then, since the symbol mg(&,n) of the operator satisfies differential
estimates (3.9) which is stronger than the Marcinkiewicz condition (1.5), by
making use of the inhomogeneous Littlewood-Paley dyadic decomposition (2.2)
and Bony’s paraproducts decomposition (2.3), we can discretize the bilinear and

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



572 W. DAI & G. LU

(2),(0,0,0)

bi-parameter operator T, and reduce the proof of localized LP estimates

of T(52)’(0’0’0) to proving the localized LP estimates for discrete and localized
bilinear and bi-parameter paraproduct operators of the form

TN (@) = 3 cR|R1|;<f, )9, R)eh(@)} - b © Pl(a):
R=IxJeR,
1 171<1
It’s actually an inhomogeneous variant of the discretization procedure presented
by Muscalu et al. in [21] to prove the bi-parameter Coifman-Meyer theorem
(Theorem 1.1).

Now, in order to prove Theorem 1.3, we only have the task of proving lo-
calized L? estimates for the localized bilinear and bi-parameter paraproduct
operator ﬁ’le?q,e(o,o,o) (Proposition 4.1). One can observe that the supports of
functions f, g and the dyadic rectangles R = I x J may get close to or far away
from the integral region Rgo = Iy X Jy in two different directions z; and zo
due to the bi-parameter setting, thus the situations will be more complicated
than the one-parameter case (d=1) considered in [3, 26, 23]. Since rapid decay
factors can be derived from % when R is sufficiently far away from Roo in z;

or zo directions (for example, R C (5Rgo)¢), we will split the localized bilin-

),(0,0,0) into a summation of a

SN
ear and bi-parameter paraproduct operator Hf
“main term,” “hybrid terms” and an “error term” (see Subsection 5.1).

Compared with the one- parameter case, there are mainly two key ingredients
in our estimates of II ’ (2) (0,0,0) (see Section 5), one is the estimates of the “main
term” and “hybrld terms ” the other is the estimates of the discrete bilinear
(@00 0

a,R

operators corresponding to bilinear operators involved in decom-

position (4.5) which contain at least one of IT}; or II} in the tensor products,
such as H in ® H”, Hll ® H”, th ® H”, Hll ® H”, Hlll ® Hflh, Hlll ® H,Qll and
I1}; ®I13,, here we will only consider the case II}; ® II7, without loss of generality.
For the estimates of the “main term” and “hybrid terms” (see Subsections 5.2
and 5.4), if the supports of f, g are close to Ry in both z; and xo directions
(supp f, supp g C 15Rqg, say), we can apply the Coifman-Meyer theorem (The-
orem 1.1) or Theorem 2.5 directly; if for i = 1,2, at least one of the supports
of f, g or dyadic rectangle R is far away from Ry in z; direction, we will obtain
enough decay factors from (f, p}) - (g, %) or p%; otherwise, if the supports
of f, g and dyadic rectangle R are all close to Rgp in z1 (or x3) direction while
at least one of the supports of f, g are far away from R in z2 (or z1) direction,
we can apply the one-parameter paraproducts estimates (Theorem 2.4) with re-
spect to z; (or x2) variable directly and obtain sufficient decay factors in x5 (or

x1) direction so as to reach our conclusions. As to the estimates of the discrete

H(z) (0,0,0)

bilinear operator corresponding to II}; ® I (see Subsection 5.5),

TOME 143 — 2015 — N° 3



MULTI-LINEAR AND MULTI-PARAMETER PSEUDO-DIFF. OPERATORS 573

one easily observe that at least two of the families of L2-normalized bump func-
tions (¢%);c, for i =1,2,3 and two of (goﬂ)Jej for j = 1,2,3 are nonlacunary
respectively, which means that, when the supports of f, g and dyadic rectangle
R are all close to Rgp in one direction (i.e., I C 51y or J C 5J5) but at least one
of the supports of f, g are far away from Ryg in the other direction, we won’t
be able to apply the one-parameter paraproducts estimates (Theorem 2.4) with
respect to x; or zo variable any more; however, we can take advantage of the
additional properties that |I| ~ |J| ~ 1 for every dyadic intervals I € 4 and
J € 4 to obtain the convergence of both 7., and > ;5 ; the other parts

; : e 11 (2),(0,0,0) :
of the estimates for the discrete bilinear operator II " corresponding

to Hlll ® lel are similar to the estimates of the standard discrete paraproduct
operator corresponding to Hllh ® H%l.

The rest of this paper is organized as follows. In Section 2 we give some
useful notations and preliminary knowledge. In Section 3 we reduce the proof
of Theorem 1.3 to proving a localized variant of bilinear and bi-parameter
Coifman-Meyer multiplier estimates (Proposition 3.1). Section 4 is devoted to
reducing the proof of localized Coifman-Meyer multiplier estimates (Proposi-
tion 3.1) further to proving some localized discrete bilinear and bi-parameter
paraproducts estimates (Proposition 4.1). In Section 5 we carry out the proof of
Proposition 4.1, which completes the proof of our main theorem, Theorem 1.3.

2. Notations and preliminaries

Let ¢ € J(R) be an even Schwartz function such that supp ¢ C [—3, 3] and

@(¢) =1 on [-32,2], and define ¢ € J(R) to be the Schwartz function whose

Fourier transform satisfies ¢)(£) := cﬁ(%) —¢(€) and supp ) C [-3,-31u3,8],

such that 0 < (&), 9 (€) < 1. Then, for every integer k > 0, we define py, ¥ €
J(R) by

B = B(2), TnlE) = B(5) = i)~ FR(©)
and observe that
_— 4 4 — 8 3 3 8
supp pr C [—g -2k 3 2%, supp iy C [—g : Qk’—z -2Mu [1 - 28, 3 2],

and suppzfp; () supp 12; = o for any integers k, k¥’ > 0 such that |k — k'| > 2,
supp ¢ (| supp ¢y = @ for any integer k > 1.

We use the convention @F_\l(ﬁ) = @(€), then it is easy to see

(2.1) 1= 3" u(€)

k>—1

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



574 W. DAI & G. LU

for every £ € R, as a consequence, one obtains the following inhomogeneous
Littlewood-Paley dyadic decomposition of arbitrary functions f, g € (J/(R):

(2.2) F= fxtn, g= >, gxthp;
ki>-1 ko>—1
furthermore, according to the criterion whether the support of a certain part

of f/\g contains the origin of momentum space R or not, we have Bony’s
paraproducts decomposition (see [4, 27, 28]) of the product f - g:

f'g = Z (f*T/’kl)(g*lsz)

ki,k2>—1

—1<k1<ke—2 —1<ko<k1—2  ki1,k2>—1,|k1—k2|<1

STEBR)g* ) + > (F*vu) (g% Br) + D (F * i) (g * )

k>1 k>1 k>0
Hfx)(g*¥) + (fx¥)(g* @) + (fxp)(g* )}
= 1n(f,9) + On(f, 9) + Oun(f, 9) + u(f, 9),

where §p (€) == @r_1(6) = $() for any k > 1, $(£) := ¢(2€), and

Yk = > e

|k’ —k|<1,k'>0

(2.3)

for any k > 0.

We use the notation (-,-) to denote the complex scalar L? inner product;
and use A€ to denote the complementary set of a set A.

An interval I on the real line R is called dyadic if it is of the form I =
27F[n, n + 1] for some k, n € Z, a rectangle R on the plane R? is called dyadic
if there exist some dyadic intervals I, J such that R = I x J. Following [23],
we first give the following definitions.

DEFINITION 2.1. — For J C R an arbitrary interval, we say that a smooth
function ®; is a bump adapted to J, if and only if the following inequalities
hold:

1 1

O]
24) e Py app—
~bs ist(z,J)
for every integer a € N and for sufficiently many derivatives [ € N. If ®; is a

bump adapted to J, we say that |J|’%<I>J is an L?-normalized bump adapted
to J.
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DEFINITION 2.2. — A family of L?-normalized adapted bump functions (¢;);
is said to be nonlacunary if and only if for every I one has

supp o7 C [—4[I|71, 4|11

A family of L?-normalized adapted bump functions (¢;); is said to be lacunary
if and only if for any I one has

—~ _ 1. 1. -
supp o1 C [—4[1]7Y, — 1l 1]U[ZIII R it

DEFINITION 2.3. — Let 4 be a finite set of dyadic intervals. A bilinear expres-
sion of the type
(2.5) ch r(f, idlg, ¥1)¢1

Ied

is called a bilinear discretized paraproduct if and only if (¢;); is a bounded
sequence of complex numbers and at least two of the families of L2?-normalized
bump functions (¢7); for j = 1, 2, 3 are lacunary in the sense of Definition 2.2.

Then the following is well-known, see e.g., [16, 23, 21, 22].

THEOREM 2.4. — Any bilinear discretized paraproduct I ; has a bounded map-
ping LP x LY to L™ as long as 1 < p, ¢ < 0o and % = %—i—% > 0. Moreover, the
implicit constants in the bounds depend only on p,q,r and are independent of
the cardinality of 4, provided that the sequence (cr); in (2.5) is bounded by a
universal constant.

Consider two discretized classical paraproducts given by

0y, 4(f1, 91) ZCI fl, o) {91, 1)
Ies

and
H2j (f2, 92) Z CJ fzy <PJ><927 <PJ><PJ7
Jed

and define the bi-parameter discretized paraproduct ﬁ)ge by ﬁ 2 =1 y®IL, 4
or, more generally, by

(26) HY@ fa Z CR f’ <pR><gv SDR><)0R7
ReR

where the numbers cg are all bounded, the sum is over dyadic rectangles of
the form R = I x J and ¢} 1sdeﬁnedbyg0R —<p1®goj for j =1, 2, 3. We

have the following LP estimates for bi-parameter discretized paraproduct H %
(for the proof, refer to [16, 23, 21, 22]).

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE
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THEOREM 2.5. — Any discrete bi-parameter paraproduct (2.6) is bounded
from LP(R?)x L4(R?) — L"(R?) provided that1 < p, ¢ < 00 and % = %—i—% > 0.

In general, the extension of Theorem 2.5 to the n-linear and d-parameter set-
ting also holds (see [16, 22]), that is, there is an analogue of the Hélder-type LP
estimates stated in Theorem 2.5 for the discretized d-parameter paraproducts
of the form

(27) ﬁ)%(flw"afn Z R 71, 1 fla@R) <fn7 QDR> n+17

ReR

where the sum runs over the dyadic parallelepipeds R = I; x --- x I; C R¢.

3. Reduction to a localized variant of bilinear,
bi-parameter Coifman-Meyer multiplier estimates

In this section, by using the idea presented by C. Muscalu in [26, 23] to prove
the LP estimates for one-parameter (d=1) and bilinear pseudo-differential oper-
ators T,, = Tél) , we will show that the proof of our main result (Theorem 1.3),
i.e., the Holder-type LP estimates for operator T¢£2)) can be essentially reduced
to proving a localized variant of the Coifman-Meyer theorem (Theorem 1.1).

To this end, we first pick two sequences of smooth functions (¢} )nez
and (¢ )mez respectively, such that suppe,, C [n — 1, n + 1], supp ), C
[m—1, m+ 1] and
(3.1) Yo hl@) = ¢hlzs) =1

nez meZ
for every x = (z1, 2) € R?. As a consequence, the bilinear and bi-parameter

operator Téz)

(3.2) T = 3 @ tum)

n, meZ

where T2 "™ (£, g)(z) == TSP (f, 9)(x) - ¢!, ® ¢l (x).

Now we claim that for every n, m € Z, one has estimates

can be decomposed as follows

(3.3) ||T(§2)’(n’m)(fvg)”Lr(R?) S ”fXanHLP(]R2) 19X Rourm | L (R2)

provided that 1 < p, ¢ < oo and 2 o= 5 + E > 0, where the approximate cutoff
functions ¥r,,, (z) := X1, ® X, (2), Xr(x1) = (1 + LLELD) =100, % (35) =
1+ W)_m(ﬂ rectangles R, := I, X Jp,, intervals I,, :== [n — 1,n + 1],

m = [m—1,m+1].
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Suppose that we have proved this claim (3.3), Theorem 1.3 will also be
proved as a corollary, because we have

n,m) 1 1
1T (F,9)ller SO NITP ™ (7)) SCY 1 %R 709K R, 1707

nmEZ nmEZ
~ 1 ~ 1
SO MR E)7 (D N9%Rn 13T S M F e - gz,
n,mez n,meZ

aslongas1 < p, ¢ < oo and % = 1%—!—% > 0, where we have used the convergence
of series ) ,~; k7° for s > 1 to obtain the last inequality. Therefore, we only
have the task of proving the claim (3.3).

Now arbitrarily fix ng, mo € Z, then the symbol of operator T2 (no:mo) o

be written as
a(x, &, 0)@n, (1) @m, (z2) = a(z,&,0)0h, (1)@, (1)@m, (T2)@m, (€2),
where 9;:0 , g;v are smooth functions supported on the interval 1:; =

[no — 2,m0 + 2], J := [mo—2,mg+2] and that equal 1 on the support of ¢/, ,

@, » Tespectively. One can split the restricted symbol a(z, &, 77)(,0”0 (x1)<pm0 (z2)

as a Fourier series with respect to the z variable and rewrite the symbol
of Ta€2)7(n07m0) as

(3-4) (Y myle, me2mitmen i) o @yl (2),

lez?
where the Fourier coefficients
(35) miesm) = [ al,& el (20l (a2)e” " da.
Thus we have the decomposition
(36) T(gz)v(WOrmO) = Z T(gQ))(nOvarf),

Tez?

where
T romol (£, g)( / m{€ e (€)a(me™ ™ N dgdn-ol, @7, ()

f~ Vo
mi|l]?

L(e‘z’”’”'l) = e~2mi@l {5 the expression (3.5) of ml{g,n) and integrating by

parts sufficiently many times, we deduce from the estimates (1.9) of symbol

a(x,&,n) that

(3.7)

105 0. 05202 m{€,m)

for every Ie 72 By applying invariant operator L : with property

< 1 ‘ 1 . 1
A A+ 1E D T [En))P
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for a sufficiently large number M and sufficiently many multi-indices a =
(a1, @2), B = (B1,02). One can observe from (3.7) that the Fourier coefficients
mi{§,n) decay rapidly in |l_] away from the origin 0, which is acceptable for
summation, it will be clear from our proof that we only need to consider the
operator corresponding to [= 0, which is given by

(3.8)
T(2) (no,mo,O) f g / m(] § ,,7 ( ) 271'11: £+17)d§d77 QDnO ® Solr:lo (.’ﬂ),
where the symbol mg(€, n) satisfies the following differential estimates

1 1

(14 1€ m)DIel (1 [z, m) DI
for sufficiently many multi-indices o = (a1, a2), 8 = (81, B2).

(3.9) |0g 05 952 022mig (€,m)| <

Now assume that we have proved

(3‘10) ||T(§2)’(O’O’O)(f, g)HLr(R?) 5 ||f)~(Roo||LP(]R2) ' ||g)2R00||Lq(]R2),

then we can infer from (3.8), (3.10) and translation invariance that

”T(§2)r(n0,mo,0)(‘f’ Q)HLT(Rz) — ||T(2)’(0’00 ( L1 Ty £ T T2 )”LT(R2

n() mo ’ ’ILO mog
S 1 me T £ X Roo | Lo ®2) | T Ty 9X Roo | L0 (R2)
= [|fXRugmo 17 (R2) * 19X Rngm, I La(R2),

where 771 f(z) := f(z1 + y,z2) and 7,2 f(z) := f(21,22 + y). Therefore, we
can assume ng = mgy = 0, since ng, mg € Z are chosen arbitrarily, we come to
a conclusion that the proof of our claim (3.3), or more precisely, the proof of
Theorem 1.3 can be reduced to proving a localized variant of the bilinear and
bi-parameter Coifman-Meyer theorem, that is, the following proposition.

PROPOSITION 3.1. — Let bilinear operator T(z),(o,o,ﬁ) be defined by
(3.11) T2-C00 (£, g)( / mg(&,m)F(©)gm)e*™ = M dedn - o ® ¢ (x),

where the symbol mg(§,m) satisfies differential estimates (3.9), then we have

(3‘12) ||T(§2)’(O’O’O)(f, g)HLr(R?) 5 ||f)~(Roo||LP(]R2) : ||g)2R00||Lq(]R2),
provided that 1 < p, g < oo and%=%+%>0,

4. Discretization into localized bilinear and bi-parameter paraproducts estimates

In this section, by making use of the inhomogeneous Littlewood-Paley de-
composition (2.2) and Bony’s paraproducts decomposition (2.3), we will apply
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an inhomogeneous variant of the discretization procedure presented by Mus-

calu et al. in [21] to reduce the operator 72000 ¢ averages of discrete and
localized bilinear and bi-parameter paraproduct operators of the form

=(2),(0,0,0 1
@1) IO 1)@ ={ Y cr—r(f,oh)g, 020k} b @9 (2).
7 R=IXJER |R|2
1), J|<1

Observe that the symbol mg(§,7) of TéQ)’(O’O’O) doesn’t have singularity near
the planes (&1,71) = (0,0), (é2,7m2) = (0,0) in R? x R? and satisfies (3.9),
which is stronger than the Marcinkiewicz condition (1.5), thus in the present
case, it will be clear from the discretization procedure that one can use the
L'-normalized bump functions {tx}r>—1 (which are adapted to intervals of
sizes 27% < 1 and of heights 2*) to carry out inhomogeneous Littlewood-Paley
dyadic decomposition with respect to x; and x5 variables respectively. That is
the reason why we can restrict further that the summation in (4.1) runs over
dyadic intervals having the property that |I|, |J| < 1.

We proceed the discretization procedure as follows. First, from the inhomo-
geneous one-parameter Littlewood-Paley decomposition (2.1), we can see that
the bilinear paraproducts decomposition (2.3) with respect to z; variable is
equivalent to the following decomposition of symbol 1(£1,71):

1e,m) = (Y oY, b)) =Y, vk )bk )

k1> 1 ka>—1 ky,ko>—1
(4.2) =S Ga€)brln) + > br(€)@R(m) + Y Pr(€)vr(m)
E>1 E>1 k>0

H{@(E)b(m) + D (E)d(m) + (&) ()}

Similarly, we can decompose the symbol 1(&2,7s) as

(4.3) 1(&,m2) = > Al&)thi(m) + Y Di(€2)Gu(n2) + sz(fg 12)
1>1 1>1 1>0
+HP(&)(n2) + P (&2)p(n2) + P(€2)P(m2)}-

Note that 1(£,n) = 1(£1,11) - 1(€2,m2), one obtain immediately from (4.2), (4.3)
a decomposition of the symbol 1(£,7) as a sum of sixteen terms. We can also
split the symbol mg(&,n) := mg(&,n) - 1(£§,1) as a sum of sixteen terms in the
same way as 1(£,7), one of these terms is

3 mg(emBr(E)de(m)buE)@im) = > mgE,n)(@r @ h)(€) - (r ® &1)(n)-

k,>1 k,i>1
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Therefore, by splitting the symbol mg(&,n) as above, one can decompose the

operator Ta@)’0

@d) IO = [ mlemF©ame g

into a sum of sixteen bilinear and bi-parameter paraproduct operators as fol-
lows:
(4.5)

79, g)
= (I, @ T, (f, 9) + (T, @ TM3,)(f, 9) + (T, © T07,) (£, 9) + (T, @ TT3)(f, 9)
+ (I @ 103, ) (f, 9) + (T @ ) (f, 9) + (W, @ T3,)(f, 9) + (T @ TG (£, 9)
+ (I, @ T (f, 9) + (I, @ T3,)(f, 9) + (T}, @ T3, (F, 9) + (T, @ T (£, 9)
+ (I @ W) (f, 9) + (T @ T3 (£, 9) + (M © 17, ) (f, 9) + (I @ T)(f, 9),

where IT¢ denotes one of the “low-high,” “high-low,” “high-high” and “low-low”
paraproducts (defined in Section 2, (2.3)) with respect to z; variable for s = 1,2,
for instance, one of these operators can be expressed as

(4.6) T@(’l,?hl)(f, 9)(z) = (I}, @ T}))(f, 9) (=)

/ mg(&,n)(f * (@r © 1)) (€)(g * (Yr © @) (m)e™ = TP dedn.

k,l>1

given by

Observe that the nine operators in the decomposition (4.5) of 70 (which
don’t contain the exponents II}, or II7 in the tensor products) are quite similar

to the operator T( ()lh hi)? all of them can be reduced to averages of classi-
cal discrete bilinear paraproduct operators of the form (2.6) with restrictions
II],]J] < 1 and at least two of the families of L?-normalized bump functions
(gojj) 1 for j = 1,2,3 are lacunary in the sense of Definition 2.2, the same prop-
erty also holds for (80‘3)] (j=1,2,3).

But the situations are subtle for the other seven operators in the decom-

position (4.5) of T(Q)’ which contain at least one of components IIj; or I17 in
tensor products, such as IT}, @ I13, I}, @ 13, 11}, @ 1, I}, @ 17, 11}, @ [12, ,
I}, ® I12,, 11}, ® 113, . By the discretization procedure described below, one can
reduce these seven operators to averages of discrete bilinear paraproduct oper-
ators of the form (2.6) with restrictions |I|,|J| < 1 (at least one of I, J satisfies
|[I| ~ 1 or |J| ~ 1), and for at least one of the two dyadic interval families
J and 4 (here we assume the tensor product contains II}, and hence suppose
it is dyadic interval family 4 without loss of generality), one has |I| ~ 1 for
every I € 4 and at least two of the families of L?-normalized bump functions
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(@JI) 7ey for 7 =1,2,3 are nonlacunary. Therefore, there are mainly two differ-

ences between these seven bilinear operators and the operator Tf()lﬁ hi): First,
these seven operators can’t be reduced to averages of classical discrete bilinear
paraproduct operators of the form (2.6) which is applicable for Theorem 2.5.
Second, the one-parameter paraproducts estimates (Theorem 2.4) can’t be ap-
plied to each of the components II}, (i = 1,2) either. However, observe that
Hfl are both summations of finite terms for ¢ = 1,2 and the dyadic intervals
I € J (corresponding to I1},), J € . (corresponding to II%) satisfy |I| ~ 1 and
|J| ~ 1, so we can take advantage of the Coifman-Meyer theorem (Theorem 1.1)
and the fact that both ) rcsr, and > 7Cs., are finite summations to avoid the
troubles of applying Theorem 2.5 and Theorem 2.4(see Subsection 5.5 in Sec-
tion 5). It will be clear from the proof that the other parts of our arguments
have nothing to do with the properties whether the families of L?-normalized
bump functions (¢});c, and (go?]) Jey for j = 1,2,3 are lacunary or not (see
Subsection 5.2, 5.3 and 5.4 in Section 5), thus we can deal with these seven

operators in a quite similar way as T ()”? hi)*

In a word, we only need to consider the operator TCEZ()Z’: h) from now on, and

the proof of Proposition 3.1, or more precisely, the proof of Theorem 1.3 can
(2),0

be reduced to proving the following localized estimates for T au(lhohl)’

2),0
@) Ty (F:9) - 26 ® @Ellr w2y S 11X RoollLe e2) - 19K R0 llo(z2),
aslongas1<p,g<ocoand ;=1 + ;>0

Now consider the trilinear form Afglg hi) (f, g, h) associated to Ta2()l ,? hi) (f,9),

which can be written as

@B o) = [ 10T () @b

= Z /§+ N zomﬁ,k,l(§7nu7)(f* ((Z}; ®¢l))/\(§)(g* (wk ®95l))/\(7])

ki>1
X (hx (Y, ® )" (7)dédndyy,

where @(71) = {b\’(;—,ﬁ), 1Zl’(fy2) = (gi for any k,l € Z, 1/)’ is a

)
Schwartz function such that supp 12)\’ C [-4,—7] U [16,4] and 1/1’ =1
on [_L;’_le] U [1127 3] while mokl(§ , 7) = ( ) ()‘/ ® AN)(& m, '7)
where A} (§1,m1,71) = A'(gi, ook ), Al (€2,m2,72) = /\“(3?, 9%, 3¢) for any
k,l € Z,and N ® )" is an appropriate smooth function supported on a slightly
larger parallelepiped than supp (g ® ¥)" (&) (¥ ® @)"(n)(¥' ® ¥')" (7)), which
equals 1 on supp (¢ ® )" (§)(¥ ® &)"(n) (¢’ ® ¥')"(7)). We can decompose

L
16
mg(€

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



582 W. DAI & G. LU

mg (&, m,7) as a Fourier series:

(49) mﬁ,kJ(Ea 7]7 ’Y)
— Z okt 627fi("/17n/27"l3)'(§17ﬁ1771)/2k62771'(71/1/7"/2,7”{;/)'(527772772)/2[
11,1i%,13 )

71 ,m2,13 €22

where the Fourier coefficients C’S lna iy (k.1 > 1) are given by

(4.10) ck!

ni n2>n3
- / (2761, 2'62), (261, 2'ma), (259, 2190))e 2T ORI dedny,
R

By taking advantage of the differential estimates (3.9) for symbol mg(&,n), one
deduce from (4.10) and integrating by parts sufficiently many times that
3

1
4.11 ckl 1< [
( ) | nl,n27n3| ~ e (1 + |n_']|)M

for any k,l > 1, where M is sufficiently large.

Then, by a straightforward calculation, we can rewrite (4.8) as
(4.12)

2),0

( zlh hl)(f’g’ ) Z Anﬁ,n‘é,n’g,k,l(fvgvh)

ny,ms,m3€Z2,k,1>1
=Y X [ @ev)e - @ 2 )
k,0>1ny,my,n3€Z2
g (e ® G))(@ — (270, 27 ) = (0], @ ) — (270, 20l

Since the rapid decay in (4.11) is acceptable for summation, we only need to
consider the part of the trilinear form corresponding to n] = ns = n3 = (0,0):

(413) Aff(lh hl) (fu 97 h) = Z A6,676,k,l(fa 97 h)
k,I>1

By splitting the integral region R? into the union of unit squares, the L?-nor-
malization procedure and simple calculations, we can rewrite (4.13) as

A@)0
a J(lh, hl)(fagv )

1 1 1 / 17 " 2 1"

Z/ / T ;<f>9017y®‘PJV ><7 ®90Jy>

E>1 0 I dyadic, deadzc 1]z [J]2
[I|=2"% |J|=27"

x (h, 3" ‘®¢ 0 YN dv"
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1 v v v
= U R 0, R
0 Rz

R=IxJ dyadzc7 |
|I],]J]<1

where @}’”/ is defined by <p%"/ (z1) := 275Qr(27F(n+ v/) —21) and I is the
dyadic interval [27%n,27%(n 4+ 1)], and all the L?-normalized bump functions
4,0{"/ (adapted to I) and go?}”” (adapted to J) for j = 1,2,3 can also be defined
similarly in such a way respectively.

The bilinear operator corresponding to the trilinear form A( i, hl)( fig,h)
can be written as

~(2), 0
(4.14) T, / / e e ) (@)
0 R=IxJ dyadzc |R|2
111,171<1
~(2),0

Since II,,  (f,g) is an average of some discrete bilinear paraproduct operators
depending on the parameters v = (v1,v2) € [0,1]2, it is enough to prove our
localized estimates (3.12) in Proposition 3.1 for each of them, uniformly with
respect to parameters v = (v1,v2). We will do this in the particular case when
the parameters v = (v1,v2) = (0,0), but the same argument works in general.
In this case, we change our notation and rewrite the corresponding bilinear
operator in (4.14) as

=) G 1
(4.15) T20f,9)@) = Y, —(,0r)9 PR)eR().
R=IxJ dyadic,| |2
[I],]J]<1

Now we reach a conclusion that in order to prove the localized Coifman-

Meyer estimates in Proposition 3.1, we only need to prove that the bilinear

operator ﬁ’((f),(o,o,o) = ﬁ),(f)’o

N -
(4.16) [TE@- 00 (£, g) || 1r w2y S 1 FXRoollr(R2) * 19X Roo | Lar2)
forany1<p,q§ooand%=%+a>0.

-y ® @y satisfies estimates

By Fatou’s lemma, we can also restrict the summation in the definition
of ﬁgQ)’(O’O")) on arbitrary finite set ® of dyadic rectangles, and prove the
estimates are uniform with respect to different choices of the set &. In a word,
we have reduced the proof of Proposition 3.1, or more precisely, the proof of
Theorem 1.3 to proving the following localized estimates for discrete bilinear

— S
paraproducts H((ZQ)gé(O,O,O).
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PROPOSITION 4.1. — Let localized and discrete bilinear paraproduct operator
—

T 209 b defined by
(4.17)

72(2),(0,0,0) 1
T2V @ =1 3 enr ekl o ehleid - ¢ ® ¢l @),
R=IxJeR, |R|2
l1,1J1<1
where R is an arbitrary finite set of dyadic rectangles and sequence (cr)r 1is
bounded by a universal constant, then we have

(4.18) 1T 200 (£, ) e w2y S 1 XRoo | Lo e2) - 19X R00 o83

as long as1 < p, ¢ < 0o and % = 5 +1 7> 0. Moreover, the implicit constants in
the bounds depend only on p, q, r and are independent of the cardinality of R.

5. Proof of Theorem 1.3

In this section, we prove our main Result Theorem 1.3 by carrying out the
proof of Proposition 4.1.

5.1. Strategy of the proof. — First observe the form of operator H(Z) (0.00),
Since the integral region is Ro := Iy X Jo := [—1,1] x [—1,1], we observe that
for these terms that R = I x J € &R is far away from Rgg in the summation
n (4.17), for instance, R C (5Rgo)¢, there will be rapid decay factors derived
from the L?-normalized bump function ¢%, and hence these terms will be small
and easily estimated. Therefore, the main terms in the summation in (4.17)
will be the ones that R C 5Rg (say), one easily deduce from the Coifman-
Meyer theorem (Theorem 1.1) or Theorem 2.5 that the main contribution in
these cases comes from the cutoffs of f and g whose supports are not far
away from Ry (for instance, fxis5r,, and gXxisr,,), since the function Xg,, is
bounded from below near the rectangle Rgg; for other parts of f, g which are
supported far away from Rgg, there will be rapid decay factors derived from
(f,oR) - (g, p%), which is acceptable for summation.

According to the above analysis and observing that in the bi-parameter
setting the dyadic rectangles R = I x J may get close to or far away from the
integral region Ry = Iy X Jy in two different directions x; and zo which is more
complicated than the one-parameter case, we split the bilinear paraproduct

N -
operator H((lz)g,e(o,o,o) as follows:

(5.1) ﬁ(2) (0,0,0) _ﬁ’(2) (000)+H(2) (000)+H(2) (000)+H(2) ,(0,0,0)

a, a,R,I a,R,IV
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where the main term

(52)
TR0 =1 X ek ehleh@)eh @ o),

ReR, RC5Ro, R

[1],1J]<1
the error term
(5.3)
2),(0,0,0 CR
o209, g@={ Y —5(f 0R)9, PRIPR IR0 © @i ()},
e <1, (Bl

IC(5I0)°, JC(5J0)°
and the hybrid terms

(5.4)
OO (o)) ={ Y “Ef ek eh)eh@)les ® e},
Re®, |1, |J|<1, Rl
1C510, JC(570)°
(5 52) (0,0,0) CR 1 2\, .3 / "
Ha, RIV (f,9)(x) = { Z ﬁ<f7<PR><g,90R><PR(x)}<P0®800($)}~

rea, 1 1a<1, B2

IC(510)°, JE5Jo

5.2. Estimates of the main term H(Z;Q(? 0 O)

— Observe that R C 5Rgq in this

situation, we can’t obtain enough decay factors from ¢% on the integral region
Ryp, but if one of f or g is supported far away from the region Rgg, we will get
decay factors from (f, p%) - (g, ¢%), which is acceptable for summation. To this
end, let us decompose the functions f, g as follows:

(5.6) f= > fxi, x5, = > IXE,
ni,mi1€Z ni,mi1€Z

(5.7) 9= D 9T, X5, = DL 9XE...
no,MmoEZL ng,mo€ZL

where I,, := [ni,n; + 1), I, := [mi,mi + 1), Rpym, := In, X Jp, fori =1,2.
Now insert the two decompositions into the Formula (5.2) for ﬁ)f)y’e((;’o’o) and
we get

=(2),(0,0,0 =(2),(0,0,0
(58 TZ0U9@= Y Y TEOUxs

ni,miEZng,mo€Z

nymy ’QXR,LZMZ)

If all the ny, m1, na, mo are not far from zero, that is, |nq|, |m1|, |nz|, |mz| <
15, then one gets from the Coifman-Meyer theorem (Theorem 1.1), or more
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precisely, the discrete paraproducts estimates theorem (Theorem 2.5) that
(5.9)

(2) (0 0,0) R
S > w0 g, oxg,, e

[n1],lm1|<15 [nal,|m2|<15

SIE Y. xg leeclls D) Xy mg 127 S 1 XRoo |22 19X Roo [l Lo

mi1mi

[n1],|m1|<15 [n2],|m2|<15
since X R,, is bounded from below near the rectangle Roo.
If, however, we faces the other fifteen different situations when at least one

of |nq], |m1], |n2|, |m2| is large, we mainly consider two kind of cases: first, there
are at least one of ny,ns and one of my, mo are large, for instance, suppose all

of ||, |m1|, [nz|, |m2| > 15 are large, then <fon . S PR) - <9XRn s L %) will
provide a decay factor of the type:
1 1 1 1
(g @ I (@ ey (1 gy

for sufficiently large number Ny, M7, Ny and M2, which is acceptable for both

the summations
> > ond > X

[n1l,|n2]>15 IC510 |mq|,|lmz|>15 JC5J0

on dyadic intervals I, J; second, there are at least one of ny,ny or at least one
of my, mq that is large, for instance, suppose |n1| > 15 is large, the other m;,
ng, Mo are not far from zero, then in a similar but simpler way as above, we
deduce that (f, ¢}) will provide a decay factor of the type (1+ |n|1[|| 6) Nt for Ny
sufficiently large, which is only enough for the summation Z|n1|>15 > 1cs1, On
dyadic intervals I, we can apply the one-parameter paraproducts estimates

(Theorem 2.4) to solve the summation )_ ;5 ; on dyadic intervals J.

As analyzed above, we only consider the case that all of |n4|, |m1], |n2|, |ma| >
15 are large, the proofs of other cases are similar. For arbitrary |n1| |mal, |nal,
|m2| > 15 and each fixed R C 5Rqo, since ¢} = ¢] ® ¢’ and (@I)Iej, (@J)Jej
are families of L2-normalized bump functions adapted to intervals I, J respec-
tively for j = 1,2,3, we deduce from Hélder’s inequality the corresponding
one-term bilinear operator satisfies the following estimates

(5.10)
CR 1 2\, 3 ’ 7
”@UXEMM s PRNIXE, .+ PRIYR - Po © PollLr
1 dist(Z,,, 1)\, dist(Jm,, J) . _ 1 bt
SEEC T ) T T G e R
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dist(In,, 1)y dist(Jpy, J)« _ap, 1 a1 |R|*
x (14+ —2—~= 2(1+ 2 2 5 «|R|q
( F R T P Rty
< (1 + dlSt(|II7’|L17I))—N1(1 + diSt(|‘{7;”|blaJ))—M1(l + dISt(|II7’|Lz7I))—N

for any 1 < p, ¢ < oo and % = % + % > 0, here we have used the facts that

dist(z1,1) dist(z2, J) \pr.1 111 4
_ ———= VM| J |2’

1] || /
are also L°°-normalized bump functions adapted to dyadic intervals I, J re-

spectively for j = 1,2, where Ny, M;, No, M, are sufficiently large numbers (it
will be enough for us to assume Ny, M7, No, My ~ 1000).

1+ Willlzg], 1+

By using (5.2), one can use the triangle inequality if » > 1 and the subad-
ditivity of || - ||7- if 0 < 7 < 1 to sum the contributions of every R C 5Rqo
with |I],]|J| < 1 given by (5.10) together and obtain (we only present here the
arguments for 0 < r < 1, the cases 7 > 1 can be treated similarly):

(5.11)
1T (g,

S S S e (R =

2—k 2-1 2-k
k>0 R=IxJC5Rq0,

v9xg, )z

T]=27",[J]=2""
[ma| — 6, _
x L+ 2D M o,
1 1
< . L ~ ro. ~ r
SUL oo grr—op W, 1 -loxi,,,,

for any |nq|, |m1], |na|, |ma| > 15.

One easily obtain that
(5.12) (il —6)"F < min Xp,(21),  (mil —6)" % < min K4 (2)
1€l szJmZ

for i = 1,2 and every |nq|, |m1],|nz|, |m2| > 15, where Ny, My, No, My ~ 1000
are large enough.

Therefore, by using (5.11) and (5.12), one can use the triangle inequality if
r > 1 and the subadditivity of || - |7 if 0 < 7 < 1 to sum the contributions

of H((f)%(? 0.0) (fxg  IXE ) together and obtain (we only present here the
noma

nymy
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arguments for r > 1, the cases 0 < r < 1 can be treated similarly):
(5.13)

(2) (0 0,0)
> >, o, (fonlml X5, )l

[n1l],|m1]|>15 |n2l,|m2|>15

1
< E E | I ~ ~
~ | 1| - 6 (|mz| - 6)]\/1z ||fXR"1m1 ||Lp ”gXRMmz ||L‘1

In1l,|m1|>15 |nz|,|me|>15 i=1,2
1
5 Z Z H £||fXR00”Lp||gXR00”Lq
[nil,lm1]>15 |na|,|ma|>15 i=1 2 ( (Ins] = 6) z (|mz| —6)=
5 ||fXR00||LZJ ’ ||gXR00||L‘1~

Similar to estimates (5.9) and (5.13), we can get the estimates for the other
different fourteen cases, then we insert these estimates into the decomposition

(5.8) and finally get the estimates of H(z) (0 0.0)

as follows

000 2000
LR I O S L

n1,mi1EZLnz,maEL

(5.14) S I XRoo e R2) * 19X Roo Il La(R2) 5

iyt 9X R, )

provided that 1 < p, ¢ < oo and % = 117 + % > 0, this concludes our estimates

of the main term H(Q‘)%(? 0 0)

5.3. Estimates of the error term H(%(?IO 9. _ Since R = I x J with I C (51y)°,

J C (5Jp)¢, R is sufficiently far away from the integral region R, the operator
77(2),(0,0,0)
I

a,R,IT
be considered as an error term.

has sufficiently many rapid decay factors derived from <p?1’% and can

One can decompose the operator H(2)%(?IO 0)
T (2),(0,0,0) ,_ Tfnm
(5.15) "=y T,
In],|m|>5
where
(5.16)
— m CR
5% (f,9)(x) = { > — (£, PR (9, PR)IPR} PO ® ¢ ()}

Re®, RCRom1), 171<1, |12

IC(510)¢, JC(5J0)¢
for |n|, [m| > 5. For arbitrary |n|, |m| > 5 and each fixed R C Ry, since ch =
7 ® ¢’ and (gol)[ej, (goJ)JeJ are families of L2-normalized bump functions
adapted to intervals I, J respectively for j = 1,2,3, we deduce from Holder’s
inequality the corresponding one-term bilinear operator satisfies the following
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estimates
(5.17)
c
|2 (F, o) g, oR)0%h - 0h ® 0 lLr
|R|2
1 1 - p=1 1 . a=1 dist(I, Io)\_n
S = (o I XRem le | B 77) - (19X Ry Lo B )X+ ——77—7)
|R|z |R|Z |R|2 11|
dist(J, Jo) , _ 11
X(1+TO) M|R|r 2
dist(7, Ip) dist(J, Jo)

S+ T)’N( + T)’MHMRW Lo - 19X Ry Il o

for any 1 < p, ¢ < oo and % = 1% + % > 0, here we have used the facts that

dist(z1, I) dist(z2, J)
1] ||

are also L°°-normalized bump functions adapted to dyadic intervals I, J re-

spectively for j = 1,2,3, where N, M are sufficiently large numbers (it will be
enough for us to assume N, M ~ 1000).

1+ WiIZg}  and (14 YM|J|7 )

By using (5.16) and summing the contributions of every R C R, given by
—
(5.17), we get the estimates of operator 17"}, as follows:

(5.18)

-
IG5 (> 9)llzr

In|—2,_ Ml =2y e .
SO Y @SN S M R e 9%, e
k>0 R=IXJCRum,
|I|=27F |J]=2""

1 1 5 i
S (jn| =2)N " (Im| —2)M 1 fX R IL2 - 19X Ry, || Lo

for any |n|, |m| > 5 and r > 1; if 0 < r < 1, we can use the subadditivity
of || - ||~ to sum the contributions in a completely similar way and get the
estimate (5.18).

Since we have for arbitrary |n|, |m| > 5,

. I .
(|n|_2)—200(|m|_2)—200 max{(1+ dlSt(xh n))—100(1+ dlSt(xQ’Jm))—IOO}
z€R? |In| |Jm|

diSt(.Tl, I()) )_100(1 + diSt(iEz, J())

S min {(1+ T,
0

TER,m |IO|
and hence we infer that

(5.19) (In] = 2)~ % (jm] = 2)~ ¥ [X o (@)] S [KReo (@)]
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for every x € R? and |n|, |m| > 5, where N, M ~ 1000 are large enough.

Therefore, by using (5.15), (5.18) and (5.19), one can use the triangle inequal-
ity if » > 1 and the subadditivity of ||-||7. if 0 < r < 1 to sum the contributions

=
of I, together and obtain (we only present here the arguments for 0 < r < 1,
the cases r > 1 can be treated similarly):

(0,0,0 =
T2t S > TG

Inl,|m|>5

1 1 - -
S.; Z (|Tl| _ 2)TN : (|m| _ 2)7‘M ||fXan ||£p ' ||gXan ||TL‘1
n],|m|>5

_N _M ~ ~ ~ ~
5 Z (|TL| - 2) E (|m| - 2) E ”fXRoo”EPHgXRoo”TI;‘? S/ ||fXROO||£p||gXROO||£‘13

[n],|m|>5
and hence we get the estimates for H(Q)%(? IO 0) as follows
2),(0,0,0
(5.20) 15020 (£, 9y S 1 Ko i) - 1900 Eaey,

as long as 1 < p, ¢ < oo and % = 1; + E > 0, this concludes our estimates of

the error term H(2) (0,0 0)

JRIT
5.4. Estimates of the hybrid terms H(Q)%(? (}0) and H(2) (?‘9 0) — We will only
estimate the hybrid term Hf)%((;lolo), since by symmetry the arguments for
estimating Hf)y’e(?"g’o) is completely similar.
The operator H(2)%([I) 1010) may be regarded as the “hybrid” in two aspects.

First, it behaves like the main term II (2)%(? 0.0) 5 in x; direction, because I C 51,
and if one of the functions f, g is supported far away from Iy in z; direction,
then (f, p}) or <g %) will provide sufficient decay factors. Second, similar to
the error term II (2?%(? IO 0 since J C (5Jp)¢, decay factors can always be derived
from ¢ J(xg), no matter Whether the supports of f, g are far away from Jj in x5
direction or not. Therefore, the proof strategy for the hybrid term H(z)ye((;]olo)
will be a reasonable combination of the arguments for main term and error

term.

First, we split the functions f, g only with respect to x; variable:

(5.21) f=> Xz, 9= > 9X7,,

ni1€EZ no€Z
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and insert the two decompositions into the Formula (5.4) for L2000 e

a,RIIT

can decompose the operator H(Q)%((I)IOIO) as

T (2),(0,0,0) , _ (nl,nz) m
(5‘22) Ha,%,nl T Z Z H ’

n1,n2€%Z |m|>5
where
(5.23) T2"(f,9)(x)
CR
=X e, e, ek ® )

RER, |1],]J|<1,
IC51o, JC(5J0)°,
JCJIm

for every ni,ns € Z and |m| > 5.

We mainly consider two kind of cases: first, at least one of ni,ns are large,
there are three different subcases which can be estimated similarly, for instance,
suppose both of |ni|,|n2| > 15 are large, then <fX7n1’(p}3> : (gxffnz,(pQR) will
provide a decay factor of the type:

1 1

—6 ’ —6
1+ %)Nl (1+ %)Nz
for sufficiently large number Ny and N5, which is acceptable for the summation
z:Inll,lnz\>15 ZIQBIO on dyadic intervals I, at the same time, since J C (5Jp)¢,

©% will provide sufficiently rapid decay factors on |m| > 5 of the type
1

m|—2
(1+ BE)m

for the summation Zlm\25 > sc,, s second, both of n1, ny are not far from zero,
we can apply directly the one-parameter paraproducts estimates (Theorem 2.4)
to solve the summation »_,, 1, on dyadic intervals I, then in a quite similar
but simpler way as above, we deduce that @3’% will provide enough decay factors
on |m| for the summation 3 5> ;c; -

As analysed above, we only consider the case that both of |n1|, |ng| > 15 are
large, the proofs of other three cases are similar. For arbitrary |ni|, |na| > 15,
|m| > 5 and each fixed R = I x J with I C 51y, J C J,,, since <p§{ = goji ® <p§
and (cp}) Ieds (go?]) Jey are families of L?-normalized bump functions adapted
to intervals I, J respectively for j = 1,2, 3, we deduce from Holder’s inequality
the corresponding one-term bilinear operator satisfies the following estimates

(5. 44>|H<fx,~nl »PRN9XT,  PRICR " 90 ® €0l me)
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dist(I,, 1)
]

dist(I,,, 1)

T

)~

<1+
1
x ||—|J|% (1 xz, Nz, ledllaxz, s, [93Ded - eolicy,

dist(I,,,I) dist(I,,,I) . _ dist(J, Jo) .
SO B S S

1 1 . _1 1_1
@(EHfX’fMXJm”LI’(]RZ)|J|1 ")(|J|1 ||9X1 XJ ||Lq(1R<2)|J| )|J|T 2
<a+ dist(|IIT1,I))_]\,1(1 + dist(|1},|mI))_N2(1 + dist|(:]]|, JO))_M

XIfxg, Xowllze@2) - l9xz, X llLe@2)
for any 1 < p, g < oo and % = % + % > 0, here we have used the facts that

1+ W)Nﬂlﬁgﬂ is also an L°°-normalized bump function adapted to

1+ %@)Muﬁgﬁ is also an L°°-normal-

dyadic interval I for j = 1,2 and (
ized bump function adapted to dyadic interval J, where N1, Ny, M are suffi-
ciently large numbers (it will be enough for us to assume N, No, M ~ 1000).

By using (5.23), one can use the triangle inequality if » > 1 and the sub-
additivity of || - ||7- if 0 < r < 1 to sum the contributions of every R = I x J
with I C 51y, J C J,,, and ||, |J| < 1 given by (5.24) together and obtain (we
only present here the arguments for 0 < r < 1, the cases r > 1 can be treated
similarly):

(5.25) [TTC5™ ™ (£, )5 ey
n ns| — 6, _ m| — 2. _ e
Y Y X s e Gy 22y

k>0 IC5Iy, JCJm,
[I|=2"% |J|=2""

X ||fX]‘n1 XJm ||EP(R2) : ||9X1‘n2 XJm ||TLQ(R2)

1 1

T

<
<UL =ew

( (|m| — 2)M'r ' ||fX1~'n1 )sz||2P(R2) ’ ||gX'[vn2 )ZJm”TLq(R?)
i=1,2

for any |n4|, |n2| > 15 and |m| > 5.
Since we have for arbitrary |m| > 5,

dist(22, Jpm
(Im] — 2)~20 max(1 + S5HE2 Im)

_ . diSt(.Tz Jo) _
100 < min (1 + ’ 100
max Tl ) 1+ —7=)

22€Jm |J0|

M

and hence we infer that

Y -
(5.26) (Im] = 2)7 % (X, (22) S [Xs0 (22)]
for every x5 € R and |m| > 5, where M ~ 1000 are large enough.
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One also easily obtain that
Ny .~
(5.27) (Inil =6)"= < min xy,(21),
z1€l,,
for i = 1,2 and every |ni|, |na| > 15, where N7, No ~ 1000 are large enough.
Therefore, by using (5.25), (5.26) and (5.27), one can use the triangle in-
equality if » > 1 and the subadditivity of || - ||7- if 0 < r < 1 to sum the

na),m

contributions of ﬁ),(:;e (f,g) together and obtain (we only present here the

arguments for r > 1, the cases 0 < 7 < 1 can be treated similarly):

628) > > Tl

|n1],|n2|>15 |m|>5

1
S | 19z, K oo, %o o
2 2 Ul |z|—6> (] =2 X

[nil,|n2|>15 |m|>5 i=1,2

s X 2l ol g Rl 5

na| |ma|>15 [m>5 i=1,2 (M| — 6)

5 ||fXR00||L” : ||gXRoo||Lq'

Similar to the proof of estimate (5.28), we can get the same estimates for the
other different three cases, then we insert these estimates into the decomposi-

tion (5.22) and finally get the estimates of H(z)ﬁ((l)[olo) as follows

(0, 0 ni,nz),m
(5.29) [T L. 9)llory = 1 Y. > T (£,9) ey

n1,n2€Z |m|>5
S fXRoollLe®2) - 19X Roo | La(R2),
provided that 1 < p, ¢ < oo and % = % + % > 0, this concludes our estimates

T£(2),(0,0,0)
of the hybrid term II o RITT

—’<2)7(0,0,6> . .
As to the other hybrid term II , by symmetry, we can estimate it

in a completely similar way as H((LZ)%((I)IOIO)

variables x; and x5, and finally obtain that

by exchanging our arguments on

(2),(0,0,0 -
(5.30) IR0 () ey S I Kol o ey - 19K oo o ey
provided that 1 < p, ¢ < c© and 2=z + = > 0, this concludes our estimates
of the hybrid terms ﬁ)f)&q(?lolo) nd H((f)ﬁ(?‘(/) 0).

5.5. Remarks on estimates for bilinear operators involved in decomposition (4.5)
which contain at least one of components IT}, (i = 1,2) in tensor products. —
From the estimates of the standard discrete paraproduct operator correspond-
ing to bilinear operator Hllh ® H,Qll presented in Subsections 5.2-5.4, we realize
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when the supports of f, g and dyadic rectangle R are all close to Ry in one di-
rection (i.e., I C 51y or J C 5Jp) but at least one of the supports of f, g are far
away from R in the other direction, we need to apply the one-parameter para-
products estimates (Theorem 2.4) with respect to x; or xo variable, which is
Evi ((12)7’3(0’0’6)

unfortunately inapplicable for the discretized operators correspond-

ing to bilinear operators that contain at least one of Hlll or Hl2, in the tensor
products.

Indeed, by a completely similar discretization procedure described in Sec-
tion 4, one can reduce these seven bilinear operators

I, ® I, I, @10, I, ® I, I ® 7, Hlll ® 10}, I ®If;, I @IIf,

appearing in the decomposition (4.5) of T(2 to averages of discrete bilinear
paraproduct operators of the form (2.6) with restrictions |I|,|J| < 1, and for
at least one of the two dyadic interval families ./ and ./ (here we assume the
tensor product contains Hlll and hence suppose it is dyadic interval family
J without loss of generality), one has |I| ~ 1 for every I € 4 and at least
two of the families of L2?-normalized bump functions (go%) Ie/ for 5 = 1,2,3

are nonlacunary. Therefore, different from the operator T( (ot these seven
operators can’t be reduced to averages of classical discrete b111near paraproduct
operators of the form (2.6) which is applicable for Theorem 2.5, even both the
components Hlll and Hfl are inapplicable for Theorem 2.4.

However, if the supports of both f and g are not far from the rectangle
Roo := Iy x Jo := [—1,1] x [—1,1], without loss of generality, we consider the
operator 1'[” ®Hll, the cutoffs fx15r,, and gX15R,,, SINCE X Ry, 18 bounded from
below on 15Rg, we deduce from Coifman-Meyer theorem (Theorem 1.1) that
(5.31)

”Hlll ® Hl2l(fX15RooagX15Roo) o ® 9o llzr ®2) S I XRoo | Lr(®2) * 19X Roo | L0 (R2)

for any 1 < p,q < oo and % = 1% + % > 0, which is acceptable for proving
Proposition 3.1. Otherwise, if one of the supports of functions f, g is far away
from the rectangle Rgo, note that IIf, are both summations of finite terms
for i = 1,2 and the dyadic intervals I € 4 (corresponding to IIj;), J €
(correspondmg to I1%) satisfy |I| ~ 1 and |J| ~ 1, so we don’t need any decay
factors or one—parameter paraproducts estimates (Theorem 2.4, which can’t
be applied to II}; and II?) to make sure the summations EI§5IO or ZJgng
converge (see Subsection 5.2 and 5.4), since both ZIQMO and ZJQ5J0 are
finite summations for |I| ~ 1 and |J| ~ 1. It is clear from the proof presented
in Subsections 5.1 - 5.4 that the other parts of our arguments have nothing to
do with the properties whether the families of L?-normalized bump functions
(QO‘;)IGJ and (w?})Jej for j = 1,2,3 are lacunary or not, we can deal with these
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seven operators in a quite similar way as Téz()l’,? hl)(see Subsection 5.1, 5.2, 5.3
and 5.4).

5.6. Conclusions. — By combining the estimate (5.14) for the main term

ﬁ((zz,)y,efg),o,o), (5.20) for the error term ﬁg)ﬁ,fg}o,o)’ (5.29), (5.30) for the hy-
7 (2:(0,0.0)  77(2),(0,0,0)

Ha,‘%,lll ’ Ha,.‘/?,IV

(5.1), we finally obtain the estimates for the localized and discrete bilinear
paraproduct operator ﬁ’(z)&é(o,o,o)

(5.32)
(2),(0,0,0)
I, %

brid terms and inserting them into the decomposition

as follows:

a’)

(f, D2
(2),(0,0,0 2(2),(0,0,0 2(2),(0,0,0
SITELOf, )y + 1T RO () oy + 1T (£,9) ey

=(2),(0,0,0
+ T (£, 9)]

Lr(®2) S 1 fXRoo lLr®2) * 19X Roo | LeR2),
as long as 1 < p, ¢ < oo and % = % + % > 0, which completes the proof of
Proposition 4.1.

This concludes the proof of our main result, Theorem 1.3.
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