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LOCALLY ALGEBRAIC AUTOMORPHISMS OF THE
PGLy(F)-TREE AND 0-TORSION REPRESENTATIONS

BY ELMAR GROSSE-KLONNE

ABsTRACT. — For a local field F' and an Artinian local coefficient ring A with the
same positive residue characteristic p we define, for any e € N, a category €(©) (A)
of GLa(F)-equivariant coefficient systems on the Bruhat-Tits tree X of PGLo(F).
There is an obvious functor from the category of GLg(F')-representations over A
to €(©)(A). If F = Q, then €M (A) is equivalent to the category of smooth
GL2(Qp)-representations over A generated by their invariants under a pro-p-Iwahori
subgroup. For general F and e we show that the subcategory of all objects in €(¢) (A)
with trivial central character is equivalent to a category of representations of a
certain subgroup of Aut(X) consisting of “locally algebraic automorphisms of level e”.
For e = 1 there is a functor from this category to that of modules over the (usual)
pro-p-Iwahori Hecke algebra; it is a bijection between irreducible objects.

Finally, we present a parallel of Colmez’ functor V — D(V): to objects in €(¢)(A)
(for any F') we assign certain étale (¢,I")-modules over an Iwasawa algebra 0[[ﬁé}f]}
which contains the (usually considered) Iwasawa algebra o[[No]]. This assignment pre-
serves finite generation.

REsUME (Automorphismes localement algébriques de l'arbre de PGL2(F') et représen-
tations de o-torsion)

Soient F' un corps local et A un anneau artinien local de méme caractéristique
residuelle p. Pour e € N on definit une catégorie €(¢)(A) de systémes & coefficients
dans I'arbre de Bruhat-Tits de PGL2(F'), équivariant sous 'action de GLo(F). Il y
a un foncteur de la catégorie des représentations de GLo(F) sur A vers €(€)(A). Si
F = Qp, il induit une équivalence entre C(l)(A) et la catégorie des représentations
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434 E. GROSSE-KLONNE

lisses de GL2(F'), engendrées par leurs vecteurs invariants sous un sous-groupe pro-p
Iwahori. Pour chaque F' et e, la sous-catégorie des objects dans QZ(E)(A) a caractere
central trivial est équivalente a la catégorie des représentations d’un sous-groupe de
Aut(X) : le groupe des automorphismes « localement algébriques de niveau e » Pour
e =11l y a un foncteur de cette catégorie vers celle des modules sur ’algébre de pro-p
Iwahori usuelle ; c’est une bijection entre objects irréductibles.

Finalement, on propose un foncteur de €(¢) (A) vers la catégorie des (p, I')-modules

sur une algébre d’Iwasawa u[[ﬁéll)]] qui contient ’algébre d’Iwasawa usuelle o[[Np]].

1. Introduction

Let F' be a local field with residue characteristic p > 0 and uniformizer
pr € Op generating the maximal ideal pr of the ring of integers O. Let G be
the group of F-rational points of a reductive algebraic group over F. An im-
portant tool in the smooth representation theory of G on vector spaces over the
complex numbers C is the localization technique which has been systematically
developed by Schneider and Stuhler in their work [7]. Assigning to a smooth
(admissible, finite length) G-representation on a C-vector space V and a sim-
plex 7 in the Bruhat-Tits building of G the space of invariants of V under a
suitable open subgroup of G fixing 7, one obtains a G-equivariant (homological)
coefficient system &y on X. If this assignment is carried out with appropriate
care then V' can be recovered from Fy as V = Hy(X,Fv), and in this way,
the study of smooth (admissible, finite length) complex G-representations is
transformed into the study of coefficient systems on X—in a sense these coef-
ficient systems are ‘smaller’ objects, accessible by the representation theory of
finite groups. These constructions work well also for smooth G-representations
on vector spaces over fields of positive characteristic different from p.

On the other hand, if we ask for smooth G-representations on vector spaces
V over a field k of characteristic p, then analogous assignments V — &y are
much weaker in general; typically, they do not allow to recover V. There seems
to be basically only one example class of smooth (and possibly supercuspi-
dal/supersingular) G-representations over k for which the classical (complex)
theory carries over to wide extent: this is the case where G = GL2(Q,) (or
G = SL3(Qp), or G = PGL3(Q,)) and where the smooth G-representations
considered are generated by their invariants under a pro-p-Iwahori subgroup
U§1) of G. Namely, the category of these smooth G-representations is equiva-
lent to a category of G-equivariant coefficient systems on the Bruhat-Tits tree
X of PGL2(Q,) satisfying a simple and natural axiomatic (i.e., the category
€M (k) below). See [5] or Theorem 2.3 below for the precise statement.

TOME 143 — 2015 — N° 3



LOCALLY ALGEBRAIC AUTOMORPHISMS OF THE PGL,(F)-TREE 435

The purpose of this paper is to discuss similar concepts for the groups G =
GL2(F) for general F. As in [7] we fix an index e > 1 (the ‘level’) and, for an
edge n of the Bruhat-Tits tree X of PGLy(F'), we consider the open subgroup
U,ge) of G ‘of level ¢’ which fixes . We fix an edge o of X. For a ring A
let €(¢)(A) denote the category of G-equivariant homological coefficient systems
of A-modules & on X such that for any vertex x and any edge n with x € 7 the
transition map & (n) — () is injective, its image is & (ac)UéE) and generates
F(z) as a representation of the stabilizer of z in G. There is an obvious functor
Vg &,e) from the category of G-representation on A-modules to the category
¢©); it satisfies S’gf)(a) = VU If A = C then the category of smooth,
admissible, finite length G-representations over C generated by VU embeds
into a full subcategory of €(¢)(C) by means of this functor V — & %,e). Therefore
it is natural to ask for the relevance of the category €(¢)(A) for arbitrary A. Is
it equivalent to a suitable category of G-representations ?

Let Q:ée)(A) denote the subcategory of all 7 € €(¢)(A) on which the action
of G factors through PGLy(F'). The basic observation of the present paper
is that the PGLy(F)-action on any & € €(()e)(A) and also on its homology
Hy(X, %) naturally extends to a much larger group G© containing PGLy(F)
and contained in the automorphism group Aut(X) of the tree X. Briefly, an
element of Aut(X) belongs to G© if and only if for any edge n of X it acts
on the ball of radius e + % around 7 like an element of PGLy(F'). We call the
elements of G(©) locally algebraic automorphisms of X of level e. ()

The subgroups Uée) of G have as natural analogs certain pro-p-subgroups
ﬁ,ge) of G©). Given a @(e)—representation V' we assign to it the coefficient sys-
tem ?i,e) € Q(()e)(A) with é}i,e)(n) = v for edges 7. Let g‘i(()e)(A) denote
the category of @(e)—representations V over A generated by Vﬁf(re), and smooth
when regarded as representations of ﬁ}f’). (We find it convenient not to work
with a topology on @(e); as a consequence, we do not have available the con-
cept of a smooth @(e)—representation. Instead, the subgroups ﬁée) (and their
open subgroups) mimick the role which open subgroups play in usual smooth
representation theory.) Let now o be a complete discrete valuation ring with
residue field k, and assume that A is an Artinian local o-algebra with residue
field k. Then our first main theorem is the following (Theorem 3.5):

(M In particular we see that the smooth, admissible, finite length PGLo (F)-representations V'

over C generated by VUC(*E) automatically carry an action by the larger group G . For F #Qp
this fails if C is replaced by k (as follows e.g., from [3]), and from the point of view of the
present paper, the failure of this principle is the reason for, or the manifestation of, the
difference between the smooth PGLq2(F)-representation theory over C and over k.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



436 E. GROSSE-KLONNE

THEOREM. — The assignments & — Ho(X, ) and V +— f/}}if) are an equiv-
alence of categories between Q:(()e) (A) and ﬁ\‘iée)(A). For ¥ € Q:(()e) (A) and V €
Z)Aﬁ{((]e)(A) we have natural isomorphisms

T — ?Eji(xyg) and  Ho(X,T5)) — V.

Let # (G, Uél)) = A[Ugl)\G/Uél)] denote the pro-p-Iwahori Hecke algebra
over A. For a smooth G-representation V over A the submodule VUc(rl) of U[gl)—in—
variants of V is naturally an (G, Uél))—right module. In an early stadium of
the investigations of the smooth representation theory of G over k it was not
clear (see e.g., [9]) if, parallel to similar results over C, the functor V VU
was a bijection between isomorphism classes of smooth (admissible) irreducible
G-representations over k with a central character, and isomorphism classes
of simple (G, Uél))-right modules (assuming k to be algebraically closed).
For F' = Q, this is indeed correct (see Vignéras [9]; this also uses important
work of Breuil). However, work of Breuil and Paskunas [3] then showed that
if F # Q, there are many more smooth irreducible G-representations over k
than expected, disproving such a correspondence if F' # Q,. Again we sug-
gest to look at @(1)—representations instead of G-representations. We observe
that also for any V € 5\%(()1)(A) the A-module V75" of U-invariants of V' is
naturally an J¢, (G, Uél))—right module (but we do not consider the Hecke al-
gebra A[ﬁél)\@(l)/ﬁgl)]). We call V € 97{(()1)(1\) admissible if V05" is a finitely
generated A-module. Our second main theorem then reads (Corollary 4.6):

THEOREM. — Assume that k is algebraically closed. The functor V — v
induces a bijection between the isomorphism classes of admissible irreducible
a(l)-representations and the isomorphism classes of simple (G, Uél))-m'ght
modules with trivial central character.

In this connection let us mention Vignéras’ result [9]: the number of su-

persingular simple (G, Uél))—right modules with a given action of the scalar
matrix pg is exactly the number of irreducible representations of the Weil group
of F of dimension 2 over k with a given value of the determinant at pp.

() Initiated by Cartier, the structure theory of the full automorphism group Aut(X) of X
(decomposition theorems similar to those known for PGL2(F)) and its smooth complex
representation theory have been thoroughly developed, see e.g., [4]. It follows from results of
[4] that the structure theory of the groups G©) is parallel to that of Aut(X), see Theorem 3.1.
Motivated by the present work one might ask for their representation theory over o.
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In the final section we take a look, from the perspective of the present paper,
onto Colmez’ functor from smooth GL2(Q,)-representations on o-torsion mod-
ules (where [0 : Z,] < 00) to (¢, I')-modules. First, for general F', let Née) denote
the pro-p-subgroup of G consisting of unipotent upper triangular matrices with
off-diagonal entries in p;_l Or. In G© we find (non-abelian) pro-p-subgroups
]/\7&6) and Néel) which play an analogous role, but which are much larger than
Née) (now G© itself disappears from our discussion). J\Afée) is a product of

. 5 . k+e—1 < .
copies of Néi), and, if we set Py = Hae@p/p’; pF+e for £ > 0, then Néi) is
abstractly the quotient of

(o (B (- (P22 (B xBo))---)) )

by the product of the images of all maps

(diag, —id) : H PR — Pryr ¥ Pre.

aE@p*/lJ’f7

The Née)—action on any & € €(®)(0) naturally extends to a ]Vée)—action on ¥,
hence also to a ]Vée)—action on Hy(X,9).

Take e = 1 for the moment (in the text we consider general e > 1, but
see Lemma 5.5). Given an o-torsion object & € €(!)(0) such that J (o) is a
finitely generated o-module, we faithfully copy Colmez’ constructions, as re-
considered e.g., in [10]: To & we functorially assign a finitely generated module
D(Y) over £ (]/\}éll) )= o[[ﬁéll) ]], endowed with an additional étale structure (see
the text for the precise definition: a morphism D'(¥) — D(¥) and compati-
Or — {0} 0

0

ble semilinear actions by the monoid resp. its inverse monoid,

satisfying an étaleness requirement).

Precomposing with V — & %,1) we obtain a functor which is a variation,
available for arbitrary F', on Colmez’ functor V — D(V).

However, if ' # Q, we are not able to assign finitely generated étale
(¢,T)-modules over Fontaine’s ring @ to 7 € €1 (o).

Acknowledgements. — 1 thank Gergely Zabradi for an important comment on
an earlier draft. I thank the referee for his very careful reading of the text and
for numerous detailed suggestions for improving the exposition. A substantial
amount of these results has been obtained while the Deutsche Forschungs-
gemeinschaft (DFG) supported my position as a Heisenberg Professor at the
Humboldt University at Berlin.
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438 E. GROSSE-KLONNE

2. Coefficient systems

Let F be a non archimedean local field with finite residue class field kg of
characteristic p. Let G = GLg(F'). Let Z be the center of G.

Let X be the Bruhat-Tits tree of PGLy/F. Let X° denote its set of vertices,
let X' denote its set of edges; throughout, we identify an edge with its two-
element set of vertices. Let d : X° x X° — Zs( be the counting-edges-on-
geodesics distance. By definition, an automorphism g of X is a permutation g
of X° with d(z,y) = d(gz, gy) for all x,y € X°; clearly such a g also induces
also a permutation g of X!.

We fix 0 = {z,,z_} € X"

For z € X let K, C G denote the maximal compact subgroup fixing z,
let Uél) C K, denote its maximal normal pro-p-subgroup. For e € N let Ugﬂe) =
N, Uél) where y runs through all y € X° with d(x,y) < e—1.For 7 = {z1,22} €
X! let U ¢ G be the subgroup generated by US? and ULY; this is again a
pro-p-group. For e > 0 we put

Z@(z) = {y € X°|d(z,y) < e} for z € X°.

If e > 1 then Z(¢)(2) = (XO)UsSe), the fixed point set of UL acting on XO.
Next, for e > 0 we put

Z@ (1) = 2 (21) U Z(® (25) for 7 = {z1, 22} € X"

We have Z(9)(7) = (XO)Ur.

Let o be a complete discrete valuation ring field with residue class field &
of characteristic p. Let Art(o) denote the category of Artinian local o-algebras
with residue class field k.

DEFINITION. — Let A € Art(o). A homological coefficient system F in A-mod-
ules on X is a collection of data as follows:
- a A-module () for each simplex T
- a A-linear map rT : (1) — F(z) for eachz € X° and 7 € X! withzx € 7.
We obtain a A-linear map

(1) D I — P 9@
TeX! zeX0

sending f € F(1) to Y .exo TL(f). The cokernel of the map (1) is denoted
TET

by Ho(X,9), its kernel is denoted by H1(X, ).

LEMMA 2.1. — Let & be a homological coefficient system on X for which the

transition maps r7 : F (1) — I (x) are injective, for all x € T € X1 .

For any y € X° the natural map ¥ (y) — Ho(X, ) is injective. In particu-
lar, if Hy(X,%) =0, then & = 0.

TOME 143 — 2015 — N° 3



LOCALLY ALGEBRAIC AUTOMORPHISMS OF THE PGL,(F)-TREE 439

Proof. — Suppose that the map (1) sends ¢ = (¢;), € @,ex1F(T) to the
submodule ¥ (y) of ®,ecx0 () (i.e., to an element with zero-component in all
F(y') for all y' # y). We claim that ¢ = 0. Otherwise there is some 7 € X!
with ¢; # 0 and some x € 7 such that d(y, z) is maximal (for all such 7 and
z). But then z # y and the injectivity of r7 : (1) — Y (x) shows ¢, = 0,
contradiction. O

Let H be a group (or a monoid) acting on X (through automorphisms of X).
We say that the homological coefficient system & is H-equivariant if in addition
we are given a A-linear map g, : (1) — F(g7) for each g € H and each (0-or
1-)simplex 7, subject to the following conditions:

(a) gnr o hr = (gh), for each g,h € H and each simplex
b) 1, = idg(,) for each simplex 7
()
(c) 797 0 go = gr o7} for each g € H and each z € X and 7 € X' with
rEeT.

It is clear that if & is an H-equivariant homological coefficient system, then
H acts compatibly on the source and on the target of the map (1), hence it
acts on Hy(X, ¥) and on Hy (X, 7). There is an obvious notion of a morphism
& — 4 between H-equivariant homological coefficient systems: a collection of
maps (1) — H(r) for all simplices 7, compatible with the restriction maps
and the H-actions.

DEFINITION. — For A € Art(o) let €(©)(A) denote the category of G-equivari-
ant homological coefficient systems F in A-modules on X satisfying the follow-
ing conditions:

(a) for any (0-or 1-)simplex T the action of Ut on G (1) is trivial,

(b) for any z € n € X! the transition map 77 : I (n) — F(2) is injective, its
image is g(z)UT(IE), and this image F](z)Uvse) generates ¥ (z) as a K,-represen-
tation. [Thus, for z € X°, if S = {n € X' |z € n}, then I (z) = > onesim(r])./

Let V' be a G-representation on a A-module. We define a coefficient system
9%,6) on X as follows:

e (e) e (e) .
g =V and IP@ = Y V= 3 9P
yex0 yex0
{z,yyex? {z,ytex!t

forn € X! and x € X° (where in the definition of 9&;3) (z) the sum is taken
inside V).

LEMMA 2.2. — 99 belongs to €(°)(A).
Proof. — This is obvious. O
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440 E. GROSSE-KLONNE

For A € Art(o) let :R(9(A) denote the category of G-representations
on A-modules which are generated by their Uée)—ﬁxed vectors.

THEOREM 2.3. — Assume that F' = Qp. The assignments & — Ho(X,)

and V — 9%,1) are an equivalence of categories between € (A) and KM (A).
For F € €M (A) and V€ R (A) the natural maps

(2) T — TP o and  Ho(X,7V) —V

are isomorphisms.

Proof. — [5]. O

3. Subgroups of the automorphism group of the tree

DEFINITION. — For e € N let G denote the set of automorphisms g of X
with the property that for all p € X! there is a ¢’ € G such that the restric-
tions of g and g' to Z(©(u) (viewed as maps Z(©) (u) — X°) coincide. G(©) is
easily seen to be a subgroup of Aut(X); we call it the group of locally algebraic
automorphisms of X of level e. We have the chain of group inclusions

PGLy(F) C---c Gt c G c ... c GM c Aut(X).
The following Theorem 3.1 follows from the work of Choucroun [4]. This

theorem (like the notations we need in order to formulate it) is not needed in
the sequel, but of course it should be stated.

Fix a sequence of vertices ...,x_o,x_1,Zg,Z1,Z2,... forming a geodesic
in X. Let B_(f) (resp. B(_e)) denote the stabilizer in G(®) of the end of X cor-
responding to xg,x1,Z2,... (resp. to ...,x_o,x_1,20). Let ]\Aff) denote the

subgroup of ﬁs_e) consisting of all g € Ef) with g(z,) = z, for almost all

n > 0. Let K(© denote the stabilizer in G(®) of the vertex Tg. Let 70 de-
note the stabilizer in G of the edge {zg,z1}. Let T(©) denote the pointwise
stabilizer in G of ... ,T_9,T_1,L0,L1,L2,...

Let s € PGLy(F) C G® be an element with s(z,) = z_, for all n € Z,
let ¢ € PGLy(F) C G© be an element with @(xn) = Tpyq for all n € Z.

THEOREM 3.1. — (a) Cartan decomposition:
GO = ] ROemR©.
mEZZO

(b) Iwasawa decomposition:
G© = ROB.
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(¢) Bruhat decomposition:
G — §OBOT] BY

and moreover, nlsé_(f) N nlség_e) # @ if and only if T = n, T,
(d) We have

(e) We have
I® = (1 n By . (I n BY),

7 = (I n BY) n (I n BY).

Proof. — This follows from [4] Theorem 1.5.2 as G(® is closed in Aut(X) and
contains the group PGL2(F') which (in the terminology of [4]) acts weakly two
transitive on X. O

DEFINITION. — For a 1-simplex n let ﬁée) denote the set of automorphisms g
of X with the property that for all 4 € X' there is a g’ € Uy(,e) such that the
restrictions of g and g' to Z'®)(u) (viewed as maps Z©)(u) — X°) coincide.
Notice that this implies: for all x € XV there is a g’ € Uée) such that the
restrictions of g and g’ to Z(¢)(x) coincide.

Clearly (77(,6) is a subgroup of @(e), and the natural map G — G(© restricts
to a map U\® — U.

REMARK. — We do not impose any topology on G©. Howewver, in the follow-
ing we mimick the smooth representation theory of p-adic reductive groups by
assigning to the subgroups ﬁée) of G© the role of open subgroups. On the other
hand, on these individual subgroups (77(]6) we do consider their pro-p-topology
(cf. Lemma 3.2).

LEMMA 3.2. — ﬁée) is a pro-p-group, for any e € N.

Proof. — For any m > 0, restriction induces a group homomorphism (7}56) —
Aut(Z(™) (o)) to the symmetric group Aut(Z(™ (s)) on the set Z(™) (o), and
we have

U = ;%nim[U;@ — Aut(Z2™)(0))].

Therefore we need to show that all the im[ﬁée) — Aut(Z(™)(0)] are fi-
nite p-groups. We do this by induction on m. For m < e the map
o Aut(Z(™) (o)) is trivial. Now let m > e. Let g € U and
z € Zm=¢)(g). Then gpN(z) = z for some N > 0 by induction hypothe-
sis. As gpN S ﬁc(,e) we find some h € Uc(,e) such that the restrictions of h
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and g?" to Z(©)(2) coincide. Since gpN(z) = z this is an equality h = gP"
in Aut(Z(®)(2)). Now Ul is a pro-p-group, therefore we find some M > 0 such
that h?" acts trivially on Z (m)(g). Therefore g?" " acts trivially on Z ©)(z).
Thus, there is some K > 0 such that ng acts trivially on Z (e)(z) for any
z € ZMm=) (o). As
ARG N BV ACI )
2€Z(m=) (o)
we are done. O

DEFINITION. — Let Q:ge)(A) denote the category of all € €©)(A) for which
the G-action factors through PGLy(F) = G/Z.

Let ¥ € (’Z(()e)(A) and g € G©. Given n € X!, choose a g’ € G restricting
to g on Z((n) and define g, : F(n) — F(gn) to be the map gy () —
F(g'n) = F(gn). This definition is independent of the choice of ¢'. Indeed,
let also g € G restrict to g on Z©)(n). Then g'~'g" belongs to the pointwise
stabilizer Staba(Z(©) (1)) of Z9(n) in G. If x is one of the vertices of 1, we
have

Staba (29 (n)) C Stabg(Z2'9) (2)) = U Z c UL Z.
Since Uée)Z acts trivially on F(n) by the definition of QI(()e) (A), we see that
919" acts trivially on F(n). Therefore g’ and g" = ¢'(g'"'g") define the
same maps F(n) — F(gn). Similarly, given x € X°, we choose a g € G
restricting to g on Z©)(x) and define g, : F(x) — T (g9x) to be the map g’ :
F(z) = F(g'x) = F(gz); again this does not depend on the choice of g'.

LEMMA 3.3. — The above definitions make & into a @(e)-equivariant coeffi-
cient system on X. In particular, G'®) acts on Ho(X, ).

Proof. — This is clear. O

LEMMA 3.4. — Let A € Art(o). For any & € Q(()e) (A) the natural maps

(3) im(rg,) = 7 (@)’ — Ho(X, )7~

are bijective, for both 7 =+ and 7 = —.

Proof. — The injectivity follows from Lemma 2.1. Now we prove surjectivity.
Let the 0-chain ¢ = (¢, ),ex0 represent the class [c] in Hy(X, g)Uc(vE). Let n(c) €
Zso be minimal with supp(c) C Z(™¢)(g). By induction on n(c) we show that

[c] lies in the image of the map (3). If n(c) = 0 the statement is clear: use the
injectivity of ¥ (x2) — Ho(X, ) (Lemma 2.1). Now let n(c) > 0.

()
Claim: We have c, € 9(z)U{fvz} for all z € Z™)(g), where 2~ €
Z™)=N () is such that {z~, 2} € X1 .
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Given the claim, the defining properties of 686)(A) allow us to pass from

¢ = (ey)yexo to a homologous O-chain ¢ = (c})yexo with n(¢’) = n(ec) — 1.
Then the induction hypothesis can be applied.

To prove the claim, let g € U{(z?z_}. We find ¢’ € Uz(f) with gUz(e) = g’Uz(e).
Let w € Z(™4=2)(g) be such that {w,2~} € X'. (If n(c) = 1 and hence
z~ € o, then take w such that {w, 2~} = 0.) Removing {w, 2~ } from X we are
left with two disjoint closed full subhalftrees of X: the halftree X5 rooted at w,
and the half tree X; rooted at z~. As ¢’ fixes {w, 27} pointwise, the action
of ¢’ on X respects X5 and X;. Let g € Aut(X) be the unique element fixing
X, pointwise and acting on X; like ¢’. It then follows by construction that in
fact g belongs to ﬁée) and satisfies the following properties:

(i) For any y € X° with d(y,27) < d(y, z) we have g(y) = y, and g acts
trivially on & (y).

(ii) We have ¢’ = g on F(z), and hence g = g on F(z) (as UL acts trivially
on ¥(z)).

As the support of c is contained in the set of all y € X° mentioned in (i),
together with z, we have

§(C) —Cc= /g\(cz) —C = g(cz) —Cz.

On the other hand, the class [] is U9 invariant, i.e., g(c) — ¢ maps to the zero
element in Hy(X, ). Together, using Lemma 2.1 we see that g(c,) = c,, as
desired. O

DEFINITION. — We define Eﬁ(()e)(A) to be the category of representations of G®©
on A-modules which are generated by their ﬁée)-ﬁxed vectors and which, when
restricted to Uée), are smooth Uée)—representations.

DEFINITION. — Given V € 5‘{66)(/&) we define a coefficient system /9\’5,8) as
follows:
~(e) 3C) ~(e) 3% ~ (e)
Tvm=Vi and Ty (x)= D View= 3 Iy ({zy})
yex0 yex0
{z,y}ex? {z,y}exl

forn € X' and x € X° (where in the definition of §f§f) (x) the sum is taken

inside V). The transition map r] : §$)(n) — /9\’&,6) (x) for x € n is defined as
follows: if x lies in the SLo(F')-orbit SLo(F)x4 of x4, then rll is the inclusion;
if however x € SLy(F)x_ then rl is the negative of the inclusion. (Notice that
XO = SL2(F)$+ H SLQ(F)J,‘_)

The following result is an analogue of Theorem 2.3.
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THEOREM 3.5. — (a) For & € Cée)(A) we have Hy(X, ) € ﬁée)(A), ForV e
Sﬁge)(A) we have ?ij) € QZ(()e)(A).
(b) These assignments F — Ho(X,F) and V — é}if) are functorial in a

natural way and form an adjoint pair: for F € 6(6) (A) and V € 5\‘{66)([&) we
have a natural isomorphism

= (€)

(4) Homg o, (Ho(X, ), V) = Hom (T, Tv).

R (A) el ()

(¢) These functors are an equivalence of categories between (’Z(()e)(A) and
R (A).
(d) For & € Cge)(A) and 'V € ﬁge)(A) the natural maps
~(e)
(5) I — T aox,9)
~(€)
(6) Ho(X,Ty') —V

are isomorphisms.

Proof. — (a) For {x,z} € X! we first claim that

() _ 77(e)

(7) Uy N e =0¢
yex0
{m,y}EXl

The containment of the left hand side in l/]\ff;)z} is obvious. Conversely, let u €
(7{(;)2}. Multiplying by an element in U {(Z)z} we may assume that u fixes Z(¢) (z)
pointwise. But then it is easy to see that u € ﬁ{(;)y} for any y € X° with
{z,y} € X'. Now let V € ﬁée)(A). We claim that

(8) Z Ve v UG — U

yex0
{z,y}ex?

The containment of Vﬁi;)ﬂz} in the left hand side is obvious. The reverse contain-
ment follows from formula (7). Formula (8) says §7VE)($)UEZ% = §rve ({z, #}).
This shows that &S) € (’Zée)(A).

Next, let & € 6(8)(A). Since Ho(X,J) is generated (as a G(°)-representa-
tion) by (o), it is in particular generated by its U%)_fixed vectors. More-

over, the ﬁtge)—action on Hy(X,%) is smooth: Indeed, given an element v
of Ho(X, ), we pick a 0-cycle ¢ € Cy(X, F) representing v. We find m > e
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such that ¢ is supported on Z(™~¢) (). Thus ¢ and hence v is fixed by the ker-
nel of U — Aut(Z(™(0)); this kernel is of finite index in U9 hence open
in U (cf. the proof of Lemma 3.2). We have shown that Ho(X, ) € ﬁée)(A).
For statement (b), the proof is the same as in [5] Lemma 1.2. Statements
(a), (b) and (d) together imply statement (c).
(d) We prove the bijectivity of the map (6). The composite

~(e) ~(e) NONIT

v =507 (0) 25 0 (24)05 — Ho (X, T )0 —v

Fe . e NONION
is just the inclusion of VUs” into V. The map VU~ — Hy(X, 9; )Ué) is

. . ~(€) (e . e .
surjective by Lemma 3.4, therefore the map Ho(X, gve )U¢§ ' 5 V is injective.

If the map (6) was not injective, then, as (6) is ﬁée)—equivariant, the kernel of (6)
would contain a non-zero A[ﬁc(,e)]—submodule. But then, as A is Artinian with
residue field k, this kernel would also contain a non-zero k[Acge)]—submodule. As
U is a pro-p-group by Lemma 3.2, as it acts smoothly on Hy(X, ) and as
char(k) = p, this kernel would therefore have a non-zero vector invariant under

ﬁée): contradiction to the injectivity of Ho(X, &ij))ﬁge) — V. Thus, the map
(6) is injective. Its surjectivity is clear as V is generated by its ﬁée)—invariant
vectors.

Finally, it remains to prove that the map (5) is an isomorphism. Fix & €

~ (e)
Q((]e) (A). For the course of this proof let us write ¥y instead of & ;0( X,9)
For 7 € X! let z,, € X° denote the vertex of 7 belonging to the orbit
SLo(F)z4. As & has injective transition maps the composition
T;_
T(r) 25 (g )— Ho(X, F)

is injective, see Lemma 2.1. Clearly the map 7 (1) —=% F g (4 )—Ho(X, F)
is injective, too. Using these maps we regard &¥(7) and ¥ g (1) as being con-
tained in Hy(X, 7). Our hypotheses on & and the definition of & 5 show that
in this way we may regard & as a sub coefficient system of & . Namely, as
U(©) acts trivially on 7 (7) for 7 € X', we have the injective maps

ay : I(1) — Ho(X, N = Ty(r),

and as F(z) = > ,ex1 F(7) the a, also induce injective maps

TET

@ I@) =Y I(r)— Y Hy(X, 7" = Ty(a)

rex! rexl
zET TET

for € X°. This morphism of coefficient systems & — &y induces a map « :
Hy(X,9) — Ho(X, T g). On the other hand, let 8 : Ho(X, 5 g) — Ho(X, )
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be the natural morphism corresponding to the identity on & gy under the iso-
morphism (4).
Claim: o a is the identity on Ho(X, 7).
As Hy(X, ) is generated by the images of the natural maps ¢, : ¥ (z) —
Hy(X, ) for all z € X, it is enough to show oo, = 1, for all z € XO. If
e+ S u(x) — Ho(X, T )

denotes the natural map, then we have a o ¢, = 71, 0 a, by the definition of a.
Now by the definition of 3 we have that 8 o n, is just the inclusion

Tu(@) =Y. Ho(X, N7 — Ho(X, )

rex!
zeT

for all z € X°. It follows that 3o a o, = 30n, oa, is the inclusion of ¥ (x)
into Ho(X, &), i.e., it is the map t,, as desired. The claim is proven.

By the bijectivity of the map (6), applied to V' = Hy(X, ), the map 3 is
an isomorphism; hence « is an isomorphism, by the above claim. In particular,
Hy(X,9 /) = 0. But it follows from our hypotheses on & that for all z €
n € X' we have

Tum) NI (z) =9(n)
inside Y y(z), ie., (Fu/F)n) — (Fu/F)(x) is injective, i.e., the quotient
system & g /& has injective transition maps. These two facts together imply
Iu/F =0, see Lemma 2.1. We get g = &, i.e., the map (6) is an isomor-
phism. O

4. Modules over the pro-p-Iwahori Hecke algebra

Let A € Art(o) and e € N. Let jsf) = indg<e)1A denote the G-representation
on the A-module of compactly supported A-valued functions on Uée)\G. Let

HA(G,UL)) = Enda(4Y),

the Hecke algebra of uld ¢ G, with coefficients in A. (For e = 1 this is the
pro-p-Iwahori Hecke algebra over A.) It is naturally isomorphic to the A-al-
gebra A[USY\G/US”] (in which multiplication is given by convolution). This
isomorphism sends the coset Uﬁe) gU[ge), for g € G, to the endomorphism of ./ E\e)

which sends the (compactly supported, UL Jeft invariant) function f : G — A
to the function

G —_— A, h — Z XUée)ch(rE) (ht_l)f(t)
teUiNa

(where Xy gy G — A denotes the characteristic function of Uée)gUée)).
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For any G-representation V over A, the A-algebra J(4(G, U§e)) =
A[Uée)\G/Uée)] naturally acts from the right on the A-module VUs” of U”-in-
variant vectors in V. The action of an arbitrary coset Uée) gUée) on v € Vs
is given by the following formula: if the collection {g;}; in G is such that
Ul guld = I1; Ug(e)gj, then

v- U U = Zgj_lv.
J

PROPOSITION 4.1. — For any V € %ge)(A) we have a natural right action
of # A (G, U((fe)) on VU,

Proof. — We may regard V as a G-representation, therefore 7 (G, Uée)) nat-
urally acts on VUS? . We claim that this action preserves the submodule v s
of VU,

By Theorem 3.5 we have Ho(X,¥) 2V for ¥ = §7$) Let v € VU
Ho(X, g)Urse), let g€ Gand h € U9, We need to show

IR

9) v-UgUL = h(v- UL gUL).

First assume go = 0. By Lemma 3.4 we may represent v by a 0O-cycle ¢ =
(cy)yexo € Co(X,T) supported on the vertices of 0. Choose h' € Ul with
h|Z(E)(U) = h’|Z(E)(U). As c and hence gc is supported on the vertices of go = o

we see h(v- Uée)gUﬁe)) =h'(v- Uée)gUée)), therefore statement (9) follows from
VO c yul
Now assume go # o. Let z € o be the vertex of o such that, if 2 € o denotes

the other vertex, then d(z,y) > d(2’,y) for y € go. Observing ch(,e)g_1 = Ug(f})
we easily see that

(10) ZK,NgU¥g™t c U,

For any collection {g;}; in gUée) we deduce from this the equivalence
(11) UPgU® = H U¥g; inG & Ul g™tz = H{gj_lz} in X°.
J J

Indeed, as X° = G/ZK, the second statement in formula (11) is equivalent to
the statement ZKngée) = ]_[j ZK,g;. But using formula (10) this is straight-
forwardly checked to be equivalent to the first statement in formula (11).
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Choose a collection {g;}; in gUée) satisfying the equivalent conditions of
formula (11). Moreover, choose h; € uld

any j. We then find

Ul e =097 2 = hUPg e = hU g 2 = [[{hg; 2} = [[{Rsg; "2}
J J

with h|Z(e)(nglz) = hj|Z(e)(g;1z)’ for

and hence, in view of the equivalence (11), also

(12) UL gule) = [Jutg;n; .
J

By Lemma 3.4 we may represent v by a 0-cycle ¢ = (¢cy)yexo € Co(X, )
supported on z. Then v - Uée)gUée) is represented by the 0O-cycle ¢9 = (CZ)yeXO
with cZ = gj_lcz for all j, and with ¢ = 0 for all other vertices y. There-

P z
fore h(v - U gU?) is represented by the O-cycle h(c?) = ((he%)y)yexo with
(th)hjgjlz = hjgjflcz for all j, and (hc¢?), = 0 for all other vertices y. But by

formula (12) this is again a representative for v - Uée) gUg(e). O

Let W be a ZK,, -representation on a free A-module such that Uﬁr) acts
trivially on W. We assume that for any z € X° with {z, 2} € X! the natural
map

(13) w— @ W,
{=y}

yeX0—{z}

{z,yyex1

is injective. Here WU(1> denotes the module of coinvariants for the action
{z,y}

of U {(i)y} on W. Consider the compact induction ind(Z;KIJr W, the A-module of
all locally constant functions f : G — W, with compact support modulo Z,

which satisfy f(gk) = k='f(g) for all k € ZK,,. The group G acts by left
translation on indgKer W. For z € X° we choose g € G with z = gz and put

G(z) = Gy (2) = {f € mdGx, W [supp(f) € 9ZK,,}

this does not depend on the choice of g, as X° = G/ZK,_ ). We have
+

(14) indZ,, W= P Yla).

zeX0

Suppose that we are given a G-equivariant endomorphism 7' of indCZ;KuW
which, as an endomorphism of ®,¢ xo & (z) (via the identification (14)), has the
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following structure: for any = € X°, the restriction 7| g(x) factors as

(15) Ty : Gz) == P G <~ P 9w

yexO yeXo
{z,yrex!

where ¢ is the natural inclusion, and where T, is the sum of maps

(16) Ty : Ga)—G@)y0 =% 9y)Ven — G(y)

{=,y}

for all y € X° with {z,y} € X!, where the first arrow, resp. the last arrow, is
the canonical projection onto the coinvariants, resp. the canonical inclusion of
the invariants, and where ¢, is an isomorphism of A-modules.

LEMMA 4.2. — Let A€ A. If for b= _yobs € Dpexo§(x) the support of

=D T(b)s — Aoy € BuexoY(z)

is contained in the two vertices of some n € X', (i.e., T(b), = \b, for x ¢ n),
then b = 0.

Proof. — This is parallel to Lemma 2.1. Assume b # 0. Choose = € X° with
b, # 0 such that d(n,z) = min{d(y, z) | y € n} is maximal (for all such z). Then
T(b)y = Ty o (by) for all 2’ € XO with {z,2'} € X! and d(z/,n) = d(z,n) + 1.
The definition of the T}, ;- and the injectivity of the map (13) implies, by
translation, the injectivity of the map

D Tow : Glz) — P G()

where the sums are taken over all ' € X° with {z,2'} € X' and d(2',n) =
d(z,n)+1. Therefore T'(b),» = 0 for all such 2’ implies b, = 0: contradiction. [

PROPOSITION 4.3. — Let A € A. Assume that Z acts trivially on W.

(a) GW naturally acts on indgKm+ W, and T is a(l)—equivariant. In partic-
ular, GO, and hence its subgroup UL, act on (indg;{m+ W) /(T — X).

(b) The image ofﬁ(x_,_)Ufgl) @ﬁ(x_)Ursl) in (indg;{z+ W) /(T =) is contained
in the submodule of ﬁél)—invariants, and the natural map

ind(Z;K W .

17 U(l) U(l) @y U(S )
17) 9" @G — ()
is bijective.
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Proof. — (Here and below we write (indgKaUr W)/(T — A) instead of
(indZg, W)/im(T — X)).

(a) The action of GM on ind(Z;K”W is defined in the same way as the
action of G©) on 7 € C(()e) (A), cf. Lemma 3.3. The GW-equivariance of T is
then immediate from its local nature.

(b) The injectivity even of J(z1) ® H(z_) — (indgKI+ W) /(T — X) follows
from Lemma 4.2. The following proof of surjectivity of the map (17) is similar

to that of Lemma 3.4. Let a = {a;}zex0 € @, cxo F(z) = indngJrW be such
that its class [a] in (indgKer WH/(T —\) is UM -invariant. Let

n(a) = max{d(o,z) |z € X°, a, # 0}
where we put d(o,z) = min{d(z4,z),d(z_,z)}.

Step 1. — Let x € X° with d(o,z) = n(a) — 1. We claim that for any element
x’ of the set

0, = {2’ € X°| {2,2'} € X',d(0,2") = n(a)}

we have a, € ﬁ(x')Uﬁ)@’}.

To see this, let u € U{(;)’JE,}. We find some v’ € Ué” with v = v modulo
Ué}). Next, we find some u € ﬁc(,l) such that

(i) for all y € X° with d(y,z) < d(y,z’) we have u(y) = y, and U acts
trivially on &(y), and

)

(ii) we have v’ = won %(z'), and hence u = w on G (z') (as Ui,l acts trivially

on G(z')).
As the support of a is contained in the set consisting of 2’ and all y € X°
mentioned in (i), we have

u(a) —a="u(ay) — ay = u(ay) — ay.
On the other hand, the class [a] is UM invariant, i.e., u(a) —a € (T — N).
Together with Lemma 4.2 we obtain u(a,) = a,s, as desired.

Step 2. — Let x and O, be as in step 1. We claim that Zm’e?)z ay lies in the
image of the natural map
(18) 9a) — @ Ga)yn
' €0, {2ty
By step 1, we may view a,, for any z’ € 0, by means of the isomorphism
&)
tea 2 @)y = ﬁ(x’)U{W’} as an element in §(x), 0 . Let z” € X° be
{z,z’} z,x'}
the unique vertex with {z,z”} € X' and d(o,2”) < d(o,z). Then Ué,l,) acts

{z,z’
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transitively on the set ©),. Given an element u of Uill/), we find an element @

of TS whose action on {y € X°|d(o,y) < n(a)} fixes (pointwise) all elements
not contained in @),, and acts on @, like u. Applying Lemma 4.2 again (and

using the U invariance of the class [a]) we therefore see that ) az is a

/€0,

Ué,l,)—invariant element of the U ;},)—representation Dy, G(x) (on which

Uiy
Ué,l,) acts by permuting the summands transitively). Therefore > 21, Ga lies

in the image of the map (18).

Step 8. — By what we saw in Step 2 we may pass to another representative
(modulo (T — ))) of [a] which has zero contribution at all 2’ € ),. Doing this
for all z € X° with d(o,2) = n(a) — 1 we obtain a representative a of [a]
with n(a@) = n(a) — 1. Proceeding by induction on n(a) we finally see that
any U"-invariant class in (ind$ &, W)/(T —X) is represented by some a with
n(a) = 0, i.e., by some a € F(z4) Eg G(z_). As in Step 1 we then see that this
representative in fact belongs to ﬁ(mQUél) ® ﬁ(x,)Uf(fl). O

Assume that £ is algebraically closed. Let W be an irreducible k[K ]-mod-
ule on which the center of K, acts trivially. We regard W as a k[Z K, ]-module
by letting Z act trivially.

THEOREM 4.4. — (a) The map (13) is injective, and the Hecke operator T

on indgKI+ W constructed in [2] has the structure described above, i.e., is given
by maps (15), (16).

) 1) indx, W e

(b) For X € k the #1(G,Us’)-module (ﬁ) ks

mdng w ~
If it is irreducible, then ﬁ is an irreducible GV -representation.

has k-dimension 2.

Proof. — (a) See [2].

indgKI+ w

(b) Let 0 # V C —7—— be a GW-sub representation. The same

argument as in the proof of Theorem 3.5 shows that the action of ﬁé”
ind§ w

on ind(Z;KuW, and hence on (ZTK%;) and on V, is smooth. Therefore,

since [7,51) is a pro-p-group by Lemma 3.2, we have v # 0. Replac-

ing V by its GM-sub representation generated by VO we may assume

(1) md(Z;Kz w
that V belongs to R, (k), as does ﬁ Proposition 4.1 says that
1) indZx,, W 50 . G
Hi(G,Us’) acts on (ﬁ) s, respecting V% . Therefore we have
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indg, W =~ ind§, W -
Mazre W g L. ZKs

Us” o { Us” P . .. . o
v = (W) i ﬂ) is irreducible. This implies V =
ind(Z;Kz+W indng+W . ib ind(Z;Kz+W )

a8 —r—xy— Is generated by (ﬂ) o,

indgszrW

By Proposition 4.3 we may identify (ﬂ)ﬁf,” with ﬁ(m+)U§1) @
ﬁ(m_)Uc(rl). It is well known that ﬁ(lur)Uc(rl) = WUs" and hence also ﬁ(l’_)U«iI)

indZp, W (L
—t Uo7 is two dimensional. O

is one-dimensional, therefore ( =y

DEFINITION. — A @(1)-representation on a k-vector space V is called admis-
sible if VO s a finite dimensional k-vector space.

PROPOSITION 4.5. — For any admissible irreducible é(l)—representation on a
k-vector space V there exists some A € k and an irreducible k[K,_ |-module
W on which the center of K,  acts trivially, and a surjective homomorphism

of @(1)-representations

indG, W
1 i g
(19) T = — V.
Proof. — AsV is admissible, Y, cx1 V0" is a finite dimensional k[K . ]-mod-
Ty €n

ule. Therefore it admits an irreducible k[K,_ |-module-submodule W; the cen-
ter of K,  acts trivially. By the definition of F S) we may regard W also as
a k[ZK,_ ]-submodule of T 8 : (x4), and this induces a natural homomorphism
of G -representations indgKm+ W — @gexo §r$) (z). Consider the composition
of G _representations

viindGy, W— GrexoTy (@) — Ho(X,Ty)) — V

~(1
(we know but do not need here that Hy(X, gif)) — V is an isomorphism
(Theorem 3.5)). The ring End(indgKm+ W) acts (by precomposing) from the
right on the finite dimensional k-vector space

Homg(indZ g, W,V)=Homzx,, (W,V)=Homzxk, (W, ) Vo),

nexl
zy€n

Consider the action of T € End(indgK” W) (in fact we have Ek[T] =
End(indgKm+ W), see [2]) on the k[T]-submodule of Homg (indgKmJr W,V)
generated by . As k is algebraically closed, this action of T" has as a non-zero

eigen vector, providing a non-zero G-equivariant homomorphism (19) for
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some A € k. But since v and T are é(l)—equivariant, also this map (19) is
GM-equivariant. Its surjectivity follows from the irreducibility of V. O

The simple # (G, Uél))—right modules have been classified by Marie-France
Vignéras in [9]. In particular, in [9] par. 3.2 it has been defined what it means
for a simple H#(G, Uél))—right module to be supersingular. We say that a
ﬂk(G,Uél))—righ‘c module has trivial central character if for any g € Z the
double coset Uél)ch(,l) € k[Uél)\G/chl)] = ﬂk(G,Uél)) acts as the identity.
(This definition makes no reference to the center of the ring (G, Uc(,l)); for
the (easy) description of that center see however [9].)

COROLLARY 4.6. — The functor V. +— y o from 6(1)-representations
to ﬂk(G,Uﬁl))—right modules induces a bijection between the isomorphism
classes of admissible irreducible a(l)—representations and the isomorphism
classes of simple ¥ (G, Uél))-right modules with trivial central character.

Proof. — First, in [9] Proposition 4.9 it is shown that the functor V +— vUs”
from G-representations to % (G, Uc(,l))—right modules induces a bijection
between the isomorphism classes of the irreducible subquotients of prin-
cipal (series) representations of GG, and the isomorphism classes of simple
I (G, U, m)-right modules which are not supersingular. Therefore, to see that
the non-supersingular simple % (G, U, vl )) right modules with trivial central
character also ly in the image of our functor under discussion, it is enough to
see that the irreducible subquotients of principal (series) representations of G
on which the center Z of G acts trivially are in fact @(1)—representations. In
[2] it is shown that the irreducible principal (series) representations of G are
indgKm

isomorphic to W

for some A € k* and some irreducible k[K,, ]-module

G

W. Proposition 4.3 shows that % is indeed a @(1)—representation (if
Z acts trivially). Moreover, in [2] it is also shown that the principal (series)
representations of G which are not irreducible are necessarily of length two,
and the subquotients are the following: a twist of the one-dimensional G-rep-
resentation, and a twist of the Steinberg representation. Clearly the trivial
(one-dimensional) G-representation is a é(l)—representa,tion, too. But it is also
well known that the Steinberg representation of G is isomorphic to Hy(X, F)
for some & € Q:(l)(k), hence is a G(-representation. (For example, for z € X°
the K,-representation ¥ (z) is the |kp|-dimensional Steinberg representation
of the reductive quotient of K,.)

Next, we claim that any supersingular sunple Hi(G,Us (1 )) right module M
with trivial central character is of the form VU( for some admissible irreducible
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@(1)—representation V. Indeed, by [6] Proposition 2.18 (which is a quotation
from [9]), the constructions in [6] Definition 6.2, Lemma 6.3 assign to M = M,
a coefficient system ¥ = 9/, on X (notations M, and ¥, from loc.cit). It is
immediate from these constructions that & € ¢ (k), and even & € Q((]l)(k)
if M has trivial central character. Moreover, in that case, Lemma 3.4 and [6]
Lemma 6.4 show that M = Hy(X, 9)651) as (G, Uél))—right modules.
Finally, it remains to show that for any admissible irreducible G () _represen-
tation V the (G, Uél))—right module VI is simple. We use Proposition 4.5,

ind§ w
i.e., we choose a surjection (19). If A # 0 then % is a principal (series)
representation (by [2]), and our previous disussion applies. If A = 0 then the
disussion in [6] (in particular Lemma 6.1, Lemma 6.3) shows that the left hand

side of the map (17) is a supersingular simple J((G, Uél))—right module. By

Theorem 4.4 it is isomorphic to 17 O

5. A variation of (¢, I')-modules
5.1. A functor D. — We fix e € N and a uniformizer pr € OF.

DEFINITION. — We define the submonoids

p@:{(ﬁi’) la € @F—{o},bep;—lgp}
and T*:{<g(1)> |a€@p—{0}}

and the subgroups

e 1b o 1b
Ng)={<01>|b6pF1@F} and N:{<01>|beF}
01

0
of G. We have Née) x T, = Pfe). We write t = <p(f 1) € T,. We then have

and

T=|Jt .
meN
We assume that our fized central vertices x and x_ are those with K, =
GL2(OF) and x_ = t~'x,. Recall that 0 = {x,,z_}. In the following, the
end ag = t=®z, of X will play a distinguished role. For any x € X° there
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is a unique infinite (without backtracking) path [ag, 2] in X starting at z and
passing through almost all t—™x withm > 0. Fore’ > 0 and x € X° we define
the subset

Zg_e/)(x) ={z¢€ X°|d(z,2) <€ and z € [ap, 2]}
of X°. We define ﬁée) to be the subgroup of Aut(X) consisting of all g €
Aut(X) with the property that for all x € X° there is a g’ € Née) such that the

restrictions of g and g’ to Zf)(m) coincide. For u € X' we let zh € X0 be that
vertex of p such that the other vertex of p belongs to [og,z]. For example,
g =x4.

+ +

For z € X° we let Née) be the subgroup of N consisting of all g € N which
fix Z_(f*l)(:c) pointwise. For example, Néi) = NO(E).

LEMMA 5.1. — (a) ﬁée) is a (non-abelian) pro-p-group.

(b) For any g € ]/\\Tée) and any p € X' there is a ¢’ € Née) such that the
restrictions of g and g’ to the subset Z(®) (i) of X° coincide.

(c) For any p € X' we have N© = Ul(f) NN.

m
Ty

Proof. — (a) The same as for Lemma 3.2. Alternatively, one may use (b) to see
that Née) is a subgroup of ﬁée) and then just quote the result of Lemma 3.2.
Or one may just use the description of nge) given in Lemma 5.12 below.

b) Apply the defining condition for N to all z€ ag,z"] with
0 +
d(z,zl) <e.
(c) This is clear. O

We define the subgroup (cf. the proof of Lemma 5.2 below)
N(e) — U t—mNée)tm
meN

of Aut(X). We read T as a subgroup of Aut(X) and define P(®) to be the sub-
group of Aut(X) generated by T and N(©). We define P{°) to be the submonoid
of P(©) generated by ﬁo(e) and T,.

LEMMA 5.2. — (a) We have ]\Afée) % T, = P! and N© x T = P,
(b) For any m € N and s € P\ we have s"N{”s~™ c N Moreover,
) "Nt = 1.
meN
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Proof. — (a) This follows from Née) x T, = P{¥.

(b) For the first claim it is enough to check s™N{”s~™ c N{® for s € T..
For such s we have smNée)s_m - Née) for all m € N, and the claim follows.
MNPt = 1. O

The second one follows from

REMARK. — T'N (resp. N, resp. Née)) is naturally a subgroup of P (resp.
of ]’\7(5); resp. of ﬁée)), and similarly, *(e) is naturally a submonoid of }3*(6).
One might ask for retractions in the reverse direction. Let €p denote the set
of ends of X except for the end ag. Let oy = t*°zy = t®x_ denote the end
of X which together with ag spans the T-stable apartment in X. Then p©
acts on €p and sending n € N to nag is a bijection between N (=2 F) and €p.
For any g € P© gnda e Ep there is a unique go, € TN such that g and g,
coincide on all the vertices on the apartment [ag, ] from ag to . This defines
for each a € €p a map

(20) P© TN, g ga

such that for any g € TN C P© we have 9 = ga- Similarly, the maps (20) are
retractions N©© — N and P\¥ — P and Née) — Née). Beware that they are
not group homomorphisms. Rather, we have

(9o =9f)  fa
for f,g € P© gnda € ¢p.

We define the subset

X?_: *(1)'%” resp. Xi: *(1).0

of X°, resp. of X'. If X, denotes the maximal connected full closed subcomplex
of X such that x, belongs to its set of vertices but z_ does not, then X?r is
precisely the set of vertices of X, and X} — {o} is its set of edges. To clarify:
o = {z4,z_} belongs to the set which we denote by X_lir, but it is not an edge
of the closed subcomplex X of X.

For any n € N/N{" the subset nXY of X is stable under the action of N,
Restriction to this subset defines a quotient ]/\7(56,)1
of permutations of the set an’_.

of Née) contained in the group

LEMMA 5.3. — The natural homomorphism
(21) N — I W~
neN/N{V

is bijective. The factors J/\\Téeg are pairwise isomorphic.
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Proof. — The union | Ny nXY is disjoint in X° and stable under
0]

neN/

Née), and the restriction map from Née) to the group of permutations

of Un eN/ND nXﬂ is injective, because any element of Née) acts trivially
0

on XO_UZEN/Nél) nX_?_ O

REMARK. — The index of tmﬁée)t_m n ]Vée) is not finite for m € N.
Lemma 5.2 says that, except for this failure, the axiomatic of Section 3 in [§]
is satisfied. The following statement might be viewed as a natural replacement
of the finiteness aziom in [8]: we have

m—1
NG N§) nem NPt = [T ¢+
j=0

for any m > 1, where ¢ = |kp|; here we view the factor J/\\Téel) of Née) as a
subgroup in ﬁée). Following the lines of [8] one may thus define a corresponding
notion of étaleness. However, although the point in our entire discussion is that
one should consider ]/\\Tée)-actions instead of just Née)-actions, the good notion
of étaleness seems to be just the usual one, as given in formulae (23) and (24)
below (i.e., based on the cosets tiNél)t_i in Nél)).

Let A € Art(o). We are interested in NT-equivariant homological coefficient
systems in A-modules & on X satisfying the following hypotheses:

(Hyp 1) for any x € n € X' the transition map 77 : F(n) — F(x) is
injective.

(Hyp 2) for any p € X', if S, = {ne X' |pnn={z}}}, then
(22) Tat) = Y imluly).

nES,

()
(Hyp 3) for any p € X', the image of 74, : F(u) — F(2!) is F(a'}) =4,
¥

Before proceeding, we first provide examples for such &.

LEMMA 5.4. — Let N(kp), N(kp) be the unipotent radicals of opposite Borel
subgroups in GLa(kp), let W be a k[GL2(kr)]-module which is generated by its
subspace WNEF) of N (kp)-invariants. Then W is generated by WNEFR) even

as a k[N (kr)]-module.
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Proof. — If W is finitely generated, then, by Nakayama’s Lemma, applied to
the local ring k[N (kr)], to show that WN(¥r) generates W as a k[N (kr)]-mod-
ule it is enough to show this after reduction modulo the maximal ideal, i.e., it
is enough to show that the composition WN®*r) — W — Wﬁ(kp) is surjective.
If W is an irreducible k[GL2(kr)]-module this is easily verified. Next suppose
that W is a princial series representation, i.e., parabolically induced from a
character of a Borel subgroup. In this case W is isomorphic, as a k[N (kr)]-mod-
ule, with a direct sum of the trivial one-dimensional k[N (kr)]-module and a
copy of k[N (kr)]. In particular, Wﬁ(kp) is two dimensional. Similarly we see

that WN*F) is two dimensional. The ‘dual of W is a again a principal series
representation W', in particular (W’)V (kF) maps surjectively onto the space
of N(kp)-invariants of the unique irreducible quotient of W'. Dually we obtain
that the space of N(k)-coinvariants of the unique irreducible subobject of W
maps injectively into the space of N(kp)-coinvariants of W. Thus applying
what we said above to the unique irreducible subobject and to the unique ir-
reducible quotient of W we see that the composition WN*r) — W — Wﬁ(kp)
is surjective.

Now suppose we are given a general W. Then, as W is generated by W (*r)
we see that W is isomorphic to a quotient of a direct sum of principal se-
ries representations of GLa(kp). Their property of being generated by their
N (kp)-invariants clearly passes to direct sums and quotients, hence to W. O

LEMMA 5.5. — Any 7 € €M (k) satisfies hypotheses (Hyp 1), (Hyp 2) and
(Hyp 3) (withe =1).

Proof. — (We do not ask that & € le)(k): the center Z of G may act non-
trivially on &.) The validity of hypotheses (Hyp 1) and (Hyp 3) is clear, only
hypothesis (Hyp 2) requires a proof. The Kﬂ”i -action on ¥ (2} ) factors through
the quotient of K« isomorphic to GLg (k). Thus, abstractly & (z} ) is isomor-
phic to a representation of GLy(kr) generated by its invariants under the unipo-
tent radical N(kg) of a Borel subgroup in GL3(kr). But then Lemma 5.4 tells
us that & (z") is generated by its invariants under N(kp) even as a represen-
tation of the unipotent radical of an opposite Borel subgroup. Given the other
properties of ¥ € Q(()l)(k), this is precisely the meaning of formula (22). O

We now fix an arbitrary & over an arbitrary A € Art(o) satisfying the above
conditions (a), (b), (c).

Let g € P(©). Given n € X1, choose a ¢’ € NT restricting to g on Z_(f) (z)
and define g : J(n) — T (gn) to be the map g; : F(n) — J(g'n) = T(gn).
Similarly, given z € X°, choose a g’ € NT restricting to g on Zf) (z) and define
g: 7 (x) — F(gz) to be the map g, : (z) — F(g'z) = S (gx).
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LEMMA 5.6. — The above action of P© on I is well defined and makes &
into a P(®)-equivariant coefficient system on X. In particular, P'©) naturally
acts on Ho(X, ).

Proof. — The same as for Lemma 3.3. O

Since X is closed in X we have a natural map Ho(X,,5) — Ho(X, ). As
in Lemma 2.1 this map is seen to be injective. Moreover, as X is a }A’*(e)-sta—
ble subcomplex of X we have ﬁ*(e) acting also on the submodule Hy(Xy, )
of Ho(X,d). The corresponding ]Vée)-action on Ho(Xy,d) in fact factors
through the quotient ]Véel) of ]\Afée) .

LEMMA 5.7. — (a) The action of ]/\7(561) on Ho(X, ) is smooth.
(b) The natural map F (o) = g(x+)Né€) — Ho(X4, 57)Né61) is bijective.

Proof. — (a) The same as for Theorem 3.5 (a).
(b) The same as for Lemma 3.4; notice that (Née), Ugﬁi)) =U. O

We now assume that o is the ring of integers in a finite extension field L
of Q, with residue class field k¥ = k; and uniformizer p; € 0. We assume that
A € Art(o) is a quotient of 0. For a profinite group H we write

£L(H) = o[[H]]
for its completed group ring (Iwasawa algebra) over 0. For example, the natural
maps
N -5 N 25 NG
—Dboth ¢ and pr o ¢ are injective—induce corresponding morphisms of Iwasawa
algebras f(Née)) — f(Née)) — f(Né,el)). Using Lemma 5.7 we obtain that the
Pontrjagin dual
D(F) = HomS" (Ho(X 1, ), L/o)
of Hy(Xy, ) is a module over f(]/\?éel))

LEMMA 5.8. — If the k-vector space 9(x+)N(§E)’pL:0 has dimension n < oo,
then the f(NO(fl))-module D(Y) can be generated by n elements.

Proof. — Z’(Néel)) is a local ring (as ]\Aféel) is a pro-p-group), its augmentation
(left-)ideal I is maximal, and I™ — 0. We may therefore apply the topological
Nakayama Lemma (see [1]) to the profinite f(ﬁé?) (left-)module D(): it
says that D(Y) can be generated over f(]/\\féel)) by n elements (n < oo) if its
reduction modulo I can be generated by n elements. By duality, this is the case
if Ho(X, 97)1\7&? ?L=0 has dimension < n. Now apply Lemma 5.7. O
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We also define the f(ﬁéel) )-module

Ho(X4, ) Hoy(X, )
F (o) Ho(X_,9)

Here we view ¥ (o) as embedded into Ho(X,,Y) via F(o) — F(zy), and
Hy(X_,%) is the 0-homology group of & on X_, the full closed subcomplex
of X with vertex set X° = X° — X{. (Thus, o belongs neither to the complex
X4 nor to the complex X_.)

D'(F) = HomSY(

[

,L/0) = HomS"(

[

L/o).

LEMMA 5.9. — (13*(6))_1 naturally acts on D(Y), and pL naturally acts
on D'(9).

Proof. — As the monoid P{*) acts on Hy(X,, ), the inverse monoid (ﬁ*(e))_1
acts on its dual D(Y). On the other hand, P itself acts on D'(F).
Indeed, the group Néel) acts on Ho(Xy,), respecting the submodule
F (o), hence it acts on D'(¥F) = Homﬁt(W,L/o). The monoid T !
acts on Ho(X,), respecting the submodule Hyo(X_, %), hence T, acts
~ c Ho (X,
on D'(7) = Hom{' (2%, L /o). O
Let @E;) denote the p-adic completion of the localization of f(Née)) with
respect to the complement of pLZ’(Née)).

DEFINITION. — An étale ((ﬁfe))_l,ﬁfe))—pair over f(ﬁéel)) is an injective
morphism of Z’(ﬁéi))-modules 0 : D' — D, together with an action of the
monoid (13,56))—1 on D and of the monoid ﬁ*(e) on D', either of them extending
the given action of the group ﬁée) (through its quotient ]/\7(581)) The following
properties are required:

(a) For m € N let ym denote the endomorphism t=™ of D, and let pim
denote the endomorphism t™ of D’. For any m € N we have

(23) om Oy = .

(b) The cokernel of 0 is finite. As @E;) is flat over f(Née)) (and as O is in

particular f(Née))—linear) it follows that O induces an isomorphism

(e) 1 = ple)
@5 ®Z;(Née))D _>@é’ ®Z)(Née)) .D

We identify its source and its target into a single object D.
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(c) Denote again by pim and ym the endomorphisms of D obtain from those

on D and D’ by base extension @(;) ® (v (.). Then we have
(24) Z ngatmwtmn_l = ldD
neN{M jtm NP t-m
THEOREM 5.10. — Suppose that the k-vector space g(x+)NéE)’pL=0 has di-

mension n < oco. Then (D'(¥) — D(Y)) is an étale ((ﬁ*(e))_l,ﬁ*(e))-pair
over f(ﬁéel)) Moreover, D(Y) can be generated as an f(ﬁéi))—module by n
elements.

Proof. — The last statement was shown in Lemma 5.8. We have an exact
sequence of £ (Néel) )-modules

0 — D'(9) — D(J) — Hom$(F (), L/o).

With 9(:1:+)Née)’”:0 also (o) and hence the cokernel of D'(¥) — D(¥) is
finite.

Formula (23) is immediately verified already by evaluating elements of D(¥)
resp. D'(Y) on the level of 0-chains: it simply follows from tX? c X{ (and
t71tXY) = X9). To see formula (24) we observe first that it follows from
formula (22) that any element in Ho(Xy, ) can be represented by a 0-chain
with support in

X9 - Zg_mfl)(x_,_) = U nt™X9.
neN{V jtm N{D¢—m

But evaluating elements of D(&) resp. D'() on such O-chains it is clear that
Z n@emthymn "

neN§? /tm N{Dt-m

. . (e) ~pne)
acts as the identity on 0 ® p(ni) D'(9)=0, B p(n) D(9). O
We write D(Y) = @E?@Z)(Née))D’(g)% @(66)®z7(Née>)D(g)' The key property

exploited in Colmez’ study of his functor D is that in the case F' = Q, (and
e = 1) the module D(¥) is finitely generated over @(51). Namely:

THEOREM 5.11. — Suppose F = Q, and e = 1 and that the k-vector space
9(a:+)Nél)’p:0 has dimension n < oco. Then D(Y) can be generated as an
@S)-module by n elements.
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Proof. — The proof is parallel to that of Lemma 5.8, with Lemma 5.7 (in that
proof) replaced by the following fact: for F' = Q, and e = 1 the natural map
F(o) = 9(m+)Nfgl) — Ho(Xy, g)Nél) is bijective; this has e.g., been shown in
[5] Theorem 3.2 (notice that (Nél), Ug&)) = Uél)). (In fact [5] Theorem 3.2 is
stated for the coefficient ring & only, but the devissage arguments used in the
proof of [5] Theorem 3.3 easily give the result in general.) O

If F = Qp then 9531) is exactly the ring @ used in Fontaine’s theory
of (p,I')-modules. Theorem 5.11 describes Colmez’ functor from finitely gener-
ated o-torsion representations V' of G (generated by yus? ), to finitely generated
étale (¢,I')-modules. Namely, from V pass to 98) € €M (A), then restrict
the P{M-action on D(gg)) to P{* and of the (ﬁ*(l))_l—action on D(gg))
to (P{M)~L.

Thus, we may regard Theorem 5.10 as some sort of variation, available for
arbitrary F' (and e), on Colmez’ construction. For F' = Q, and e = 1 it is in
fact an enhancement of Colmez’ construction in that it provides actions ﬁ*(l),
reps. of (P{”)~1, on D’(gg)) resp. on D(gg)) :

Let F be a finite extension of Q,, and let us indicate the dependence
on F in our definitions by the symbol [F]. Using the trace map described
in Lemma 5.13 below one might try to pass from (finitely generated, as in
Theorem 5.10) étale ((P{*)~1, P{*))-pairs over f(ﬁé?)[F] to (finitely gener-
ated) étale ((}3*(6))_1, ﬁfe))—pairs over Z’(J/\}é’el))[(@p]. From here, can one pass to

suitable modules finitely generated even over @(;) Q] ?

5.2. The pro-p-group ]\Aféfl) and the Iwasawa algebra f(]\Aféi) ). — For i > 0 con-
sider the group homomorphism

€ H p’;’e_l — Autgers(OF)
aEOF/p}

i+e—1

sending (Za)acp,/pi, (With 24 € pi7°77) to the following permutation of (the

set underlying) Op: it sends 2 € Op to T + 4(;), Where a(z) € Op/pl is
defined by a(r) = x modulo p%. Next, for k > 0 define the map of sets

5 IT bt xeox (I p%) x 5" — Autucrs(95),

acOp/pk, a€Or/pF

(Za,k)ac0p/pt s - -+ (Ta,1)acOr /pr> T0,0)

— Gk((xa,k)aeoF/p’;) 0---0 61((ma,1)a€@F/PF) © 60(370,0)-
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It induces a map of sets

CIT ebre e (O TT w8 xps " — Autuers(Or/p5H).
aE@p/pF a€lr/pF
Define H(()e) = p%‘l. Let Hée) act on Haeﬂp/pp p% by its action Jy on the
index set Op/pp. Using this action we define Hf) = (Iacop/ppe P5) * Hée).
One easily checks that with this group structure, §; is a group homomorphism.
Using it we have H(e) acting on HEEQF/pQ p‘;ﬂ'l and we may define H(e) =
(Hae?)p/p psrt) x Hl(e) Inductively we thus define a group H( °)
k > 0. We then define Héf;) to be the projective limit of the H(e) ie.,
H(e = H pk+e ! H PIF—E 2 H PF) ><‘PF ) )

aEQF/pF aEOp/p’; aEOF/FF

for every

We have Hég/) C Hég) for ¢’ > e while, of course, abstractly the HC(,S) for the
various e are all isomorphic.

Hégﬂ)

Define the group homomorphism 9(¢) : — Hég) not as the inclusion,

but as the product of all the maps

(diag, —id) : H pk+e H k+e ) % ( H pk+e )

ac0p/ph GGQF/Pk+1 acOp/ph

i.e., the negative of the inclusion Haeg)F/pk pF ¢ C Haeg)F/pk pF 1 in

the second component, and the diagonal embedding Hae@F /pk p F —

+e

k
HaEQF/pk"'l pF
OF /p) in the first component.

(induced by the natural projection of index sets Or/pk —

LEMMA 5.12. — We have a natural isomorphism
HS | 50
(25) W = Noyp-

Proof. — N acts simply transitively on the set of ends of X different from
t~ x4 ; similarly, Nél) acts simply transitively on the set of (infinite) ends
of X . Therefore, identifying No(l) with the additive group (Op, +) and sending
feEOr Nél) to the end f(t>x, ) is a bijection between @) and the set of ends
of X,. The group HS acts on (the set underlying) O through dec = lim dy.

Together we get an action of Hég)

on the set of ends of X . It induces an
action of HY on XQ as follows. Given z € X9, choose an end o of X, with

z € [z4,qa]. For h € HY we then define ha € X as the unique vertex
belonging to [z, ha] with d(z,,z) = d(z4, hz); it is independent of the choice
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of a. It follows from the definitions that this Hég)—action on Xj’_ induces a

surjective homomorphism H& — ]/\\féel) whose kernel is im(9(€)). O

Let us redescribe ]Véel) and f(ﬁéel)) in the case F' = Q,, using the iso-
morphism (25). For k > 0 and i € Z,/p*Z, consider the corresponding copy
of p**¢~17Z,, as a factor of Hég). Let us denote by egk) its topological generator
pz:;e_l. Then Hég) is the pro-p-completion of the group generated by all the

e;, subject only to the following relations:

egk) '€§e) = ey) 'egi)pl if £ > ¢ and i = j mod (p°),
el(-k) ~e§£) = ey) -el(.k) if k> ¢ and i # j mod (p°).

(Here, of course, i + p® is the class of i + p’ modulo (p*).) Next, im(9(®)) is
topologically generated inside Hég) by all expressions

M=y

i€Zp /pF Ly
i—jepk—1zy

for k > 1 and j € Z,/p*1Z,. Write UM = 1 — ¢ in £(HE) for k > 0
and i € Z,/p*Z,. The above description of HLO translates as follows: ¥ (Hc(,g))

is the (p-adically complete) formal power series algebra in the variables Ui(k),
subject to the commutation relations

u® . g® —py® . g®
i j i

J i+pt

Ui(k) . UJ@ = UJ(Z) . Ui(k) if k> ¢ and i # j mod (p°).

if k> ¢ and i = j mod (p°),

Next, the quotient ¥ (ﬁéel) ) is then obtained by dividing out the closure of the
ideal generated by all expressions

[T a-v®)-a-vEDy

i€Lp/PFLp
i—jepk—1lz,

for k > 1 and j € Z,/p*"17Z,.

To indicate the dependence on the local field F' (which was fixed so far) let
us now write J/\}éel) [F] and HY [F] and 0(®)[F] instead of ]/\7(581) and HY and
0(¢). Let F/FE be a finite extension of local fields, let e(F/E) be its ramification
index.

LEMMA 5.13. — For anye,e’ € N with e’ -e(F/E) < e there is a natural trace
map

tr: N§9[F] — N [E)
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Proof. — Let tracep/p : F' — E be the usual trace map. As ¢’ - e(F/E) < e

it restricts to a map tracep,p : p?m'e(F/E)ftil — p%+m_l for all m > 0 and
all0 <t <e(F/E)—1.Forallm>1and 0 <t < e(F/E)—1 the inclusion
Ok C Op induces an injective map Op/ph — @F/p?'e(F/E)_t. We may thus

define the composition

et+m-e(F/E)—t—1 e +m—1 e’ +m—1
11 Pr - 11 Pe — I »&
OF/p;z-e(F/E)—t Op/p;x-e(F/E)—t Op/pm

where the first arrow is the product of the above trace maps (in each factor),
and the second arrow is the natural projection induced by the above inclusion
of index sets. Summing over all 0 <t < e(F/E) — 1 we obtain a map

e—14+m-e(F/E e+(m—1)-e(F/E
(26) I e (F/B) o ... x I1 pSr(mm e (F/B)
OF/p;N:(F/E) OF/p(Fm—l)-e(F/E)+l
. H peE—1+m
Op/vH

for any m > 1. Taking the product of the maps (26) for all m > 1, while taking

1, we obtain a trace map

for m = 0 just the trace map tracep,p : pi:l — p%/_
H [F] — Hc(,g,)[E]. It is straightforward to check that it maps im(9(®)[F])

into im(0(®)[E]), hence it induces, using the isomorphisms (25) for ]Véel) [F] and

ﬁéfll)[E], a trace map tr : ﬁé? [F] — ]Véei)[E] as desired. O
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