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A PRESENTATION FOR THE MAPPING CLASS GROUP
OF A NONORIENTABLE SURFACE

BY Luis PARIS & BLAZEJ SZEPIETOWSKI

ABsTRACT. — Let Ny, denote the nonorientable surface of genus g with n bound-
ary components and JM(Ng ) its mapping class group. We obtain an explicit finite
presentation of M(Ny ) for n € {0,1} and all g such that g +n > 3.

REsuME (Une présentation du mapping class groupe d’une surface non orientable)

Notons Ny, la surface non orientable de genre g avec m composantes de bord
et M(Ng,n) son mapping class groupe. On obtient une présentation finie explicite de
M(Ng,n) pour n € {0,1} et pour tout g tel que g +n > 3.

1. Introduction

Let F be a compact connected surface with (possibly empty) boundary and
let # =P, ={P1,..., Py} be a set of m distinguished points in the interior
of F, called punctures. We define #(F, ?) to be the group of all, orientation
preserving if F is orientable, homeomorphisms h: F — F such that h(%) =
® and h is equal to the identity on the boundary of F. The mapping class
group M(F, P) of F relatively to & is the group of isotopy classes of elements
of #(F, P). The pure mapping class group PMU(F, P) is the subgroup of M(F, P)
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504 L. PARIS & B. SZEPIETOWSKI

consisting of the isotopy classes of homeomorphisms fixing each puncture. If
P = & then we drop it in the notation and write simply M (F). If # = { P} then
we write MU(F, P) instead of M(F,{P}). A compact surface of genus g with n
boundary components will be denoted by Sy, if it is orientable, or by Ny ., if
it is nonorientable.

Historically, McCool [20] gave the first algorithm for finding a finite presen-
tation for /M(Sy 1) for any g. His approach is purely algebraic and no explicit
presentation has been derived from this algorithm. In their ground breaking
paper [13] Hatcher and Thurston gave an algorithm for computing a finite
presentation for (S 1) from its action on a simply connected simplicial com-
plex, the cut system complex. By this algorithm, Harer [10] obtained a finite,
but very unwieldy, presentation for #(Sy1) for any g. This presentation was
simplified by Wajnryb [29, 30], who also gave a presentation for (S, ). Using
Wajnryb’s result, Matsumoto [19] found other presentations for (S, 1) and
M(Sg,0), and Gervais [9] found a presentation for (S, ,) for arbitrary g > 1
and n. Starting from Matsumoto’s presentations, Labruére and Paris [16] com-
puted a presentation for (S, Pr,) for arbitrary g > 1, n and m. Benvenuti
[1] and Hirose [14] independently recovered the Gervais presentation from the
action of M(Sy,) on two different variations of the Harvey’s curve complex
[11], instead of the cut system complex.

Until present, finite presentations of M(Ny ., Pm) were known only for a
few small values of (g,n,m), with g < 4. Using results of Lickorish [17, 18],
Chillingworth [7] found a finite generating set for JM(Ny ) for arbitrary g.
This set was extended for m > 0 by Korkmaz [15], and for n + m > 0 and
g > 3 by Stukow [23]. For every nonorientable surface N, , there is a cov-
ering p: Sg—1,2n — Ny of degree two. By a result of Birman and Chilling-
worth [4], generalized for n > 0 in [26], U(N, ,,) is isomorphic to the subgroup
of M(Sg—1,2) consisting of elements commuting with the covering involution.
However, since the image of M(Ny ) has infinite index in M(Sg_1,2,), it seems
that it would be very hard to obtain a finite presentation for (N, ) from a
presentation of M(Sy_1,2,). In [24] an algorithm for finding a finite presenta-
tion for M(N ) for any g and n is given, based on a result of Brown [6] and
the action of M (N, ) on the curve complex (following the idea of [1]). By this
algorithm, an explicit finite presentation for J#(Ny ) was obtained in [25].

In this paper we apply the algorithm given in [24] to find an explicit finite
presentation for M(Ny ) for n € {0,1} and all g such that g +n > 3. We
present (N, 1) as a quotient of the free product M(S, ) * M(So,1, Pg4), where
g =2p+rand r € {1,2}. The factor M(S, ) comes from an embedding of S, ,
in N, 1 and it is generated by Dehn twists. The factor J(Sy, 1, #4), which is iso-
morphic to the braid group, comes from the embedding M(So 1, Pg) — M(Ng1)
defined in [26], and it is generated by g — 1 crosscap transpositions. There are
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PRESENTATION FOR THE MAPPING CLASS GROUP 505

three families of defining relations of JM(Ny 1): (A) relations from (S, ) be-
tween Dehn twists, (B) braid relations between crosscap transpositions, and
(C) relations involving generators of both types. A presentation for M(Ng ) is
obtained from that of M(Ny 1) by adding three relations.

The presentations for M (N 1) and M(Ny o) are given respectively in The-
orems 3.5 and 3.6 in Section 3. They are proved simultaneously by induction
on g. The base cases (g,n) € {(3,1),(4,0)} are proved in Section 4. Theo-
rem 3.5 is proved in Section 7 under the assumption that Theorem 3.6 is true.
The proof of Theorem 3.6 uses the action of (N, o) on the ordered complex of
curves defined in Section 5, and it occupies Sections 6, 8, where presentations
of stabilizers of vertices are calculated, and Sections 9, 10, where we deal with
relations corresponding to simplices of dimensions 1 and 2.

Acknowledgements. — First version of this paper was written during the sec-
ond author’s visit to Institut de Mathématiques de Bourgogne in Dijon in the
period 01.10.2011 — 30.09.2012 supported by the MNiSW “Mobility Plus” Pro-
gram 639/MOB/2011/0. He wishes to thank the Institut for their hospitality.
The second author was also partially supported by the MNiSW grant N N201
366436 and NCN 2012/05/B/ST1/02171.

2. Preliminaries

2.1. Simple closed curves and Dehn twists. — By a simple closed curve in F
we mean an embedding v: S — F\OF. Note that v has an orientation; the
curve with the opposite orientation but same image will be denoted by v~ . By
abuse of notation, we will often identify a simple closed curve with its oriented
image and also with its isotopy class. We say that « is generic if it does not
bound a disc nor a Moébius band and is not isotopic to a boundary component.
According to whether a regular neighborhood of ~ is an annulus or a M6bius
strip, we call y respectively two- or one-sided. We say that v is nonseparating
if F'\~y is connected and separating otherwise.

Given a two-sided simple closed curve vy, T, denotes a Dehn twist about .
On a nonorientable surface it is impossible to distinguish between right and left
twists, so the direction of a twist T’, has to be specified for each curve . In this
paper it is usually indicated by arrows in a figure. Equivalently we may choose
an orientation of a regular neighborhood of . Then 7', denotes the right Dehn
twist with respect to the chosen orientation. Recall that 7', does not depend
on the orientation of ~.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE
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-9

FI1GurE 1. Crosscap transposition.

e

F1GURE 2. Crosscap slide.

2.2. Crosscap slides and transpositions. — We begin this subsection by describ-
ing a convention used in all figures in this paper. We explain this on the example
of Figure 1. The shaded discs represent crosscaps; this means that their interi-
ors should be removed, and then antipodal points in each resulting boundary
component should be identified. The small arrows on two sides of the curve «
indicate the direction of the Dehn twist T,.

Let N = Ny, be a nonorientable surface of genus g > 2. Suppose that
and « are two simple closed curves in N, such that p is one-sided, « is two-
sided and they intersect in one point. Let K C N be a regular neighborhood
of pUa, which is homeomorphic to the Klein bottle with a hole. On Figure 1 a
homeomorphism of K is shown, which interchanges the two crosscaps keeping
the boundary of K fixed. It may be extended by the identity outside K to a
homeomorphism of N, which we call crosscap transposition and denote as Uy, .
We define crosscap slide Y, ., to be the composition

Yio=TaUpas

where T, is the Dehn twist about « in the direction indicated by the arrows in
Figure 1. If M C K is a regular neighborhood of u, which is a M6bius strip,
then Y, o may be described as the effect of pushing M once along o (Figure 2).
Observe that Y, , reverses the orientation of p. Up to isotopy, Y}, » does not
depend on the choice of the regular neighborhood K. It also does not depend on
the orientation of p but does depend on the orientation of o, as Y, -1 = Y/;i.
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PRESENTATION FOR THE MAPPING CLASS GROUP 507

For any h € JM(N) we have the formula
7Y uah™" = Yiu) ha)-

The crosscap slide was introduced under the name Y-homeomorphism by Lick-
orish, who proved that M(N, ) is generated by Dehn twists and one crosscap
slide for g > 2 [17, 18].

2.3. Exact sequences. — Given an exact sequence of groups
1-K—>G5H-1

and presentations K = (Sk | Rx) and H = (Sy | Ry), a presentation for G may
be obtained as follows. We identify K with its image in G. For each = € Sy we
choose T € G such that p(Z) = = and let

Sy ={Z|z € Sy}

For each r = z{' ---z{* € Ry let 7 = 7" --- ;™" Since p(7) = 1, there is a
word w, over Sk representing the same element of G as 7. Let
R, = {FUJT_I |7‘ S RH}
Since K is a normal subgroup of G, for z € Sy and y € Sk we have Tyz ! € K
and there is a word w(z,y) over Sk representing the same element of G as
Zyz ! Let
R2 = {iyiilw(zay)il |‘/1" € SHay € SK}

Proof of the following lemma is left to the reader.

LEMMA 2.1. — The group G admits a presentation
G:<SKU5’;|RKUR1UR2>.

We remark that in the above presentation we do not need the relators
T Yyzw' (z,y)"! for x € Sy, y € Sk, where w'(z,y) is a word over Sk rep-
resenting the same element of G as T~ 'yZ. Indeed, such a relator is conjugate
to yZw'(z,y) 'Z~! and the last word belongs to the normal closure of Rx U Ry
in the free group on Sk U 3’;

The generators Sk and S”;I will be called kernel and cokernel generators
respectively. The relators Ri, Ry and Ry will be called kernel, cokernel and
conjugation relators respectively. In this paper we work with relations rather
then relators.

The inclusion #,,_1 C &P,, gives rise to a forgetful homomorphism
f: PU(F, Pp) — PU(F, Prn_1). By [2], if the Euler characteristic of F\&?,,_1

is negative, then we have the following Birman exact sequence
(2.1) 1= 11 (F\Pm_1, Pm) & PU(F, P,) L PU(F, P 1) — 1,

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



508 L. PARIS & B. SZEPIETOWSKI

FIGURE 3. Pushing a puncture along a simple loop.

where p is the point pushing map. Although the above result is proved in [2] for
orientable F', the same proof works for nonorientable F' as well. In order for p to
be a homomorphism, the product vd of two loops based at P, means go along
¢ first and then along 7. Suppose that « is a simple loop on F\%,,_; based
at P, and let A be its regular neighborhood. If [y] denotes the homotopy class
of v, then p[y] is isotopic to a homeomorphism equal to the identity outside A,
and obtained by pushing P once along 7 keeping the boundary of A fixed, see
Figure 3. Note that A is a Mo6bius band if v is one-sided, or an annulus if 7
is two-sided. In the latter case p[y] may be expressed in terms of Dehn twists
about the boundary components of A.

LEMMA 2.2. — Suppose that v is a two-sided simple loop based at Py, and 41,
02 are the boundary components of a regular neighborhood of v. Then p[y] =
Ts,Ts,, where the directions of the twists are determined by the orientation of ~y
as indicated by arrows on the left hand side of Figure 3. 0

The group PU(F, P,,) acts on w1 (F\Ppm—1,Py) in the obvious way. The
next lemma says that p is PU(F, P, )-equivariant.

LEMMA 2.3. — For h € PU(F,Py,) and [y] € 71 (F\Pm-1,Pn) we have
p(hly]) = hp[y]h " O

Suppose that NV is a nonorientable surface. We define g)/’I/ﬁ(N , Pm) to be
the subgroup of #M(N, P,,) consisting of the isotopy classes of homeomor-
phisms preserving local orientation at each puncture. Observe that it is a nor-
mal subgroup of index 2. For 1 < m < n choose m boundary components
Y1, -+,Ym Of Ng . Consider the surface Ny ,_,, as being obtained from Ny,
by gluing a disc with a puncture P; in its interior along ~y; for ¢ = 1,...,m.
Let @, = {P1,..., Py} Since every homeomorphism in # (N, ,) may be ex-
tended by the identity on the discs to an element of H(Ngn—m,Pm), the
inclusion 2: Ny, — Ng pn—m induces a homomorphism

te: M(Ny.p) = PU (Nyn—ms Prn)-
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PRESENTATION FOR THE MAPPING CLASS GROUP 509

It is clearly surjective, and if (g,n) # (1,1) then its kernel is the free abelian
group of rank m generated by the Dehn twists T, for : = 1,...,m (see [22,
Theorem 3.6]). Summarizing, we have the following exact sequence.

(2.2) 1— Z™ — M(Nypn) 25 PUT (Ng ey Prm) — 1.
2.4. Blowup homomorphism and crosscap pushing map. — In this subsection

we recall from [27] the definitions of blowup homomorphism and crosscap push-
ing map which will be important tools in what follows.

Let F be a surface with m > 1 punctures @, = {P1,...,Pp}. Let U = {z €
C|lz| < 1} and for 4 = 1,...,m fix an embedding e;: U — F\OF such that
ei(0) = P;. Let F be the nonorientable surface obtained by removing from F
the interiors of e;(U) and then identifying e;(z) with e;(—2) for 2 € ST = &U
and i =1,...,m. Thus F = Ny if F = Ny, or F = Nog iy if F =Sy,

We define a blowup homomorphism
b: MU(F,Pp) — M(F)

as follows. Represent h € M(F, #,,) by a homeomorphism h: F' — F such that
for some permutation o € Sym,, we have h(e;j(2)) = ey(;)(2) or h(ei(z)) =
ex(i)(Z) for z € U and i = 1,...,m. Such h commutes with the identification
leading to F and thus induces an element b(h) € 7I/l(ﬁ ). We refer the reader to
[27] for a proof that b is well defined (the proof in [27] is only for m = 1 but it
can be easily modified to work for m > 1). The next proposition is proved in
[26] for F' = Sy 1 but the same proof works for any F.

PROPOSITION 2.4. — The blowup homomorphism b: M(F, P,) — M(F) is
injective for any surface F. O

We define the crosscap pushing map
¢: 11 (F\Pm_1, Pm) — M(F)

as the composition ¢ = bop, where p is the point pushing map from the Birman
exact sequence (2.1). If v is a simple loop on F\%,,_1 based at P,,, then it
follows immediately from the description of p[y], that c[y] is either a crosscap
slide if v is one-sided, or a product of two Dehn twists about the boundary
components of a Mobius band with a hole if v is two-sided (just replace the
puncture with a crosscap on Figure 3).

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE
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FIGURE 4. The curve v for I = {i1,42,...,%}.

2.5. Notation. — Let us represent N, and N, 1 as respectively a sphere or
a disc with g crosscaps. This means that interiors of g small pairwise disjoint
discs should be removed from the sphere/disc, and then antipodal points in
each of the resulting boundary components should be identified. Let us arrange
the crosscaps as shown on Figure 4 and number them from 1 to g. For each
nonempty subset I C {1,...,g} let 47 be the simple closed curve shown on
Figure 4. Note that 7; is two-sided if and only if I has even number of elements.
In such case T',, will be the Dehn twist about 7 in the direction indicated by
arrows on Figure 4. The following curves will play a special role and so we give
them different names.

—_ ulz’y{l} fori=1,...,g,
- & =gy fori=1...,9-1,

- B=701234)
= B =0, 254y for 2<2j< g -2,
- =19}

Note that § = (1 and if g = 2p+2 then £ = 3,. We also give names to elements
of M(Ny,,) associated with these curves.

- a; :Taia

- Y= Yui+1,aia

—u;=Uyy0 fori=1,...,9—-1,
- b=Tp,

- bj=1Tp, for2<2j<g—2,

- v="Yuz

- c:T’Y{3,4,5,6}7

— rg = a’l"'agflugfl UL

If the surface is closed (n = 0) then ry is isotopic to the homeomorphism
induced by the reflection of Figure 4 across the line containing centers of the
shaded discs (see [25, Remark 2.4]).
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PRESENTATION FOR THE MAPPING CLASS GROUP 511

FiGURE 5. Regular neighborhood of the union of the curves a;
for g =2p+ 1 (left) and g = 2p + 2 (right).

3. Presentations

The groups M(Ny,0) and JM(Nq,1) are trivial by [8, Theorem 3.4]. The fol-
lowing presentations were obtained in [17, 21, 4] respectively.

M(Na) =(a1,y1 |a] =y = (a131)* = 1)
m(N2,1) =(a1,y1 |a1yra1 = y1)
M(N3,0) =(a1,a2,y2 | a1a2a1 = aza1a2,y3 = (a1y2)® = (a2y2)? = (a1a2)® = 1)

In this section we describe some other known presentations of various mapping
class groups and also state our main theorems which provide presentations
for M(Ny,,) for n € {0,1} and g +n > 4.

3.1. Orientable subsurface. — Consider a regular neighborhood ¥ of the union
of the curves «; for ¢ = 1,...,g9 — 1. This is an orientable subsurface of Ny,
homeomorphic to S, ,, where r € {1,2} and g = 2p + r (Figure 5). The fol-
lowing theorem, whose proof is given in the Appendix, provides a presentation
for M(S,.), which will be a part of the presentation of JM(Ny ).

THEOREM 3.1. — Forr € {1,2}, p > 1 and g = 2p+r, M(S,r) admits a
presentation with generators a;, b for 1 <1 < g—1,0<25 < g—2 and
relations:

(A1) a;a; = aja; for|i—j|>1,

(A2) a;a410; = ajp105a;41 for1<i<g—2,

(A3) aby =bia; fori#4ifg>4,

(A ) b1a4b1 = a4b1a4 ifg Z 5,

(A5) (a2a3a4b1)10 = (a1a2a3a4b1)6 ifg Z 5,

(A ) (a2a3a4a5a6b1)12 = (a1a2a3a4a5a6b1)9 ’Lfg Z 7,

(A ) bo = ai,

(A ) biy1 = (bi—1a2ia21‘+1a2i+2a2i+3bi)5(bi—1a2ia21‘+1a2i+2a2i+3)76 for 2 <
(A9a) byag,—3 =agp—3b, ifg=2p+2>6,

(Agb) b2b1 = b1b2 ifg = 6.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE
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It follows immediately from the above presentation that (S, ;) is generated
by b = by and a; fori =1,...,g—1. Moreover, if g is odd, then we can drop the
generators b; for j # 1 and the relations (A7, A8). The resulting presentation
is the same as the one given in [19]. However, if we wanted to do the same
for even g, then in the relations (A9a, A9b) the generator b, would have to be
replaced by its expression in terms of b and the a;’s.

PROPOSITION 3.2. — The map j.: M(S,r) — M(Ngn) induced by the in-
clusion of ¥ in Ng, is injective for n = 1, whereas for n = 0 its kernel
is an infinite cyclic group generated by (a1-~-ag,1)k, where k = g if g is
even, or k = 2g if g is odd. The composition of 3.: M(S,r) — M(Ng1) with
12 M(Ny1) — MY (Ny o, P) is also injective.

Proof. — Set © = (a1 ---ay_1)*. If g is odd then z is equal to a Dehn twist
about the boundary of ¥, while if g is even then x is the product of twists
about the two boundary components (see [16]). The complement in N ,, of the
interior of ¥ is either a Mo6bius band with n holes if g is odd, or an annulus
with n holes if g is even. By [22, Theorem 3.6], the maps 7. and 1, o 7. are
injective for n = 1, whereas for n = 0 the kernel of 5, is an infinite cyclic group
generated by x. O

3.2. Punctured disc and sphere. — Mapping class groups of a punctured disc or
sphere are very closely related to braid groups. In fact (S 1, #,) is isomorphic
to the Artin braid group on g strands, while J(Sp o, ?,) is isomorphic to
the quotient of the group of spherical braids on g strands by its center. Both
groups are generated by g — 1 elements called elementary braids or half twists.
For n € {0,1} we have the blowup homomorphism

b: M(So,n, Pg) — M(Ng.n)

defined in Subsection 2.4 which is injective and maps the elementary braids on
the crosscap transpositions u; for i = 1,...,9 — 1 (see [26]). From now on we
will identify J(So,n, P4) with its image in (N, ). The generators u; satisfy
the well known defining relations listed in the following theorem (see [3]).

THEOREM 3.3. — The group M(So.1,P,) admits a presentation with genera-
tors u; fori=1,...,9 — 1 and relations

(B1) uu; =wuju;  for|i—j| > 1,

(B2) wiuiy1u; = uipruuipr  fori=1,...,9—2.

The group M(So,0,Py) is isomorphic to the quotient of M(So1,P,) by the
relations

(B3) (u1u2 tee ug,l)g = 1,

(B4) (U1U,2 ce - ug_g)g_l =1. O
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For k =1,...,g we define Ay € M(Sp,1,Py) as
Ay = 1, Ay = (U1u2 : "Uk—l)Ak—L
The following relations hold in J(Sy 1, Py).
(B5) Agu; =up—iAr fori=1,...,k—1,
(B6) Ap = Ag_1(ug—1--ugu1),
(B7) Ai = (urug - -ugp—1)",
(B8) A2 = A%_l(uk_l e ’U,2U1)(’U,1UQ e uk_l).
Equalities (B6) and (B8) are straightforward consequences of (B5) and (B7),
which can be found in [5]. By (B7) the relations (B3, B4) are respectively
A2 =1and A2 | = 1. It follows immediately from (B8) that one of them may
be replaced in the presentation of M(Sp 0, P4) by
(B4a) (ug—1---uour)(uqug---ug—1) = L.

By (B5) A2 is central in J(So,1, #y). Geometrically it is the right Dehn twist
about the boundary of Ny ;.

LEMMA 3.4. — In M(So1,P,) we have

AZ = ug_l(ug_zui_lug_g) e (uqug - -ug_l e UgU ).

Proof. — By expanding (B8) inductively we have
A = uf(uguiug) - (ug—1ug—2 -+ uf -+ ug_aug_1).

Conjugating both sides by A, we obtain the desired equality. O

3.3. Main theorems

THEOREM 3.5. — Let g = 2p+r forr € {1,2} and p > 1. The group M(Ngy1)
is isomorphic to the quotient of the free product M(S, ) * M(So,1,Py) by the
following relations.

(C1) ayu; =ujaq  fori=3,...,9—1,

(02) AiUi41U; = Uj+1 U041 fOT 1= 1, ey g — 2,
(03) Ai41UU+1 = UiUi41G4 fOT‘ 1= 1, vy g — 2,
(C4) ayuiar = uq,

(C5) wgaiasui = ajasg,

(C6) (usb)® = (ara2a3)*(urugus)® if g >4,

(C7) usb="bus ifg>6,

(C8) agus(agasasaiuiususug)b = bagus if g > 5.

THEOREM 3.6. — Let g =2p+r forr € {1,2}. For g > 4 the group M(Ngy o)
is isomorphic to the quotient of the free product M(S, ) * M(So,0, Py) by the
relations (C1-C8) from Theorem 3.5 and

(D) ai(azas - ag_1Ug—1 - U3UL)A1 = G2a3 - Ag_1Ug—1 - * - U3U2.
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Let g = 2p+r for r € {1,2}. We define

G, as the quotient of M(S),,) x M(So,1, P4) by the relations (C1-C8),
G, as the quotient of M(S),,) x M(So,0, P¢) by the relations (C1-C8, D).
ﬁ;o as the quotient of &, by the relation (B3).

By abuse of notation, we will denote by the same symbols the generators
of M(S,,) and M(So,n, Py) and their images in Gym or ﬁ;p' The very es-
sential idea of the proof of above theorems is the following. In the first step we
are going to show that there is a homomorphism ¢g,: J,, — M(Ny,,) and
then the rest of the paper will be devoted to proving that it has an inverse.

PROPOSITION 3.7. — Let g=2p -+ forr € {1,2}. For n € {0,1} the map
(95 % 6): M(S, 1) * M(So,n, Pg) — M(Ng.n)

induces a homomorphism @g n: G, =~ — M(Ngr).

g,n

Proof. — We have to show that the relations (C1-C8, D) are satisfied
in M(Ny,r). For |i—j| > 1 the crosscap transposition u; is equal to the identity
in a neighborhood of the curve o; and thus it commutes with the twist a;. Thus
(C1) is satisfied and analogously (C7). Observe that u;+1u;(o;+1) = o; and
the local orientation used to define a; agrees with that induced by u;yiu; from
the local orientation used to define a;;1. Thus (u;y1us)asr1(uiriu;)™! = a;
which is equivalent to (C2) and (C3) is proved analogously. Since u; preserves
a; but reverses orientation of its neighborhood thus

(%) wiau; ' =a;! for1<i<g-1

In particular (C4) is satisfied. Let © = a;a;+1. It can be easily checked that
x(pit1) = ,ui_+12 and z(a;) = ai_-',-ll' It follows that xy;z~! = yi__i_ll, hence
za;uiz™! = u;ag _:1 = Qi+1U;_ _:1, where the last equality follows from (x).
By the braid relation (A2) we have za;x~! = a;4; and thus

(%) Ui410iQi+1%; = QG541 for1<i<g-—2.

In particular (C5) is satisfied. Let K be a regular neighborhood of SU a3 U 4.
It is homeomorphic to Klein bottle with two holes and one of its boundary
components is isotopic to a; while the other one is isotopic to y5 uz 'yy ' (o).
By [24, Lemma 7.8] we have

1 (%,C3)

2 _ -1, -1, -1 _ -1 -1 -1, -1 -1 ,C
(ush)® = a1yy U3 Y5 Q1Y2UsY2 = Q1U5 Gy Us Uy Gy G102UgUzA2U2 =

*3k)

-1 — _ 2 -1 -1 —
a1a2Uqy 1U3 1a2u2 1a1a2a3u2U3u2 = a10G02a03Uqy 1U3 1U2 1&1&2&3U2U3U2 =

(B1,B2)
(a1a2a3)2u1u2u1u2uSu2 = (a1a2a3)2(u1u2u3)2
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which proves (C6). Let z = aqazazaiuiusuguy. We have
z = (a4u4)(u;1a3u3u4)(u;luglaquu;;uAL)(uzlugluglalulmug,m)

= y4(u4_1y3u4)(u21u§1y2u3u4)(u;lu§1u§1y1u2u3u4)
=Y Y, Y, Y,

H5,Y{4,5} ~ H5,7{3,5} ~ #5:7{2,5} ~ H5,7{1,5} "

Consider the surface N’ obtained by cutting Ny ,, along us and then gluing a
disc with a puncture P along the resulting boundary component. Then Ny,
may be seen as being obtained from N’ by blowing up the puncture and we
have the crosscap pushing map ¢: m (N', P) — M(N,,,) whose image contains
the crosscap slides Y, ,, ., for ¢ = 1,2,3,4. Since this is a homomorphism,
thus z is isotopic to the effect of pushing us once along ~{1,2345}. One of
the boundary components of the regular neighborhood of us U (1,234} is
isotopic to 3, while the other one is isotopic to y; *(3). From Lemma 2.2 we
have z = y; 'bysb~" which is equivalent to (C8). Finally it is easy to check that
if the surface is closed (i.e., n = 0) then as---ag4_1ug_1---us preserves the
curve oy (up to isotopy) and reverses orientation of its neighborhood, which
proves the relation (D). O

Consider the exact sequence (2.2) in the case m = 1:
1 — 7 — M(Ny1) > M (N, P) — 1.

The kernel of 2, is generated by the Dehn twist Toy, , = Ag. Recall that ﬁ; o is
the quotient of & , by the normal closure of Ag. Since z*(gog’l(Ag)) = 1, there
is a homomorphism ¢} ;: ﬁ; o — M*(Ngyo,P) such that Ps00PD = 1x O Pg1,
where p: ﬁml — ﬁ;,o is the canonical projection. We will prove in Section 7
that ¢}  is an isomorphism.

3.4. Some consequences of the defining relations. — Throughout this paper we
will often have to verify that some relations are satisfied in &, or ﬁ;’o. In
this subsection we prove the most useful ones.

LEMMA 3.8. — The following relations hold in ﬁg n forn=0,1.

) a;u; =uja;  for|j—i| >1,

) a;uia; =u; fori=1,...,9—1,

Cha) uiyr1a;0i41U; = azaiq1  fori=1,...,9—2,

) (bU3)2 = (’11,3b)2 = (a1a2a3)2(U1U2U,3)2,
) ub="bu; fori=5,...,9—1.
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Proof. — Fix i > 1 and let z = (uj—1u;) - - - (ugug)(uruz). By (C3) we have
zair~! = a; and by the relations (B1,B2) we have zu;z~! = u; and
1 uj for j >i+1
TurT = o
uj_g for3<j<i+1

Thus (Cla) may be obtained by conjugating by = both sides of (C1). If we
set y = uqug - ug_1, then, for i € {1,...,g — 2}, we have yu;y~! = u;;1 by
(B1,B2) and ya;y~! = a;;1 by (Cla,C3). Hence (C4a,C5a) follow from (C4,C5)
by applying conjugation by y as many times as needed. We have

uz(arazaz)? = (a1aza3)uy (ara0a3) = (araza3)?uy

by (Cla,C5a) and u1(ujugus)? = (u1ugus)?us by (B1,B2). Thus uz commutes
with (ajaza3)?(uiugus)?, which together with (C6) proves (C6a). If i > 5 then
for z = (a;_1a;) - - - (asag) we have zusz~* = uf' by (C5a) and zbz~' = b by
(A3). Thus (C7a) is obtained by conjugating both sides of (C7) by z. O

LEMMA 3.9. — The following relations hold in ﬁg o forn=0,1.

El) Ara; = al. Ay or2<k<gandi=1,...,k—1,
k—i
2 _ A2
(E2) ri = Ag,
(E3) rgqa; = a;rg fori=2,...,9—1,
(E4) wirgu; =71y fori=2,...,9g— 1.

In ﬁ;,o and §, , we have
(E2a) r2 =1.

Proof. — We prove (E1) by induction on k. For k = 2 it is equivalent to (C4).
Suppose (E1) is true for some k > 2. For i < k — 1 we have

Agiira; = (ug - ug)Aga; = (ug - uk)a;_liAk

(Cla,C3) —1 -1
= T _i(ur o ug) A = a Akt

and for i =k
Apyrar = Ag(ug - - u1)ag

Cla,C2 _ _
(Clay )Akak_l(uk---ul) =a; A (ug - ug) =a; AN
which finishes the proof of (E1).

Let x = a1 ---ag—1 and z = ug_q ---uq, so that r, = xz. We are going to
prove by induction on 7 that

(*) xz(uz e ug—l)(U’Q .. .ug_2) e (U2 e Ui+1)$ = AgAZ
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for ¢ = 1,...,9 — 1. If ¢ = 1 then (x) becomes zAjx = A, and it follows
from (E1). Suppose that (*) holds for some i < g — 1. By (Cla,C5a) we have
(ug - uip1)r = z(u;---uy)~ ! and
xz(ug - Ug—1) - (U2 - Uip2)T = AgAi(u; - ur) = AgAyg.
For i = g — 1 we obtain
zzr = AgAg_1 = (z2)° = AgAg_12=A]

which is equivalent to (E2). For i = 2,...,9 — 1 we have a;z = za;_1 by (Al,
A2), a;_1z = za; by (Cla, C2), u;x = xu;_ll by (Cla, Cba), u;—1z = zu; by
(B1, B2). The relations (E3, E4) follow. In &, ; and ¢, , we have A2 =1 (B3)

9,
and thus (E2a) is a consequence of (E2). O

LEMMA 3.10. — In §_ , we have
(E3a) rga; =a;rg fori=1,...,9—1,
(Eda) uirgu; =714 fori=1,...,9—1,

(E5) (a1az---ag—1)? = (ug—1 - usu1) > = (uruz - ug-1)?

(E6) (aras---ay_1)k =1, where k = g if g is even or k = 2g if g is odd.
Proof. — For i > 1 (E3a, E4a) are the same as (E3, E4), while for ¢ = 1 (E3a)
follows from (D, C4), and

G5 -1 -1 -1 E3a _
Tg’Lbng = ’f'g(12 Ay Ug alag’l"g = Qg

By (E2a) we have

1 —1

-1 -1 E4
Gy Tgly TgG10a2 = Uq

E3
1 = ’]"g = ’,‘g(al .. ag_lug_l . e ul) :a (al oo ag_l)'r‘g(ug_l . e ul)

B4a —
= (a1~-~ag_1)2(ug—1-~-U1)2 = (a1~-~ag—1)2(U1-~'ug—1) 2,
This proves (E5), which together with (B3) implies (E6). O
LEMMA 3.11. — In the presentation of M(Ngyo) given in Theorem 3.6 the re-
lation (D) may be replaced by
(Da) ag—1(ug—oUg_3 - u1a1 - Gg_3ag—2)ag_1
= Ug—2Ug—3 " UG " Ag_30g_2.

Proof. — If we conjugate both sides of (Da) by A, then by (B5) and (E1) we

obtain
-1 C4

- - —1y -1 -1
al (u2...ugilag_1...a2 )al :UZ“‘Ug—lag_;["‘ag <>
- —1y,—1 __ -1 —1 B4a
al(u1u2~~ug_1ag_1-~a2 )aj = ULUL U1 g Ay >
(wiluytu et e et = us eyt u et et c4
a1(uy " ug Uy 1Q, 11t Gy )a; =uj Uy Uy 1Q, g Gy
—1/, -1 -1 -1 —1y, -1 _ ,—1 -1 -1 -1
I G Y L R M o R
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which is equivalent to (D). O

LEMMA 3.12. — Suppose that w is either (1) a word in the generators u; and
their inverses or (2) a word in the generators a;, b; and their inverses. Then
w represents the trivial element of (N, n) or /I/ﬁ'( 4.0, P) if and only if it
represents the trivial element of ﬁgwn or ﬁg,o respectively.

Proof. — Case (1) follows from the injectivity of b: (S n, Py) — M(Ng.r)
(Proposition 2.4) and the fact that the kernel of ¢, o b: JM(So1,P,) —
M (Ny,o, P) is generated by A2 which is trivial in ﬁl Analogously for (2),
we have that 7.: M(S,,) — ﬂ/l( g,1) and 1, 0 7, ﬂ/l(Sp ) — MT(Nyo, P) are
injective by Proposition 3.2. For n = 0 we have to check that the image under
the map JU(S,,,) — G, of the kernel of j.: M(S,,r) — M(Ng,) is trivial.
This is the case by Proposition 3.2 and the relation (E6). O

LEMMA 3.13. — In ﬁio we have:

(Gl) bU3U2b_1 (a1a2a3) UQU3(a1a2a3)_1,
(GZ) bugusu1b = (alaga ) (U3’LL2U1)71(G1GQG3)S,
(G3) ((arazaz)~*bry)? =1.

In g, , we have
(G3a) (brg)?=1.
Proof. — Let x = ajasaz and z = ujususz. We have
(C6a) (buz)? = (uzh)? = 2222, (i) up =z uz e, (i) ug = 27 uy ',

the last two relations following from (Cba). Since b commutes with z, from
(Cé6a, i, ii) we obtain

(iii) (b7 ug)? =z 1272271, (iv) (bup)? = 2222
_1C6a 1, _ (111) 1 —9 _
bususb 1 = x2z2u3 Tp=luyb~t '= x2z2u3 e~ 2 1u21
) 2 9 —1_-2 1

—mzuxzulx

= x2u1u2u3u1uzx_lugluz_lul_lugluz_lm_l

B1,B2 21 -1 -1 -1 -1 -1 —
=" 2ruguguzuguor tuy tug tug tuy tuy te

(i) 1 -1 -1 —
= CL'QU1UQU3U1’U,QU1$ Usg 1u2 1U1 1u2 1CB 1
=22 Ay ug tuy tuy ug Tt

El 1 -1 1 (B1,B2) 3 1

3 Aguztuy T uy e = puguga

bugugurb = (buzugb™ 1) (buid) = (23 Aguz tuy tuy uy te ) (2222 urt)
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(i,ii) 1 -1 -1 — 1 -1 -1 -
= ;U3A4u3 1u2 1u1 L ugug ususui usx® = :U3A4u3 1u2 1u1 Lot AL

PLDS 3 A2 (uzuouy ) "ta? 28 z3 (uzugug ) "t

_ _ _ (G2) _
(z 4b7”4)2 = 27 3bususur br Busuou; = (usuguq) Lusuoug = 1.

The relation (G3a) follows from (G3) and (E6). O

4. The base cases

In this section we deduce the main theorems for (g,n) € {(3,1), (4,0)} from
the presentations of M(N, ,) obtained in [24, 25]. Recall from Subsection 3.3
the definitions of &, and ¢, ;. Theorem 3.5 for g = 3 follows from the fol-
lowing.

THEOREM 4.1. — The map ¢31: G5, — M(N31) is an isomorphism.

Proof. — By [24, Theorem 7.16] M(N3 1) admits a presentation with genera-
tors a1, as, us, d (called respectively B, Ay, U, A, in [24]), where d is a Dehn
twist about the curve aj 'uz(a;). The defining relations are

(1) agd = dCLQ (11) aga109 = a10G201 (111) dald = aldal
(iv) ugaguy ' = ay* (v) ugaruy ' = ardtayt  (vi) (duz)? = (ugd)?
(Vll) (d’LLQ)2 = (a2d2a1)3.
We define 9: M(N3,1) — &5, on the generators as ¥(a1) = a1, ¥(az) = a2,
Y(ug) = ug, ¥(d) = a] 'ugay 'uy'a;. To prove that ¢ is a homomorphism we
have to show that it respects the relations (i—vii). This is obvious for (v) and
(ii, iv) are (A2,C4a).
Y(d) = a7 tugay tuy tay & a7 urtay tuyay & ayturtay ey uy
cs 1 1 - _
=2 a7 taytaT uguy = (ara0a1) " tuguy,
_ A _
az(aiaza;) Yuguy 2 (arazay) 1CL1U2Ul
(a1a2a1) M ugurag = P(d)i(az).
The relation 9 (d)y(a1)¥(d) = ¥(a1)y¥(d)¥(aq) is equivalent to

(alagal)_1u2u1a1(alagal)_lugul = al(alagal)_1u2u1a1 s

Y(az)y(d)

g3

-1 -1 _ C5 -1 -1 _
U2U1Ag ~ G " U2UT = A2U2ULIA] = U205 "Gy U] = A2U2U10A]-
The last relation follows easily from (C4a).
((d)¥(uz))? = (a1a2a1) ™ uguiug(arazar) ™ usuius
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= (a1a2a1)71A3(a1a2a1)71A3

(Y (u2)p(d))? = ua(V(d)(uz))?uy ' = upAjuy"
= A} = (¥(d)y(u2))?,
(P(a2)y(d)*y(a1))® = (az(arazar) 'ugui(arasar)  tusuiar)?

A2 _ _
= (az(aza1a2) " uguy (azaraz) “tusuiar)?
= aj (a3 'uguiay tar tagy fuguy )2ay

Cs 1, —
=a; (ay

Cda _1 -1 3
=" a; (ug2a] agui)’a;

1, -1 -1 -1 —1 3
UGy Q] Uy Gy UglU1) Gy

-1 -1 -1 -1
= aq (u2a1 A2U1U2G1 “A2U1 U2 agul)al

= a;l(UQG,;1U1UQU1U2a2ul)G,1
_ _ B5,E1 _
=a; 1(u2a1 1A3u2a2u1)a1 =" a) 1(A3U1MU1)G1
C4a _ _ E1l
=" a7 (Asurugur)ay = ay Ay = A7 = (P(d)ih(ug))?.

Thus ¢ is a homomorphism. Observe that &, , and J(N3,1) are generated
by a1, as and us. Indeed, the generator u; of 53,1 is redundant because of
(C5) and the generator d of JM(N3 1) is redundant because of (v). Since for z €

{a1, a2, us} we have ¥(p31(z)) =z = @31(¥(x)) thus ¢ is the inverse of g ;.
O

COROLLARY 4.2. — Suppose that g > 4, i € {1,...,9 — 2} is fized and w €
ﬁgn is represented by a word in the generators a;, u;, a;11, U;y1 and their
inverses. Then @g n(w) =1 if and only if w = 1.

Proof. — Consider a subsurface K C N, , which is a disc with crosscaps
4,9+ 1,4 + 2. Thus K is a copy of N3i. By [22, Theorem 3.6] the map
1 M(K) — M(Ngp) induced by the inclusion of K in Ny, is injective,
except for the case (g,n) = (4,0) where its kernel is generated by a Dehn twist
about the boundary of K. As in the proof of Theorem 4.1, there is a homo-
morphism ¢: & (M(K)) — G, , such that ¢(z) = x for z € {a;, ait1, ui, ui1}
For (g,n) = (4,0) we additionally have to verify that t(Tsx) = 1, which is
true by (B4), because either Tox = A2 if i = 1, or Tor = A3zA3Az if i = 2.
Since 9(@g,n(w)) = w the corollary is proved. O

Theorem 3.6 for g = 4 follows from the following.
THEOREM 4.3. — The map @a0: G, — M(Nyo) is an isomorphism.
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Proof. — By [25, Theorem 2.1] JM(Ny,0) admits the presentation with genera-
tors a;,u;, for i = 1,2,3, b, r4, d (the last two generators are denoted respec-
tively as ¢ and aq4 in [25]), where d is a Dehn twist about the curve a; 'uz(az).
The defining relations are (A1-A3, B1, C1, C4, Cb5a, E2a, E3a, E4, E6, G3a)
and

(i) rs = arasazuzuguy (i) uzasuz ' = asd tayt  (iil) u? = u’
(IV) (U3b)2 =1 (V) (U3d)2 =1 (Vl) da3 = agd
vii) dasd = asdas viii) (dagas)* =1 ix) usduz ' = uydul.
3 1

We define ¢: M(Nyo) — G, on the generators as ¢(a;) = a;, P(u;) = u;
for i = 1,2,3, ¥(b) = b, ¥(ry) = a1azazususuy and ¥P(d) = a;lugagluglag.
To show that ¢ is a homomorphism we have to show that the relations (iii-ix)
are satisfied in &, ;. By Lemma 3.12 the relation (iii) is satisfied in &, . The
relations (v,vi,vii,viii) can be rewritten using (ii) in the generators as, us, as, us
and so they hold in 54’0 by Corollary 4.2. We have

(Ce) (E5) (E6)
(U3b)2 = (a1a2a3)2(u1uQU3)2 = (a1a2a3)4 ="1.

As in the proof of Theorem 4.1 we have v¥(d) = (agazas) luzuz and
P(us)¥(d)y(us) ™t = 9h(ur)(d)y(u1) ™" is equivalent to

-1 1 (C2,C3,C4a)
U3(O,2a3(12) U3U2UT = U7 (a2a3a2) U3U2U3 <~

B1
-1
u3(a2a3a2) uUzuU2U7 U1U3U2U3A20302 é:;

_ _ (C1a,C2)
(a2a3a2) 1U3u2u1(a2a3a2) 1 U1U2U3 <a=>

_ _ (A1,A2)
(a2a3a2) 1((11@2(11) 1U3UQU1:U1UQ’LL3 <

— _ E5
(alagag) 2 = U1UQ’U,3(U3’U,2U1) 1 é:;
(U3u2u1)2 = U1UQU3(U3UQU1)_1.

The last relation is satisfied in &, , by Lemma 3.12. Since 49 0% = id, hence
% is injective, and since &, , is generated by a;,u; and b, it is also surjective.
It follows that ¢4 is an isomorphism. O]

5. Curve complexes

5.1. Definitions and simple connectedness. — Let N = N, ,,. Suppose that C =

1,--.,7%m) is an m-tuple of generic curves on N. We say that C is a generic
(V1,5 Ym) ple of g y g
m-tuple of disjoint curves if for i # j

- 7, is disjoint from ~y;, and
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— 7i is neither isotopic to 7; nor to v, L

We denote by N¢g the compact surface obtained by cutting N along C. If
C'=(v,...,7),) then we say that C and C’ are equivalent if ~; is isotopic

JES . , o . .
to ~'; for i = 1,...,m, and equivalent up to permutation if ~; is isotopic
to 'y'f(li) for i = 1,...,m and for some permutation 7 € Sym,,. We denote
by [C] = [71,---,7m] the equivalence class of C, and by (C) = (71,...,7m) its
equivalence class up to permutation.

The complez of curves G(N) is a simplicial complex whose m-simplices are
the equivalence classes up to permutation of generic (m + 1)-tuples of disjoint
curves on N. We are going to use its two full subcomplexes: Go(NV) is the
subcomplex of G(N) consisting of simplices (C) such that N¢ is connected;
PD(N) is the subcomplex of Go(N) consisting of simplices (C) such that N¢ is
nonorientable.

The ordered complez of curves €™ (N) is a A-complex (in the sense of [12],
Chapter 2) whose m-simplices are the equivalence classes of generic (m + 1)-tu-
ples of disjoint curves on N. If [y1,...,Vm+1] is an m-simplex then its faces are
the (m —1)-simplices [Y1,...,%is- -, Vm+1] fori = 1,...,m+1, where 4; means
that 7; is deleted. We define the subcomplexes €3 (N) and 9°(N) as the
ordered versions of Go(N) and D(N).

The complex of curves was introduced by Harvey [11] and the ordered com-
plex of curves by Benvenuti [1]. The following theorem was proved for the
unordered complexes in [28, Theorems 5.4, 5.5]. To obtain the result for their
ordered versions, the proof of [1, Proposition 8] can be applied.

ord

THEOREM 5.1. — The complexzes Go(Nyrn) and Gy (Ngn) are simply con-
nected for g > 5; D(Ng,) and @Ord(Ng,n) are simply connected for g > 7.
O

The mapping class group M(N) acts on the set of isotopy classes of generic
curves on N, and thus it also acts on the complexes G(N), Go(N), D(N)
and their ordered versions by permuting their simplices. We say that two
simplices o1, o3 are MU(N)-equivalent if 09 = hoy for some h € M(N). Ob-
serve that €°"(IV) has a natural orientation (the vertices of every simplex
are ordered) preserved by JM(N). In particular, M(N) acts on the 1-simplices
of §°"(N) without inversion, which simplifies the statement of Brown’s theo-
rem below. This is the only, purely technical, reason for considering gord (N)
instead of G(IV).
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5.2. The structure of a stabiliser. — Let N = N,,. Suppose that C =
(Y1,---,7m) is a generic m-tuple of disjoint curves on N such that N¢ is
connected. Suppose that ~y; are two-sided for 7 < r and one-sided for i > r.

Let Stab[C] = Stabn)[C] denote the stabilizer of the simplex [C] with
respect to the action of M(N) on C§*4(N). This is the subgroup of #(N) con-
sisting of the isotopy classes of homeomorphisms fixing each curve ;. We define
Stab™[C] = Stab;,;(N) [C] to be the subgroup of Stab[C] consisting of the iso-
topy classes of homeomorphisms fixing each curve +;, preserving its orientation,
and preserving its sides if ; is two-sided. We have an exact sequence

(5.1) 1 — Stab*[C] — Stab[C] >z,
where 7(h) is the vector (e;)!" 1" defined as follows
—for i = 1,...,m, ¢, = 0 if h preserves orientation of 7; and e¢; = 1
otherwise,
—forj=1,...,7, emq; = 0if h preserves sides of y; and e, ; = 1 otherwise.
REMARK 5.2. — The map 7 is not surjective in general and its image depends

on C. For example, if N¢ is orientable and m > 1 then 7 is not onto. Indeed,
suppose that h € Stab[C] preserves sides of v; for j = 1,...,r. Then since N¢
is orientable, h either preserves orientation of each 7; or reverses orientation of
each 7;. On the other hand, we leave it as an exercise for the reader to check
that if N¢ is nonorientable then 7 is surjective.

The gluing map No — N induces a surjective homomorphism
pc: M(Ng) — Stab™ [C)].
Fori=1,...,7let d;, 6, be the boundary components of a regular neighborhood
A; of ;. Note that if T}, T}; are right Dehn twists with respect to some orien-
tation of A;, then Té_ilT(;; € kerpo. Fori =r+1,...,m let ¢; be the boundary

curve of a regular neighborhood M; of 4; and note that T¢, € ker pc. By [24,
Lemma 4.1] ker p¢ is the free abelian group of rank m generated by Ty, 1T5;

fori=1,...,rand T, for i = r+1,..., m. Summarizing, we have the following
exact sequence
(5.2) 1 — Z™ — M(N¢) %S StabT[C] — 1.

Suppose that N¢ is nonorientable and C' consists entirely of one-sided curves
(r = 0). Let N’ be the surface obtained by cutting N along 7; and gluing
a disc with a puncture P; along the resulting boundary component for i =
1,...,m. Note that N may be seen as being obtained from N’ by blowing up
the punctures #,, = {Py,..., Py}, and we have the blowup homomorphism
b: PU(N', Pp) — M(N), whose image is contained in Stab[C].

LEMMA 5.3. — b: ZU(N', Pp,) — Stabyn)[C] is an isomorphism.
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Proof. — Since b is injective by Proposition 2.4, it suffices to show that its
image is equal to Stabjn)[C]. It follows immediately from the definitions
that pc = b o1, where 1,: M(Ng) — MY (N',P,,) is the map induced
by the inclusion of N in N’. Thus the image of b contains Stab*[C]. As
N’ is nonorientable by assumption, 7 (N'\(?,\{P:}), P;) contains a homo-
topy class of one-sided loops, whose image under the crosscap pushing map
c: 1 (N'\ (P \{P:}), P;) — M(N) is a crosscap slide reversing the orientation
of v; and equal to the identity on «; for j # . It follows that the image of b is
equal to Stab[C]. O

Let us identify Ngy_1, with the surface obtained from N’ by blowing
up P,n_1, and by abuse of notation, treat C’ = (y1,...,7vm—_1) as a generic
(m — 1)-tuple of disjoint curves on Ngy_1 5. Consider the following commutative
diagram

T (N\Prn_1, Pm) —— PUN', Pr) ——  PUN', Pr_1)

| s s
T (N'\Prm—-1, Pr) —— Stabgyn, ,)[C] — Stab s, _, ) [C']
whose top row is a part of the Birman exact sequence (2.1), ¢ is the crosscap

pushing map and ¢ = bo fob~!. As the vertical maps are isomorphisms,
exactness of (2.1) implies exactness of the sequence

(53) 1= m(N'\Pp_1, Pr) < Stabyy, .)[C] = Stabyyy, , [C'] — 1.

5.3. Orbits and a presentation of J#(NN). — For the rest of this section we fix
g>5and N = N, . Let X denote D*(N) if g > 7 or G3Y(N) if g € {5,6}.
Let X = X/M(N) and p: X — X be the canonical projection. Observe that
X inherits from X the structure of a A-complex. Let & (X) (resp. d,, (X))
be the set of m-simplices of X (resp. X ). The simplices of dimension 0, 1
and 2 will be called vertices, edges and triangles respectively. Observe that the
canonical projection p: X — X induces a surjection p: S (X X) — Fm(X). In
the present subsection we will determine a section to p for m = 0,1,2, that
is a map s: J,,(X) — dm()?) such that p o s = identity. We also describe
a presentation of JM(N) obtained by applying Brown’s theorem to the action
of M(N) on X.

For C = (v1,...,7m) and I C {1,...,m} let Cr = (vi)icr- The following
proposition is a special case of [24, Proposition 5.2].

PROPOSITION 5.4. — Two simplices [C] = [y1,...,Ym] and [C'] = [V}, .-, V5]
of X are M(N)-equivalent if and only if the following two conditions are satis-

fied.
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TABLE 1. The edges of X.

e s(e) s(t(e)) he Noe) | 9
€1 [aux, g [12g] 1 Ng-33 |25
ez (a1, o] (0] a2a3a102 Ng_44 |25
€3 [Nwﬂg—l] [Ng] a;_ll Ng22 | 2
eq [, €] 3 1 S1,g-2 | 5,6
es (s, B1] [a1] | asbasasasaszaias | Sigs
e6 | [01,7(3,4,5,61] [o1] a2Cca102 S1,4
er | [ue, 7{1,2,3,4,5}] [126] b2_1 S22
— For every i € {1,...,m}, 7; is one-sided if and only if v} is one-sided.
— For every I C {1,...,m}, the surface N¢, is orientable if and only if
Nc; s orientable. ([

Note that the second condition is vacuous for X = @°"4(N), that is if g > 7.
As an immediate corollary we see that every vertex of X is M(N)-equivalent
to one of the following (see Subsection 2.5 for definitions).

— [a1] — two-sided curve with a non-orientable complement,

— [pg] — one-sided curve with a non-orientable complement,

— [¢] — curve with an orientable complement, one-sided for odd g or two-

sided for even g.

We define

v1 =plaa], v2 = plugl, vs =plg],  s(v1) =[], s(v2) = [ug], s(vs) = [¢]-
Note that J,(X) = {v1,v2} if g > 7 or J(X) = {v1,v2,v3} if g € {5,6}. If e
is an edge of X or X, then we denote by i(e) and t(e) its initial and terminal
vertices respectively, and by € the edge with the same vertices as e but with
the opposite orientation. We define edges e; € ,(X) for ¢ € {1,...,7} as
e; = p(s(e;)), where s(e;) are defined in the second column of Table 1.

PROPOSITION 5.5. — If g > 7 then J,(X) = {e1,e1,e2,€3};
Ifg =5 then (jl(X) = {elaay 62a637€4aa; 657%};’
Ifg = 6 th@n Sj]_(X) = {elaa7 6236376435; 66767}'

Proof. — Let [C] = [v1,72] be any edge of X. If N¢ is nonorientable, then it
follows easily from Proposition 5.4 that [C] is M(N) equivalent to one of the
edges s(e1), s(e1), s(ez), or s(e3). This finishes the proof for g > 7. Suppose that
N¢ is orientable. There are two cases: (1) N(,,) and N(,,) are nonorientable;
(2) N(y,) or N(,,) is orientable. In the case (1) C' is JU(IN)-equivalent to one
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TABLE 2. The triangles of X.

/ s(f) V1,V2,V3 | €1,€2,€3 g
f1 (a1, a3, as] v1,V1,V1 | €2,€2,€2 | > 6
fa (a1, a3, ] v1,V1,V2 | €2,€1,€1 | =D
f3 | o, pg, pg—1] | vi,v2,v2 | €1,e3,e1 | >5
fa | kg, pg—1,pg—2] | vo,v2,v2 | e3,e3,e3 | >5
fs [, a3, €] V1,V1,V3 | €2,€4,€4 | 5,6
fe (16, s, O] Vg, va,v1 | €3,€1,€1 | 6
fr | (s, pa,vq1,2,3y] | vo,v2,v2 | e3,ez,e3 | 5
fs | lo1, e, V41,53 | v1,v2,v2 | e1,er,e1 | 6
fo [, 5, B] v1,V2,V1 | €1,€5,€2 | D
fro | lo1,03,73.456}] | v1,v1,01 | €2,e2,e6 | 6

of the edges s(es), s(es), s(eg), or s(e7). Suppose that we are in case (2) and
N(,,) is orientable. Since N¢ is connected, there is a curve on N disjoint from
71 and intersecting 2 in one point. As such curve must be one-sided, N(,,) is
nonorientable and [C] is M (N )-equivalent to s(eq). O

The representatives s(e;) of the edges e; for ¢ € {1,...,7} have been cho-
sen in such a way that i(s(e;)) = s(i(e;)). The elements h., defined in the
fourth column of Table 1 satisfy h.,(s(¢t(e;)) = t(s(e;)). For i € {1,4,5} we
define s(e;) = h;l(@) and hz; = h'. In this way, for every e € o (X)
we have i(s(e)) = s(i(e)) and he(s(t(e)) = t(s(e)). The conjugation map c,
defined as c.(z) = h;'zh. maps Stabt(s(e)) onto Stabs(t(e)); in particular
ce(Stab s(e)) C Stab s(t(e)).

Suppose that f = [71,72;73] € Jz()?) and f = p(f) € dQ(XN). For a permu-
tation o € Symg we define f7 = [7,(1), Yo(2)s Yo(3)] and f7 = p(f7). We say that
]7" (resp. f? ) is a permutation of f (resp. f). We also define €1 (f) = p[y1, V2],

EZ(f) = p[72u73]; E3(f) = p[’yl7ﬂy3]7 and Z/’L(f) = p[’Y’L] for i = 17273'
We define triangles f; € J,(X) for ¢ € {1,...,10} as f; = p(s(f;)), where
s(f;) are defined in the second column of Table 2.

PROPOSITION 5.6. — FEwvery triangle of X is a permutation of f; for some
ie{1,...,10}.

Proof. — Suppose that f = p[C] for C = (y1,72,73)- If N¢ is nonorientable,
then by Proposition 5.4, f is determined up to permutation by the number of
one-sided vertices. It follows that f is a permutation of one of the triangles: f;
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V3 L3 T
_ N
s €2 s(e)| 3 5 |s(en)
141 ) (l_zfl_
g SIEEFE

FicURE 6. A triangle in X and its representative in X.

(if g >7), fo (if g > 6), f3 or f4. We assume that N¢ is orientable, g € {5,6}.
There are three cases.

Case 1: N(,, ,,) are nonorientable for all 1 <7 < j < 3. Then again f is
determined up to permutation by the number of one-sided vertices, and it is a
permutation of one of the triangles: f1, fa, fg or f7.

Case 2: N(,,) is orientable for some i € {1,2,3}. Assume i = 3. By the same
argument as in the proof of Proposition 5.5 (case (2)), N(,, ,) is nonorientable
and f = f5 by Proposition 5.4.

Case 3: f contains one of the edges: es5, eg or er;. Assume p[yi,72] = e;
for i € {5,6,7}. Since N(,, ,,) is orientable, thus 3 is two-sided and it is easy
to see, by similar argument as in the proof of Proposition 5.5 (case (2)), that
N, ~s) are nonorientable for 7 = 1,2. It follows that f is a permutation of one
of the triangles fg, fo or fig- O

Let f = f; for some ¢ € {1,...,10}. For j = 1,2,3 we let v; = v;(f),
ej = €;(f) and define €; to be the edge of s(f) such that p(€;) = ¢; (Figure 6).
The representatives s(f) have been chosen in such a way that £&1 = s(e1).
For j =1,2,3 we choose z; = x;(f) € Stab s(v;) such that

(5.4) z1(s(e3)) = €3, he,xa(s(e2)) = &2, h51$2h52$3h;31 = .

For o € Sym; we define s(f?) = z,(s(f))? and z;(f?) according to the follow-
ing table:

o (1,2) (1,3) (2,3) | (1,2,3) | (1,3,2)

2g h;l h;;zglhgll ml_l x{lhgll h;;xl_l
z1(f%) | @2 z3 l‘l_l a:2_1 xgl
zo(f%) | = xz_l :vg_l z3 :1:1_1
v3(f7) | =5 2 vyt | =y T2
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In this way the equations &1 = s(e1) and (5.4) are satisfied for every f €
J5(X). We check this for o = (1,2), the other cases can be checked similarly.
Let f/ = f(12) and for j = 1,2,3, z = z;(f'), €5 = €;(f'). We have ¢} = &7,
ey = €3, € = &3, the edges of s(f') are ¢} = h;'(e1), €h = h;'(&3), €} =

h;l(évg), and S(E’l) = s(a) — hs—ll(s(igl)) _ 8/17

@) (s(eh)) = w2(s(e2)) = hZH(&) = b,
her zh(s(c5)) = hlzi(s(e3)) = Ao (&) = &b,

’ /1 —1 _ 1—1 —1;-—-1 __ !
hgll:1;2h€/2:1:3h€,3 =h_ z1he,x3 h,, = T2 = 7.

The following theorem is a special case of a general result of Brown [6] (cf. [24,
Theorem 6.3]).

THEOREM 5.7. — Suppose that:

(1) for each v € J,(X) the stabilizer Stabs(v) admits a presentation
(Su | Ry),
(2) for each e € J,(X) the stabilizer Stab s(e) is generated by G..

Then M(N) admits a presentation with generators

U SeU{helec d(X)}

vedy(X)

and relations:

- UUEJO(X) Ry,

— he, =1 and (if g € {5,6}) he, =1,

- hol1(2)he = ce(z) for e € J,(X) and = € G, where 1.: Stabs(e) —
Stab s(i(e)) is the inclusion and c.: Stab s(e) — Stab s(t(e)) is the con-
jugation map defined abowve,

= hey(p@a(Nheypyzs (T 5y = 21(f) for | € Jy(X). O

Recall that in order to prove Theorem 3.6 we want to define a homomorphism
¥: M(Ngo) = G, 0, which will be the inverse of ¢4, from Proposition 3.7. We
will use the presentation from Theorem 5.7 and define 1 on the generators and
prove that it respects the defining relations. To this end we need presentations
of Stab s(v) and generators of Stab s(e) which will be obtained by using the ex-
act sequences defined in the previous subsection and the induction hypothesis.
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FIGUurRE 7. The loop 7;.

6. The stabilizer of 1]

In this section we are assuming n € {0,1}, g +n > 4 and that Theorems 3.5
and 3.6 are true for g — 1. Recall from Subsection 3.3 the definitions of &
and @g n.

THEOREM 6.1. — The stabilizer Stab[ug] = Stabyn, .)[pg] is generated
by u;, a;, bj for1 <1 < g—2,2<25 < g—3 and ag_1ug—1. There is a
homomorphism ., : Stab[u,] — ﬁg,n such that ¢4, 0 Py, = idstapl,] and
Yo, (T) = & for each generator x of Stab[u,].

Proof. — We will obtain a presentation of Stab[u,] by applying Lemma 2.1 to
the exact sequence (5.3), which in this case is

1 — 11(Ng1.m, P) 5 Stably] = M(Ny_1.,) — 1,

where we assume that N,_; , was obtained by cutting N, , along u, and then
gluing a disc with puncture P along the resulting boundary component.
The kernel 7 (Ny—1,,, P) is generated by the homotopy classes of the loops

ni in Figure 7 for i = 1,...,9 — 1. Let 0; = ¢[n;] = Yy, 4, ,,- If n = 1 then
T1(Ng—1,n, P) is free, while if n = 0, then there is a single kernel relation:

(K) 0‘3_1“-0‘% =1.

By the induction hypothesis M(N,_1 ,) admits the presentation given in The-
orem 3.5 if n = 1 or 3.6 if n = 0. In the latter case we replace the relation
(D) by (Da) (see Lemma 3.11). For the cokernel generators we take u;, a; and
bj for 1 < i < g—2,0 < 25 < g— 3. Observe that all defining relations
of M(Ny_1,) are satisfied also in M(Ny ), except (B4) and (Da) if n =0, in
which case we have instead

(B4) (u1---ug-3)? "% =02,

(Da) ag—2(ug—3---u101 - 0g—3)ag—2(Ug—3 - - U1G7 - - - ag,g)_l = 037109,20;_11.

These relations hold in JM(Ny o) because the corresponding relations, with each
o; replaced by p[n;], hold in M(Ny_1 0, P). Indeed, by Lemma 2.2, p[n2_,] is
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equal to a product of two Dehn twists about the boundary curves of a reg-
ular neighborhood of a simple loop homotopic to 773_1. One of these curves
bounds a Mobius strip, and hence the twist is trivial, while the other curve
bounds Ny_s 1 and the twist is equal to Ag_Q = (uq - ~ug,3)g_2. Analogously,
P[U§_177g—2779__11] is equal to the product of Dehn twists about the curves ay_o
and ug_3---urag - - - ag_3(g_2).

To determine the conjugation relations we have to express zo;z ™! in terms
of the kernel generators for 4 = 1,...,g — 1 and each cokernel generator z (it
is not necessary to consider 2~ 1o,z by the remark after Lemma 2.1). This can
be done by first expressing z[n;] in the generators of m (Ny_1,,, P), and then
applying ¢ together with Lemma 2.3. Since every cokernel generator can be
expressed in terms of u; for i =1,...,9 — 2, ag_2 and b, we only have to use
these cokernel generators to produce the conjugation relations. As a result we
obtain:

(1

UiTip1U; = = O,

) (2) i L= i
(3) wioju; ! = aj for j #4,i+1, (4) a4 gag_lag__12 =0, 1042,
(5) ag— gog gag 9 =0,_ 2% 1ag 2, (6) a4 20']'(1;_12 =ojforj<g—2
(7) bojb~" =g for j >4, (8) boyb™! =046
(9) boZozb™! = 02036, (10) bo2a3oab™t = 0202046,
(11) boio2oiob™ ! = 020205016, where § = 04030207.

We also have the following relations:

—1 2 -1 _-1 2 2
430403 = 0,403, 2030443 Qg = 040302

a1azazosaz tay a;t = olodasoy, aj(Saj_l =9, for j=1,2,3,

but since every a; can be expressed in terms of ag_o and u;’s by (C2), these
relations are consequences of (C2), (1-6) and the kernel relation (K). Since b
commutes with a; for j = 1,2,3 (A3), the relations above together with (8)
imply (9, 10, 11). This shows that (9, 10, 11) are redundant, they follow from
other relations.

For ¢ > 1, if we conjugate both sides of (2) by u;u;— L then by using (B2),
(1), (3) we obtain the relation u;_10;_1u; 11 =o; 2101 o7_;. If follows that we
only need (2) with ¢ = g — 2. Therefore we replace (2) by

—2 2
(2') ug—20y- 2“g 2 = 043-20g-104_2-
We claim that we can also replace (3) by
3 wo,_qu;t =0, fori<g-3.
g i g g
Indeed, if we set z = ujuji1 - ug_a, then zoy_1271 =0, by (1), fori < j—1

we have zu;z~! = u; by (B1), and for i > j we have zu;_12~! = u; by (B1,B2).
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Thus (3) follows from (3’) by applying conjugation by z. Similarly, it can be
easily proved, using (1) and (Cla, C7a), that (6, 7) can be replaced by
(6") ag_2ag_3ag__12 =043 (7Y bog_1b"t =0, if g > 5.
We have 0g_1 = yg—1 = ag_1tg—1, and o; = (u; -+ Ug—2)ag—1ug—1 (Ui -+ ug—2) "
for i < g—1 by (1). It follows that Stab[uy] is generated by the elements
listed in the theorem. To prove that the mapping ., (z) = z for = a generator

of Stab[uy] extends to a homomorphism, we have to check that (K, ]év4, ]/52/1, 2/,
3',4,5,6, 7, 8) are satisfied in Gy

By (1), the kernel relation (K) can be rewritten using only the generators u;
and o2_;. Since 02_; = (ag-1ug-1)> = u’_, by (C4a), (K) is satisfied in Gon
by Lemma 3.12, and so is (B4). By (Da) in §, , we have

_ _ 1 - _1 .\ (BL,B2,C1
agfll = (ug_2...u1a1 ...ag_2)ag_1(a9712...a1 1u1 1 ...ugig) = )

1 1

-1 -1 -1, — -1 -1
Ug—20, 1 (Ug—3 -+ U101 -+~ ag_3)ag_2(ag g -+ a1 Uy~ - Uy g)ag 1Uy

and after substitution (]3;3,) becomes

-1 y-1,-1 -1 -1
ag—2(ug—2a,_1) 1%—1(“9—2%—1) = 02—109—209—1-

Since 041 and 04— can be expressed in the generators ag_1, ag—2, Ug—1, Ug—2,
the last relation holds in §, by Corollary 4.2 and so do (2, 4, 5). (3') follows
from (B1, Cla), (6') follows from (C3, Al, Cla), (7’) follows from (A3, CT7a).
By (B1, B2, Cla, C2) we have

o4 = (usgUg_2)ag 1ty 1(uq---ug )" = (Us - tug_1) " agug(us - ug_1)

0= (U5 cee ug_1)_1a4a3a2a1u1uQu3U4(U5 e ’Ll,g_l)

and we see that (8) follows from (C8) and the fact that (us - --ug—1) commutes
with b (C7a). Thus 1, is a homomorphism and obviously ¢ »0v., = idstab[u,]-

O
LEMMA 6.2. — If g > 5 then the following relation holds in ﬁg 1-
(Cg) b(a4a3a2a1u1u2u;:,U4) = (a4a3a2a1u1u21L3u4)b.

Proof. — By (C8) we have ajazasaiuiusuzuy = (agug)*blagug)b=t. (C9) is

satisfied in JM(N, 1) because (asus) 'b(asuy) is a Dehn twist about the curve
(asuqg)~1(B), which is disjoint from 8 up to isotopy. Since b, asus € Stab[u,],
(C9) also holds in 7, , by Theorem 6.1. O
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We define J ,(v2) to be the image of ¢y, in &, . By Theorem 6.1 4, is
an isomorphism onto f g’n(vz), whose inverse is the restriction of ¢g ;.

Recall from Subsection 3.3 that ﬁ; o is the quotient of & , by the nor-
mal closure of A2 and ¢} ,: ﬁ;,o — M*(N, 0, P) is a homomorphism induced
by ©g.1.

2 . .
LEMMA 6.3. — Ag is central in ﬁ%l.

Proof. — Sinceu_; = (ag_1uy-1)* by (Cda),u_; € 4, (v2). By Lemma 3.4,
A € J, 1 (v2). Since @,1(A2) is a Dehn twist about the boundary of N, 1, it
is central in M(Ny 1), and since the restriction of ¢4 1 to dg,l(vz) is an iso-
morphism, A2 is central in 4,1 (v2). Note that &, is generated by o, (v2),
ug—1, and if g = 4 then also b. By (B5) A§ commutes with ugy_; and it re-
mains to prove that it commutes with b if g = 4. By (C6a) b commutes with
(a1a2a3)?(uiuzu3z)?, and by (A3) it commutes with (ajazas)?, hence it com-
mutes with (ujusuz)? and with A2 = (ujugus)*. O

COROLLARY 6.4. — g1 is an isomorphism if and only if goé)o is an isomor-
phism. (I

Proof. — By Lemma 6.3 the normal closure of AZ is a cyclic subgroup of ﬁg 1-
Moreover, as kere, is infinite cyclic, the restriction of ¢, 1 to the subgroup
of ﬁg’l generated by Ag is an isomorphism onto kerz,. We have the following
commutative diagram:

1
1 — 2 o — Gy 1
| e s
1 Z M(Ny1) —2— M (Nyo,P) — 1.
Since the rows are exact, the corollary follows from the five lemma. O

Let J;O(vg) be the image of ¢f, ;(vs) under the canonical projection

1 . i
p: ﬁg,l — gg,O' Since Stabm+(Ng,0,p)[ug] = Z*(Stab/’l/t(Ng,l)[:u'g]), there is an
isomorphism
1 1
(R StabmﬂNg,o,P) [1g] — ‘Jg,m
such that 1, o w;Z = 1, o p, and whose inverse is the restriction of <p;’0.
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7. Proof of Theorem 3.5

In this section we assume that g > 4 is fixed, Theorem 3.6 is true for g and
Theorem 3.5 is true for g — 1. The last assumption implies that Theorem 6.1
is true for g, as well as Lemma 6.2 and Corollary 6.4. Theorem 3.5 for g will
follow from Corollary 6.4 and the following theorem.

THEOREM 7.1. — ¢y o: ﬁ; o — M (Ngo, P) is an isomorphism.
Proof. — First we will obtain a presentation for (N, o, P) by applying
Lemma 2.1 to the Birman exact sequence (2.1)

1 — 11 (Nyo, P) B M(Nyo, P) 5 M(N, ) — 1

and the presentation of M(Ny o) given in Theorem 3.6. Then we will apply the
Reidemeister-Schreier method to find a presentation of ™ (N, 4,0, P), which is
an index 2 subgroup of M(Ny o, P).

To obtain a presentation for (N o, P) we proceed in the same way as we
did in the proof of Theorem 6.1, with the following differences: (1) we use the
sequence (2.1) instead of (5.3); (2) in the presentation of M (N, o) we use (D)
instead of (Da), and we replace the relation (B4) by the equlvalent relation

(B4b) (UQ tee Ugfl)g_l = ].,

obtained by conjugating (B4) by A,; (3) to produce the conjugation relations
we use the cokernel generators u; for ¢ = 1,...,9 — 1, b and afl (instead
of ag_1). As a result we obtain a presentation with kernel generators o; = p[n;]
for ¢ € {1,...,9} and cokernel generators u;,a; and b; for 1 < ¢ < g — 1,
0 <25 < g — 2. There is the single kernel relation

K) o001 =1,

the cokernel relations are the defining relations of (N o) except for (B4b)
and (D), instead of which we have

(B4b) (uz- - ug_1)9"" = o?

(]5) al(a2 PPN ag_lug_l P U2)a1 (az PPN ag_lug_l P UQ)_I

= (0'20'1)_1.

By Lemma 6.2, if g > 5 then (C9) is a consequence of the cokernel relations.
The conjugation relations are

U044 1U; ~1 = 0y, 2) u;o = 0'»7201' 10-2,
( ) + % +1¢4
(3) uloj =o; forj#i,i+1, (4) a7 tora; = o903,
“losa; = og0 10_1, 6) a; azal = o, for i > 2,
1 02 1
b~lob=0, for j >4, 8) b~lob = doy,
J J
9) b toy02b = d09072, 10) b~ to30202b = do30202,
1 1 201 201
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where § = 04030207.

-1_ 2 2 2 2
(11) b~ 04050507b = dos050507%,
For i > 1 and j ¢ {i,i+ 1} we have
- . . = . 71 71 71 . . = .
a; 0i410; = 04410; 0,0, a; 0;a; = 0j.

a;laiai = UHlof,
Since a; can be expressed in terms of a; and the ug’s by (C2) or (C3), these

relations follow from (C2,C3), (1-6) and (K). As a consequence of the above

relations we have
a;laflolalag = 030%01

-1 2
@, 01a1 = 0207,

1 -1 — 1 .
a3 ay Q] 01010203 = 04030507, aj daj =9, for j =1,2,3.

11
These relations together with (8) and (A3) imply (9,10,11). Hence the last

relations are redundant. We also have
(azalagag)_ 0'201((12&1(13&2) = (a1a3a2)_1(030501)((11(13(12) =

(aga2)7 (0302)(a3a2) = CLZ_I(O'4O'3O'2)CL2 = 0403.

It follows that (8) can be replaced by
(8" b lob = (azalagaz)_10'20'1((120,1(130,2)0'20'%.

Similarly as in the proof of Theorem 6.1 it can be proved that (2,3,6,7) can be

replaced by

(2/) ulolul_l = 0'1_20'20'1, (3,) uicrlui_l =01 for i > 2,

(6') aytosa; = 03, (7') bosb™! = 0.

C3) 1 1 -1
Uy Uy Gy 0102UIU2.

We have
—1 1 1 -1 1 (C3
a) 03a1 = Q1 Uy Up O1UIU2G1 =

Therefore we can replace (6') by (6”) a;*o1a2 = o1. By (1), the relation (5) is

equivalent to
-1 — _ 1 -1 — C4
a; Uy o1U1a1 = Uy 101u101 1u1 10'1 1u1 s:;

1 (5/)

(1) -1 -1 -1 -
<~ a101a; " = 01U107 0y Uy

alalafl = Jlulafluf 0, 1
12.

Let z = agazasaiuiususuy. We have
o5 = (uluQU3u4)_101(u1u2uQ,u4) = z_l(a4a3a2a1)01(a4a3a2a1)_

Since z commutes with b by (C9), we can replace (7’) by
(7”) b_l(a4a3a2a1)al(a4a3a2a1)_1b = (a4a3a2a1)01(a4a3a2a1)_

Summarising, we have reduced the conjugation relations to the following ones,

which are rewritten in a convenient way.
-»9 — 1)

(R1) ui0i+1u;1 =g; fori=1,.

TOME 143 — 2015 — N° 3



PRESENTATION FOR THE MAPPING CLASS GROUP 535

R2) oyuio;t = (0201) ‘otuy,
R3) oluial_l = u; for i > 2,
R4) 0'1(110'1_1 = a1(0'20'1),
R ) U;lalUl = ul(ozal)_luflal,
R ) Ulaszl = a2,
R7) 01(a4a3a2a1)_1b(a4a3a2a1)01_1 = (agazasay) " 'b(asazazar),
R8) crlbcrl_l = b(azaiaszaz) tos0(azaiazas)or0;.
Since all defining relations of ﬁ; o appear as cokernel relations in our presenta-
tion, the relations (E2a, E3) from Lemma 3.9 are consequences of the cokernel
relations. Let r = r; and note that (D) can be rewritten as
11— _1 C4,E2a _

0201 = Q4 11”’11,1 1(11 1U1’l" 1 422& aq 17"(117‘.
Claim 1: (R7) is redundant
Proof of Claim 1. — By (A1-A4) we have

(a4a3a2a1)71b(a4a3a2a1) = (ba4a3a2)a1(ba4a3a2)71,
thus (R7) is equivalent to
ol(ba4a3a2)a1(ba4a3a2)_1c71_1 = (ba4a3a2)a1(ba4a3ag)_1.

It is a consequence of (R3), (R6) and (C3) that o; commutes with ag, ag and
ay. It follows that the relation above is equivalent to

(b_lolbal_l)a4a3a2(Ulalafl)(a4a3a2)_1(Ulb_lol_lb) = (a4a3a2)a1(a4a3a2)_1.
Let L denote the left hand side of the last relation. By (l~), R4, R8) we have

L= ((a2a1a3a2)_lal_1ralr(agalagag)al_lralr)a4a3a2 (rair)-

1

a; aglazl (ral_lral (a2a1a3a2)_17'(11_17‘a1 (az2a1a3a2)),

and since
(agalagag)al_1ra1ra4a3a2ra1ra2_1a51azlral_lral(a2a1a3a2)71

(E22a,E3) -1 -1 —-1_-1_—1 -1
= (a2a1a302)a] "TA10403020105 a3 a; a; Tai(aza1a3a2)

(AL,A2) -1, -1 -1 -1
=" (aga1a3a2)a] "ra; a3 aiazasrai(azaiazas)

(E2a,E3) -1 _—-1_-1 -1
= (a2a1a3a2)a] “a5 a3 asazazai(azaiazaz)

(A1,A2) 4
= Qa3 a4as,

thus

1 1

L= a2_1a3_1a1_ a2_1a1_ ralra51a4a3ra1_lralagalagag

(B2a,E3,A1) _; _3

-1
ay az a;

a51a§1a4a3a2a1a3a2
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(A1,A2) _

=" (aqasaz)ai(asazaz) L

This ends the proof of Claim 1, which allows us to rule out (R7) from the
presentation. Then we make the following transformations.

(1) By using the relations (R1) and (B4b) we rewrite (K) in the generators
u;. By Lemma 3.12, (K) can be removed from the presentation.

(2) In (C8) we replace ajazasajujusuguy by the right hand side of the
following equation, which is a consequence of (B1, B2, C2).

a4U4(u4_1a3u3u4)(uzluglaguzwm)(uzlugluglaluluzugm) =
a4u4(U3a4U4u§1)(uQu3a4u4u§1u§1)(uluQu3a4U4ug1u51uf1)

In this way (C8) is expressed in the generators of Stab[u,).
(3) In (C6) we replace (ajazas)?(ujugus)? by its expression in the generators
of Stab[u,] resulting from the following equations.

(C1a,C3) (A1,B1,B2)

(a1a2a3)2(u1u2u;:,)2 alagagalag(u1u21L3)2a1

o 4 2 (B2,C2)
1102010302 (UgU3U U2U3) A1 = A1G20103U3 (U5 A2U2U3)UTULUSAY =~ =

_ (C4a) _
a1020103u3(U2a3U3Us 1)u1u2u§a1 = a1a201 (agus)ug(asus)us, 1u1u2(a3U3)2a1.

(4) Using Lemma 3.4, we replace (ug - --u4—1)7 by

u?y—l(ug—ng—lug—Q) (g - ‘“3—1 eeug)

in (B3), and (ug---ug—1)9"! by
ug_l(ug_QuZ_lug_Q) e (UQ e ug_l e U2)

]/B—ZLB) Note that these are expressions in the generators of Stab|[pug].

in (

(5) We replace (0201) by ay'ra;r in (R2, R4, R5, R8) and by u] 'oyui0y 'o?
in (D), then we rule out the generators o; for ¢ > 1 together with (R1).

(6) If g = 4, then we replace the right hand side of (R8) by b(ajasaz) ™.

We have to prove that this yields an equivalent relation. Let w = ajasas,
2z = ugusu1. We have r = wz and
-1 (Cla,C2) 5 (B1,B2) 9
Tay Ta] = W2a2a3201 =  Wa1022°a1 = wa1as(UsusuzuiUs)ay

2,2

(C1a,C3) 2
= wayaza3(usuguguiuz) = wz".

Hence, the inverse of the right hand side of (R8) times b equals

(ALA2) 9 5 2 o

’w222((120/1(13(12)_111)222(agalagag) w z“a32" (a2a1a302)

(B1,B2)
= w2(u§u2u1u3uQ)a§z2 (aza1a3a2)

(C1,C2)
= w2afz4a2a1a3a2
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(B3) (A1,A2)
= wQa%agalagag = (a1a2a3)4.
(7) In (A9) we replace b, by the expression in the generators b and a; result-
ing from (A7,A8). Then we rule out the generators b; for j # 1 together with
(A7, AB).

As aresult of these transformations we obtain a presentation with generators
a;,u; fori=1,...,9—1, band o1, which we will denote simply as ¢. Until the
end of this proof we Wlll denote JU(N, o, P) as M, M (N, o, P) as MU, ﬁ;O
as ¢, and <pg’0 as .

In the next step we obtain a presentation for 1 by the Reidemeister-Shreier
method, for which we take {1,0} as a transversal of U/ M. The generators
of M are:

/ -1 1 -1 1 _ -1 2
b, a;, u;, b =0bo™ ", a; = 0a,0” ", u; = ou0” T, 07,

fori =1,...,9—1. Note that every defining relation (Rel) of # can be regarded
as a relation in the generators of /U™ after replacing every sub- Word oxo~ ! by
the generator 2’ for x € {a;,u;, b}, and every o~ 'zo by o~ 2x'0%. Conjugating
(Rel) by o yields another relation (Rel’), obtained by replacing in (Rel) every
x € {a;,u;,b} by o/, and every x’ by o2zo~2. The relations (Rel) and (Rel’),
for all defining relations (Rel) of U, are the defining relations of ™.

Let Gy = {as,u;,al,ul|1 < i < g—1}U{bV,0?} denote the set of
generators of M*. We define v: G 5+ — ¥ as

Y(x) =z forze{a,u|li=1,...,9—1}U{b},
!

¥(a)) =a;, wul)=u; fori=2,...,9—1,
¥(0?) = ug (g 2ug Llg_2) - (u2-~~u§_1~-~uQ),
P(ay) = rair,

$(uy) = ray rayp(o?)us,

') = b(agalagag)71al_lralr(agalagag)al_lralr.

Observe that for z € G 4+ we have ¢(¢(z)) = z. In order to show that v can
be extended to a homomorphism ¢ : M — &, we have to show that it respects
the defining relations of ™.

It is obvious that 1 respects the relations (A1-A6, A9, B1-B3, C1-CS8, ]§Zﬂ),
R2, R3, R4, R6, RS).

Let J = d;,o('UQ) and recall that this is the subgroup of & generated by a;,
u; for i € {1,...,9 — 2}, ag_1ug—1 and if g > 4 then also b. Suppose that
w=ai" ", where z; € G+ and g; € {1, —1}. We say that w is expressible
in f if (x1)%t - -9p(x)% € J, and a relation in M is expressible in  if
its both sides are expressible in . If ' ---z;* = 1 is a relation expressible
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in , then since p(¢(z;)) = z; and the restriction of ¢ to ¢ is an isomorphism,
P(x1)f - - p(xg)®* = 1. Thus ¢ respects the relations expressible in .

Set G+ = {ai,ui,aj,uj[1 <i<g—2}U {oz,ag,lug,l,a’g_lu;_l,ug_l,u’zfl}
plus {b,0'} if g > 4. Observe that every element of G s+ is expressible in ¢,
hence every word on G g4 U G;%1+ obtained as a concatenation of elements
of Gy U G‘}i is expressible in . It follows that the following relations are

expressible in f, hence are respected by ¢: (R2’, R4’, R5, R5', R6/, D, ]5/, B3,
B4b’, C4/, C5’, C8') and (R¥') if g > 4. (R3') is expressible in J for i < g — 1,
and for i = g — 1 it is o?ug_1072 = w) ;. Since Y(ul,_;) = Y(ug_1) = ug_1
and (0?) is a word in the wu;’s, thus v respects (R3’) for i = g — 1 by
Lemma 3.12. O

Claim 2. (C6') is expressible in J

Proof of Claim 2. — The right hand side of (C6’) (after transformation (3)) is
a concatenation of elements of G 4 U G;}r, thus it is expressible in . It suffices
to show that the same is true for the left hand side. There is nothing to do if

g > 4, so we assume g = 4. Let w = (ajaz2a3).

(W (ul) e (B))? = (usbw )2 T ygw= (bug)?uz w

(Cé6a) _ _ _ -1 -
=" usw ™2 (u1ugusug up)w ™ = uzw 2A4u1 L=

(E1) 1
= U3A4'w2u1 w4

(C1a,Cb5a) 1 - -
= uzAgusg L2 :u§u2u1U3uzw 2
(ALA2) o -1 -1 -2
= uzugug (uguga, az )(aiaz)

2 -1, -1 -1 —2
= uzuguy (ugugay uz )uszaz  (a1az)
(B2,C3,C4a) o -1 9

= uzuouy (ug asusug)asus(aras) ™" € 4. O

Claim 3. We have (b)) = rb~(araza3)*r

Proof of Claim 3. — If g = 4 then we have 1 (b’) = b(a1aza3)~* and the claim
follows from (G3) in Lemma 3.13. By looking at the effect of ro on the curve
B it can be checked that ro(83) and S are isotopic to the boundary curves of
a regular neighborhood of the union of «; for ¢ € {1,2,3}. Hence the chain
relation brb'r = (ajazas)? holds in M*(Ny o, P). If g > 4 then the last relation
is expressible in f and the claim follows.

It follows from Claim 3 and ¢(a}) = ra;r (E3), that if w’ is a word in af,
b’ and their inverses, then ¥ (w’) = rwr, where w is a word in a;, b and their
inverses. If w’ represents the trivial element of /4", then so does w, and by
Lemma 3.12 ¢(w’) = 1 in . Thus 9 respects the relations (A1'-A6’,A9').
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We check that 1) respects the remaining defining relations of 1.

(B1"): ugu; = wjuj. If 4,5 > 1 then (B1') is the same as (B1), and if 4, j < g—1
then it is expressible in . It remains to show that ¢ (uj_;) = ug_1 commutes
in @ with ¥(u}) = ray'rai1(o?)u;, which is true, because ru,_; = u;jlr
(E4), uy—1 commutes with aq, u; (B1l, C1) and ¢(0?) = (ug---ug_1)9"" is
central in the subgroup of & generated by w; for i > 1 (B5).

(C1"): aju} = ulaj for ¢ > 1. This relation is respected, because ¢ (u}) = u;
commutes with ¢(a}) = rayr by (C1, E4)

(B2, C2', C3') are either the same as (B2, C2, C3) if i > 1, or they are
expressible in J if i = 1.

(C7'): ugb’ = b'uf. This relation is respected, because v (uf) = us commutes
with ¥(b') = rb=1(a1a2a3)*r by (Cla, C7, E4).

(R8') for g = 4 is 0%bo=2 = b/(ajabay)~*. Let w = (ajaza3z). Because
respects (A3’), we have

D0 (W (ah)p(az)¥(az)) ™ = (Y(a))v(az)¥(az)) Y (V') = rw ™ rw™"b,
( ) U3UQ) and

(u3u2)3b(u;3uz)_3 =rw

(¥
(
w4

— whrwlr(usug)® = bluzug)3b!

s} whrwtr(usug)® = (wiuguzw™1)?

— wirwr(usuy)?® = wiususw?ususw ugusw !

— wrw’ (UstoU Usuols ) UsUsUpW = 'LLQU3'[U2U2U37'LU2U2’U,3

(C1a,Cb5a) -1 -1 -
p U)’I"’(USA4’U}’LL1 1U2 lul 1 u2u;:,w2u2w2u1u2us

E1
5:; wrwiAy = ugugw?usw?A, —
(Cla,Cbha) 1 -1 —
wrw? = uguswuy < = wrw? = wug 1u2 1u3 lw = r?=1.

Since 1) respects the defining relations of M7, it extends to a homomorphism,
which is the inverse of . O

8. The stabilizers of [«;] and [¢]

In this section we assume that g > 5 is fixed, Theorems 3.5 and 3.6 are true
for genera less then g and consequently Theorem 6.1 and Lemma 6.2 are true
for g. Recall from Subsection 3.3 the definitions of &, and ¢gn.
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8.1. The stabilizer of [¢]

LEMMA 8.1. — Let g > 4. In ﬁgo we have b~(ajazaz)? = A;;b_lAZ1 =
rabrg.

Proof. — First we show that these relations hold in M(N, o). Let X be a regular
neighborhood of the union of the curves o, for ¢ € {1,2,3} oriented so that a;
are right Dehn twists. X is a two holed torus, whose one boundary component
is isotopic to 3. Let 3’ be the other boundary component and denote as b’ the
right Dehn twist about 3. We have the well known relation (a;azaz)* = bb’
(called two holed torus or 3-chain relation). It can be checked that A4 and
T4 preserve X up to isotopy and map § on §’. Moreover, Ay reverses and 7,
preserves the orientation of . Thus ¥ = A4b~ A" = rybr, (recall that r,
has order two in M(Nyo) by (E2a)) and the relations from the lemma are
satisfied in M(Ng ). To see that they are also satisfied in ﬁg,o note that they
are composed of elements of Stab g, ,)[is] (because g > 4) and hence it
suffices to apply the homomorphism %,, from Theorem 6.1. O

THEOREM 8.2. — Let g € {5,6}. The stabilizer Stab[{] = Stab s, )[¢] is
generated by a;, b; for 1 <1< g—1,2<2j < g—2and Ay ifg =5, or
ug1A4 and r¢ if g = 6. There is a homomorphism 1, : Stab[{] — ﬁ%o such
that g0 © Yy, = idgable] and Yy, (z) = x for each generator x of Stab[¢].

Proof. — Let Stab = Stab[¢], Stab® = Stab™[¢], ¥ = G400 ¢ = ¥g,0- Recall
from Subsection 5.2 that Stab™ = p¢ (U(N¢)), where N is obtained by cutting
Ny along ¢ and p¢ is the homomorphism induced by the gluing map. V¢
is homeomorphic to S ;_4 and it is easy to see that Stab® = pg(M(N¢)) =
2+ (M(S2,9—4)), where j, is the map induced by the inclusion in Ny ¢ of a regular
neighborhood of the union of the curves a; for i € {1,...,g—1}. It follows that
Stab™ is generated by a;, bjfor 1 <i<g—1,2<2j < g—2. Moreover, by
Lemma 3.12 every relation in Stab™ between these generators is also a relation
in §. By applying Lemma 2.1 to the sequence (5.1)

1 — Stab™ — Stab — Z§™* — 1,

we see that Stab is generated by Stab™ and g — 4 cokernel generators. If g = 5,
then for the cokernel generator we take A4, which preserves the curve £ and
reverses its orientation. If g = 6, then for the cokernel generators we take
ug1A4, which reverses orientation of £ and preserves its sides, and r = r¢
which preserves orientation of ¢ and swaps its sides. It remains to check that
the mapping 9,,(z) = = for = a generator of Stab[¢] respects the cokernel and
conjugation relations.
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Case g = 5. — The cokernel relation is (B4) A% = 1. The conjugation relations
are (E1) Aya;Ay = a} ', for i € {1,2,3} and

(1) A4bA4 = b(alagag)_4, (2) A4G4A4 = (a1a2a3)a21(a1a2a3)_1.

These relations are satisfied in &, (1) by Lemma 8.1 and (2) because

_ _1 (Da) _
(alagag)a41(a1a2a3) VY= (usuguy) "t ag(usugur)

Cla _ —
( = ) (U3UQU1) 1A3 1a4A3(U3uQu1) = A4(1,4A4.
Case g = 6. — The cokernel relations are (E2a) r? = 1 and

(3) (us'A9)?=1, (4 (ruz'Ag)*=1.

They are satisfied in & because us commutes with A4 by (B1) and

— B4a B8 _ B3 _
us? (Bda) (g up)(uy - - ua) (B8) AZA]? (B3) A7
(rug'Ay)? (Eda) us A tug PAy = 1.
The conjugation relations are (E3a) ra;r = a; for ¢ € {17 e, 5} and

(5) rbr = b~ (arazaz)®, (6) us "AsbA;  us = b(arasaz)?,
(7) ug1A4aiA21u5 = a;_14 for i € {1,2,3}, (8) ug1A4a5AZ1u5 = a5_1,

K2

9) ug1A4a4AZ1u5 = (a1a2a3a4)ag1(a1a2a3a4)_1.

(5, 6) follow from Lemma 8.1 and (Cla, C7), (7) from (Cla, E1) and (8) from
(Cla, C4a). We have

_ _ 3) . _ _ c3) 1 _ B1,Cla)
ug 1A4a4A4 Lug @ Ay 1u5a4u5 1A, (E Ay 1u4 LasusAy (B1,C

_ (Da) _ _
(uqugusuq) 1a5(u4U3u2u1) = (a1a2a3a4)a51(a1a2a3a4) 1

which proves that (9) holds in . We do not need to check that 1, respects
the conjugation relations expressing rbor and ug1A4b2AZIU5 in the genera-
tors of Stab™, because they follow from (A8) and the remaining conjugation
relations. O

8.2. The stabilizer of o]

THEOREM 8.3. — Let g > 5. The stabilizer Stab[a;] = Stab gy, )[c1] is gen-
erated by u;, a; fori € {1,3,...,9 =1}, b; for 2 < 2j < g, c =Ty, .4

(if 9> 6), v="Y,,p and ry. There is a homomorphism vy, : Stablau] — G,

such that 4,00y, = idsgabja,] and Yy, (¢) = (a1 -+~ as5)?b(ay - - a5) 2, thy, (V) =
azasaiuiugug and P, () = x for the remaining generators of Stab[ay].
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Proof. — Let Stab = Stab[a;], Stab™ = Stab™ [a;], & = G40 and 0 = @g0.
First we are going to define a homomorphism ¢*: Stab™ — g such that o
¥t = idgap+ - Recall the exact sequence (5.2)

1 — Z — M(Na,) % Stab™ — 1,

where N, is obtained by cutting N along a;, and p = p,, is induced by
the gluing. In order to define ™ it suffices to construct a homomorphism
' M(Ny,) — G satistying ¢’ (kerp) =1 and @ o ¢)’ = p.

Since N, is homeomorphic to Ny_ 2, we need a presentation for M(Ny_2 2),
which can be obtained from the sequence (2.2)

1= Z— M(Ng—g,) = M (Ng—2,1,P) = 1,
provided that we have a presentation for U™ (Ng—21,P).

Step 1: A presentation of /"l/ﬁ'(Ng,g,l,P). — We proceed in the same way as
in the proof of Theorem 7.1. First we apply Lemma 2.1 to the Birman exact
sequence

1— Wl(Ng,Q,l,P) — Wl(Ng,gJ,P) — ﬂ/l(Ng,Q,l) — 1

and the presentation of M(Ny_2 1) given in Theorem 3.5. As a result we obtain
a presentation of M(Nyz_s1,P) on generators a;, u; for 1 < i < g — 3, b;
for 2<2j < g—4and o for 1 <1< g—2. Since m(Ny—2,1, P) is free, there
are no kernel relations. The cokernel relations are (A1-A9, B1, B2, C1-C8) and
the conjugation relations are (1-11), the same as in the proof of Theorem 7.1,
and by repeating the arguments from that proof we can reduce the conjugation
relations to (R1-R8). Then we make the transformations (2, 3, 7) from the
proof of Theorem 7.1 and instead of (5) we replace (0201) by aj'oia107" in
(R2, R5, R8) and by uj 'oyui07 *o? in (R4). Then we rule out the generators o;
for i > 1 together with (R1). By the Reidemeister-Schreier method we obtain
a presentation for ﬂ/ﬁ'(Ng,z,l,P) on the generators b, a;, u;, b = obo~ !,
a; = oa;o" ", up = ou;o~! and o2, where ¢ = o¢y. The relations are the
defining relations of M(Ny_2 1, P) (Rel) and their conjugates by o (Rel’). Note
that a} = a; and u, = u; for i > 1 while ¥’ and 02 may be expressed in
the remaining generators by (R8) and (R2) respectively. We record for future
reference the following remark.

REMARK 8.4. — ﬂ/ﬁ'(Ng,z,l,P) is generated by a; for i = 1,...,9 — 3, u;
for j=1,...,9—4, ag_3ug_3, a}, ajuy, and b if g —2 > 4.
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Step 2: A presentation for M(Ny_22). — We apply Lemma 2.1 to the se-
quence (2.2). Let d; and dy be Dehn twists about the boundary components
of M(Ngy—22), such that d; generates the kernel of the map M(Ny_22) —
M (Ny—2.1, P). We are assuming that N,_s o = N,_21\U, where U is a small
open neighborhood of P, and we treat b, b, a;, a, (resp. w;, u} ) for i €
{1,...,9 — 3} as Dehn twists (resp. crosscap transpositions) on N,_s 2. These
will be our cokernel generators of M(Ny_22), together with o2 defined accord-
ing to (R2) as 02 = al_la'lu’lul_l. There are two types of defining relations
of M(Ny—_2,2): (I) The conjugation relations: diz = xd;, for which it suffices to
take the cokernel generators z from Remark 8.4. (II) The cokernel relations:
for every defining relation w = 1 of U* (N,_2,1, P) we have a relation w = d¥
in M(Ng—2,2), where k is some integer depending on w. We denote as (f{\é/l) and

(Rel’) the cokernel relations corresponding to (Rel) and (Rel’) respectively.

Step 8: Definition of ¢'. — There is a homeomorphism f: Ny_o9 — N,
inducing an isomorphism f,: M(Ny_22) — M(Na,) such that fi(a;) = a2,
fe(ui) = uipo, for i € {1,...,9 = 3}, fu(b) = Tyy,06 = 6 fela)) = b,
fo(t') = by and fi(u)) = Uy, 3 = Tj 'Yy, 5 = b~ 'v. We assume that the Dehn
twists d1, da are such that p(f.(d1)) = a1 = p(f.(d31)).

We define ¢': M(Ny,) — G as ¢’ = 0o f71, where 0: M(Ny_22) — G is
defined on the generators as:

ai, Q(al) = 042, 0(uz) = Uj+2 for i € {1, vy g — 3},
=b, 6(u))=btasasaiuiusuy,
b) = (a1---a5)*b(a1---a5)"%,  O(b') = by,

0?) = 0(a1)710(a})0(u))0(u1) "t = asaiuius.

For every generator z of U(Ny_2 2) we have p(6(z)) = p(f«(z)). This is obvious
for all generators except b and u}. We have p(0(b)) = (a1 - --as)?b(a; - - - as) "2,
p(f«(b)) = ¢, and since (a; - - - a5)? maps 3 on 7{3,4,5,6}, the equality holds. We
have p(f.(u})) = b=, ¢(0(u})) = b~lasasajuiusu; and since the crosscap
pushing map is a homomorphism, thus

v = Yu4,ﬁ = YH4,’Y{3,4}

_ —1 -1, —1
YH477{2,4}YN477{1,4} —y3(U3 y2u3)(u3 Uy Y1ugu3)

-1 -1, —1
= aguz(uz  aguzuz)(uz Uy A1UIULUS) = A3G201 U1 U2US.

By abuse of notation we are going to denote 6(b) by ¢ and b8(u}) by v. We
also set e = 9((72) = asaquius. In order to prove that # is a homomorphism,
we have to check that it respects the defining relations of M (Ny_22).
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Step 4: Proof that 6 is a homomorphism. — Let J = J, ,(v2) and let & be
the subgroup of & generated by b and the a;’s. Suppose that w is a word in the
generators of M(Ngy_22) and their inverses. We say that w is expressible in
or in & if it is mapped by 0 on an element of J or & respectively. By similar
argument as in the proof of Theorem 7.1, 6 respects the relations expressible
in J, and by Lemma 3.12 it also respects the relations expressible in . Since
0(dy) = a1 € JN &, a cokernel relation w = d¥ is expressible in  or @ if and
only if w is. By this observation we will be able to deduce that 6 respects some
cokernel relations without having to determine the exponent k.

The conjugation relations are mapped by 0 on a10(xz) = 6(z)a; for each
cokernel generator x from Remark 8.4. Note that 6(z) € J U & and since
a1 € JN @, thus 6 respects the conjugation relations.

Let s = (u1 - - - ug—1). By (Cla, C3) we have s2a;87% = a;12 = 0(a;), and by
(B1, B2) s?u;s72 = u;40 = (u;) fori € {1,...,9 — 3}. Also

2 (B5) 3 (ALA3)

s%bs (a1-+-ag_1)*b(ar---ay_1) c=6(b).

If (Rel) is one of the relations (A1-A6, A9, B1, B2, C1-C8) then (Rel) is the
same as (Rel) and it is mapped by 6 on its conjugate by s2.

If (Rel) is one of the relations (R2, R3, R6) then (Rel) is the same as (Rel)
and it is trivially preserved by 6. (R2’, R4, R4’, R5, R5’, C4/, C8') are express-
ible in J. (A1’ — A6’, A9, R7, R8) are expressible in &.

Note that (f’:?) is

(agazazal) "'V (asasasa)) = (asazazar) ' b(asazazar),
and (R7) is
0% (asa3a2a1) " b(asaza0a1)0~? = (asazasal) b (asazaqal).
We already know that 6 respects (1%47) and to prove the same for (f{\7/’ ) it suffices
to show that e = 0(0?) commutes in & with (agasasas)~'c(agasasas). It follows
from earlier part of the proof that in & we have
(agasagaz) 'c(asasasas) = s*(asazazar) 'b(asazazar)s 2,

where s = (u1...ug—1). Setting w = (asazaza;) " tb(asaszazay), it suffices to
show that it commutes with s—2es?. We have

_ (B1,C2) _
€ = a2a1UiUs = asua(u; 1a1u1u2) =" (agu2)ui(azuz)uj 1

By (B1, B2, B3) s72u1s? = s972u18*>79 = uy_1, and as (R7) is valid only
for g—2 > 5, ug_1 commutes with w by (Cla, C7a). By (B1, B2, Cla, C3) we
have

—2 2 -1 -1 -1
8T %agus8” = 8 Taju1s = ug_l(ul e Ug_2) arug (U Ug—2)Ug—1.
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Since w and (u---ug—2) tajui(us---ug_2) are in J and they commute
in M(Nyyp), they also commute in . We already proved that w commutes
with u,_1, hence it commutes with s~2es? and 6 respects (R7').

(R3) and (R6') are o?u; = u;0? for i > 2 and o%az = ag0? respectively,
and they are mapped on eu; 2 = u;y2e, eay = age, which follow from (A1, Bl,
Cla).

(BY’) is either the same as (B1) or vju; = ujuj for j > 2. The last relation
is mapped by 6 on b~tvu; = u;b~lv for i > 4, which follows from (B1, Cla,
C7a). (B2') is either the same as (B2) or ugujus = ujusuj, which is mapped
on

ush touy = b lougb v = U4b_1a4_1(a4UU4) = b_lazl(aww)b_lv
— ba4bU4b_1a21 = b(a4vu4)b_1v(a4UU4)_1.

Since b,v € J and aqvus € J (see transformation (5) in the proof of Theo-
rem 7.1), thus it suffices to show that the left hand side of the last relation is
also in . This is true because

1 (C8 (C4a)

1 (A ) -1
= Q404U4040U40y = A4U4VA4U4.

basbusb? ay; ) a4ba4U4b_1aZ

(@) is aju; = w;af for ¢ > 2 and it is mapped on (C7a) bu; = u;b for j > 4.

(C2') is either the same as (C2) or ajusu) = ugujas, which is mapped on
bush™ v = usb tvay — ba4bU4b_1a21(a4UU4) = bagusb vasuy.

Both sides of the last relation are in ¢f because we showed above that

basbusb~ta;t € J. (6?7) is either the same as (C3) or asujus = ujuqal, which
is mapped on

_ _ A4
ash tous = b tougd 5:2 basvuy = agvusb.

The last relation is equivalent to (C9) from Lemma 6.2. (6\5’) is ugajagu) =
ajay and it is mapped on

— A4 _ (C4a)
ugbasb ™ v = bay ﬁz% Ugly 1ba41) = bay <= agugbasvuy = basuy

The last relation follows from (C8, C9). (6\7/’) is b'us = usb’ and it is mapped
on bauy = urby, which follows from (A8, Cla, C7a).

It remains to show that 0 respects the relations (C6’) and (ﬁ‘g) This follows
from the next lemma, whose proof will be given in the next subsection. Recall
that a relation in JM(Ny_22) whose both sides are mapped by 6 on elements
of (J is called expressible in .

LEMMA 8.5. — (C6') and (R8) are ezpressible in J.
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Step 5: Checking that ¢’ (ker p) = 1. — Recall that d;, d are Dehn twists about
the boundary components of Ny_s o such that p(f.(d1d2)) = 1, and so f.(d1d2)
is a generator of ker p. We have ¢'(f«(d1dz)) = 0(d1d2) and to prove 0(d;ds) = 1
it suffices to show 0(didy) € . Let z = 02_y---07 € p(m1(Ng—2,1, P)). By
Lemma 2.2, in Ut (N,_51, P) we have the relation

z=dj(uy - uy_3)92,
where € € {—1, 1}, which gives in U(Ny_2 2)
2(uy - ug—3)? 9 = dsd®
for some k € Z. We have
0(didz)® = 0(2)(uz - --ug_1)*9aS™*.
Since (uz---ug—1)>79 € by Lemma 3.4, it suffices to prove 6(z) €  and
clearly it is enough to show that 6(c?_,) € J. We have
0(02_) = 0((uy -~ ug—3) "o (us -+ ug_3)) =
(ug--- Ug—l)_1a2a1ulu2(u3 S Ug_q) =
(ug--- ug,l)_laqu(ulazugufl)(ug S Ugq) =
(ug - tg—2)ag_1ug_1(ug - tg_2) " (U1 Ug_2)ag_1tg_1 (U - ug_2)""
where the last equality follows from (B1, B2, Cla, C3).

Step 6: Extending 9T. — We have a homomorphism ¢ : Stab™ — g defined
as YT (p(z)) = ¢/ (x) for z € M(N,,). Since po f.: M(N,_252) — Stab™ is an
epimorphism, Stab™ is generated by wu;, a; for i € {3,...,9 — 1}, b, ¢, v and
a;. By the definition of ¥’ (Step 3) we have ¢ (c) = (a; ---as)?b(a; - - - a5) "2,
YF(v) = azazaiuiuguz and P+ (z) = 2 for the remaining generators of Stab™.
Also 9t (ba) = by, and by (A8) T (b;) = b; for j > 3.

By applying Lemma 2.1 to the sequence (5.1) we see that Stab is generated
by Stab™ and two cokernel generators, for which we take u; (preserves orien-
tation of a; and swaps its sides) and r = 7, (reverses orientation of a; and
preserves its sides). We let 1,, be equal to ™ on Stab™ and 1, (u1) = u,
Yo, (r) =7 =a1---ag_1Ug—1 - - - u1. Note that ©(¢,, (z)) = = for every genera-
tor = of Stab. It remains to check that i, respects the cokernel and conjuga-
tion relations. The cokernel relations are (E2a) r? = 1, (E4a) (ru;)? = 1 and
u? = (uz -+ ug—1)9~2 which holds in & by Lemma 3.12.

By Remark 8.4, Stab™ is generated by Ug—1, b, ¢, v and a; for i =
1,3,...,9—1. Set

w = (u4 e ug_l)(a4 e a/g_]_)_l = (u4 e ug_2)ag_1/ulg_1(a4 .o ag_2)_1_
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The conjugation relations are (E3a) ra;r = a;, (E4) rug_ir = ug__ll, (C1a)
ulaiul_l =aqa;fori=3,...,9—1, (C4) ulalul_l = al_l, (B1) ulug_lul_l =Ug_1
and

(1) rbr = w= b~ 1w,
(2) rvr = azwtaz 'vazwaz’,
(3) rer = ¢ Y(azaqas)?,

(4) uytbuy = uz'rb~trus,
(5)
(6)

ul_lvul = u;laglrv_lra3u3,

ul_lcul =c.

It can be checked that wr and agwaglr preserve the curve (3, preserve
its orientation and reverse local orientation of its neighborhood. Additionally
azwaj 'r preserves 4. Since b = T and v = Y, 5, thus (1, 2) are satisfied
in M(N,). Since w € ¢J, they are also satisfied in @. Similarly, u;uz 'r and
UL Uz 1a§ Ly preserve 3, reverse its orientation and local orientation of its neigh-
borhood. Additionally uluglag Ly preserves p4. It follows that (4, 5) are satis-
fied in M(Ny ) and also in . By Lemma 8.1, 7br = b~ *(ajaza3)*. Conjugating
the last relation by (a; - --ag)? we obtain (3). Recall from Step 4 that in & we
have ¢ = s?bs™2 and s?uy_15~2 = u; where s = (uj - --uy—1). Conjugating the
relation buy_1 = u,_1b (C7a) by s? we obtain (6). O

8.3. Proof of Lemma 8.5. — To finish the proof of Theorem 8.3, we yet have
to prove that the relations

(C6')  (usb')? = a’lagall(a3u3)uQ(a3U3)u2_1u’1uQ(a3u3)2a'1d’f1,

i _ -1 _ -1 _
(R8') 02bo~2 =/ (aga}asas) " ta)  o2a10 % (agad,azaz)a,” ola 0 2dE?,

where k1, k2 are some integers, are expressible in f = J, ;(v2). This is obvious
if g > 6, therefore in this subsection we assume g = 6. We denote J(Ns,0)
by /M and G, , by G.

LEMMA 8.6. — The following relations hold in §.
(1) byajaszas = cdb (2) c_lugld%c = u5_1dU5,

where d = (asazasay) ~1b(asazasay).

Proof. — It is easy to check that (asazasas) maps the curve v¢ 256 on 3
and so d = T,y{m,s’s}. Observe that (2, oy, as and a5 bound a 4-holed sphere
in Ng o, and so in M we have the well known lantern relation, which is (1). The
same relation holds also in & by Lemma 3.12.

Since the curves us(v{34,5,6}) and (1,256} are disjoint up to isotopy, (2)
holds in /. It can be checked that w = (ugususus)(asazasas)~! preserves the
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curve 3 and preserves local orientation of its neighborhood. It follows that b
commutes with w in J# and also in &, because by (B1, C3,C4a)

-1 -1 -1 -1 -1 -1
W = uguz(UsGaUsUs )A5U5A5 Ay = UgUz(Uy  A5USUL)A5USA5 Ay € .
It follows that in & we have d = (uquszusus)~*b(usuzusuy) and

-2 (EE) (U . 2

c=(ay---as)*b(ay ---as) 5 1) 2b(us - uy)

(C7,B1) 1
= (Ugu3UsULU2U3UT U2UT ) D(UgUIUS UL U2 U3 U U2 U1 )
= (’U,QU3’LL1U2U1)71d(U2’LL3’U,1’U,2’U,1) = Azluldul_lA4.
Since u; commutes in § with us and ¢ (see relation (6) in Step 6 above), (2)
is equivalent in & to

crug ' AyeA T fuse = ug P AgeA  us.

The last relation holds in & by Theorem 8.2, because ¢ and uj Ay are in the
image of 1, : Stab[¢] — G. O

Clearly the right hand side of (6&) is expressible in ¢ and so it suffices to
show (0(u3)0(V'))? = (usb2)? € J. We have

—~
~—

1 -1 — Al,Cla
(u5b2)2 = (uscdbaj 1a3 1(15 1)2 (A1,01a)

_ _ _9 _9 (C4a) _9 _
uscdbaz 'usag *edbai *az? (& (uscdb)?ay a3z .

Since b commutes with b, a1, a2,a3 (A3, A9b), it also commutes with c¢d by
(1). By (C7) b commutes with us and we have

(usb)? = (uscd)?b?a; 2az? = (usc)?(c ug *duscd)b?a; 2a3?

—~
-

= (usc)?us ?(usd)?b?ay a3,
By (C6) and the transformation (3) from the proof of Theorem 7.1, (u3b)? can
be expressed in & in terms of a1, u1, az, uz, agus as

(u?,b)2 = a1a2a1(a3U3)u2(a3u3)u51u1uz(a3U3)2a1.

Conjugating this relation by (a; - - -as)? we obtain an expression of (usc)? in
terms of a3, u3, a4, u4, asus, and conjugating by (usuzusus)~! we obtain an
expression of (usd)? in terms of ay, uy, (uzus) tag(uzus), (usus) ™ tus(usuy),
asus. Hence (usc)? and (usd)? are in  and so is (usbz)?.

The relation (f{‘g) is mapped by 6 on
ece”! = bg(a4ba5a4)_1b_leage_1(a4ba5a4)b_leage_1a’f,
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where e = 0(0?) = asajujus. Since e commutes with a; by (B1,C3), asa;
commutes with by, b, a4, as by Lemma 3.12 and b(asbasas) = (asbasay)as by
(B2, B4), the relation is equivalent to

U UsC = b2a5_1(a4ba5a4)71u1u2a3u2_1u1_1(a4ba5a4)b71u1u2a3a’f.

We have to show that w €  for w defined as

1

-1, -1, —1; -1 -1 -1, -1 -1 k
w=c u; uj beay (asbasas)” uijusasuy uy (asbasas)b” ujusasay.

We define in & three equivalence relations ~,, ~r and ~ as follows. We set
w1 ~p, wy if there exists u € J such that ws = ww;. Similarly, we set w; ~g wa
if there exists u € J such that wy = wju. Finally, we set w; &~ wy if there exist
u,u’ €  such that ws = uwiu’. Observe that the equivalence class of w for
the relation ~, is the coset Jw, its equivalence class for the relation ~ g is the
coset wyf, and its equivalence class for the relation ~ is the double-coset Jwd.
Observe also that = is the equivalence relation generated by the union of ~p,
and ~g. Moreover, we have w € ( if and only if the equivalence class of w for
the relation ~ is (.

By (A1-A4) and (Cla) we have
(a4ba5a4)71u1u2a3u2_1u1_1(a4ba5a4) =

—1;-1 -1 _—1 -1, —1
a; b ag a; uiugasu, u;  asasbay =

—1;-1 -1 -1 —1 -1
ay b ujugag ay asasasug, u; bag =

—1;-1 -1 -1 -1 -1 —1;-1

a; b ujugazasasay az us; up bas ~gray b ujusasasas.

Thus

—~
—

w ~R 671u2_1u1_1bgag1a21b71u1u2a3a4a5 =

-1, -1, -1 -1 -1 —1y -1, —1;-1
¢ Tuy uy (edbag “azay )ag ap b uiuzazaeas =

-1 —
c U,

We have

1 1

1. -2 1 —1 “1;-1 -1
uy caz ‘a3 (asasazaqs)” "blasasasas)bay b a] uiusazasas.

—1;-1 -1 -1 -1
(asasazaq)bay b~ a] uiu203a405 = G4a5a3b" @407 UIU2A304a05 =

a4a5a3b_1af1u1u2a3a4a5a3 ~R a4a5a3b_1af1u1uza3a4a5 =

a4b_1a5a3af1u1u2a3a4a5 = a4b_1a3a1_1u1u2a3a4a5a4.

LEMMA 8.7. — a5a4a3a§1aflu1uza3a4a5 ed.
Proof. — By (Da) and (C4a) we have
UsULU3U2UI A1 2030405 = A5U5U4LU3UULA1A20304 € gj
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and by (B1, B2, C3, C4a)

-l = uglull(a5U5)U4u3uZI(a5U5)u4(a5u5) ed.

ususuz(asasas)
It follows that

-1 -1 - -1 -1 -
(5040305 6] U1U203G405 = (UsUaU3)as  G] Ui Uz (UsUsUIU2U1A102)

-1, -1 -1 -

u5U4U3)(u2u1a1a2u2 Uq alag) (U5U4U3)
1 -1, -1 -1 -
usuaus)(UgU1a1Uy Gy U7 G102)  (UsUaU3)

(

( )
= (usuqus)(uy 'ugasuiay tay uy  ag) T (usugus)”
( )
( )

usuauz)(uy ugal_luz_lul_lag)_l(u5u4U3)_

UsULUS ul(U5U4U3) L= u1 ~ 1. O

—1 -1 -1 -1
By Lemma 8.7 a; "ujugazasas ~g a205 a, ag and

-1, -1, -1 -2 —1 —1p -1 -1 -1 -1
w~RC Uy Uy ocay “az (aaasazag)” bagd” azazaz ap ag .

We have

1 -1 1

ba4b_1a3a2a§1a2 ag” = azlba4a;1a3a2azla5_ = azlaglbamgazlagl@ =

-1 _—1p —1 —1 -1 —1_—1 —1 -1 -1 _—1 —1
a, ay bas "asazay ax =a, a, a3 basay asaz ~g ay a; as; basag

and thus

-1, -1, -1 -2 —1 -1 -1 -1 -1 -1
wW~RC Uy Uy caycay (@aa5a3a4)” ay ay a3 basag

Let s = a1 -~-a5. By (Al, A2, Cla, C5a) for ¢ > 1 we have a;s = sa;_1 and
u;s = su; ;. We also have ¢ = s2bs™2 (26) s~*bs* and

-1,-1, -1, _ _—4 1, -1 .—4p 4 _ —4p-1 —1p.4 _
cluyturte = sTA T sty Tuy s T hst = sTA b T susugs T bst =

3_3(15_ aZlb_ a4a5U5U4a5_1azlba4a5s3 =

s_3ag1agla1a2a1b_1a4a5u5U4ag1aZ1ba4a5a3a4a5a2a3a4a5a1a2a3a4a5.
Write w ~ ABC for A = s‘saglazlalagal, B = b_1a4a5U5u4a5_1a21b and
C = -2 1 T T O
= (04a5030445020304050102030405)(ag “a3 ~ (asa5a3a4)” "ay a5 az basag ).
We have

A= a2_1a1_1873041(12a1 ~r s 3ajaza; = s Y aszasasasazasas)”

~1 -1 -1
= (az2a3a4a1a2a3a4)" S ~L S,

C= a4a5a3a4a5a2a3a4a5a1a2a3a4a5_1a§1a21a§1ag1a22a2_1a§1ba4agl

= a4a5a3a4a2a3a4a5a1a2a3a4a5_1a2laglaglazzaglaglba4agl

= a4a5a3a4a2a3a4a1a2a3a5a4a5_1al1a5_1a§1a22a2_1a§1ba4ag1
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= a4a5a3a4a2a3a1a2a4a3a4_1ag1a4_2a2_1a§1ba4ag1

1 1

= a4a5a3a4a2a3a1a2agla2 a;laglba4a5_

-1 -1 -1 -1 -1 -1 -1 -1
= A40503020104030205 0y Gy 03 bA4Gy = Q40503020105 A3 agbasag

1 —1 —1 —1 —1 -1
= a405a30] 20103 basag b ~g aj asasazazas; basag

—1 1 1 1 -1 -1
= a] asasa, asasbasay” ~g aj a; asasazbasag

= al_laz_la4a3ba5a4a5_l ~R (11_10,2_1(140,36(121&5,

w A 8_1(b_1a4a5U5U4a5—1(121b)(0,1_1(12_10,40,31)0,4—1(15)

silal_laglbf1a4a5U5u4aglazlba4ba3a21a5

1 -1 —1;— -1 -1
s 1a1 a; b 1a4a5U5U4ba5 a4030; G5

1 -1 —1;— -1 -1
s 1a1 a; b 1a4a5U5u4ba3 Qg Q40503

1 -1 —1;— -1 -1
s 1a1 a; b 1a4a5U5U4ba3 a4050; " as

1

-1

~pSa; gl(b_1a4a5U5U4b)a§1a4a5.

LEMMA 8.8. — In G we have

bt (a4a5u5u4)_1b = a4a5u21vu4vag1agl,

where v = aza201UULU3.

Proof. — Let y4 = aguyg, x = u5y4u5_1, z = aqvuy. By (B1,C3) we have

-1 -1
A405UsUs = Qg (Uy  A5USUL) = QaUa(UsQaUaUs ) = YT

and by (C8, C9) y; 'bys = bz. Conjugating the last relation by us and by z~!
we obtain, using (C7)

usyy “bysuz ' = buszug' = 7 'br = buszug !

ey thysx = 27 bz = buszug te Tz,

The last relation is equivalent to

w

-1 -1 -1 -1, -1 —1,-1_ 1 -1, -1 -1
b (yax)  b=wuszug T 2y; = Us2Y, Us 2Y; = U5G4VG; Us Q4UG}

(Cba) -1 -
= Us04005U405 VG,

1 (A1,Cla) -1 _—1
= U504A50U4VAg Gy

(Cbha) _ 1 —
=" asasuy ‘vugvaz ta;l. O
By Lemma 8.8

-1, -1 —1 -1 -1 -1
~ a5 Gy G30405Uy VU4V Gy G201S8
= a3a4a5aZ1a§luZIUU4va2alsaZlagl

(Csa)

= a3a4a5u?,a4_1 as 1UU4Ua2 a saZlag 1
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~ a5aZ1a2a1u1u2u3U4a3a2a1u1UQU3a2als
—1
~[ 504 U3U4A30201U1U2U3A2A1S

-1, —1
= A5U3U40G2010302U1U2U3S = U3A201A5U4A3A2U1SU; Uy ~ a5U4a3a2U1S.

Since s ~pg (ususguszugui)~! (see the proof of Lemma 8.7),

1 1

w R a5u4a3a2u51u§1u2 Uy

ugt)

= (a5U5)_1u§1uZ1(a5U5)_1u4U3u2_1u§1u21(a5U5)_1u4u3U2 ~ 1.

-1 -1, -1, -1 -1, -1, —
= asuy  (Usuaasuz vy Uz ) (UsUaUzasuy Uz Uy

Thus (f{\é/’) is expressible in ¢f, which completes the proof of Lemma 8.5 and
the proof of Theorem 8.3.

9. Edges

In this section we assume that g > 5 is fixed and denote JU(Ng0) as M, G, ,
as ¥, ¢g,0 as ¢ (see Subsection 3.3 for the definitions), and Stab o as Stabo
for each simplex o of X. We are ready to define ¢: M — & on the generators
of M given in Theorem 5.7. In previous sections we defined homomorphisms
Yy, : Stabs(v;) — G, and we let ¢ be equal to ¢, on Stabs(v;) for i €
{1,2,3}. For j € {1,...,7} we define 9 (h,,) to be the element of ¥ represented
by the word in the generators of & given in the fourth column of Table 1, and
P(hz) = (he;) "t Observe that ¢ o9 is the identity on the generators of J.
In this section we show that i respects the relations associated to the edges
of X. Namely, we show that for e € J, (X) we have

(*) Whe) i) (@) (he) = Pyey (he ' zhe)
for z € Stabs(e). Since Stabs(e) = h_!Stabs(e)h. and he = h;!, thus it
suffices to check (x) fore =e¢;, 1 € {1,...,7}.
To prove (*) it suffices to show that its left hand side is equal in & to 1) (2)

for some z € Stab s(t(e)), because then by applying ¢ to both sides we get
z = h.1lzh,.

LEMMA 9.1. — For x € Stab[ai, pg] we have (x) 1y, (z) = ¢y, ().

Proof. — By the proof of Theorem 8.3, Stab[a] is generated by Stab™ [a;] and
{u1,74}. Note that {u1,74} C Stabluy] and ¢, (z) = ¢, (z) for z € {us,rq}.
It remains to show that the same is true for z € H = Stab™ [ay] N Stab[u,].
Let N’ be the surface obtained from N = Ny o by cutting along p, and gluing
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a disc with puncture P along the resulting boundary component. We have the
exact sequence (5.3):

1 — 1 (N}, P) 5 Stabyw,. ) [g] < M(NL,) — 1,

where N/, and N,, are the surfaces obtained respectively from N’ and N
by cutting along ;. Set G = Stabg(n, )[ne] and note that pa,(G) = H
and pqo, (M(N],)) = StabjM(N,)[al]. Observe that ¢ maps ker p,, C G isomor-
phically onto ker p,, C M(N],). It follows that ¢ induces a map ¢': H —
Sta,b;d( nnlea], which fits in the following commutative diagram

1 —— m(N, ,P) —— G —° M(NY,)  —— 1

1)
[ pes [ 7o

H —— Stablylar] —— 1,

Pay OC

1 —— m(N, ,P)

1)

whose both rows are exact. We can obtain generators of H from the bot-
tom sequence. Note that N’ is homeomorphic to Ny_10 and by the proof
of Theorem 8.3 (see Step 6), Stabm(N, [a1] is generated by w;, a; for i =
3,...,9—2,a1,b,vand c (if g > 7). The standard generators of 71 (N, , )
are mapped by pq, o ¢ on the crosscap slides Y, o, , = ag—1ug—1, Yy v, =

WYy v gy Ui “lfori=3,...,9—2and Y., iz It follows that H is gen-
erated by Y, ., .05 ag_lug_l, ug, a; for i = 3,...,9 — 2, a1, b, v and ¢ (if
g > 7). By the definitions of v, and v,, given in Theorems 8.3 and 6.1, it is
easy to check that v, () = 9,,(x) for every generator z of H, except for x =
Y, We have Y#g7’)’{1 2,9} (’U,4 e ug—l)_lyu477{1,2,4} (U’4 e ug—l) and

Mg V{1,2,9} "
1 1
Yiirgoa = Yiaras Yus,s = (asuz) ™ v. Thus, by Theorem 8.3 we have

Guy (Vg rinm,0) = (Wa - ug—1) " (agus) ™ agazarurugug(ug - - - ug—1)
= (U3 e ug_1)71a2a1U1U2(U3 e 'u,g_l)
= (ug -~ ug—1) " (agua)uy *(arur Jug(ug - - ug1)

and it follows from (B1, B2, C3) that

/l?[)Ul (YMgKY{l,z,g}) = (’U,g e ug—Q)ag—lug—l(UQ T ug—2)_1'
(ur---ug—2)ag_1ug—1(u1---ug—2)"

It follows that %y, Yy, .,,) is in the image of 1, and thus it is equal
t0 Yu, (Vg 7012,y ) DY the remark before Lemma 9.1. O

LEMMA 9.2. — For x € Stab|ug—_1, 1ig] we have

(*) ¢(hes)_1¢vz (@) (hey) = P, (he_glmhes)-
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Proof. — To obtain generators of Stab[u,—_1, 1] we use the exact sequence
(5.3)

1 — m(N\{P1}, P2) — Stablug_1, 1g] — Stabayn, . o)ltg—1] — 1

where N’ is obtained from Ny by cutting along py_24; and gluing a disc
with puncture P; along the resulting boundary component for ¢ € {1,2}. By
Lemma 2.1 and the proof of Theorem 6.1, Stab[ug_1, iy] is generated by

Z ={u;,a;|i=1,...,9 =3} U{b,ag_oug_s, ug_gag_lug_lug__lﬁ.
We have h., = a;_ll and
w(he3)_1wv2 (U2)¢(he3) = ag*1u2a;—11 = U2 = Py, (u2) = Yo, (he_g,lu2h€3)‘

Analogously ¥(he,) 'thy, (a2)¥(he,) = a2 = Py, (hg'ushe,). For z €
Z\{az2,uz} we have x € Stabla;] and ®,,(x) = v, (z) by Lemma 9.1.
Since also he, € Stab[ai] and ¢¥(he,) = Py, (heg), thus

"‘/}(hes)_lmiz (@)Y (hey) = Yo, (he_slxhes) = Yo, (he_glxhes)' O
The next lemma follows from [16, Proposition 2.10].

LEMMA 9.3. — Let S = Si, be a torus with r > 1 boundary components
61,...,0.. Suppose that a,...,a, and B are simple closed curves on S such
that (1) oy, air1, 6; bound a pair of pants for i = 1,...,r and a,41 = ai;
(2) B intersects each of the curves a; in one point. Then JM(S) is generated by
Dehn twists about 3, a;, 6; fori=1,...,r. O

LEMMA 9.4. — If g € {5,6} then (x) 9y, () = ¥y, (z) for z € Stabloy, ¢].

Proof. — Denote by S the surface obtained by cutting N, o along o; U&. Note
that S is homeomorphic to S 4—2. Recall the exact sequence (5.1)

1 — Stab™[ay, £] — Stab[ay, £] 5 272

By Remark 5.2 7 is not onto and hence its image has rank at most g — 3.
It follows that this image is spanned by the images of the following elements
of Stablay,&]: x1 = azalay (swaps sides and reverses orientation of ay, pre-
serves sides and orientation of £), zs = agajazasAy for g = 5 or zy =
asayazas(asus) 1Ay for g = 6 (swaps sides and preserves orientation of o,
reverses orientation of £ and swaps its sides if ¢ = 6), 23 = 76 for g = 6
(swaps sides and reverses orientation of «;, swaps sides and preserves orien-
tation of £). By Lemma 2.1 Stab[ay, €] is generated by z; for ¢ = 1,2,3 and
Stab™[ay,&]. Tt follows from Lemma 9.3 that Stab™[ay,£] is generated by a;
fori=1,3,...,9—1,0b, xgbxgl and if g = 6 then also by. The generator a:zba:gl
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Ficure 8. Curves from the proof of Lemma 9.5.

is redundant and it is trivial to check that ¢,, and %,, are equal on the remain-
ing generators of Stab™ [ay, €]. For i = 1,2,3 we have x; € Stab[u,], it is easy to
check that ¢, (z;) = ¥y, (z;) and by Lemma 9.1 we have ¢, (x;) = ¢, (z;). O

LEMMA 9.5. — Stab[ay, as] is generated by

— Stab[a, as, tg] U Stablai, as,&] if g =5 or g = 6,
— Stablag, as, pg) U{ag—1} if g=7 or g > 9.

- Stabo, as, Ng] U {ar, bs, T‘Y{s,6,7,8} ) T’Y{1,2,5,6,7,8}} ifg=8.

Proof. — Let Stab = Stab[a1, as]. By Lemma 2.1 applied to the sequence (5.1)
Stab is generated by Stab™ and 4 cokernel generators, for which we take u1,
u3, ry and agalay. Note that all of them are in Stab[u,] if g > 5 and if g = 5
then the last one is in Stab[¢]. Let N’ be the surface obtained by cutting N, o
along a3 U as. Note that N’ is homeomorphic to Ngy_4,4. Denote by o} and
of (resp. aj and of) the boundary components of N’ resulting from cutting
along a; (resp. o), where of, a5 and B bound a pair of pants in N’. To obtain
generators of Stab™ we use the epimorphism p: MU(N’) — Stab™ induced by
the gluing map. We consider cases according to the genus.

Case g = 5. — In [25, Theorem 7.6] a presentation of (N7 4) is given, from
which we deduce that Stab™ is generated by Dehn twists about curves disjoint
from p, and Ts,, Ts,, u§1T52u3, where 01, §o are shown on Figure 8. Since §;
and §, are disjoint from £, the lemma is proved in this case.

Case g > 5. — Let N” be the surface obtained from N’ by gluing a disc
with puncture P; along of, a disc with puncture P, along af, and a disc
with puncture P; along of. For i = 1,2,3 we set #; = {Py,...,P;} and H; =
m+(N”, P;). Fori = 2,3 weset K; = w1 (N"\P;_1, P;) and define G; to be the
subgroup of PMU(N", P;) consisting of the isotopy classes of homeomorphisms
preserving local orientation at each puncture in ;_;. Note that H; is an index-
two subgroup of G; and we have the following short exact sequence

(9.1) 1K 50,5 H_ -1
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T1 % g
e ®|[dp e o

FIGURE 9. Loops from the proof of Lemma 9.5.

which is a restriction of the Birman sequence (2.1). We also have the exact
sequence (2.2)

1— 73— M(N') 5 Hy — 1.

The kernel generators of M(N') are Dehn twists about the boundary compo-
nents and they are mapped by p on a; and as, which are in Stab[u,]. Also
observe that if v, (x) € Stabg,[u,] then p(x) € Stab[uy]. Our next goal is to
find generators for Hz. In fact we will obtain generators for the groups H;, G;
for i« = 2,3 by using the sequence (9.1) and the method from Step 1 of the
proof of Theorem 8.3. We set

1 1

= — -1 __ -1 _ -1 _ -
w = YM4,0<4YH3,‘Y{3,5} - YM4,Q4U3YH4,G¢4”3 = UqQqU3U4A4U3 = Ay A3 UU4.

Let x1, %2, 3 and y2, 3, 23 be the elements of ZU(N", P;) obtained by pushing
the punctures once along the loops represented in Figure 9, which we take
so that for each I C {5,...,¢g} such that 5 € I, the following equalities are
satisfied, up to isotopy on N\ %Ps.

r1(v1) = V{1,201 r2(Y1) = V{3,4)01> z3(v1) = u3 ‘22 (1),
zow1(V1) = Y23a0n  @31(yr) = uy wexi (1), @3w2(vr) = w(vr)
x3z2x1 (1) = wxy (yr)-
By Remark 8.4 H; = M (N”, P,) is generated by a; for i = 5,...,9 — 1, Uj
forj=5,...,9—2,a5_1ug—1, x1a5x1_1, m1a5u5:r1_1, and Ty, ¢ o, if g > 8. We

denote this set of generators by Z; and, by abuse of notation, we will treat it as
a subset of G; for i = 1,2,3. The image of K5 in G5 is generated by y» and t;

for j =5,...,g defined as t5 = 2 and ¢ 41 = u; 't;u;. From the sequence (9.1)
we obtain that G2 is generated by ys, zo and Zp, and its index-two subgroup
H, is generated by

Z2 = {yg, l‘gyg.'IZQ_l, .’1}'%} U Zl U .'I}2Z1£C2_1.
Similarly, G3 is generated by 3, 23, 3 and Z, and Hj is generated by
Zs = {ys, 23, T3y373 ', T32375 , 23} U Zo U 3205
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Set Z] = Z;\Stabm,[py] and observe that Hj is generated by

Stabpr, (g U Zy Uza Zyxy t Uz Ziay ' UnszeZizy oyt

Subcase g =7 or g > 9. — We have Z] = {ay_1} and ay_1 commutes with
9, r3. The lemma, follows.

Subcase g = 6. — We have Z| = {as, z1a52] '} and

x2a5x2_1 =T =c, x3a5x§1 = u3_16U3,

_1 _
rias5x = T. Y{3,4,5,6}

V{1,2,5,6}
(zox1)as(zaw1) ™" = by, (w3w1)as(zszr) ™" = uz boug,
(z372)as(r32e) "t = wasw™ " (z3T271)as(T32021) = WTv{l,g,s,e}w_1~
Since as, ¢, by and T, , ; ;, are in Stab[ay, a3, €] and uz, w are in Stablay, as, pgl,
the lemma is proved for g = 6.

Subcase g = 8. — We have Z] = {ar, T, ; ., }» a7 commutes with x3, z3 and
-1 |
xQT’Y{5,6,7,s}x2 - T’Y{3,4,5,6,7,8}7 x3T’Y{5,6,7,8}w3 =Ug T7(3,4,5,6,7,8}u3’
-1 __ —1
(x3m2)T’Y{5,6,7,8} (:L‘g.’EQ) - wT’Y{5,6,7,8}w

We have ug, w € Stab[ai, as, iy, and to finish the proof it suffices to express

Ty, s in terms of by and the remaining generators. Observe that (s, a1, a3

and 7(5,6,7,8) bound a four holed sphere and we have the lantern relation:

b3a’1a3T’7{5,6,7,8} = bT’Y{3,4,5,6,7,8}T’Y{1,2,5,6,7,8}
which does the job, because a1, asz and b are in Stab[us]. O
LEMMA 9.6. — For z € Stablay, as] we have

(*) ¢(hez)71¢v1 (x)’(/}(hez) = ¢v1 (h;zlmh@)'

Proof. — Let h = he, = asazaias. We have h € Stab[u,] N Stab[¢] and ¥(h) =
Yo, (R) = Yy, (k). Therefore for z € Stab[ai, as, pty] we have by Lemma 9.1

»(h) ™ o, (2)9(h) = oy (K7 wh) = ¢y, (W™ ).

Analogously, if g € {5,6} then (*) holds for x € Stab[ay, as,£] by Lemma 9.4.
By Lemma 9.5 this finishes the proof for g € {5,6}. For g > 7 we have

$(h) ™ o, (ag-1)9(h) = (azarazaz) ™ ag-1(aza1a3a2) = ag—1 = v, (ag-1).
It can be checked that for g = 8 in /U we have

—1 _ -1 _
h™"bsh = b3’ h T’Y{5,6,7,8}h’ - T’Y{5,6,7,8}7
-1 _ _1—1 -1
h T’Y{l,z,s,e,?,s}h - T’Y{3,4,5,6,7,8} =b b3a’1a3T’Y{5,6,7,8}Tv{1,2,5,5,7,8}’
and for w = agarasagasasazay,
— a1 —w !
T7(5,6,7,8} =w cw, T’Y{1,2,5,6,7,8} =w" bw.
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It follows that for @ € {b3, Ty 5 o 7.6y Tvirns.0.m0y 1> P (R)s Yo, () and oy, (R h)
are in the subgroup of & generated by a;’s and b,’s and so (x) is satisfied in &
by Lemma 3.12. O

LEMMA 9.7. — If g =5 then for x € Stab|us, ]
(%) d)(hes)_lwvz (m)w(h%) = 1y, (he_g,lthS)'

Proof. — By similar argument as in the proof of Lemma 9.4, Stab[us, §] is
generated by Stab™ [us, 3] together with he, u; he_51 (preserves orientation of us,
preserves orientation and swaps sides of 3) and r5 Ay (reverses orientation of ps,
reverses orientation and preserves sides of 3). By Lemma 9.3 Stab™ [us, 3] is gen-
erated by b, a1, as, az and e = a4u4a3u4_1aZ1. Note that {b, a1, az,as,r5A4} C
Stab[¢] and for = b,a1,a2,a3 we have ¥,,(z) = Yy, (x). Also ¢y, (As) =
Pyy (Ag) and because r5 € Stablag, us] N Stab¢], thus ¥,,(rs5) = ¥y, (r5) =
s (r5) by Lemmas 9.1 and 9.4. Also h., = asbasasazaiasas € Stab[¢] and
P(hes) = Yy, (hey) and thus (%) holds for z € {b, a1, as, a3, r5A4} by Lemma 9.4.
Note that he, = asbazaghe, and Y(he,) = ¥y, (agbasas)(he,). Also ¢, (e) =
1y, (e) and

P(hes) ™ v, (€)% (hey) = V(hey) ™ b, ((asbazas) ™ e(asbazas)) i (he,).

It can be checked that (asbazas) te(asbazay) € Stab[ay, @3] and thus (*) holds
for x = e by Lemma 9.6. Similarly, since u; € Stablay, as]

¢(hea)¢m (U1)¢(he5)_1 = Yy, (h€5u1he_51) = Yo, (hesulhe_gjl)
by Lemmas 9.1 and 9.6. O

LEMMA 9.8. — If g = 6 then for x € Stabla1,v(3,4,5,6}]
(*) ’(/}(hes)ilwm (.’E)’lﬂ(hes) = wvl (h;ﬁlﬂfhes).

Proof. — Let v = 7v{3,4,5,6} and d = uzuqusuzuquz. By similar argument as in
the proof of Lemma 9.4, Stab[a;,] is generated by Stab™ [a1,~] together with
u1a1, heﬁulalhe_s1 and wuired (preserves sides and reverses orientation of «;,
preserves sides and reverses orientation of «).

By Lemma 9.3 Stab*[ay,] is generated by ¢, a; for i € {1,3,4,5}, rebrg
and d~'bd. Note that the last element can be expressed in terms of the other
generators of Stab[ay,v]. For z € {c,rgbrs,uired} U{a;|i =1,3,4,5} we have
x € Stab[], and since also he, € Stab[€] and ¥(he,) = Py, (Reg), thus () holds
by Lemma 9.4.

We have uja; =Y}, o, and

-1 _ _
hegulalh’ea = Yus,v = Yu3y7{3,6}

Y,

H3,7{3,5}

Y,

H3,7{3,4}

_ —1 -1 —1 _
= (uguaYyus agty g ) (Ui, autiy ) Y505 = UU4UsA50403.
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Hence 1y, (heguia1hy') = usususasasas. Recall that ¢ = s%bs™2 for s =
ay - --as. We have
Y(heg )V, (ulal)d)(h%)*l = agcalagulalaglal_lcflagl = a20u2_1a2071a2_1
= a282b3_2u;1a232b_13_2a§1 = salsbs_1u1alsb_13_1a1_13_1.
Thus for 2 = he;uiaihy}, () is equivalent to
alsbs_lulalsb_ls_lal_l = s ugugusasaqass.

The last relation holds in & because its both sides are in J(v2). Indeed, we have
sbs~™1 = a1a2a3a4ba21a§1a;1a1—1 and S_IU3U4U5a5a4a3s = u;1u§1u21a4a3a2.
It can be checked that h2, € Stablay] N Stab[¢] and by Lemma 9.4 ¢)(he,)* =
Yoy (h2,) = 1y, (h2,). It follows that (x) holds for = uia; because

w(hes)ildjvl (ulal)w(hee) = ’(/"'U1 (h;62)1/)(h66)1/)v1 (ulal)d)(hes)ildjvl (hzg)

and the right hand side is equal to ¢v1(he_61u1a1hes) by earlier part of the
proof. O

LEMMA 9.9. — If g = 6 then for x € Stab[ue, v({1,2,3,4,5}]
(%) Y(her) ™ oy ()9 (he,) = Yo, (e ahe,).

Proof. — Let v = 7{1,2345}- By similar argument as in the proof of
Lemma 9.4, Stab[ug,7] is generated by Stab™[ug,7] and an element reversing
orientation of ug and -y, for which we can take

-1
w = a2a1a3a2a4a3A5(a5u5) .

The surface obtained by cutting Ng ¢ along pe U~y is homeomorphic to S o and
it can be deduced from Theorem 3.1 that Stab™ [ug,] is generated by b, a1,
as, az, aq, uy ‘ay 'baguy. We have he, = by ' and ¢ (he,) = by ' commutes with
b = ,,(b) and a; = 1, (a;). It can be checked that for = € {w,u}  a; 'basus}
we have z € Stab[a;]. Since also h., € Stabloy] and 9 (he,) = ¥y, (he,), thus
(%) holds for these z by Lemma 9.1. O

10. Triangles

In this section we finish the proof of Theorem 3.6 by showing that the
map 1 defined at the beginning of the previous section respects the rela-
tions corresponding to the triangles of X. For f € J,(X) and ¢ = 1,2,3

let v; = vi(f) € Jy(X), & = &i(f) € J1(X), & = &(f) € J1(X) and
xz; = z;(f) € Stabs(y;) be as defined in Subsection 5.3. We have to prove
that

(**) ¢(h51)¢u2 (m2)¢(h82)¢1/3 (373)1/’(}163)_1 =Yy, (1‘1)
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holds in &. Note that we have not yet chosen the elements ;. Once any two of
them are chosen, the third one is determined by the relation hsl.'l/’ghszwgh;sl =
x1. As explained in Subsection 5.3, for j € {1,...,10} and for each permutation
o € Symg, z;(f{) are determined by z;(f;). Moreover, it is easy to check that
if () holds for f; then it also holds for f7. Therefore it suffices to prove the
following.

LEMMA 10.1. — For j € {1,...,10} and ¢ € {1,2,3} the elements x;(f;) can
be chosen in such a way that (xx) is satisfied.

Proof. — Fix f = f; and let [y1,72,73] = s(f).

Case 1. — Suppose that 1 = €3 = €3 and he, (73) = v3. Then s(e1) = [v1,72]
and A, [y1,73] = [y2,73]. Once z; is chosen such that x1[v1,v2] = [y1,73], then

we can take zo = x1 because h,z1[y1,72] = [Y2,73), and z3 is determined.
The assumption of this case is satisfied for j € {1,4,7}. Indeed, for j = 1
we have s(f) = a1, a3, a5], €1 = €3 = €3 = ez, he, = azazaias and we take

x1 = agasazay. For j € {4,7} we have €1 = g3 = €5 = e3, he, = a;_ll and
s(fa) = [gs tg—1,kg—2], s(f7) = [us, 14,7(1,2,3})] (9 = 5). We take z1(fs) =
a;jQ and x1(f7) = b~!. It is easy to check that in each case we have x5 = :cfl
and (%) is a consequence of the relations (Al, A2, A4).

Case 2. — Suppose that €5 = €3, he, = 1, s(e3) = [11,73] and h, (3) = 3.
Then he, [v1,73] = [12, 73] and we can take z1 = 22 = 1, 23 = hs_ll. In this case
(#%) is ¢ (hey ) = Yy, (he, ). The assumption of this case is satisfied for j € {2,5}.
Indeed, for j = 2 we have 1 = ey, €2 = €3 = e1, s(f) = [a1,as, 1g], he, =
agazayag. Since P(he,) = Yy, (he,) thus (xx) holds. For j = 5 we have €1 = eg,
€2 = €3 = €4, S(f) = [041,013,5] and (**) holds because ¢(hez) = 1/)1)3(}7’62)'

Case 3. — Suppose that €1 = €3, he, = 1, s(€2) = [v2,73] and he,(11) = 71-
Analogously as in Case 2 we can take xo = z3 = 1, 1 = h,, and (**) becomes
Y(hey) = 1y, (he,). The assumption of this case is satisfied for j € {3,8}.
Indeed, for j = 3 we have g1 = €3 = e1, €2 = e3, s(f) = [o1, g, Bg—1],
he, = a;_ll and (#*) holds because ©(hey) = ¥y, (hes). For j = 8 we have
€1 = €3 = e1, e2 = ey, 8(f) = [a1,pg,v11,...51], Per = b2_1 and (**) holds

because ¥(he,) = Py, (he,)-

Case 4. — Suppose that j € {6,9,10}. We have h., € Stab[{] and ¥(h,) =
s (he;) for ¢ = 1,2,3. If we can choose x; € Stabl€] N Stab s(v;) such that
Yy, (;) = Yo, (z;) then (xx) will follow from the fact that 1, is a homomor-
phism.

For j = 6 we have s(f) = [us, 5, 3] and h., = az'. It can be checked
that for z1 = asbasasazasaias we have x1[us, 1] = [us, 8]. Since agl[,ug,ﬁ] =
[ws, 8] we can take zo = z1 and z3 is determined. Clearly z; € Stab[¢]NStab|[ug]
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and Py, (1) = Py, (z1). It follows that z3 € Stab[¢] N Stabai] and %, (z3) =
s (z3) by Lemma 9.4.

For j = 9 we have s(f) = [aq, us, 3]. It can be checked that for 1 = asbazay
we have z1[ay, @3] = [a1,0]. Since s(ez) = [us, 0] and h., = 1, we can take
2 = 1 and z3 is determined. We have x3 € Stab[¢] and 1, (z3) = ¥y, (x3) by
Lemma 9.4.

For j = 10 we have s(f) = [a1,03,7(3,4,5,6}], €1 = €2 = €2, €3 = g and
he, = azasaiaz, hey, = azcajaz. We take z; = 1 and z2 = a4a5a3aﬁba3a4. It
can be checked that he,T2[a1, as] = [a3,V(3,4,5,6}]- We have 1y, (z2) = ¥, (22),
x3 € Stab[€] and 9y, (x3) = ¥y, (23) by Lemma 9.4. O

Appendix A
The presentation of (S, ;)

In this section we prove Theorem 3.1. For r = 1 the presentation given in
Theorem 3.1 is essentially the same as the one given in [19], with additional
generators and relations. In the case r = 2 we follow the idea of [16].

We are going to use some basic facts about geometric representations of
Artin groups (see [16] for details). Let I'y, I's be the Artin groups of types
As and Dg respectively. For 4 > 1 and j = 1,2 we have homomorphisms
0;;:T; — M(S,r), such that 6;1 maps the standard generators of I'y
on b;_1,0a2,02i+1,02i+2,02i+3 and 0, 2 maps the standard generators of I'y
on b;_1, 02, @241, G2i+2, A2:+3, b;. Let A(I';) be the fundamental element of T';
and C; ; = 0; ;(A(T;)). Then we have

Ci,l = bi—1a2ia2i+1a2i+2a2i+3bi—1a2ia2i+1a2i+2bi—1a2ia2i+1bi—1a2ibi—1a
Cf’l = (bi71a2ia2i+1a2i+2a2i+3)6a Ci,2 = (bif1a2ia2i+1a2i+2a2i+3bi)5-

Proof of Theorem 3.1. Let S; = S, and Sy = S, for a fixed p > 1. We
assume that S; is obtained from Sy by gluing a disc along 3, (see Figure 5)
and let P be the center of the glued disc. We have the following short exact
sequences, which are special cases of (2.1) and (2.2).

(Al) 1—>7r1(Sl,P)—>71/l(Sl,P)—>71/l(Sl)—>l

(A.2) 1= (b,) — M(Ss) — M(Sy, P) — 1

By [19] (S1) admits a presentation with generators by, a; for i = 1,...,2p
and relations (A1-A6). We add to this presentation the generators b; for j =
0,2,...,p— 1 and relations (A7,A8). We need to show that (A8) are satisfied
in M(S1). Fix i > 1 and let M; and M» be regular neighborhoods of 5;U8;_1 U
Qg U---Uagirg and B;_1 Uag; U- - - Ua,43 respectively. The boundary of M,
consists of three connected components, one of which is isotopic to ;11 and
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one bounds a disc. Let & be the third component and note that the boundary
of M consists of two connected components isotopic to $;+1 and §. By [16,
Proposition 2.12] we have C; 5 = Tgb?_k1 and C? "1 = Tsbit1. The relation (A8)
follows and Theorem 3.1 is proved for r = 1.

We are going to show that (S, P) admits a presentation with generators
a;fori=1,...,2p+1and b; for j =0,1,...,p— 1 and relations (A1-A8) and
if p>2

(A8a) (bp—2a2p—2a2p—1a2pa2p+1bp—1)5 = (bp—2a2p—2a2p—1a2pa2p+1)6~
To prove this we apply Lemma 2.1 to the sequence (A.1). By gluing a punctured
annulus along the boundary of S; we obtain an induced embedding M(S;) —
M(Sy, P), which is a splitting of (A.1). Through this embedding we will identify
the generators of J(S1) with elements of #(S7, P) which will be the cokernel
generators, and the defining relations (A1-A8) of J(S;) will be the cokernel
relations in our presentation of (S, P). For notational convenience we set

Co = bp—17 Ci = A2p4-2—i for i = 1,.. ,2p+ 1, d= bp_2 lfp Z 2.
The kernel is freely generated by
T = clcal, T; = cixi_lc;1 fori=2,...,2p.
These will be our kernel generators. We also add c; to the set of generators
together with the relation
(0) C1 = X1Cp.

The following relations are consequences of (A1-A8).

(H1) cicj = cje; for1<i<j—1<2p,

(HQ) CiCi+1C; = Ci+1C;Ci+1 for 1 < 7 < Qp,

(H3) coc; = cicg  for i # 2, (H4) cocaco = cacpea,

(H5) de; = ¢;d  for i # 4, (H6) dead = cadey.
Indeed, (H1,H2) are simply (A1,A2) rewritten in the symbols ¢;, (H4, H6)
involve only cokernel generators, and so they are consequences of the cokernel
relations, because of the splitting, and so are (H3, H5) for ¢ # 1. If i = 1 then
the last relations follow from (A1, AS8).

Since M(S;) is generated by d and ¢; for i = 0,2,...,2p, we can use these

cokernel generators to produce the conjugation relations. We write ¢;(z;) in-
stead of c;zjc; !

(1) ci(zi—1) = 24, (2) ci(z:) = miz; i,

()cz(xj): forz>2]¢{z—1z}
(4) co(z1) = 1, (5) colz2) = 2,

(6) co(z;) = 0(331 1) fori> 2,
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(7) d(z;) = m; for i = 1,2,3, (8) d(z4) = 2] 'zo23 24,
(9) d(z;) = cjd(zj_1) forj>4.
We are going to show that (2-7,9) are consequences of (0,1) and (H1-H6). (6)
follows from (1) and (H3):
CO(xi) = COCi(fL'i—1) = Cz'Co(fUi—l).
Analogously (9) follows from (1) and (H5). (7) follows from (0, 1, H5), and (3)
follows from (0, 1, H1) if j <4 —1, for j =4+ 1 we have
ci(Tit1) = ciciv16i(Tiz1) = cip1ciCit1(Tim1) = Tit1
and for j = ¢+ 1+ k by induction
ci(Tit1+k) = CiCit1+k(Tivk) = Ciy14kCi(Titk) = Tiv14k-
For i = 2 (2) is equivalent to
cgclco_lc;2 = 020105102_10001_1(:20100_102_1

clcgco_lclcz_lcgl

020100_102_1

020100_102_1 = clcgclcglcz_lcgl

-1 -1 _ -1 -1 -1
Cy Cy = Cacy Cy Cg

1111

CoCpC2 = CpC2Cp
and for ¢ > 2

-1 -1 -1 -1 -1 -1 -1
CiT;C; ~ = CiCi—1X4—2C; _1C; Ci—1T; 261_10101_11‘1_20 16

-1 -1 -1 —-1,-1 -1 -1
CiCi—1T;-2C; _1C; ~ = C;—1X4—2C;C;_1C; T; oCiCi—1C; " XTj—2C; 1

-1 -1 -1 -1 ,..-1 -1
C; _1CiCi—1%—2C; _1C; "Ci—1 = T3—2C;C;_1X; _oCi—1C; T2

-1 -1 -1 -1 -1
CiCi—1C; X;—2C;C;_1C;, = CiT;—2C; 1T, 20171.%1,20

-1 ,.-1
Tij—1 = Tj—2C; _1T; _9Ci—1T;—2

IIIIIIIIH

-1 -1, -1 -1 -1
Ci—1T;—1C;_ 1 = C;—1%4—2C; _1T; o5C;—1T4—2C; 1 = Tj—1T;_oT;—1
and we are done by induction. (4) is equivalent to cgc; = c¢1¢p and (5) to
-1 -1 -1 -1 -1 -1 -1 -1
CpC2C1Cy Cy €y~ = CoCy C2C1Cy Cy < C2C1Cy = Cp C2C1.

Finally we are going to show that (8) follows from (0,1), (H1-H6) and (A8a).
Let C; = C,_1; for j = 1,2 so that we have

C1 = degeseocidescseadescsdeyd, 012 = (degescacy)®, Co = (d0403czclco)5.

We leave it as an exercise for the reader to check that by using (0,1) and
(H1-H6) the relation (8) can be rewritten as

01 = CQCQC]C3CQCOC4CgCQC]dC40302CO,
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and by (H1-H6) we have
02 = ClC()CQ0103CQCOC4C3CQCldC403CQCQ.

Thus we have obtained the relation Cy = C%, which is exactly (A8a).

We can drop the generators z; and relations (0-9) to obtain a presentation
of M(S1, P) with generators a; fori =1,...,2p+1and b; for j =0,1,...,p—1
and relations (A1-A8,A8a).

Now we will obtain a presentation of J(S2) by applying Lemma 2.1 to the
sequence (A.2). We take the generators of J(S1,P) as cokernel generators
and b, as kernel generator. The relations (A1-A8) are satisfied in JH(S2) and
the cokernel relation corresponding to (A8a) is CoC 2 = b, which gives (A8)
for i + 1 = p. The conjugation relations are

(*) bpy = ybp
for every cokernel generator y. It suffices to consider y = a; fori =1,...,2p+1
and y = by if p > 2. If p = 1 then (x) follows from (A3), so we suppose that
p > 2. Since b, = C2C;? and Cy, C? are central in 6,_; 5(T2) and 6,1 1(T1)
respectively, (x) is a consequence of (H1-H6) for y = ¢; = agpy2—i, 1 = 1,2,3,4
and y = d = b,_2. In particular b, commutes with a; = by if p = 2 and
with by if p = 3. If p > 3 then it follows from (A1-A8) that b, commutes
with a; for i < 2p — 4 and b if p > 4. Finally (A9a, A9b) imply that it also
commutes with ag,_3 if p > 3 and by if p = 2. Since all conjugation relations are

consequences of (A1-A9), M (S2) admits the presentation from Theorem 3.1.
(I
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