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RATIONAL BLANCHFIELD FORMS, S-EQUIVALENCE,
AND NULL LP-SURGERIES

BY DELPHINE MOUSSARD

ABsTrAaCT. — Null Lagrangian-preserving surgeries are a generalization of the Garo-
ufalidis and Rozansky null-moves, that these authors introduced to study the Kricker
lift of the Kontsevich integral, in the setting of pairs (M, K) composed of a ratio-
nal homology 3-sphere M and a null-homologous knot K in M. They are defined as
replacements of null-homologous rational homology handlebodies of M \ K by other
such handlebodies with identical Lagrangian. A null Lagrangian-preserving surgery in-
duces a canonical isomorphism between the Alexander Q[t!]-modules of the involved
pairs, which preserves the Blanchfield form. Conversely, we prove that a fixed isomor-
phism between Alexander Q[¢t*1]-modules which preserves the Blanchfield form can be
realized, up to multiplication by a power of ¢, by a finite sequence of null Lagrangian-
preserving surgeries. We also prove that such classes of isomorphisms can be realized
by rational S-equivalences. In the case of integral homology spheres, we prove similar
realization results for a fixed isomorphism between Alexander Z[t%!]-modules.

REsSUME (Formes de Blanchfield rationnelles, S-équivalence, et chirurgies LP nulles)

Les chirurgies LP nulles sont une généralisation du “null-move” de Garoufalidis
et Rozansky, que ces auteurs ont introduit pour étudier le relévement de Kricker de
I'intégrale de Kontsevich, dans le cadre des paires (M, K) composées d’une sphére d’ho-
mologie rationnelle M et d’un nceud homologiquement trivial K dans M. Elles sont
définies comme des remplacements de corps en anses d’homologie rationnelle homolo-
giquement triviaux dans M \ K par d’autres tels corps en anses de méme lagrangien.

Une chirurgie LP nulle induit un isomorphisme canonique entre les Q[til]—modules
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404 D. MOUSSARD

d’Alexander des paires concernées, qui préserve la forme de Blanchfield. Réciproque-
ment, on prouve qu'un isomorphisme fixé entre des Q[til]-modules d’Alexander, qui
préserve la forme de Blanchfield, peut étre réalisé, & multiplication prés par une puis-
sance de t, par une suite finie de chirurgies LP nulles. On montre aussi que ces classes
d’isomorphismes peuvent étre réalisées par S-équivalence rationnelle. Dans le cas des

sphéres d’homologie entiére, on prouve des résultats de réalisation similaires pour un

isomorphisme fixé entre des Z[t*']-modules d’Alexander.

1. Introduction

1.1. Context. — In [6], Garoufalidis and Rozansky studied the rational vector
space generated by the pairs (M, K') modulo orientation-preserving homeomor-
phism, where M is an integral homology 8-sphere (ZHS), that is an oriented
compact 3-manifold which has the same homology with integral coefficients as
53, and K is an oriented knot in M. They defined a filtration on this space by
means of null-moves, that are surgeries on claspers (see Garoufalidis, Goussarov
and Polyak [4], and Habiro [8]) whose leaves are trivial in Hy(M \ K;Z). They
studied this filtration with the Kricker lift of the Kontsevich integral defined
in [5]. The first step in the study of this filtration is the determination of the
classes of pairs (M, K) up to null-moves. As a corollary of results of Matveev
[11], Naik and Stanford [14], and Trotter [15], Garoufalidis and Rozansky es-
tablished that two pairs (M, K) as above can be obtained from one another
by a finite sequence of null-moves if and only if they admit S-equivalent Seifert
matrices, and if and only if they have isomorphic integral Alexander modules
and Blanchfield forms.

In this article, we consider pairs (M, K), where M is a rational homology
3-sphere (QHS), i.e., an oriented compact 3-manifold which has the same ho-
mology with rational coefficients as S3, and K is a null-homologous knot in M,
i.e., an oriented knot whose class in H;(M;Z) is trivial. We define the null
Lagrangian-preserving surgeries, which play the role played by the null-moves
in the integral case. We prove that the classes of pairs (M, K) modulo null
Lagrangian-preserving surgeries are characterized by the classes of rational S-
equivalence of their Seifert matrices, or by the isomorphism classes of their
rational Alexander modules equipped with their Blanchfield forms. Further-
more, we prove that a fixed isomorphism between rational Alexander mod-
ules which preserves the Blanchfield form can be realized, up to multiplica-
tion by a power of ¢, by a finite sequence of null Lagrangian-preserving surg-
eries. Null Lagrangian-preserving surgeries define a filtration of the rational
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RATIONAL BLANCHFIELD FORMS, S-EQUIVALENCE, AND NULL LP-SURGERIES 405

vector space generated by pairs (M, K) modulo orientation-preserving home-
omorphism. This article is a first step in the study of this filtration, that is
useful in the study of equivariant finite type knot invariants.

In [6], Garoufalidis and Rozansky characterized the classes of pairs (M, K),
made of a ZHS M and an oriented knot K C M, modulo null-moves, but they
did not treat the question of the realization of a fixed isomorphism. In this arti-
cle, we consider integral null Lagrangian-preserving surgeries, which generalize
the null-moves, and define the same filtration of the vector space generated
by all pairs (M, K) modulo orientation-preserving homeomorphism. We prove
that a fixed isomorphism between integral Alexander modules which preserves
the Blanchfield form can be realized, up to multiplication by a power of ¢, by
a finite sequence of integral null Lagrangian-preserving surgeries. Garoufalidis
and Rozansky used their work to determine the graded space associated with
the above filtration in the case of a trivial Alexander module. In order to study
the general case of a possibly non trivial Alexander module, the realization
result is essential.

When it does not seem to cause confusion, we use the same notation for a
curve and its homology class. All knots will be oriented.

1.2. Alexander module and Blanchfield form. — We first recall the definition of
the Alexander module and of the Blanchfield form. Let (M, K) be a QSK-pair,
that is a pair made of a rational homology sphere M and a null-homologous knot
K in M. Let T(K) be a tubular neighborhood of K. The exterior of K is X =
M\ Int(T(K)). Consider the natural projection 7 : 71(X) — % ~ 7, and
the covering map p : X — X associated with its kernel. The covering X is the
infinite cyclic covering of X. The automorphism group of the covering, Aut(X ),
is isomorphic to Z. It acts on Hl(X ; Q). Denoting the action of a generator
of Aut(X) as the multiplication by ¢, we get a structure of Q[t¥!]-module
on %(K) = H,(X;Q). This Q[t*']-module is the Alezander module of K. It is

a torsion Q[t*']-module.

DEFINITION 1.1. — Let (M, K) and (M’, K’) be QSK-pairs. Let ¢ : G(K) —
@(K') be an isomorphism. The 7-class of £ is the set of the isomorphisms £ omy,
for k € Z, where my, is the multiplication by t*.

Note that the 7-class of £ is composed of all the isomorphisms that can be
obtained from £ by composition by isomorphisms of @(K) or %(K') induced
by automorphisms of the underlying coverings.

If (M,K) is a ZSK-pair, i.e., if M is a ZHS, define the integral Alezan-
der module @Gz(K) as the Z[t*']-module H,(X;Z), similarly. It is a torsion
Z[t*']-module, but we will see in Section 5 that it has no Z-torsion. Hence it
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406 D. MOUSSARD

can be viewed as a Z[t*!]-submodule of %(K). Define as above the 7-class of
an isomorphism between integral Alexander modules.

On the Alexander module %(K), one can define the Blanchfield form, or
equivariant linking pairing, ¢x : G(K) x G(K) — %, as follows. First
define the equivariant linking number of two knots. Recall that the annihilator
of a module A over a principal ideal domain R is the generator of the ideal
of R defined as {r € R;r.a = 0Va € A}. It is well-defined up to multiplication

by an invertible element of R.

DEFINITION 1.2. — Let J; and Jo be two knots in X such that J; Nrk(Jy) = @
for all k € Z. Let 6(t) be the annihilator of &(K). Then 6(7)J1 and §(r)J> are
rational 1-chains in X. The equivam’ant linking number of J; and Js is

lko(Ju, Jo) = FOnGE) > 1k(5(r)J1, TH(8(r) )t
keZ
One can easily see that lk.(J1, J2) € ﬁ@[til], lke(Ja, J1)(t) = ke (J1, Jo) (1),
and lk.(P(7)J1,Q(1)J2)(t) = P(t)Q(t~1)lke(J1, J2)(t). Now, if v (resp. n) is
the homology class of J; (resp. Jo) in @(K), define ¢x (v, n) by:
¢K(77n) = lke(Jla JQ) mod @[til]'
Extend ¢ to G(K)x G(K) by Q-bilinearity. The Blanchfield form is hermitian:

$x(v,m)(t) = dx (1,7)(t™") and x (P(t)y, Q(t)n)(t) = PO)Q(E™") ¢xc (7, m)(1),

for all v,n € @(K) and all P,Q € Q[t*!]. Moreover, it is non degenerate (see
Blanchfield [2]) : ¢x(y,7n) = 0 for all n € G(K) implies v = 0.

1.3. Seifert matrices. — Let (M, K) be a QSK-pair. Let ¥ be a Seifert surface
of K, i.e., a compact connected oriented surface in M such that 0¥ = K.
Such a surface exists since K is null-homologous. Let g be the genus of X.
Let (fi)1<i<2g be a family of oriented simple closed curves whose homology
classes form a symplectic basis of Hy(X;Z), i.e., a basis such that the matrix of

the intersection form in (f;)1<i<24 is —J, where J is made of blocks ) _0 )

on the diagonal, and zeros elsewhere. The Seifert matriz of K associated with
Y and (fi)1<i<2g is the matrix V' € JMa,(Q) defined by V;; = lk(f;, fj+), where
fj+ is a push-off of f; in the direction of the positive normal of X, and My, (Q)
is the space of square matrices of size 2g with rational coefficients. This matrix
satisfies V — V7 = J, where V7 denotes the transpose of V. Any rational (resp.
integral) matrix with this property will be called a Seifert matriz (resp. an
integral Seifert matriz). In Section 6, we prove that any such matrix is indeed
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the Seifert matrix of a QSK-pair (M, K), and the Seifert matrix of a ZSK-pair
if the matrix is integral.

Given the Seifert matrix V, one can compute the Alexander module &(K)
and the Blanchfield form ¢y . Construct a surface N by adding a band to X
along K, so that Sis homeomorphic to ¥ and contains 3 and K in its interior.
Let T(Z) = £ x [~1,1] be a tubular neighborhood of . For 1 < i < 2g,
let e; C (Int(T(X))\ X) be a meridian of f;. Note that the homology classes of
the e;’s in M \ ¥ only depends on the homology classes of the f;’s in X. The
module &(K) can be presented as:

_ D1<i<oq Q[t*"]bs
D)o, QEH0S;

where the b; are lifts of the e; in the infinite cyclic covering X, and the S; are
lifts of the f; x [—1,1]. Set fj+ = f;x{1} andej_ = f; x{—1}. Assume the b; are
all chosen in the same copy of M\ 3, where X is viewed as the union of Z copies
of M\\X (M cut along X) glued together along the copies of ¥ appearing on the
boundary of M\\X. For 1 < j < 2g, let fj and f; be lifts of ff and f; in the
same copy of M\ X as the b;. Assume the S; are chosen so that 05; = tfj+ - fj*.
Then 05; = 321 <;<9,(tV — V7);;b;, hence tV — V7 is a presentation matrix
of G(K) (see [10, Chapter 6]). Moreover, we have lk.(9S;,br) = (1 — ¢)d;.
Using the expression of 95; in terms of the b;, it follows that the form ¢x is
given by ¢ (bs,b) = (1 —t)((tV — V7)) mod Q[t+!] (see Kearton [9, §8]).
If (M, K) is a ZSK-pair, then V is integral, and the same construction shows
that tV — V7 is a presentation matrix of the Z[t*!]-module @z (K).

A QSK-system is a quintuple (M, K, %, f,V) where (M, K) is a QSK-pair, &
is a Seifert surface of K in M, f = (fi)lgiggg is a symplectic basis of Hq(3;Z),
and V is the associated Seifert matrix. Given a QSK-system, the associated
family (b;)1<i<24 Of generators of &(K) is determined up to multiplication of
the whole family by t* for some integer k. A ZSK-system (M,K,%, f,V) is a
QSK-system such that M is a ZHS. B

t(K)

1.4. S-equivalence

DEFINITION 1.3. — A row enlargement of a matrix V € My4(Q) is a matrix
000
W= |1zp’ |, where z € Q and p € Q2. Then the matrix V is a row
0pV
0-10
reduction of W. A column enlargement of V is a matrix W = [0 z p” [,

0 p V
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408 D. MOUSSARD

where z € Q and p € Q%9. Then the matrix V is a column reduction of W. If
all the coefficients of the matrices V and W are integers, then the enlargement,
or the reduction, is said to be integral.

Note that an enlargement or a reduction of a Seifert matrix still is a Seifert
matrix. An enlargement of a Seifert matrix corresponds to the addition of a
tube to the Seifert surface.

DEFINITION 1.4. — A matrix P € Myy(Q) is symplectic if PJP7 = J. A
rational (resp. integral) symplectic congruence from a matrix V to a matrix
V' is an equality V/ = PV PY for some rational (resp. integral) symplectic
matrix P.

Note that, since a symplectic matrix has determinant 1, a symplectic rational
(resp. integral) matrix is invertible over Q (resp. Z).

DEFINITION 1.5. — An elementary rational S-equivalence is an enlargement, a
reduction, or a rational symplectic congruence. Two Seifert matrices are ratio-
nally S-equivalent if they can be obtained from one another by a finite sequence
of elementary rational S-equivalences.

In particular, two Seifert matrices of a QSK-pair (M, K) are rationally S-
equivalent (see [10, Theorem 8.4] for the integral case, which easily generalizes).
In Section 2, we show that, given two QSK-systems, a rational S-equivalence
between their Seifert matrices induces a canonical 7-class of isomorphisms be-
tween their Alexander modules preserving the Blanchfield form. In Section 3,
we prove the converse:

PROPOSITION 1.6. — Let (M, K,%, f,V) and (M',K', %', ', V') be two QSK-
systems. Let ¢ : G(K) — G(K') be an isomorphism which preserves the Blanch-
field form. Then'V and V' are related by a rational S-equivalence which canon-
ically induces the T-class of €.

DEFINITION 1.7. — Two Seifert matrices are semi-integrally S-equivalent if
they can be obtained from one another by a finite sequence of enlargements,
reductions, and integral symplectic congruences.

In Section 4, we prove:

THEOREM 1.8. — Two Seifert matrices are rationally S-equivalent if and only
if they are semi-integrally S-equivalent. Furthermore, let (M, K,X, f,V) and
(M',K',3, f', V') be two QSK-systems. Let & : G(K) — G(K') be an isomor-
phism which preserves the Blanchfield form. Then V and V' are related by a
semi-integral S-equivalence which canonically induces the T-class of .
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In the case of ZSK-systems, for later applications, we need results with only
integral coefficients.

DEFINITION 1.9. — Two integral Seifert matrices are integrally S-equivalent if
they can be obtained from one another by a finite sequence of integral enlarge-
ments, integral reductions, and integral symplectic congruences.

In Section 2, we prove that, given two ZSK-systems, an integral S-equivalence

between their Seifert matrices induces a canonical 7-class of isomorphisms be-
tween their integral Alexander modules preserving the Blanchfield form. In
Section 5, we prove:
THEOREM 1.10. — Let (M,K,%, f,V) and (M', K'Y/, f', V') be two ZSK-
systems. Let £ : Gy(K) — @z(K') be an isomorphism which preserves the
Blanchfield form. ThenV and V' are related by an integral S-equivalence which
canonically induces the T-class of &.

1.5. Lagrangian-preserving surgeries

DEFINITION 1.11. — For g € N, a genus g rational (resp. integral) homology
handlebody (QHH, resp. ZHH) is a 3-manifold which is compact, oriented, and
which has the same homology with rational (resp. integral) coefficients as the
standard genus g handlebody.

Such a QHH is connected, and its boundary is necessarily homeomorphic to
the standard genus g surface. Note that a ZHH is a QHH.

DEFINITION 1.12. — The Lagrangian ¥ 4 of a QHH A is the kernel of the map
iv 2 H1(04;Q) — H1(4;Q)

induced by the inclusion. Two QHH’s A and B have LP-identified bound-
aries if (A, B) is equipped with an orientation-preserving homeomorphism h :

dA = OB such that h,(£4) = 5.

The Lagrangian of a QHH A is indeed a Lagrangian subspace of Hi(0A;Q)
with respect to the intersection form.

Let M be a QHS, let A C M be a QHH, and let B be a QHH whose
boundary is LP-identified with 0A. Set M(Z) = (M \ Int(A)) Upa—op B. We
say that the QHS M (%) is obtained from M by Lagrangian-preserving surgery,
or LP-surgery.

Given a QSK-pair (M, K), a null-QHH in M\ K isa QHH A C M\ K such
that the map i, : H1(4;Q) — H;(M \ K;Q) induced by the inclusion has a
trivial image. A null LP-surgery on (M, K) is an LP-surgery (%) such that A
is null in M \ K. The pair obtained by surgery is denoted by (M, K)(%).
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410 D. MOUSSARD

LEMMA 1.13. — The pair (M, K)(Z) obtained from a QSK-pair (M, K) by a
null LP-surgery (%) is again a QSK-pair.

Proof. — Let us check that K remains null-homologous in M (£). Let  be
a Seifert surface of K, transverse to JA. The boundary « of the subsurface
¥ N A is trivial in Hy(A4;Q), hence it is an element of the Lagrangian £ 4. If
« is non trivial in H7(9A;Q), then there is a curve 8 on A such that the
algebraic intersection number (a,3) = 1. Since the intersection form of 0A
vanishes on £ 4, it implies that § is non trivial in H;(A4;Q). Hence, by the
nullity condition on A, we have (3,3) = 0. But (3,8) = (a,8) = 1. Finally,
« is trivial in Hy(0A;Q), thus it bounds a subsurface S of JA. The surface
(X\ A)US is another Seifert surface of K which is preserved by the surgery. [

Similarly, define integral LP-surgeries, null-ZHH’s, and integral null LP-
surgeries. The null-moves introduced by Garoufalidis and Rozansky in [6] are
defined as null Borromean surgeries. Borromean surgeries are specific integral
LP-surgeries (see Matveev [11]). In |7, Theorem 2.5|, Habegger proved that two
ZHH’s whose boundaries are LP-identified can be obtained from one another by
a finite sequence of Borromean surgeries in the interior of the ZHH’s (see also
Auclair and Lescop [1, Lemma 4.11]). Hence the classes of ZSK-pairs modulo
null integral LP-surgeries are exactly the classes of ZSK-pairs modulo null-
moves.

In Section 2, we prove that a null LP-surgery induces a canonical isomor-
phism from the Alexander module of the initial QSK-pair to the Alexander
module of the surgered QSK-pair, which preserves the Blanchfield form. Con-
versely, in Section 6, we prove the following which refines the above-mentioned
result of [6].

THEOREM 1.14. — Let (M, K) and (M’',K') be QSK-pairs. Assume there is
an isomorphism & : G(K) — G(K') which preserves the Blanchfield form. Then
(M',K') can be obtained from (M, K) by a finite sequence of null LP-surgeries
which induces an isomorphism in the T-class of €.

Similarly, in Section 2, we prove that an integral null LP-surgery induces
a canonical isomorphism from the integral Alexander module of the initial
ZSK-pair to the integral Alexander module of the surgered ZSK-pair, which
preserves the Blanchfield form. In Section 6, we prove:

THEOREM 1.15. — Let (M, K) and (M',K') be ZSK-pairs. Assume there is
an isomorphism & : Gz(K) — Gz(K') which preserves the Blanchfield form.
Then (M',K') can be obtained from (M, K) by a finite sequence of integral null
LP-surgeries which induces an isomorphism in the 7-class of €.

We end the article by proving the following proposition in Section 7.
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PROPOSITION 1.16. — There are QSK-pairs (M, K) and (M', K') that can be
obtained from one another by a finite sequence of null LP-surgeries, but not by
a single null LP-surgery.

Note that this cannot happen in the case of integral null LP-surgeries. In-
deed, as mentioned above, these surgeries can be realized by Borromean surg-
eries, which can be realized in the regular neighborhood of graphs.

Acknowledgements. — 1 would like to sincerely thank my advisor, Christine
Lescop, for her great guidance.

2. Conservation of the Blanchfield form

In this section, we prove that null LP-surgeries (Lemma 2.1) and relations of
rational S-equivalence (Lemma 2.3) induce canonical T-classes of isomorphisms
between the Alexander modules which preserve the Blanchfield form. We also
state similar results in the integral case.

LEMMA 2.1. — Let (M, K) be a QSK-pair. Let A be a null-QHH in M \ K.
Let B be a QHH whose boundary is LP-identified with dA. Set (M',K') =
(M,K)(Z). Then the surgery induces a canonical isomorphism & : G(K) —
G(K') which preserves the Blanchfield form.

Proof. — In this proof, the homology modules are considered with rational
coefficients. Let X (resp. X' ) be the infinite cyclic covering associated with
(M, K) (resp. (M’,K')). The preimage A of A in X (resp. B of B in X') is the
disjoint union of Z copies A; of A (resp. B; of B).

Set Y = X\ Int(A). The Mayer-Vietoris sequence associated with X = AUY
yields the exact sequence:

H,(8A) — H\(A)® H\(Y) - H;(X) — 0.

Since H;(0A) = Hy(A) & (Q[t¥'] ® £4), we get Hy(X) = Q[tilll]&. Simi-
larly, H; (X') = m. Since ¥4 = #p, the Alexander modules H; (X')

and Hi(X') are canonically identified.

Now consider two null-homologous knots J and J' in X that do not meet
A, and such that J N 7*(J') = @ for all k € Z. Consider a Seifert surface ¥
of J. Assume that ¥ is transverse to A and J'. Write ¥ = %; U Yo, where
Y1=XNYand ¥, =¥N A. Since J' does not meet Y9, the linking number
lk¢(J,J') is equal to the algebraic intersection number (J',X;). Now 0%, is
an integral linear combination of curves a; € £4,. In X', each o lies in £ B
so each a; has a multiple that bounds a surface in B;. Thus, there is a surface
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Y3 C B such that 8%3 = nd%, for some integer n. We have nJ = d(nX; UXs),
thus:

kg, (J,J :1 J'\n¥ USs) = (J,21) =lkg(J, J).
X n X

Since any class v in H; (X' ) has a multiple that can be represented by a knot J
in Y such that P(t).J is null-homologous for some P € Q[t*!], the Blanchfield
form is preserved. O

The previous proof still works, when Q is replaced by Z. Therefore, we have:

LEMMA 2.2. — Let (M, K) and (M',K'") be ZSK-pairs. Assume (M',K') can
be obtained from (M, K) by an integral null LP-surgery. Then this surgery in-
duces a canonical isomorphism between their integral Alexander modules which
preserves the Blanchfield form.

Next, we show that S-equivalences also induce canonical 7-classes of isomor-
phisms between the Alexander modules which preserve the Blanchfield form.

LEMMA 2.3. — Let (M,K,%, f,V) and (M',K',%', f', V') be QSK-systems.
If V and V' are rationally S-e(ﬁivalent, then any S—e&uz’valence from'V to V'
induces a canonical T-class of isomorphisms from G(K) to G(K') which pre-
serve the Blanchfield form.

Proof. — Let (b;)1<i<24 be a family of generators of &(K) associated with V.
Set W = tV — V7. Recall the Blanchfield form ¢x is given by ¢x(b;,b;) =

(1 —t) (W) . Set b = (bl by ... b29>, and r = (r1 T ... 1‘29) = bW. We
have:

_ Di<i<oq Q[t*"]bs

B D1<jco, QltFr;

Define the same notation with primes for the QSK-pair (M’, K').

t(K)

First assume that V' = PV P? for a rational symplectic matrix P. Note that
W' = PW P?. Define a Q[t*!]-isomorphism:

é: ®1Siﬁ2g Q[til]bi - @1Sigzg Q[til]bg
b; - (b'P); '

We have g(rj) = (VPW); = (T,(Pg)_l)jv thus g(®1§j§2g(@[til]rj) =
Dicj<ay Q[t*!]r}. Hence £ induces an isomorphism ¢ : #(K) — %@(K'). Now,
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we have:
brr (E(bi),€(bj)) = drr ((b'P)i, (V' P);)
=3 prapi (1= (W) ™
k,l

= (1 _t)(Py((PV)_IW_lp_l)P)ji
= ¢k (b;, b)).

000
It remains to treat the case of an enlargement. Assume V = |1z p”
0pV’
Then:
0o -1 0
W=|tazt—1)(t—1)p7
0(t—-1)p W
Thus by is trivial, and b; is a linear combination over Q[t*!] of the b; for 3 < i <
2g. Hence there is an isomorphism (%Z(K), ¢x) = (Z(K'), ¢ k) which identifies
b; with b_, for 3 < i < 2g. Proceed similarly for a column enlargement.

Since the families (b;)1<i<24 and (b})1<i<24 are determined up to multipli-
cation by a power of ¢, we have associated a 7-class of isomorphisms to each
elementary S-equivalence. For a general rational S-equivalence, just compose
the 7-classes associated with the elementary S-equivalences. O

The previous proof still works, when Q is replaced by Z. Therefore, we have:

LEMMA 2.4. — Let (M,K,%, f,V) and (M', K'Y, f', V') be ZSK-systems.

If V and V' are integrally S-equivalent, then any integral S-equivalence from
V to V' induces a canonical T-class of isomorphisms from Gyz(K) to Gz(K')
which preserve the Blanchfield form.

3. Relating Seifert matrices

In this section, we prove the next proposition, which implies Proposition 1.6
for invertible Seifert matrices V' and V’'. We end the section by deducing the
general case.

PROPOSITION 3.1. — Let (M, K,%, f,V) and (M',K', %', ', V') be two QSK-
systems. Let ¢ : G(K) — G(K') be an isomorphism which preserves the Blanch-
field form. Let b = (b;)1<i<2g (Tesp. bV = (b))1<i<2q) be a family of generators
of G(K) (resp. G(K')) associated with V' (resp. V'). If V and V' are invertible,
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then b and b are Q-bases of G(K) and G(K') respectively. Let P be the matrix
of & with respect to the bases b and b'. Then P is symplectic and V' = PV P7.

This proposition specifies a result of Trotter [15, Proposition 2.12].

LEMMA 3.2. — Let (M,K,%, f,V) be a QSK-system. Let b = (b;)1<i<24 be a
family of generators of G(K) associated with V. If V is invertible, then b is a
Q-basis of G(K), and the action of t is given by the matriz V7 V =1 with respect

to the basis b.

Proof. — We have:
d Q'

1<i<2g
@ QltHr;’

1<j<2g

where 7; = 3, ;0. (tV — V7)i;b;. Represent the elements of (Q[t*))? =

@ Q[t*']b; (resp. Q%9) by column vectors giving their coordinates in the
1<i<2g

basis b (resp. in the canonical basis). Define a Q-linear map ¢ : (Q[t*1])29 —
Q% by t*X +— (V7 V~1)EX for all vector X with rational coefficients. Let us
prove that ¢ induces a Q-isomorphism from @%(K) to Q9.

It is easy to see that Q[t*1]r; C ker(yp) for all j. Let u € ker(p). Write
“zngkgq t* X, where the X}, are column vectors with rational coefficients.
Since Y cp< (V7 V-HkEX, = 0, we have X, = =) (V7V—hHk-rX,.

a(K) =

p<k<q
Thus:
u= Y ("X, —t?(VI V)P Xy
p<k=<q
=@tV -V7). Y > tTHVTIV)EYTIX,
p<k<gp<iZk
Henceu € €@ Q[t*!]r;, and it follows that ker(p) = @ Q[tF'|r;. O
1<5<2g 1<5<2g

COROLLARY 3.3. — Let (M,K,X%, f,V) be a QSK-system. Let b = (b;)1<i<2g
be a family of generators of G(K) associated with V. Assume V is invertible.
Let T' be the matriz of the multiplication by t in the basis b. Then V = (Iyg —

) 1J.
Proof. — By Lemma 3.2, T =V?V~ . Hence [ -T)V =V -V = J. O

Consider the rational vector space Q(t) as the direct sum of A = Q[¢, ¢, (1—
t)~1] and the subspace & consisting of 0 and all proper fractions with denomi-
nator prime to ¢t and (1 —t), where proper means that the degree of the fraction
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numerator is strictly lower than the degree of the denominator. Define a Q-lin-
ear function x on Q(¢) by x(E) = E'(1) it E € & and x(E) =01if E € A. Since

X vanishes on Q[t*!], we may also consider it as a function on TQ?t(t)l].

LEMMA 3.4. — For E € &, x((t —1)E) = E(1).

Proof. — If F' € Q(t) has denominator prime to ¢ and 1 — ¢ and numerator of
degree less than or equal to the degree of its denominator, then F' can be written
as the sum of a rational constant and of an element of &. Hence x(F) = F'(1).
Apply this to F = (t — 1)E. O

LEMMA 35 — Let (M, K, E,i, V) be a QSK—system. Let (bi)lfiSQQ be afam_
ily of generators of G(K) associated with V. Define a matriz S by S;; =
X(¢K(b17bz)) Then S = —(V — V‘?)_l =J.

Proof. — We have S;; = —x((t — 1)((tV — V7)71);;). Let A(t) = det(tV —
V7) be the Alexander polynomial of (M, K). Then A(1) # 0, and since V is
invertible, A(0) # 0 and the degree of A is equal to the size of the matrix V.
Hence, by Lemma 3.4, S;; = —((tV —V7)71);;(1). Conclude with V — V7 = J
and J~! = —J. O

Proof of Proposition 3.1. Let T (resp. T') be the matrix of the action of ¢
in the basis b (resp. b'). By Corollary 3.3, V. = (Iy, — T)"'J and V' =
(I —T")~1J. Since £ preserves the action of ¢, we have PT = T'P. Since ¢
preserves the Blanchfield form, Lemma 3.5 implies J = P7JP. It follows that
V' = PVP7. O

LEMMA 3.6. — For any matriz V € Mqy(Q), with g > 0, satisfying V —V7 =
J, there exists a QSK-pair (M, K) that admits V as a Seifert matriz. If V €
May(Z), then M can be chosen to be S3.

Proof. — Set V' = (vi;)1<sj<2¢- By [13, Corollary 2.13], there is a QHS M
and pairwise disjoint framed knots f;, 1 <14 < 2g, in M, such that lk(f;, f;) =
vy; for j < 4. Consider bands around the f;, that are images of embeddings
hi : [-1,1] x St < M such that h;({0} x S') = f;, and £(f;) = h;({1} x S*)
is the parallel of f; such that lk(f;,£(f;)) = vy. For 1 < s < g, connect
the bands around fy;_; and fo; as indicated in the left side of Figure 1, and
for 1 < s < g, connect the bands around f2; and f3;41 as indicated in the right
side of Figure 1. This provides a surface bounded by a knot K which satisfies
the required conditions. O

LEMMA 3.7. — Any rational S-equivalence class of Seifert matrices contains
an invertible matriz, where the empty matrix is invertible by convention.
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U(f2s) I(f2s) I(f2e41)

f25—1

l(f2s—1) f28 fgs f2s

i1

f2571

fos f%\ fasxt

FiGURE 1. Gluing bands

Proof. — Let (M, K, %, f,V) be any QSK-system. If V' is non invertible, there
exists g1 € H1(X;Z) such that lk(g1,7") = 0 for all v € H;(X;Z). Choose
for g1 a primitive element of Hy(3;Z), i.e., such that g1 = kg with k € Z
and g € Hy(X;Z) implies k¥ = £1. In any symplectic basis of H1(X;Z), g1
has coprime coeflicients, hence there is g2 € Hy(X;7Z) such that (g1,92)s = 1,
where (.,.)s denotes the intersection form on ¥. Consider a symplectic basis
(9:)3<i<2g of the orthogonal of Zgy & Zge in H;(X;Z) with respect to the
intersection form. Then (g;)1<;<24 is a symplectic basis of H1(X;Z), and the
associated Seifert matrix V; is a row enlargement of a Seifert matrix V5. Since
V and V; are associated with the same Seifert surface, they are related by a
change of basis of Hy(X;Z), i.e., they are congruent. Hence V' is rationally
S-equivalent to the smaller matrix V5. Iterating this process, we see that V is
rationally S-equivalent to an invertible Seifert matrix W. O

Proof of Proposition 1.6. By Lemma 3.7, V (resp.V’) is rationally S-equivalent
to an invertible Seifert matrix W (resp. W'). The matrices W and W' are invert-
ible Seifert matrices that define isomorphic Blanchfield forms. By Lemma 3.6,
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there are QSK-systems (N, J,S,n, W) and (N',J’,S’,n’', W’). The rational S-
equivalence relation between V and W (resp. V' and W’) induces the 7-class
of an isomorphism ¢ : G(J) — G(K) (resp. ¢' : 4(J') — G(K')). By Proposi-
tion 3.1, there is a rational symplectic matrix P such that W’ = PWPY and
P induces the 7-class of the isomorphism ({')~*o&o(: G(J) — G(J). O

4. Rational S-equivalence

In this section, we prove Theorem 1.8 by proving that we can realize a
symplectic rational congruence by a finite sequence of enlargements, reductions,
and integral symplectic congruences which, for given QSK-systems, induces the
same T-class of isomorphisms between the Alexander modules as the initial
congruence. We first treat a particular type of congruence matrices.

LEMMA 4.1. — Let V and W be two Seifert matrices such that A, VA, =W,

where n or % is a positive integer, and

[=
o

o

Then there are enlargements 1%4 of V and 144 of W that are related by an integral
symplectic congruence. Furthermore, if (M,K,%, f,V) and (M',K', %', f',W)
are two QSK-systems, W can be obtained from V by a sequence of an enlarge-
ment, an integral symplectic congruence, and a reduction, which induces the
same T-class of isomorphisms from G(K) to G(K') as the congruence matriz
A,

Proof. — Assume n is a positive integer.
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pquw’ n’p q nw’
Set V.=|rsp”|.Then W= [ r 5 Lp7]|. Notethatr=g+1. Set:
wpU nw%p U
0n0 -1 0-100| O
0010 0 0%~ 2|p”
10n 0 0~ pglw
P=10100 , V=10 % r s| p’ ,
0 I O%pwp U
00 0 O 0

T g

1p np ,|w
0npn?p q |nw
and W= |0 —or 2 %pv

n2

0w nw 2p| U

The matrix P is integral and symplectic, and we have W = PV P7.

Let (b;)1<i<2g (resp. (b})i<i<ag) be a family of generators of &G(K)
(resp. @(K')) associated with V (resp. W). The congruence matrix A,
induces the 7-class of the isomorphism & : @(K) — &(K’) such that

&(b;) = ((b’1 ’29) A,)i- Let us check that the obtained sequence of an

enlargement, an integral symplectic congruence, and a reduction, also induces
€. The matrix V defines a Q[t*']-module @ = @(K) with a generating
family (b;)1<i<2g+2 and relations (<l~)1 52g+2) (tV — V7));. The enlarge-
ment of V into V induces the 7-class of the isomorphism ¢ : G(K ) — @
such that {(b;) = EH_Q. Similarly, define ', (5;)1§i52g+2 and ¢’. The con-
gruence matrix P induces the 7-class of the isomorphism ¥ : @ — @ such
that 9(b;) = ((5’1 l;/2g+2> P);. Set & = (¢’)7' oo (. Let us check that
&'(b;) = &(b;) for all ¢ € {1,..,2g}. For ¢ > 3, it is obvious. For ¢ = 1, it follows
from the relation 5’2 = 0 given by the first column of the matrix tW — W7.
For i = 2, we have £(by) = (¢')~1(=b}). Since the second column of tW — W7
gives:

By = (t = 1)(nplh + -8 + (B ... Bhyra) @),
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and since the first column of tW — W7 gives:
by = —(t — 1)(n?pb} + rby +n ( e ’29) w),
we have &' (bg) = b5,

Since A1 = A_!, the case = € N\ {0} follows. O

LEMMA 4.2. — Any symplectic rational matriz P can be written as a product
of integral symplectic matrices and matrices A, or A1 for positive integers n.

Proof. — The proof will be divided into three steps.

1

0
Step 1:— There is no loss in assuming that the first column of P is

Denote by d a common denominator for the terms of the first column of P.
The matrix PA4 has integral coefficients in its first column. Denote by ¢ their
ged. The terms of the first column of PAZA 1 are coprime integers. There
is an integral symplectic matrix @ with the same first column. The matrix
Q_lpAdA% has the required first column.

10
01

Step 2:— We can assume that the first two columns of P are | : 0

00
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The matrix P! has the same first column as P. Since it is symplectic, its

T
second column is . |, with zo = 1. Set:

T2g
1 T1 —T4 T3 ... —T2g T2g—1
01 0 ...... 0
0 I3 1

Q = O

0

0 T2g 1

Since @ has the same first two columns as P~!, the matrix PQ has the required
first two columns. Now, if n is a common denominator for all the x;, the matrix
A,QA 1 has integral coefficients, and is symplectic.

Step 3:— Induction.
LR\ . : . . :
We have P = 0 . Since P is symplectic, R = 0 and @ is symplectic.
Thus we can conclude by induction on g. O

Theorem 1.8 follows from Lemmas 4.1 and 4.2.

5. Relating integral Seifert matrices

In order to prove Theorem 1.10, we want to proceed as for proving Theo-
rem 1.8. Here, we have to avoid enlargements with non integral coefficients.
Thus we shall be more careful in the way we decompose rational symplectic
congruences. Following Trotter [15], we introduce some formalism. Set z =

(1—t)~L

DEFINITION 5.1. — A scalar space @ is a finitely generated torsion
Q[t,t7 1, 2z]-module, endowed with a scalar form [.,.] : @ x @ — Q, that
is a Q-bilinear non-degenerate anti-symmetric form which satisfies:

- [ta,tas] = [ay, as],

- [za1,a9] = —[a1,tzaz] = [a1, (1 — 2)as],

for all a;,as € G.
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Given a QSK-pair (M, K), define a scalar space structure on the Alexander
module &(K) as follows. Multiplication by (1 — ) is an isomorphism of &Z(K);
define the action of z as its inverse. Define a scalar form on @(K) by [a1, az] =
X(dxk (a1,a2)) for all a;,ay € &, where x is the map defined before Lemma 3.4.

LEMMA 5.2. — (&(K),[.,.]) is a scalar space.

Proof. — We have to show that [, .] is a scalar form on &(K). The Q-bilinearity
follows from the Q-bilinearity of ¢ and the Q-linearity of x. Lemma 3.7 says
that there is an invertible Seifert matrix in any S-equivalence class. This allows
us to apply Lemma 3.5 in order to conclude that there is a Q-basis of G(K)
in which the form [.,.] is given by the matrix —J. This proves that [.,.] is non-
degenerate and anti-symmetric. The equalities of the definition easily follow
from the fact that ¢x is hermitian. O

DEFINITION 5.3. — Let (%, [.,.]) be a scalar space of Q-dimension 2g. A lattice
in @ is a free Z-submodule of rank 2g. Such a lattice I is self-dual if, for a € 4,
a is in T" if and only if [a,z] € Z for all x € T'. A lattice I in & is admaissible if
it is self-dual and if it satisfies zI' C T".

LEMMA 5.4. — Let (M, K, %, f,V) be a ZSK-system such that V is invertible
over Q. Let b = (b;)1<i<2g be a Q-basis of G(K) associated with V. Let T' be
the lattice generated by the basis b in G(K). Then T is admissible.

Proof. — By Lemma 3.5, the matrix of the scalar form on &(K), with respect
to the basis b, is —J. It follows that I" is self-dual. Let Z be the matrix of the
action of z in the basis b. By Corollary 3.3, Z = —VJ. Thus Z has integral
coefficients. O

The next lemma implies that @z (K) = Z[t*|T' C @(K), with the notation
of Lemma 5.4. Note that multiplication by (1 —t) is an isomorphism of @z (K),
hence @z(K) = AT, where A = Z[t,t71, 2].

LEMMA 5.5. — The integral Alezander module associated with a ZSK-pair has
no Z-torsion.

Proof. — Let (M, K,%, f,V) be a ZSK-system. Let b = (b;)1<i<24 be a family
of generators of &z (K) associated with V. We have:

@ Z[t*]b;
1<i<2g

D Z[t*r;’

1<5<2g

br(K) =
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where r; =37, ;o Wisbiand W =tV —-V7. Letp: D Z[tT b — Gr(K)

be the natural projection. Represent the elements of 12.5292[1#1]@ by column
vectors giving their coordinates in the basis b. e
Let A € @ Z[tT1]b;. Assume kA € ker(p) for an integer k > 1. Then
there is X Elieggz Z[t*1]b; such that kA = WX. Thus:
<i<2g

k Cof (W) A = det(W)X = A(H)X,

where Cof (W) is the cofactor matrix of W and A(¢) is the Alexander polyno-
mial of (M, K). Hence k divides each coefficient of A(¢)X. Since A(1) =
implies that X = kY forsomeY € @ Z[t*!]b;. Thus A = WY € ker(p). O

1<i<2g

Let I" be a lattice in a scalar space @. A basis b = (b;)1<i<24 0f I' is symplectic
if the matrix of the scalar form with respect to b is —J.

LEMMA 5.6. — Let (4G,][.,.]) be a scalar space. Let T' be a lattice in G. Then
T is self-dual if and only if it has a symplectic basis.

Proof. — Assume I is self-dual. Let b = (b;)1<i<24 be any Z-basis of I'. Set s; =
[b1,b;]. The self-duality condition implies that the non trivial s; are coprime.
Hence there are integers u; such that Zfil u;s; = 1. Set b, = Zfil u;b;, SO
that [b1,b5] = 1. Let 8 be the orthogonal in & of Qb; & Qb), with respect to the
scalar form. For z € T, y = z— [z, b3]by — [b1, )b, € T is orthogonal to b; and b}.
It follows that I is the direct sum, orthogonal with respect to the scalar form,
of Zby; ® Zbl, and BNT. Conclude by induction on g that I has a symplectic

basis. The reverse implication is easy. O

LEMMA 5.7. — Let (&,[.,.]) be a scalar space of Q-dimension 2g. Let T be an
admissible lattice in G. Let b be a symplectic basis of I'. Let Z be the matrix
of the action of z in the basis b. Set V.= ZJ. Then V is an integral Seifert
matriz.

Proof. — By definition of a scalar form, we have Z7J = J(I — Z). It follows
that V — V7 = J. Integrality follows from the admissibility condition. O

The matrix V defined in the above lemma is the Seifert matriz associated
with T' and b.
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DEFINITION 5.8. — Let (&, [.,.]) be a scalar space of Q-dimension 2g. For n €

r Z I
M /3 - , 3 - ~ I -
N\ {0}, two lattices I" and I in & are n-adjacent if AT = nZ and AT

Z
A Two lattices I" and IV are adjacent if they are n-adjacent for some n €

Y {0},

The following proposition is the object of Section 3 in [15], althought it is
not stated like this.

PROPOSITION 5.9 (Trotter). — Let (4G,][.,.]) be a scalar space. Let T and T
be admissible lattices in @ such that AT' = AT'. Then there is a sequence of
admissible lattices Tg = T',T'1,..., Ty = IV, such that, for all 1 < i <k, T';_;
and T'; are adjacent, and zI';_1 C T'; or 2zI'; C T;_1.

As we shall see, this result implies that two integral Seifert matrices, invert-
ible over Q, which define the same integral Alexander module, can be related
by integral congruences, and congruences with congruence matrices A,, (see
Lemma 4.1 for the definition of A,). The proposition says more, with the last
condition on the lattices, and we will use this to prove that these A,-congru-
ences can be realized by integral S-equivalences. We first check that we can
always use symplectic bases of the lattices.

An element a of a lattice I' is primitive if the equality a = kb with k € Z and
b € I implies k = 1. It is easy to see that it is necessary and sufficient for a to
be primitive that the non trivial coefficients of a in any basis of I" are coprime.
It is also easy to see that, if I" is a self-dual lattice in a scalar space (&, [.,.]),
then a € I' is primitive if and only if there is € T" such that [a,z] = 1.

LEMMA 5.10. — Let (8,][.,.]) be a scalar space. Let T' and I be n-adjacent
lattices in G. Assume I’ and T” are self-dual. Then there is a symplectic basis
(bi)1<i<2g of T such that (nb, %bg, bs,...,bag) is a symplectic basis of I".

Z
— I
AT = nZ et b; be a

. Let us prove that

Proof. — Let g be an element of I' which generates

generator of (Qg)NI' = Z. Note that b; also generates

rnr
nby is a primitive element of I. Assume nb; = kv for some k € Z and v € T".

For any proper divisor n’ of n, n’b; is not in I'V. Hence n and k are coprime. Since
ny € I"and kv € T, it implies that v € . Thus v € Z(nb;), and k = +1. Hence
nby is primitive in IV, and there is b}, € IV such that [nby,by] = 1. Set by = nbj.
Let 6 be the orthogonal of Qb; ® Qby in & with respect to the scalar form.
Check that ' = (Zb1 ©Zbs) &> (BNT) and I = (Znb1 ®ZLby)®* (BNI”). Thus
BT = BNI” is a self-dual lattice in B. Let (bs, . . ., bay) be a symplectic basis of
this lattice. Then the basis (b;)1<i<24 of I" satisfies the required conditions. [
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LEMMA 5.11. — Let (8,][.,.]) be a scalar space. Let T' and I" be n-adjacent
admissible lattices in @. Let b = (b;)1<i<2g be a symplectic basis of T' such
that b’ = (2by,nby, bs, ..., bay) is a symplectic basis of I". Let V and V' be the
Seifert matrices associated with b and b’ respectively. Then V' = A, VA,. If
2I' C IV, then V' can be obtained from V by an integral S-equivalence which
induces the same T-class of isomorphisms as the congruence V' = A, VA,,.

Proof. — Let Z (resp. Z') be the matrix of the action of z in the basis b
(resp. b'). Note that A,Z = Z'A,. Since V. = ZJ and V' = Z'J, we have
V' =A,VA,.

To prove the second statement, we will proceed as in Lemma 4.1. Since
we need here to restrict ourselves to integral enlargements and reductions,
we first note that some coefficients of V have to be divisible by n and n?.
Since 2I' C (I' N I”), each zb; is a linear combination of by, nbg,bs, ..., bag.
It follows that Z has its second row divisible by n. Hence V = ZJ also has
its second row divisible by n. Moreover, the coefficient V5o of V is divisible

p g w
by n? since Vaoy = n?Vy,. Finally, we can write V = | nr n2s np’ |. Then
w np U
n?p q¢ nw?
V'=| nr s p’ |.Note that ¢ = nr — 1. Set:
nwp U
0n0-1 0-10 0 0
0010 0 0 s r ns|p’
10n 0 0r p q|w?
P=]10100 , V= 0 ns nr n2s|np’ |,
0 I 0 p wnp|U
00 00 O
1p npriw’
0 np n?p qlnw”
and V=10 r nr s|p’
0w nwpl U
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The matrix P is integral and symplectic, and we have V! = PV P7.
The congruence matrix A,, induces the 7-class of the isomorphism ¢ : & — @
such that £(b;) = ((b’1 ... b g> A,);. Conclude by checking that the obtained

sequence of an enlargement, an integral symplectic congruence, and a reduction,
also induces the 7-class of £ (for details see the proof of Lemma 4.1). O

PROPOSITION 5.12. — Let (M,K,%,f,V) and (M',K',%',f, V') be two
ZSK-systems. Let & : Gz(K) — @z(K') be an isomorphism which preserves
the Blanchfield form. Assume V and V' are invertible over Q. Then V and V'
are related by an integral S-equivalence which canonically induces the T-class

of €.

Proof. — Let b = (b;)1<i<24 and v = (0))1<i<2g be Q-bases of G(K) and
@(K') respectively, associated with V and V’. Let P be the matrix of £ ®z Idg
with respect to the bases b and b’. By Proposition 3.1, V/ = PVP7. Let I’
(resp. I') be the lattice in &Z(K') generated by the £(b;) (resp. by the b}). By
Lemma 5.4, T' and IV are admissible. It is clear that AT' = AI'. Hence, by
Proposition 5.9, there is a sequence of admissible lattices I'g = I',T'y,..., 'y =
I in G(K'), such that, for 1 < j < k,T';_; and I'; are adjacent, and 2I'; C T';_4
or ZFj_l C Fj.

By Lemma 5.10, for 1 < j < k, there are Seifert matrices V; and ‘A/j,l associ-
ated with I'; and I';j_; respectively, and with symplectic bases of these lattices,
such that V; = A, Vj_lAnj, where n; is an integer or the inverse of an integer.
Set Vo = V and Vk = V’. For 0 < j < k, the matrices V; and V] are Seifert
matrices associated with symplectic bases of the same lattice, and the change
of basis provides an integral symplectic matrix P; such that VJ = P,V;P;”.
We have P = P,A,, Py—1...A,, Py, and the 7-class of the composition of the
successive isomorphisms induced by the successive congruences is the 7-class
of the isomorphism induced by the congruence V' = PV PY. Conclude with
Lemma 5.11. [

In order to deduce Theorem 1.10 from Proposition 5.12, we need the next
lemma, which is the integral version of Lemma 3.7 and gets proved exactly in
the same way.

LEMMA 5.13. — Any integral S-equivalence class of Seifert matrices contains
a matriz invertible over Q, where the empty matriz is invertible by convention.

The proof of Theorem 1.10 follows the same arguments as in the proof of
Proposition 1.6 (see the end of Section 3), where the role of Proposition 3.1
(resp. Lemma 3.7) is played by Proposition 5.12 (resp. Lemma 5.13).
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6. Topological realization of matrix relations

In this section, we prove Theorem 1.14 and Theorem 1.15.

LEMMA 6.1. — Let M be a QHS (resp. ZHS). Let . be a genus g closed con-
nected surface embedded in M. Then M \ X has exactly two connected compo-
nents, whose closures are QHH’s (resp. ZHH’s) of genus g.

Proof. — Any point of M\ X can be connected to a point of ¥ x[—1,1] in M\ X.
Since (¥ x [—1,1]) \ ¥ has two connected components, M \ ¥ has at most two
connected components. Let 21 and z3 be points of (X x [—1,1]) \ X, one in each
connected component. If there were a path from z; to 25 in M \ X, we could
construct a closed curve in M which would meet ¥ exactly once. Since M is a
QHS, this is not possible. Hence M \ ¥ has exactly two connected components.
Let A; and A, be their closures. Note that 0A; = 043 = ¥ (up to orientation).

For ¢ = 1,2, we have H3(A;;Z) = 0 and Hy(A;; Z) = Z. The Mayer-Vietoris
sequence associated with M = A; U A, yields the exact sequence:

0 — H3(M;Z) -2 Hy(;2Z) — Hs(A1;2) © Hy(Ag; Z) — 0.

The map @ is an isomorphism that identifies the fundamental classes. Thus
Hy(A1;Z) = He(As;Z) = 0. It follows that A; and Ay are QHH’s. Their genus
is given by their boundary.

Assume M is a ZHS. The Mayer-Vietoris sequence associated with M =
A; U Ay yields an isomorphism H;(X;Z) & Hy(A1;Z) ® H1(Az;Z). Hence,
for i = 1,2, Hy(A;;Z) is torsion-free, thus A; is a ZHH. O

LEMMA 6.2. — Let (M,K,%, f,V) and (M',K',%', f', V') be QSK-systems.
Let P be an integral symplecticimatriw. Assume V' = PV P7. Then there is a
null LP-surgery (5) in M\ K such that (M',K') = (M, K)(%) and the T-class
of the isomorphism & : G(K) — G(K') induced by this surgery is the T-class
induced by P.

Proof. — There is a homeomorphism h : ¥ — X', such that the matrix of
the induced isomorphism h, : Hy(3;Z) — Hy(X';Z) with respect to the bases
(fi)1<i<2g and (f!)1<i<ag is (P7)~" (see [3, Theorem 6.4]). Let 3 be obtained
from ¥ by adding a band glued along 0%, so that S is homeomorphic to ¥,
and contains ¥ and K in its interior. Let H = 3 x [—1,1] be a regular neigh-
borhood of ¥. Similarly, define 3 and H’. Extend h to a homeomorphism
h:3% — 3, and then extend it by product with the identity to a homeomor-
phism h: H — H'.

Let A= M\ Int(H) and let B = M’ \ Int(H'). By Lemma 6.1, A (resp.
B) is a QHH, and it is clearly null in M \ K (resp. M’ \ K'). The QSK-pair
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(M',K') is obtained from (M, K) by the surgery (£). Let us prove that the
homeomorphism hjs4 : 9A — OB preserves the Lagrangian.

For 1 < i < 2g, let ¢, C OH be a meridian of f;. The Lagrangian ¥4
is generated by the a; = fj' — Zl<j<2g Vjiej, where f;r is the copy of f;
in (X x {1}) C H. Similarly, define the €, (f/)* and o). Since h : H — H’

is a homeomorphism, (hjgr)«(Lr) = Lu. Hence (hjgr)«(e;) is a linear com-
bination of the e’. Since <h(e¢),h(f;r)),9H/ = <ei,fj+>3H = J;;, an easy com-

putation gives (hjgm)«(e:) = ((e’1 6’29) P)i. It follows that (hjgm)«(cu) =

((ad .. ag,) (P)7"),. Hence (hjga).(£4) = L.

The relation between the h(e;) and the e, shows that the isomorphism ¢
induced by the surgery is in the 7-class of isomorphisms induced by the con-
gruence matrix P. O

The previous proof still works when Q is replaced by Z. Therefore, we have:

LEMMA 6.3. — Let (M,K,%, f,V) and (M',K', %, f', V') be ZSK-systems.
Let P be an integral symplectic matriz. Assume V' = PV P?. Then there is an
integral null LP-surgery (£) in M \ K such that (M',K') = (M,K)(%) and
the T-class of the isomorphism £ : Gy (K) — Gz (K') induced by this surgery is

the T-class induced by P.
We now treat the case of enlargements.

LEMMA 6.4. — Let (M,K,%, f,V) be a QSK-system. Let W be an enlarge-
ment of V.. Then there is a QSK-system (M', K’, E',f, W) such that (M',K")
can be obtained from (M, K) by a single null LP-surgery, and the surgery and

the enlargement induce the same T-class of isomorphisms from G(K) to G(K').

Proof. — We have

000 0-10
W= |1zp?| or [0 z p7
0pV 0p V

We want to add a tube to X, whose linking numbers with the f; are given by p.
This may not be possible in M, so we first modify M by null LP-surgeries.

1
di

Set p = |, where the ¢; and d; are integers, and d; > 0. Consider trivial

C2g
dag

knots J;, disjoint from X, such that Ik(J;, f;) = d;;c;. For each ¢, consider
a tubular neighborhood T'(J;) of J;. By [12, Lemma 2.5|, there are rational
homology tori A;, i.e., QHH’s of genus 1, that satisfy:
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- H(0As;Z) = Za; @ L;, with (ag, B;) = 1,

— Bi =d;vi in Hi(A;;Z), where ; is a curve in A;,

- Hl(AZ,Z) = Z")’l D f—zaz
Let N be the manifold obtained from M by the null LP-surgeries (%), where
the identifications 0T'(J;) = 0A; identify a; with a meridian of J;, and g; with
a parallel of J; that does not link J;. We get lk(v;, f;) = 5”-;—2.

In N, consider a ball B disjoint from ¥ and all the A;. Consider a ra-

tional homology ball B’ that contains a curve -y with self-linking number
(z — Z1§i,jgzglk(7ia’7j)) mod Z. Set M' = N(£), and K’ = K.

‘\\ Y - ,/ ’/’,/
oSy
[ ”r
[
{0}x[0,1]
f2g+24
Y r
p q 4
[0,1]x{0}

Ficure 2. Adding a tube to &

Define a curve 7/ in M’ as a band sum of the ; for 0 < 7 < 2g, with
bands outside . Consider a disk D in ¥, and two distinct points p and ¢
in D. Consider an embedded band [0,1] x [0,1] in M’ such that [0,1] x {0} =
([0,1] x [0,1]) N X is a curve from p to ¢ in D, [0,1] x {1} = ([0,1] x [0,1]) N
7', and the tangent vector to {0} x [0,1] at {0} x {0} is the positive normal
vector of X if W is a row enlargement of V', and the negative one if it is a
column enlargement. Figure 2 represents the first case. Now set v = (7' U
9([0,1] x [0,1])) \ (]0,1[x{1}), and construct a surface ¥’ by adding a tube
around v\ ([0,1] x {0}) to X. The surface X’ is a Seifert surface for K’. On 3,
consider a meridian fag41 of the tube and a parallel fog49 of v such that
(fog+1s fag+2)sr = 1 and lk(f2g+42,7) = z. Note that the orientation of the
meridian depends on the type of enlargement. The Seifert matrix associated
with ¥’ with respect to the basis (fag+1, fagt+2, f1, .-, fag) is W.

Since the different QHH’s replaced by surgery are disjoint, they can be con-
nected by tubes. Thus (M’, K’) can be obtained from (M, K) by one surgery
on a genus 2g QHH. Let (b;)1<i<2g (resp. (b)i1<i<2g+2) be a family of genera-
tors of G(K) (resp. G(K')) associated with V' (resp. W). The b} can be chosen
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so that the isomorphism £ : (K) — @(K') induced by the surgery satisfies
f(bZ) = b;+2‘ O
LEMMA 6.5. — Let (M,K,%, f,V) be a ZSK-system. Let W be an integral

enlargement of V.. Then there is a ZSK-system (M, K, Z’,f,W) and the en-
largement induces the T-class of the identity of Gy (K).

Proof. — In the previous proof, replace Q by Z, and remove the definition of
the surgery, since any integral linking can be realised in any ZHS. O

Proof of Theorem 1.14.Let V and V' be Seifert matrices associated with (M, K)
and (M', K') respectively. By Theorem 1.8, V' can be obtained from V by
a sequence of enlargements, reductions, and integral symplectic congruences
which induces the 7-class of the isomorphism £. This provides a finite sequence
Vi, Va, .., V,, of Seifert matrices such that V4 = V, V,, = V', and V44 is ob-
tained from V; by one of these elementary equivalences. By Lemma 3.6, for
each i € {2,..,n — 1}, we can fix a QSK-system ¢J; with Seifert matrix V;. The
QSK-system ¢, ; can be obtained from ¢; by one, or two successive, null LP-
surgeries, which induce the required 7-class of isomorphisms. To see this, apply
Lemma 6.2 in the case of a congruence, and in the case of an enlargement or
a reduction, apply Lemma 6.4 to obtain the desired Seifert matrix, and then
apply Lemma 6.2 to obtain the required QSK-system. O

Similarly, Theorem 1.15 can be deduced from Theorem 1.10 and Lemmas 3.6,
6.3, and 6.5.

7. Sequences of LP-surgeries
In this section, we prove Proposition 1.16.
LEMMA 7.1. — There exist two knots in S® which have isomorphic rational

Blanchfield forms, and different integral Alexander modules.

-10
Proof. — In S3, consider a knot K with Seifert matrix ( ) 2), and a knot

31
K’ with Seifert matrix <2 0). Their Alexander modules have presentation

2t —2 2t—1
A(t) = (2t — 1)(2 — t). Since it is the product of two dual non symmetric
prime polynomials, their rational Blanchfield forms are isomorphic (see [13,

1—¢t -1 3t—3t—2
matrices . ) and ( 0 ) . Both have Alexander polynomial

Lemma 3.6]). But K has integral Alexander module %, whereas the integral
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Alexander module of K’ has a second elementary ideal different from Z[t*1]
(the k-th elementary ideal associated with a Z[t*1]-module is the ideal of Z[t*!]
generated by the minors of size n — k + 1 of a presentation matrix with n
generators of the module, see [10, Chapter 6]). Indeed, this ideal is generated
by (t —2) and (2t — 1) in Z[t*!], so the evaluation at ¢t = —1 maps it onto
3Z. O

Proof of Proposition 1.16. Consider the QSK-pairs (S3, K) and (S3, K’) of
Lemma 7.1. By Theorem 1.14, (S3, K') can be obtained from (S2, K) by a finite
sequence of null LP-surgeries. Suppose we can restrict to a single surgery (%).
Then A and B would be QHH’s embedded in a ZHS. It follows from Lemma 6.1
that A and B would be ZHH’s. Moreover, since the integral Lagrangian of
a ZHH C is the intersection of its rational Lagrangian #¢ with H;(9C;Z)
(viewed as subgroups of H1(0C;Q)), the LP-identification of A and 8B would
identify their integral Lagrangians, i.e., the surgery (%) would be an integral
null LP-surgery. Thus, by Lemma 2.2, the surgery would preserve the integral
Alexander module. U
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